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ABSTRACT

A higher order crystal plasticity formulation, where displacements and crystal slips are independent variables, is
proposed here to simulate the behavior of the nano-indentation of single crystals. Higher order boundary conditions are
also considered. The effect of geometrically necessary dislocations is taken into account considering an energetic harden-
ing. An artificial viscous effect is introduced in a way that the methodology is able to simulate, in the limit, rate dependent
and rate independent constitutive laws. The methodology is implemented within a finite element context. Attention is
restricted to two-dimensional cases. Slip system rotations are neglected. Analyses of the indentation considering up to
three active slip systems are carried out considering rigid indenters. When higher order terms are taken into account, a
size dependent hardness emerges. A comparison with experiments indicates the most appropriate higher order boundary
condition for indentation.

Keywords: Dislocation, crystal plasticity, finite element.

1 INTRODUCTION

The consideration of the effects of geometrically necessary dislocations (GNDs) [1, 2] gives
rise to a material response that is size dependent, as observed in experiments [3, 4, 5]. Nonlocal
crystal plasticity theories that take into account these dislocations have been proposed in the last few
years. These theories can be broadly separated in two categories: those that consider higher order
boundary conditions [6, 7, 8, 9, 10, 11] and those that do not [12, 13, 14]. The first category of theories
will be called here simply as higher order and the second, lower order. While lower order theories
are much simpler to implement in an existing conventional plasticity code, in some cases, such as
the development of boundary layers [15], these theories fail to reproduce material behavior. On the
other side, higher order theories may introduce numerical problems that are not solved completely so
far and difficulties to regard boundary conditions. Despite these difficulties, examples of numerical
applications in a finite element context can be found in the literature [16, 17, 18, 19, 20], but are
in general less disseminated than applications to lower order theories. Besides, in all these cases,
applications are restricted to relatively simple boundary conditions and/or less than three active slip
systems.

In order to take into account higher order boundary conditions, additional degrees of freedom
should be considered. This constraint leads to mixed formulations, which is the focus of the present
work. As here the theory of Gurtin [7] is followed, crystal slips are considered independent variables,
besides displacements.
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Constitutive laws for crystal plasticity can be rate dependent or not. In the case of rate indepen-
dent plasticity, uniqueness concerns were raised in the past [21, 22], which lead the consideration of
material rate sensitivity by Pierce et al. [23], eliminating the problems. Also, rate independent formu-
lations have been recently addressed in alternative ways [24, 25] in order to deal with the uniqueness
issue. However, all these studies are based on the classic framework, where displacements are the
only independent variable.

In the present work, some numerical difficulties inherent to mixed formulations, including
uniqueness and locking issues, are tackled considering multiple slip systems. In particular, the rate
independent crystal plasticity presented by Bittencourt et al. [16] is revised. One fundamental change
in the formulation presented here is related to elastic points. It is proposed the introduction of an
artificial viscous effect for these points, in a way similar to rate dependent formulations. The result
is a formulation that, in the limit, can be seen as rate dependent or rate independent depending on the
value of the artificial viscosity. In addition, non-trivial applications of the formulation to plain strain
wedge indentation are explored.

At first, the mixed crystal plasticity theory proposed by Gurtin [7], where slips are indepen-
dent variables, is outlined (Section 2). The theory is here restricted to plain strain, rate independent
plasticity and slip system rotations are neglected. Dissipative hardening is related to the density of
statistically distributed dislocations and kinematic hardening is related to the density of GNDs. The
discretization of the theory within a finite element framework is described in Section 3. Application
of the theory to solve indentation cases is presented in Section 4. The measured hardness by the
simulation is shown and compared with expected results. Different higher order boundary conditions
are also discussed. Finally, Section 5 contains the conclusions of this work.

2 CRYSTAL PLASTICITY FORMULATION

The calculations are based on the higher order gradient crystal plasticity theory of Gurtin [7]
which is briefly described here. Attention is confined to plane strain. The gradient of the displacement
vector, ui,j , is written as the sum of an elastic ueij and a plastic upij part. The plastic part occurs by
crystallographic slip on a set of slip planes. With s(β)i and m(β)

i unit vectors specifying the slip direc-
tion and the slip plane normal, respectively, for slip on a system β, the plastic part of the displacement
gradient is given by

upij =
∑
β

γ(β)s
(β)
i m

(β)
j (1)

with γ(β) the total slip on the system β. Greek superscripts, with no summation convention, are used
to label the slip systems. Slip system directions are considered fixed throughout calculations. It is
assumed also that plastic strains do not produce volume change and elastic strains are isotropic and
infinitesimal.

