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Abstract. Thermoelectric coolers (TEC) can be used as heat pumps, for heating and cooling processes and as
electrical generators. Since the dimensions of the object to be cooled may not coincide with the dimensions of the cold
substrate, the knowledge of the temperature distribution on the cold substrate is useful on project and analysis of a
TEC for a desired application. This work presents results of temperature distributions on the cold substrate of a single
stage TEC using finite difference method. The steady-state heat conduction equation was solved using an algorithm
implemented on MATLAB® and results were compared with an approximate analytical solution available in the
literature. It was developed an analysis of the mesh size on the average and maximum temperatures. The numerical
errors involved and the order of the numerical solution were also studied, in order to establish a consistent solution
technique. Results showed small differences on the results of the numerical solution for the average temperature and
higher differences for the maximum temperature. Also, analysis regarding the numerical aspects of the numerical
solution showed that even when a full second order finite difference formulation is used only a first order solution
accuracy is achieved, considering a discrete heat source on the cold substrate. Those conclusions were set after
evaluation of several formulations for the boundary condition and also considering also a continuous heat source on
the cold substrate.
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1. INTRODUCTION

The thermoelectric phenomenon is associated with Peltier, Seebeck and Thomson effects. Although
thermoelectricity was discovered in the early nineteenth century, thermoelectric modules were only applied
commercially on last decades.

A thermoelectric module is composed of thermoelectric couples (n and p-type semiconductor legs) connected
electrically in series and thermally in parallel and then soldered between two ceramic plates (the hot and cold
substrates). The major advantages of TECs are the lack of moving parts and the fact that they are small, highly reliable,
and flexible, does not require maintenance and they can be easily combined with other components. The major
disadvantage is the low efficiency.

Research, analysis and development of TEC are still major tasks, but lately, it can be noticed an increase on
application related to refrigeration of electronic devices. Project methodologies using experimental setup or numerical
simulation are also investigated by many researchers and companies.

Drabkin et al. (2004a) presented an analysis of the temperature distribution on intermediate substrates of a
multistage TEC. The authors showed that, in order to reduce heat losses from one stage to the next one, modules with
pellets cross-section widely varying from stage to stage should be applied. This results in decreasing sizes of
intermediate substrate and increasing heat flux density across the substrates, making the TEC more efficient, since the
pellets on the edge of the substrates are better involved in cooling.

Drabkin et al. (2004b) analyzed the effect of the temperature distribution on the cold substrate over the TEC
performance. The analyses were considered using a approximate analytical solution developed by Dulnev et al. (1975)
for the temperature distribution in a single and two stage TEC. The authors presented a criterion based on the
temperature difference between the intermediate substrate and the upper substrate. The results showed that sometimes
one-dimensional temperature distribution is not enough, especially when the TEC is required to perform intense heat
pumping or high temperature difference.
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Besides the evaluation of the temperature distribution on the substrates, methodologies on sizing and selecting TECs
for different applications have also been developed. Tan et al. (2008) presented a methodology for energy saving based
on a combination of solar cells and a thermoelectric cooler. This hybrid system was used in a building. It is also
presented an internet-based process to promote an interaction between TECs developers and fabricants. The authors
suggested that this process will make the project, analysis and optimization easier, since it promotes exchange of
information and experience.

Newer applications of thermoelectric coolers include the one proposed by Okuma et al. (2012). The authors applied
thermoelectric modules in a HVAC system operating under cold climate operation. The main objective was to boost the
heating capacity of the HVAC system in an energy-cfficient way, especially for cold climate operation. The
combination of the two systems increases the overall system efficiency and augments the system capacity through the
high COP of the TEC for small temperature. Gao et al. (2012) analyzed the potential of thermoelectric devices applied
in a high-temperature polymer electrolyte membrane fuel cell (HTPEMFC). The thermoelectric generators were
embedded inside a gas-liquid heat exchanger to form a heat recovery subsystem jointly for electricity production.
According to the authors the results demonstrated that the thermoelectric-assisted heat flux regulation and heat-loss
reduction can also effectively help solve issues related to the performance of the system. The combination presented is
of great value and worthy of further study.

Many studies on methods for solving partial differential equation using finite difference method are available in the
literature. Beyond those, emphasis should be taken to the ones that analyze the solution of second order elliptical
equation with insulated conditions on the boundaries. Dai (2010) proposed a kind of new accurate second order
difference scheme for one-dimensional elliptical differential equations with insulated boundaries. The author showed
that this scheme proved to be unconditionally stable and the solution is always second order accurate. In addition, there
are several ways to mathematically represent an insulated boundaries, differing generally from the other of the
approximation, usually first or second order.

