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Abstract. A mathematical model is presented in this work, corresponding to an extension of the classical Blade 

Element Momentum – BEM theory for the hydrokinetic turbine design with extended operation for tip-speed-ratio less 
than 2, which is considered the influence of the wake on the rotor plane in the general form. This influence shows 

considerably when the tip-speed-ratio is small, justifying the development of formulations that predict the effects of the 

wake on the rotor plane. The proposed mathematical model uses the Glauert’s theory, on which to impose a 

modification and are compared with the results obtained by Sale et al. 
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1. INTRODUCTION 

 

The study of mathematical models applied to hydrokinetic rotor design has become prominent for the use of 
technologies for power generation with low environmental impact. Such models are based generally on the BEM 

method, considering the induction factor in the wake of the double-inducing factor in the rotor plane (Hansen, 2000) 

ignoring the generally relationship established by Wilson and Lissaman (1987) for influence of the vortex wake. In the 

region of slower operation of the turbine, the proposed model, besides in the general form for the axial induction factor 

in the rotor plane and in the wake, corrects the high values of the induction factor in terms of a modification on the 

empirical Glauert (1926) relationship. For the correction of the finite number of blades, uses the Prandtl’s model (Hibbs 

and Radkey, 1981). Finally, the results are shown using the model, compared with the classical BEM method (Hansen, 

2000) and the model used by Sale et al (2009), which is also based on the BEM method. 

 

 

2. THE MATHEMATICAL MODEL 

 
A flow model that considers the complete equations of angular momentum for rotation in the wake was presented by 

Joukowski (1918) applied by Glauert (1926) in the study of propulsion, and later modified by Lissaman and Wilson 

(1974) for the case of wind rotors, where the induction in the flow caused by the mat is twice induction in the rotor 

plane. Figure 1 shows the flow in a streamtube (Hansen, 2000). 

 

 
 

Figure 1. Simplified schematic of the velocities in the rotor plane and wake (Hansen, 2000). 

 
 

where V0 is the velocity undisturbed flow. In dimensional terms, the kinetic power is converted into mechanical power 

by the turbine is given by (Junior Brazil, 2006): 

mailto:deborah.rio@gmail.com
mailto:jerson@ufpa.br


3

0

1

2cE AV  (1) 

 
where ρ is the fluid density and A is the area swept by the rotor blades. The velocities u and u1 in the rotor plane and 

wake, respectively, are induced and written in the form: 

 

 

 

0 0

0 1 1 0

1

1

V v u a V

V v u b V

        
 (2) 

 

where 0v aV  e 1 0v bV . a and b are the axial induction factors in the rotor plane and wake, respectively. X is the tip-

speed-ratio. Applying the energy equation (Eggleston and Stoddard, 1987) for the induced velocity (Eq. 2), has 
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The present work assumes that the induction factor b’ has a similar relationship with a’, which leads to a more general 

form than that one proposed by Mesquita and Alves (2000). 
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a' and b' are the induction factors in the tangential rotor plane and wake, respectively. To solve Eqs. (3) and (4), it uses 

Newton's method through Eqs. (5) and (6). 
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whose iterative solution is obtained by Eqs. (7) and (8). In this case, a good approximation for the start of the iterative 

process corresponds 2b a  e ' 2 'b a . 
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The use of Newton's method is to always get the lowest real value for the calculation of b e b', since the variation of 

induction factors on the wake is completely non-linear in relation to the induction factors in the rotor plane (Fig. 2). 

 

 



 
Figure 2. Relationship b/a for some values of X (Lissaman and Wilson, 1974). 

 

 

2.1. The Correction for the Glauert’s model 

 

From the correlation presented in the work of Hansen (2000), in which the fit of experimental data developed 

by Glauert (1926) result in 
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where CT is the thrust coefficient and F is the Prandtl factor. Thus, developing a correction in Eq. (9), in order to 
consider the general case for calculating the induction factor in the rotor plane, Eq. (3), where the thrust coefficient is 

dependent of induction factor on the wake. Therefore, CT takes the following modified expressions: 
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The behavior of trust coefficient TC  as function of a  is shown in Fig. 3, where an increase of TC  occurs for values 

of X = (1.0,1.5,2.0), which is predicted by the relationship between b and a, where b assumes values greater than twice 

a, resulting in an increase of values of TC  for a around 0.5, since TC  is directly proportional to b. 

