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Abstract. In this work, the resonance problem in the artificial satellites motion is studied. The development of the
geopotential includes the zonal harmonics Jog and Jyg and the tesseral harmonics Joo and Jyo. Through successive
Mathieu transformations, the order of dynamical system is reduced and the final system is solved by numerical integration.
In the dynamical model, six critical angles, associated to the tesseral harmonics Joo and Jyo, are studied together.
Numerical results show the time behavior of the semi-major axis, argument of pericentre and of the eccentricity.
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1. INTRODUCTION

Synchronous satellites in circular or elliptical orbits have been extensively used for navigation, communication and
military missions. This fact justifies the great attention that has been given in literature to the study of resonant orbits
characterizing the dynamics of these satellites since the 60’s (Blitzer, 1963; Ely and Howell, 1996; Garfinkel, 1965, 1966;
Gedeon et al., 1967; Gedeon, 1969; Jupp, 1969; Lane, 1988; Morando, 1963). For example, Molniya series satellites
used by the old Soviet Union for communication form a constellation of approximately 110 satellites, launched since
1965, which have highly eccentric orbits with periods of 12 hours. Another example of missions that use eccentric orbits,
inclined and synchronous, include satellites to investigate the solar magnetosphere, launched in the 90’s (Neto, 2006).

The dynamics of synchronous satellites is very complex. The tesseral harmonics of the geopotential produce multiple
resonances which interact resulting significantly nonlinear motions, when compared to non-resonant orbits. It has been
found that the orbital elements show relatively large oscillation amplitudes differing from neighboring trajectories, they
are in fact chaotic (Ely and Howell, 1996). It should also be noted that the characteristics of several missions involving
such orbits require that they are kept to a minimum fuel consumption. Geographic requirements determined by the
missions and spatial maneuvers of minimum cost demand precise control of the trajectories that are subjected to significant
nonlinearities during the satellite lifetime.

In this paper, the 2:1 resonance is considered; in other words, the satellite completes two revolutions while the Earth
carries one.

2. HAMILTONIAN AND MOTION EQUATIONS

In this section, a Hamiltonian describing the resonant problem is derived through sucessive Mathieu transformations.
Consider Eq. (1) to the Earth gravitational potential written in classical orbital elements (Osorio, 1973; Kaula, 1966)

[eS) l l —oo
V= % DI g (%)l i Fim (1) Gl (€)c08 (G1mpq (M, w, 2, ). (1)

=2 m=0 p=0qg=+o0

where p is the Gaussian constant, ©=3.986009 x 101 m3/s2, a, e, I, ), w, M are the classical keplerian elements: a is
the semi-major axis, e is the eccentricity, I is the inclination of the orbit plane with the equator, €2 is the longitude of the
ascending node, w is the argument of pericentre and M is the mean anomaly, respectively; a. is the Earth mean equatorial
radius, a,=6378.140 km, J,, is the spherical harmonic coefficient of degree ! and order m, Fj,,;,(I) and Gy (e) are
Kaula’s inclination and eccentricity functions, respectively. The argument @pq (M, w, 2, ©) is defined by

Otmpg(M,w,2,0) = M + (I — 2p)w + m(Q2 — O — Ap) + (1 — m)g .

where © is the Greenwich sidereal time and A, is the corresponding reference longitude along the equator.
In order to describe the problem in Hamiltonian form, Delaunay canonical variables are introduced
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Using the canonical variables, one gets the Hamiltonian F,

2 9] 1
F=J543 ) Rin, 3)

=2 m=0

with the disturbing potential Ry, given by

l +oo
Rin =33 Binpa(L. G, H)cos(dtmpa(l, 9.1,0)) . @

p:O gq=—00

The argument ¢;,,,,, is defined by

Grunpa(l,9.1,0) = gl + (L= 2p)g + m(h = © = Ni) + (L = m) 3, 5)

and the coefficient By, (L, G, H) by
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The Hamiltonian F’ depends explicitly on the time through the Greenwich sidereal time ©, where © = Q¢ (), is the
Earth’s angular velocity and ¢ is the time). A new variable ¢, conjugated to ©, is introduced in order to extend the phase
space. In the extended phase space, the extended Hamiltonian H is given by

