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Abstract. Direct numerical simulations (DNS) of a model airframe noise problem, consisting of a cylinder placed above
a NACA 0012 airfoil at 5 deg. angle of incidence, are studied in order to assess the significance of dipole and quadrupole
distributions in the radiated sound. It is seen that while the sound field for lower Mach number flows can be obtained
accounting only for the dipole distribution on the solid surfaces, for M∞ = 0.5 the quadrupole distribution is no longer
negligible. To understand the differences caused by the compressibility effect, we perform a linear stability analysis of the
cylinder wake, which is seen to have a wave-packet structure. The eigenfunctions so obtained are in close agreement with
the DNS results, validating the application of the linear framework to the present problem. The linear stability analysis
reveals that the Mach 0.5 flow comprises a wavepacket with higher spatial amplification, higher convective Mach number
and a sudden downstream truncation, all of which are known to increase sound radiation, and explain the significant role
of quadrupoles in the M∞ = 0.5 configuration when compared to the M∞ = 0.3 flow.
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1. INTRODUCTION

For subsonic Mach numbers, the numerical prediction of the radiated sound is often based on hybrid methods, with
a direct computation of a turbulent flow and the subsequent calculation of the sound field using an acoustic analogy (a
review of these techniques is given by Wang et al., 2006). Lighthill’s acoustic analogy (Lighthill, 1952) is often used
due to its relative simplicity, with the formulation of Ffowcs Williams and Hawkings (1969) (FW-H) commonly used in
airframe noise problems.

The analogy includes contributions from sources integrated along the geometry surfaces (monopoles and dipoles)
as well as volumetric sources along boundary layer and wake regions (quadrupoles). Due to the cost of computing
the volume integrals, quadrupole terms are often neglected. In low Mach number flows, this approximation should be
reasonable since the effects of quadrupoles are small relative to the effects of dipoles and monopoles, but there is no
theoretical Mach number limit for which the approximation is accurate; it may depend on the specific flow under study.

Recent studies have shown that, at moderate Mach numbers, quadrupole sources can have a non-negligible effect on
far field acoustic predictions (Wolf and Lele, 2010, 2011). Additionally, it has been demonstrated that quadrupole sources
have a significant impact on predictions involving airframe configurations, particularly those with wake interactions.

Related work by our group (Wolf et al., 2013) showed a significant Mach number effect on the radiation of quadrupole
sources of flows with interactions between cylinder and airfoil wakes. It is our purpose in the present paper to study
the reasons for this Mach number effect, and evaluate under which circumstances quadrupole radiation may be relevant
for airframe noise. We use the aeroacoustic predictions of a two-dimensional model airframe noise problem from Wolf
et al. (2013) and evaluate if the fluctuations in the wakes can be described as a wavepacket resulting from a linear
instability of the flow. Such description has proven useful in free jets (see Jordan and Colonius, 2013, for a review).
Whenever appropriate, the wave-packet description of the source allows one to extract the flow features important for
sound generation.

The paper is organised as follows. We describe the numerical methodology for the flow simulations and acoustic
predictions in sections 2.and 3., respectively. A brief recapitulation of the results obtained for the flow and acoustic
fields obtained by direct noise computation (DNC) is presented in section 4.1, and section 4.2shows acoustic predictions
obtained by DNC and the FW-H equation, with evaluations of the contributions of dipole and quadrupole sources to the
total noise predictions. In section 5.we investigate how compressibility changes the hydrodynamic field and, consequently,
the quadrupole radiation. First, we show in section 5.1that the cylinder wake has a wave-packet structure. In section 5.2
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linear stability is used to explain the properties of the wake wavepackets for different Mach numbers. Finally, in section
5.2.3we summarize the trends obtained in the linear stability analysis, and relate them to quadrupole radiation.

