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Abstract. Wavelet analysis has been applied to a variety of pertinent problems in engineering. This paper describes the
use of wavelet-based methods to find and analyze energy harvesting systems behavior. Energy harvesting systems based
in single and double-well potential presents both periodic or chaotic behavior. High and low energy orbits are contained
in the steady state of this systems. The large amplitude periodic response of the energy harvester is preferred to chaos not
just because of its larger gain compared to that of the chaotic response, but also because the periodic response is preferred
to chaotic response for processing the voltage output using a nonlinear energy harvesting circuit for charging a battery
or a capacitor efficiently. The analysis of the oscillatory movements of the systems were identified with good accuracy by
means of wavelet-based methods. Looking for the scalograms and global energy spectrum, it were very useful tools to
validate the type of motion found, periodic, quasi-periodic or chaotic. We can found with relative accuracy the amplitude
and frequency of operation that generates more energy for each model. This technique can be used as a measurement tool
to assist the validation of chaos in dynamic systems together with the calculation of Lyapunov exponents and Poincare
maps.
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1. INTRODUCTION

Piezoelectric energy harvesters has been studied for several researchers, and many non-linear devices has been mod-
eled as a forced Duffing oscillator. In this paper some of these models were demonstrated. Among the different models
can be mention the works of (Triplett and Quinn, 2009; Erturk, 2009; Iliuk et al., 2012, 2013), without undeserved others.
Energy harvesting systems based in single and double-well potential oscillators can be presents both periodic or chaotic
behavior. High and low energy orbits are contained in the oscillatory regime of this systems. In order to identify this
behaviors an analysis using continuous wavelet transform (CWT) can be performed alternatively to classical methods
used in dynamical systems theory. Wavelet analysis has been applied to a variety of pertinent problems in engineering in
accordance with (Addison, 2002). A practical guide to wavelet analysis was developed by (Torrence and Compo, 1998).
In this work the goal of the authors was the decomposition of a time series in space or time-frequency domain. They used
the data series of the El Nino, because the statistics of the data change in addition, the authors also includes a statistical
significance test. Reboita (2004) used the wavelet transform toolkit proposed by (Torrence and Compo, 1998) on two data
sets, with the objective of determining the atmospheric systems that cause greater climate variability in southern Brazil, in
order to provide information for the future development of a regional climate model. An analysis of the dynamics of the
Duffing oscillator was performed using the wavelet cross-spectrum by (Kyprianou and Staszewski, 1999) as an alternative
to classical analysis of input and output. The work of (Permann and Hamilton, 1992), emphasize the robustness of wavelet
analysis even when the system presents a chaotic behavior as a Duffing oscillator in short time series. The study of the
dynamic behavior of the mechanical oscillations of a non-ideal system, which describes a physical model that deals with
the motion of a block and an electric motor DC was studied by (Chierice Jr, 2007). This analysis was performed using
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the complex Morlet wavelet, following the technique proposed by (Torrence and Compo, 1998).
This paper describes the application of continuous wavelet transform (CWT) using the complex wavelet of Morlet

contained in the toolkit developed by (Torrence and Compo, 1998) to identification and analyze of energy harvesting
systems behavior.

2. MATHEMATICAL MODELS

The schematic model and the equations as well as the dynamic responses of the systems were presented in two
sections, separated by the type of excitation in models with ideal energy source and models with non-ideal energy source.
The phase portraits and history of displacement in time were obtained by numerical integration of the equations of motion
to demonstrate the behavior of each system. This results were used as basis to comparison with the results founded by the
application of wavelet technique. Two models are nonlinear and excited by a ideal energy source. Other two models are
nonlinear and excited by a non-ideal energy source, where the model of non-ideal portal frame were displayed responses
using a passive control system, Nonlinear Energy Sink (NES), and without the passive control.

2.1 Ideal energy harvester models

The ideal models, are those excited by a well defined ideal energy source as the form of Eq. (1).

A cos(ωt) (1)

The first model presented in Fig. 1 is defined by Eq. 2 and Eq. 2 it has been studied by (Triplett and Quinn, 2009) and
looking for the dynamic of the system presented in the phase portrait and history of displacement in time showed in Fig. 2
can be see a periodic behavior.

