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Abstract. The objective of this work is to propose a mathematical model and a numerical scheme for the ductile failure
analysis of polymeric materials. The proposed model is based in the works of Fremond and Lemaitre, makes use of the
method of local state variables and is derived within the scope of the consistent thermodynamics of the continuum
medium. The polymeric material is modeled as an elastoviscoplastic material coupled with a non local damage model.
In order to model the cold drawing process that occurs during the ductile fracture process of polymers, one
incorporates a damage locking condition. Since the problem is formulated within the scope of non smooth mechanics,
a regularization process is also applied. In order to identify the material constants associated with the model one
considers a uniaxial tensile test and other complementary tests, which were done at the Fiber and Polymer Technology
Department of the Royal Institute of Technology (KTH), in Sweden. More general problems are then solved in order to
attest the proposed model and to validate the employed numerical scheme.
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1. INTRODUCTION

Here, one proposes an elastic viscoplastic theory coupled with a non local damage model that may be applied in the
analysis of the ductile failure analysis of plastic components. The proposed theory considers the problem to be
subjected to small displacements and constrains and the deformation process to be isothermal. Due to the above
simplifications, the proposed model is suitable for the local failure analysis in plastic components and takes into account
the cold drawing phenomenon, which may occur at regions with high concentration of stresses. The theory considers
some of the ideas presented in Lemaitre (1996) and Fremond and Nedjar (1996) and employs a gradient type of non
local damage theory.

Let the scalar f be defined as the cohesion variable with value 1 when the material is undamaged and value 0 when
it is completely damaged. This variable is related with the links between material points and can be interpreted as a
measure of the local cohesion state of the material. When f = 1, all the links are preserved. But, if § =0, a local rupture
is considered, since all the links between material points have been broken Fremond and Nedjar (1996).

2. THEORETICAL DEVELOPMENT
2.1. Principle of virtual power

Here, one consider the principle of virtual power to be given by
PV.y)=P(.y)+P.(V.7) M

where the power of the internal, external and inertial forces are given by

P(.y)=-[c-£dQ-[(Fy+H Vy)dQ @)
Q Q
P57 =[pb-vdQ+ [ 7-53dQ+[A, ydQ+ [ A yodQ 3)
Q adQ Q dQ
and

P,(5,7)= [ pii-v dQ+ [ pBy dQ. “
Q Q
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Here, o is the Cauchy stress tensor, F is the internal work of damage and H is the flux vector of internal work of damage.
Moreover, p is the density, b represents the prescribed body force per unit mass, f is the prescribed external traction and A and
A are, respectively, the volumetric and the surface external sources of damage work.

Now, assuming that A =0 and A =0, and considering the process to be quasi-static one derives differential

equations:

div[ o (%.1) ]+ pb (%.1)=0 )
and

div(H)-F =0 ©

Subjected to the following boundary conditions

o(xt)i=1(xt) on (it)el, -
i(X,t)=u on (X,1)el,
and
VB-ii=0 on 0Q ®)
2.2. Definition of the free energy potential ¥
Here, one assumes the free energy potential, ¥ (¢°,r, 5,V 3) , to be given by
) = 1 .- x
P (& r pVP)=fDe € +%V,6’-V,6‘+.[h(r)dr ©
0

where g° is the elastic strain tensor, h(r) represents a function that describes the isotropic hardening curve of the

material, k is a material parameter and D is the fourth order elasticity tensor, given by D = 2T+ A (I®TI) ,in

— - E - VE
which, and A are the Lamé constants, given respectively by &7 = A= .
“ B ey oY A = vy T T () (1-2v)
The local state equations, defining the associated dual variables, are given by
o¥'r oy owr ~ orr
o= , R= , F' = and H = — (10)
P e P or Pop PV g
where one considers
F=F +F““+F' (1n
. . . . . . 0, if fex .
in which F™“e pd™I, (), denoting the local sub differential of I, (f8), I,(fB)= i fex with
Foo, 1 & K

k={f10<B<1}.
2.3. Definition of the yield function
Different yield criteria have been proposed in the literature. Among them, one may highlight Quinson et al.(1997),

Goldberg et al. (2003), Rottler and Robbins (2001) and Riande et al. (2000) propositions. Here, one has defined the
following yield function:

(0. Ro)=(q+u p)—(l+%j(dw+R) (12)
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in which, o =0" +o,I, p=64, q= [%&D ~6‘DJ , 0 = % , 1 1s the variable that incorporates the effect of the

hydrostatic stress, o, is the initial yield stress and R is the isotropic strain hardening variable.

