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Abstract. This work presents a new numerical methodology to obtain self-equilibrated load cases from an aircraft load 
envelope and a robust optimization procedure. The physical non uniform loading is represented by piecewise linear 
functions defined at a number of arbitrary load control points including parameters that control the robustness of the 
load representation. The load control points are arbitrarily distributed along the structure edges. A better correlation 
between the physical loading and its numerical representation is achieved as the number of load control points 
increases. This new methodology allows the representation of any arbitrary non uniform loading with a prescribed 
degree of fidelity and robustness. As an example, the obtained load cases are used for the buckling load optimization of 
an aircraft reinforced panel. The minimax strategy is used in the optimization process: the buckling load is maximized 
with respect to the geometric properties and minimized with respect to the self-equilibrated load cases. The result is 
the best geometric properties for the worst load case. A mass optimization external loop is implemented to yield a 
minimum mass structural design that satisfies the design requirements within a prescribed safety margin. 
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1. INTRODUCTION  
 

The aeronautical structures are subjected to a large variety of loadings that result in a large number of complex 
stress and strain distributions. Therefore, the aeronautical design could be non conservative if the loading is considered 
to be uniform. On the other hand, the computational cost of the optimization procedure would be prohibitive if hundreds 
of load cases were taken into account. A good alternative is to determine the critical load cases and use only them in the 
optimization process. 

In order to work with a reduced set of load cases, Elishakoff (1983) proposed to use a probability density function 
associated with each loading. However, these probability distributions are not always known and it is difficult to 
mathematically express them. 

Another methodology to deal with a reduced set of load cases is the convex method (Bem_haim and Elishakoff, 
1990). In this method, a group of critical loadings, similar to the vertices of a convex polygon, is selected. A load space 
is created with these loadings assuming that all the elements of this load space have equal probability of occurring. 
Cherkaev and Cherkaeva (1999) used this methodology and proposed a procedure to maximize the buckling load with 
respect to the thickness of a panel and minimize with respect to the load cases. This methodology yields a robust 
structure for the load cases applied to it. 

The issue of selecting the critical load cases is of utmost importance for the optimization of aeronautical structures. 
Typically, there are a very large number of load cases to be accounted for. Elishakoff (1983), Ben_haim and Elishakoff 
(1990) and Cherkaev and Cherkaeva (1999) present some interesting approaches to deal with this problem but they do 
not address some important aspects of the problem. For example, the actual load cases of an aircraft component are 
always self equilibrating as the component may be assumed to be in static equilibrium. Moreover, unlike the typical 
assumption used in most optimization works, they are typically non uniform along the edges of the plates due to 
stiffness variation along the component. Therefore, the load distribution usually changes as the optimization procedure 
changes the design variables (dimensions of the parts). This problem is very complex and a robust procedure needs to 
be developed to account for this fact. 

The methodology to represent the load cases proposed in this work is based on the work developed by Conrado et al. 
(2005). It represents non uniform loadings by piecewise linear functions defined along the boundary of the structure 
using loading control points. Assuming that the component is under static equilibrium the non uniform loadings should 
be self-equilibrated. Moreover, in this case the buckling modes are not affected by the position of the imposed 
constraints to prevent rigid body movement. However, in the work developed by Conrado et al. (2005), the obtained 
self-equilibrated loadings have no correspondence to the physical loadings applied to the structure. Moreover, as they 
are self equilibrated, they have no magnitude. So, optimizing a structure based on the loadings obtained from the 
procedure developed by Conrado et al. (2005) implies in getting an optimal structure considering load cases that 
possibly will not occur in practical situations resulting in an over dimensioned design. 
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The present work describes a procedure that relates the physical loading to the self-equilibrated loadings. Parameters 
that control the design robustness with respect to each physical loading at each load control point were also included in 
the formulation. Therefore, the optimum panel is obtained considering a set of physical load cases chosen to represent 
the main load cases applied to the structure. This modification makes the load representation closer to real situations 
and the robustness of the design may be arbitrarily prescribed. 

