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Abstract. One difficulty in the numerical simulation of the behavior of plates and shells is to adequately represent the 
singular behavior of the solution close to specific boundary conditions. This behavior is known as boundary layer 
problems and is a characteristic of elliptical problems. Inside the solid mechanics field, it appears when modeling 
plates and shells by Reissner-Mindlin theory. In this work, an evaluation of h, p and hp refinement technics of a 
particular generalized finite element method is carried on. The enriched approximation space is composed by all the 
possible linear combinations of a finite dimension space generated by the product of partition of unity functions by a 
set of special functions. Especial attention is given to the modeling of axisymmetric plates and shells, where it is 
employed the degenerated solid element. The performance of the proposed method to overcome the membrane locking 
is investigated as well. To attest the proposed methodology some examples are examined, as for instance, the 
cylindrical shell clamped at one end and submitted to a thermal load in the other end. This simple example presents a 
critical perturbation of the membrane solution by moment and shear, in which abrupt changes in internal forces take 
place in the vicinity of the shell boundary.  
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1. INTRODUCTION  
 

One of the characteristics of elliptic problems, in special plates and shells problems modeled with first-order 
theory (Reissner-Mindlin) and subject to certain boundary conditions, is the emergence of a singular behavior of the 
solution and its gradient in regions near the borders. This unique behavior, known as boundary layer, is characterized by 
an exponential decay of the solution. It may be accompanied by a sinusoidal damping in the case of shells of revolution 
under certain types of the load. This variation of the solution is always in a direction perpendicular to the border region 
and it is of the order of the thickness of structural component. The phenomenon is sensitive to boundary layer thickness, 
so that, the smaller is the thickness of structural component the most severe is the variation of the solution and its 
gradient in the disturbed region. Besides, another problem that arises in the modeling of first order shell is the 
membrane locking. This limitation of the models of thick plates and shells is recorded by an excessive increase in 
stiffness as the thickness of structural component tends to zero. As a reference work on boundary layer modeling one 
can cite Arnold and Falk (1989, 1996), where the authors proposed an asymptotic analysis of edge effects.  

On the other hand, approaches to model the numerical boundary layer problem have inspired many 
contributions, such as: Babuska et al. (1992) where the authors propose the use of hierarchical kinematic models with 
the p-version of the Finite Element Method (FEM) to simulate this behavior in thick plates of infinite length, in Schwab 
et al. (1996) the authors address this problem using the hp version of FEM to build a strategy based on a scale of 
refining for the first two elements adjacent to the border disturbed. Other works, not less relevant, exploring strategies 
h, p and hp FEM refining can be cited: Melenk (1996), Cho Jin-Rae and Oden (1997) and Melenk and Schwab (1997) 
among others. Continuing, several proposals to address the boundary layer problem have been presented using the 
FEM, Generalized Finite Element Method (GFEM) and Element Free Galerkin Method (EFGM). The proposal by 
Huang and Hinton (1986) and Belytscho et al. (1985) use FEM approximation spaces along with procedures for sub-
numerical integration and stabilization of spurious modes; Krysl and Belytschko (1996) use hp local strategies to 
construct an approximation space by the EFGM; Garcia and Proença (2007), also use a refinement strategy for hp 
approximation spaces built under the GFEM for problems with radial symmetry of geometry and forces. 

Recently, surprising results have been obtained using the hp version of GFEM, as one can see in the work of 
Duarte and Babuska (2002), Garcia et al. (2009), Garcia et al. (2007), among others. In these works the authors use the 
versatility of this methodology to construct approximation spaces with anisotropic p enrichments and to incorporate 
known modes of solution in the space of approximation. In Duarte and Babuska (2002) the authors use the 3D version 
of GFEM along with capacity hp-orthotropic to address the problem of boundary layer in Reissner-Mindlin plates. In 
Garcia et al. (2009), the authors used a p-orthotropic refining with functions that include the exponential behavior of 
the gradient of the solution to problems of thick plates and shells. From the qualitative point of view, the results 
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observed behave without oscillations, very close to the reference solution. Another example of an unconventional 
approach that has shown excellent results in addressing the problem of capturing phenomena edge is the Finite Element 
Method Basic Expanded (MEFBA). This technique was introduced by Nirschl et al. (2005) to capture the disturbance 
regime in bending of thin shells in membrane modeled by the Kirchhoff-Love theory. The spaces constructed with the 
MEFBA allow overcoming the regularity limitations found in low regularity spaces constructed by the GFEM. 

