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Abstract. The dynamic analysis of rotating machines is a complex task, because it involves the analysis of many 

parameters. Therefore, the investigation of such rotating systems should not only take into account the dynamic 

behavior of the rotor, but it is also necessary to analyze the interaction between other components of the same system, 

such as the foundation and the bearings. In rotor-bearing-foundation systems, the vibration transmitted from the rotor 

through the bearings generates motion in the support structure. The interaction between the support structure and the 

bearings retransmits the vibration to the rotor. Therefore, the bearings play a very important role in this system by 

transmitting the forces from the rotor to the foundation. Moreover, from a dynamic analysis point of view, the bearings 

can greatly influence the stiffness and damping characteristics of the rotor system, affecting the location of the critical 

speeds and altering the vibration amplitudes. Consequently, the hydrodynamic bearing should be designed according 

to the operating conditions of the rotating machine, due to its direct influence in the dynamic behavior of the system. 

For this reason, this work aims to analyze two different classes of hydrodynamic bearings: multilobe journal bearing 

and tilting pad journal bearing. The multilobe journal bearing is widely used in industries due to its large application 

(speed and load conditions) and low costs. Conversely, the tilting pad journal bearing has higher costs, but its dynamic 

behavior is more stable than multilobe journal bearing. The tilting pad journal bearing can be applied in critical 

operation condition with high rotational speed and high load, and generally, it does not present fluid induced 

instability (Whirl and Whip). In this work, the equivalent coefficients of stiffness and damping to  multilobe journal 

bearings (cylindrical, elliptical and three-lobe) and tilting pad journal bearing were determined and a comparative 

analysis is accomplished. The equivalent coefficients are obtained with a spring-damper concept, in order to represent 

the inherent flexibility and damping of the oil film. The equivalent coefficients of the journal bearings are obtained by 

computational simulation, solving the Reynolds equation by finite volume method. In this case, the equivalent 

coefficients are evaluated by the perturbation theory applied to the displacements and velocities of the shaft center 

inside the bearings. Afterwards, the dynamic behavior of the journal bearings is evaluated and compared in terms of 

stability, allowing the design foreseen of the application field of the journal bearings. 

 

Keywords: hydrodynamic lubrication, multilobe journal bearing; tilting pad journal bearing, stiffness and damping 

coefficients  

 

1. INTRODUCTION 

 

The development of the rotating machines is directly related with the reliability and stability of the bearings, because 

these mechanical components are responsible for supporting the rotor. For that reason, many researches have been 

accomplished in order to design more stable bearings, as well as to determine the dynamic behavior of the bearings 

commonly applied in these systems. 

The hydrodynamic bearing the most commonly used in rotating machines, because of its high life cycle and high 

load capacity. The cylindrical hydrodynamic bearing is the mostly applied in the industry, because of the easy 

manufacturing and, consequently, the low costs involved in it. Conversely, this kind of bearing is significantly 

susceptive to the fluid induced instability (Whirl and Whip) (Castro and Cavalca, 2008; Gunter, 2005; Bently, 2002). 

From technical advances in the cylindrical bearings, it was possible to obtain the multilobe hydrodynamic bearing 

(Elliptical and Three-Lobe bearing). The elliptical and three-lobe bearings present low costs of manufacturing, high 

load capacity and large application (speed and load conditions). Although the multilobe bearings are also susceptive to  

fluid induced instability, they can be applied in a significantly larger range of rotational speed than the range obtained 

from the cylindrical bearings. After the multilobe hydrodynamic bearing, the tilting pad journal bearing was developed. 

The main advantage of this kind of bearing is the applicability in critical operating conditions with high rotational speed 

and high load, and generally, it does not present fluid induced instability. Because of that, the tilting pad journal 

bearings have significant acceptability, although the highest manufacturing costs.  

The mathematical model of the hydrodynamic lubrication was presented by Reynolds in 1886 (Reynolds, 1886). 

