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Abstract. For being used on deepwater, drilling risers are always subjected to extreme environment conditions, like 
sea waves and sea currents. Consequently, studies are done in this field to determine safe conditions to perform 
operations of equipment installation, like the BOP and the Christmas Tree. In this article, a simplified analytical 
approach for the axial problem of riser behaviors is presented, by using the damped wave equation. Based on the 
found solution, an operational map was generated for several wave amplitudes and wave angular frequencies. The 
operational map is useful while guiding the numerical simulations, by setting a specific range of values, since the 
simulations for a great range of values has a high computer cost. 
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1. INTRODUCTION 

 
A common situation in drilling activities and intervention on offshore oil wells is the installation of a blowout 

preventer (BOP) or a wet Christmas tree, on the bottom of the sea. This operation is done by a tool, called riser, which 
is basically made of a steel pipe, which connects the equipment with the floating drilling vessel. During the installation 
of the equipments, the riser is subjected to the action of sea currents, sea waves and the motion of the vessel. This way, 
the operation can only occurs when the environment conditions are favorable, in order to avoid mechanical collisions 
with the wellhead. Another situation, relatively new, is the navigation with the BOP suspended on the drilling riser. In 
these cases, there is always a risk of the BOP falling out to the bottom, which can damage the equipment and generate 
extra costs and delays. 

In both cases, it is necessary the knowledge about the dynamic behavior of the system (riser and BOP) to avoid, or 
at least minimize, the risks involved. For such task, due to the complex nature of the problem, the numerical approach is 
more appropriate. However, for some simplified cases, it’s possible to obtain analytical solutions. These solutions can 
provide a deep understanding of the system and, for example, guide the numerical simulations and also perform quick 
tests on the system behavior. 

In this article, we present the analytical approach for the axial behavior of a riser, free of its transversal motions, 
with a suspended BOP. In some situations, this hypothesis is reasonable and allows us to obtain analytical solutions. 
The analytical approach here described explores the axial solution proposed by Chung and Whitney (1981), applied, at 
first, for ocean mining equipments. A numerical approach for the problem can be seen in Sevillano, et al., 2012. 
 
2. PROBLEM DESCRIPTION 

 
At first, it is necessary to define a coordinate system, as well the hypotheses that simplify the problem. The 

coordinate system is shown on Fig. 1, with the force balance in an infinitesimal element of the riser. 
Here, the riser is characterized as a bar of length L and cross sectional area A, under the effects of only axial loads. 

The BOP is treated as a concentrated mass, bound to the lower end of the riser. The system is under the effect of heave 
motion on the top end, caused by the interaction between the sea waves and the vessel in which the riser is connected. 
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Figure 1. A scheme with the definition of the problem. Orientation of the coordinate system as well as the boundary 
conditions are presented, including details of the force balance on an infinitesimal element of the riser. 

  
To simplify the problem and enable an analytical solution, the following hypotheses were adopted during the 

deduction of the equations on the next section: 
 lateral motion of the riser was neglected, turning it to a problem purely axial; 
 environment loads, like wind and sea currents, were neglected. Only the effect of sea waves was considered; 
 the riser is considered fixed on the vessel and free at the other end; 
 the BOP is approximated as a plate, with all its mass concentrated in its gravity center and with a negligible 

length when compared with the riser length; 
 the damping along the riser is considered linear and purely viscous; 
 the heave (vertical rig move caused by sea wave) is modeled as a wave with a constant amplitude and angular 

frequency. 
 
3. BASIC EQUATIONS 

 
3.1 Motion equations 

 
When the riser oscillates, an infinitesimal element dz suffers the effect of internal axial forces F and F + (∂F/∂z)dz. 

Also, the sea water exerts a viscous damping force of magnitude –C(∂u/∂t), which has the minus sign because it is 
always opposite to the velocity direction. This force is directly proportional to the velocity only in cases which the body 
moves through the fluid with low velocities, as explained by Weaver and Timoshenko (1990). Then, modeling the riser 
as a bar, a balance of forces on the infinitesimal element dz, as shown on Fig. 1, will result on the following motion 
equation: 

 
  

  
    

  

  
      

   

    (1) 
 

Where m is the linear mass of the riser, ∂²u/∂t² and ∂u/∂t are the acceleration and velocity, respectively, C is the 
damping coefficient of the riser, ∂F is an infinitesimal element of axial force and dz is the infinitesimal element of 
length. 