 
Figure 3. Solutions for the proposed model, BEM and Glauert’s methods for some values of X. 



 

The scheme, using the most general form for the axial induction factor, converges to the classical BEM method, 

both with and without the correction of Glauert (1926), where X is greater than 2, (see Fig. 3). Fig. 4 compares the 

results with experimental data (obtained from Moriarty PJ, Hansen (2005)) for X = 4, showing good agreement. 

 
Figure 4. Comparison between proposed model and experimental data for X = 4. 

 

Equation (10) shows that to 
1

3
a  the thrust coefficient is fixed, taking into account the values of b. Since the thrust 

coefficient in the rotor plane is given by Hansen (2000),: 

 

 2
2

1
sin

n
T

C
C a




   (11) 

 

with 
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and 
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where B is the number of blade, c is the chord, r is the local radius, F Prandtl’s correction, CL and CD are the lift and 

drag coefficients, respectively,   is the angle of flow. 

Equating Eqs. (10) and (11), has: 
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where Ω is the angular velocity. For the calculation of a’, has 
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where 
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Equation (19) can be obtained at work Alves and Mesquita (2000). For the Prandtl’s correction (described by Hibbs and 

Radkey, 1981), we have: 
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The iterative procedure for the calculation of induction factors considered known parameters r, c(r), (r), CL(), CD() 
and V0 as follows: 

 

(i) Attribute initial values for a and a'. In this paper 1/3a   and ' 0a  .001; 

(ii) Compute b and b' with Eqs. (7) and (8); 

(iii) Compute the value of φ to Eq. (16); 

(iv) Obtain CL and CD from     .   is the angle of attack and the twist angle β; 

(v) Compute a and a', by applying Newton's method in Eqs. (14) and (17), making 
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since the induction factors depend on the heels of induction factors in the plane of the rotor,  b b a  and  ' ' 'b b a , 

so 
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(vi) Applies the Glauert’s model modified, Eq. (14); 

(vii) Verify the convergence for a and a'. If the tolerance is not achieved, return to (ii). In this work, 

tolerance is considered 10
-3

. 

 

The power coefficient Cp is given by Mesquita and Alves (2000), by Eq. (21). 
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The power output of the turbine is 
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3. MODEL FOR POST-STALL CORRECTION 

 

According to Alves (1997), the quality of results obtained from models based on the BEM method, depends heavily 

on an accurate of the characteristics of lift and drag of the blade, which, for small angles of attack before stall are well 

established, theoretically and experimentally. Lissaman (1994) shows that the region where the boundary layer remains 

affixed is usually restricted to angles of attack more or less 15o, while, during the operation of a rotor, the airfoil can try 

angles of attack much higher, entering the zone in which any separation of the boundary layer (up to 30o), or even 

experiencing the system completely apart, between 30o and 90o, where usually do not know the characteristics of lift 

and drag. Lissaman (1994) developed these studies for the case of wind turbines. In this work, such studies are extended 

to the case of disposal of water to adjust the hydrokinetic turbine. 

The aspects mentioned above are important in predicting the maximum power developed by a rotor fixed blades 
(vital for a safe design of the power system) on the occurrence of strong velocity when large part of the blade 

experiences high angles of attack. The non-inclusion of these effects leads to a underestimation of maximum power. So 

Viterna and Corrigan (1981) proposed an empirical model for change the airfoil in all three regimes of operation in 

order to more accurately forecast the behavior of a rotor axis. When the angle of attack is equal to or higher than that at 

the beginning separation, the model Viterna and Corrigan (1981) provides the following values for drag and lift 

coefficients: 
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where ,maxdC  is the maximum drag coefficient in the region completely separate. Viterna and Corrigan (1981) model is 

appropriate since, that this model gives good results for the NACA profiles (Abbot and Doenhoff, 1959 and Alves, 
1997). Figure 5 shows the lift and drag coefficients corresponding to the NACA 4418 profile (Abbot and Doenhoff, 

1959) used in this work. The Reynolds number used in the simulation is 3.10
6
. 