The solution of the Reynolds’ Equation gives the pressure distribution and, consequently, the hydrodynamic forces 

actuating in the bearing. Sommerfeld (1904) presented the solution of the Reynolds’ Equation for long bearings and 

Orcvick (1952) presented the solution of the Reynolds’ Equation for short bearings. In 1958, Pinkus used the finite 
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differences method to solve the Reynolds’ Equation and also to determine the pressure distribution in finite journal 

bearings (Pinkus, 1958). Moreover, Pinkus obtained the pressure distribution in multilobe hydrodynamic bearings 

(Pinkus, 1956; Pinkus, 1959). 

Lund was the pioneer in the determination of stiffness and damping coefficients in hydrodynamic bearing. In his 

works, Lund determined the stiffness and damping coefficients in hydrodynamic journal bearing, using the method of 

perturbations (Lund, 1964; Lund, 1979; Lund, 1987).  

The study of stiffness and damping coefficients in journal bearings is a difficult task. Nowadays, many efforts have 

been directed to obtain the problem solution (Meruane and Pascual, 2008; Wang and Khonsari, 2006). 

Recently, Machado and Cavalca (2009) accomplished a comparative analysis between the stiffness and damping 

coefficients obtained from cylindrical and multilobe hydrodynamic bearings.  

Thus, this work aims to compare the stiffness and damping coefficients obtained from cylindrical and multilobe 

hydrodynamic bearing with those obtained from tilting pad journal bearing. In face of this comparison, it is possible to 

verify what kind of bearing presents the most stable behavior. 

 

2. METHODOLOGY 

 

The stiffness and damping coefficients in hydrodynamic bearings are evaluated from the hydrodynamic forces 

actuating in the bearing, obtained from the integration of the pressure distribution in the bearing.  

As previously mentioned, the pressure distribution is obtained from the solution of the Reynolds’ Equation. 
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Where ),( zxP  is the pressure distribution in the oil film, x  e z  are the rectangular co-ordinates, µ  is the 
absolute viscosity, R  is the radius of the shaft, h  is the thickness of the oil film, ω  is the rotational speed and t  is the 
time. 

The equilibrium position of the shaft inside the bearing is determined from these hydrodynamic forces and the 

bearing loading.  

Afterwards, the stiffness and damping coefficients can be calculated. These coefficients are obtained with a spring-

damper concept, in order to represent the inherent flexibility and damping of the oil film. In this case, the coefficients 

are evaluated by the perturbation theory applied to displacements and velocities of the shaft, when the shaft is in its 

equilibrium position. The relation between the hydrodynamic forces and the displacements (and velocities) of the shaft 

center gives the equivalent coefficients. 

 

2.1. Solution of the Reynolds’ Equation by Finite Volume Method 

 

Due to the limitations of the analytic solutions, the analysis of hydrodynamic bearings tends to solve the Reynolds’ 

Equation numerically. In this work, the finite volume method was applied as described by Maliska (2004). 

To use the finite volume method, it is convenient to reduce the number of variables of the problem applying a 

dimensionless set. Moreover, from the dimensionless set, it is possible to transform the real domain in a square 

numerical domain, giving an uniform mesh in both directions. With this purpose, the following dimensionless set is 

proposed: 
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Where: θ  is the coverage angle, L  is the axial width of the bearing, RC  is the radial clearance and 0µ  is the 

absolute viscosity of reference.  

According to Fig. 1, the geometries of these bearings are different. Thus, θ  is different for each kind of bearing. For 
cylindrical bearings, the value of θ  is 2π. However, θ  represents the angle of each lobe for elliptical and three-lobe 
bearings and the angle of each pad for tilting pad journal bearings. Moreover, the thickness of the oil film is also 

different for each kind of bearing (see Pinkus, 1956; Pinkus, 1958, Pinkus, 1959; Lund, 1964). 
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Figure 1. Types of Hydrodynamic Bearing. (A) Cylindrical, (B) Elliptical, (C) Three-Lobe Bearings, (D) Tilting 

Pad – LOP, (E) Tilting Pad – LBP. 

