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Abstract. This work aims to perform the design optimization of a sonotrode, a structure usually connected to a high power
piezoelectric transducer, which is a device capable of converting electric energy into mechanical displacement or vice-
versa. A sonotrode transmits mechanical vibrations generated by a piezoelectric transducer, adjusting the amplitudeand
the distribution of these vibrations to fit the design needs for a certain application. Among applications of piezoelectric
transducers using sonotrodes, we can cite navigation sonars, ultrasonic cleaning and melting devices, acoustic tomog-
raphy, ultrasonic drilling machine, ultrasonic fabric cutting machine, etc. The design needs of a sonotrode differs for
each application, ranging from obtaining maximum displacement in one single point of its structure, to obtaining uniform
displacements on a whole face of the sonotrode. To improve the attainment of the optimum result, in this work, Topology
Optimization (TO) is applied to design the sonotrode. TO is aprocedure to design the optimal layout of structures by
distributing material within a fixed domain. The objective of the developed TO formulation is to find the best topology of
the sonotrode that produces maximum and uniform displacements at one of its face, granting that the first resonance fre-
quency must be larger than a specified value. The TO method is implemented using the Sequential Linear Programming
(SLP) as optimization algorithm, and it is based on the SIMP (Solid Isotropic Material with Penalization) and RAMP
(Rational Approximation of Material Properties) interpolations for material model formulations. Finite Element Method
(FEM) is applied to model the sonotrode using piezoelectricfour-node axisymmetric elements. A node-based design vari-
able implementation for continuum structural topology optimization is presented to minimize numerical instabilities such
as checkerboard pattern. Resonance frequencies are computed through Lanczos method and a frequency constraint is in-
cluded in the topology optimization formulation. Different optimized shapes of the sonotrode are designed, and compared
with traditional designs found in the literature to verify the improvement.

Keywords: Sonotrode, Topology Optimization, RAMP, Piezoelectric Finite Element Method, Lanczos Eigensolver.

1. INTRODUCTION

High power piezoelectric transducers are based on the piezoelectric effect, which is defined as the mechanical energy
to electrical energy conversion (direct effect) or the electrical energy to mechanical energy conversion (inverse effect).
These devices can be found in projects such as navigation sonars (Desilets et al. 1999), high power ultrasonic transducers,
underwater data acoustic transmission device, ultrasoniccleaning and melting machines (Shuyu 1995, 2004, 2005, 1997),
sound projector for acoustic tomography and global oceans monitoring (Morozov and Webb 2003), chemical processes
(Heikkola and Laitinen 2005), fabric ultrasonic cutting and melting machines (Lucas et al. 1996), even in ultrasonic
drilling device (Sherrit et al. 2000), one of NASA’s recent research for Mars expeditions on other low-gravity planets.

High power piezoelectric transducers (Fig. 1(a)) are built, in general, using sandwiched shapes. The piezoelectric
ceramics are pre-stressed between two metallic masses by a high-resistant mechanical screw. The two metallic masses
lower the device resonance frequency well below that of the piezo stack (Desilets et al. 1999). Pre-stress prevents fracture
due to high voltage applied to the ceramics (Arnold and Muhlen 2001b). Pre-stress typical value is 30 MPa (Arnold and
Muhlen 2001a). Therefore, this configuration allows high electrical voltage application (kV ), however, the operational
frequency must be moderate (kHz).

Usually, high power piezoelectric transducers designs areconnected to a sonotrode. Sonotrodes are syntonized ele-
ments used in some high power applications where they usually operate as a tool acting directly in the working surface
(Lucas and Smith 1997; Cardoni and Lucas 2002), transmitting the mechanical vibration generated by the piezoelectric
transducer, adjusting the amplitude and the distribution of these vibrations to satisfy the design needs.

Two types of sonotrodes are generally used in the majority ofthe ultrasonic applications: the cylindrical ones (Parrini
2001, 2003a, 2003b) (Fig. 1(b)) or, the blade-wide type ones(Ensminger 1988) (Fig 1(c)), depending on the displacement
pattern to be produced. The cylindrical sonotrodes are applied where the region submitted to ultrasound is small, orderof
50 mm; whereas blade-wide type sonotrodes are applied where the region submitted to the process is wider (200 mm).
Both cylindrical sonotrodes and the blade-wide type ones are designed to vibrate in longitudinal direction, acting as half
wave length resonators. These sonotrodes usually possess aspaced out profile, which produces an amplification relation
that is given by the ratio between the two tips areas of sonotrodes.

