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Abstract. The design of a static parametricH∞ loop shaping controller using a linear matrix inequality (LMI) approach
for a hover system is presented. The main steps to obtain such controller are explained. The parametricH∞ loop shaping
technique explores more design flexibility by introducing a free parameter into the design process that ensures robust
stabilization with regard to normalized coprime factor uncertainty of the shaped plant. The shaped plant is designed
based on the closed-loop design specification by appropriately choosing the weighting transfer function matrices. Several
controllers were designed using this methodology and were then evaluated with sets of specifications for robust stability
and performance. This hover system is a laboratory system produced by Quanser Consulting and simulates typical
behaviors of a VTOL ("vertical taking-off landing") aircraft, also known as X4-flyer. The dynamics of the hover can be
described by a 6th order model taking as state variables the angles of roll, pitch, yaw and associated rates. Candidate
controllers must solve the problem of tracking reference trajectories, ensure performance specifications and guarantee
robust stability of the hover. Finally, we present experimental results obtained with the implementation of the designed
controllers in the context of tracking problems of this hover system.
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1. INTRODUCTION

In recent years, linear matrix inequalities (LMI) techniques, have become an essential tool for the analysis and syn-
thesis of control systems in the area of robust control (Isidori and Astolfi, 1992). This is because LMI techniques offer
the advantage of operational simplicity when compared to classical approaches which involve Riccati equations. Further-
more, based on interior-point algorithms, solving LMIs nowadays can be performed efficiently (S. Boyd and Balakrish-
nan, 1994), (Gahinet and Apkarian, 1994), (Gahinet, 1996). In the context of analysis and control synthesis of robust
controllers, several performance indices could be used, but in this paper the focus will be on the use of theH∞ norm,
which is useful to measure a system’s capacity to reject energy bounded disturbances (V.F Montagner and Peres, 2005).

The strategies of robust controller design based onH∞ synthesis techniques result in advantages over classical design
methods. This is due fundamentally to the ease of making trade-offs between performance and robustness to plant uncer-
tainly. Mixing the concepts of classical control andH∞ optimization technique, theH∞ loop shaping method introduced
by (McFarlane and Glover, 1992) has been successfully applied to several industrial and aeronautical problems (Skoges-
tad and I.Postlewaite, 2005). The method consists basically in a two-stage design. First, loop shaping is used to shape the
singular values of the nominal plant to give desired open-loop properties at high and low frequencies. Then, in a second
step, aH∞ controller is calculated to guarantee robust stabilization.

Many techniques have been proposed exploiting the characteristics of theH∞ loop shaping method using LMI. A
novel technique for design of a staticH∞ loop shaping controller with high performance was reported in the literature
(Prempain and Postlethwaite, 2005). For the existence of staticH∞ loop shaping controllers, a set of sufficient conditions
in LMI was derived. AH∞ loop shaping controller is introduced in cascade with weight functions that shape the singular
values of the nominal plant in open-loop. Another important contribution using a LMI approach is given in (S. Patra
and Ray, 2011b) where an alternative but simple technique for the design of a parametricH∞ loop shaping controller is
derived from an observer-controller framework.

The purpose of this paper consists in extending the procedure of static output feedbackH∞ loop shaping controller
proposed by (Prempain and Postlethwaite, 2005) using a free parameter to explore more design flexibility of the method
in order to increase the stability margins and consequently the robustness of controlled systems. The effectiveness of the
design method was evaluated using a 3DOF Hover didactic plant.

This paper is organized as follow. Section 2 contains the case-study system description. Section 3 presents the robust
control methodology. Section 4 describes the design of static parametricH∞ loop shaping controllers. Section 5 shows
the results and discussions. Finally, section 6 contains the conclusion.
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2. DESCRIPTION OF THE 3DOF HOVER

The 3DOF Hover didactic plant, presented in Fig. 1, is formed by a frame with four propellers. The system is
assembled on a pivot joint that enables rotations about the yaw, roll and pitch axes. The plant base is fixed to the
workbench, having sliprings which allow the free movement on the yaw axis with low friction. Each propeller generates
a lift force which is used to control the roll and pitch angles.

Figure 1. 3DOF Hover didactic plant.

Consequently, the torque resulting from propeller rotation causes the movement of the structure around the yaw axis.
In the case of a controlled environment, with the four forces balanced, the total torque is matched. In this study the model
from the manufacturer’s manual is used (Quanser, 2009).

When a positive voltage is applied to any motor, a lift force is generated causing a lifting of the propulsion system.
The group formed by front and back motors (supply voltages given byvf andvb) causes the movement on the pitch and
yaw axes, while the lateral motors (analogouslyvr andvl) entail movement about the roll and yaw axes (Quanser, 2009).

