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Abstract. The identification of non linear systems is an experimental assessment, consisting of the development of techniques for 
dynamic systems models estimation from experimental data, demanding no previous knowledge of the procces. In this work a 
comparative study of the bilinear dynamics identification of a helicopter rotating single-blade mathematical model, carried through 
artificial neural networks, will be presented. The results of the identification are obtained by feedforward multilayer time delay 
neural networks (TDNN) and by recurrent neural networks. The feedforward multilayer networks that use delayed inputs are 
applied to problems involving secular processing, since the delayed signals form a memory device. The recurrent networks are 
networks that possess one or more feedback connections, being local if it is done at a neuron level or global if it encloses one or 
more complete layers. To illustrate the performance of the networks, the model, first will be executed conventionally and later with 
the neural networks. To compare the performance of the networks, the signal-noise relations of the estimated values by the networks 
will be calculated. In order to do a qualitative analysis, the return maps with the simulation results generated by the network will be 
plotted. 
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1. Introduction 
 

Aeroelastic instabilities are factors that can limit the capacity of flight of an aircraft and, therefore, must be 
considered during the planning and development stages of an aircraft project. More and more, modern aircraft are 
requested to fly at higher speeds and to have less weight what increases its structural flexibility. Therefore, a safe 
analysis of the fluid-structure interactions must be taken in order to have a dynamic model with all these relevant 
characteristics (Belo et al, 2001).  

Helicopters are aircraft with rotating wings which makes them more complex. An example of this complexity is the 
development of the main rotor. Rotor blades that are slender and flexible can suffer elastic deformations even in normal 
operation conditions. Such elastic deformations can go beyond the theoretical limits considered by hypothesis for the 
treatment as linear beams (Celi, 1999). In addition to that, many other factors make the linear models inadequate for the 
necessary analyses so, their substitution by non linear ones has been done, fact that has been facilitated due to the 
increasing availability of faster and more powerful computers. However, the mathematical modeling of non linear 
systems is considerably more complex than linear ones, becoming some times impracticable for short-term and even 
some times unfeasible. 

Due to the difficulty to represent non linear systems by analytical models, there has been an increase of works on 
identification of systems. The identification of systems is the art of mathematical modeling dynamic systems using only 
their input and output data, having applications in some areas as modal identification of flexible structures and detection 
of non-linearities. 

Some representations used in non linear systems modelling are: i) Neural networks; ii) Functions of radial base; iii) 
Series of Volterra; iv) Wavelets; v) polynomial and rational functions and vi) polynomial differential equations. It is 
worth to note that the bilinear models constitute a special class of non-linear polynomial models (Aguirre, 1998).  

According to Cruz (1998), Artificial Neural Networks, due to its learning capacity as well as to its parallel way to 
process data, appear as another powerful tool, allowing the modeling of the processes by identification using for that 
their input and output data. Beyond all these advantages, they possess reasonably high processing speed compared to 
other conventional methods as well as learning capacity in some way similar to the human one. 
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Narendra and Parthasarathy (1990) were the ones who clearly stated the problem of the applicability of multilayer 

neural networks for identification and subsequent use of them to control non-linear dynamic systems. Takahashi (1999) 
presented a multilayer neural network, trained using the backpropagation algorithm to detect the critical aerodynamic 
loading for the occurrence of flutter and the limit conditions in the structure. Maghami et al (2000) presented a new 
procedure for developing and training artificial neural networks, useful for fast and efficient control as well as analysis 
of flexible space systems. In Greenwood (1997), the long time performance of the multilayer networks applied to 
dynamic systems behaviour estimation could be verified. Giannakis et al (2001) presented a list of bibliographical 
references related to identification of non-linear systems and its applications including a good number of existing 
references until the year 2000. In Tsoi (1998), a reasonably complete review on recurrent neural networks can be found. 