H=F+uw.hd. (7)

For resonant orbits, it is convenient to use a new set of canonical variables. Consider the canonical transformation of
variables defined by the following relations

r=Il+g+h y=g+h z=h =0, (8)

where X, Y, Z,0©,z,y, 2,0 are the modified Delaunay variables.
The new Hamiltonian H’, resulting from the canonical transformation defined by Eqn (8), is given by

2 oo l
H’:;?+w60+ZZR’lm, )
=2 m=0

where the disturbing potential Rzm is given by

! “+o00
Ripi =Y Y Biupg(X,Y, Z)cos(Brmpg (2, 4, 2, 0)). (10)

p=0g=—00
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Consider the resonance to be studied in this work; that is, the commensurability between the Earth rotation angular
velocity (2. and the mean motion n. This commensurability can be expressed as

qn — mwe =0 (11D

considering ¢ and m as integers. The commensurability of the resonance studied, ¢g/m, is defined by . When this
commensurability ocurrs, small divisors, associated to the tesseral harmonics, arise in the integration of the equations of
motion (Lane, 1988). These terms are called resonants.

The short and long period terms can be eliminated from the Hamiltonian H' by applying an averaging method. A
reduced Hamiltonian H, is obtained from the Hamiltonian H’ when only secular and resonant terms are considered. Sev-
eral authors, Lima Jr. (1996), Grosso (1989), Ely and Howell (1996) and Neto (2006) also use this simplified Hamiltonian
to study the resonance. The reduced Hamiltonian H, is given by

+wee+ZBQJOJO(X Y, Z) +
j=1

T 2X2

0o l l

+ Z Z Z Bl/mp(ozm) (X» Y; Z)COS(¢l7er((xm) (1’, Y, 2, @)) (12)

=2 m=2p=0

The canonical system of differential equations governed by H, has the first integral

<1—;>X+Y+Z=C1 (13)

where (' is an integration constant.
Using this first integral, a Mathieu transformation

(Xﬁyvzaeaxayvzﬂe) - (XlaylaZ17@1axlvylazl701)

can be defined.
This transformation is given by the following equations

1
X =X Yi=Y Z1:<1—>X+Y+Z 0,=06
«
1
;1:1—:0—<1—>z Yy1=y—z 21 =2z 0, =6. (14)
«

The subscript 1 denotes the new set of canonical variables. Note that Z;=C7 and the z; is an ignorable variable. So, the
order of the dynamical system is reduced in one degree of freedom.

Substituting the new set of canonical variables, X1, Y1, Z1,©1, 21,41, 21,01, in the reduced Hamiltonian given by
Eqgn. (12), one gets the resonant Hamiltonian. The word "resonant" is used to denote the Hamiltonian H 1,rs Which is
valid for any resonance. The periodic terms in this Hamiltonian are resonant terms. The Hamiltonian H 1,rs 18 given by

2
Hi,s = 2'1;(2 +w691+z:13123040(X1,Y1721)
j

[e%S) l l

+ Z Z Z Bl,lmp,(am) (Xla Y17 ZI)COS(¢1,lmp(am) (xlv Y1, 21, 61)) (15)

1=2 m=2 p=0

The Hamiltonian H 1,rs has all resonant frequencies, relative to the commensurability o, where the ¢1 imp(am) argu-
ment is given by

¢1,lmp(am) = m(ozzl - 61) + (l - 2p - am)yl - qslep(ozm)O ) (16)
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The secular and resonant terms are given, respectively, by Bi 2;.0,j,0(X1, Y1, Z1) and By jpp(am) (X1, Y1, Z1).

dr, dy1 dO;

Each one of the frequencies contained in el e is related, through the coefficients [, m, to a tesseral harmonic

Jim. By varying the coefficients [, m, p and keeping ¢/m fixed, one find, all frequencies W concerning to a

specified resonance.