With body forces neglected, the principle of virtual work can be written as∫
B

[
σijδui,j +

∑
β

(
π(β) − τ (β)

)
δγ(β) +

∑
β

ξ
(β)
i δγ

(β)
,i

]
dV =

∫
∂Bq

∑
β

q(β)δγ(β)dA+

∫
∂Bt

tiδuidA. (2)

Here, ti = σijnj , q(β) = ξ
(β)
i ni where ni is the surface normal, ∂Bt is the part of the boundary on
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which ti is prescribed, ∂Bq is the part of the boundary on which q(β) is prescribed and

τ (β) = P
(β)
ij σij , P

(β)
ij =

1

2

(
s
(β)
i m

(β)
j + s

(β)
j m

(β)
i

)
. (3)

The quantities π(β) and ξ(β)i are specified through constitutive relations. The macro boundary condi-
tions are that at each point on the boundary either ti or ui is prescribed and the corresponding micro
boundary conditions are that either q(β) or γ(β) is prescribed.

Since Eq. (2) holds for independent variations in δui and δγ(β), the principle of virtual work
can be separated in two parts as ∫

B

σijδui,jdV =

∫
∂Bt

tiδuidA (4)

and ∫
B

[∑
β

(
π(β) − τ (β)

)
δγ(β) +

∑
β

ξ
(β)
i δγ

(β)
,i

]
dV =

∫
∂Bq

∑
β

q(β)δγ(β)dA (5)

which form the basis of the finite element formulation. The microforce part, Eq. (5) only applies
during plastic flow, γ̇(β) > 0. Corresponding classical balance and microforce balance are:

σij,j = 0 (6)

and
π(β) − τ (β) − ξ(β)i,i = 0. (7)

The stress σij is given in the rate form

σ̇ij = Cijklu̇k,l − Cijkl
∑
α

γ̇(α)P
(α)
kl (8)

with (˙) = ∂()/∂t, where t is time.
Attention is focused on rate independent material behavior and cases where the GNDs only

affect the energetic hardening. Taking

π(β) = σ(β)sgnγ̇(β) (9)

with σ(β) having the initial value σ0 for all β and evolving as

σ̇(β) =
∑
α

h(βα)|γ̇(α)| h(αβ) = qH0 + (1− q)H0δαβ (10)

where H0 is the hardening modulus and q is the latent hardening ratio. The relation (9) applies only
when there is flow on slip system β, i.e. when γ̇(β) 6= 0.

The micro-stress ξ(β)i is taken to be given by

ξ
(β)
i = `2σ0eipqm

(β)
p αrqs

(β)
r , (11)

where eipq is the alternating tensor and αij is the Nye dislocation density tensor [1]. As here attention
is confined to plane strain calculations, s(β)3 = 0 and m(β)

3 = 0 for all slip systems, the non-vanishing
terms of αij can be defined as [3]:

αi3 =
∑
β

s
(β)
i γ

(β)
,j s

(β)
j (i = 1, 2). (12)
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From orthogonality relation s(β)i m
(β)
i = 0, (11) reduces to

ξ
(β)
i = `2σ0s

(β)
i

∑
κ

s(β)n s(κ)n γ
(κ)
,j s

(κ)
j . (13)

The response is elastic when
|τ (β) + ξ

(β)
i,i | < σ(β). (14)

In this case, microforce virtual work (5) is satisfied automatically. This assumption introduces nu-
merical problems, as discussed below.

3 NUMERICAL METHOD

In the nonlocal theory used here, the microforce relation is a global relation whereas in the con-
ventional crystal plasticity it is a local relation, which requires using an entirely different numerical
approach from that in a local theory. As slips are independent variables of the problem, their values
are calculated from the global microforce balance equation (5).