The axial force is related with the deformation on the riser by the following expression: 
 

       
  

  
 (2) 

 
Where E is the Young’s modulus, A is the cross sectional area of the riser and ∂u/∂z is the deformation on the riser. 

Substituting in Eq. (1) and simplifying: 
 

 
   

     
  

  
   

   

      (3) 
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Equation (1) is known as the damped wave equation in one dimension. It is a second-order partial differential 

equation in both variables z and t. Thus, if we do a separation of variables u(z,t) = U(z)T(t), the solution for U(z) will 
require two boundary conditions. The solution will be valid for values of 0 < z < L and t > 0. 
 
3.2 Boundary conditions 

 

At the top end of the riser (z = 0), the displacement is solely a function of time: 
 

               (4) 
 
Where u0(0,t) is the function for the displacement of a point of the ship in which the riser is connected. It is 

considered that the vessel has only heave motion and it transmits the movement to the top of the riser. 
At the lower end of the riser (z = L), a balance of forces on the BOP will result on the equation: 

 

        
   

    (5) 
 

Where Fd is the drag force on the BOP, as follows:  
 

   
 

 
      

  

  
 
 

 (6) 
 

Where ρ is the ambient fluid density, AB is the cross sectional area of the BOP, CD is the drag coefficient on the BOP 
and MB is the BOP mass. 

Substituting Eq. (2) and Eq. (6) on Eq. (5), we reach:  
 

   
  

  
 

 

 
      

  

  
 
 

   
   

    (7) 
 
The nonlinear term appearing in Eq. (7) may be linearized by the following approximation, according to Weaver and 

Timoshenko (1990) and Chung (1982): 
 

 
  

  
 
 

 
 

  
  

  

  
  (8) 

 
Where UB is the displacement amplitude on the BOP, which is unknown at this point, and ω is the angular velocity. 
This way, Eq. (7) becomes: 
 
   

  

  
 

 

  
        

  

  
   

   

    (9) 
 
3.3 Equations on the frequency domain 

 
Since we are interested on the permanent behavior of the system, which means, after the transitory terms become 

negligible, we can propose a solution: 
 

                (10) 
 

Substituting the proposed solution in Eq. (10) on the equations described in Eq. (3), Eq. (4) and Eq. (9), together 
with their derivates, we reach the equations: 
 

        
       

  
         (11) 

 
        (12) 

 

      
      

 

  
         

  
        (13) 

 
4.  SOLUTION OF THE MOTION EQUATION ON THE FREQUENCY DOMAIN 
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In order to solve Eq. (11) and Eq. (13), we propose a solution of the form: 
 
         (14) 
 
Substituting in Eq. (11) and solving, we find a solution on the form: 
 
                         (15) 
 
Where: 
 

   
       

  
 (16) 

 
The constants C1 and C2 from Eq. (15) are obtained through the boundary conditions of the problem. Using the 

condition described in Eq. (12), we get: 
 
      (17) 
 
To use the boundary condition in Eq. (13), it is necessary to substitute it in Eq. (15), evaluated at z = L, knowing 

that C1 = U0 and that k is given by Eq. (16). 
 
                         (18) 
 
                             (19) 
 
                                                (20) 
 
Where: 
 

  
      

 

  
         

  
 (21) 

 
Solving for C2: 
 
      

                  

                  
  (22) 

 
Finally, we replace the results obtained in Eq. (17) and Eq. (22) in the solution Eq. (15), to find: 
 
                         

                  

                  
   (23) 

 
This equation is valid for any point between the top end of the riser (z = 0) and the BOP (z = L). To find the 

displacement on the BOP, we substitute z = L in Eq. (23) and, after simplifying, we get the equation: 
 

        
 

        
 

 
        

  (24) 

 
To obtain the displacements, it is necessary to solve the equation iteratively, since the amplitude UB is unknown. 
 