In this context, the proposal of this work is the comparison of the results presented by neural networks with delays 
in the time with those presented by recurrent neural networks during the identification of the bilinear dynamics of a 
helicopter blade when in hover flight. This blade is considered rotating and presenting the flapping, torsion and 
stretching deformations, so that one could next propose a technique to reduce and control its vibrations. 
  
2. Artificial Neural Network 

 
The motivation to use artificial neural networks is mainly due to its substantially increased speed reached in the 

analysis of processes because of its parallel processing capacity, its ability to approach functional relations specifically 
the non linear ones and its implementation easiness. In order that a neural network is able to catch the dynamics of a 
system, it must be temporal and for this it must possess memory. There are two ways to place memory in a network: 
considering delays in the time in the neurons inputs or considering feedback connections. Therefore, systems that 
possess complex dynamics can be identified by neural networks with appropriate input delays in the time and with 
feedback connections (Sparks, 1998). 
 
2.1. Feedforward Neural Networks 

 
A feedforward neural network is constituted by processing units called nodes or neurons, since their functioning is 

similar to the neurons of the living beings. The commonest neuron model is the perceptron, in which the input signals 
are multiplied by the weights (which are a measure of the importance of the connections in the network) and added. 
Then this result is compared with the bias (or threshold) value, resulting in the activation potential to which is applied 
an activation function that produces the neuron output. Among the most useful activation functions are the sigmoid 
ones, for example the hyperbolic tangent. 

The neuron links make a great network, being its main characteristic the parallel and distributed processing ability 
as already mentioned. 

An artificial neural network can have only one layer or multiple layers of neurons, as the example shown in Fig. (1) 
and the signals can be spread out in only one direction or can also fed back the input layer or another intermediate one. 

Various algorithms exist to train a neural network, however one of the most used is backpropagation one, which 
follows the paradigm of supervised learning, in which the neural network must reproduce a output generated by the 
supervisor, for a certain input (Crivelaro, 1999). Usually, the network inputs and outputs are normalized and defined in 
a closed interval [0,1] or [-1,1] (Haykin, 1994). This algorithm appeared with the introduction of the multilayer 
perceptron. Its main characteristic is the method of reducing the error (difference between the desired signal and the 
signal generated by the network) by backward propagating the error signal (method of the delta rule), during the 
iterations, that define the learning time. In this algorithm, the learning tax parameter specifies the way the weights must 
be corrected when an error exists. When the quadratic sum of all network errors reaches a global minimum, one can say 
that the network is trained. Therefore, training is an iterative process, which must converge to a correct solution. 
However, during training, a period can exist where the process is unstable and does not converge, or converges to a 
wrong solution for being stopped in a local minimum. This problem can be solved by introducing random disturbances 
in the calculated corrections. 

Once trained, one can assume that the network stored the knowledge supplied to it. However, the knowledge in a 
neural network is not stored in a particular localization. It depends on its topology and the importance of the weights in 
the input layer. 

The generalization of an artificial neural network is the capacity to reproduce the desired signals for different input 
signals that have not been used during the network training, or either, that it is able to catch the dynamics of the system 
being emulated (Saravanan, 1994).  

 
2.2. Recurrent Neural Network 
 

Recurrent networks are neural networks with one or more feedback connections that can be of local or global 
nature. Feedback allows that the recurrent networks acquire state representations, what make them appropriate devices 
for different dynamic applications such as: forecast or modeling of non-linear systems, adaptive equalization of 
communication channels, control of industrial installations, diagnostic of automotive engines and processing of 
temporal signals as the voice signal (Haykin, 1994). 
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Figure 1. Scheme of a multilayer neural network  
 
Due to the beneficial effects of feedback, the recurrent neural networks can perform better in dynamic applications 

when compared to the networks with delay in the time without the mentioned feedbacks. This occurs, since the use of 
feedback has the potential to reduce significantly computer memory requirements. 
 
2.2.1. Types of Recurrent Neural Networks  
 

While there is only a general architecture of multilayer perceptron (MLP), various architectures of recurrent neural 
networks have been proposed by various groups of researchers (Tsoi, 1998). In this work, attention will be given to the 
recurrent neural networks that map input vectors into output vectors, since these architectures are generally used to 
identify temporal signals. 