To perform the spatial integration of Eqs. (4) and (5), the same isoparametric finite elements
for both equations are used. In each finite element, ui and γ(α) are related to nodal values of displace-
ments Ui and slips Γ(α) by

ui =
N∑
K=1

ΦKUK
i γ(α) =

N∑
K=1

ΦKΓ(α),K , (15)

where N is the number of nodes per finite element and Φ is the interpolation function. (Uppercase
superscripts, with no summation convention, are used to label finite element nodes.)

Eliminating virtual displacements and slips from Eqs. (4) and (5), for a node K of a represen-
tative finite element,

RK
i =

∫
Be

σ̇ijΦ
K
,j dV −

∫
∂Be

t

ṫiΦ
KdA = 0 (16)

and
rK,(β) =

∫
Be

[ (
π̇(β) − τ̇ (β)

)
ΦK + ξ̇

(β)
i ΦK

,i

]
dV −

∫
∂Be

q

q̇(β)ΦKdA = 0. (17)

After assembly, it is obtained the global relations R = 0 and r = 0. An iterative method is used to
solve the global equations. The process has two steps that are repeated recursively until convergence.
In the first, Eq. (16) is expanded to lowest order considering slips blocked:

R(i) +
∂R
∂U̇

∣∣∣∣
(i)

(U̇(i+1) − U̇(i)) = 0. (18)

In the second, Eq. (17) is expanded to lowest order considering displacements blocked:

r(i) +
∂r
∂Γ̇

∣∣∣∣
(i)

(Γ̇(i+1) − Γ̇(i)) = 0. (19)

Here, U̇ and Γ̇ are the global displacement rate and slip rate vectors, respectively. The subscripts
refer to the iteration number. The matrix ∂R/∂U̇ is the standard elastic stiffness matrix and ∂r/∂Γ̇ is
the microforce stiffness matrix.
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The solution at time t is assumed known. To obtain the solution at time t + dt, an increment
of loading is prescribed and the values of U̇(t) and Γ̇(t) are identified with U̇(i) and Γ̇(i). From the
solution to Eqs. (18) and (19), which are a set of linear equations for the rate quantities U̇(i+1) and
Γ̇(i+1), the values of all field quantities at iteration i+ 1 can be calculated. The value of the L2 norm
of the residuals, ‖R‖ and ‖r‖ are calculated. If these are greater than a relative tolerance of 10−3, the
updated field quantities are used as the new estimate for the state at time t + dt and the process is
repeated until the specified tolerance is met.

3.1 Definition of an artificial viscous effect

If a Gauss point is elastic, it will not contribute to integration of Eq. (5). The result is a
corresponding micro-stiffness matrix that can be ill-conditioned or singular. In order to avoid this
problem, in this work is considered that Eq. (5) is always valid, with a slip resistance π(β) that
follows the definition in (9). h(βα) is defined as:

h(βα) = k δβα (20)

and σ0 = 0.
The slip rates computed for elastic points are not used to update the stress at these points; the

stress update is elastic.
It is worth emphasizing that the method proposed here is basically a mixed method that uses

what could be viewed as an artificial viscosity in the microforce virtual work to obtain a unique set of
slips. In fact, this mixed formulation can be used for local crystal plasticity as well as for the higher
order theory on which attention here is mainly focused.

In the present formulation constitutive equations are only satisfied in average, or when Eq.
(5) is satisfied. There is not guarantee that corresponding microforce balance at integration points
(Eq. 7) are satisfied exactly. The behavior is problem dependent and also depends on aspects of the
numerical procedure such as the equation solver and the numerical precision involved. In order to
explore the feasibility of this approach, some simple problems were analyzed for crystals with one,
two or three slip systems. When one or two slip systems are activated, Eq. (7) is satisfied using low
values of k (k < H0). If three slip systems are activated, the use of such low values of k leads to
ill-conditioned stiffness matrices and unstable solutions. If large values of k are used (k > 105H0),
solution presents numerical locking and Eq. (7) exhibits a substantial error, even if globally error is
acceptable. The effect of locking is more important with three active slip systems but also occurs for
one or two active systems. In all cases, the possibility of convergence and the number of iterations
to achieve equilibrium depends on the value of k used. While iterations continue until the minimal
relative tolerance for ‖R‖ and ‖r‖ is attained, this level of accuracy is not the same in general when
considering Eq. (7).