The main objectives of this paper is to present a numerical solution of the temperature distribution on the cold
substrate using finite difference method and analyze the order of the numerical solution for several formulations of the
method and for different formulations of the heat source on the cold substrate. Validation of the numerical solution will
be done with an approximate analytical solution available in the literature.

2. MATHEMATICAL MODEL FOR A SINGLE STAGE THERMOELECTRIC COOLER

Consider a single stage TEC with N pellets and a heat source Qo located in the middle of the cold substrate. A
scheme with the TEC configuration and heat rates are shown in Fig. 1.

Figure 1. Thermoelectric cooler and heat fluxes on the cold substrate

According to Lee (2010), when an electric current passes through the pellet, heat is transferred from the hot
substrate to the cold substrate. The heat transfer rate through one pellet is given by Eq. (1):

QPellet =0.5RlI 2 +Ktec(Th _Tc)_ IaTc (1)
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Where R is the pellet electrical resistance, | is the electrical current, Ko 1s the pellet thermal conductance, Th is

the hot substrate temperature, TC is the cold substrate temperature and « is the Seebeck coefficient. In Eq. (1) the first

term is due to Joule effect, the second is due to the pellet conductance and the last is due to the Peltier effect (see Fig.

1).
Hence, as shown in Drabkin et al. (2004b), the steady-state two dimensional heat diffusion on the cold substrate
governing equation is given by Eq. (2):

kK d azT 62Tc _ N pellets(ogI tec) pellets(o 5RI ’ + KtecT )+ {Qo} =0 (2)
sub axz aXZZ S S S

sub sub source

In Eq. (2), K, is the substrate thermal conductivity, O is the substrate thickness, S, is the substrate area,

S

boundaries, hence the boundary conditions can be represented by Eq. (3):

source 1S the heat source area and {QQ,} denotes the discrete heat source power. The TEC is insulated on the

orT, _ 0T,

=0 )

X =0,%=Lgyp

11 =0,%=Lgyp axz
Where L, is the substrate length. Different discrete formulations can be applied to represent the Eq. (3). One of

the objectives of this paper is to analyze those formulations and compare the results of order of the numerical solution.
3. NUMERICAL METHODOLOGY

A finite difference method (Ferziger and Peric, 2002) was applied to solve the differential equation that represents
the heat diffusion on the cold substrate of a thermoelectric cooler (TEC) with a square cold substrate discretized into a
MxN mesh. Considering the energy balance on the cold substrate, a general finite difference equation, considering
internal nodes, edges and corners, is given by Eq. (4):

k,,.d a1Ti—1,j _azTi,j +a3Ti+1,j AX, 4 b,T, IJ L —b, T +bT| Lj+ J
su % B AX2
A B
2 “
_ AXI sz Npellets(a/I + tec) + AXl sz Npellets(O'SRI +KtecT AXl sz 0
A B S Ty A B S A B S

sub sub source

Constants @;,8,,8;,0,,b,,b,, A, Bin Eq. (4) are given in Table 1, depending on the portion of the domain the

nodes are located:

Table 1. Constants of Eq. (4)

Domain portion \ Constants a|a |a b |b|b|A|B
Interior nodes 1 2 1 1 2 1 1 1
Upper boundary 1 2 1 1 1 0 1 2
Lower boundary 1 2 1 0 1 1 1 2
Right boundary 1 1 0 1 2 1 2 1

Left boundary 0 1 1 1 2 1 2 1
Upper right corner 1 1 0 1 1 0 2 2
Lower right corner 1 1 0 0 1 1 2 2
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Upper left corner 0 1 1 1 1 0 2 2

Lower left corner 0 1 1 0 1 1 2 2

Another formulation for the governing equation previously presented is to consider a central difference formulation
for the second derivative coupled with a discrete equation to represent the boundary conditions in Eq. (3). This discrete
formulation, following a first order discretization scheme is expressed by the following equations (Ozisik, 1994):

T,;,-T,;=0 )
Ty —Tw,; =0 (6)
T,-T.,=0 (7)
Tinag—Tin =0 (8)

Similarly, another formulation, following a second order formulation for the boundary conditions, is shown in Eq.
(9), Eq. (10), Eq. (11) and Eq. (12) (Ozisik, 1994):

3T, +4T,,, - T, =0 9)
=3T\ +4T\ —Tin =0 (10)
=31, +4T,,,-T,;,=0 (11)
=3Ty;+4Ty ;0 —Tu;.=0 (12)

Besides the formulations presented before, the finite difference scheme proposed by Dai (2010) was also
implemented.

To solve the system of equations by using finite difference method, a code was developed in MATLAB®. Since the
resulting system of equations is sparse, the authors used the sparse matrix function available in the software to store the
elements of each non-zero diagonal in a separate array, resulting in computer memory savings, when compared to
storing in a two-dimensional array. In order to ensure the validation of the numerical solution, the approximate
analytical solution proposed by Dulnev et al. (1975) was also implemented.