 
2.2.1.1 NARX (Nonlinear Autoregressive with Exogenous Inputs) 
 

NARX network is related as non linear autoregressive model with external inputs (Lin et al., 1996). 
In this model of recurrent network the output feedback signal is delayed Mr times while the input signal presents Me 

delays. The delays of the input signals and feedback ones can be equal or not. 
The output of a NARX network is a function of the current external input with its Me previous inputs together with 

its Mr previous outputs as one can see in Eq.(1). 
 

)Mk(x),...,k(x);Mk(y),...,k(y(F)k(y er −−=+1                         (1) 
 
Model NARX encloses an important class of discrete time non linear systems (Leontaritis & Billings, 1985). In the 

context of neural networks, this model is discussed by Chen et al. (1990), Narendra & Partasarathy (1990), Lin et al. 
(1996) and Sieglemann et al. (1997). 

It was demonstrated that NARX model is well suitable for modeling non-linear systems as heat exchangers (Chen 
et al., 1990), served water treatment plants (Su & McAvoy,1991), non-linear oscillations associated with locomotion by 
multiple legs in biological systems (Venkataraman, 1994) and grammatical inference (Giles & Horne, 1994). 

NARX model is also referred to as Non-Linear Auto Regressive Moving Average (NARMA), with the moving 
average related to the inputs. 
 
3. The helicopter blade non-linear mathematical model 
 

3.1. Mathematical Modeling 
 

The blade studied here is modeled as a rotating cantilever beam with length R, undergoing the coupling motions of 
flapping, lead-lagging, axial stretching and torsion and it was based on Marques (1993). A pretwist angle θt  adopted in 
the model is considered null in the blade root and varying linearly through the span. It is also supposed that elastic and 
mass axes are noncoincidents. 

The main coordinate systems of the blade model are shown in Figure (2a) and (2b). Figure (2a) shows the main 
coordinate system x, y and z, that is fixed in the blade root with its origin in the intersection of blade root cross-section 
and elastic axis. When the blade is not deformed the x-axis is exactly coincident with the elastic axis. Figure (2a) also 
shows the deformed blade and elastic displacement u, v and w, in the x, y and z directions, respectively. Figure (2b) 



 
shows an arbitrary blade cross-section and its local coordinate system η and ζ. The torsional deflection φ, due to the 
blade deformation can also be seen. 

 

                        
                                             (a)                                                                                                     (b) 

Figure 2 – (a) Blade coordinate system and elastic displacement and (b) cross-sectional coordinate system. 
 

3.1.1. Strain and kinetic energy 
 
The strain energy, considering a rotating beam undergoing axial stress, shear in the lead-lagging plane and in the 

flapping plane, is given by: 
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where EA, EIy,  EIz and GJ are the axial, lead-lagging, flapping and torsional stiffness, respectively. The term Fc is the 
centrifugal effect and is a function of the mass (m) and the blade rotational speed (Ω): 
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To obtain the kinetic energy expression, the approach presented by Magari et al. (1988) is also used here. 
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where, 

dt
rdr  is the velocity vector of an arbitrary point in the blade cross-section. 

 
3.1.2. Aerodynamic Loading 
 
The steady aerodynamic approach was adopted to yield the expressions of lift (L), drag (D) and aerodynamic 

moment (M) in the hovering flight condition. Some simplifications were adopted. The first one is neglecting the induced 
velocity, which yields a free airflow velocity parallel to the y-axis. The small displacement consideration results in the 
assumption that the blade cross-section remains parallel to the yz plane. There is no coincidence between mass and 
elastic axes, but the aerodynamic center is taken at the same point of the elastic axis and cross-section intersection. The 
profile NACA 0015 was assumed; therefore the aerodynamic and the pressure center of the blade cross-section are the 
same. 