 

Substituting the dimensionless set in Eq. (1) the dimensionless Reynolds’ Equation is: 
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According to the mesh in Fig. 2, it is possible to obtain a discretized solution for the Reynolds’ Equation: 

 

 
 

Figure 2. Numerical mesh of the model. (A) Numerical domain, (B) Discretized domain, (C) Representation of the 

volume P located in the mesh.  

 

Therefore, a mesh of N points results in N algebraic equations, which can be solved by methods of linear systems or 

iterative methods. 

From the pressure distribution, it is possible to evaluate the hydrodynamics forces in the oil film, integrating the 

pressure distribution, according to the following equations. 
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Where VF  and HF  are the hydrodynamic forces in vertical and horizontal directions, respectively. 

 

2.2. Determination of the Stiffness and Damping Coefficients  

 

The equivalent coefficients are obtained applying smalls perturbations of displacements and velocities in the shaft, 

around the equilibrium position, as described by Lund (1964, 1979, 1987).  

The reaction forces are function of the displacement for the shaft (x and y), and of the instantaneous velocities of the 

shaft ( x&  and y& , where “dot” indicates time derivate). Hence, for small variations ( x∆ , y∆ , x&∆ , y&∆ ) measured from 

the static equilibrium position (
0x  and 

0y ), the reaction hydrodynamic forces can be written through the first order 

Taylor series expansion as: 

 

yBxByKxKFF

yBxByKxKFF

yyyxyyyxyy

xyxxxyxxxx

&&

&&

∆+∆+∆+∆+=

∆+∆+∆+∆+=

0

0
 (10) 

 

Thus, the coefficients are the partial derivatives evaluated at the equilibrium position (Lund, 1987): 
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and similarly for the remaining coefficients. 

In this paper, the coefficients are often computed directly by numerical differentiation by employing a perturbation 

solution. For the cylindrical, elliptical and three-lobe bearings, the perturbations are applied only in the displacement 

and velocity of the shaft ( x∆ , y∆ , x&∆  and y&∆ ), resulting in eight equivalents coefficients (four stiffness coefficients 

and four damping coefficients). However, for the tilting pad journal bearings, apart from perturbations applied to the 

shaft, the perturbations should also be applied in the pads. Thus, there are two additional perturbations ( α∆  and α&∆ , 

where α  is the tilt angle of the pad) for each pad of the bearing. 

According Allaine et al. (1981), each pad results in eighteen coefficients (nine stiffness coefficients and nine 

damping coefficients) due to the direct and cross coupled coefficients in x, y and α. Thus, these coefficients can be 
written in a quadratic complex matrix of order NP+2, where NP is the number of pads in the bearing. After that, it is 

possible to reduce this complex matrix to other complex matrix of order 4x4 and, consequently, to obtain the four 

stiffness coefficients and four damping coefficients of the bearing (Allaine et al., 1981; Russo, 1991). The reduction and 

determination of the stiffness and damping coefficients depends of the frequency of the perturbations (vibrational 

frequency). In this work, the vibrational frequency is set at the shaft rotational speed. Thus, the eight reduced 

coefficients for the tilting pad bearing are designated “synchronously reduced” bearing coefficients.  

 

3. RESULTS 

 

The parameters of the bearings considered in the numerical simulations are presented in the Tab. 1. 

 

Table 1. Parameters of the hydrodynamic bearings considered in the simulations 

 

Radius of the Shaft (R) 0.050 m 

Width of the Bearing (L) 0.050 m 

Radial Clearance (CR) 100 µm 

Load (W) 400 N 

Elliptical bearing Three-lobe bearing Tilting pad bearing 

Number of lobes (NL) = 2 Number of lobes (NL) = 3 Number of pads (NP) = 4 

Axial Grooves (βA) = 30°  Axial Grooves (βA) = 30° Axial Grooves (βA) = 30° 

  Pad thickness (hS) = 0.0175 m 

 

Regarding to the lubricant fluid, the oil considered in the numerical simulation is the ISO VG 32, whose absolute 

viscosity is 0.070Pa.s at 30°C. 