The objective of this work is to apply topology optimizationtechniques to design the sonotrode aiming to guarantee
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Figure 1. Schematical representation of (a) High Power Piezoelectric Transducer, (b) Cylindrical Sonotrode and (c)
Blade-Wide Sonotrode.

the maximization and the uniformization of the displacements distribution in one single face of the sonotrode, helping
the first resonance frequency to be larger than a specified frequency.The uniformization goal is to reduce the difference
between the maximum and minimum displacements of the sonotrode face.

The application of topology optimization techniques makesthe design process more efficient, with less computational
cost, guaranteeing that the result is as optimized as possible.

2. PIEZOELECTRICITY

The piezoelectricity is a property that certain materials present that can be defined as the electric polarization produced
by a mechanical strain in certain crystals, that is, when thepiezoelectric material is submitted to a mechanical strain, an
electric field is generated. The inverse effect is also applied. The constitutive equations that define the linear piezoelectric
material behavior are given by (Ikeda 1996; Lerch 1990):

T = cES − etE

D = eS + εSE
(1)

whereT, S, D andE are the mechanical stress and strain, electrical charge andfield tensors, respectively.cE , e andεS

are the elastic stiffness, piezoelectric, and dielectric property matrices, respectively, which, for the6 mm symmetry class,
are given by (Ikeda 1996):
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3. PIEZOELECTRIC FINITE ELEMENT METHOD

A general method such as the Finite Element Method (FEM) is necessary for the structural analysis since structure
with complex topologies are expected. Therefore, the formulation of FEM for linear piezoelectricity is applied. This
formulation is well-developed and only a brief descriptionwill be given here. Piezoelectric mechanisms considered for
design operate in medium frequencies (kHz). Two element formulations are applied to this work, the axisymmetric and
plane stress (EPTM) isoparametric four-node element formulations. Thus, using these element formulations, the global
equilibrium equations are given by:

([
Kuu Kuφ

Kφu Kφφ

]
− ω2

[
Muu 0

0 0

]) {
U

Φ

}
=

{
F

Q

}
=⇒

[
K̃

]
{Ψ} = {Γ} (3)

whereω is the operating frequency,Muu, Kuu, Kuφ, andKφφ are the mass, stiffness, piezoelectric, and dielectric
matrices of the transducer, respectively.U, Φ, F andQ are the mechanical displacement, electrical potential, mechanical
loading, and electrical charge vectors, respectively.

It is also necessary to calculate the resonance frequenciesand modes. To calculate them the electrodes are short-
circuited, i.e., the degrees of freedom (DOF’s) referring to the electrical potential in all electrodes must be equal tozero
(Φelectrodes = 0) in Eq. (3), and also, it must be consideredF = 0 (Guo et al. 1992; Naillon et al. 1983). Then, the
resonance frequencies and modes are obtained solving the following expression:

([
K̂

]
− λ

[
M̂

])
{W} = 0 ; λ = ω2 (4)
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whereλ is the eigenvalue,{W} is the eigenvector.
[
K̂

]
and

[
M̂

]
are the stiffness and mass global matrices, respectively,

which include the boundary condition information for the modal analysis, that is, the FEM matrices must be obtained with
the piezoelectric ceramics electrodes grounded.

4. TOPOLOGY OPTIMIZATION

Topology optimization is a powerful structural optimization technique that combines the Finite Element Method
(FEM) with an optimization algorithm to find the optimal material distribution inside a given domain bounded by supports
and applied loads that contains the unknown structure (Bendsøe and Sigmund 1999; Bendsøe and Kikichi 1988).

The discrete material distribution function (0–1) is an ill-posed problem (Bendsøe and Sigmund 1999), and to over-
come this, the optimization problem must be relaxed by allowing the material to assume intermediate materials during the
optimization. This is achieved by defining an appropriate continuous material model which defines the material transition
at each point of domain.

The material model used in this work is based on the SIMP (Solid Isotropic Material with Penalization) (Bendsøe and
Sigmund 1999) and the RAMP (Rational Approximation of Material Properties) (Stolpe and Svanberg 2001; Bendsøe
and Sigmund 2003; Hansen 2005). The SIMP model is applied to the mass matrix, acting on the density (ρ(x)) of the
structure, and the RAMP model is applied to the stiffness matrix, acting on the elasticity modulus (E(x)) of the structure.
These different models are applied to reduce the localized eigenmodes in areas where the design variables assume low
values (Pedersen 2000). The formulation for intermediate materials defines the level of problem relaxation (Bendsøe and
Sigmund 1999).