Eight node isoparametric biquadratic elements with serendipity interpolation functions are
used. Within each element integration uses 3x3 Gauss points. Elements, interpolation functions
and integration are the same for slips and displacements. It is possible that, analogous to approaches
used for locking due to incompressibility, using different polynomials to interpolate slips and dis-
placements could eliminate locking of slips, but this possibility is not pursued here. Equation system
is solved by Gauss elimination direct method [28].

In order to explore the efficacy of this numerical method in a non-trivial context the wedge
indentation of single crystals is analyzed.
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4 NUMERICAL EXPERIMENTATION

The boundary-value problem of wedge indentation of a single crystal is illustrated in Fig. 1.
The depth of indentation is denoted h and the nominal contact area is aN = 2h/ tanφ, where φ is the
indenter angle relative to the indented surface. The nominal hardness is HN = F/aN , where F is the
applied force per unit thickness of the indenter. The contact area accounting for pile-up or sink-in is
denoted a and is measured from the indenter tip to the furthest point in contact with the indenter (the
end-to-end contact area). The “true” hardness is defined as H = F/a.

Perfect sticking is assumed between the crystal and the indenter. Symmetry about the indenter
tip is assumed so that u1 = 0 on x1 = L and u2 = 0 on x2 = 0. Attention is confined to small values
of the indentation depths h to minimize the effects of external boundaries.

a/2

a
N
/2

h

L

2L
x
1

x
2

(a)

(b)

φ

Figure 1: (a) Sketch of the boundary-value problem in the indentation of a single crystal. (b) Detail
of the contact zone showing definition of the areas aN and a.

A 29×29 finite element quadrilateral mesh is used in all the calculations. Slips are concentrated
in a refined region of approximately 12× 12 elements. These elements present a size ratio that is not
larger than 2:1, being the smaller size approximately L/600.

Analyses are carried out for two cases. In the first, an indenter with φ = 40◦ and a sharp tip is
taken into account. In the second, an indenter with φ = 45◦ and a rounded tip with a 1 µm radius is
used. The two materials defined in Table 1 are considered. All slip systems have the initial strength
σ0. Properties for material 1 and 2 are approximately representative of the aluminum and nickel,
respectively.

The numerical parameter k is fixed at k/H0 = 103 for all calculations.
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Table 1: Material properties (slip system angles are measured relative to the x1−axis).

material slip system orientations G (MPa) G/H0 ν σ0 (MPa) q
1 (60◦/120◦/0◦) 26120 373 0.34 100 1.4
2 (54.7◦/0◦/125.3◦) 76220 254 0.312 175 1.4

4.1 Sharp tip indenter

Different characteristic lengths (`) (see Eq. (11)) are tested in this case. Two higher order
boundary conditions are introduced: a condition of the form γ(β) = 0 is referred to as a micro-
clamped boundary condition and a condition of the form q(β) = 0 is termed micro-free.

When the crystal boundary is known a priori, application of the micro-clamped boundary con-
dition is straightforward. In the present case however, boundary with the indenter depends on the
contact evolution. The micro-clamped boundary condition must be applied only when contact is de-
tected. A penalty method is used here to impose the micro boundary condition in a similar way the
contact condition is imposed [31]. At points of the boundary where contact is detected, q(β) assumes
the value:

q(β) =
1

χ
γ(β) (21)

where χ is a small positive value. Replacing Eq. (21) into Eq. (17) it can be seen that q(β) introduces
a contribution (1/χ) for the microforce stiffness matrix at the corresponding finite element in contact.
Then the micro-clamped boundary condition is satisfied as long as χ is close to zero.