The mathematical models described in the previous chapter don’t considerer the cavitation condition because it is 

supposed that the bearings are completely filled with oil. 
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The results of this paper show the stiffness and damping coefficients and the locus of the shaft for cylindrical, 

elliptical, three-lobe and titling pad journal bearing (LOP-LBP), considering values of preload (m) equal 0, 0.25, 0.5 and 

0.75. The rotation speed range considered in the simulations is from 20 RPS (1200 RPM) until 260 RPS (15600 RPM). 

Figure 3 shows the stiffness and damping coefficients for the cylindrical, elliptical and three-lobe hydrodynamic 

bearings, considering the value of preload equal to 0. 

 

 
(a) (b) 

 

Figure 3. Equivalents coefficients of the cylindrical, elliptical and three-lobe hydrodynamic bearings, considering a null 

preload: (a) Stiffness coefficients, (b) Damping coefficients. 

 

According to Fig. 3(a), it is possible to verify that the stiffness coefficients in multilobe bearings present the same 

behavior. These results show that the direct stiffness coefficients are approximately constant in the speed range 

analyzed. On the other hand, the cross-coupling stiffness coefficients tend to increase as the rotational speed increases. 

Moreover, the cylindrical bearing has the highest values of cross-coupled stiffness coefficients. 

As occurred in the stiffness coefficients, the damping coefficients also have a similar behavior in the multilobe 

bearings, as verified in Fig. 3(b). Moreover, the damping coefficients are approximately constant in the speed range 

analyzed, being the direct damping coefficients higher than the cross-coupled damping coefficients. The differences in 

the coefficients magnitude in Fig. 3 (a) and (b) are due to the axial grooves in the multilobe bearings geometry, where 

the boundary conditions generally used are of null pressure in the lobes and pads ends. 

Regarding the cross-coupling damping coefficients, due to the fact that they derive from self-adjoint operators, these 

coefficients are coincident. Therefore, the damping matrix will be symmetric and will have principal directions (with an 

orthonormal basis formed by eigenvectors). That is not true for the stiffness matrix where the cross-coupling stiffness 

coefficients are unequal, thus the stiffness matrix will be nonconservative (Lund, 1987). 

Figure 4 shows the stiffness and damping coefficients for the elliptical, three-lobe and tilting pad journal bearings 

(LOB and LBP), considering the value of preload equal to 0.25. 

As can be verified in Fig. 4(a), the direct stiffness coefficients in vertical direction (Kyy) have the highest value in the 

elliptical bearing. For the same reason, the damping coefficient in this direction increases as well, in Fig. 4(b). 

Regarding to the three-lobe bearing, although the cross-coupling stiffness coefficients are still higher, it is possible to 

verify an increasing tendency in the direct stiffness coefficients. The direct damping coefficients, however, remain 

higher than the cross-coupling damping coefficients. 

The stiffness coefficients of the tilting pad journal bearing have similar behavior in both configurations (LOP or 

LBP). Nevertheless, differently from the multilobe bearings, the direct stiffness coefficients increases and the cross-

coupling stiffness coefficients remain constant, as the rotational speed increases. In this case, direct stiffness 

coefficients are higher than the cross-coupling stiffness coefficients. Moreover, the damping coefficients are 

approximately constant in the range of speed analyzed, being the direct damping coefficients higher than the cross-

coupling coefficients.  

Figure 5 shows the stiffness and damping coefficients for the elliptical, three-lobe and tilting pad journal bearings 

(LOB and LBP), considering the preload of 0.5. In this case, the coefficients were plotted in different y-axis in order to 

facilitate the visualization and analysis.  

