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Abstract. A multi-layer finite element adapted to thick shell structures is presented. The
displacement components, which are linear by layer, allow a better representation of the
shear transverse effects. The validation of the model, based on the comparison with un first
order theory element, is made on an orthotropic square plate with different ply orientations
and different boundary conditions
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1. INTRODUCTION

The theory in which Kirchoff propose the null transverse shear, provide the mechanical
behaviour of isotropic thin shells. Nevertheless, when the structures are thick and/or multi-
layer in composite materials, the effect of the transverse shear become important and in this
case this classical theory is not adequate.

The transverse shear effect is taken into account in first order theories, Ahmad et al.,
(1970), Vlachoutsis, (1987) and in higher order theories, Reddy, (1984), Phan et al, (1985). In
fisrt order theories, the distribution of the transverse shear is constant through the thickness
and need a correction factor, whereas in higher order theories, the transverse shear is
parabolic, nevertheless it needs the introduction of additionals coefficients.

The purpose of this work is to propose a multi-layer shell element placed between the
first order teories and the higher order teories. The displacement fields in this case is linear by
layer  and defined by the extension of Mindlin’s theory over all layers away the neutral
surface. A model to prevent the damping defined from an energetic aproximation, Adams et
al, (1973) adapted to this multi-layer shell element is presented.

The contribution of this new formulation is shown in the comparison with the classical
theory of laminates where we search the frequencies and the associated modal damping. In
this study we use square plates of carbon/epoxy in two differents stacking of plies and two
different boundary conditions.



2. THE ELEMENT FORMULATION

Here we propose an 8 nodes quadrilateral element with a quadratic approximation, Fig.1.
The geometry of the element is defined as:
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The index i represents the points on the neutral surface. The interpolation functions
Ni(ξ,η) defined in the domain ξ [-1,1] and η[-1,1] are of the Serendip type. The variable ζ is
the linear coordinate in the thickness direction defined in the domain [-1,1]. The thickness of

the shell is h and the normal vector to the neutral surface 
i3V
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 is defined as follows:
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The cinematic of the element is associated with Mindlin, (1951), which defines the
displacement field by 3 translations ui, vi and wi in the global coordinates system
( , , , )o x y z

* * *

and 2 rotations αi and βi, around the unitary vectors 
*

V i1  and 
*

V i2 , orthogonals and
tangent to the neutral surface of the element, associated with node i, Fig. 1.

Figure 1- Multi-layer shell element

In the case of multi-layer shell, the cinematic formulation is generalised by a pair of
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symetric layers localised at the ka position in relation to the neutral surface for the addition of
ks rotations αi and βi, Fig. 2. Thus, the displacement fields, with a 2k+3 degree of freedom
(dof) per node, is:
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where nl is total number of layers. In the constitutive relationship of the material, the normal
stress at the neutral surface σ33 is negligeable and the shear modulus G13 and G23 can be
affected by a correction factor as proposed by Reissner (1945) and Mindlin (1951). In this
work, the transverse shear is corrected by a k = 1.2.
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Figure 2 - The displacement fields for a symetric shell

Each layer can be arbitrarily disposed with an angle of fiber θ in relation to x’ axis in the
local coordinate system ( , , , ), , ,o x y z

* * *

. The transformation matrix [Tθ] is used to translate the
constitutive matrix [C] from the orthotropic axes (1,2,3) to the local coordinate system,
Pereira (1996):

[ ] [ ] [ ][ ]θθ= TCTC t'                                                                                                                                     (4)

The stiffiness matrix is determined from the strain energy of the layer k:

[ ]{ } ζηξεε= ∫ ∫ ∫
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where |J| is the determinant of the jacobian matrix. The strain vectors 'ε  measured in the

local coordinate system ( , , , ), , ,o x y z
* * *

 is:

yz
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'' ,,,, εεεεε=ε                                                                                            (6)

The [B’] matrix shown in [3] relates the displacements to the strains by Eq. (7):



{ } [ ] { }δ=ε '' B                                                                                                                      (7)

where {δ} is the nodal displacement vector of the shell element with 8 nodes and 2k+3 dofs
per node:

kkkk 881188111 ,,,,,,,,,w,v,u βαβαβα=δ ���                                                             (8)

Finally, the stiffiness matrix of the layer k is:

[ ] [ ] [ ][ ] ζηξ= ∫ ∫ ∫
− − −

dddJ'B'C'BK
t1
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The expression of the cinetic energy of the layer k is given by Eq. (10):
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where ρ is the volumetric mass of the material of the layer k. The [Li] matrix relates the global
displacements to the nodal displacements as follows:

{ } [ ][ ] t
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Thus, the mass matrix of the layer k is:

[ ] [ ] [ ] ζηξρ= ∫ ∫ ∫
− − −

dddJLLM t
1
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k                                                                                      (12)

The natural frequencies ωi and the associated modes φi are the solutions of the eigenvalue
problem of the conservative system:

[ ] [ ][ ]{ } { }0MK 2 =δω−                                                                                        (13)

where [M] is the global mass matrix, [K] is the global stiffiness matrix and {δ} is the nodal
displacement vector.

The integration of the matrices in the space (ξ, η, ζ)  are done numerically with a 2 x 2
points of Gauss in the plane and 2 point of Gauss in the thickness direction for each layer.