2. FLOW SIMULATION

The general curvilinear form of the compressible Navier-Stokes equations is solved in conservation form. The numer-
ical scheme for spatial discretization is a sixth-order accurate compact scheme (Nagarajan et al., 2003) implemented on
a staggered grid. The current numerical capability allows the use of overset grids with a fourth-order accurate Hermite
interpolation between grid blocks (Bhaskaran and Lele, 2010). Compact finite-difference schemes are non-dissipative
and numerical instabilities arising from insufficient grid resolution, mesh non-uniformities, approximate boundary con-
ditions and interpolation at grid interfaces have to be filtered to preserve stability of the numerical schemes. The high
wavenumber compact filter presented by Lele (1992) is applied to the computed solution at prescribed time intervals in
order to control numerical instabilities. This filter is only applied in flow regions far away from solid boundaries. The time
integration of the fluid equations is carried out by the fully implicit second-order scheme of Beam and Warming (1978)
in the near-wall region in order to overcome the time step restriction. A third-order Runge-Kutta scheme is used for time
advancement of the equations in flow regions far away from solid boundaries.

No-slip adiabatic wall boundary conditions are applied along the solid surfaces and characteristic plus sponge bound-
ary conditions are applied in the far field locations. The sponge zones start 12 airfoil chords or 300 cylinder diameters
downstream of the airfoil trailing edge, and should have negligible effect on the development of the two wakes discussed
in the following sections, whose salient features are related to the first airfoil chord downstream of the trailing edge.

The numerical tool has been previously validated for several simulations of compressible flows involving sound gen-
eration and propagation (Wolf and Lele, 2010, 2011; Wolf et al., 2012).

3. ACOUSTIC PREDICTIONS

The Ffowcs Williams and Hawkings (1969) (FW-H) acoustic analogy formulation is used to predict the acoustic field
radiated by the unsteady flow simulations. The frequency domain FW-H equation in integral form is written as[

p̂′H(f)
]
= −

∫
f=0

[
iωQ̂(~y)G(~x, ~y) + F̂i(~y)

∂G(~x, ~y)

∂yi

]
dS −

∫
f>0

T̂ijH(f)
∂2G(~x, ~y)

∂yi∂yj
dV , (1)

where p′ is the acoustic pressure, ω is the angular frequency, ~y is a source location, ~x is an observer location and the term
.̂ represents a Fourier transformed quantity. The monopole and dipole source terms are

Q = [ρ (ui + Ui)− ρ0Ui] ∂f/∂xi (2)

and

Fi = [pδij − τij + ρ (ui − Ui) (uj + Uj) + ρ0UiUj ] ∂f/∂xj , (3)

respectively, and Tij is the Lighthill stress tensor or quadrupole source term given by

Tij = ρuiuj + (p′ − c20ρ′)δij − τij . (4)

Here, ui is the fluid velocity vector, Ui is the FW-H surface velocity, p is the pressure, ρ0 is the freestream density, ρ′

stands for the acoustic density, c0 is the speed of sound, δij is the Kronecker delta and τij is the viscous stress tensor.
The term f = 0 represents the FW-H surface and H(f) is the Heaviside function defined as H(f) = 1 for f > 0 and
H(f) = 0 for f < 0. Source terms, observer locations and scattering bodies are assumed to be in steady uniform motion
with ~U = (−U1, 0)

t. The convective Green’s function is given by

G(~x, ~y) =
i

4
√
1−M2

e
iM k

(1−M2)
(x1−y1)H

(2)
0

(
k

(1−M2)

√
(x1 − y1)2 + (1−M2)(x2 − y2)2

)
, (5)

where M is the freestream Mach number defined as M ≡ U1/c0, k is the wavenumber and H(2)
0 is the Hankel function

of the second kind and order zero.
In the present work, the surface integrations appearing in Eq. (1) are computed along the scattering body surfaces.

Therefore, ui = −Ui for the monopole and dipole source terms, which are then given by Q = −ρ0Ui∂f/∂yi and
Fi = [pδij + ρ0UiUj ] ∂f/∂yj , respectively. Furthermore, one can observe that the monopole source terms, Q, and the
second component of the dipole source terms, ρ0UiUj , are steady in time and do not appear in the frequency domain
formulation. The volume integrations in Eq. (1) are computed using a fast multipole method (FMM) (Wolf and Lele,
2010) that incorporates convective effects along a subset region of the flow field including the wake plus boundary layer
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Table 1. Summary of flow configurations investigated. Configurations 5
and 6, highlighted in bold, are the focus of the present work.