A blade element of dx length was taken and the corresponding load element was calculated. Considering that the 
blade elastic displacements in the free air flow and supposing an operational region of the blade angle of attack, an 
expression representing the aerodynamic loading results as follows: 
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where, e is the offset between elastic and mass axis; ρ

ar
 is the air mass density; c is the blade cross-section chord; θ

P
 is 

the command pitch angle; Θ
0
 is the nominal value of pitch angle in the operational region (10° in this work). 

Proper linearization can be achieved by supposing, for instance, small displacements and neglecting higher order 
terms. Nonetheless, it is desired to maintain some degree of nonlinearity. Here, mildly nonlinear effect can be attained 
by keeping coupling terms, in special, those relating the states and input variables. Such hypothesis provides a typical 
bilinear model representation of a dynamic system. A bilinear system is a nonlinear system representation that presents 
linear behavior of the states and linear behavior of the control inputs, but not linear when states and control inputs are 
considered coupled. Perhaps bilinear systems are the simplest class of non-linear systems (Marques, 1999). 

The blade mathematical model was developed applying the finite elements method, due to its efficiency and proven 
applicability in modeling flexible structures like helicopter blades. The final mathematical model results in the following 
equation of motion in matrix form: 
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Then the equation of motion can be conveniently transformed into state space representation, given by: 
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After grouping some terms to place the equation in the most traditional state space representation form, Eq. (8) is 

obtained:  
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where, ,  , , x is the states vector, u is the control inputs vector, A is the dynamic 
matrix, B is the control matrix and N is the bilinear couplings between states and inputs of control matrix, or either, the 
matrix of bilinear terms. 
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4. Simulation of the Model  
 

4.1. Blade simulation 
 

The models closest to real systems, such as the non-linear ones, do not possess direct solution. In this case, the 
usual procedure is to build a simulation model of the system to get its time responses by integrating the system motion 
equations (using, for example, Runge-Kutta methods). There are various simulation packages, such as Simulink® that 
can generate the once required responses for analysis in the time domain. 

In this work, Simulink® was used to simulate flapping and torsion at the blade tip which presented a good 
performance. In the beginning, there has been some problems due to simulation time, since the model was quite 
extensive. However, aiming optimization of the process, the blade was discretized using 5 finite elements, instead of 10 
elements, since another technique for non-linear model reduction would be difficult to immediately obtain. 
Comparisons between the simulation results of the two models (with 5 and 10 finite elements) have been made, and the 
conclusion was that there was no considerable loss of precision when considering only 5 finite elements. 

Figure (3) presents a block diagram developed under Simulink environment. 
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Figure 3. Block diagram used for simulation under Simulink environment 
 
 
 



 
  

4.2. Modeling of the blade by artificial neural networks 
 
Focusing the non-linear behaviour identification of a single-blade mathematical model of a helicopter under hover 

flight, two topologies of artificial neural networks have been trained. The mathematical model was represented in 
bilinear form, implemented and simulated in Matlab/Simulink environment. Firstly, a feedforward multilayer neural 
network with delays in the time was trained, being its structure presented in Fig. (4). 
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Figure 4. Feedforward multilayer neural network with delays in the time used to foresee the torsional and flapping 
motion values at the helicopter blade tip 

 
To train the network, the current and previous signals of the blade rotation, M, as well as 4 previous flapping and 

torsion signals, N, at the blade tip were used to estimate the flapping and torsion ones in the current instant (k). Eq. (9) 
shows a representation of the input vector containing the values of the rotation angle, the blade tip flapping and torsion 
at their respective instants of time. The instants α and β are random values for the training of the network and vary from 
M to 4000. 
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The input pattern for training is given by:  
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A recurrent NARX network, shown in the Fig (5) was also implemented. It can be observed that the output of a 
NARX network is a function of the current external input together with its previous inputs and outputs. The same data 
set, used to train the already shown above network with delays in the time, was used to train this one, adding N=4 
previous values (taken from the estimated ones) to the network input configuring in this way a recurrent network.  
 