The different numerical formulations presented were used to analyze the effect on the overall order of the numerical
solution. The overall order of the scheme can be computed considering 3 meshes, with systematically reduction of the
element size, according to Equation 13 (Ferziger and Peric, 2002):

ln[q)zh _(D4h J
th _q)zh

In(2)

p= (13)

In Eq. (13), @, is the solution provided by the fine mesh, ®,, is the solution provided by the intermediate mesh
(with double node spacing of the fine mesh) and ®,y, is the solution provided by the coarse mesh (with double node
spacing of the intermediate mesh).

4. RESULTS AND DISCUSSION

In this section will be shown the validation of the numerical solution using the approximate analytical solution,
application using the numerical solution and an analysis of the order of the numerical solution.

4.1 Validation of numerical solution
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Table 3. TEC main parameters

Parameter Value
Hot substrate temperature [K] 300
Substrate thermal conductivity [W/m K] 30
Substrate thickness [m] 0.001
Substrate length [m] 0.04
Heat Source length [m] 0.02
Pellet conductance [W/K] 1.392
Pellet cross section area [m?] 1.96
Number of pellets 16
Heat input [W] 40
Electrical resistance [ () ] 1.857
Seebeck coefficient [V/K] 0.0566

November 3-7, 2013, Ribeirédo Preto, SP, Brazil

Based on the methodology presented by Roache (1998), several meshes were created with a known refinement
factor in order to analyze the convergence of the numerical solution. Table 4 presents results for average and maximum
temperatures considering the formulation presented in Eq. (4). All simulation were carried in an Intel® Core™ 17 CPU
@ 2.20GHz with 8GB RAM computer. For the finest mesh, simulation time was about 30 minutes.

Table 4. Validation of the numerical solution

Numerical solution App roximat§ analytical
Mesh Nodes solution

Tae ) | T ) Tae | T K
1 11x11 271.6423 276.6282
2 21x21 272.0697 276.6427
3 41x41 271.9934 276.6421
4 81x81 271.9546 276.6414 271.8865 272.2495
5 161x161 271.9350 276.6408
6 321x321 271.9251 276.6405
7 641x641 271.9202 276.6403

Results show small differences for the average temperature on the cold substrate for the numerical and analytical
solution and a difference of approximate 4.4K for the maximum temperature. The temperature profiles for both
solutions (numerical and analytical) are shown on Fig. 2 and Fig. 3, respectively. Also, Fig. 4 shows the relative error

between both solutions.
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Figure 2. Temperature profile from numerical solution

Figure 3. Temperature profile from approximate analytical solution

Figure 4. Relative error between numerical and analytical solutions
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It can be noticed that the temperature profile obtained by the analytical solution is nearly uniform on the entire cold
substrate. The temperature profile provided by the numerical solution describes a more reliable result considering the
presence of the discrete heat source on the center of the substrate. The behavior of the uniform profile provided by the
analytical solution can be probably justified by the fact this solution is approximated (Dulnev et al., 1975).

Figure 4 shows that the maximum relative error is found in the center of the substrate since in this position where
the temperature difference is higher (see Table 4). It can be also notice that the relative error is smaller on the transition
between the substrate and the discrete heat source.

4.2 Applications of the numerical solution

The numerical solution of Eq. (2) gives more reliable results, especially for maximum temperature (see Table 4),
since when mesh refinement is increased the numerical solution approaches the exact solution. In this section, the
numerical solution is used to perform numerical simulations with different configurations of the discrete heat source.

Figure 5 shows the temperature field on the cold substrate for a non-centered smaller discrete heat source with
center on (0.03,0.03) and length of 10 mm, for a 641x641 mesh:

Figure 5 — Temperature distribution on the cold substrate for non-centered smaller heat source

It can be noticed that the numerical solution was able to describe correctly the behavior of the temperature
distribution when the heat source is not place in the center of the domain, as expected. It can also be noticed that, in this
case, since the heat source area is smaller, higher temperatures are achieved in the cold substrate, since a higher heat
flux is present and neither of the operational parameters of the TEC were changed.

Figure 6 shows the influence of the number of pellets between hot and cold substrates of the TEC used in this work.
All simulations were carried out in a 641x641 mesh and operational parameters of Table 3, excepting number of pellets.
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Figure 6 — Influence of the number of pellets on average and maximum temperatures

ISSN 2176-5480

It can be noticed that increasing the number of pellets, the difference between maximum and average

temperatures decreases, since the heat flux removed from the cold substrate is increased, as expected.