An important additional advantage of this methodology is that it takes advantage of the fact that many aircraft 
structures are statically determinate. For example, one can compute exactly the moment distribution on a wing based on 
the pressure distribution obtained from an aerodynamic analysis. These moments are independent on the stiffness 
distribution of the wing structure but they can be used to compute integrals of the internal forces along the edges. This 
information can be used to define the magnitude of the considered self equilibrated load cases. In this way, the obtained 
non uniform loading representation does not depend on the structural stiffness distribution. This feature is suitable for 
optimization problems since the structural stiffness is continuously modified during the optimization process. 

The optimization of the panel geometric properties under the load cases that represents the physical loads is done 
using the minimax strategy, as used in Faria and Almeida (2003). In this work, the minimax strategy goal is to get 
maximum buckling for the worst loading condition. The objective function is minimized with respect to the loading 
cases and maximized with respect to the design variables. A mass optimization external loop is implemented to yield a 
minimum mass structural design that satisfies the design requirements within a given safety margin. 

The structure chosen for optimization is an isotropic panel with two reinforcers. The optimization algorithm is 
implemented in a Fortran code and software Abaqus© is used for buckling computation. Using Abaqus© associated 
with a Fortran code makes the optimization procedure proposed in this work more flexible and general. The procedure 
can be easily adapted for the linearized buckling optimization of any type of aeronautical structure. Also, the analysis is 
more reliable using commercial software such as Abaqus©. 
 
2. NON UNIFORM LOADING REPRESENTATION 
 

The basic data required for the non uniform loading representation is the shear and compressive stresses on a panel 
of an aircraft wing. These stresses are originated from the vertical resultant forces distributions, bending and torsional 
moment distributions on the wing, which are originated from the wing pressure distribution. Figure (1) depicts the steps 
for computing the compressive and shear stress resultants on a wing panel. Considering that the aircraft wing is in static 
equilibrium the forces and moments distributions will not depend on the stiffness distribution of the wing. The same 
holds for the resultant shear and compressive stresses on the panels. 

 

 
 

Figure 1. Compressive and shear resultant stresses. 
 

As an example, suppose that the bending moment at a certain point along the wing is known from an aerodynamic 
analysis. Considering that the wing is in pure bending, the load corresponding to the integral of the stress resultant can 
be easily estimated independent on the stiffness distribution of the wing. Therefore, the magnitude of the self 
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equilibrating loading cases can be determined by imposing that their integral along this edge are the load computed 
from the bending moment. Naturally, an arbitrary number of additional constraints may be imposed on the self-
equilibrated loading cases if the complexity of the physical load case requires. 

This work assumes that the resultant shear and compressive stresses on the panel are known. Therefore, the first 
step of the non uniform loading representation is to perform the compressive and shear load discretization. These loads 
are assumed to be discretized by piecewise linear functions distributed along the edges of the structure. Figure (2) 
depicts a non uniform load distribution applied to a structure edge and the corresponding load discretization. 

1 2 3 4 51 2 3 4 5

     

 

1 2 3 4 5 

1 f 

2 f 

3 f 
4 f 

5 f 

1 2 3 4 5 

1 f 

2 f 

3 f 
4 f 

5 f 

1 2 3 4 5 

1 f 

2 f 

3 f 
4 f 

5 f 

 
 

Figure 2. Load discretization. 

 
In Fig. (2), points 1, 2, 3, 4, and 5 are defined as load control points; in these points the magnitude of the loads are 

prescribed. The number and position of the load control points are arbitrary. They are chosen based on trade off 
between computational cost and accuracy of physical load representation. As a general rule, in order to consider the 
load transfer mechanisms, the structure must have two coincident load control points at each corner (to account for 
loads discontinuities between the edges) and one near each reinforcement end (to account for load variation due to 
sudden variation of stiffness). The loads magnitudes are defined by the loading parameters f1, f2, f3, f4 and f5 in Fig. (2). 
Load parameters fi may be either loads along the x or y directions. Therefore, for a two dimensional problem, at each 
load control points correspond two loading parameters. 

