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Spectral Eddy-Viscosity Based LES 
of Shear and Rotating Flows 

Marcel Lesieur , Frank Delcayre , Eric Lamballais2 , and Jorge Silvestrini 

LEGI-IMG, B.P. 53, 38041 Grenoble Cedex 09, FRANCE 
2 Universite de Poitiers, CEAT, 86793 Poitiers, FRANCE 

Abstract. We present the eddy-viscosity concept in Fourier space. For large-eddy 
simulations (LES) of isotropic turbulence, EDQNM eddy coefficients are compared 
with those obtained through a double filtering in spectral space. Afterwards, we 
present the spectral-dynamic model, which accounts for cutoff spectra not following 
Kolmogorov's law, It is applied with success to a temporal mixing layer and a plane 
channel. In the latter case, we show how the pressure pdf goes from a symmetric 
shape at the wall to a very skewed distribution in the channel centre, remembering 
the pdf's observed in isotropic turbulence and mixing layers. 

For flows in complex geometries, we employ the filtered structure-function 
model, or the selective structure-function model. The first is applied to a spa
tial mixing layer, and the second to a backward-facing step. In the latter case, we 
discuss vortex identification with the aid of the Q-criterion. 

The last application concerns incompressible rotating shear layers, very im
portant for turbomachinery and GFD applications: we show in particular in some 
anticyclonic conditions a universal behaviour (both for free-shear and wall flows) 
of the local Rossby number, which becomes constant and equal to -1. We explain 
this result by a nonlinear longitudinal re-orientation of the absolute vorticity. 

1 LES in Physical Space 

We first recall the basic formalism of large-eddy simulations (see e.g. [1) for 
a review). The density Po is assumed to be uniform. Let G Llz be a low-pass 
filter, where .::1x is characteristic of the grid size. We define the filtered field 
associated to a function f(x, t) by 

J(x: t) = f * G Llz = J f(y, t)G Ll:z:(X- y)dy (1) 

The filter has to be chosen in order to properly eliminate the subgrid scales of 
wavelength smaller than .::1x. It commutes with space and time derivatives if 
.::1x is constant in space and time, which will be assumed here. Let us consider 
Navier-Stokes equations 

au; a 1 op a - + -(u;uj) = -- - + -(2v S;j) , ot OXj Po OX; OXj 
(2) 
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where 

S;; =! (8u; + 8u;) 
2 8x; 8x; 

is the deformation tensor. Let us apply the filter to Navier-Stokes: 

8fi.; 8 - - 1 8p 8 --- + -(u;u;) = -- -- + -(2vS;; + T;;) 
8t 8x; Po 8x; 8x; 

where 

T;; = tl;fi.; - U;Uj 

is the subgrid stresses tensor. The filtered continuity equation writes 

8fi.; = 0 
8x; 

If an eddy-viscosity assumption is done, we have: 

- 1 
T;; = 21't{x, t) S;; + :?u c5;; 

(3) 

(4) 

(5) 

{6) 

(7) 

where the eddy viscosity lit has to be specified, and the LES momentum 
equations write 

8u; 8 _ _ 1 8P 8 [ -- + -(u;u;) = -- - +- 2{v + llt)S;;]. 
8t 8x; Po 8x; 8x; 

We have introduced a modified pressure 

- 1 
P = P- -poTu 

3 

(8) 

(9) 

Eddy viscosities classically used are Smagorinsky's[2], the st,ructure-function 
model[3], and more recently the dynamic Srhagorinsky's model[4]. 

In fact, the eddy-viscosity model is just based upon an analogy with 
molecular dissipation: molecular viscosity v characterizes for a "macroscopic" 
fluid parcel the momentum exchanges with the surrounding fluid due to 
molecular diffusion across its interface. Here, the molecular viscosity is jus
tified through kinetic-theory models of liquids or gases which assume a 
wide separation between macroscopic and microscopic scales. No such scale
separation exists in the LES problem, where one observes in general a distri
bution of energy continuously decreasing from the energetic to the smallest 
dissipative scales, even in inflexional shear flows with vigorous coherent vor
tices. Hence the lack of spectral gap is a major drawback of tHe eddy-viscosity 
assumption. 

In this respect, the spectral eddy-viscosity idea is preferable, provided one 
can work in Fourier space, which applies only to simple geometries. 
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LES of Shear and Rotating Flows 

2 LES in Fourier Space 

2.1 Spectral eddy coefficients 

We assume that Navier-Stokes is written in Fourier space. This requires sta
tistical homogeneity in the three directions of space, but we will see below 
how to handle flows with one direction of inhomogeneity. Let 

u;(k, t) = (2~) 
3 J e-ilc ... u(x, t)dx (10) 

(defined in the framework of generalized-functions theory) be the spatial 
Fourier transform of the velocity field. We define kc = 1r Llx-1 as the cutoff 
wavenumber. The filter is a sharp filter such that 

f = f for lkl < kc = 1rjt1x.f = 0 for lkl > kc (11) 

Let us write Navier-Stokes in Fourier space in the following form 

ftu;(k, t) + [v + vt(kikc)]k2u;(k, t) 

1
p+q=k 

= -ikm (oii- ~) u;(P, t)um(q, t)dp 
IPI.Iql<kc 

(12) 

where the spectral eddy viscosity llt(kikc) is defined by 

lit (kikc )k2u;(k, t) = 

1
p+q=k 

ikm (o;;- ~) fL;(P, t)um(q, t)dp. 
IPio•lql>kc 

(13) 

With this definition, the eddy viscosity may not be real. A spectral eddy
diffusivity may be defined in the same way: one writes the passive-scalar 
equation in Fourier space as 

8 • • l.p+q=lc . 
-T(k, t)+[~t+~tt(kikc )]k2T(k, t) = -ik; u;(p, t)T(q, t)dp(14) 
8t IPI.Iql<kc 

with 

1
p+q=lc 

~t 1 (kikc )k2T(k, t) = ik; u;(p, t)T(q, t)dp . 
IPio• lql>kc 

(15) 

2.2 EDQNM plateau-peak coefficients 

Equations (13} and (15) define the eddy coefficients in terms of the subgrid 
motions, which are unknown. We will in fact determine these coefficients at 
an energetic level, writing the evolution equations for the kinetic-energy and 
passive-scalar spectra given by a two-point closure of isotropic turbulence, 
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Figure1. EDQNM spectral eddy coefficients in a 3D Kolmogorov cascade 

the EDQNM1 theory (see [5]). Splitting the transfers across kc in the same 
way as done in Eqs (12) and (14) one can calculate the eddy-coefficients. 
For three-dimensional isotropic turbulence, and if kc lies within a long k- 5 / 3 

range, it is found 

Vt(klkc) =0.441 cK-
312X(k/kc) [E~:c)r

12 

(16) 

where CK is the Kolmogorov constant, E(kc) the kinetic-energy spectrum 
at kc, and X(k/kc) a non-dimensional function equal to 1 up to about 
k/kc = 1/3, and sharply rising above ("plateau-peak" behaviour, see [6]). 
An analogous study using the Test-Field Model (TFM) 2 had previously been 
done by Kraichnan [7]. However, Kraichnan did not point out the scaling of 
the eddy viscosity against [E(kc)/kcJll2 , which turns out to be essential for 
LES purposes. The function 0.441 CI< - 312 X (k/kc) of Eq. (16) is represented 
on Fig. 1, taken from [8]. The plateau part can be obtained analytically 
through leading-order expansions with respect to the small parameter k/kc. 
It does in fact corresponds to a regular eddy viscosity in physical space, 
as if there was a spectral gap, with the gap part (E(k) = 0) extending 
up to kc, and a Kolmogorov energy spectrum above. As for the "peak" 
(Kraichnan called it "cusp"), it is mostly due to semi-local interactions across 
kc (such that p < < k ,...., q "' kc), and contains also possible backscatter 
contributions coming from subgrid modes p and q much larger than kc. The 
latter are however very small if kc lies in a k- 5/ 3 c~cade, as can easily 

1 Eddy-Damped Quasi-Normal Markovian 
2 This model is in fact equivalent to the EDQNM model in a Kolmogorov inertial 

range. 
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LES of Shear and Rotating Flows 

be shown (see [1] p 51). Fig. 1 presents also the EDQNM eddy diffusivity 
and the corresponding turbulent Prandtl number, calculated in [8]. The eddy 
diffusivity has also the plateau-peak behaviour, and the turbulent Prandtl 
number is approximately constant (::::: 0.6) in Fourier space. In fact, such a 
value is the highest one permitted by adjustments of the constants arising in 
the passive-scalar spectrum EDQNM equation (see [5], pp 259-260, and also 
[9]). 

2.3 LES of isotropic turbulence 

We have carried out LES of decaying isotropic turbulence[10][11][3], using 
the EDQNM plateau-peak eddy coefficients defined above. Exemples of these 
calculations are shown on Figure 2. Initial spectra are ~ k8 in the infrared 
region. One sees an initial infrared k4 backscatter, well described by the 
EDQNM theory (see [5] p 245). We see also the ultraviolet kinetic-energy 
cascade which builds up: first, a k-5/ 3 slope forms at the cutoff, then it 
steepens slightly and evolves towards a k- 2 slope during the self-similar decay. 
On the other hand, the passive scalar has a very short Corrsin-Oboukhov's 
k- 5/ 3 range close to kc, and a large anomalous range shallower than k- 1 

in the energetic scales. This range is interpreted by [3] as due to the rapid 
stirring of the scalar fluctuations by the coherent vortices of such a turbulence. 
The latter consist in long and thin tubes of high vorticity and low pressure, 
which have been characterized numerically by various groups since the work 
of Siggia [?]. On the figure, the cutoff is kc ::::: 60. We have considered a 
fictitious cutoff kc = kc /2, performed a double filtering in Fourier space 
across kc and kc: let us decompose the kinetic-energy transfers across kc as 

T>k'c(k) =T>kc(k)+Tk'c<;<kc(k) (17) 

where Tk'c<;<kc (k) involves triad integrals such that 

IPiorlql > kc , !Piandlql < kc 

Eq. {17) is is the exact energetic equivalent of Germano's identity[4] in spec
tral space, stressing that the subgrid transfers3 across k(: are equal to the 
subgrid transfers across kc plus "resolved" subgrid transfers across k(:. Fig
ure 3 shows the eddy viscosity -{l/2)k-2Tk'c<:<kc(k) derived from there
solved subgrid transfers in the calculations of [3]4 , and the equivalent eddy 
diffusivity for a passive scalar. Both are normalized by [E(k(:)/k(;.jl/2 It con
firms that the plateau-peak behaviour does exist for the eddy viscosity, but 
is questionable for the eddy diffusivity. This anomaly is certainly related to 
the existence of the large-scale k- 1 scalar spectrum found above. It is shown 
in [3] that the anomaly disappears when the temperature is no more passive 
and coupled with the velocity within the frame of Boussinesq approximation 
(stable stratification). 
3 of momentum, or scalar 
4 The same is obtained in (10] 
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Figure2. LES of 3D isotropic decaying turbulence, from [10] 
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Figure3. LES of 3D isotropic decaying turbulence, resolved eddy-viscosity and 
diffusivity calculated trough a double filtering (from [3]) 

2.4 Spectral-dynamic model 

The plateau-peak model assumed a k- 5/ 3 kinetic-energy spectrum at the 
cutoff. Let us now consider spectra ex k-m for k > kc, with m I- 5/3. We 
re-calculate analytically the plateau with the same EDQNM leading-order 
expansions in k/kc as above. We retain the peak shape through X(k/kc) in 
order to be consistant with the Kolmogorov spectrum expression of the eddy 
viscosity. The spectral eddy viscosity is now 

Vt(klkc)=0.31cK-312 J3-m~-+~x<kfkc)[Ei:~)f
12

, (18) 

for m :S 3 (see [3]). For m > 3, the scaling is no more valid, and the eddy 
viscosity will be set equal to zero. In the spectral-dynamic model, the expo
nent m is determined through the LES with the aid of least-squares fits of 
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LES of Shear and Rotating Flows 

the kinetic-energy spectrum close to the cutoff. Within this approximation, 
the turbulent Prandtl number is 

P; ~ 0.18 {5- m) {19) 

(see [5)). 
We have applied the spectral-dynamic model to the temporal mixing layer. 