Recent works (Matsui and Terada 2004; Rahmatalla and Swan 2004) have suggested considering the continuous
distribution of the design variable inside the finite element by interpolating it using the FE shape functions. In this case,
the design variables are defined for each element node, instead of each finite element as usual. This formulation, known
as CAMD (Continuous Approximation of Material Distribution) seems to reduce instabilities, such as checkerboard of
the material layout designs (Rahmatalla and Swan 2004).

Thus,ρ(x) andE(x) are given by:

ρ(x) = γ(x)qρ0 ; E(x) = Emin +
γ(x)

1 + p(1 − γ(x))
(E0 − Emin) (5)

whereρ andE are the density and the elasticity modulus properties, respectively, of the material at each point of the
domain. ρ0 andE0 are the values of the isotropic material property.Emin is the minimum admissible value for the
elasticity modulus.γ is the design variable,p andq are the penalizations for the stiffness and density, respectively.

5. DESIGN PROBLEM FORMULATION

The objective of this work is to define a topology optimization formulation to: uniform and maximize the displace-
ments configuration at one given region of the sonotrode; granting that the sonotrode first resonance frequency must be
either larger or equal to a specified frequency; guarantee a certain stiffness for the structure, which vibrates due to har-
monic excitation of a high power piezoelectric transducer.A figure illustrating the definition of the problem of TO, as
well as of the design domain and boundary conditions is presented.

ui (points where the optimization is applied)

Elastic 
Material

Holes due to topology 
optimization procedure

Piezoelectric CeramicElectrical 
potential

Boundary 
conditions

Figure 2. Definition of TO problem, design domain and boundary conditions.

The uniformization is obtained by minimizing the square summation of the difference between the displacement
at each point of the region where the uniformization is desired (ui) and a constant (β). In this kind of formulation,
the objective is to approach the displacementsui to the constantβ, so that this summation becomes small through the
iterations.

The maximization of displacements is obtained following the mean transduction principle (Silva 2003; Carbonari
et al. 2005), which is achieved by applying the reciprocity theorem (or Betti’s theorem) (Timoshenko and Goodier 1970)
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extended to the piezoelectric medium. This formulation gives the maximum displacement generated at specified regions
and directions due to electric potential excitation in the piezoelectric medium (electric charge or potentials).

To guarantee the sonotrode stiffness, the principle of meancompliance (Silva et al. 1999; Carbonari et al. 2005) must
be used. The structural function must generate enough stiffness to resist the loads during the actuation movement, as the
actuator keeps its deflection at the requested regions whileit is subjected to electric potentials. The mean complianceis
applied assuming static behavior.

Thus, the uniformization (L1) and the maximization (L2) of the displacements functions and the maximization of the
stiffness function (L3) are given by the expressions:

L1 =

m∑

i=1

(ui − β)2 ; L2 =

∫

Υt2

t̃2u1dΥ ; L2 =

∫

Υt2

t3u3dΥ (6)

wherem is the number of points that are considered in the optimization procedure.u1 is the dynamic displacement of the
sonotrode due to dynamic electric potential excitationφ̃1 = φ1e

jωt, t̃2 = t2e
jωt are the unit dynamic mechanic loads,

andΥt2 is the region which is submitted to optimization procedure.t3 = −t2 andu3 is the sonotrode static displacement
due to loadt3.

The three former formulationsL1, L2, andL3 must be combined to minimizeL1 andL3, and maximizeL2. The
following multi-objective function is proposed:

F = w(g lnL2

2 − (1 − g) lnL1) − (1 − w) ln L3 (7)

wherew andg are the weight coefficients that varies from0 to 1, and allow us to control the priority of each objective
function.

Thus, the topology optimization problem formulation is defined as:

Maximize: F (γ)
γ(x)

subject to: t3 = −t2

Equilibrium equations
ωr ≥ ω0

0 ≤ γ ≤ 1∫
Ω

γdΩ ≤ Θlim

(8)

whereωr is the resonance frequency andω0 is the frequency constraint value, respectively, andΘlim is the maximum
volume value allowed for optimum topology.