Configuration Mach number Position of cylinder center (x,y)
1 M∞ = 0.1 (0.5c, 0.25c) half-chord
2 M∞ = 0.3 (0.5c, 0.25c) half-chord
3 M∞ = 0.5 (0.5c, 0.25c) half-chord
4 M∞ = 0.1 (1.0c, 0.25c) trailing edge
5 M∞ = 0.3 (1.0c, 0.25c) trailing edge
6 M∞ = 0.5 (1.0c, 0.25c) trailing edge

regions, where the magnitude of quadrupole sources is non-negligible. Therefore, calculations of acoustic pressure can
be performed by the following equation[

p̂′H(f)
]
=

{
−
∫
f=0

[
iωQ̂(~y)G(~x, ~y) + F̂i(~y)

∂G(~x, ~y)

∂yi

]
dS −

∫
f>0

T̂ijH(f)
∂2G(~x, ~y)

∂yi∂yj
dV

}
FW-H

+ (6){
i

4π
√
1−M2

[
1

2π

∮
ei

~K·
−→
oXeiMKX1L(~o, ~K)d( ~K/| ~K|) +

ϕlv∑
n=−ϕlv

(−1)neiMKX1Rn(
−→
oX)L−n(~o)

]}
FMM

.

Details about the terms appearing in the equation above are given in Wolf and Lele (2010).

4. RESULTS

This section discusses results obtained by direct noise calculation (DNC) and the Ffowcs Williams-Hawkings (FW-H)
equation for the unsteady flow past a cylinder in the proximity of a NACA 0012 airfoil. The flow configurations investi-
gated allow a study of sound generation due to interaction of boundary layers and wakes, including vortex shedding. The
flow Reynolds numbers based on the airfoil chord and cylinder diameter are Rec = 5000 and Red = 200, respectively.
The freestream Mach numbers considered in the flow calculations and acoustic predictions are M∞ = 0.1, 0.3 and 0.5,
and the angle of incidence is fixed at AoA = 5 deg. The present grid configuration consists of body-fitted O-grid blocks
around airfoil and cylinder surfaces and a background O-grid block that resolves the acoustic far field. The airfoil grid
block is composed of 400× 60 grid points, in the periodic and wall normal directions, respectively, and the cylinder grid
block is composed of 240 × 50 grid points, in the periodic and wall normal directions. These grid blocks are designed
to accurately resolve the laminar boundary layers that develop along the airfoil and cylinder surfaces. The far field back-
ground grid block has 400 × 625 points, in the periodic and wall normal directions, respectively, with smooth stretching
to accurately capture the sound radiation. In order to evaluate the effects of cylinder position on acoustic scattering and
diffraction, the cylinder grid block is displaced from the half-chord position to the trailing edge position. A summary of
the flow configurations investigated is presented in Table 1. The airfoil has normalized chord c = 1 with trailing edge at
(x, y) = (1.0c, 0.0). Since the airfoil is at AoA = 5 deg, figures show the configuration rotated by−5 deg. All directivity
plots in the paper are computed for a coordinate system located at the airfoil half-chord position.

4.1 Flow and Acoustic Fields

Figures 1, 2 and 3 present snapshots of the flow and acoustic fields obtained by DNC for all configurations analyzed.
Contours of z-component of vorticity along the airfoil and cylinder wake regions are shown in color and contours of
dilatation are shown in grayscale. These figures allow a preliminary analysis of the effects of cylinder position and
freestream Mach number on sound generation and propagation. In Figs. 1 (a) and (b), one can observe the presence of
vortex shedding forming along the cylinder and airfoil wakes for both cylinder positions investigated for M∞ = 0.1. For
flow configurations with freestream Mach numbers M∞ = 0.3 and M∞ = 0.5, Figs. 2 and 3, respectively, different
hydrodynamic features are observed due to a change in cylinder position. When the cylinder is placed at half-chord,
the airfoil vortex shedding is suppressed due to wake interaction. One can also see that cylinder vortex shedding ceases
further upstream as Mach number is increased. This effect is followed by wake stabilization and it can be observed in a
comparison of Figs. 1 (a), 2 (a) and 3 (a). If the cylinder is placed at the trailing edge position, airfoil vortex shedding is
developed for the entire range of Mach numbers analyzed. For all tested cases, one can notice that, further downstream
along the wake, there is a merging of alternating vortical structures which characterizes a single vortex shedding frequency.

