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Abstract. A comprehensive micromechanical model for smart 3D composite structures reinforced by a periodic grid of
orthotropic cylindrical reinforcements that also exhibit piezoelectric behavior is presented. The derivation is based on the
application of the multi-scale asymptotic homogenization method. The model assumes that the constituents (actuators and
reinforcements) are made of generally orthotropic materials. By means of the solution of the unit cell problems the
analytical expressions for the effective elastic and piezoelectric coefficients of the homogenized smart 3D grid-reinforced
composites are obtained. The developed model is applied to different examples of smart orthotropic composite structures
with cubic, conical and diagonal arrangement of actuators and reinforcements.
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1. INTRODUCTION

Composite structures have recently entered new branches of engineering applications owing, in part, to the
technological innovations appearing in other fields such as physics and telecommunications which have developed novel
and highly efficient sensors and actuators. The integration of these sensors and actuators with structural composites gave
birth to smart composite structures. As a consequence of the microstructural makeup of smart composites, effective
formulation of the pertinent micromechanical models must take into consideration both local and global aspects and
characteristics. Accordingly, the developed models should be rigorous enough to enable the consideration of the spatial
distribution, mechanical properties, and behavior of the different constituents (reinforcing elements, matrix, actuators,
sensors etc) at the local level, but, not too complex to be described and used via straightforward analytical and numerical
approaches.

A very effective technique that can be used for the analysis of smart composites with regular structures is the
asymptotic homogenization method. A complete mathematical framework of asymptotic homogenization method can be
found in Sanchez-Palencia (1980), Bakhvalov & Panasenko (1989), and Kalamkarov (1992).This method is mathematically
rigorous and it enables the prediction of both the local and global effective properties of the composite structure. Many
problems in the framework of elasticity and thermoelasticity have been solved using such models, see for example,
Kalamkarov (1992), Kalamkarov & Kolpakov (1997,2001), Kalamkarov & Georgiades (2002a,2002b,2004). More recently,
Kalamkarov et al. (2006), Georgiades et al. (2006) and Challagulla et al. (2007, 2008) have determined effective
coefficients of the grid-reinforced composite plates and shells. Saha & Kalamkarov (2009), Saha et al. (2007a,2007b)
investigated composite sandwich shells made of generally orthotropic materials.

The present study aims to develop comprehensive micromechanical model for smart 3D grid-reinforced composite
structures with embedded orthotropic reinforcements that may exhibit piezoelectric behavior. The model assumes that the
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Figure 1. (a) 3D grid-reinforced smart composite structure Sy, (b) its unit cell
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constituents of composite structure (reinforcement/actuators) are made of generally orthotropic materials and this renders
the pertinent mathematical analysis much more complicated. The formulated models are subsequently used to evaluate the
effective elastic and piezoelectric coefficients of such structures, see, i.g., Fig. 1. The derived micromechanical models are
applied to several examples involving smart composite structures with embedded cubic, conical and diagonal arrangements
of reinforcements/ actuators.

Following this introduction the rest of the paper is organized as follows: The basic problem formulation is presented in
Section 2. Sections 3 and 4 are dedicated to the development of the general piezoelastic model pertaining to smart 3D grid-
reinforced composite structures with orthotropic reinforcements/actuators. Several practically-important examples are
considered in the Section 5.

2. ASYMPTOTIC HOMOGENIZATION MODEL FOR 3D COMPOSITE STRUCTURES
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Figure 2. (a) 3D smart composite solid of a regular structure, (b) unit cell Q;.

Consider a smart composite structure representing an inhomogeneous solid occupying domain Q with boundary 9Q
that contains a large number of periodically arranged reinforcements and actuators as shown in Fig. 2(a). It can be observed
that this periodic structure is obtained by repeating a small unit cell Y in the domain Q, see Fig. 2(b).

The elastic deformation of this structure can be described by means of the following boundary-value problem:

00;;
B_U:fi inQ, u;(x)=0 onoQ, (1)
X
1 du, a’/ij
0 = Cinen — B Ry (x), ¢jj ZE(E-’-a_xlj ()

In Eqgs. (1),(2) and in the sequel all indices assume values of 1, 2, 3 and the summation convention is adopted, Cyy, is
the tensor of elastic coefficients, ey is the strain tensor which is a function of the displacement field u;, Py is a tensor of

piezoelectric coefficients describing the effect of a control signal R on the stress field g;;. Finally, f; represent body forces.

It is assumed in Eq. (1) that all the elastic and piezoelectric coefficients are periodic with a unit cell ¥ of characteristic
dimension & Small parameter £ is made non-dimensional by dividing the size of the unit cell by a certain characteristic
dimension of the overall structure.