6. NUMERICAL IMPLEMENTATION

In this work, the continuous distribution of design variable γ is given by (Matsui and Terada 2004; Rahmatalla and
Swan 2004):

γ(x) =

nd∑

i=1

γiNi(x) (9)

whereγi is the nodal design variable,Ni is the finite element shape function andnd is the number of nodes at each finite
element. The design variableγ can assume different values at each finite element node. Due to the definition of Eq.
(9), the material property functions (Eq. (5)) will also have a continuous distribution inside the design domain. Thus,
considering the mathematical definitions of the stiffness and piezoelectric matrices of Eq. (3), the material properties
must remain inside the integrals and be integrated togetherby using the graded finite element concept (Kim and Paulino
2002).

The functionsL1, L2, andL3 can be calculated numerically through the expressions:

L1 = {Γ2}
t
({

Ψ̃1

}
− {β}

)2

; L2 = {Γ2}
t
{
Ψ̃1

}
; L3 = {Γ3}

t
{Ψ3} (10)

where
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with F2 as the mechanical load vectort2 and
{
Γ̃1

}
as the electric potential vectorφ1. [K] is the static stiffness matrix

of the structure and
[
K̃

]
is the dynamic matrix of the problem, involving the stiffness and mass matrices, modified for

electrical potential excitation. Vector{β} has the same length of the vector
{
Ψ̃1

}
.

Thus, the discretized form of the final optimization problemis stated as:

Maximize: F (γ)
γ

subject to: {Γ3} = −{Γ2}[
K̃

]{
Ψ̃1

}
=

{
Γ̃1

}
[
K̃

]{
Ψ̃2

}
=

{
Γ̃2

}

[K] {Ψ3} = {Γ3}([
K̂

]
− λ

[
M̂

])
{W} = 0

ωr ≥ ω0

0 < γmin ≤ γi ≤ 1 i = 1, . . . , Ne∑Ne

i=1
γiV

0
i ≤ Θlim

(12)

whereV 0
i is the volume associated with each finite element node and is equal to finite element volume.Ne is the number of

nodes in the design domain, andγmin is the design variable minimum value that can be set to avoid numerical instabilities.
The mathematical programming method called Sequential Linear Programming (SLP) is applied to solve the optimiza-

tion problem since there are a large number of design variables, and different objective functions and some constraintsare
considered (Vanderplatz 1984). The linearization of the problem (Taylor series) at each iteration requires the sensitivities
(gradients) of the multi-objective function and constraints. These sensitivities will depend on gradients ofL1, L2, and
L3 functions in relation toγ. Suitable moving limits are introduced to assure that the design variables do not change by
more than5−15% between consecutive iterations. A new set of design variables are obtained after each iteration, and the
optimization continues until convergence is achieved for the objective function. The initial values of design variables are
random values. The results are obtained using the continuation method where the coefficient penalization p varies from
1 to 4 and the value of penalization coefficient q varies form 1to 3. The continuation method minimizes the problem
of the multiple local minimum (or maximum) (Stolpe and Svanberg 2001). A flow chart of the optimization algorithm
describing the steps involved is shown in Fig. 3. The software was implemented using the C language.

Initialization and
Data Input

Calculation of L1, L2 and L3
Functions and Coupling

Constraint Functions

Calculation of Multi-Objective 
Function and Constraints

Converged?

Calculate Sensitivities

Solved LP problem  

with respect to γ 
  

Update γ 

Ploting Results
Y

N

F1

Figure 3. Flow chart of optimization procedure.

7. NUMERICAL RESULTS

Examples are presented to illustrate the design of the sonotrode using the proposed method. The idea is to simultane-
ously distribute non-piezoelectric and void material on regions with predefined materials, specified in the design domain,
presented in Fig. 4. Table 1 presents the piezoelectric material properties used in the simulations for all examples.cE , e,
andεS are the elastic, piezoelectric and dielectric properties,respectively, of the PZT medium andρ is the density of the
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PZT material. Table 1 also presents the elasticity modulus (Young’s modulusE0), density (ρ) and Poisson’s ratio (ν) of
Steel 4340.

0,25

2,76

0,11

0,47

0,58

2,71117,5
25

10

20

125

5

Measures 
in mm

F2 = -F3

PZT
φ1e

jωt

Figure 4. Design domain including loadings, constraints and measurements.

Table 1. Properties of PZT8 material and Steel 4340.