Figure 2. 3DOF Hover dynamic system.

The system has three encoders which measure the angular displacements in the three freedom axes of the plant from
an initial position. Assuming a linear model (with the equilibrium point in which the propellers are aligned with the axes
X , Y andZ, Fig. 2), the pitch movement can be described as:

Jp
∂2p

∂t2
= lKf (vf − vb) , (1)

where,Jp is the equivalent moment of inertia about the pitch axis,p is the pitch angle,l is the distance from pivot to
each motor andKf is the propeller force-thrust constant (Cavalca and Kienitz, 2009). In a similar manner, for the roll
movement:

Jr
∂2r

∂t2
= lKf (vr − vl) , (2)

in which,Jr is equivalent moment of inertia about the roll axis andr is the roll angle. The torques generated by the front
and back propellers are calledτf andτb, and similarly, the torques generated by the right and left propellers areτr andτl.
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As shown in Fig. 2, the torque generated by lateral propellers has a reverse direction compared to the torque generated by
front and back propellants. The yaw movement is given by:

Jy
∂2y

∂t2
= τf + τb + τr + τl (3)

Jy
∂2y

∂t2
= Kt,c(vf + vb) + Kt,n (vr + vl) (4)

in whichJy is the equivalent moment of inertia about the yaw axis,y is the yaw angle,Kt,n andKt,c are torque constants
that relate generated torque and voltage applied to the motor (Cavalca and Kienitz, 2009). Finally, the linear model of the
3DOF Hover is,

A =

















0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

















(5)

B =



















0 0 0 0
0 0 0 0
0 0 0 0
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Jy
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−l
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0 0
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Kf

Jr
−l
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(6)

C =





1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0



 (7)

D =





0 0 0 0
0 0 0 0
0 0 0 0



 (8)

The 3DOF Hover plant parameters are presented in Table 1 (Quanser, 2009).

Table 1. 3DOF Hover didactic plant parameters.

Symbol Value Unit
Kt,n 0.0036 N.m/V
Kt,c -0.0036 N.m/V
Kf 0.1188 N/V
l 0.197 m

Jyh 0.110 kg.m2

Jph 0.0552 kg.m2

Jrh 0.0552 kg.m2

3. CONTROL DESIGN METHODOLOGY: H∞ LOOP SHAPING TECHNIQUES

The loop-shaping design procedure described in this section is based onH∞ robust stabilization combined with
classical loop shaping, as proposed by (McFarlane and Glover, 1992).

It is essentially a two-stage design process. First, the open-loop plant is augmented by pre (W1) and post-compensators
(W2) to give a desired shape to the singular values of the open-loop frequency response. In the second step, we calculate
aH∞ controllerK which guarantees,

∥

∥

∥

∥

[

K
I

]

(I − GsK)
−1

M−1

∥

∥

∥

∥

∞

≤ γ, Gs = W2GW1, (9)
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whereG is the nominal plant andGs = M−1N is a normalized left coprime factorization of the shaped plantGs.
The controllerK is synthesized by solving the robust stabilization problem of Eq. (9). The feedback controller for

the plantG is thenK∞ = W1KW2. The Linear Matrix Inequality formulation of theH∞ control problem allows one to
take into account the order of the controller in the synthesis procedure.

Here a static parametric controller is considered. LetGs be a proper plant of ordern having a stabilizable and
detectable realization (10) withA ∈ <n×n, B ∈ <n×nu andC ∈ <ny×n.

Gs =

[

A B
C D

]

(10)

The factors of normalized left coprime factorization ofGs = M−1N , have realizations given by

[

N M
]

=

[

A + HC B + HD H

E−
1

2 C E−
1

2 D E−
1

2

]

(11)

with H = −
(

BDT + XCT
)

E−1, E =
(

I + DDT
)

and the matrixX being the unique symmetric positive semi-definite
solution to the Algebraic Riccati Equation (ARE),

(

A − BF−1DT C
)

X + X
(

A − BF−1DT C
)T

−XCT E−1CX + BF−1BT = 0
(12)

with F = I + DT D. From the normalized left coprime factorization ofGs, the generalized plant corresponding to
parametricH∞ loop shaping procedure is given by

P =









A −HE1/2 B
β

C E1/2 D
0 0 Inu

C E1/2 D









(13)

Making
∥

∥

[

β−1∆N ∆M

]∥

∥

∞
≤ 1/γ in the normalized coprime factor robust stabilization framework, the static

controllerK will stabilize the system in Fig. 3 and is synthesized satisfying,
∥

∥

∥

∥

[

βK
I

]

(I − GsβK)
−1

M−1

∥

∥

∥

∥

∞

≤
1

εmax

= γ, (14)

whereεmax is the maximum achievable robust stability margin (Skogestad and I.Postlewaite, 2005). It is observed that
for different valuesβ, different normalized coprime factors can be obtained. Thusβ can be made a parameter to increase
the flexibility of the design. For a detailed presentation of the method refer to (S. Patra and Ray, 2011b).