The results presented in the Fig. 5 have a similar behavior presented in Fig. 4. However, it is possible to verify that 

the preload increasing tends to raise the direct stiffness and damping coefficients, mainly in multilobe bearings. Thus, 

the difference between the direct stiffness coefficient (Kyy) and the cross-coupling stiffness coefficient (Kxy) in the 

elliptical bearing is higher than in Fig. 4(a).  
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Moreover, the direct stiffness coefficients increase significantly in the three-lobe bearings. In both elliptical and 

three-lobe bearings, the damping coefficients have the same behavior presented in Fig. 4(b), increasing the magnitude 

due to the increasing of the preload. 

Differently of the multilobe bearings, the stiffness coefficients in the tilting pad bearings do not increase 

significantly with the preload increasing, as verified in Figs. 4(a) and 5(a). On the other hand, the damping coefficients 

increasing due to the preload is expressive. Moreover, there is no significant difference between the coefficients 

obtained from the tilting pad journal bearings with configuration LOP or LBP. 

 

 
(a) 

 
(b) 

 

Figure 4. Equivalents coefficients of the elliptical, three-lobe and tilting pad journal bearings (LOB and LBP), 

considering the preload equal to 0.25. (a) Stiffness coefficients, (b) Damping coefficients. 

 

Figure 6 shows the stiffness and damping coefficients for the elliptical, three-lobe and tilting pad journal bearings 

(LOB and LBP), considering the preload of 0.75. In this case, the coefficients were plotted in different y-axis in order to 

facilitate the visualization and analysis.  
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As already observed in the previous results (Figs. 4 and 5), the preload increasing tends to rise the direct stiffness 

and damping coefficients, mainly in the multilobe bearings. Because of that, although the behavior of the coefficients 

are the same, the magnitudes of the coefficients are higher in this case (Fig.6).  

Differently of the previous cases, the direct stiffness coefficients (Kxx and Kyy) are higher than the cross-coupling 

stiffness coefficient (Kxy and Kyx) in the three-lobe bearing, as can be verified in the Fig. 6(a). It is important to highlight 

that the tilting-pad cross-coupled stiffness and damping coefficients are practically neglectable at high frequencies. 

 

 
(a) 

 
(b) 

 

Figure 5. Equivalents coefficients of the elliptical, three-lobe and tilting pad journal bearings (LOB and LBP), 

considering the preload equal to 0.5. (a) Stiffness coefficients, (b) Damping coefficients. 

 

According to Figs. 4 to 6, the tilting pad stiffness and damping coefficients do not present a significant difference 

when varying the preload from 0.25 to 0.75. The damping coefficients slightly change from preloads from 0.25 to 0.5. 

Besides, there are practically no changes to preloads from 0.5 from 0.75.  

Figure 7 shows the locus of the shaft for cylindrical, elliptical, three-lobe and titling pad journal bearing (LOP and 

LBP), considering preloads of 0, 0.25, 0.5 and 0.75. In these figures, the dimensionless eccentricity and the attitude 
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angle are shown in polar-coordinates graphs. The eccentricity was evaluated in a dimensionless form related to the 

radial clearance of the bearing. Hence, when the dimensionless eccentricity is 1, there is metal-metal contact between 

the shaft and the sleeve, and for a null eccentricity the shaft and the bearing are concentric. 

 

  
(a) (b) 

 

Figure 6. Equivalents coefficients of the elliptical, three-lobe and tilting pad journal bearings (LOB and LBP), 

considering the preload equal to 0.75. (a) Stiffness coefficients, (b) Damping coefficients. 

 

 
(a) 

 
(b) 

 
(c) 
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(d) (e) 

 

Figure 7. Locus of the Shaft. (a) Cylindrical , (b) Elliptical, (c) Three-lobe, (d) Tilting pad LOP, (d) Tilting pad LBP. 

 

The variation of eccentricity and attitude angle occur with the change in the rotational speed. When the rotational 

speed of the shaft increases, the hydrodynamic forces in the bearing increase too. Thus, there is an increase of the 

attitude angle and a decrease in the eccentricity, causing the centralization tendency of the shaft inside the bearing at 

high rotation speeds. Due to operating conditions used in the simulations, the eccentricities in Figs. 7(a), 7(b) and 7(c) 

are small and, consequently, the attitude angles are high in the initial speed (20 RPS). Thus, it is possible to verify only 

a short displacement of the shaft in the bearing, which represents the final part of the characteristic curve obtained in the 

shaft locus. 