 



 
(a) 

 
(b) 

 
Figure 5. (a) Lift coefficient in relation to the angle of attack for the NACA 4418 profile. (B) Drag coefficient in 

relation to the lift coefficient for NACA 4418 profile. 

 

 

 

4. COMPARISON WITH OTHER MATHEMATICAL MODELS 

 

The models for comparison are: WT_Perf developed by National Wind Technology Center's current used by the 

National Renewable Energy Laboratory - NREL WT_Perf that extended to the hydrokinetic turbines design (Sale et al, 

2009) and classical BEM model shown in detail in the work of Hansen (2000). The hydrokinetic turbine is Verdant 

Power (Fig. 6) without diffuser, with rate power of 35 kW, regulated by stall, diameter 5 m, 3 blades, rotation 28 rpm. 
 

 
 

Figure 6. Hydrokinetic Turbine Verdant Power 35kW (Sale et al, 2009). 
 

The turbine blades were obtained using a combination of airfoil NACA 44XX series by NREL (Sale et al, 2009). In this 

work are considered the lift and drag coefficient for the NACA 4418 (Abbot and Doenhoff, 1959) used for model 

validation. Figs. 7 and 8 show the comparison between the results obtained, considering the stall for angles of attack 

equal or greater than 15o. It is observed in Fig. 7 is a substantial difference to the power coefficient in velocity range 



between 0.7 and 1.4 m/s. This difference is mitigated in the calculation of rotor power output (Fig. 8), since the power 

varies with the cube of water velocity, which causes the energy generated by the turbine is small for low values of 

velocity, according to the comparison shown in Fig. 8. This figure shows that the output power is more sensitive to 

variations of power coefficient to higher values of velocity, as occurs in the range between 1.7 and 2.5 m/s (Fig. 8). 

 

 
 

Figure 7. Power coefficient vs. flow velocity with corrections at angles of attack equal or greater than 15o. 

 

 
 

Figure 8. Mechanical power vs. flow velocity with corrections at angles of attack equal or greater than 15o. 

 

 

Figures 9 and 10 show the results obtained without Viterna and Corrigan correction. As in Fig. 7, the difference in the 

power coefficient is attenuated in the calculation power curve in the same range of flow velocity. For the velocity range 

between 1.5 and 2.5 m/s occurs considerable improvement compared with the results obtained by Sale et al (2009). 

Figure 10 confirms the good result for the power curve, where the proximity of the curve obtained using the proposed 

model with the curve simulated in the work of Sale et al (2009) is appreciable. 

 



 
 

Figure 9. Power coefficient vs. flow velocity without Viterna and Corrigan correction. 

 

 
Figure 10. Mechanical power vs. flow velocity without Viterna and Corrigan correction. 

 

The distance between the curves in part has to do with the aerodynamic shape of the blades, once the rotor Verdant 
Power was built using a set of profiles along the radius, based on NACA 44XX series, the set of profiles was omitted in 

the work of Sale et al (2009). In this paper, the simulation was developed using single profile along the blade (NACA 

4418), which shows good approximation. 

 

 

5. CONCLUSION 

 

The mathematical model presented in this work represents an alternative tool for the rotors hydrokinetic design for free 

flow, where the main advantage of the model is that in its main structure is pre-order the equation more that relates the 

general induction factors in the rotor plane and in the wake established by Wilson and Lissaman (1987). The model also 

considers the Glauert (1926) correction, that has been modified in order to meet the conditions set by Eqs. (3) and (4). 

The comparisons show that the developed model shows good agreement when compared with the model of NREL (Sale 
et al, 2009) and the classical BEM method (Hansen, 2000). It is noted also that the model shows good efficiency, 

especially for low speeds flow, common in rivers of the Amazon. This model can be extended to the rotors with a 

diffuser and to better the efficiency of the turbine. 
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