Now considering, j=1,2, [=2,4, m=2, « = 1/2 and p=0,1,2,3, from ﬁlms, one gets

2

I'jl = £ + webi + B 2010(X1, Y1, C1) + Biao20(X1, Y1, Ch) +

2X2

+B1 2201 (X1, Y1, Cr)cos(z1 — 201 + y1 — 2Xa2) +
+Bi1 2211(X1, Y1, Cr)cos(z1 — 201 — y1 — 2Xa2) +
+B1,2221 (X1, Y1, Cr)cos(x1 — 201 — 3y — 2X92) +
+Bl)4211(X Yl, Cl)COS($1 — 2@1 + Yy — 2)\42 —+ 7'(') —+
—|—Bl74221(X Yl, C’l)cos(xl — 2@1 — Y — 2)\42 + 7T) +
+Bi1 4231(X1, Y1, Cr)cos(z1 — 201 — 3y1 — 2A42 + 7). (18)
A new transformation is considered
X! =X, Y=y, Y,
x’l = yi =10 0’1 = 0. (19)
From Equations (18) and (19) the Hamiltonian H 1 is obtained
~ MZ
H = 5xX7Z weO + Bi2010(X1,Y{,C1) + By a020(X1,Y{,C1) +
1
+B1 2201 (X1, Y7, Cr)cos(ay — 201 +yy — 2X22) +
+By 2211 (X1, Y{, C1)cos(x] — 2607 — yy — 2Xa0) +
+BL2221( Y1/7 1)008(37/1 — 29/1 — 3y/1 — 2)\22) +
+B1,4211 (X7, Y], C1)cos(x) — 207 + 4y — 2 a2 +7) +
+Bl74221(X17 Yl,cl)COS(,I/l — 20’1 — yll — 2/\42 + 7T) +
+By 4231 (X1, Y{, C1)cos(x] — 207 — 3y} — 2X\42 + 7). (20)
Finally, a last transformation of variables is done,
Xi=X! Y=V 0, = —0) +2X]
Ty =) —20) ys =1y 04 = 0. 2D
So, the Hamiltonian H, is found, considering the Equations (20) and (21)
2
Hy, = ox? we(©4 — 2X4) + Ba,2010(X4, Ya, C1) + Baao20(X4, Ys, Ch) +
4
+B4.2201 (X4, Ya, Cr)cos(za + ya — 2X22) +
+B4 2011 (X4, Ya, Cr)cos(x4 — ya — 2X22) +
+ By 2221(X4, Yy, Cr)cos(zq — 3ys — 2Xa2) +
+By 4211(X4, Y, Cr)cos(xa + ya — 2 a2 + ) +
+ By 4221(X4, Ya, Cr)cos(xg — ya — 2XMa2 +7) +
+ By 4231 (X4, Yy, Cr)cos(xa — 3ys — 2Aa2 + ), (22)
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with 6, ignorable and w.©, constant. Since the term w.©, is constant, it plays no role in the equations of motion and a
new Hamiltonian can be introduced,

Hy = Hy + w0y,

with H, given by

2

Koy 2we X4 + Ba2010(X4a, Ya, C1) + Baaooo(Xa, Ys, Cr) +

X2 (
+By2201 (X4, Ya, Cr)cos(xa + ya — 2X22) +
+By 2211(X4, Yy, Cr)cos(z4 — ya — 2Xa2) +

+ By 2201(X4, Ya, C1)cos(zg — 3ys — 2Xa2) +
+B44211(X4, Yy, Cr)cos(xa + ya — 242 +7) +
+By 4221 (X4, Yy, Cr)cos(xa — ya — 2Ma2 + ) +
+By 4231 (X4, Y, Cr)cos(xa — 3ys — 2Xa2 + 7).