2.4. Plastic flow rule and hardening law

In order to describe a dissipative process, one needs to introduce complementary kinetic laws. Therefore, to completely
characterize the proposed viscoplastic with damage model, by defining the evolution laws for the internal variables, one

assumes the existence of a pseudo-potential of dissipation, (p* (o,R, F i;o) , that is a scalar continuous function, convex
with respect to the dual/associate variables (o,R,F i). One assume (p* (o,R, F i;o) to be decomposed as

Q7 (o) = (pjp (0,R;0)+ ¢, (F i:0) . By applying the normal dissipation criterion, yields.

e”:ﬂa—o_”,rz—/la—R”. and B e Adg;, (F';0) (13)
in which, y) , is given by
R B0 "
A=pBhn [1——”"}(’/3"’)) (14)

where M and K are material parameters. Moreover, one assumes that
), (0. R, Bio) = f (0.R. Bio) = (q+ u p) —(1 +§)(0w +R) (15)

ap A
in which g is a material parameter. Considering O of =qtHpto denote the effective stress, one derives e;l») = E , defining the

effective viscoplastic strain measure.
2.5. Definition of the damage potential

Here one considers that

N2
1 F! ,
. —BS|— |, if Fi<0
o (Flie)= 2’ [ﬂsj (16)
0, if F'>0

which leads to

, Q{F_Jﬁ(e;f—eg’l), if F'<0
B=1 \5BS Lo
0 . if F'>0

an

. W w
1, if el 2e

rT v _ vp _ ) efin
where H (ee/ e )—{

o 0, if ey <e}f
« Fo

2.6. Regularization of the Free Energy Potential

Here, one considers a regularized free energy potential, given by
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e Y, V] e Y, n 1 +
Y(E.r,BVB) =" r.B.V+—+—|(f-1 (18)
rB.Vp rB VB (B

where 77, and 77, are penalty parameters and <->+ is denotes the Macauley bracket.

Now, following the recommendation of Minak et al. (2007), it is more appropriate to use D instead of f as damage
variable, since the definition of D is closer to the one usually adopted in the traditional works of continuum damage

mechanics. Thus, replacing = (1—D) in the above relations one derives the damage evolution equation, given by:

| F! — , i\ ;
b ﬂ{—D}H(e"’—e"’)H(FI’)), if Fy<0

(1-D)S of fin (19)
0 ,if Fi>0
in which
F) =kdiv(VB)—(F, + F}“) (20)
(o) R,
P 1)
P 2E1-D)?
reac 77 1 +
Fp=——" 4+ —((-D) (22)
e X ()

o

. [-D.iftD<O . (3 ,
where <(—D)> :{ 0 ifD>0’Geq Z(EG .o

2.6. Analysis of the Cold Drawing Process

2
and R, = 2(1+v)+3(1-2v)| 21| .
3 o

When a ductile plastic material, like polypropylene or polyethylene, is submitted to a tensile load, its stress-strain
diagram looks similar to that illustrated in Figure 1. The objective of this section is to improve the viscoplastic model in
order to be capable of modeling the cold drawing process.

Softening i .
Cold Drawing Hurdening

‘ |F

Stress

A

‘E\iﬁ B!
/7

Fig. 1 — Description of the cold drawing phenomenon

Strain

In order to account for the cold drawing process one assume that
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. | A =L |H(e) —e? JH(F,). if F;<0
D= (1-D)S, (e;f ‘ . (23)
0 , if F)>0
with
1 +7?
sy =8, 5| (e -en)) |- 2

By summarizing the above equations, one may state the strong formulation of the problem, given by: Find (u, D) that

solve:

(i) Linear momentum equation

div[a(?c,t)]+pl§(5c,t)=0 (25)

where
1 ~D
c=(-D)De*. e=g+e”, e7=—2 |36 Al ron (26)
(1-D)( 20 3

éZf:—Mln{l——f(a’If’D;o)j, r'z(u%)z ad  A=(-D)es @
in which

f(o,R,Dyo)=(q+u p)—(1+%j(0yg +R) (28)

1
with q=(%&D-&Dj' , p=6, and G =

(1-D) "
(ii) Damage Evolution Law
N ] H (el —e? VH(F,), if F,<0
D= (1-D)S, AR (29)
0 ,if F) >0
in which,
. B, (6)")*R, i 1 .
F! =kdiv(VD)+ (F + F“), Fj =—4 "~ v prac —___Ta 4 ° ((—D))", (30)
b pooe P oEa-Dp)r ? (1-D)? 77;,< )
and
1 + 77
S, (er) =5, +E[<(e;; —et)) } (31)