The development of asymptotic homogenization model for the 3D smart composite structures can be found in
Kalamkarov (1992), Kalamkarov et al. (2009a). In this Section, only a brief overview of the steps involved in the
development of the model are given in so far as it represents the starting point of our current work. The first step is to
define the so-called “fast” or microscopic variables according to:

yllelg’ y2=X2/€, y3=X3/€ (3)
As a consequence of introducing y, the derivatives are also transformed according to
d d 19 d o 14 d o 190
—_———t ) — 5t — S —t——
axl axl & ayl ax2 a.X2 £ ayz a)% a)% £ ay3
The boundary value problem and corresponding stress field defined in Eqgs. (1) and (2) are thus readily transformed
into the following expressions:

d0;;(x,y) 190;(x,y)
Y Y +1 J Y :f. in Q, Mi(x’y)z() on 0 (5)
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The next step is to con51der the following asymptotic expansions in terms of powers of the small parameter &
0 1 2
(5 ) =1 (%, 3)+ euf (5, y)+ 2> (5, ) +.. ™
_ 50 ) (2)
o6y =0,"(x,y)+€0," (x,y)+ 0" (x,y) +. (®)

By substituting Eqgs. (7),(8) into Egs. (5),(6) and considering at the same time the periodicity of u" in y one can readily
eliminate the microscopic variable y from the first term u® in the asymptotic displacement field expansion thus showing
that it depends only on the macroscopic variable x. Subsequently, by separating terms with like powers of £ one obtains a
series of differential equations the first two of which are:

do)) _ oof) oof)

=0, /i ©)
dy; ay; axj
where
au”  aul ! u®
0 _ k 1 _ k k
o.’ =C.. + -P,R, 0. =C; +—=— (10)
ij ijkl axl ayl ijk*k ij ijkl axl ayl

Combination of Eq. (9) and Eq. (10) leads to the following expression:
) (0)
d c duy’ (x,y) _ 9Py (y) R, (x)— dC;,(¥) du;” (x)

e, ) (1n)
ay; " a9y dy; dy; ox;
The separation of variables in the right-hand-side of Eq. (11) prompts us to represent the solution for " as:
ouD
| dup” (x) k
) (5.9) ==L "N () + R (N (9) (12)
X

where the auxiliary functions N ,’;1 and N ,]; are periodic in y and they satisfy the following problems:

kl ac__
9 Cijmn(y)aNm )| __ L (13)
ayj ay,, ayj
) oN* _9%
—| Cijn () n(Y) i (14)
ayj ay, ayj

One observes that Eqgs. (13) and (14) depend only on the fast variable y and thus are formulated in the domain Y of the

unit cell, remembering at the same time that all of Cijkl , F}jk and N ,l;l and N,l; are Y-periodic in y. Consequently, Egs.

(13) and (14) are appropriately called the unit-cell problems.

The next important step in the model development is the homogenization procedure. This is carried out by first
substituting Eq. (12) into Eq. (10), and combining the result with Eq. (9). The resulting expressions are then integrated over
the unit cell Y (with the volume |Y|) remembering to treat x as a parameter as far as integration with respect to y is
concerned. After canceling out terms that vanish due to periodicity this yields

2 (0
- d ”l(c ) (x) B, oR, (x) _ (15)
ij ij
ox jaxl Ox ; j
where the following definitions are introduced:

- 1 N (y)
Ciju = v |Y[ ijkl(y)"'cijmn(y)Ty v (16)
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Coefficients CN‘,-jkl, éjk defined by Eqs. (16),(17) are the effective elastic and piezoelectric coefficients respectively. It

is noticed that all the effective coefficients are constant unlike of their original rapidly varying material counterparts
Cijr» Bj and therefore problem (15) is much simpler than the original problem (5),(6). The effective coefficients shown

above are universal in nature and can be used to study a wide variety of boundary value problems associated with a given
composite structure. It is worth mentioning at this point that although the present work pertains to piezoelectric actuators,
the model derived applies equally well if the smart composite structure is associated with some general transduction

properties that can be used to induce residual strains and stresses. In that case, the coefficients Pijk represent the

appropriate effective actuation coefficients (rather than the piezoelectric ones).

In summary, Eqs. (13)-(17) represent the governing equations of the homogenized model for a smart composite
structure with periodically arranged reinforcements and actuators. Eqgs. (13),(14) represent the unit cell problems, formulae
(16),(17) define the effective properties, and Eq. (15) defines the displacement field.