Here, the spectrum allowing to determine the exponent m is calculated by a 
spatial average in the computational box. In the case of an initial 3D white
noise perturbation, statistical data concerning velocity, rms velocity fluctua
tions and Reynolds stresses are in very good agreement with the experiments 
of unforced mixing layers carried out in Stanford. The simulation with a quasi 
two-dimensional forcing is less good from this standpoint. We recall that the 
second case yields a vortex topology consisting of quasi 2D Kelvin-Helmholtz 
billows stretching inten~e longitudinal hairpins, while the first one gives rise 
to a helical-pairing type interaction between the big vortices (see [14][5]). 

2.5 Plane Poiseuille flow 

(a) 

J 

25 
' 

20 ,' J I _J 

,~ ~ 

10 ~ 

y' 

I 
_; 

oL-~----~--~------------------------.__ 
( IOC 7CJ!l 

y 
JOt: 4Q() 

(b) 

Figv.re4. Turbulent channel flow, comparisons of the spectral-dynamic model 
(straight lines, h+ = 389) with the DNS of Kim ((17], symbols, h+ = 395); a) 
mean velocity, b) rms velocity components. 

We present now spectral-dynamic model results for a periodic channel. 
We use a mixed spectral-compact c~de, the compact scheme being employed 
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in the transverse direction, while pseudo-spectral methods are used in the 
longitudinal and spanwise directions w~ich are periodic. Calculations start 
with a parabolic Poiseuille velocity profile, to which a small 3D white-noise 
perturbation is superposed, and are run up to complete statistical stationar
ity, assuming a constant flow rate of average velocity Urn across the section. 
The channel has a width 2h. The kinetic-energy spectrum allowing to de
termine the eddy-viscosity is calculated at each time step by averaging in 
planes parallels to the walls, so that m is a function of (y, t). The code has 
been validated with a DNS at h+ = 160, and compares very well with purely 
spectral DNS at same Reynolds, as far as the first and second-order statis
tics are concerned. At h+ = 204, the first and second-order velocity statistics 
compare still well with the LES of [15] using the classical dynamic model. We 
present here one LES at Re = 2hUm/v = 14000 (h+ = 389), taken from [16]. 
There is a grid refinement close to the wall, in order to simulate accurately 
the viscous sublayer (first point at y+ = 1). We have compared the calcula
tion with a DNS at h+ = 395 carried out in [17]. Figure 4 shows the mean 
velocity and the rms velocity components. The agreement is very good, which 
is a severe challenge for the model. Notice that the LES allows to reduce the 
computational cost by a factor of the order of 100, which is huge. 

3 Structure-Function Models 

For many practical applications, the geometry of the domain is too complex to 
allow for pseudo-spectral, or even spectral, methods to be used. In this case, 
numerical schemes are formulated in physical space, and the LES subgrid 
model has to be expressed in physical space also. 

In fact, the cusp part of the plateau-peak eddy viscosity can be formulated 
in physical space in the form of a hyperviscosity (see [18]). However, the 
implementation of the spectral-dynamic model may pose some problems with 
the local determination of min physical space. Up to now, we have developed 
models of the structure-function family, which we will be briefly described 
here (see [1] [5] for more details). The idea of the structure-function model 
proposed in Ref. [3] is to erase the peak by subgrid-energy conservation, which 
yields a k-independant eddy viscosity allowing to go back to physical space. 
One then takes as dissipative operator in the momentum equation 

a 
2- [v s- ] 

8Xj SF ij (20) 

with 

VsF(x, t) = ~ CK -3/2 [ E(k~~x, t)) r/2 

(21) 
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LES of Shear and Rotating Flows 

with kc = 1rj!J.x, where E(kc,x, t) is a local kinetic-energy spectrum, cal
culated in terms of the local second-order velocity structure function of the 
filtered field 

F2(x, !J.x) = (ilu(x, t)- u(x + r, t)11 2)llrii=Az (22) 

as if the turbulence is three-dimensionally isotropic. This yields for a Kol
mogorov spectrum 

vfF (x, !J.x) = 0.105 C-;,312 !J.x [F2(x, !J.x)J112 . (23} 

F2 is calculated with a local statistical average of square-velocity differences 
between x and the six closest points surrounding x on the computational 
grid. In some cases, the average may be taken over four points parallel to a 
given plane. Notice also that if the computational grid is not regular (but 
still orthogonal), interpolations of (23) based upon Kolmogorov's 2/3 law for 
the 2nd order structure function have been proposed by [1]. Such a structure
function model (SF) works very well for decaying isotropic turbulence, where 
it yields a fairly good Kolmogorov spectrum ([3]), better than Smagorinsky's 
model (with Cs = 0.2) and the plateau-peak models (simple or dynamic). 
However, these two models are too dissipative in free shear flows, and other 
models must be employed. As for wall flows, the SF model does not work for 
transition in an incompressible boundary layer where, like Smagorinsky, it is 
too dissipative and prevents secondary instabilities of TS waves to develop. 
To overcome this difficulty, two improved versions of the SF model have 
been developed: the selective structure-function model (SSF), and the filtered 
structure-function model (FSF). 

In the SSF, we switch off the eddy-viscosity when the flow is not three
dimensional enough. The three-dimensionalization criterion is the following: 
one measures the angle between the vorticity at a given grid point and the 
average vorticity at the six closest neighbouring points (or the four closest 
points in the four-point formulation). If this angle exceeds 20°, the most prob
able value according to simulations of isotropic turbulence at a resolution of 
323 ~ 643 , the eddy-viscosity is turned on. Otherwise, there is only molecular 
dissipation which acts. 

In the FSF model [19], The filtered field ii.; is submitted to a high-pass 
filter in order to get rid of low-frequency oscillations which affect E(kc:, x, t) 
in the SF model. The high-pass filter is a Laplacian discretized by second
order centered finite differences and iterated three times. It is found 

v[5 F (x, !J.x) = 0.0014 C-;,312 !J.x [F2(x, !J.x}pl2 . (24) 

4 Incompressible Spatial Free-Shear Layers 

4.1 Spatial mixing layer 

We present FSF-based LES of spatially-growing incompressible mixing lay
ers initiated upstream by a hyperbolic-tangent velocity profile superposed 
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~·· -. -

FigureS. LES of an incompressible mixing layer forced upstream by a quasi two
dimensional random perturbation; vorticity modulus at a threshold {2/3)w;. 

Figure6. Same as Figure 5, but with a three-dimensional upstream white-noise 
forcing, low-pressure field 

on the average flow, plus a weak random forcing regenerated at each time 
step. The numerical code is the same as for the channel. With an upstream 
forcing consisting in a quasi two-dimensional random pertu1bation, intense 
longitudinal hairpins stretched between quasi 2D Kelvin-Helmholtz vortices 
are found again (Figure 5). When the forcing is a three-dimensional random 
white noise, helical pairing occurs upstream, as indicated by the low-pressure 
maps of Figure 6. But none of these simulations has \"Cached self-similarity, 
and they are still dependant of the computational domain size in the three 
space directions. Thus calculations in bigger domains are necessary. 

4.2 Backward-facing step 

We consider a step of height H and expansion ratio 1.2 at a Reynolds number 
U0 Hfv = 5100, in a configuration studied experimentally and1 numerically at 
Stanford (see [20] for details). A schematic view of the flow and the com
putational domain is presented on Fig.7. A free-slip boundary condition is 
used on the upper boundary, well justified with respect to the laboratory ex
periment consisting in a double-expansion channel. The subgrid-model used 
is the SSF in a four-point formulation in planes parallel to the horizontal. 
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Figure1. Schematic view of the backward-facing step computational domain 

FigureS. Backward-facing step, visualization of coherent vortices with high vortic
ity modulus and positive Q 
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The computational grid is refined in regions close to the lower wall and in 
the detachment region behind the step. No wall law is used. At the inlet, 
we impose Spalart's (21) mean turbulent boundary-layer velocity profile, to 
which a small 3D white noise perturbation is superposed. We have an Orlan
ski's outflow boundary condition, and periodicity in the spanwise direction. 
The coherent vortices are visualized with the aid of surfaces of high vortic
ity modulus and positive Q. The latter is defined in the following way: if 
one decomposes the velocity-gradient tensor as S;i + f2;i, where S;i and f2;i 
are respectively the deformation and rotational components, Q' is the second 
invariant of the velocity gradient 

1 1 ? 
Q = '2(f2;if2;i- S;jS;i) = 4(w-- 2S;iSii) . (25) 

A well-known result is that 'V2p = 2Q. Indeed, the Poisson equation for the 
pressure writes 

2 a
2 

a [ au;] au; auj 
-\1 p = ax;axj U;Uj = ax; Uj axj = axj ax; = 

1 1 
(Sij + 2fijAWA)(S;; + 2fji~twJ.<) = 

1 2 
S;iS;; - 2w = -2Q . 