PZT8 Steel4340

cE
11(1010N/m2) 13.7 e31(C/m2) -4.0

cE
12(1010N/m2) 6.97 e33(C/m2) 13.8 E0(GPa) 208.3

cE
13(1010N/m2) 7.16 e15(C/m2) 10.4 ρ(kg/m3) 7846.3

cE
33(1010N/m2) 12.4 ε11(10−9F/m) 7.9473 ν 0.29

cE
44(1010N/m2) 3.4 ε33(10−9F/m) 5.1507

cE
66(1010N/m2) 3.365 ρ(kg/m3) 7700

The electric potential applied to piezoceramics electrodes (φ1) is equal to2000 V and the operating frequency (ω) is
equal to3000 Hz. The optimization parameters that can be modified are the multi-objective function weights (coefficients
w andg), the value ofβ, volume constraint (Θlim), the initial value of the design variable (γ0), and the frequency constraint
value.

β can be modified only if the design domain is changed. In this work, β is equal to0.00001, the frequency constraint
value (ω0) chosen is equal to2000 Hz, andγ0 = 0.25. All examples are simulated for 50 iterations and the checkerboard
filter is applied until iteration 45. The continuation method changes the value of the penalization coefficientp at iterations
15, 25 and 32, and the penalization coefficientq at iterations 25 and 32. The frequency constraint acts from iteration 45
until the end of the optimization.

The results are shown in Fig. 5 and Fig. 6 . For both results, figure (a) shows the optimal topology obtained, figure (b)
shows the interpretation of the optimal topology with the boundary conditions, and figure (c) shows the deformed shape
for harmonic analysis at operation frequency (3000 Hz). The first result, shown in Fig. 5, topology optimization was
obtained usingw = 0.40, g = 0.15 andΘlim = 0.30. In the second result (Figure 6), topology optimization wassolved
usingw = 0.45, g = 0.15 andΘlim = 0.28.

It is shown in Fig. 7 the deformed shape of a traditional Blade-Wide sonotrode (Fig. 1(c)) used for ultrasonic fabric
cutting (Lucas et al. 1996; da Silva 2006). It is shown only the right-half of the sonotrode (symmetry conditions) and the
piezoelectric excitation is at the left-bottom corner of the sonotrode (like example shown in Fig. 4).

A detailed analysis (Fig. 8) of the sonotrode desired points(ui in Fig. 2) shows the maximum amplitude (D) of the
sonotrode face, and the difference between maximum and minimum displacements (∆). In the first result (Fig. 8(a)),
D = 0.35946 µm and∆ = 9.86%. The second result (Fig. 8(b)) givesD = 0.37942 µm and∆ = 7.39%. The
displacements analysis of the blade-wide sonotrode of Fig.7 shows thatD = 0.12075 µm and∆ = 10.70%(Fig. 8(c)).

Modal analysis of the interpreted optimum structures showsthat the frequency constraint is respected for both results,
2014 Hz for the first resonance frequency and2050 Hz in the second result.
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(a) (b) (c)

Figure 5. (a) Optimal topology, (b) interpretation and (c) deformed shape forw = 0.40, g = 0.15 andΘlim = 0.30.

(a) (b) (c)

Figure 6. (a) Optimal topology, (b) interpretation and (c) deformed shape forw = 0.45, g = 0.15 andΘlim = 0.28.

Figure 7. Deformed shape of a Blade-Wide Sonotrode used for ultrasonic fabric cutting.
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Figure 8. Detailed analysis of the displacement of the desired points of the sonotrode for: (a) first result (D = 0.36946 µm
and∆ = 9.86%), (b) second result (D = 0.37942 µm and∆ = 7.39%), and (c) traditional blade-wide sonotrode

(D = 0.12075 µm and∆ = 10.70%).
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8. CONCLUSIONS

A topology optimization formulation was proposed which allows the simultaneous search for an optimal topology
of a structure that minimizes the difference between the maximum and minimum displacements of the desired points,
maximizes the displacements of these points, minimizes theflexibility of the structure, and grants that the first resonance
frequency is larger than a specified value. This is achieved by the optimization problem by allowing the simultaneous
distribution of non-piezoelectric and void material in thedesign domain and applying an electric potential as electrical
excitation.

The adopted material model in the formulation is based on thedensity method and it interpolates fictitious densities
at each finite element based on pseudo-densities defined as design variables for each finite element node providing a
continuous material distribution in the domain. Some 2D examples were presented to illustrate the potentiality of the
method. The examples show that the objectives were achieved, and lower differences between maximum and minimum
displacements are obtained by changing the value ofw, g, and the volume constraint (Θlim). Harmonic analysis of the
optimum structures obtained in this work proves that these structures have more uniform displacements configuration at
harmonic excitation than the traditional one, keeping the same maximum displacement value.
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