3. 3D SMART GRID-REINFORCED COMPOSITE STRUCTURES

In the subsequent Sections we will consider the problem of a smart 3D composite structure reinforced with N families
of reinforcements/actuators, see for instance Fig. 1 where an explicit case of multiple families of reinforcements is shown.
We assume that the members of each family are made of different generally orthotropic materials that may exhibit

piezoelectric characteristics and that the reinforcements of each family make angles @}, 95,95 (n=1, 2, ..., N) with the y,,

¥, y; axes respectively. It is further assumed that the orthotropic reinforcements/actuators have significantly larger elastic
moduli than the matrix material, so we are justified in neglecting the contribution of the matrix phase in the ensuing
analytical treatment. Clearly, for the particular case lattice grid structures the surrounding matrix is absent and this is
modeled by assuming zero matrix rigidity.

Y2

N2
N1

Y1

LIE}

Figure 3. Unit cell in case of a single reinforcement family in original and rotated microscopic coordinates.

The nature of the grid-reinforced composite structure of Fig. 1 is such that it would be more efficient if we first
considered a simpler type of unit cell made of only a single reinforcement/actuator as shown in Fig. 3. Having dealt with
this situation, the effective elastic and piezoelectric coefficients of more general structures with multiple families of
reinforcements/actuators can be determined by superposition of the solution for each of them found separately. In following
this procedure, one must naturally accept the error incurred at the regions of intersection between the reinforcements.
However, our approximation will be quite accurate since these regions of intersection are very localized and do not
contribute significantly to the integral over the entire volume of the unit cell. Essentially, the error incurred will be
negligible if the dimensions of the actuators/reinforcements are much smaller than the spacing between them. The
mathematical justification for this argument in the form of the so-called principle of the split homogenized operator can be
found in Bakhvalov & Panasenko (1989).

In order to calculate the effective coefficients for the simpler smart structure of Fig. 3, unit cell problems given by Eqgs.
(13) and (14) must be solved and, subsequently, Eqs. (16) and (17) must be applied.

The problem formulation for the structure shown in Fig. 3 begins with the introduction of the following local functions:

N (y)

18
& (18)

kl
b,'j = Cijkl )+ Cijmn (y)

n
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‘ N, (¥)

bij = Pijk (y)_Cijmn ) ay (19)

n

The unit cell problems in Egs. (13), (14) can be then written as follows:
0 d

=0, pf =0 (20)

dy [ dy [

Perfect bonding conditions are assumed at the interfaces between the actuators/reinforcements and the matrix. This
assumption yields the following interface conditions:

Ny ()|, =Ny )|, b (| = b (mom;

2y

N N

k k k k
Ny (M|, =N (m)| g, by (rn; | =by mnj| (22)
In Egs. (21), (22) “r”, “m”, and “s” denote the “actuator/reinforcement”, “matrix”, and reinforcement/matrix interface,

respectively; while n; denote the components of the unit normal vector at the interface. As was mentioned earlier, we will
further assume that Cijkl(m) =0 which implies from Egs. (18),(19) that bl-’;l(m) =b§- (m)=0. Therefore, the interface
conditions in Egs. (21),(22) become:
kl k

by (nj|, =0, b(rn;| =0 (23)

In summary, the unit cell problems that must be solved for the 3D grid-reinforced smart composite structure with a
single family of orthotropic reinforcements/actuators are given by Eqgs. (18)-(20) in conjunction with Egs. (21)-(23).

In order to solve the pertinent unit cell problems we perform a coordinate transformation of the global coordinate
system {y; y, y;} into the new coordinate system {77, 77, 77;} shown in Fig. 3. With the new coordinate system we note that

since the reinforcement is oriented along the 77;coordinate axis, the problem at hand becomes independent of 77; and depend
only on 77, and 77;. As a result, the ensuing analysis becomes much easier.

4. EFFECTIVE ELASTIC AND PIEZOELECTRIC COEFFICIENTS

A scheme for the determination of the effective elastic coefficients for 3D grid-reinforced composite structures with
generally orthotropic reinforcements is given in detail in Kalamkarov et al. (2009b). It is noteworthy to mention that in the
limiting particular case of 2D grid-reinforced structure with isotropic reinforcements the developed expressions for these
coefficients converge to those obtained earlier by Kalamkarov (1992).