In fact, one can easily check that in a quasi 2D coherent vortex where the 
isobaric lines are convex, a pressure trough in the core of the vortex implies 
that the pressure Laplacian, and hence Q, are in the average positive. Indeed, 
let C be such a close contour. We build a small vortex tube portion of cross 
section C and length l. The flux of the pressure gradient getting out of the 
tube is positive, so that, due to the divergence theorem, a spatial average 
of \12p within the tube is positive. Hence, Q > 0 is a necessary condition 
for the existence of a depression. In practice, simulations of various types of 
flows confirm that coherent vortices are well characterized by iso-surfaces of 
high vorticity modulus and positive Q. Fig. 8 presents such a visualization 
for the step. It confirms what we have observed by an animation: quasi 2D 
Kelvin-Helmholtz vortices are shed behind the step. Then, they undergo he
lical pairings and transform into a field of big staggered arch-like vortices 
which impact the lower wall and are carried away downstream. This scenario 
is confirmed by the measure of frequency pressure spectra at four positions in 
the flow: (1) just behind the step, just before reattachment, just behind reat
tachment and much further downstream. Position (1) is marked by. a peak 
at a Strouhal number (in units U0 / H) of 0.23, corresponding to the shed
ding of Kelvin-Helmholtz vortices. At position (2), a second peak of higher 
amplitude is present at the subharmonic Strouhal number.0.12, correspond
ing physically to helical pairing. At positions (3) and (4), the two previous 
Strouhal numbers are still there, but a third peak forms at a Strouhal of 0.07, 
corresponding to the well-known flapping of the recirculation bubble. 
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5 Rotating Shear Flows 

01 , .. _.~···· ·""/ 
,' / _,.-, ...... 35.7 

,,'-!- -:'-

0 
0::: -2 

)·'· 
26.8 17.8 

, 8.9 

-4 t (o;/IU0 1) 
,.___ __ 0 

(b) 

-4 -2 0 2 4 

Y (o;) 

Figure9. DNS of a weakly rotating mixing layer: evolution with time of the Rossby
number profile (courtesy 0. Metais). 

We consider incompressible shear layers rotating with a uniform angular 
velocity n about an axis parallel to the basic vorticity vector. Such a problem 
has important applications for turbomachinery (cavitation in particular) and 
in Geophysical Fluid Dynamics. We work in a relative rotating frame, where 
rotation is accounted for with the aid of a Coriolis force - f z x u, where z is 
the unit vector on the spanwise axis and f = 2fl. The local Rossby number 
at any time is defined by 

1 du 
Ro(Y) = -~ dy (26) 

where u(y) is the mean longitudinal velocity profile. Regions with a positive 
(resp. negative) local Ross by will be called cyclonic (resp. anticyclonic). We 
recall also that the absolute vorticity vector is Wa = w + f z, and satisfies 
Helmholtz theorem in its conditions of applicability. 

I synthesize here results coming both from the 3D linear-stability studies 
of [22], and the DNS or LES of [23] and [16). As in instability studies, we start 
with a basic parallel velocity profile, weakly perturbed. There is a critical local 
Rossby number of -1 such that: 
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_:G;?: -l;;2 ·.~ 
:~.;;. :' ;?: '} k:: : '~~:~J 
r. r· .. ,~r· ..... ·-~ 

_:v . . ~r~~ ... :==~·~ 
-0.~ 0 

y/h 
0.~ -0 ~ 0 

y/h 
0 0 

Figure10. DNS and LES of a weakly rotating channel, evolution with time of the 
Rossby-number profile (courtesy 0. Metais). 

i) In regions where initially Ra(Y) ~ -1. the shear layer is two
dimensionalized. In a mixing layer for instance, 30 perturbations are damped, 
and straight Kelvin-Helmholtz billows form 5 . This result agrees in particular 
with Proudman-Taylor's theorem when IRol << 1. 
ii) For R0 (y) < -1 ("weak" anticyclonic rotation), the flow is highly three
dimensionalized, with production of intense Gortler-like longitudinal rolls. 
They correspond to hairpins of absolute vorticity which are oriented in a 
purely longitudinal plane. As a result, their spanwise vorticity component 
is zero, which implies that the mean velocity profile becomes constant and 
equal to f, so that the local Ross by number uniformizes to the value -1. 
This is clear for the mixing layer DNS of Figure 9 (taken from (23]), and for 
the channel shown on Figure 10. 

It is difficult to understand why the absolute vorticity is not only stretched 
but also re-oriented longitudinally. We propose here an exact analysis based 

5 without stretching of longitudinal vortices nor helical pairing 
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on Euler equations, where we assume x-independance6 . The evolution equa
tions (following the motion) of the absolute vorticity Wa of components 
Wt = fJwjfJy- fJvjfJz,w2 = fJv./fJz,wa + f = -8uf8y + f is 

D -
DtWa = F: Wa 

with 

0 f 0 

F = I o av av I = F 1 + F 2 
{)y {)z 

0 
fJw {)w 
{)y {)z 

OJO 

F\=looo 

000 
\ 

and 

( 
00 0 

F2 = I 0 fJv {)v 
{)y {)z 

0 
fJw fJw 
{)y {)z 

(27) 

(28) 

(29) 

(30) 

Here, 1\ : Wa lies in a purely longitudinal plane and will stretch Wa in this 
direction, since it corresponds to 

Dwt -- = Jw2 
Dt 

Let us consider now Wn, the projection of Wa in the y, z plane. We have 

D -
DtWn = F2: Wn 

(31) 

(32) 

6 Indeed, the linear-stability analysis shows that there exists a longitudinal mode 
which dominates shear instabilities under a Rossby of -1. 
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The tensor F2 is in fact the velocity-gradient tensor in the y,z plane, and 
can be put under the form 

- - 1 
F2 : = Sy,z : +2w1x X (33) 

During the linear stage of evolution, DNS of [23] concerning an anticyclonic 
mixing layer of initial Ross by of -5 (at the inflexion point) show the growth of 
the longitudinal mode, wi•h absolute vortex filaments in phase and inclined 
approximately 45° above the horizontal plane. This produces concentrations 
~ longitudinal vorticity in the y, z plane. When applied to w 11 , the tensor 
F 2 will both deform it and rotate it about x in the sense of the sign of the 
longitudinal vorticity. Let us assume that a nonlinear regime is reached where 
longitudinal vorticity concentrations are strong enough to form vortices. The 
interior of these vortices will correspond to "elli_etic" re~ons as defined by 
Weiss[24]: they are such that the eigenvalues>. ofF2 (or -F2 It) are imaginary. 
They are given by 

.>.2 = -~Q 
2 

(34) 

where Q has been defined ~Y Eq. (25) in the more general 3D case, and con

cerns only here the tensor F 2 • Remark that the "Q-criterion" does correspond 
in 2D to the elliptic regions of Weiss. No such result can be shown exactly in 
3D when considering the eigenvalues of the velocity gradient. However, our 
simulations confirm that regions of high vorticity satisfying the Q-criterion 
are vortices. 

Returning to the absolute vorticity, rotation will therefore dominate de
formation in Eqs. (32,33), and the rotation of w 11 around x will imply an 
increase of the spanwise absolute-vorticity component (which is negative). 
The Rossby number (which was lower than -1) will increase also. We have 
here an interesting mechanism of self-reorientation of absolute-vorticity vec
tor, possible only in a nonlinear regime. 

6 CONCLUSION 

We have presented the general framework of large-eddy simulations (LES) 
carried out in spectral space, with the plateau-peak type eddy-viscosity, de
rived from two-point closures of turbulence, and which permits to go beyond 
the scale-separation assumption inherent to the classical eddy-viscosity con
cept in physical space. We have verified for isotropic turbulence and with 
the aid of a double-filtering in spectral space that the plateau-peak does ex
ist. We have shown how to implement the plateau-peak in physical space in 
terms of the combination of a regular eddy viscosity and an hyperviscosity. 
We have proposed also a modification of the plateau-peak to account for 
kinetic-energy spectra decaying differently from Kolmogorov at the cutoff. 
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This spectral-dynamic model has been applied to the incompressible turbu
lent channel flow with good results with respect to experiments and direct
numerical simulations. Compared with the latter at same Reynolds number, 
the LES reduces the computational cost by a factor of the order of hundred. 

Returning to physical space, we have reinterpreted these models in terms 
of velocity-structure functions. We have applied in particular the filtered 
structure-function model to an incompressible spatially-growing mixing layer, 
with possibility of controlling the topology of the flow, depending upon the 
nature (quasi 2D or 3D) of the upstream perturbation. Another example of 
spatial mixing layer is the backstep flow, where we have applied the SSF 
model (Reynolds number 5100, expansion ratio 1.2). We have shown that 
fundamental Kelvin-Helmholtz vortices are shed behind the step, undergo 
helical pairing, transform into big staggered arch-like vortices which impinge 
the lower wall and are carried away downstream. We have determined three 
characteristic Strouhal numbers associated to the flow: the harmonic mode 
0.23 corresponding to the shedding of Kelvin-Helmholtz vortices behind the 
step, a subharmonic 0.12 corresponding to helical pairings between the vor
tices, and a third one 0.07 associated to the recirculating bubble flapping. 

Finally, we have shown by DNS and LES that, in rotating (free or wall
bounded) shear flows and if rotation fl is not too fast, that anticyclonic 
shear layers organize to pick up a universal linear mean velocity profile of 
gradient 2fl. These effects cannot be recovered by one-point closure modelling 
methods. We have proposed a theoretical interpretation of this phenomenon 
in terms of a nonlinear longitudinal self-reorientation of the absolute-vortex 
filaments. 
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1. 

THE PULSED WIRE ANEMOMETER 
REVIEW AND FURTHER DEVELOPMENTS 

Introduction. 

L.J.S. Bradbury 
(University of Plymouth, England) 

In spite of the efforts of about eighty years of fairly intensive scientific effort, 
our understanding of turbulent flows is far from complete and our ability to 
predict their behaviour is still very uncertain. There are no entirely rational 
theories of turbulence and all the models used to predict flow development 
rely on experimental data in one form or another to establish various 
empirical constants used in the theoretical models. Thus, the history of 
development of turbulence modelling has been inextricably linked to progress 
in turbulence measuring techniques. 

In the 1930's, the only significant body of data on turbulent flow development 
consisted of mean velocity profiles in turbulent boundary layers and this 
enabled various simple momentum integral models of turbulent boundary 
layer development to be produced which relied on only one or two constants 
to enable them to be used practically. However, the predictive accuracy of 
these models was extremely limited and confined to situations not very 
different from the experimental arrangements that had been used to provide 
the empirical constants. With the development of the hot wire anemometer, 
more detailed measurements of the structure of turbulent flows became 
possible and higher order integral methods were developed and, with the 
advent of computers that could be used to solve sets of simultaneous partial 
differential equations, point momentum and energy equation methods were 
developed. However, in every case, experimental data had to be used to 
establish an ever enlarging set of empirical constants in the models. In many 
ways, the theoretical models could be viewed as a sophisticated fitting 
procedure to the experimental data which also ensured that an increasing 
hierarchy of conservation relationships were also being satisfied. However, 
an important drawback to the experimental data was that the hot wire 
anemometer could only be used in turbulent flows with comparatively low 
levels of turbulence relative to the local mean velocity and so most of the 
experimental data were still confined to boundary layer flows. However, the 
theoretical methods based on solutions of the Reynolds equations could be 
applied to flows without this restriction but, without experimental data on 
these flows, the predictive accuracy was unknown. There was therefore a 
requirement for an experimental technique which could be used to study 
highly turbulent flows. 