Figure 3. Block diagram for the parametricH∞ loop shaping controller.

For the generalized plantP , synthesis conditions are now presented to design a static parametricH∞ loop shaping
controller. We have the following result which is a generalization of a theorem by (Prempain and Postlethwaite, 2005):

Theorem 1: For given valuesβ > 0, if there exists a positive definite symmetric solutionR for inequalities (15) and
(16), then there exists a stabilizing static parametric controllerK that satisfies (14):

(A + HC)R + R(A + HC)
T

< 0 (15)





AR + RAT − γβ−2BBT RCT − γβ−1BDT −HE1/2

RC − γDβ−1BT −γE E1/2

−E1/2HT E1/2 −γIny



 < 0 (16)
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Proof: The proof of this theorem follows the proof for the existence of parametric loop-shaping controller withoutβ
presented in (S. Patra and Ray, 2011b) and uses the following definitions and considerations. Consider a generalized plant
P given by the state-space realization in (Prempain and Postlethwaite, 2005)

P =





A Bw B
Cz Dzw Dz

C Dw 0



 (17)

There exists aH∞ stabilizing controller such that‖Tzw‖∞ ≤ γ, whereγ > 0, if and only if, there existR > 0, S > 0
which satisfy the following inequalities (S. Boyd and Balakrishnan, 1994), (Iwasaki and Skelton, 1994):

(

Nz 0
0 I

)T




AR + RAT RCT
z Bw

CzR −γI Dzw

BT
w DT

zw −γI





(

Nz 0
0 I

)

< 0 (18)

(

Nw 0
0 I

)T




SA + AT S SBw CT
z

BT
wS −γI DT

zw

Cz Dzw −γI





(

Nw 0
0 I

)

< 0 (19)

R = S−1 (20)

whereNz andNw define bases of the null spaces of(BT , DT
z ) and(C, Dw) respectively. Now, comparing Eq. (13) with

Eq. (17), one obtains the associations

A = A, Bw = −HE1/2, B = β−1B, Cz =

[

C
0

]

;

Dzw =

[

E1/2

0

]

, Dz =

[

D
Iu

]

, C = C, Dw = E1/2

(21)

Taking into account the size of the matrices and their ranks, and considering the special caseD = 0, the base of the
null space of

[ (

β−1
)

BT 0 I
]

is chosen as

Nz =





I 0
0 I

−β−1BT 0



 (22)

and the base of the null space of
[

C I
]

is chosen as

Nw =

[

E1/2

−E1/2C

]

(23)

With the expressions above, necessary conditions for the existence of static parametricH∞ loop shaping controller are
obtained. TheK controller is found solving the following LMIs (Prempain and Postlethwaite, 2005), (S. Patra and Ray,
2011a), (Kannan Natesan and Postlethwaite, 2007):

ΨR + ΩT KΘR + ΘT
RKΩ < 0 (24)

where

ΨR =









AR + RAT 0n×n RCT −HE1/2

0n×n −γIn 0n×ny
0n×ny

CR 0ny×n −γIny
E1/2

−E1/2HT 0ny×n E1/2 −γIny









(25)

Ω =
[

β−1B In×ny
D 0ny

]T
(26)

ΘR =
[

CR 0 0 E1/2
]

(27)

Remark 1:For given values ofβ > 0, (15) and (16) give a sufficient condition for synthesis of the static parametric
H∞ loop shaping controller.
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4. DESIGN OF THE STATIC PARAMETRIC H∞ LOOP SHAPING CONTROLLERS

To demonstrate the effectiveness of the proposed methodology, four differentβ parameters will be used. The objective
of the static parametricH∞ loop shaping controllers is to solve the problem of tracking reference trajectories, and ensure
performance and stability in spite of disturbance and noise.

To eliminate the steady state error, integrators are inserted into at system output for yaw, pitch and roll angle. With
insertion of integrators the order of the system increases from 6 to 9. We will select the pre and post-compensators as
described in the section above, in order to obtain desired open-loop properties at high and low frequencies.