5. Results 
 

To train the network with delays in the time, 800 standards have been used (Nt) each one containing 13 samples 
(rotation, flapping and torsion) and each standard was obtained from the matrix of inputs from an α variable randomly 
chosen between M and 4000. 
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Figure 5. Scheme of the recurrent NARX network used to foresee the torsional and flapping values at the helicopter 
blade tip. 

 
To verify the generalization of the network all the possible standards the inputs matrix can supply have been 

applied, i.e. Nt= 4000-M standards and in this case time sequentially ordered. Again, each standard contains 13 samples 
with information about the helicopter blade rotation angle, flapping and torsion. 

The sequence of the target values used for the network training can be represented as: 
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The presented results have been sufficiently satisfactory and in Fig. (6) some results of the generalization tests are 
presented. In Fig. (7), the results obtained by the recurrent neural network are presented. 
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Figure 6. Flapping and torsion results of the neural network with delays in the time generalization test. 
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Figure 7. Flapping and torsion results of the recurrent neural network generalization test. 
 
5.1. A qualitative analysis of the identification process 
 
5.1.1 Iterative maps 

 
According to Greenwood (1997), a dimension map is a function of the form:  
 

]M[xx (n)1)(n =+              (10) 
 

where x(n) is the value of x for time n. The sequence {x(0) x(1) x(2)...} is called orbit of x(n). x(n+1) can recursively be defined 
by the the map iteration for n values of time if x(0) is known, being able to be denoted by M n[x(0)] which can be 
calculated as follows:  

 
]]}...)xM[M(...{M[[x(0)]M (0)n

444 3444 21
 temposn

= .           (11) 

 
There are many types of orbits, such as the fixed point orbit which is one of the most important and must satisfy the 

condition x0=Mn[x(0)]. Another type of orbit is the periodic orbit. A periodic orbit of period p has points that repeat all 
iterations p. The set of points to which an arbitrary orbit eventually converges is called atrator. Atratores are called 
strange when they possess an intriguing geometry and not entire dimension. 

 
5.1.2 Return Maps 
 

A particularly simple example and for this reason one of the most two-dimensional maps used, is the Return Map. 
Given the data x(n) of any temporal series, x(n) is plotted against x(n+1). The evolution will show the richness and 
complicateness, or either, how much complex is the system behavior shown by the trajectory of the points with time 
passing. 

The Return maps of the two outputs considered in this work were plotted. Fig. (8) presents a comparison between 
the Return maps of flapping at the helicopter blade tip generated by simulation with, respectively, the results generated 
by the neural network with delays in the time and the recurrent one. In the same way, Fig. (9) presents the Return maps 
of the torsion results.  

One can observe that, either the maps plotted with the simulation results or the maps plotted with the results 
generated by the networks, are quite similar, what means that identification quality was good, i.e., the neural networks 
made a good identification. 
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Figure 8. Return maps built with the flapping results at the helicopter blade tip obtained from simulation and from 
networks emulations; the left map with results from the network with delays in the time and the right one with results 
from the recurrent network. 
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Figure 9. Return maps built with the torsion results at the helicopter blade tip obtained from simulation and from 
networks emulations; the left map with results from the network with delays in the time and the right one with results 
from the recurrent network. 
 
6. Conclusions  
 

This work has presented a specific application of artificial neural networks for fast and efficient identification of 
non-linear flexible dynamic systems. In particular, neural networks with delays in the time and recurrent ones, both with 
an intermediate layer of neurons, had been designed to approach the bilinear dynamics of a helicopter blade. 

After adequately trained, the neural networks supplied satisfactory approaches for both desired outputs, which are 
flapping and torsion at the helicopter blade tip, noting only that the recurrent neural network resulted in a better 
identification of the system. Some generalization tests have been carried out and the results were satisfactory, but to 
certify that the network identified well the system, the return maps with simulated and emulated results were plotted, 
having been verified the proximity of these, proving the satisfactory result of the identification process. 
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