3. DISCRETIZATION OF THE PROBLEM

3.1. Operator Split Algorithm
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Here, in order to solve the local viscoplastic with damage constitutive equations one applies the operator split strategy,
described by:

(i) The trial elastic step problem, formulated as: Given the strain and damage histories, {€(t),D(t)} < [t .t ], find
e trial trial __ vp trial _trial vp trial -etrial __ - trial __ :
e and 0! = (e ", N ), so that & =¢ and """ =0. As aresult, one derives
trial .
4 _ c trial __
Enil =€y T &, and Oy =@, . (32)
trial trial : : . . N
e . . etrial _ 1 e e Dtrial _ qetrial _ cuial trial _ E e trial
Once &, is determined, one computes ey —gtr[en ") }, €, =€, eHnHI s Ppil = ) €y and the

. . trial trial D trial _ e D trial _ D
trial elastic stresses oy’ = (1-D,,) pir and 6" =2G(1-D, )€, where 0,,, =00, + o, I.

(i) The viscoplastic return mapping step problem

Here, by applying the fully implicit Euler method and performing some additional algebra, one derives the following
coupled nonlinear problem, stated as: Given (¢,,,,D,,,), determine (A4, p,,,,q,.,) . that solves

+12

Ao, R _..,D
R(AA D, q)=—" 40 Mln|1- S Puir9nii> Rosi2 Dort) At =0
(1-D,,,) ’ K_
E HAA ;
R,(AA,p,.1sGyuy) = Dpuy + —-pr =0 (33)
2 ( P> pi) = P 30-2v) (-D_) P
3GA2‘ tria
Ry(AA Py 4u) = Ao +m— g, =0.

Once the set (A4, p,.,.q,,,) is computed, the Cauchy stress ¢ may also de determined from

-1
o, =0 [1 + UWTM} and 0, =(1-D, . )p,, (34)

n+l

In addition, one can also determine

AL 3 o’
eV =¢g"+ {— nl + ﬁl} 35
(I_D,,+1) 2 (I_Dn+l)qn+l 3

Fo =T, +(l+£in and e)f =eX +L. (36)
3 0D, )

in which, r is the the accumulated viscoplastic strain and e} is the effective viscoplastic strain.

3.2. Incremental weak formulation of the problem

Once defined the constitutive model, one may solve the global equilibrium problem by employing an incremental
procedure. The incremental formulation between ¢, and ¢,,, considers that

<

un+1 n

+Aii, and D,,, =D, +AD, (37

so that, at time ¢

.+1» the weak formulation of the problem may be stated as: Determine (ﬁn D ) e X, which solves

Fy(ii,,, D,.;%) = [ 6, - £("dQ~[ pb,., -#dQ - [1,,,-wdA =0, Vie v, (38)
Q Q T,

and
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F,@,,.D,,;7) = J‘Sﬁ,\,w, (D,,,—D,)ydQ+ jk ¢n+1 n+l V}/dQ
o

(39)
- [(Fy + Fy)9,,7dQ =0, Vyev,
Q

in which

AL
P = (1-D )H(eef » e/, ¢ VH(F), ,) (40)
n+l

Since the above problem is non-linear, one applies Newton’s method leading to the solution of a sequence of linearized
problems.

3.3. Linearization procedure

Let iiX , and D, be the estimate solution of (38-9) at the k-th iteration and consider that

n+

=u, at k= 0 and D¥

n+l

D, atk=0. @41

k
Uy

For the k-th iteration of the solution procedure, one has

ik = ik K+l k k
unil Uyt +Aun+1 and Dnil DIH ADnH (42)
The determination of the increments (Aun " ,ADlllC +1) are obtained by imposing that
F (i}, + Ai',,,Df,, + ADf,,;w)=0, Vwe v,
(43)
F,(i, +Aidt,, D +AD! ;) =0, Vyev,.