After defining the loading discretization, it is necessary to enforce constraints in the finite element model to 
preclude rigid body motion. In the two dimensional case presented as an example in this work, if suffices to constrain 
the displacements of two nodes along the x direction (these two nodes must not have the same y coordinate) and one 
along the y direction to preclude rigid body motion in the xy plane. These boundary conditions do not cause spurious 
reaction loads when self equilibrating load cases are considered. 

In fact, if one considers an aircraft component under static equilibrium, all resulting load distribution are self 
equilibrating. Since the load distribution must be self equilibrating, the equilibrium conditions of forces along x and y 
directions and moments along the z axis must be satisfied. Of course, these equations apply only for the two 
dimensional case presented herein. For the three dimensional case there would be six equations of equilibrium. The 
loading magnitudes at the load control points are the unknown in this system of equations described in Eq. (1): 
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The equilibrium equations can now be rewritten in matrix form as: 
 
[ ]{ } {0}=G X                                                                                                                                                               (2) 

 
where [G] is 3×m matrix, m is two times the number of loading control points, corresponding the x and y components at 
each load control point. {X} is the loading magnitude vector containing the load magnitude at each load control point. 
Matrix [G] and vector {X} are given, respectively, by: 
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where the terms Ii, Ji, Ki, Li, Ni, Oi, Ti and Ui represent the contribution of the loading distribution. 
 

{ }
1 1 2 2 / 2 / 2

... =  m m

T

x y x y x yX f f f f f f                                                                                                         (4) 

 
It is possible to see that the number of unknowns is greater than the number of equations in Eq. (2). Conrado et al. 

(2005) dealt with this numerical problem, minimizing the following function to obtain the self-equilibrated loadings: 
 

{ } { }( ) { } { }( ) = − −T T
e n X n X                                                                                                                                 (5) 

 
where {n} is an unit base vector. For example, {n1}

T = { 1  0  0 … 0 }. In this case Eq. (2) is used as a constraint to the 
problem and vector {X} is obtained according to the following equation: 
 

{ } [ ] [ ] [ ] [ ]( ) [ ] { }
1

   
− = − 

 

T T
X I G G G G n                                                                                                                  (6) 

 
since {n} can be m different vectors, it is possible to get m different vectors of load magnitudes {X} that are self-
equilibrated load cases. Since, the self equilibrating loads do not have magnitude, in Conrado et al. (2005), for each 
self-equilibrated load case, one optimization process is performed to obtain the optimum design to establish the 
maximum magnitude for this load case. This value is used to define the magnitude for each self equilibrated loading. 
This procedure makes the computational cost high and the resulting design may be very conservative because, in 
practical situations, not all of these loads will occur simultaneously. Furthermore, the magnitude definition described 
above for each self-equilibrated load cases is not related to the physical loads that act on the structure. 

Aiming at bringing the structural optimal design closer to real situations, this work proposes some changes in the 
approach of obtaining self-equilibrated load cases used in Conrado et al (2005). The idea is to define magnitudes for the 
self equilibrated loadings that represent each actual physical load within the load envelope of the structure and provide 
parameters that control de robustness of the optimization procedure. 

Therefore, the null vector in Eq. (2) is replaced by vector {A} j which is null in the first three rows defining the 
equilibrium conditions and have the physical load magnitudes in the others rows. The index j refers to the load case 
considered. This vector makes possible to get a self-equilibrated loading case that corresponds to a physical one. 
Moreover, this approach can provide a meaningful definition of self equilibrated loading with very little computational 
cost. The [G] matrix in Eq. (2) is replaced by a [ ]G  matrix which includes extra rows. The first three rows still 
representing the sum of forces and moments, the others lines represent the forces on the edges where the physical loads 
are applied: 

 

[ ]{ } { } jG X A=                                                                                                                                                         (7) 