Without doubt, the most important development in turbulence experimental 
techniques was the arrival of laser light scattering methods with Doppler 
difference anemometry being the most important variant. With this technique 
and the development of laser frequency shifting techniques, measurements 
could be made in turbulent flows without any restriction on turbulence levels -
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although there were and are many practical and theoretical difficulties to be 
overcome in producing high accuracy reliable data. It is also an expensive 
technique and its proper application requires that the experimenter has a 
good understanding of lasers, optics, light scattering theory and sampling 
theory. 

Another but far less well known technique that can be used in highly turbulent 
flows is the pulsed wire anemometer and the purpose of this paper is to 
review work that has been done on this technique and also suggest further 
developments that could be made in its range of application. At the•outset, it 
should be made clear that the potential of pulsed wire anemometry is less 
than that of laser Doppler anemometry but, on the other hand, it has certainly 
enabled measurements to be made that would not have been possible 
previously and there is also additional scope for further developments in the 
technique. 

There are three types of probe that have been used in pulsed wire 
anemometry. They are (i) the crossed wire velocity probe, (ii) the parallel 
wire wall shear stress probe and (iii) the parallel wire velocity probe. These 
will be discussed in turn. 

2.0 The crossed wire velocity probe. 

This is the probe configuration that has been most commonly used. The 
probe consists of three fine wires as shown in figure 1. The central wire is the 
pulsed wire and on either side of this are the sensor wires with their axes 
perpendicular to the pulsed wire. The principle of operation is very simple. 
The central wire -which is typically a 9 micron Tungsten wire of about 4 mm 
in length - is pulsed with a short duration voltage pulse of a few microseconds 
duration. The amplitude of the voltage pulsed will be discussed later but it is 
chosen to raise the temperature of the wire to several hundred degrees 
Centigrade. This causes a tracer of heated air to be released into the flow 
which is convected away with the velocity of the airstream passing the probe 
at that moment. The two sensor wires -which are usually of 2.5 micron 
diameter Tungsten wire - are operated as simple resistance thermometers 
and they are used to measure the time of arrival of the heat tracer at one or 
other of the two sensor wires. In an ideal situation, the time taken for the 
tracer to reach a sensor wire would be 

s 
t =.,...-,.--

c JuJcosVf 
(1) 

where s is the spacing between the pulsed wire and the sensor wire, JuJ is 

the magnitude of the velocity vector and VI is the angle between the direction 

normal to the plane of the probe and the instantaneous velocity vector (see 
figure 1 ). The plane of the probe is here defined as the plane parallel to the 
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axes of all three wires in the probe. Thus, from the time of flight t., the 
magnitude of the velocity vector resolved at right angles to the plane of the 
probe can be obtained. The use of two sensor wires ensures that the flow 
direction is unambiguously determined; the only restriction is in the length of 
the wires, I , since arctan(l/2s) gives the largest angular deviation of the flow 
that can be sensed. The most commonly used probes have a value of /Is of 
about 5 giving a yaw response up to about 10•. 

In a turbulent flow, the probe is repetitively pulsed and an ensemble of 
velocity values is obtained from which both the mean velocity and the 
turbulent intensity can be deduced. Furthermore, the velocity and intensity in 
any direction can be obtained simply by aligning the probe in the appropriate 
direction. By making measurements at several angles, the flow direction can 
be obtained along with the normal and shear stresses. The ensemble of 
velocity values can be used to obtain probability estimates and, finally, by 
using a non-periodic sampling rate, it is also possible to obtain spectral 
information at frequencies above the normal Nyquist frequency. 

Although the principle of the pulsed wire anemometer is very simple, its 
development into a useable technique involved overcoming a number of 
theoretical and practical problems. Most of these are covered in the early 
paper by Bradbury and Castro(1971) but these detailed problems will not be 
considered here. Castro (1992) published a comprehensive review of later 
developments in pulsed wire anemometry and this present paper uses some 
of the same examples described by Castro to illustrate the range of 
measurements that can be made with pulsed wire anemometry. However, the 
additional purpose of the present paper is to suggest some further 
developments in the technique. 

2.1 Examples of velocity measurements with a crossed wire probe. 

Before considering results of measurements with a pulsed wire anemometer, 
it is useful to look at typical probe calibrations. Figure 2 shows a velocity 
calibration. Because of the effects of thermal diffusion, the calibration of U 
against the reciprocal of the time of flight Tis not exactly linear but a good fit 
to the data has been found to be given by the expression 

A B 
U=-+

T T3 (2) 

where A and B are constants found by least squares fitting to the 
experimental data. 

Figure 3 shows a yaw calibration which according to the simple model should 
be a cosine law. The data fits the cosine law quite well and a yaw response is 
maintained up to an angle of about 70 degrees. It is shown by Bradbury and 
Castro (1971) that missing tracers that lie outside this angular range only 
have a small effect on the accuracy of turbulence measurements. 
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Some examples of measurements with a pulsed wire anemometer will now be 
considered. 

The first example from Bradbury (1976) has been chosen simply to illustrate 
the use of the pulsed wire in a flow in which flow reversals occur and where, 
therefore, the turbulence levels are very high. The example also shows hot 
wire results to illustrate the errors that arise with this technique in such a flow. 
Figure 4 shows tne mean velocity and turbulent intensity distributions in the 
wake of a normal flat plate, one plate width downstream within the reverse 
flow region. 

The second example is a straightforward application of the pulsed wire 
anemometer to the study of the wake flow downstream of a model Ford 
Transit van- Watts (1982). Figure 5 shows contours of constant mean 
velocity in the wake of a model van. It shows the existence of a significant 
region of reverse flow and is an example of the sort of practical studies that 
can be undertaken with a pulsed wire anemometer. 

The third example has been chosen to illustrate the use of the pulsed wire 
anemometer in a flow in which there are fluctuations in a foreign gas 
concentration- Hall (1979). The pulsed wire anemometer is a time-of-flight 
device and so, unlike the hot wire anemometer, is not sensitive to variations 
in foreign gas concentration provided the flow is sensibly isothermal. In figure 
6, the mean velocity and turbulent intensity distributions are shown through a 
rough wall turbulent boundary layer into which a continuous heavy gas 
release has occured. The profiles are compared with the case when the gas 
release is absent. Although the turbulence levels are no higher than in an 
ordinary turbulent boundary layer, such results could not have be obtained 
with a hot wire because the presence of the foreign gas would have serious 
effects on the heat transfer rates from the hot wire. 

Before considering other types of pulsed wire technique, it should also be 
mentioned that near wall measurements with a crossed wire pulsed wire 
probe can be made if a through wall probe is constructed. Figure 7 shows a 
photograph of such a probe used by Castro and Dianat (1990). In this probe, 
the two sensor wires are welded to electrodes flush in the wall and are 
mounted at right angles to the wall by being welded to an outer electrode as 
shown. The pulsed wire is mounted on a micrometer traversing gear and can 
be traversed up and down between the two sensor wires. The geometry is 
thus the same as that of a normal crossed wire probe but it enables 
measurements to be made in the very near wall region. Figure 8 shows a 
comparison between pulsed wire measurements and hot wire measurements 
in a conventional turbulent boundary layer. The hot wire measurement were 
confined to the outer region of the boundary but the agreement with the 
pulsed wire results is very good. However, very close to the wall in the sub
layer, the pulsed wire results deviate from the viscous sub-layer profile. 
Castro and Dianat ( 1990) showed that this was due the effect of thermal 
diffusion on the transport of the tracer and they developed a simple method 
for correcting for this effect. Figure 9 shows the velocity profile in the sub-
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layer before and after their correction has been applied. With the correction, 
the agreement with the viscous sub-layer profile is now very good. Of course, 
the advantage of the pulsed wire probe is that it can be used in separating 
boundary layer flows. In addition to Castro and Dianat (1990), wall region 
measure"lents of this sort have also been made by Devenport, Evans and 
Sutton (1990), 

2.2 Limitations of the pulsed crossed-wire probe. 

It is important to stress the limitations of pulsed wire anemometry. The really 
significant limitations are as follows:-

(i) In order to achieve satisfactory sensor wire signals, it is generally 
necessary to use sensor wires of 2.5 micron diameter Tungsten. These wires 
are usually in the range from 3-5 mm in length and can easily be broken by 
mechanical shock. The probes are much more fragile than hot wire probes 
and an experimental envirohment free of significant mechanical shocks is 
necessary. On the other hand, this problem should not be over-exaggerated 
because, with experience, it is possible to use probes for a considerable 
period without breaking them. As an example, a probe that the author uses 
for checking the electronic processing circuitry has been in use for five years 
without breaking a wire. 

The fragility of the pulsed wire probes would be greatly reduced if, instead of 
the 2.5 micron Tungsten wires, thin films on Quartz fibres were used for the 
sensor elements. The technology for doing this is certainly now available but 
it would no doubt require some development work in order to construct such a 
probe. 

(ii) The velocity range over which the probe can be used is limited to a 
range from about 0.1-0.2 metres/sec up to about 8-10 metres/sec .. The lower 
limit comes from the need for the transport of the heat tracer to be dominated 
by convection rather than thermal diffusion. The upper limit arises from some 
restrictions in the signal processing circuitry and also that the single/noise 
ratio decreases with increasing velocity. 

(iii) The flows must be isothermal. Clearly, if temperature fluctuations are 
present in the flow which are of the same order as the temperatures of the 
heat tracers then the individual heat tracer times-of-flight cannot be 
discerned. 

3.0 The pulsed wire wall shear stress probe. 

In the early period of developing the pulsed wire anemometer, Gaster (1969) 
suggested to the author that the technique might be used to develop a means 
of measuring wall shear stress that could be used in flows with large 
fluctuations in wall shear stress including reversals of stress direction. In the 
original idea, it was proposed to surface mount three parallel thin films with a 
geometry similar to that shown in the sketch in figure 10. The principle of 
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operation is very similar to the pulsed wire velocity probe in that the central 
film is pulsed with a short duration voltage pulse and the time for the resultant 
heat tracer to reach one or other of the two sensor films is measured. On the 
basis of simple dimensional analysis, the time of flight, t, is related to the 
instantaneous velocity gradient, a, I o/, the thermal diffusivity coefficient, K , 

and the space between the pulsed and sensor films, h, by the simple 
functional relationship 

Kl 
hz = function of(~ :) (3) 

In the case of the wall probe, the transport of the heat tracer is through a 
combination of diffusion and convection. On the basis of a very simple 
argument, Bradbury and Ginder (1973) obtained a form for this relationship, 
namely 

2 

~ =H~ :r (4) 

Experiments carried out with surface mounted thin film gauges in a laminar 
flow channel resulted in the calibration results shown in figure 10. 
Considering the simplicity of the argument behind equation (4), the 
agreement with its general form is very good. However, a major drawback 
with these surface mounted thin film results was that the signal levels were 
very low (typical sensor film amplitudes were of the order of a few microvolts) 
with a poor signal to noise ratio. In spite of various efforts to improve the 
situation, it proved impossible to use surface mounted thin films in a turbulent 
flow. In order to produce a useable wall shear stress probe, it was necessary 
to resort to the use of thin wires mounted close to but not touching the 
surface. The small air gap (typically 50 micron) avoided heat loss to the 
substrate and improved the signal to noise ratio dramatically. It should be 
added that a whole series of numerical solutions to the heat 
convection/conduction equation were carried out by Ginder (1971) and these 
confirmed the findings of the experimental observations about the effect of 
the substrate on reducing the signal levels. 