4.1 Selecting Pre and Post-Compensators

The formatting process of the plant is implemented by adding pre-and post-compensators to the plantG, such that:

Gs = W2GW1 (28)

whereW1 is the pre-compensator. To select the elements of a diagonal pre-compensator normally means to obtain high
gain at low frequencies, roll-off rates of approximately 20 dB/decade at the desired bandwidth(s), with higher rates at
high frequencies (Skogestad and I.Postlewaite, 2005). Some trial and error is involved here.W2 is usually chosen as a
constant, reflecting the relative importance of the outputs to be controlled and the other measurements being fedback to
the controller. Thus, we choseW1, andW2, respectively, as

W1 =









s+1

0.1s+1
0 0 0

0 s+1

0.1s+1
0 0

0 0 s+1

0.1s+1
0

0 0 0 s+1

0.1s+1









(29)

W2 = diag
[

25 25 25 25 35 35
]

(30)

With these choices the shaped plant has been defined. The frequency response of the shaped plant in comparison to
nominal plant is presented in Figure 4.
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Figure 4. Singular values of plant and shaped plant.

Next, the controllerK is synthesized by solving the robust stabilization problem (24) for the shaped plantGs with a
normalized left coprime factorizationGs = M−1N . The feedback controller for the plantG is thenK∞ = W1KW2

(Skogestad and I.Postlewaite, 2005). Below we summarize the methodology used.

4.2 Design procedure

1. SelectW1 andW2 to get a desired open-loop shape and compute the shaped plantGs = W2GW1. Consider (A, B,
C, D) a realization ofGs.

2. Next, determine the matrixX > 0 and choice a scalar variableβ > 0 that solve the LMI system (15), (16). Then
determineγ that satisfy the robust stability margin.

3. If the LMI system (15) and (16) is feasible, then determine the Lyapunov matrixR > 0 andγ to solve the LMI
problem (24).

4. Determine the feedback controller for implementation,K∞ = W1KW2 (Prempain and Postlethwaite, 2005).
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5. RESULTS AND DISCUSSION

The synthesis procedure described in Section 4 was implemented using the softwares Matlab 7.10.0, SeDuMi and
Yalmip (Lofberg, 2004). In Table 2,γopt is shown for the different values ofβ. This table allows for a performance
comparison of the designed controllers.

Table 2. Static parametricH∞ loop shaping controller design results using the Theorem 1 applied in 3DOF Hover.

Controllers β γopt(LMI approach)
I 0.5 3.06
II 0.8 3.43
III 1 3.70
IV 1.2 3.97

In Fig. 5 the step responses of the closed-loop system are presented. With these results, it was possible to further verify
and analyze the performance of the staticH∞ loop shaping controllers implemented for the 3DOF Hover. Taking into
account the settling time and overshoot obtained with the several controllers designed, it is observed that the controller I
has a better performance than theH∞ loop shaping controller using the conventional formulation (controller III)(Prempain
and Postlethwaite, 2005) (Fig. 6).
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Figure 5. Step response for different values ofβ using
static parametricH∞ loop shaping controllers.
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Figure 6. Step response for controllers I and III using
static parametricH∞ loop shaping controller.

Another way to analyze the performance of the controllers, is using theS - Tsymmetric MIMO gain (GM) and phase
(PM) margins, defined in (Prempain and Postlethwaite, 2005)

GM =
[

1−rm

1+rm

, 1+rm

1−rm

]

(31)

PM = [−2 arctan(rm) , 2 arctan (rm)] (32)

where1/rm = infωσ̄ (I − L(jw)) (I + L(jw))−1 andL(jw) is the open loop frequency response at the plant output.
The results are consistent with those obtained previously. Table 3 shows the margins obtained with controllers I and III.
These results again show a slight superiority of the controller I.
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Table 3. Stability margins of the controllers designed.

Controllers Gain margin (GM) Phase margin (PM)
I 2.43 dB 41.42

II I 2.14 dB 40.15

6. CONCLUSION

This paper discusses the design of staticH∞ loop shaping controllers. The controllers are said to be static, but in
fact they will contain pre-and pos-compensator dynamics that were used to shape the open-loop plant frequency response.
For existence of such controllers a set of solvability conditions is given. The methodology addresses parametricH∞ loop
shaping in a LMI framework. Although this control approach isn’t guaranteed to find a static parametricH∞ loop shaping
controller, it has proven to be successful in many plants before and has been successful applied to a 3DOF Hover didactic
plant design.

Robustness analysis and experiments illustrate that the controller obtained can be an advantageous alternative to the
static compensators. It is clear that better performance could have been achieved with a better Hover model.
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