Due to the greater hardening induced by nonlocal terms, a greater sink-in of the indenter occurs.
This fact is also observed in discrete dislocation calculations in Balint et al. [32]. In fact, the sink-in
correction of the area calculation, as shown in Fig. 1, can be inaccurate. Depending on the higher
order boundary condition imposed, contact area is not continuous at the indenter-crystal interface,
as seen in Fig. 2. In this figure, details of the finite element boundary in the contact area, for two
different depths of indentation, are shown. Also two different values of the characteristic length ` are
considered. In the figure ` is parameterized by the characteristic length of the finite element mesh (c).
This parameterization is necessary in order to render results mesh independent. Micro-clamped and
micro-free boundary conditions are considered. In the first case, when only one node is in contact,
the crystal surface tends to deform less around the node, since γ is prescribed to be zero in all slip
systems of it, creating a curvature (concave down) around the tip and a gap between indenter and
crystal. The phenomenon is restricted to the finite element in contact with the indenter tip. If the
characteristic length is increased, the effect tends to be larger, as seen in Fig. 2, however still confined
to only one finite element. This observation can be an indication that the effect is, in fact, only a mesh
effect. Then a inflection point is observed and a curvature with different sign (concave up) evolve. In
the `/c = 24 case, the inflection point is likely to form again away from the tip (deeper indentation,
Fig. 2), changing again the sign of the curvature. Therefore, the area used here to calculate hardness
for the micro-clamped boundary condition is actually largely overestimated, especially at shallow
indentations. This phenomenon does not occur for micro-free boundary conditions and therefore
could not be captured by lower order theories.

In Fig. 3(a),(b) are shown the evolution of H/σ0 as a function of the relation h/` for micro-
clamped and micro-free boundary conditions, respectively. Different values of ` are considered, for a
fixed mesh spacing c. Local case is also shown in Fig. 3 (in this case, ` is chosen an arbitrary value). It
is observed that, contrary to the local case and despite some scattering, hardness is basically a function
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(m
m
)

1E05

5E06

0

l/c=2, microclamped

l/c=24, microclamped

l/c=2, microfree

indenter

Figure 2: Evolution of the crystal boundary at the contact region, for micro-free boundary condition
and micro-clamped boundary condition.

of h/`, the only relevant length scales involved in the model. Qualitatively, the results shown here
reproduce the behavior obtained experimentally [33], numerically [34] and also by analytical models
[35, 37]. In particular, in the model outlined by Nix and Gao [35], hardness can be estimated as:

H

Hi

=

√
1 +

h∗

h
(22)

where Hi and h∗ are constants of the model. The first corresponds to the hardness in the limit of
infinite depth (local hardness) and the second is a function of the material and indenter angle φ. The
dependence on the square-root originates from the Taylor hardening assumption made by Nix and
Gao [35], where the flow strength is a function of the square-root of the dislocation density. The
characteristic length h∗ should not be misinterpreted as the characteristic length used in the nonlocal
calculations (`), which depends solely on the material. Plots of the Eq. (22) are also included in
Fig. 3(a),(b), where h∗ is considered as 0.9` (micro-clamped) or 0.7` (micro-free), both obtained by
curve fitting with all numerical results.

Finally, it is important to point out that the size effect observed in indentation is directly linked
to the density of GNDs and can be captured regardless the presence of higher order terms, as shown
by Nix and Gao [35]. For instance, the effect is captured by Lee and Chen [36], where a lower order
theory is applied to the indentation of a single crystal with multiple active slip systems. However,
higher order terms can lead to different distributions of the density of GNDs, as discussed below. In
addition, the consideration of these terms can change the behavior on the unloading of the indenter,
when compared to lower order theories, but this aspect is not explored in the present work.
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Figure 3: Hardness (H/σ0) as a function of the ratio (h/`) for different length scales (`) considering
(a) micro-clamped boundary condition and (b) micro-free boundary condition. Analytical solution
by Nix and Gao [35] and local solution are also included. Material 1.

4.2 Rounded tip indenter

In order to investigate further the effect of higher order boundary conditions, an analysis mod-
eling the situation experimentally studied by Kysar et al. [30] is carried out. In this case, indenter
has an angle α = 45◦ with a round tip with radius r = 1µm. Material 2 (Table 1) is used in the
calculations.