Far field sound radiation is also modified according to freestream Mach number and cylinder position. From Figs. 1, 2
and 3, it is clear that Mach number effects considerably modify the acoustic wavenumbers. Higher Mach numbers are
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(a) Cylinder at half-chord position. (b) Cylinder at trailing edge position.

Figure 1. Contours of z-vorticity in color and contours of dilatation in grayscale for M∞ = 0.1.

(a) Cylinder at half-chord position. (b) Cylinder at trailing edge position.

Figure 2. Contours of z-vorticity in color and contours of dilatation in grayscale for M∞ = 0.3.

(a) Cylinder at half-chord position. (b) Cylinder at trailing edge position.

Figure 3. Contours of z-vorticity in color and contours of dilatation in grayscale for M∞ = 0.5.

associated to higher frequencies with lower acoustic wavelengths. Doppler effects are also readily seen, specially in Fig. 3,
for M∞ = 0.5. Cylinder position impacts the scattering and diffraction characteristics of the acoustic field. In Figs. 1
(a), 2 (a) and 3 (a), it is possible to see the more pronounced reflection effects along airfoil surface and, in Figs. 1 (b), 2
(b) and 3 (b), one can observe that trailing edge diffraction effects are more prominent.

4.2 Noise Predictions

In Wolf et al. (2013), the quadrupole sources and their sound radiation were studied in detail. We review here some of
those results for completeness, focusing on the cases we analyse in the present work, which correspond to configurations
5 and 6 on table 1.

In Fig. 4, field plots of the Reynolds stresses are shown for the cylinder vortex shedding frequency. In these figures,
the cylinder is at the trailing edge position. In order to compare the spatial distribution of the separate Reynolds stress
terms, |ρ̂uiuj |, for different Mach numbers, these noise sources are normalized by the maximum field values for each
flow configuration. Without normalization, maximum values of longitudinal |ρ̂u1u1| and transversal |ρ̂u1u2| quadrupoles
are larger than those of |ρ̂u2u2| by one order of magnitude. These figures allow an assessment of Mach number effects
on the spatial distribution of quadrupole sources due to Reynolds stresses.

One can see in Fig. 4 that, for the cylinder vortex shedding frequency, magnitudes of Reynolds stresses are negligible
along the airfoil wake region. In the same figure, larger values of |ρ̂u1u2| are observed along the cylinder wake region
for M∞ = 0.5. There is thus a significant compressibility effect on the quadrupole distribution as the Mach number is
changed from 0.3 to 0.5.
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(a) |ρ̂u1u1| for M∞ = 0.1. (b) |ρ̂u1u1| for M∞ = 0.3. (c) |ρ̂u1u1| for M∞ = 0.5.

(d) |ρ̂u1u2| for M∞ = 0.1. (e) |ρ̂u1u2| for M∞ = 0.3. (f) |ρ̂u1u2| for M∞ = 0.5.

(g) |ρ̂u2u2| for M∞ = 0.1. (h) |ρ̂u2u2| for M∞ = 0.3. (i) |ρ̂u2u2| for M∞ = 0.5.

Figure 4. Frequency domain Reynolds stresses normalized by maximum field values for cylinder vortex shedding fre-
quency and cylinder at trailing edge position.

In Fig.5 one can observe results of acoustic predictions for case 5 for the cylinder vortex shedding frequency, which
corresponds to He = 9.5 and St = 5.0. Quadrupole sources have a small contribution to far field radiation.

(a) Acoustic field from DNC. (b) Directivities of separate noise source
terms.

(c) Directivities obtained by DNC and FW-
H.

Figure 5. Acoustic predictions forM∞ = 0.3, cylinder at trailing edge position and results at the cylinder vortex shedding
frequency.

Figure 6 presents acoustic prediction results of case 6 for the cylinder vortex shedding frequency. Unlike the M∞ =
0.3 case, figure 6 (b) and (c) show that the total noise radiation is obtained by the sum of sound fields from dipole and
quadrupole sources, the latter being no longer negligible. In Wolf et al. (2012), the authors demonstrate that quadrupole
sources are only relevant for acoustic predictions of moderate Mach number flows at high frequencies. The present results
indicate that, even at low frequencies, quadrupole sources are of paramount importance for the total noise prediction of a
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moderate Mach number flow with wake interaction.