Considering F, (o) and F, (o) as being smooth and expanding them in a Taylor series, one derives, for a first order

approximation,
|: uu 1( n+1? n+1’w) a ( n+1’ n+1’—):|{A’/—[k }: {F( n+1? n+1’ )} (44)
9,4, F, (“n+1 > n+1 37) addFZ (“n+1 D3 ) AD:H F. (“n+1 > n+1 39
where
auuFl (’/—lllzc-#l’Dlllc-#l’ )|:Ab?1116+1:| d |:F1 (’/7111(4—1 +8Aﬁlllc+l’Dlllc+l;w):| (45)
de £=0

0 (ks Db ) [ADE ] =L £ (a1, Dy + aDEi)|

adu F2 ( Uyigs Dn+1 N 7) |:Ab—l,l;+1 :| ddg |:F2 (’/—lll;-l + gAﬁllzc-#l > Dlllc-#l > 7/):|€:0

adsz( ,1+1’D,1+1’7)[AD§+1} j |:F2( Uy :+1+€AD§+1;7)L:0

4. NUMERICAL EXAMPLES

The discretization of the problem is obtained by the application of the Galerkin Finite Element method using a Tri 6
element. In order to verify the adequacy of the model and the proposed implicit algorithm, one solves a set of simple

problems. The parameters used in these examples are given by: M=20s", K_=31.6 MPa, 77,=1.0x107,
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17,=1.0x10", S, =0.15 MPa, 77,=1.0x10", K =2.0 MPa-mm’, e,/ =0.75, E=1.54 GPa, &, =31.6MPa, v =0.36

efu —

and p =9.02x10> kg/m’. The hardening parameters are given in “Table 1”.

Table 1. Hardening curve data points.
h(r) (MPa) 0.0 1.0 2.0 2.5
r (mm/mm) 0.0 0.2 0.4 2.0

4.1. Uniaxial Tensile Test Simulation

Here, one considers an uniaxial tension test, where the specimen is subjected to a prescribed displacement history,
applied by a linear ramp function, ranging from zero to the maximum value of #, =60 mm. The problem is considered
to be axisymmetric and the specimen has a radius of 30 mm and a height of 100 mm, as depicted in Figure 2.

i, = 60 mm

4

¢

)

Fig. 2 — Definition of the problem

Figure 3 illustrates the comparison between both the experimental and numerical stress-strain diagrams for the tensile
test. In order to reduce the processing time, one has considered the total time of the analysis equal to 60 seconds, which
has been a sufficient time to reach the cold drawing region. In addition, one has also considered 1000 load steps and a

global convergence tolerance of 107, The hardening curve, A(r), has been obtained by interpolation, using spline
functions and the given data in Erro! Fonte de referéncia nao encontrada..

Diagram Tensile Stress versus Tensile Strain
HE125MO (PP)

35 T T

—— Numerical Data
Experimental Dala Poirls

30

20

Tensile Stress (MPa)

I
0 50 100 150 200 250

Tensile Strain (%)

Fig. 3. - Stress-strain diagram for the tensile simulation.

Providing that several material parameters have been taken from literature, one considers that the error between
experimental data and numerical prediction, observed in the softening region of Figure 3 is encouraging.
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4.2. Plastic pulley component

Here, one considers a plastic pulley component, as depicted in Figure 4. The problem is considered to be subjected
to aaxisymmetric condition. The component is subjected to a prescribed displacement applied by a linear ramp with a
maximum displacement of u =—3.5mm .

A
|
.l-
[

Fig. 4 — Plastic pulley mesh and boundary conditions

This analysis considered 10000 incremental displacement steps and global tolerance for convergenc of 107. Figure
SErro! Fonte de referéncia nio encontrada. illustrates the distribution of the norm of the displacement at the end of
the analysis, in millimeters

[Displacernent)
35188

I 31278
27388
23458
19549
15839
11729

078192

039034

0

Fig. 5 - Displacement field at the end of the analysis, in millimiters

Figure 6 illustrates the distribution of equivalent visco plastic strain at the end of the analysis.

-
- Evpef
049402
I 0usres
038189
032582
026878

02137
0.15763

0.10157
0.048505
0010554

Fig. 6 — Distribution of equivalent viscoplastic strain, in mm/mm
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The distribution of the damage variable at the end of the analysis, i.e., for a prescribed displacement of & =-3.5 mm, is

depicted in Figure 7.
x S ‘
= N - D
Iuazmg

0.17807

0.11355

0051017
0011511
0074034

Fig. 7 - Distribution of damage

One can observe that the damaged region looks much like a “X” letter, in which each of its leg is inclined about 45°
with respect to the radial direction. This peculiarity strongly suggests the formation of shear bands, which is a
characteristic failure mode of plastic components under compressive loads. Additionally, one also observes that the
maximum value for the effective viscoplastic strain occurs at the intersection of the shear bands.
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