In this example, Kysar et al. [30] calculate the Nye dislocation density tensor αij based on
experimentally measured crystal rotations. The method is based on the relation of αij with the crystal
lattice curvature tensor κji [38], defined as κji = ∂ωj/∂xi, where ωj is the lattice rotations about
j−axis. In the plane case considered, neglecting gradients of elastic strains, the non-vanishing terms
of the Nye tensor are αi3 = −κ3i, with i = 1, 2. Considering the component α13, Kysar et al. [30]
show that the largest magnitude of α13 occurs at the symmetry line, where the lattice rotation has an
abrupt change in sign. This effect is also predicted by continuum crystal plasticity in Bouvier and
Needleman [29] and by the discrete dislocation calculations in Balint et al. [32]. The result is a zone
in which α13 is predominantly positive (negative curvature of the lattice). This region is flanked by
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negative values of α13 which in turn are flanked by positive values, further away from the symmetry
line. These changes in sign are related to inflection points in the lattice curvature.

Figure 4 shows the computed distribution of α13 of the Nye tensor calculated from Eq. (12) for
the two higher order boundary conditions considered (`/c = 3.7 and k/H0 = 5x103). Figure 4(a)
shows the distribution for the micro-free boundary condition and Fig. 4(b) shows the distribution for
the micro-clamped boundary condition. Neither of these boundary conditions reproduce the activity
at the symmetry line found by Kysar et al. [30]. This may be a consequence of neglecting crystal
rotation effects. Nevertheless, the calculations with both higher order boundary conditions are able
to qualitatively reproduce the development of the other regions. In the case of the micro-clamped
boundary condition at the indenter-crystal interface, however, a zone with strong positive values
of α13 is seen in most of the contact region. One possible explanation is the warp created by the
micro-clamped boundary condition at the contact interface, as seen in Fig. 2. This behavior is in
disagreement with the observations by Kysar et al. [30] and is not a trend observed in the case of
micro-free boundary condition either.

(m
m
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0
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3000

2500
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1500
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1500
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2500

3000

α
13
(mm

1
)

(a) (b)

Figure 4: Contours of the Nye tensor component α13 for two different high order boundary condi-
tions: Micro-free (a) and micro-clamped (b). Material 2.

In the plain strain cases considered, the Nye tensor is equal to the net Burgers vector per unit
area [3] and can be a associated to the density of GNDs. Fig. 5 shows contours of the L2 norm of αi3,
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with i = 1, 2. While the distribution of GNDs in the micro-free boundary condition case, Fig. 5(a), is
diffused below contact area without any discerning pattern, in the micro-clamped boundary condition
case, Fig. 5 (b), a zone of intense development of GNDs near the contact zone is seen. The latter case
presents a behavior inconsistent with results obtained by Kysar et al. [30] which suggests that the
micro-clamped boundary condition may not be an appropriate higher order boundary condition for
indentation.
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Figure 5: Contours of the Norm of the Nye tensor αi3, where i = 1, 2, for two different high order
boundary conditions: Micro-free (a) and micro-clamped (b). Material 2.

5 CONCLUDING REMARKS

The approach proposed here considers, as for the rate dependent cases, all points contributing
to the microforce balance and, as for the rate independent case, slips in the constitutive relation only
for elastic points. A numerical parameter k is introduced to restrict or penalize slips at elastic points.
Regarding numerical behavior of the algorithm, the following conclusions can be made:

• The value of k is important on the solution when the elastic and plastic behavior are occurring
concomitantly in the domain.
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• For k tending to zero, the developed model tends to behave as a pure rate independent solution.
Stiffness matrices in this case tend to be non-positive definite.

• If the behavior is totally plastic, the discussion about k becomes irrelevant. Depending on
crystal properties and deformation gradient imposed by boundary conditions, solution may be
impossible or unstable, at least for the system solver used in this study.

Despite these numerical difficulties, it was possible to solve wedge indentation problems. Com-
parisons with other models and with measured data, when possible, presented a good match. Consid-
ering the influence of higher order terms, it is concluded that:

• It was possible to capture size effects in the indentation problem considering a situation where
GNDs only affect kinematic hardening. Behavior obtained follows the model developed by
Nix and Gao [35].

• Results suggest that micro-free boundary conditions are more suitable than micro-clamped
higher order boundary conditions to model the indenter-crystal interface, when comparing dis-
tribution of GNDs [30]. This is only a preliminary conclusion based on the simplified model
used in this study, where slip rotations are not considered.
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