The parallel wire wall shear stress probe (shown schematically in figure 11) 
has been used by several authors to study both mean and fluctuating wall 
shear stress in a variety of flows. Figure 12 shows some results of Ruderich 
and Fernholz ( 1986) of the mean and fluctuating wall shear stress on the 
splitter plate behind a normal fence. 

Another example of the use of the wall shear stress probe was in the study of 
the flow beneath a simplified model of a tricone drilling bit. Tricone drilling 
bits are widely used in drilling oil wells and there is some interest in the 
distribution of wall shear stress produced by the three jets of drilling mud 
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used to remove rock particles from the drill face. White, Escudier and 
Gavignet (1987) carried out a study of the shear stress distributions in a 
simplified model of the drilling situation - see figure 13 - using air rather than 
mud for the jet flows. The flow around the drill bit is complex and three
dimensional and, in addition, to wall shear stress measurements with the 
pulsed wire probe, they also made a number of surface flow visualisation 
studies. Figure 14 shows an example of one of their flow visualisation results 
with vectors of the wall shear stress obtained from the pulsed wire probe 
superimposed on the flow pattern. The qualitative agreement is very good 
and, with the quantitative results given in the original report, is a good 
demonstration of the complex flows that can be studied with the pulsed wire 
wall shear stress probe. 

The potential of the pulsed wire wall shear stress gauge seems to the author 
to be very significant and it has been therefore rather surprising that it has 
not found more widespread use - particularly in areas like the three 
dimensional flows over aircraft wings. 

It is not possible in a short review article to cover all the facets of the pulsed 
wire wall shear stress probe but a more complete discussion of the technique 
is given by Castro, Diana! and Bradbury (1987). 

3.1 Possible developments with wall shear stress measurements. 

It was mentioned in section 3 that the initial idea for wall shear stress 
measurements was to use surface mounted thin films. The original work on 
these thin film gauges was included in this paper because this remains an 
attractive proposition. As has already been mentioned, the idea had to be 
abandoned originally because of the low signal to noise ratio of the surface 
sensor gauges. However, the signal to noise ratio would be significantly 
improved if, instead of using thin film gauges as resistance thermometers, 
thermo-electric gauges could be laid down by standard thin film vacuum 
deposition techniques. In principle, multi-junction thermo-couples could be 
produced in a thin film form and would result in a very robust probe that could 
be manufactured with a high degree of repeatability. In this way, individual 
probe calibrations might not be necessary. 

4.0 Parallel wire velocity probe. 

The first paper on pulsed wire anemometry was by Bauer(1965). In this 
paper, Bauer used a pulsed wire probe consisting of two parallel wires as 
shown in figure 15 . The drawback with this arrangement is that, in a turbulent 
flow, most of the tracer signals miss the sensor wires - which is the reason for 
developing the crossed wire probe discussed in section 2. On a number of 
occasions, this restricted angular response has been exploited by using a 
parallel wire probe as a yaw meter and, in particular, Almeida (1986) used 

such a probe in the study of a circular jet issuing into a cross flow. However, 
there is potential for such probes in highly turbulent flows as well. 
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Let us suppose that we have a parallel wire probe in a turbulent flow as 
shown in figure 16. It is assumed that the probe is pulsed a large number of 
times Nand that sensor wire signals are obtained on n occasions. On each 
occasion that a trace is detected, we will have a velocity estimate q and, if we 
define an angle, &p, as the angular range over which this estimate can be 
sensed, we may define an estimate of joint probability density function as 

II I 
p(q,tp)= N aq&p 

' 
where the true value is approached as N ~ oo and aq and &p both tend to 

zero. p(q,tp) is the probability of finding a velocity estimate in the velocity 

range from q to q + aq and in the angular range from tp to tp + 8tp . If this 
function can be measured, it enables any cross-prodCJcts of the velocity 
fluctuations to be calculated since 

uavb = Jf (qcostp)"{qsin tp)b p(q,tp)dqdtp 

and this includes, of course, the normal and shear stresses and the turbulent 
diffusion term that appear in the turbulent energy equation. 

The measurement of this joint probability is in principle possible with a 
parallel wire probe with the slight complication that the angular response of 

' the probe is a function of the velocity q. In appendix A, the form of this 
function is discussed and it is shown that the angular 'window' decreases with 
increase in velocity due to the smaller diffusive spread of the wake. 

In practice, it might be rather difficult to make such measurements but it is 
certainly worthy of investigation. In practice, a parallel wire probe would have 
to be calibrated in a steady stream so that a conventional velocity yalibration 
could first be obtained. Then a series of yaw calibrations would have to be 
carried out at different velocities in order to determine the variation of the 
angular 'windoW as a function of velocity. The analysis in appendix A should 
prove useful in establishing the form of this variation from a small number of 
yaw calibrations. 

The main practical difficulty in a highly turbulent flow might be the very large 
number of samples that may be involved in obtaining reasonable estimates of 
the complete joint probability distribution. Due to the time constants of the 
wires, samples cannot be obtained at a rate greater than about 100 samples 
per second and, without doing any calculations, the author's intuition is that 
something like a 100,000 samples might be needed at twenty or thirty angles 
in order to obtain a reasonable estimate of the probability distribution. This 
would take something of the order of an hour of sampling for each spatial 
point in the flow. However, this is not entirely unreasonable and it would 
provide for the first time important information about the higher order cross-
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products in a highly turbulent flow. Such information would no doubt provide 
useful data for turbulence modellers! 

5.0 Concluding remarks. 

This paper has reviewed briefly the various forms of pulsed wire technique 
that have so far been developed. It h.as been shown that the crossed wire 
technique can be used to make velocity and turbulence measurements in 
highly turbulent flows without any upper restriction on turbulence level and 
that these measurements can be extended to near wall regions as well. In 
addition, the parallel wire wall shear stress probe has been discussed and it 
has again been shown that wall shear stress measurements can be made 
without any upper restriction on the turbulence levels. The limitations of both 
the crossed wire probe and the wall shear stress probe have been discussed 
and a number of suggestions for improving both of them have been made. 

Finally, some comments have been made on the potential of a parallel wire 
probe for use in highly turbulent flows that would enable higher order velocity 
cross-product terms to be measured. However, a programme of experiments 
is required to establish if this potential can be realised or not. 
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APPENDIX A. 

THE RESPONSE OF A PULSED PARALLEL WIRE PROBE. 

Ignoring the effects of longitudinal diffusion, the temperature distribution in 
the wake of a pulsed wire is given by 

o(~y,t) = N; (~)"2 /-;;u e-~(~)' H(;) (1A) 
P' 

where O(x,y, t) is the temperature in the wake of the pulsed wire, 0"' is the 

temperature of the pulsed after the voltage impulse. N pis the Nusselt number 

for heat transfer from the pulsed wire. TP is the pulsed wire time constant. 

P = Ux 1 K is the Peele! number and H( x I U) is a Heaviside step function at 

time t =xI U. 

If a sensor wire is placed in this wake at position x,y, its temperature O,(t) is 

given by 

t 
--:;- t , 

O,(t) = ~ J e(x,y,t)eT. dt (2A) 
T, 0 

where T, is the sensor wire time constant. Using equation (1A) in (2A) gives 

N (")
112 

T ( -'-;'"- _'2'!1_] -!'.(l)' (x) 0 (t)=-p - _P_ e ' -e T, e 4 • H-
' 2 P TP- T, U 

(3A) 

In the practical circuit, the sensor wire is differentiated with respect to time 
and it is this differential signal that is used to trigger the time-of-flight counter. 
This differential signal has a step-like behaviour at t = xI U with an amplitude 
given by 

(
dO,) = NP (!!.-) 112 e-~(~)' 
dt t-x/U 2 p T, 

(4A) 

If we assume for simplicity that Nusselt number varies like the square root of 
the Reynolds number, we find that 

P(y)' 
( dO,) ocU"z e ·.;; (SA) 

df t=xiU 

349 



using the expression for the time constants given by Bradbury and Castro 
(1971 ). The angular window of the probe is defined by that value of y I x at 
which the amplitude of the differentiated signal falls below the trigger level. It 
can be shown from equation (5A) that this window narrows with increasing 
velocity. This is simply due to the narrowing of the wake as lateral diffusion 
diminishes with increasing velocity. There is a counter effect from the other 
terms in the equation for the differentiated signal but the overall effect is still 
to produce a narrowing of the 'window'. 
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Sensor wires Pulsed wire 

Fig.11 Sketch of a parallel wire wall shear stress 
gauge. 

(Wire lengths approximately 3 mm) · 
(Height above wall approximately 50 micron.) 
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Fig.12 Mean skin friction, skin-friction intensity and 
skin friction reverse-flow parameter along a splitter 
plate downstream of a normal flat plate. 

(•)- Preston tube. XR is length of reverse flow 
region. 
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Fig.15 Sketch of a parallel wire probe. 
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Fig.16 A parallel wire probe in a turbulent flow. 
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Interaction Entre Deux Panaches Turbulents d'un melange 
Gaz-Liquide 

Philippe P. M. Menut, Antonio E. dos Santos Ferreira & Jader R. Barbosa Jr.t 

Programa de Engenharia Mecii.nica (PEM/COPPE/UFRJ), 
C.P. 68503, 21945-970- Rio de Janeiro- Brasil. 

t Adresse actuelle: Department of Chemical Engineering, Imperial College of Science, 
Technology and Medecine, 

Prince Consort Road, London - SW7 2BY - England - UK. 