Figure 1. Ideal energy harvester by (Triplett and Quinn, 2009)

ẍ+ 2εζẋ+ x(1 + εαx2)− εθ(1 + β|x|)q = εγ sin(ωt) (2)

pq̇ − θ(1 + β|x|)x+ q = 0 (3)

Figure 2. Phase portrait on the left and time history of displacement on the right, system response presents a periodic
behavior
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The second model was proposed by Erturk(2009) as the forced Duffing oscillator showed in Fig. 3. This model
represented by Eq. 4 and Eq. 5 shows a chaotic behavior. The responses to numerical integration of the equations that
governing the movement can be seen in Fig. 4 where was depicted the phase portrait and the time history of displacement.

Figure 3. Ideal energy harvester by (Erturk, 2009)

ẍ+ 2ζẋ− 1

2
x(1− x2)− χv = f cos Ωt (4)

v̇ + λv + κẋ = 0 (5)

Figure 4. Phase portrait on the left and time history of displacement on the right, system response presents a chaotic
behavior

2.2 Non-ideal energy harvester models

The models of energy harvesting presented in this section are non-ideal because of the type of excitation font is a DC
motor with limited power. An extensive analyses of non-ideal theory can be found in (Balthazar et al., 2003).

The resistive torque applied to the motor is represented by the function H(ϕ̇) and the driving torque of the energy
source (motor) is represented by L(ϕ̇). In this work, the function which defines the energy source is a linear function
that represents the curve of torque versus the velocity of the DC motor, Eq. 6, in accordance with (Balthazar et al., 2003;
Tusset et al., 2013).

Hϕ̇− Lϕ̇ = V1 − V2ϕ̇ (6)

Where V1 are related to the voltage applied to the armature of the D.C. motor, that is, a possible control parameter of
the problem, and V2 is a constant for each model of the DC motor considered.

The model presented in Fig. 5 was studied by (Iliuk et al., 2012). The coupled equations of motion Eq. 7 to Eq. 9,
showed a quasi-periodic behavior. It can be seen in the phase portrait and time history of displacement depicted in Fig. 6.

Mẍ+ cẋ+ k1x+ k2x
3 = m0r(ϕ̈ cosϕ− ϕ̇2 sinϕ) +

d(x)

C
q (7)

Iϕ̈ = m0rẍ cosϕ+ L(ϕ̇)−H(ϕ̇) (8)
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Figure 5. Non-ideal energy harvester by (Iliuk et al., 2012)

Figure 6. Phase portrait on the left and time history of displacement on the right, system response presents an aperiodic
behavior

Rq̇ − d(x)

C
x+

q

C
= 0 (9)

The next model showed in Fig. 7 is a simple portal frame under non-ideal excitation considered as a Non-Ideal System
(NIS), coupled to a Nonlinear Energy Sink (NES) passive controller. The coupled equations are Eq. 10 to Eq. 13. The
phase portrait and time history of displacement in Fig. 8 shows the chaotic behavior of the system without (NES) passive
controller attached. In Fig. 9 the system with (NES) demonstrates a periodic behavior.

Figure 7. Non-ideal energy harvester by (Iliuk et al., 2013)

(m1 +m0)ẍ1 + bẋ1 + b1(ẋ1 − ẋ2)− klx1 + knlx
3
1 + k1(x1 − x2)3 = m0r(ϕ̈ sinϕ+ ϕ̇2 cosϕ) +

d(x1)

C
q (10)

m2ẍ2 − b1(ẋ1 − ẋ2)− k1(x1 − x2)3 = 0 (11)

(J + r2m0)ϕ̈−m0rẍ1 sinϕ = V1 − V2ϕ̇ (12)
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Rq̇ − d(x1)

C
x1 +

q

C
= 0 (13)

Figure 8. Phase portrait on the left and time history of displacement on the right, system response presents a chaotic
behavior

Figure 9. Phase portrait on the left and time history of displacement on the right, system response presents a periodic
behavior