With reference to Fig. 3, we begin by rewriting Egs. (18),(23) in the {77, 17, 175} coordinates to get:

Kl
by =Cyy (¥) + Cyjpnpn al\;‘;(y) . (bqyn, (1) +bl'qyn; (r))L =0 (24)

Here, ”2 and n3 are the components of the unit normal vector in the new coordinate system. Expanding Eq. (24) and

P

keeping in mind the independency of the unit cell problem on 7; yields:

Nkl aN kl aNkl aN kl aN kl aNkl

bil;l = Cijkl + Cijm1q21 ﬁ + Cijm2q22 ﬁ + Cijm3q23 ﬁ + Cijmlq31 W;n + Cijm2q32 ﬁ + Cijm3q33 Tm 25)

Apparently, Egs. (24),(25) can be solved by assuming a linear variation of the local functions N ll;l with respect to 7,
and 73:

NI =, 05, Ny =25, + 4, Ny =25, + g, (26)

K . .. .. .
where il. are constants to be determined from the boundary conditions. Once these coefficients are determined, the

coefficients b;;l are found from the Eq. (25). In turn, these are used to calculate the effective elastic coefficients of the

structure of Fig. 3 by integrating over the volume of the unit cell:

Cy = |:{| jY b;'dv @7)

. ki . . .
Noting that bij are constants, the effective elastic coefiicients become

= K
Cijkl = /‘_fbij (28)
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where u y is the volume fraction of the reinforcement within the unit cell. It can be proved in general case that the effective

elastic coefficients Cijk1 maintain the same symmetry and convexity properites as their actual material counterparts Cijkl,

see Kalamkarov (1992).

The above derived effective moduli pertain to grid-reinforced structures with a single family of reinforcements. For
structures with more than one family of reinforcements the effective moduli can be obtained by superposition. The effective
elastic coefficients of a grid-reinforced structure with N families of generally orthotropic reinforcements will be given by:

N

~ _ (1)1, M)kl

Cijkl = Zvﬂ y bij (29)
n=l

where the superscript (n) represents the n-th reinforcement family with the reinforcement volume fraction ,u;n) .

Let us now proceed to calculation of the effective piezoelectric coefficients from the unit cell problem given by the
Egs. (19),(22),(23) which in coordinates {77, 17, 773} becomes
k

k oN, koo koo
P
Keeping in mind independency on 77;, Eq. (30) yields:

m

ON* ON* ON~ ON* ON* ON*
k
bij = R’jk - [CiijQZl 8_77’: + CiijQZZ 8_7;: + Cijm3q23 8_7]’: + Cijmlq31 a_n;n + CiijQ32 8_7;: + Cijm3Q33 W €19

It can be shown that the Eq. (31) in conjunction with the Eq. (30) can be solved by assuming a linearity of functions
k .
N, (y) in n;and 75
k k k k k k k k k
Ni =Xi1, + 5013, Ny = X370, + X473, N3 = X570, + X, (32)

where Zf are constants that can be determined from the boundary conditions. The functions (33), (34) are used to calculate
the effective piezolectric coefficients of the smart composite structure of Fig. 3 by integrating over the volume of the unit

cell, which on account of Egs. (17),(19) yields

N 1
Py = =Mij§dv (33)

Since the local functions bl.l;. are constant, the effective piezoelectric coefficients become

k
P = u,bj5 (34)
where u f is the volume fraction of the actuators/reinforcement within the unit cell.

The effective piezolectric coefficients derived above pertain to grid-reinforced smart composite structures with a single
family of actuators/reinforcements (or inclusions in general inlusions). For structures with multiple families of inlusions the
effective actuation coefficients can be obtained by superimposition. For instance, pertaining to a grid-reinforced smart
composite structure with N families of actuators/reinforcements the effective coefficients will be given by

N
P. — (n)1,(mk
Py = nZ:luf by, (35)
where the superscript (1) represents the n™ reinforcement/actuator family, as in the above Eq. (29).

5. EXAMPLES OF SMART GRID-REINFORCED COMPOSITE STRUCTURES

The developed micromechanical model will now be used to analyze three different practically important examples of
smart 3D grid-reinforced composite structures with orthotropic actuators/reinforcements. The first example, structure S; is
shown in Fig. 1. It has three families of orthotropic actuators/reinforcements, each family oriented along one of the
coordinate axes. The second example, structure S, is shown in Fig. 4. It is formed by a conical array of orthotropic
reinforcements/actuators. And the third example, structure S; is shown in Fig. 5. It has a unit cell formed by three
actuators/reinforcements, two of them extended diagonally across the unit cell between two diametrically opposite vertices
while the third reinforcement is spun between the middles of the bottom edge and the top edge on the opposite face.