Resume 
Ce travail e:r:pb·imental decrit Ia distribution de fmction locale de gaz dans un t!coulement bi-phasique Gaz-Liquide 

obtenu par deux panaches de bulles de gaz adjacents. Les mesur·es de fmction locale de ,qaz .<ont r·ealisees par· une 

sonde t!lectr·o-•·O.i.<tive accouplt!e d un module conditionnem· de .•ignal. Le oyot~me compnmd un r·eoerooir d 'eau 

cubique de 1m3 et deo in.iecteur·s d'air· dont le debit peut var·ier· entr·e 0.6 et 3.5 litr·es par· minute. Si le numem 
de Froude base sur la demi distance entr-e les deu.'C som·ces de gaz est t!leve, leo panaches prt!sentent une deflection 

de leur axe par action de l'ejjet Coanda. Une br~ve analyse theorique basee sur l'hypot/iese de Taylor eot conduite 

a fin de pmposer· un coefficient d 'entrainement variable. Les distributions Gaussienneo existant pour los panacl1es 

uniques axisymmetdques ne .wnt plus valable• si l'effet Coanda de/fecllit les panacl~es de bulle. Des pl1otogmphieo 

illustrent le pht!nomene pour· diverses configumtions d'ecoulement. 

Mota Clefs: 

Panaches de bulle.•, distf'ibution de fraction de gaz, sonde electm-resistive, ejjet Coanda, coeficient d'entrainement. 

I INTRODUCTION 

Les melanges t.ridimensionnels complexes en ecoulements multi-phasiques sont tres frequemment 
rencontres dans les procedes de production d'energie ou dans les industries metalurgiques. Parmi 
les applications industrielles, !'agitation de metal liquide par injection de panaches de huiles de 
gaz constitue une phase decisive dans l'industrie metalurgique. Le mouvement vertical d'un gaz 
inerte provoque une forte agitation du metal liquide, resultant en une homogeneisation chimique 
et thermique du melange, mais aussi en un regroupement d'inclusions non-metalliques dans une 
couche superficielle. 

La qualite de l'homogeneisation depend de Ia geometrie de !'installation et surtout de Ia maniere 
dont le gaz est injecte. Le nombre d'injecteurs, leur position et leur debit influent fortement sur 
le degre d'agitation realise et, par consequence, sur les proprietes de l'ecoulement induit: temps 
de melange, periode de residence et suppression des inclusions. . 

Les etudes rencontrees dans Ia litterature considerent en general une seule source de gaz, 
supposee axissymetique. II s'agit, en fait, d'une simplification obligatoire si une methode integrale 
est employee et si !'hypothese d'entrainement est admise. En approche differentielle, des modllles 
de turbulence relativement generaux devraient etre capables de detecter des aasymetries de 
l'ecoulement, et plusieurs sources de gaz pourraient alors etre envisagees. Cependant, comme 
nous allons le voir, i1 en est autrement. 

L'objectif de ce travail est de realiser une etude experimentale de Ia distribution de Ia concen
tration de gaz dans un ecoulement produit par deux panaches ronds colateraux. Ces panaches, 
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source 

2s 

Figure 1: Deux sources circulaires de gaz (a) sans interaction et (b) avec inclinaison des panaches. 

constitues d'un melange de bulles de gaz et de liquide, s'attirent mutuellement et perdent leur 
caractere axisymmetrique. Apres avoir etudie !'interaction d'un panache avec une paroi verticale 
(Menut et al., 1998), nous nous interessons ici a !'influence de l'effet Coanda sur deux panaches 
adjacents. Cette configuration possede un nouveau degre de Jiberte: Jes deux panaches peuvent 
tourner sur un plan horizontal et quitter Je plan vertical d'investigation. Cette rotation generale 
rend Ia campagne de mesure experimentale plus difficile. Cependant, comme nous allons le detailler 
plus en avant, cette difficulte est contournee en realisant une moyenne des mesures sur une periode 
bien plus etendue que dans Je cas d'un seul panache adjacent a un mur. Notons enfin que Ia 
configuration etudiee ici releve d'un grand interet dans l'industrie metalurgique. 

La figure 1 presente Ia forme generale d'un ecoulement a deux panaches de bulles d'air. La 
figure 1a montre Je cas de deux sources suffisament eloignees pour ne pas interagir entre elles, 
tandis que Ia figure 1b montre !'influence d'une source sur !'autre et Ia consequente deflection des 
J:1anaches de leur Jigne centrale initiale. 

Le panache axisymmetrique est un ecoulement largement etudie ces trois dernieres decades, 
tant d'un point de vue theorique (Ditmars and Cederwall, 1974; Milgram, 1983; Brevik and Killie, 
1996) que d'un point de vue experimental (Milgram, 1983; Castillejos and Brimacombe, 1987a; 
Barbosa and Bradbury, 1996). Ces differents travaux ont couvert une large bande de conditions 
experimentales, et n'ont cependant pas propose de modele unifie capable de simuler toutes ces 
conditions. En approche integrale, l'ecoulement a ete divise en trois regions distinctes regies par 
des effets dominants differents (Milgram, 1983). La region dominee par les effets de flottabilite 
est communement appe!ee "Zone d'ecoulement etablit". II s'agit de Ia region etudiee ici. 

La bibliographie traitant de plusieurs panaches est bien plus pauvre. Un travail relativement 
complet sur deux panaches adjacents a ete recement publie (Joo and Guthrie, 1992). L'ecoulement 
bi-phasique a ete etudie experimentalement a !'aide de Ia technique du traceur. Les auteurs 
quantifient le temps de melange total qui, par definition, correspond a l'intervalle de temps 
necessaire pour que 95 % des traceurs soient melanges au liquide. lis ont compare les resultats de 
plusieurs conditions differentes avec des resultats de simulation numerique. Le code implemente 
est base sur le modele ~t-e et !'action des bulles de gaz limitee aux termes de flottabilite. Les 
resultats numeriques n'ont montre aucune inclinaison des panaches, quelque soit Ia configuration 
experimentale. Des photos de !'experience montrent, cependant clairement une deflection des 
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panaches. La simplicite du modele numerique pour Ia phase gazeuse n'a pas permis de prendre en 
compte )'interaction entre les deux panaches. Les auteurs ont en fait simuJe deux panaches ronds 
juxtaposes et independants. 

Pera et Gebhart (1975) ont etudie !'interaction entre deux jets thermiques laminaires utilisant 
un interferometre Mach-Zehnder. Ils ont developpe un modele simplifie afin de prendre en compte 
Ia deflection angulaire de !'axe central des jets. Pera et Gebhart ont note que les jets plans 
subissent une inclinaison plus forte que les jets ronds. Nous avons cependant opte pour une 
configuration tridimensionnelle de panaches ronda afin de representer de maniere plus exacte les 
conditions industrielles rencontrees dans les bains d'acier liquide. 

L'effet Coanda est, selon Reba (1966) , Ia tendance d'un fl.uide, gazeux ou liquide, a adherer a 
une paroi proche de !'orifice qui injecte le fl.uide. 

II peut etre verifie experimentalement que lorsque deux sources de fl.ottabilite (ou de quantite de 
mouvement) sont juxtaposees, les deux panaches (ou jets) turbulents resultants ont tendance a se 
rapprocher l'un de !'autre. La courbure subie par les panaches n'est pas due, contrairement au cas 
des panaches laminaires (Pera and Gebhart, 1975), a une difference de pression. Si l'ecoulement 
est turbulent, Ia deviation des panaches est due a une restriction de l'entrainement de fiuide 
externe par l'ecoulement moyen. En condition axisymmetrique, l'infl.uence de Ia difference de 
pression est faible comparee a celle de l'entrainement turbulent. Bien que les types de force qui 
gouvernent chacun de ces phenomenes soient differents, certains auteurs considerent les deux cas 
comme exemples de l'effet Coanda (Tritton, 1988). 

Dans ce present travail, les auteurs sugerent que l'inclinaison des panaches ronds turbulents 
provient d'un desequilibre du fl.ux de quantite de mouvement lie a Ia restriction d'entrainement. 
Cette restriction est elle-meme due a Ia presence du panache adjacent. 

II ETUDE ANALYTIQUE 

L'analyse qui suit a pour but d'expliciter les bases de !'hypothese d'entrainement de Taylor 
(Morton et a!., 1956) et d'etablir les termes contenant !'influence de l'inclinaison des panaches 
a travers Ia variation locale du coefficient d'entrainement. 

L'hypothese d'entrainement a ete proposee en premier lieu par Taylor en 1949 dans des notes 
non publiees. Plus tard, en 1956, Morton et al. presentent un travail en formulant cette hypothese 
lors d'une conference. Les auteurs, dans cet article, enoncent d'une maniere simple: 

"the rate of entrainment at the edge of the plume or cloud is proportional to some characteristic 
velocity at that height". 

En d'autres termes, Ia vitesse moyenne v de Ia phase liquide traversant une section d'un 
ecoulement turbulent est proportionelle a Ia vitesse locale maximum - ou vitesse moyenne - de Ia 
section. En termes de debit volumetrique, Q, on peut ecrire 

dQ = vdA = cruobd8dz (1) 

avec a le coefficient d'entrainement , uo Ia vitesse moyenne maximale de Ia phase liquide (sur 
!'axe du panache) et b le rayon du panache. Pour les panaches thermiques et les jets en geometrie 
axisymmetrique, les coefficients d'entrainement sont constants et ont pour valeurs respectives 
0.083 et 0.054. 

Lea theories integrales appliquees aux panaches de huiles sont basees sur une analogie avec les 
panaches thermiques. La theorie considere, en plus d 'une nouvelle equation pour Ia seconde phase, 
un coefficient d'ent.rainement variable mais aussi un parametre appele parametre d'amplification 
de quantite de mouvement (Milgram, 1983). Ces parametres ont pour objectif de prendre en 
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Figure 2: L'effet d'entrainement en geometrie axisymmetrique. 

consideration !'action des huiles sur Ia phase liquide. Les theories actuelles sont valides pour les 
panaches de huiles tant pour les petites echelles que pour les grandes echelles. 

Dans cette analyse, Ia deflection de !'axe du panache est supposee provenir d'une restriction de 
l'entrainement due a Ia presence du panache voisin. Par consequence, le coefficient d'entrainement 
depend de. Ia coordonnee angulaire (} et de Ia hauteur z. 

L'angle de deflection du panache, </1, est defini geometriquement par (figure l.b) sin </I= s/z!· 
Santos et Silva Freire (1993) sugerent que sin r/J est aussi ega! au rapport entre Ia force qui doit 
etre exercee pour incliner le panache et le moment moyenne sur Ia coordonnee z, 

sin </1 
F 

f;J~1 M(z)dz' 

J~' Jg" Pl a 2 u~ b d(Jdz 

[j f;1 fo00 271" Pl (1- c) u~r drdz' 
(2) 

avec Pl Ia densite de Ia phase liquide, c = c(r, z) Ia distribution de fraction de gaz et u1 = u1(r, z) 
le profil de vitesse de Ia phase liquide. 

L'equation 2 etablit une relation pour !'evaluation du coefficient d'entrainement si les autres 
inconnues, ¢, u0 et b, sont determines experimentalement. 