3. THE DAMPED ELEMENT MODEL FOR MULTI-LAYER SHELL

In the prediction of the multi-layer damping shell structure the model proposed by Adams
(1973) is used, in which just the in-plane dissipated energy is considered. In this model the
materials are supposed to be linear viscoelastic and the loading of the structures are in the
harmonic state. Thus, the specific damping capacity is defined as:



U

U∆=ψ                                                                                                                        (14)

Using Eq. (5) and from the definition of specific damping capacity in Eq. (14), the
dissipated energy of the layer k is:

[ ] [ ][ ][ ] { } ζηξεψε=∆ θ
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Using the same procedure to obtain the stiffness matrix earlier, the damped matrix of the
layer k calculated in the local coordinate system is:

[ ] [ ] [ ] [ ][ ][ ][ ] ςηξψ= θ
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Finaly, the damping capacity ψi for the mode φi is obtained by the expression:

[ ] { }

[ ] { }
∑

∑

∑

φ




φ

φ




φ

=ψ
ne

i
i

nl

k
i

i

nl

k
ai

i

K

K

                                                                                              (17)

where ne is the total number of elements.

4. COMPARISION AND CONCLUSION

In this section, we show the evolution of the damping in multi-layer plates of
carbon/epoxy on two differents boundaries conditions: free on all sides and clamped on all
sides; with the following stacking plies orders: [0°,+θ°,+θ°,0°] and [0°,+θ°,0°,0°,+θ°,0°]. The
parameter θ, the orientation of the fiber, range from 0° to 90°. The first three natural
frequencies and their associated modal damping, are examinated. The dimensions of the
plates are 200 mm x 200 mm and the thickness is 2 mm for the first stacking ply and 3 mm
for the second stacking plies. The mechanical properties of the carbon/epoxy are: E1 = 172.7
GPa, E2 = 7.2 GPa, G12 = 3.76 GPa, G23 = 2.77 GPa, ν12 = 0.3, ρ = 1566 kg/m3 and their
specific damping capacity are: ψ11 = 0.45, ψ22 = 4.22 et  ψ44 = 7.05. In the comparison with
this new formulation, it is used a first order element proposed by Pereira (1999). In figures
below the continus line representes the new formulation and the dotted lines representes the
element proposed by Pereira (1999).

Case 1: Free on all sides.

a- Laminate orientation [0°, +θ°, +θ°, 0°]
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Figure 3 - Natural frequencies (a) and their modal damping associated (b)

b- Laminate orientation [0°, +θ°, 0°, 0°, +θ°, 0°]
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Figure 4 - Natural frequencies (a) and their modal damping associated (b)

Case 2: Clamped on all sides.

c- Laminate orientation [0°, +θ°, +θ°, 0°]
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Figure 5 - Natural frequencies (a) and their modal damping associated (b)

d- Laminate orientation [0°, +θ°, 0°, 0°, +θ°, 0°]

0
200
400
600
800

1000
1200
1400
1600
1800
2000
2200
2400

0 10 20 30 40 50 60 70 80 90

1 mode

2 mode

3 mode

1 mode

2 mode

3 mode

 (a)

0

1

2

3

4

5

6

0 10 20 30 40 50 60 70 80 90

1 mode

2 mode

3 mode

1 mode

2 mode

3 mode

 (b)
Figure 6 - Natural frequencies (a) and their modal damping associated (b)

The comparition between the classical theory laminates and the multi-layer finite element
presented underline the transverse shear effect in differents stacking plies and differents
boudary conditions. With the first boundary condition, this effect is not so appreciable, but
with the second boundary condition the transverse shear effect is more pronounced than the
first one. This can be noted in the frequencies and their associated modal damping. In certain
stacking plies the error can be up to 35 % on the frequencies and 20 % on the modal damping.

REFERENCES

Adams, R. D., & Bacon, D. G. C., Effect of fibre orientation and laminated geometry on the
dynamic properties of CFRP. Journal of Composite Materials, Oct. 1973, Vol. 7, p. 402-
428.

Ahmad, S., Irons, B.M. et Zienkiewicz, O.C., 1970, Analysis of thick and thin shell structures
by curved finite elements. International Journal for Numerical Methods in Engineering,
Vol. 2, p. 419-451.

  θ   θ

  θ   θ

f 
(h

z)
f 

(h
z)

ψ
 (

%
)

ψ
 (

%
)



Mindlin, R.D., 1951, Influence of rotatory inertia and shear on flexural motions of isotropic,
elastic, plates. Journal of Applied Mechanics, Vol. 18, p. 31-38.

Pereira, J. C., 1996, Contribution à l’Etude du Comportement Mécanique des Structures en
Matériaux Composites - Caractéristiques Homogeneisées de Poutres Composites -
Comportement Dynamique de Coques Composites. Thése Doct. Ing.: Institut National
des Sciences Appliquées de Lyon, 115p.

Pereira, J. C., 1999, The effect of the fibre orientation on the dynamic behaviour of multi-
layer plates, 15th Brazilian Congress of Mechanical Engineering, Águas de Lindóia. (a
aparecer).

Phan, N. D. & Reddy, J. N., 1985, Analysis of laminated composited plates using a higher-
order deformation theory. International Journal for Numerical Methods in Engineering,
Vol. 21, p. 2201-2219.

Reddy, J. N., 1984, A simple higher-order theory for laminated composite plates. Journal of
Applied Mechanics, Dec., Vol. 51, p. 745-752.

Reissner, E., The effect of transverse shear deformations on the bending of elastic plates.
Journal of Applied Mechanics, 1945, Vol. 12, p. A69-A77.

Vlachoutsis, S., 1987, Eléments finis tridimensionnels dégénères de coques avec intégration
explicite dans l'épaisseur. Thèse Doct. Ing.: L'Ecole Nationale Supérieure de
L'Aéronautique et de l'Espace, Toulouse, 283 p.