The dynamical system described by Hy,

d(Xa,Ye) OH, d(@a,ys) _ OH,
dt O(4,Y4) dt (X4, Ya)’
is given explicitly by
dX ;
dt4 =  —DBy2201(X4, Yy, C1)sin(zy + ys — 2Xa2) —

—Bu2011(X4, Yy, C1)sin(xg — ys — 2A22) —
—Bu2221(X4, Yy, C1)sin(ws — 3ys — 2X22) —
—Bu211(X4, Yy, C1)sin(wg + ya — 2Aa2 + ) —
— By 4221 (X4, Ya, Ch)sin(xg — ya — 2\g2 +7) —
—By.4231(X4, Yy, C1)sin(ws — 3ys — 2042 + 7),

dY. ;

d7t4 = —Bu42201(X4, Yy, C1)sin(wg + ya — 2X22) +

+ B4 2211 (X4, Yy, C1)sin(zy — ya — 2X22) +
+3B4,2221(X4, Yy, C1)sin(zs — 3ys — 2X22) —
—By 4211 (X4, Y, Cy)sin(xg + ya — 2 a2 +7) +
+ By 4221(X4, Ya, Cr)sin(zs — ya — 2Ma0 + ) +

+3B4,4231(X4, Yy, C1)sin(zs — 3ys — 2 40 + ),

(23)

(24)

(25)

(26)
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% _ /’('72 o aB472010()(4,}/47 Cl) _ 834,4020()(4, Yy, Cl) _
I X3 e 0X4 0Xy
OB X4, Y, C
_ 4’22018()(1 1,C1) cos(xq + ya — 2Xa2) —
0B X4, Y, C
_ 4722118()(17 4 1)cos(m —yg — 2X92) —
B X4,Y,
_9 4’22218(Xi7 1C1) cos(xg — 3ys — 2A22) —
oB X4, Y3,C
_9Biam (X4, Ya 1)005(334 +ys— 2 2+ ) —
0X4
B X4,Y,
_ 9 4’4221({§Xi7 1) cos(ry —ys — 2 42 + ) —
0B X4, Y, C
_ 1,4231(Xa, ¥4, C1) cos(xy — 3ys — 242 + ), 27)
0X4
dys _ 0B42010(X4, Y1, C1)  0Byao20(Xy, s, C1)
dt oY, Y,
0B X4, Yy, C
_ 1.2201 (X4, ¥4, C1) cos(xq + ya — 2A22) —
oY,
OB X, Y,,C
B 4,2211((91/;1 4 1)608(“_%_2)\22)_
0B X4, Yy, C
_ 4722212}/{:’ ,C1) cos(xq4 — 3ys — 2X92) —
0B X, Y,,C
_ 0Baa211 (X4, ¥4, C1) cos(xg +ys — 2Xg2 + ) —
oYy
OB X4, Y3,C
_9Buao1 (X4, ¥, C1) cos(xry —ys — 2 g0 + ) —
oY,
0B X4, Y3, C
_ 474231(‘(31/4’ 1) cos(x4 — 3ys — 2A42 + 7). (28)
4

The B4,2010, B4,4020, B4,2201, B4,2211, B4,2221, B4,4211, B4,4221 and B4,4231 terms are given by

4 2 2
T 3(0;+2X0)° 1 ( 3 v, 2X4Y4>
Buoowo = a2y (2 L2 1 (g 2 T m e Aada ) 29
42010 = g de”Jao < 1 X1y 4 B X2 (29)
2
6 2 2 2
1% 4 105 (01 +2X4) 3 15 (01 +2X4) ( —Y4 — 2X4Y4)
Bjaozo = gt Jpo | 0 |1 -3 s+t 3 1+5————, B0
X e (Xa+va)® ) 208 (Xg+va) X4

21 Cr+2X4\2
By 2201 = 87)(1#4%2122 (1 + M) \/ —Ya? — 2 XYy, (31
3 33 (C;+2X,)°
Baogns = — pta gy, | 2281 T284) Ny 9y, 32
41,2211 Qlei 22 {573 (X4+Y4)2 4 1Yy (32)

3 Cr+2X4\°
Bigson = —— pita2dss (1— L7220 y,2 _ox,y,
41,2221 SXZM ac”Joo ( X, 1Y, ) 4 4Yy, (33)
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9 35 (Cr +2X4)° Ci+2X, 1
B = —uf 64J (— 1-— 2| (C 2X 1+ ——— | (X Y. —
4,4211 X1 wrae gz o 1 1) (Cr+2Xy) (14 X, Y. (X4 +Ys)