(a) Acoustic field from DNC. (b) Directivities of separate noise source
terms.

(c) Directivities obtained by DNC and FW-
H.

Figure 6. Acoustic predictions forM∞ = 0.5, cylinder at trailing edge position and results at the cylinder vortex shedding
frequency.

5. INVESTIGATION OF SOUND-SOURCE MECHANISMS

The results presented in the previous sections showed a significant Mach number dependence of the sound radiation
by the studied flow. In order to understand in more detail the role of compressibility, we investigate here the M = 0.3 and
M = 0.5 flows, with the cylinder at the trailing edge position. For the first case, quadrupole radiation is relatively small,
whereas for the higher Mach number flow, there is a substantial increase of the contribution of quadrupoles.

5.1 Wave-packet structure of the cylinder wake

We see in figure 7 the amplitude of pressure fluctuations for the cylinder vortex-shedding frequency in the cylinder
wake. The amplitude modulation of the fluctuations in the wake, shown in figure 7, and the visualizations of a wavy
structure for the pressure fluctuations in figures 5(a) and 6(a) show that fluctuations in the wake can be described as a
hydrodynamic wavepacket.
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Figure 7. Amplitude of pressure fluctuations for the cylinder vortex shedding frequency.

We note that for M = 0.3, the wave-packet amplitudes are low and there is little amplitude growth far from the
cylinder. For M = 0.5 we note substantially higher amplitudes, and a significant amplitude growth between x/c = 0.6
and x/c = 0.8.

Another difference is related to the decay of the wavepacket. For the M = 0.5 case, there is a sudden decay around
x/c = 0.85. For the lower Mach number, the decay is smooth, and the wavepacket extends downstream of x/c = 1.

In the following section, we will study the linear stability of the cylinder wakes to understand the differences between
the two flows analyzed.
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5.2 Linear stability analysis of the cylinder wake

5.2.1 Mathematical model and numerical methods

Considering linearised inviscid disturbances in a parallel, sheared flow with velocity profile U(y), and that the pressure
fluctuations are given as

p′(x, y, t) = p(y) exp[i(αx− ωt)] (7)

we obtain the Rayleigh equation, which for compressible isothermal flow is given as (Criminale et al., 2003)

d2p

dy2
− 2U

U − c
dp

dy
− α2

[
1−M2(U − c)2

]
= 0 (8)

where c = ω/α is the complex-valued phase speed of the instability wave.
When we consider spatially growing or decaying disturbances, the frequency ω is a given real quantity, and the

wavenumber α = αr + iαi is a complex-valued eigenvalue. The negative of its imaginary part, −αi, is the spatial growth
rate of the instability wave.

We solve directly the eigenvalue problem of eq. (8) using a pseudo-spectral method to discretize the derivatives
(Trefethen, 2000). Calculations were done with 200 Chebyshev polynomials. We have mapped the infinite domain into
[−1, 1] by the change of variables

z =
Ly√
1− y2

(9)

as in Boyd (2001), where L = 0.5 was chosen to provide enough points in the two wakes for the DNS configurations.
The velocity profile U(y) downstream of the airfoil and the cylinder is given by an interaction of the respective wakes.

This velocity profile was fitted using the function

U(y) = 1−Q1sech((y − yc1)/L1)
2 −Q2sech((y − yc2)/L2)

2. (10)

This fit was done for the values of x specified in the next section.
The eigenvalue problem in equation 8 is nonlinear in α. To solve it using standard linear eigenvalue routines, we have

transformed it as 0 I 0
0 0 I
−F0 −F1 −F2

 p
αp
α2p

 = α

I 0 0
0 I 0
0 0 F3

 p
αp
α2p

 (11)

where I is the identity operator, and Fi are operators for terms of the equation with order i in α. The Fi operators are
given as

F3 = −UI + U3M2I (12)

F2 = ωI − 3U2ωM2I (13)

F1 = U
d2

dy2
− 2U ′

d

dy
+ 3Uω2M2I (14)

F0 = −ω d2

dy2
− ω2M2I (15)

A similar approach was used and validated in previous work by our group dealing with the linear stability of shear
layers (Cavalieri and Agarwal, 2013).
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Figure 8. Comparison between DNS and linear stability results at x/c = 0.7.
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Figure 9. Phases of the linear stability eigenfunction at x/c = 0.7.