 
In this new methodology the function that should be minimized to solve Eq. (7) is also modified. Here Eq. (7) is 

used as a constraint on the function in Eq. (8) minimization: 
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where pij is a dimensionless parameter arbitrarily chosen in the range [0, 1]. These parameters define the load magnitude 
percentage applied at each load control point. The subscript j refers to the load case considered and i refer to the load 
control point. This parameter pij provides the designer with the capability of choosing whether the physical load 
representation should be conservative or not. If pij is chosen to be 1 the load magnitude at load control point i 
corresponding to the j-th physical load will tend to be very conservative, as in Conrado et al. (2005). On the other hand, 
if it is chosen to be zero the load magnitude at load control point i corresponding to the j-th physical load will tend to be 
very non-conservative. Typically, from the design point of view it is interesting to use a value between these two limits. 

ijF  is the magnitude of the load applied at the load control point. It is defined from the load applied on the edge 

where load control point is located: 
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where A is the load applied on the edge considered. The solution of this minimization problem yields vector {X} j: 
 

{ } [ ] ( ) { } ( ) { }
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             = − +              
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Vector {X} j is the self-equilibrated load case j corresponding to the physical load case j. In this way, having the load 
envelope of a structure, it is possible to optimize it for the specific load envelope. This procedure reduces the 
computational cost and leads to a more efficient and robust design. 
 
3. OPTIMIZATION STRATEGY 
 

The minimax strategy (Dem’yanov and Malozemov, 1974) is defined by Eq. (11). It is used in this work with the 
goal of getting the best design for the worst load condition: 
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In the first part of the minimax strategy the objective function is minimized with respect to load cases {β} by a 

random search. In the second part of the minimax strategy the objective function is maximized with respect to the 
design variables {t}. This is done by Powell’s method (Vanderplaats, 1984 and Powell, 1964) which is a traditional zero 
order optimization method. Geometric constraints were included in the optimization algorithm to guarantee that the 
search was performed only in the feasible region. 

An external mass optimization loop is included in the optimization process to minimize the structural weight 
satisfying the design requirements. This external loop was used in a previous work (Ferreira et al, 2009) with 
satisfactory results. The complete optimization process is represented in the diagram of Fig. (3). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3. Optimization process diagram. 
 

It can be seen from the optimization diagram that by the end of the first part of the minimax strategy it is verified 
whether the considered structure buckles or not. If it buckles, the structure mass should be increased and first part is 
repeated until a not buckled structure is obtained. The verification whether the structure is under or over dimensioned is 
performed at the end of the second part of the minimax strategy. If the structure satisfies the safety margins and design 
requirements, the optimization process is completed. If not, the mass should be updated and part two of the optimization 
process repeated. 

One important issue is estimation of the required mass correction. An inappropriate mass adjustment factor can 
result in an optimization process that does not converge. The mass adjustment factor used in this work varies with the 
cubic root of the buckling optimal load. The theoretical base for this mass adjustment factor is that the flexural 
structural stiffness varies with the cube of the thicknesses for flat plates. This factor is not exact for the structure 
optimized in this work because of the flexural stiffness of the reinforcements. However, it represents a good 
approximation.  
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4. NUMERICAL RESULTS 
 

The structure chosen for optimization is a rectangular isotropic plate with two reinforcers as represented in Fig. (4). 
The plate dimensions are 0.4 m in the y direction and 1.2 m in the x direction. The material is aluminum with Young 
modulus of 70 GPa, mass density of 2600 kg/m3 and Poisson ratio 0.3. The reinforcers are positioned at x = 0.4 m and x 
= 0.8 m, dividing the plate in three sections. The design variables are defined for obtaining a symmetric structure. In 
this way, the width and height of the two reinforces comprise two design variables (w1 = w2 and h1 = h2) and the three 
sections comprise another two design variables (t1 = t3 and t2). Figure (4) depicts the reinforced panel with its design 
variables. A base plate is used to avoid null values for the design variables. The same is done with the reinforcers width 
and height values. Since the magnitudes of the sections thicknesses and reinforcers width and height can be 
significantly different, the design variables must be normalized in the optimization process. 