Notons cependant qu'il est important de determiner le type de dependence fi:mctionnelle de 
a sur les autres parametres de l'ecoulement. Une analyse dimensionnelle fournit les parametres 
suivants: 

</1 = f [L Apq2] 
9 s5 ' u 8 3 

(3) 
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COMPOSANTS 

1. Compresseur a air 
2. Debimetre 
3. Injecteurs 
4. Positi.onneur 2D 

[E]J 5. Module conditi.onneur 
6. Oscilloscope 
7. Carte interface 
8. Micro-ordinateur 

Figure 3: Installation experimentale. 

avec g !'acceleration de Ia pesanteur, q le debit de gaz de chaque source, u Ia tension superficielle et 
t::.p Ia difference de densite entre les deux phases. Les quantites entre crochets sont, re8pectivement, 
le numero de Froude modifie, Fro et le numero de Weber modifie, W,, bases sur Ia demi distance 
entre les deux sources. 

III CONFIGURATION EXPERIMENTALE 

Les proprietes de l'ecoulement ont ete mesurees a !'aide d'une sonde electro-resistive. Ce type de 
sonde, realise a partir de fines aiguilles, a ete developpe simultanement par Neal et Bankoff (1963) 
et par Nassos (1963) . Ces etudes preliminaires sont specialement dedicacees a Ia presentation 
de Ia technique experimentale plutot qu'a une etude profonde de l'ecoulement. Neal et Bankoff 
ont travaille dans un melange Nitrog!me-Mercure, tandis que Nassos a utilise un melange air
eau. Serizawa et al. (1975a, 1975b, 1975c) et Herringe et Davis (1976) ont contribue de maniere 
significative a Ia comprehension de Ia structure turbulente des ecoulements internes bi-phasiques. 
Cheaters et al. ( 1980) furent les premiers a utiliser avec succes des sondes electro-resistives en 
milieu non confine. lis ont combine ces resultats a des mesures d'anemometrie laser-Doppler 
(ALD) afin de decrire les caracteristiques des phases liquides et gazeuses dans un panache de bulles. 
Tacke et al. (1985) ont utilise des sondes electro-resistives dans des melanges air-eau, Helium-eau et 
Nitroglme-Mercure afin d'etudier le procede de fabrication de l'acier par melange de gaz. Castillejos 
et Brimacombe (1987a, 1987b) , pour une application industrielle identique, ont developpe une 
instrumentation complete basee sur cette technique. En 1988, Teyssedou et al. ont presente 
un nouveau systeme AC ainsi qu'une analyse de l'effet de Ia geometrie de Ia sonde et d'autres 
parametres sur les performances de !'instrumentation. Plus nkemment, Kocamustafaogullari et 
Wang (1991) , Leung et al. (1992) et. Liu et Bankoff (1973) ont utilise ce type de sondes afin 
de determiner Ia fraction moyenne locale de gaz, Ia vitesse et Ia longueur percee ~ bulles en 
ecoulement interne. Mazumdar et Guthrie (1995) ont. public une recente revision su; le procede 
de fabrication de l'acier par melange de gaz. Smith et Milelli (1998) ont presente une analyse 
numerique d 'un panache confine et. realise une comparaison avec des resultats experimentaux. 

369 
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Figure 4: Sonde electro-n3sistive (valeurs en mm). 
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Entin, Sun et al. (1998) ont mesure les caracteristiques d'un panache de bulles d'air. Les deux 
derniers oqt combine des mesures par sonde electro-resistive et par anemometrie laser-Doppler. 

Le priricipc de Ia technique electro-n~sist.ivc est. de reconnait.re Ia phase entourant Ia sonde en 
comparant sa conductivite avec une valeur de reference. Un circuit electronique assode a Ia sonde 
reagit par une brusque variation de tension lors du passage d'une interface. Pour de plus amples 
renseignements techniques, le lecteur est invite a lire Ia publication de Barbosa et Bradbury (1996), 

L'installation experimentale est presentee a Ia figure reffig:instal. Elle comprend un reservoir 
d'eau, un systeme d'injection d'air, un positionneur 20 et un systeme d'acquisition et d'analyse 
de donnees. 

Le reservoir vitre mesure 1m x 1m x 1m et contient 300 milligrammes par litre de solution 
de chloride de sodium (brine). Les deux canaux du systeme d'injection d'air sont composes 
de compresseurs a air, d'un debimetre massique et d'un injecteur. L'air est introduit depuis le 
fond du reservoir par deux injecteurs identiques. Le systeme d'acquisition et de traitement de 
donnees comprend: une sonde electro-resistive double, un module de conditionnement du signal, 
un oscilloscope, une interface et un micro-ordinateur. 

La figure reffig:sonde presente Ia sonde electro-resistive utilisee; un fin cable d'acier inoxidable 
de 0.2 mm de diametre est loge dans un tube hypodermique de caracteristiques 0.4 mm OD 0.2 mm 
ID. Les deux conducteurs sont electriquement iso!es, mutuellement et par rapport a l'exterieur, 
excepte a leurs extremites. Les parties non isolees ont une longueur approximative de 0.1 mm. 
Les deux electrodes sont separees d'une distance de 1.5 mm. 

La sonde est placee en position verticale. La profondeur de l'eau est conservee constante et 
egale a 0.85 em. Environ 15 minutes sont necessaires pour garantir des conditions stationnaires. 
Les conditions experimentales realisees sont repertoriees dans le tableau 1. Les mesures sont 
n§alisees pour differentes distances entre les sources de gaz et pour differents debits de gaz. La 
sonde est deplacee sur un axe horizontal passant exactement a Ia verticale des deux sources. les 
injecteurs ont un diametre de sortie de 3.2 mm. 

Table 1 - Conditions experimentales. 

Test s (em] q (!/min] Fr w. 
a 3.25 2.4 4.50 e-3 1.1638 
b 6.4 2.4 1.52 e-4 0.1524 
c 9.05 2.4 2.69 e-5 0.0539 
d 3.25 1.2 1.12 e-3 0.2910 
e 6.4 1.2 3.80 e-5 0.0381 
f 9.05 1.2 6.72 e-6 0.0135 

La fraction de gaz mesuree en un point c(r, z, t) est une moyenne dans le temps obtenue par, 

1 loT c(r, z, t) = - I(r, z, t)dt 
T o (4) 

avec T le temsp total de mesure et I Ia sortie digitale provenant du module conditionneur. Le 
signal de sortie, I, consiste en une serie de pulses correspondant au passage des huiles d'air par 
Ia sonde. De plus amples details concernant le signal de sortie sont disponibles dans le travail de 
Barbosa et Bradbury, 1996. 

La frequence d'aquisition est fixee a 3.3 kHz. 50 blocs de 10,000 donnees sont enregistrees pour 
chaque point de mesure afin de decrire l'ecoulement. de maniere correcte. Les profils de quatre 
stations verticales, z = 10, 30, 50, 70cm, sont obtenues pour chaque configuration (s, q). Entre 40 
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et 50 points sont necessaires pour dkrire un profil. La calibration du systbme de mesure, realisee ( 
dans un tube vertical, a montre que Ia fraction de gaz est obtenue avec une precision de 10%. ( 

IV RESULTATS 
( 

( 
La forme moyenne de l'ecoulement est presentee figure 4. Les conditions experimentales sont listees 
au tableau 1. Les photographies ont ete realisee avec plusieurs temps d'exposition afin d'obtenir ( 
differentes perceptions de Ia structure des panaches de bulles. Les photographies obtenues avec ( 
un temps d'exposition eleve montrent clairement Ia deformation et le format des panaches. II est 
interessant de noter que les deflections angulaires sont parfaitement visibles et detectables a l'oeil ( 
nu. Lorsque Ia distance qui separe les deux sources augmente, les panaches se redressent; les deux ( 
panaches se concentrent pour n'en former plus qu'un dans le cas 8 = 3.25cm. 

La figure 5 presente les profils de fraction de gaz obtenus a differentes positions verticales. ( 
Les profils proches des injecteurs de gaz presentent une forme Gaussienne, concordant avec Jes 
resultats de Mazumdar et Guthrie (1995} pour des panaches axisymmetriques. Les autres profils ( 
ne proposent pas Ia meme courbure, ils sont deformes par Ia presence du panache voisin. Les ( 
points de fraction de gaz maximale sont aussi definis sur Ia figure. Des etudes precedentes ont 
montre que ces points correspondent aussi aux points de vitesse de phase liquide maximale. lis ( 
seront pris par Ia suite comme reference pour definir Ia position de !'axe des panaches. 

La deflection des panaches est presentee a Ia figure 6 pour plusieurs debits de gaz et trois ( 
differentes separations entre Jes sources. Le graphique est represente en coordonnees dimen
sionnelles. Cette figure montre que Ia plupart des trajectoires peuvent etre raisonnablement ( 
approchees de maniere rectiligne. Lorsque les deux plumes sont fortement ecartees, cette tendance ( 
est particulibrement marquee. 

Pour chaque cas teste, deux angles de deflection sont calcules, un par panache. L'angle tJ> utilise ( 
dans les figures suivantes est Ia moyenne des deux angles. L'angle de deflection des panaches 
ainsi defini peut etre presente en fonction du nombre de Froude et du nombre de Weber. Ces ( 
graphiques sont representes a Ia figure 7. lis montrent que !'angle de deflection t/> augmente de ( 
maniere Jogarithmique avec F, et w.. Ces courbes, similaires a celles obtenues avec un panache 
proche d'une paroi (Menut, 1998), pourraient etre approcbees par des droites recti!ignes. ( 

L'evolution de !'angle de deflection en fonction de Ia distance separant Jes deux sources et en ( 
fonction du debit de gaz est tracee a Ia figure 8. Les conclusions deduites du panache proche 
d'une paroi sont ici aussi verifiees. Aucune tendance generale ne peut etre relevee depuis ces ( 
graphes, particulierement ceux de q. A debit constant, les resultats pour 8 montrent que l'angle 
de deflection a tendance a diminuer lorsque Ia distance entre Jes deux sources augmente. Les ( 
figures 7 et 8 montrent clairement Ia pertinence du choix des parametres F, et w. pour decrire Je ( 
pbenomene. 

En resume, si !'angle de deflection d'un panache peut etre etabli a !'aide de !'equation (2}, ( 
alors Je coefficient d'entrainement a est une fonction des nombres de Weber et de Froude Jocaux. ( 
La prochaine etape consiste a mesurer les caracteristiques de Ia phase liquide afin de proposer une 
correlation puur .:o. C.:;;; iilformations sont obtenues par visualisation et traitement d'image dans 
une etude en cours de realisation. 
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Figure 5: Forme moyenne de l'tkoulement. Les conditions experimentales sont detinies au tableau 
1. 
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V CONCLUSIO!\i 

Le present travail a etabli uu,· correlation forte entre !'angle de deflection d'un panache de huiles 
et les valeurs des numeros de Froude et de Weber modifies. II initie une nouvelle banque de 
donnees sur une configuration de panaches de bulles d'air largement rencontree dans l'industrie. 
Ces resultats doivent permettre de modeliser le coefficient d'entrainement par une correlation avec 
!es deux parametres definis ici. C'est l'objectif d'une etude en cours de realisation. 
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N umeric.tl Study of Turbulent Boundary Layer Flow 
over a Surface with Step Change in Roughness 

- A Comparison with Experimental Data 

Mila R. A velinot 
Mechanical Engineering Program (COPPE/UFRJ), 

C.P. 68503, 21945-970 Rio de Janeiro, Brazil. 