The boundary layer problem as well the membrane locking problem becomes apparent when the thickness of a 
structural component is reduced. By the use of proper numerical strategies (FEM, GFEM, etc.) together with p and hp 
enrichment the effects of the boundary layer problem can be diminished. On the other hand, the membrane locking in 
shells cannot be stabilized using homogenous p enrichment neither using hp strategies other than those that are 
adequately development to stabilize the bending energy as the thickness reduces.  

This article presents an alternative to overcome the membrane locking and also adequately represent the 
boundary layer in axisymmetric shells modeled by first order Reissner-Mindlin theory. The proposal consists of a 
locally hp refinement strategy where the scale of refining h is obtained from the analytical solutions for thin shells. 
Here, we do not incorporate the known modes of the boundary value problem that though very efficient demand a high 
computational cost. Two situations are considered. Firstly, a cylindrical shell is punctured, which is a critical state for 
membrane locking. After, a boundary layer problem produced by a thermal gradient in a cylindrical shell, clamped at 
one end is investigated. 

This work is presented in six sections: the first section presents the introduction; the second section is about a 
brief introduction to the mathematical foundations of the GFEM approximation spaces in one-dimensional problems; in 
section three is presented the formulation of the axisymmetric shell element and its GFEM application; in the section 
four it is presented a study of h refining obtained from the analytical solutions of the thin shells; section five presents 
the numerical results for locking and boundary layer problems in cylindrical shells with symmetry radial forces, and 
finally, in the sixth section the conclusions and suggestions for future research are presented.  
 
2. PROPOSED GFEM TO MODEL AXISYMMETRIC PROBLEMS 

 
One of the features of the GFEM is the use of a conventional finite element mesh to approximate the geometry 

and perform the numerical integration. In this work, axisymmetric shells are modeled by the degenerated solid element 
proposed by Ahmad (1970) together with the axisymmetric constrain described by Hughes (1987). Accordingly to this 
constrain the medium surface of the element is represented by a medium plane curve containing n nodes. 

Therefore, the element can be described fixing a θ  value,θ θ= , defined from the reference plane (r-Z), see 
Fig.1. The position vector X of a point on the element is written with the aid of quadratic Lagrangian interpolation 
function and the unitary vectors ( )r θi  and k of the global coordinate system by Eq. (1) where ( ),i ir Z  and ( )iN ⋅  are 

the coordinates and the Lagragian interpolation functions of the ith node. 3
r
iv  and 3

z
iv  are the components of the unitary 

vector 3iv  in the direction ( )r θi  and k respectively. The unitary vector 3iv  is defined normally to the element surface. 
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In the GFEM formulation presented here the approximation space employed to interpolate the geometry differs of 

the approximation of the displacement field. It is adopted a first order kinematics model to describe the displacement-
deformation, which accounts for the shear deformation. The particularization of this kinematic model to the 
axisymmetric solid element requires the definition of three degrees of freedom (dofs) for the ith active node on the 
reference surface. They are: 

• 0iv  - displacement toward the radial direction; 

• 0iw  - displacement toward the Z direction; 

• kϕ : rotation around iθ . 
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Figure 4: (a) Schwab strategy, (b) Proposed strategy. 

 
The locking and boundary layer results of the proposed approach will be compared with results obtained by the 

strategy proposed by Schwab et al. (1996). Schwab et al. (1996) captures the singular behavior of the solution and its 
gradient through a locally hp refinement, where h refinement consists of only two elements. The remainder elements of 
the mesh are constructed with elements of uniform size. This procedure was developed for a shallow cylindrical shell 
with parabolic generatrix, i.e., with variable radius of curvature. In this case, the size of the adjacent elements is the 
boundary where the disturbance of the solution is given by: dp, where p is the degree of the adopted polynomial in 
refining and t is the thickness of the shell. For the first element d t=  and for the second element we have d t= . 

Figure 4 illustrate the two possibilities of refinement: the result of a strategy for Schwab et al. (1996), see: Fig. 
4a, and proposed in this paper, Fig. 4b. In the following section is analyzed the performance of the two strategies 
mentioned above for membrane locking and boundary layer problems in cylindrical shells modeled with kinematic 
Reissner-Mindlin theory. 
 
4. NUMERICAL RESULTS 

 
In this section we study the membrane locking and the boundary layer based on the solution of cylindrical 

shells with axisymmetric loading. In the membrane locking problem it is analyzed the performance of the strategies 
presented in Fig. 4 to circumvent the limitation for the first order Reissner-Mindlin model. The results are analyzed 
using standard values of the maximum radial displacement and plots of strain energy associated with the mechanisms of 
membrane, bending and shear. For the boundary layer problem it is considered the severe variation of stresses, due to a 
thermal gradient, in the clamped region. 
 