The load control points are positioned according to Fig. (5). It was assumed that the load envelope is composed of 
five load cases. Table 1 describes the considered load cases. In Tab. 1, the symbol “×” means that a load at an edge is 
present; the total force represents the value of the integral of the force over the prescribed edges. 
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Figure 4. Design variables. 
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The finite element model to compute the buckling load was implemented using Abaqus©. It was used 240 shell 
elements for the panel and 10 beam elements for each reinforcer.  

This work presents three examples of panel optimization, the difference among them is the loading applied. The 
first example uses pij = 0 in Eq. (10). The second example uses pij = 1 and the third uses pij = 0.25. 
 
4.1. Reinforced panel considering pij = 0 
 

In this work, twenty load control points were used. This quantity is justified by the necessity of placing load control 
points near the reinforcers to account for the load distribution variation due to the stiffness variation. From the load 
control points distribution, Fig. (5), and plot of Force × Edge distance, Fig. (6), it can be seen that at points 3, 6, 13 and 
16 the load magnitude is significantly lower because the segments length defined by these points are smaller compared 
to the others. So, their contribution to the force sum at the edge is small. If at the physical load being considered there 
are significant loads at these points, it would be necessary to create a new self-equilibrated load vector for the load 
control point considered using pij ≠ 0. Furthermore, the self-equilibrated loading obtained when pij is equal to zero is 
almost uniformly distributed. This is not a realistic load representation since physical loads are non-uniformly 
distributed. 
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Figure. 6 Self-equilibrated loading for load case 1, pij = 0. 
 

Table 2. Optimization results pij = 0. 
 

 Initial Structure 1 Initial Structure 2 Initial Structure 3 

 
Initial  
(mm) 

Optimum  
(mm) 

Initial 
(mm) 

Optimum 
(mm) 

Initial 
(mm) 

Optimum 
(mm) 

1t  2.5 1.18 3.8 1.17 3.8 1.16 

2t  2.5 1.18 1.2 1.14 1.07 1.17 

1w  4 4 3 4 4 4 

1h  80 10.25 42 14.36 34.13 11.57 
mass 
(kg) 

3.76 1.55 3.9 1.56 3.9 1.54 

1λ  9.94 1.02 1.32 1.00 0.94 1.00 

2λ  25.40 2.67 6.62 2.63 4.66 2.57 

3λ  19.01 1.93 2.93 1.95 2.06 1.88 

4λ  12.78 1.31 1.70 1.29 1.20 1.29 

5λ  14.67 1.53 1.79 1.44 1.26 1.52 

 
Table 2 presents the optimization results for the reinforced panel under the load cases described in Tab. 1.The 

optimization is performed for three different initial structures. The first and the second initial structures are over 
dimensioned for the load cases considered. They support loads that are almost ten times and 32% larger than the ones 
that are actually applied, respectively. The third initial structure is under dimensioned, that is, it buckles under the 
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considered load cases. The buckling load is defined by λ. The used stop criterion for the optimization was 2%, that is, 
the optimization stops when the normalized objective function is in the range [1.00 – 1.02]. 

Analyzing Tab. 2 it is concluded that the load case 1 was the critical one resulting in the lowest buckling values 
before and after the optimization process. Using the mass optimization external loop, the three initial structures 
converged to design variables that satisfy the design requirements and safety margins. However, optimal structure 3 can 
be considered the best since its mass is the lowest among the three optimal structures. 

 
4.2. Reinforced panel considering pij = 1 

 
Setting pij = 1 in Eq. (10) corresponds to assume that the entire edge load given by {A} j is concentrated at load 

control point i. In order to compute the self-equilibrated loading, it is first necessary to determine the force magnitude at 
the load control point i, given by ij ijp F . Seven self-equilibrated load cases were obtained by using the methodology 

described in Section 2. The first three self-equilibrated load cases were obtained using load case 1 and pij = 1 at load 
control points 2, 5 and 8. This loading definition was adopted because it was concluded in Subsection 4.1 that the load 
case 1 is the critical one. The others four self-equilibrated load cases are load cases 2 to 5 with pij = 0. Figure 7 presents 
the self-equilibrated loading for load case 1 and load control point 2 and Tab. 3 presents the optimization results. 
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Figure 7. Self-equilibrated loading for load case 1 and load control point 3, p21 = 1. 
 