5.2.2 Linear stability results

We compare the most unstable eigenfunction obtained in the stability analysis with the pressure fluctuations in the
DNS. Figure 8 shows this comparison at x/c = 0.7. The double bump observed in the DNS is accurately reproduced by
the linear stability eigenfunction for both Mach numbers. For high |y|, the pressure fluctuations in the DNS are acoustic
waves, which cannot be obtained using parallel-flow stability calculations.

The cited double bump can be related to the von Kármán vortex street behind the cylinder. Figure 9 shows the phases
of the stability eigenfunction. For both Mach numbers, there is a phase jump of approximately π around y = 0.2,
which corresponds to the center of the wake; this phase opposition between the two sides of the wake is expected for the
antisymmetric von Kármán vortex street.

There is a significant compressibility effect in the growth rates for the two cases (αic = −1.2134 for M∞ = 0.3 and
αic = −2.0006 for M∞ = 0.5). This can be related to the maximum amplitude of the wavepackets in the cylinder wake:
recall that for M∞ = 0.5 higher amplifications were seen in figure 7.

Figure 10 shows a similar comparison, this time performed for x/c = 0.8. As in the previous position, the linear
stability eigenfunction represents accurately the pressure fluctuations in the cylinder wake. However, this time the growth
rate for M∞ = 0.5 is lower than that for M∞ = 0.3.
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Figure 10. Comparison between DNS and linear stability results at x/c = 0.8.

As we move downstream, the M∞ = 0.3 wake continues to present an unstable mode. This was confirmed by the
stability analysis at x/c = 0.9 and x/c = 1.0, shown in figure 11. On the other hand, for the M∞ = 0.5 flow there are
only stable modes, which lead to a spatial decay of the wavepacket in this region. This explains the sudden truncation of
the M∞ = 0.5 wavepacket and the downstream persistence of the wavepacket for M∞ = 0.3.
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Figure 11. Comparison between DNS and linear stability results for M∞ = 0.3. Similar analysis done for M∞ = 0.5
revealed only stable modes.

5.2.3 Discussion

The agreement between the calculated eigenfunctions and the pressure fluctuations in the DNS shows that linear
stability is an appropriate framework to study the fluctuations in the cylinder wake. Based on the results of the previous
section, we can cite the following reasons, all of which explain the higher sound emission by the wake at M∞ = 0.5:

1. Near the cylinder, the M∞ = 0.5 wave presents higher spatial amplification, which leads to higher fluctuation
amplitudes if compared to the M = 0.3 case;
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2. As we move downstream, the M∞ = 0.5 wavepacket undergoes a sudden truncation, which is known to result in
an increased sound radiation (Cavalieri et al., 2011);

3. ForM∞ = 0.5, the convective Mach numbers are higher than in theM∞ = 0.3 case (note thatMc = (Uc/U)M∞).

6. CONCLUSIONS

In the present work we have studied in detail a numerical simulation of a model airframe noise problem consisting of
a two-dimensional configuration composed of a cylinder placed above a NACA 0012 airfoil at 5 deg. angle of incidence.
Related work (Wolf et al., 2013) using this simulation has shown that while for M∞ = 0.3 there is little quadrupole
radiation, forM∞ = 0.5 the quadrupole distribution in the wake has non-negligible sound radiation. The volume integrals
in Ffowcs Williams and Hawkings (1969) cannot thus be neglected even for this moderate Mach number.

These significant differences in the sound radiation by quadrupoles between the M∞ = 0.3 and M∞ = 0.5 flows is
studied using a linear stability calculation, which is seen to be pertinent for the present flow due to the close agreement
between the stability eigenfunctions and the fluctuations in the cylinder wake. It was seen that, for the higher Mach
number, compressibility effects lead to the formation of a wavepacket with higher maximum amplitude, higher convection
Mach number and a sudden spatial decay, all of which lead to an increase of quadrupole radiation and explain why
quadrupole radiation is much higher for M∞ = 0.5 than for M∞ = 0.3.
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