15 Cr+2X4\° 5
—— 14+ -Yi© —2X,Y, 34
3 ( + X, 1Y, > )\/ 4 Yy, (34)

5 105 Ci +2X4)° Cr+2X4)° 15
Biazn = —2uba.tdy (7 1,% 1f3(1742) + 2
2Xy 16 (Xa+Yy) (X4+Ys) 4
1 2X,)°
15 (Cr + 43 ) /—Y42—2X4Y4, (35)
4 (X4—|-Y4)
6 2
Jz 4 35 (Cr +2Xy) Cr+2Xy -1
B = oy, (— 2 1L TER o pox) (1 ATEM ) (x, p v
4,4231 Xioa 42( 97 < (X4—|—Y4)2 (C; + ) X, 1+ Y, (X4+Yy)
15 (0 Cit2Xy 2) 1V-Y8 -2X,Y, L33 Y2 - 2X,Y, 36)
8 X4 +Yy 2 X4 16 X42 '

The zonal harmonics used in the Eqs. (29) and (30) are Jog = 1.0826 x 1073 and Jyo = —1.6204 x 1079 and the
tesseral harmonics used in the Eqs. (31) to (36) are Joo = 1.8154 x 107 and J4» = 1.6765 x 1077,

The term C used in the Egs. (29) to (36) is given by

Cy = /pa(y'1 — e2ecos(I) — 2). 37

In the numerical integration of the Eqs. (25) to (28) have been used as initial conditions, the following conditions

X4 = Jua Y, = pal(1 - e2)Y? — 1]

re =M+ w—+ 20— 20 Ys = w (38)

In the next section are shown some results of the numerical integration of the Egs. (25) to (28).
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3. RESULTS

Figures 1 to 4 show the time behavior of the semi-major axis, x4 and y4 angles and of the eccentricity, according to
the numerical integration of the motion equations, (25) to (28). The initial conditions, in the Figs. 1 to 4, for inclination is
559 and eccentricity is 0.001. The initial values of the x4 and y, angles are 0° and 0°, respectively, and the initial values
of the semi-major axis are shown in the figures.

26568 ; ; ; ; ,
a(0)=26555.000 Km ———
a(0)=26561.700 Km ——
a(0)=26562.400 Km
a(0)=26563.500 Km
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26562 |- g
£

< e
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26560 |- / .
26558 |- g
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26554 . L L L .
0 1000 2000 3000 4000 5000 6000
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Figure 1. a versus t, considering six resonant angles together; ¢2201, ¢2211 and @221 associated to Jo2 and ¢a211, P21 and Pasz1
associated to J42. The initial conditions for inclination and eccentricity are I = 55° and e=0.001, respectively.
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Figure 2. x4 versus t, considering six resonant angles together; ¢2201, ¢2211 and 2221 associated to J22 and Paz11, Paze1 and Pazz1
associated to J42. The initial conditions for inclination and eccentricity are I = 55° and e=0.001, respectively.
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Figure 3. y4 versus t, considering six resonant angles together; ¢2201, ¢2211 and ¢2221 associated to Ja2 and P11, Paze1 and Pazz1
associated to J42. The initial conditions for inclination and eccentricity are I = 55° and e=0.001, respectively.

0.025 . T : T T
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Figure 4. e versus t, considering six resonant angles together; ¢2201, ¢2211 and Paz21 associated to J22 and @a211, Paz21 and Paz31
associated to J42. The initial conditions for inclination and eccentricity are I = 55° and e=0.001, respectively.

4. CONCLUSIONS

In this work, the dynamical behavior of six critical angles associated to the 2:1 resonance problem in the artificial
satellites motion have been investigated.

The results show the time behavior of the semi-major axis, 4 and y4 angles and of the eccentricity. In the numerical
integration, the initial conditions used are 55" for inclination and 0.001 for eccentricity. The initial values of the x4 and
y4 angles are 0 and 0°, respectively. The six critical angles studied together are ¢2201, ¢2211 and ¢2221 associated to Joo
and ¢4211, 4201 and ¢4031 associated to Jyo.

Inside the region where the resonances are found, the motion can be chaotic, because it shows sensibility to initial
conditions.
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