Table 3. Optimization results pij = 1. 
 

 Initial Structure 1 Initial Structure 2 Initial Structure 3 

 
Initial  
(mm) 

Optimum 
(mm) 

Initial 
(mm) 

Optimum 
(mm) 

Initial 
(mm) 

Optimum 
(mm) 

1t  2.5 1.51 3.8 1.51 3.8 1.51 

2t  2.5 1.61 1.2 1.66 1.07 1.66 

1w  4 4 3 3.08 4 4 

1h  80 18.32 42 21.64 34.13 18.40 
mass 
(kg) 

3.76 2.07 3.9 2.08 3.9 2.09 

1λ  4.75 1.01 2.43 1.00 1.72 1.00 

2λ  4.01 1.02 0.48 1.08 0.34 1.11 

3λ  4.69 1.03 2.76 1.02 1.95 1.01 

4λ  25.40 5.67 6.62 5.63 4.66 5.59 

5λ  19.01 4.19 2.93 4.17 2.06 4.13 

6λ  12.78 2.91 1.70 2.85 1.20 2.90 

7λ  14.67 3.77 1.79 3.86 1.26 4.09 
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When, for example, parameters p21 is equal to one, it can be observed from the load control point distribution (Fig. 
(5)) and Force × Edge distance plots (Figs. (7)) that there is a large load concentration at section 1 at the upper edge. 
Physical loadings with such a load concentration are not common and the structure designed to support these loadings 
will probably be over dimensioned for practical applications. 

It is concluded from Tab. 3 that load case 1 is critical. For this case, the lowest buckling loads result before and after 
the optimization process. Optimal structure 1 has the lowest mass, so it can be considered the global optimum. Using 
the mass optimization external loop, the three initial structures converged to design variables that satisfy the design 
requirements and safety margins. Consistently, the mass of the optimal structures for pij = 1 are larger than the ones 
obtained when pij = 0. This is expected since the load representation when pij = 1 is more concentrated and non-
uniformly distributed. 
 
4.3. Reinforced panel considering pij = 0.25 
 

Using the five physical load cases results in 32 self-equilibrated load cases for pij = 0.25 at all load control points. 
Load case 1 is a compressive load acting at the edge with load control points 1 to 8; choosing pij = 0.25 at each one; 
eight self equilibrated load cases result. Load case 2 is a compressive load acting at the edge with load control points 19 
and 20; this yields another two self-equilibrated load cases. Load case 3 is a shear load defined at the edge with load 
control points 1 to 8 and at the edge with load control points 19 and 20; this results in another ten self-equilibrated load 
cases. Load case 4 is a compressive load at edge with load control points 11 to 18 yielding another eight self 
equilibrated load cases. Load case 5 is a shear load defined at the edge with load control points 11 and 12 and on the 
edge with load control points 17 and 18; this results in another four self equilibrated load cases.  

Figure (8) presents the plots of Force × Edge distance  when p21 is equal to 0.25. The comparison between the load 
distribution using pij equal to one and the load distribution using pij equal to 0.25, can be made by comparing the load 
control point distribution presented in Fig. (7) and Fig. (8). There is also load concentration at section 1 at upper edge, 
when parameter p21 is equal to 0.25. However, this load concentration is smaller than the one that happens when pij is 
equal to one. The overall load distribution in these cases is more typical of non-uniform physical loading. The structure 
designed to support these loadings will probably support a large variety of loadings that are present in practical 
applications. 