Regarding the operating conditions, the load and rotational speed range were chosen so that the analysis of all 

bearings could be compared.  

As verified in Fig. 7(a), the maximum dimensionless eccentricity of the shaft in the cylindrical bearing is about 0.2 

(at 20 RPS) and the shaft goes to center of bearing as the rotational speed increases.  

In the elliptical bearing with no preload, the behavior of the shaft is similar to that obtained in the cylindrical 

bearing. However, when considered a preload of 0.25, the shaft is located in the superior lobe of the bearing, because of 

the balance of the hydrodynamic forces (Machado and Cavalca, 2009). When considering a preload of 0.5 and 0.75, the 

shaft location is closer the center of bearing (lower dimensionless eccentricity), as can be verified in the Fig. 7(b). 

According Fig. 7(c), the behavior of the shaft in the three-lobe bearing is similar to the cylindrical bearing. 

Moreover, it is possible to verify that the increasing of the preload tends to decrease the eccentricity ratio of the shaft. 

Figures 7(d) and 7(e) show the locus of the shaft in the tilting pad bearing with configuration LOP and LBP, 

respectively. Differently from the results obtained in the multilobe bearings, the shaft tends to move vertically in the 

center line of the bearing, as the rotational speed increases. This behavior represents the better stability condition of the 

shaft in the bearing. Comparing Figs. 7(d) and 7(e), it is clear that the behavior of the shaft is similar in the tilting pad 

bearing with configuration LOP and LBP. Moreover, the eccentricity of the shaft decreases as the preload of the bearing 

increases. 

 

4. CONCLUSIONS 

 

From the analysis of the equivalent coefficients for cylindrical, elliptical, three-lobe and titling pad journal bearing 

(LOP-LBP), it is possible to verify that the damping and stiffness coefficients increase as the preload increases. 

However, the increasing of the stiffness coefficients in the tilting pad journal bearings (LOP and LBP) is very light. 

Regarding stability in the hydrodynamic bearings, a qualitative analysis is made taking into account the relation 

among the direct and cross-coupling stiffness coefficients. Thus, at high rotational speed (small eccentricity), the 

bearing becomes more stable as higher is the direct stiffness coefficients compared to the cross-coupled stiffness 

coefficients, in a given direction (Gash at al, 2002). 

In multilobe bearings with no preload, cross-coupling stiffness coefficients are higher than direct stiffness 

coefficients, showing that the cylindrical bearing does not present a good condition of stability in this case.  

In elliptical bearing, as the preload increases, the direct stiffness coefficient (Kyy) becomes higher related to the 

cross-coupling stiffness coefficient (Kxy). Thus, the best condition of stability in elliptical bearing occurs with preload 

equal to 0.75, because in this situation there is the highest difference between the direct stiffness coefficient (Kyy) and 

the cross-coupling stiffness coefficient (Kxy). 
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A similar behavior is verified in the three-lobe bearing. In this case, a good condition of stability occurs because the 

direct stiffness coefficients increase in both directions, differently that in elliptical bearing. 

The tilting pad journal bearings present good conditions of stability for all simulation of this paper, independent of 

the kind of configuration (LOP and LBP). In all simulations, the direct stiffness coefficients are higher than the cross-

coupling stiffness coefficients in both directions. Actually, it can be observed that, in the cases studied here, the cross-

coupled coefficients are practically neglectable at high frequencies compared to the direct ones  

Finally, it is possible to verify that the application of tilting pad bearings results in better condition of stability in 

high rotational speed. However, this kind of bearing is more expensive than the multilobe hydrodynamic bearing. 

Because of that, the design of rotating machines in which the application of tilting pad bearings is unfeasible, the 

application of the preloaded multilobe bearings (elliptical or three-lobe) is recommend due to the improved condition of 

stability. 
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