4.1. Membrane locking  

 
The membrane locking is analyzed based on the results of the maximum radial displacement normalized by the 

analytical solution of thin axisymmetric pinched cylindrical shells (see: Timshenko and Woinowsky-Krieger, 1959) 
with dimensions, boundary conditions, geometrical and mechanical properties presented in Fig. 5. 

The hp proposed refinement strategy has an aim to evaluate the performance of different systematic p 
homogeneous and hp localized refinements. With this purpose, we propose the following case of studies: 

• Case A, consists of a homogeneous p strategy where the domain was discretized by a uniform grid of 12 
axisymmetric Q3 elements as follow: 

o Case 1A: homogeneously p enrichment - polynomial basis p = 2 and 121 dofs; 
o Case 2A: homogeneously p enrichment - polynomial basis p = 3 and 151 dofs; 
o Case 3A: homogeneously p enrichment - polynomial basis p = 4 and 190 dofs. 

• Case B consists of the hp localized refinement where the h local scale of elements, near the perturbed 
boundary has been proposed in section 4 of this paper. In this case, as in the previous, the strategy uses twelve 
axisymmetric Q3 elements (see: Fig.5b), where the size of the first three adjacent elements, near to the 
troubled border, are arranged in geometric progression. The first element and the refinement region are given 
accordingly to ( )minx t  and ( )maxx t . The p strategies are given as follow: 

o Case 1B: The active nodes 1, 2 and 3 (see: Fig 5d) are enriched with p=2; and the remainder nodes 
are enriched with p=1 and 82 dofs; 
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Figure 9: a) Geometrical properties and boundary conditions, b) discretization of the problem domain used in the 

reference solution. 
 
Reference solution  

 
The reference solution was constructed based on a geometric mesh with uniform p refinement. The domain 

was discretized with 41 active nodes on a mesh made of 40 quadratic axisymmetric elements (Q3), with ratio of 
0.895r =  (see Fig. 9b). The approximation functions were obtained by the uniform enrichment of the partition of unity 

with eighth order complete polynomials. The field of temperature distribution corresponding to the stationary thermal 
problem is used as thermal loading for the determination of internal stresses in the shell. In Figs. 10a-b are shown the 
temperature distribution and the radial moments along the shell, respectively, obtained using the reference solution. In 
Figure 10b one can notice the singular behavior of the radial moment, rM , which is due to the perturbed of membrane-
bending comportment, in a region with a length of the order of shell thickness. This illustration is intended to verify the 
effectiveness of the p homogeneous refinement in the capturing of disturbance regime of membrane-bending at the base 
of the shell due to thermal load. 

The proposed approximate solutions are obtained using 1,...,8p =  and a discretization of the field made with 
30 clouds. The mesh is made of 12 quadratic axisymmetric elements Q3 with different distribution for each case, as 
follows: 

• Case A: uniform mesh; 
• Case B: adaptive mesh with size of the first two elements, adjacent to the base of the shell, obtained in 

accordance to the strategy proposed by Schwab et al. (1996);  
• Case C: mesh obtained according to the strategy proposed in Garcia and Proença (2007). 

The results of the analysis are shown based on the relative error in energy norm with respect to the reference solution as 
follows: 
 

( ) ( ) ( )r r h rE E E
ε

Ω Ω Ω
= u - u u   (7) 

 
In Eq. (7) ru  and hu represent the reference solution and the solution corresponding to the strategies A to C, 

respectively. The domain discretization of the Case B strategy, proposed by Schwab et al. (1996), was presented in 
section 4 of this paper. 
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5. CONCLUSIONS 

 
In a general manner, the strategy proposed in this work shows a good performance in capturing the membrane 

locking and the boundary layer behavior. Regarding the membrane locking, the localized hp refinement strategy, in 
which the h refinement information is obtained from information of the analytical solution of the thin shell, shows a 
stable behavior of the bending energy portion as the thickness decreases and, consequently, the absence of membrane 
locking. As demonstrated in this work, this performance is not repeated when another refinement strategy is employed, 
whether h or hp. The results for the boundary layer agreed with those obtained for the membrane locking, where the 
most accurate results are obtained for the hp refinement strategy with information of the analytical solution of thin 
shells. Although this study needs a more elaborate mathematical approach to attest the proposed methodology, the 
results show that the use of techniques based on a priori refinement information, such as those presents in this work, are 
a source to improve the numerical solution of traditional troublesome discrete boundary value problems in applied 
mechanics. 
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