Analyzing Tab. 4 it is observed that the load case 1 is critical load case. It yields the lowest buckling loads before 
and after the optimization process. Optimal structures 2 and 3 have the same mass (lower than optimal structure 1) and 
almost the same shape. Therefore, these two structures are the best ones. Using the mass optimization external loop, the 
three initial structures converged to design variables that satisfy the design requirements and safety margins. The mass 
of the optimal structures has an intermediate value compared to the ones obtained for pij = 0 and pij = 1. This is 
consistent with the fact that the loading represented by pij = 0.25 is not as concentrated as the one represented by pij = 1 
and also not uniformly distributed as the one represented by pij = 0. 
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Figure 8. Self-equilibrated loading for load case 1 and load control point 3, p21 = 0.25. 
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Table 4. Optimization results pij = 0.25. 
 

 Initial Structure 1 Initial Structure 2 Initial Structure 3 

 
Initial  
(mm) 

Optimum 
(mm) 

Initial 
(mm) 

Optimum 
(mm) 

Initial 
(mm) 

Optimum 
(mm) 

1t  2.5 1.28 3.8 1.28 3.8 1.25 

2t  2.5 1.32 1.2 1.31 1.07 1.29 

1w  4 2.48 3 3.73 4 4 

1h  80 17.59 42 12.00 34.13 14.5 
mass 
(kg) 

3.76 1.70 3.9 1.69 3.9 1.69 

1λ  8.21 1.04 1.81 1.05 1.28 1.02 

2λ  8.19 1.02 1.55 1.02 1.09 1.01 

3λ  10.27 1.29 1.33 1.33 0.94 1.33 

4λ  7.56 1.00 0.93 1.00 0.66 1.01 

5λ  7.56 1.00 0.93 1.00 0.66 1.01 

6λ  10.27 1.29 1.33 1.33 0.94 1.33 

32λ  14.65 1.96 1.79 2.04 1.26 2.02 

 
 
5. CONCLUSION 
 

The methodology proposed in this work makes possible to extract self-equilibrated load cases with magnitude 
associated with physical load cases within an arbitrary prescribed accuracy. The load representation is more realistic 
and the resulting designs robustness can be adjusted using parameters pij. If these values are close to zero the self 
equilibrated loadings tend to be almost uniform. If the values are close to one, self equilibrated loadings tend to be more 
concentrated. Therefore, these parameters must be judiciously chosen by the designer to obtain a realistic load 
representation and, consequently, yield an optimal design that has a reasonable safety margin. 

In the examples presented the mass of the optimal structure were larger for larger values of parameters pij. This 
confirms the pij parameters ability to define the degree of robustness of the optimal design. That is, if pij are equal to 
one, the loading is considered almost concentrated and the optimum structure must be heavier to support this unrealistic 
loading; therefore, the design is very conservative. If pij are equal to zero, the considered loads are almost uniform and 
the optimum structure is lighter. But, the optimal design tends to be non conservative because non-uniform loads 
typically exist in practical applications. When pij are set equal to 0.25, the considered loading  non-uniform and the 
optimal structure mass has an intermediate value. Since the loading representation with pij = 0.25 is more realistic, it is 
possible to state that, for the studied example, the corresponding optimal structure would have better performance in 
practical application. 

Parameters pij were shown to control the robustness of the design. In this work, these parameters were only 
considered to be 0, 0.25 or 1.0 to demonstrate this feature. But it must be emphasized that those parameters can be 
chosen for each load control point for each particular load case. Therefore, these parameters offer valuable flexibility to 
the designer but there is a need to establish guidelines for their choice. The development of a general and realistic 
representation of non-uniform loadings will be the subject of a future work. This will include a procedure to select the 
number of load control points and the value of the pij parameters according to the nature of each particular applied 
physical load. 

The optimization using the minimax strategy makes possible to obtain the best design and identify the worst 
loading condition. In all cases tested the critical buckling load was maximized and the mass reduced. 

In summary, the proposed methodology can efficiently yield optimum structures under arbitrary non-uniform 
loadings. Moreover, the accuracy of the load representation and the robustness of the design can be arbitrarily 
prescribed. Therefore, this tool can be extremely valuable for the preliminary design of aircraft structures. 
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