3. APPLICATION OF CONTINUOUS WAVELET TRANSFORM

In this section are presented the results of the application of continuous wavelet transform on time series data for each
model studied. All figures presents a partial representation of displacement in time of the system. In order to localize of
phenomena at time-frequency domain, the wavelet power spectrum (scalogram) was depicted using the command contour
of Matlab with the colormap jet in ranges from blue to red, and passes through the colors cyan, yellow, and orange where
the blue color represents the lower value of wavelet coefficients and the red color the large value of wavelet coefficients.
The thick black contour encloses regions of greater than 95% confidence for a red-noise process with a lag-1 coefficient
of 0.72 in accordance with (Torrence and Compo, 1998). The cone of influence also is depicted to indicate the region
where edge effects become importat. As reported by (Torrence and Compo, 1998) the global wavelet spectrum provides
an unbiased and consistent estimation of the true power spectrum of a time series, i.e. represents the equivalent Fourier
power spectrum of the signal. Wong and Chen (2001) in this work stated that the contours of the modulus are represented
by a series of turbulence-like cells in the time-frequency domain, which indicates that the impulse responses consist of a
set of harmonic modes with different but very close frequencies. The amplitudes of these harmonic modes are constants
for the linear case since the turbulence cells are regularly arranged along the time axis. But, for nonlinear system, the
amplitudes of these harmonic modes are not constants as shown by the random distribution of turbulence cells. This
statement is used to classification of the system behavior in periodic or chaotic.

Figure 10 shows a periodic behavior in the time history of displacement with a wavelet power spectrum indicating
a concentration of energy in a specific scale characterizing the movement of one period. The global wavelet spectrum
shows a well defined peak of frequency. This is the frequency of excitation true applied to the system.

In Fig. 11 is depicted the irregular oscillatory movement in the time history of displacement and the turbulence cells
presented a random distribution in the wavelet power spectrum characterizing the chaotic motion of the system. In
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Figure 10. Energy Harvesting model by (Triplett and Quinn, 2009): a)time history of displacement, b) wavelet power
spectrum - (scalogram), c) global wavelet spectrum

the global wavelet spectrum the energy has spread among various scales as a result of different oscillation frequencies,
multiple harmonic modes are characteristic of the chaotic behavior in the nonlinear system.

Figure 11. Energy Harvesting model by (Erturk, 2009): a)time history of displacement, b) wavelet power spectrum -
(scalogram), c) global wavelet spectrum

The cantilever beam system showed in Fig. 12, has a quasi-periodic oscillatory behavior in the time history of displace-
ment. Analysis of the wavelet power spectrum shows the distribution of the energy in more than one scale. The global
wavelet spectrum demonstrate that two principal frequencies are present, this is a characteristic of this type of motion.

The next model presented in Fig. 13 is the non-ideal system of portal frame and it was simulated without the addition of
passive absorber (NES). As was expected the system modeled as a forced Duffing oscillator, presented a chaotic motion as
can be verified by analyzing in the time history of displacement. The wavelet power spectrum also presents the turbulence
cells with a random distribution characterizing the chaotic motion of the system. Global wavelet spectrum shows many
frequencies presents in the system.

In Fig. 14 the non-ideal system of portal frame was simulated with passive absorber (NES) coupled. As was to be
expected for the value of the control parameter determined by (Iliuk et al., 2013) in the bifurcation diagram of the system,
a periodic behavior was achieved. This demonstrates the efficiency of passive control and can be seen in the time history
of displacement. In the wavelet power spectrum shows the turbulence cells with a regular distribution along the time axis
characterizing a periodic behavior. The global wavelet spectrum perfectly characterize the two oscillation periods of the
model.
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Figure 12. Energy Harvesting Cantilever Beam model by (Iliuk et al., 2012): a)time history of displacement, b) wavelet
power spectrum - (scalogram), c) global wavelet spectrum

Figure 13. Energy Harvesting Portal Frame model without NES by (Iliuk et al., 2013): a)time history of displacement, b)
wavelet power spectrum - (scalogram), c) global wavelet spectrum

Figure 14. Energy Harvesting Portal Frame model with NES by (Iliuk et al., 2013): a)time history of displacement, b)
wavelet power spectrum - (scalogram), c) global wavelet spectrum
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4. CONCLUSIONS

The analysis of the oscillatory movements of the energy harvester systems can be identified with reasonable accuracy
using the continuous wavelet transform (CWT). The toolbox developed by (Torrence and Compo, 1998) is a practical set
of tools to analysis of scalogram and global energy spectrum. It can be very useful tool in some cases to identification
of type of motion found, e.g. Periodic, Quasi-Periodic and/or Chaotic. Many toolboxes has been developed to analyses
of stationary and non-stationary data sets. The results of the application of wavelet transform can be used as an auxiliary
measure for the validation of chaos in dynamical systems together with the traditional measurements make by calculation
of Lyapunov exponents and Poincaré maps.
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