4.3 Analysis of the order of the numerical solution

In order to analyze the order of the numerical solution on the boundaries, Table 5 shows results of the average and
maximum temperatures for the formulations presented is this paper. It should be pointed that general formulation is the
one provided by Eq. (4), first and second order were obtained by using centered-finite difference scheme inside the

domain and Egs. (5), (6), (7) and (8) for the boundaries and Egs. (9), (10), (11) and (12), respectively.

Table 5. Temperatures for different formulations with discrete heat source

Mesh First order formulation General formulation
es
Tae K) T (K) Tae ) T (K)
5 271.93501680 | 276.64081026 | 271.93498043 | 276.64081026
0240 1590 4790 0746
6 271.92516502 | 276.64047759 | 271.92514922 | 276.64047759
9875 2444 9840 2068
7 271.92023000 | 276.64029641 | 271.92022263 | 276.64029641
9652 2730 8314 2551
p 1 1 1 1
Second order formulation Welzélong Da.1 (2010)
Mesh ormulation
Tae K) T (K) Tae K) T (K)
5 271.93497987 | 276.64081026 | 271.93494587 | 276.64081025
8220 0733 27581 99459
6 271.92514916 | 276.64047759 | 271.92513268 | 276.64047759
6837 2066 48812 16631
7 271.92022263 | 276.64029641 | 271.92021453 | 276.64029641
0747 2550 35037 23452
p 1 1 1 1

According to Ferziger and Peric (2002), the rate at which the error is reduced when the grid is refined is the most
important information, instead of the formal order of the scheme as defined by the leading term in the truncation error.

Also, one way to consider this feature is to apply Eq. (13) for the three meshes, as showed in Table 5.

However, applying Eq. (13) for the meshes considered in Table 5, results showed that even when a second order
finite difference formulation is applied for the entire domain, the solution, which is expected to be second order
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accurate, actually is first order accurate. This behavior was observed for a local temperature, represented by the
maximum temperature, which happened to be on the center of the domain and an average value, represented by the
average temperature. It is noteworthy that the aforementioned behavior was found for all formulations.

In order to investigate the influence of the discrete heat source on this behavior of the numerical solution, it was also
considered a continuous heat source, represented by Eq. (14):

QO,cont = Q(% [_ X (Xl - Lsub )"’ Xy (Xz - Lsub )] (14)

Where Qo is the same value considered in Table 3 but representing a heat flux in Eq. (14). Tables 6 and 7 shows a

comparison for average and maximum temperatures considering the same formulations presented in Table 5.

Table 6. Temperatures for different formulations with continuous heat source

First order formulation General formulation
Mesh
Tare (K) Toax () Tare (K) T ()
5 275.70356850 | 278.33952907 | 275.69591800 | 278.33952897
77582 28516 22027 09745
6 275.71307171 | 278.33952900 | 275.70954984 | 278.33952895
40622 61418 61964 80220
7 275.71804221 | 278.33952897 | 275.71635408 | 278.33952895
93125 82642 74693 48096
p 1 1 1 2
Second order formulation Dai (2010) formulation
Mesh
Tare ) Toax &) Tare ) Toax &)
5 275.69715708 | 278.33952898 | 275.68872636 | 278.33952887
12142 77392 47021 41153
6 275.70985951 | 278.33952896 | 275.70588363 | 278.33952890
09389 23196 28478 76100
7 275.71643157 | 278.33952895 | 275.71450368 | 278.33952892
59339 59050 22558 90215
p 1 2 1 1

For the continuous heat source and applying Eq. (13) for the same meshes previously considered, it was possible to
achieve second order solution for maximum temperature for general and second order formulations only. The order of
the numerical solution for the average temperature was always 1 for all formulations considered, meaning that some
portions of the domain are still achieving only first order accurate solution, including for the formulation proposed by
Dai (2010), in which the author ensured second order solution accuracy.

5. CONCLUSIONS

This paper presented the numerical solution of the temperature distribution on the cold substrate of thermoelectric
coolers using the finite difference method. Results were validated and compared with an approximate analytical
solution presented by Dulnev et al., (1975). An analysis regarding the order of the solution for some formulations on the
boundaries were carried out. Results showed good agreement for the average temperature on the cold substrate and a
maximum 4.4K difference for the maximum temperature. Results also showed that a second order finite difference
formulation on the entire domain did not lead to a second order solution on all points of the domain. In order to confirm
those findings, a continuous heat source was also considered in order to investigate if the discrete heat source is
influencing the order of the numerical solution. In this case, results showed that there are still some portions of the
domain where only a first order solution was achieved. However, in the center of the domain, where the maximum
temperature occurs, a second order solution was achieved for two second order formulations. More investigations are
needed to correctly describe the order of the numerical solution, for example by application of a more robust and
efficient method to solve the differential equation that represents the temperature distribution on the cold substrate of a
thermoelectric cooler.
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