The effective elastic and piezoelectric coefficients for the above introduced structures are calculated on the basis of
Egs. (29),(35). Although the obtained analytical results are too lengthy to be reproduced here, the plots of some of these
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effective coefficients will be shown below, see Kalamkarov et al. (2009b) and Hassan et al. (2011) for the details. We
assume that the actuators/reinforcements are made of piezoelastic material PZT-5A with the following material properties

(Coteetal., 2002): C\P’ =S =121.0GPa, C{¥) =111.0GPa,CY’ =75.4GPa,C = CS¥) =75.2GPa,C{Y’ = 22.6GPa,

i =P =211 GPa, BY = Bl =-545x10°C/ mm*, P’ =156x107C/ mm*, P}’ = P{} =2.46x10°C/ mm”.

Spatial arrangement of reinforcements/actuators as
viewed from the top

VS
A

A
T
=

Figure 4. Unit cell of smart composite structure S, with conical arrangement of orthotropic reinforcements/actuators
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Figure 5. Unit cell of smart composite structure S; with diagonally arranged orthotropic actuators/reinforcements

We start with the structure S; shown in Fig. 1. Typical piezoelectric coefficients are plotted vs. volume fraction in Fig.
6. As expected, these coefficients increase in magnitude as the volume fraction increases. One also observes from Fig. 6
that the values of P33 are larger than B3 for a given volume fraction, which is to be expected because the former refers
to the stress response in the direction y;in which the electric field is applied.

We now turn our attention to structure S, of Fig. 4. Typical effective piezoelectric coefficients are plotted vs. the total
volume fraction of the actuators/reinforcements within the unit cell in Figs. 7 and 8. As expected, the plots show an
increase in the effective piezoelectric coefficients as the overall volume fraction increases. And it is seen from the Figs. 6
and 7 that the magnitude of the coefficient 15113 (which refers to the stress response of the structure in the y,-direction
when an external field is applied in the y;-direction) is larger for Structure S, than for Structure S,. This is expected and is
attributed to the geometry of the unit cells. Fig. 6 refers to structure S; with some actuators/reinforcements oriented entirely
in the y; direction. Fig. 7 refers to structure S, where none of the reinforcements are oriented in the y;-direction (all 3
actuators/reinforcements are oriented at about 34° to the y; axis). Consequently, the stress response of structure S, in the y,
direction when a voltage is applied in the y; direction is smaller and so is the corresponding effective coefficient 131 13 -

It is also of interest to analyze the variation of the effective coefficients of the structure S, vs. the angle of inclination
of the actuators/reinforcements to the y; axis. As this angle increases, the actuators/reinforcements are oriented
progressively closer to y;- and y,-axes, and, consequently, further away from the y;-axis. Thus, one expects a corresponding

increase in the values of effective coefficients, as it is seen in the Fig. 8 plotting 131 13 and 13223.
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Figure 7. Plot of —}N)] 13 effective piezoelectric coefficient vs. actuator volume fraction for structure S,
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We now turn our attention to structure S; shown in Fig. 5 and we will present graphically some of the effective
piezoelectric coefficients vs. the relative height of the unit cell, see Fig. 9. The relative height is defined as the ratio of the
height to the length of the unit cell. The width of the unit cell and the cross-sectional area of the reinforcements/actuators
stay the same. It is noted that when the relative height of the unit cell is increased the total volume fraction of the
reinforcements/actuators as well as the orientation angle between these actuators and y;-axis will decrease. This has very
interesting consequences on the effective coefficients. In particular, decrease of the angle of inclination of the actuators
with the y;-axis will reduce the stiffnesses in y; and y, directions because the actuators are oriented further away from the
y;-y2 plane. The simultaneous decrease in the overall actuator volume fraction makes this effect even more pronounced.

These trends are clearly visible in Fig. 9 for the coefficients f’l 12 and f’222 .
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Figure 9. Plot of 131 12 13222 , and 13332 effective piezoelectric coefficients vs. relative height of unit cell for structure S;.
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Figure 10. Plot of 13333 effective piezoelectric coefficient vs. total volume fraction for structures S, and S;.

Finally, we compare the typical effective coefficients of structures S, and S; by varying the total volume fraction of the
actuators/reinforcements but keeping the same dimensions of the respective unit cells, see Fig. 10. In conclusion, it is worth
to mention that the developed micromechanical model allows the designer to develop a smart composite structure with the
desirable combination of effective properties via selection of relevant material and geometric parameters such as number,
type and cross-sectional dimensions of the actuators/reinforcements, relative dimensions of the unit cell, and the spatial
orientation of the actuators/reinforcements. We also note that the advantage of our model is that the effective coefficients
can be computed easily without the need of time consuming numerical (such as finite element) calculations.
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