5. CASE STUDY 

 
Using the previous equations, we can obtain results for the axial vibration of the BOP. For this purpose, we 

consolidated a case as shown in Tab. 1. 
 

Table 1. Data used on the numeric example, consolidated from a real case. 
 

Riser length 2000 m 
Outer diameter 21 in (0.5334 m) 
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Inner diameter 19.25 in (0.489 m) 
Young’s modulus 210 GPa 
LMR/BOP mass 373000 kg 
Riser linear mass 277 kg/m 

Drag coefficient on the BOP 1 
Linear damping coefficient along 

the riser 98 N.s/m² 

BOP cross sectional area 16 m² 
Displacement amplitude on the top 2.5 m 

 
Figure 2 shows the results for the amplification (the ratio between the displacement amplitude on the BOP and the 

displacement amplitude on the top) versus the angular frequency, with the use of Eq. (24). In this case, the variation of 
angular frequency means heave variations. In other words, by using Eq. (24), we can note that some heave frequencies 
cause peaks on amplification, due to resonance phenomena. In Fig. 2, we can see the first three resonance peaks. It 
means that if real world heave has same frequency of one of those peaks, the riser will suffer that amplification 
specified on his motion. 

 

 
 

Figure 2. The riser displacement at the BOP (Amplification versus angular frequency, in radians per second). 
 

By using Eq. (23) and the values for the angular frequencies in which those phenomena occur, we can generate an 
amplification profile (amplification versus depth graph) for each vibration mode of the riser. Figure 3 shows the 
amplification profile (in this case, the ratio between the displacement of a point on the riser and the displacement on the 
top) for the first three vibration modes. 
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Figure 3. Amplification versus depth, in meters, for the displacement along the riser in its first three vibration modes. 
 
From the analysis of the Fig. 3, we can conclude that the greatest amplifications do not occur necessarily on the 

BOP. For the second and third modes, there are points along the riser column in which the amplification has higher 
values than on the BOP. This can lead to the thought that it is necessary to analyze the riser on all its extension, with the 
aid of Eq. (23), and not only with the use of Eq. (24). The operational map described on the next topic is based on this 
idea. 

 
6. OPERATIONAL MAP 

 
Based on the previous results, we can make an operational map for the riser, for wave profiles with different 

amplitudes and angular frequencies. Figure 4 shows the maximum displacement of the riser as a function of both heave 
amplitude and angular frequency of the wave that excites the top end. The maximum displacement for a specific pair 
“heave amplitude and angular frequency” will not be necessarily on the BOP, as shown previously in Fig. 3. 

 

 
 

Figure 4. Maximum displacement of the riser, in meters, as a function of both heave amplitude, in meters, and angular 
frequency, in radians per second. 

 
Taking the contour lines from Fig. 4, we finally obtain the operational map, showcased in Fig. 5. Having the 

necessary data from the wave profile, a person using the map can predict if the riser will be subjected to a dangerous 
displacement, which may cause its failure. 
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Figure 5. Operational map. The contour lines colors describe the maximum amplitude of displacements along the riser, 
for different heave amplitudes and wave angular frequencies. 

 
7. CONCLUSION 

 
An analytical approach for the axial behavior of a riser, free to move on its horizontal direction, was described. A 

case study using this analytical model and real world data was used to demonstrate the existence of resonance 
phenomena that can cause peak displacements. These displacements information were consolidated in a graph called 
"Operational map", where "peak displacement" problem generated by resonance frequency phenomena was highlighted. 
Besides the fact that environmental loads such as ocean waves and sea currents have been neglected, the analytical 
approach allows us to model the installation problem quickly, with good representation of the real operation. The 
operational map is very useful to be aware of new operational conditions when heave on the floating rig is approaching 
the resonance frequency of the suspended load system. It is also noted that the maximum displacement may occur at 
any point along its length, depending on the frequency of the sea wave excitation, leading to the conclusion that it is 
necessary to analyze the riser completely, and not only the BOP. 

In order to go deeper into the problem, it is fundamental to include, in the analytical model, effects of the movement 
of the platform or ship ahead with the suspended BOP, which will result in lateral displacements. This will be the aim in 
a near future. 
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