Abstract 

A theory for the description of turbulent boundary layer flows is considered for the computation of the 

effects of a surface step change in roughness. The theory resorts to the concept of displacement in origin 

to specify a wall function boundary condition for k -E model. An approo:imate algebraic expression for 

the displacement in origin is obtained from the experimental data by using the chart method of Perry 

and Joubert{1969). This expression is subsequently included in the near wall logarithmic uelocity 

profile, which is then adopted as a boundary condition for a k-t modelling of the external flow. The 

results are compared with the lower atmospheric obseruations made by Bradley{1968} as well as uelocity 

profiles extracted from a set of wind tunnel experiments carried out by Auelino et al.(1998). The 

measurements were found to be in good agreement with the theoretical computations. The skin-friction 

coefficient was calculated according to the chart method of Perry and Joubert{1969} and to a balance 

of the integral momentum equation. In particular, the growth of the internal boundary layer thichness 

obtained from the numerical model is compared with predictions of the experimental data calculated by 

two methods, the "knee" point method and the "merge" point method. 

Keywords 
Thrbulence, Boundary Layer, Surface Roughness, Atmospheric Flows, K.-f model. 

1. Introduction 

A complete understanding of the effects that a step change in surface roughness 
has on the properties of a turbulent boundary layer has been the object of several ex
perimental and theoretical investigations in recent years, specially in micrometeorology. 
Most air flows of pratical interest occur in situations where the roughness, the elevation 
and the temperature of the terrain is changing. Unfortunately, these conditions often 
occur at the same time, giving rise to complex flow configurations, in which necessarily 
a large number of parameters to describe the roughness is required. 

The present work is concerned with atmospheric flows that develop over fiat terrain 
with changing surface conditions. In particular, we will be looking at flows which present 
abrupt changes in surface conditions from one extensive uniform surface to another; the 
theory to be developed here is, therefore, expected to account for these effects. Here, 
we will use the K.-f model to describe the properties of the atmospheric boundary layer 
in the surface layer. The model will use a wall function to represent the velocity profile 
near the wall so that a local analytical solution for the inner region will be used as a 
boundary condition for the outer solution. For this reason, this inner solution must 

t Also: Department of Mechanical Engineering, Rio de Janeiro State University, Rua Si.o Francisco 

Xavier, 524, Sa.la 5023, Bloco A, CEP 20550-013, Rio de Janeiro, Brazil. 
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take into account for local changes in the flow such as those provoked by the changes on 
the surface roughness. The local changes are here accounted for by logarithmic profiles 
that take as a characteristic length the displacement in origin; this has been evaluated 
experimentally by the present author in Avelino et. a1.(1998). 

The present work is, therefore, an despite its title, twofold. It will show the 
reader how the K.-E model stands for flows over step changes in surface roughness, 
and will present some new experimental data specially obtained for the validation of 
the numerical simulation. Four geometrical configurations will be considered, uniformly 
smooth and rough surfaces, and surfaces with smooth to rough and rough to smooth 
changes. 

Next, we will present a short review of the work recently published on the subject. 
The understanding of the effects that changes on the surface nature have on the flow 

properties has rested mainly upon field experiments. A difficulty with most studies is 
the absence of reliable measurements of surface flux. One of the few field studies that has 
overcome this difficulty has been that of Bradley(1968), who made some simultaneous 
measurements of both velocity profiles and surface shear stresses in a neutral flow at 
several positions relative to a discontinuity separating surfaces made of grass, of tarmac 
and of spikes. Bradley's data are ideal for comparison with theoretical and numerical 
results. The velocity profiles were compared with the computation of Rao et al.(1974), 
whereas the surface shear stresses were compared with the theories of Peterson{1969) 
and of Panofsky and Townsend{1964). 

Other atmospheric observations are those based on the bushel-basket experiments 
over the ice of Lake Mendota in the USA (Stearns{1964) and Lettau{1963)), the studies 
on the modification of the low level wind profiles based on the Riso Tower observations 
(Panofsky and Petersen{1972) and Petersen and Taylor{1973)), and a study of flows 
downwind of a wheat crop leading edge (Munro and Oke{1975)). 

In more controlled conditions, in a laboratory environment, detailed measurements 
have been made about the turbulence over rough surface changes, involving both zero 
and adverse pressure gradient conditions (Antonia and Luxton(1971 and 1972), Antonia 
and Wood(1975), Schofield(1975) and Mulhearn{1976, 1978)). All these experiments 
have concentrated on the development of the internal boundary layer and its internal 
mean and turbulent structure. Wind tunnel observations can also be found in Krogstad 
et al.{1992), Krogstad and Antonia(1994) and Shafi and Antonia{1997). 

The results obtained in the laboratory for boundary layers have frequently been ex
tended to describe the properties of atmospheric boundary layers with good agreement. 
However, the inhomogeneity of the earth's surface greatly complicates the application of 
results and theories established for uniform surfaces. To overcome this difficulty, most 
information comes from studies of the coastal boundary layer, where extentions of the 
small-scale approach to the mesoscale, specifically the internal boundary layer (IBL) at 
the coast, have been discussed by Venkatran{1986) and Shao et al.{1991). 

The experiments of the last thirty years have been accompanied by a great deal of 
theoretical effort. Much of this work is discussed in a recent review by Garratt{1990). 
Here, we will mention a few. 

The atmospheric boundary layer and the problem of surface heterogeneity can be 
considered on several scales, where different characteristics are attained. For a neutrally 
stable boundary layer, the flow is normally separated into two regions. On the smallest 
scale there exists an inner layer, where the effects are confined to the surface layer 
and the velocity profile is observed to have a logarithmic form; in this case of small-
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scale flow and of a neutral IBL responding to changes in surface roughness, analytical 
solutiens were provided in studies by Elliott(1958), Taylor(1968, 1969), Panofsky and 
Townsend(1964), Plate and Hidy(1967) and Mulhearn(1977). For non-neutral flows, 
the IBL response to a change in surface roughness has been presented in an analytical 
solution (Townsend(1965, 1966)). Numerical approaches to the problem include those 
of Venkatran(l976, 1985), of Peterson(1969), of Shir(1972), of Rao et a1.(1974) and of 
Beljaars et al.(l987). 

For more stable or unstable flows, the velocity profile deviates from its logarithmic 
behaviour. For this kind of problems, where many characteristic scales can be found, 
asymptotic techniques can be evoked to show that in most situations the velocity profile 
assumes a logarithmic form for distances sufficiently close to the wall. 

A good review text on turbulent boundary layers subjected to sudden perturbations 
is the article of Smits and Wood(1985); a review of the relevant work on the internal 
boundary layer is given by Garratt(1990). In the review of rough-wall turbulent 
boundary layers by Raupach et a1.(1991) the effect of the roughness on the mean velocity 
is reported, considering wind tunnel experiments over rough surfaces as well as natural 
vegetated surfaces in the atmosphere. 

2. Experimental Conditions 

The experiments were performed in the low-turbulence wind tunnel of the 
Laboratory of TUrbulence Mechanics of the Mechanical Engineering Department of 
COPPE/UFRJ. The tunnel is an open circuit wind tunnel with 0.15% of turbulence 
intensity, with an working section 0.3m wide, 0.3m high, and 2m long. A 3:1 contraction 
section feeds the working section, which has an ajustable roof, to permit the control of 
the longitudinal pressure gradient. 

To avoid any undesirable adverse pressure gradient, the first (or last) roughness 
element was always depressed below the smooth surface, its crest being aligned with 
the smooth surface. The roughn surface configurations are described below. In Case I, 
two 1.0 m long aluminium sheets were used to provide a long uniform smooth surface. In 
Case II, the 1.0 m long downstream smooth surface was placed following an aluminium 
sheet consisting of transversally grooved surfaces with rectangular slats of dimensions 
3mm high, 12mm wide, and pitch of 24mm. In Case III, the converse to Case II was 
realized; the upstream sheet was now smooth, followed by a rough sheet. Case IV was 
configured by two 1.0 m long aluminium rough sheets, resulting in a uniform rough 
surface. The present roughness elements characterize a roughness of the type k with 
w = 3k, where w is the cavity width. This geometry is slightly different from those of 
Perry and Joubert(1963), Perry et a1.(1969), Antonia and Luxton(1971), Antonia and 
Luxton(1972) and Bandyopadhyay(1987). 

The roof of the wind tunnel was carefully adjusted to assure a constant pressure. 
The mean velocity at the center-line of the working section was close to 5.5m/s in 
all cases, and the measurements were made at distances 0.2m, 0.4m, 0.6m, O.Sm, lm, 
1.05m, l.lm, 1.15m, 1.2m, 1.3m, 1.4m, 1.6m and l.Sm from the beggining of the working 
section. 

The mean velocity profiles were obtained using a Pitot static probe and a Mensor 
Pressure Gauge. The mean velocity was also measured with a boundary layer hot-wire 
operated by a linealized constant temperature anemometer. 
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Mean velocity profiles and turbulence intensity levels were obtained using a DAN
TEC hot-wire system series 56N. The boundary layer probe was of the type 55P15. The 
mean velocity data had a precision of 0.6%. 

A detailed description of the experimental set up can de found in A velino et 
al.(1998). 

3. Two Types of Roughness 

Nikuradse(1933) investigated the effects of sand-roughened surfaces on the mean 
velocity profile in pipes, and found that, at high Reynolds number, the near wall flow 
becomes independent of viscosity, and is a function of the roughness scale, K, of the 
pipe diameter, D, as well as of Reynolds number, R. From dimensional arguments and 
comparison with Prandtl's law of the wall, Nikuradse described the velocity profile in 
the region near the wall as 

~ = .!_ In Y + B [ K uT] ' 
UT k K v 

(1) 
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where uT is the friction velocity, k is the von Karman constant(=0.41), and B is a 
function of the surface roughness. ( 

Equation (1) was written in an alternative form by Clauser(1954), who cast it as ( 

Hama(1954) showed that 

~ = .!_In yuT +A_ ~u [KuT]. 
UT k V UT V 

A 1 KuT C 
uu - - In -- + ' -- k v 
UT 

(2) 

(3) 

which immediately shows that equations (1) and (2) are just the same but written in a 
different form. 

Flows that follow the behaviour set by equations (1) to (3) are said to occur over 
surfaces of the type "K". Flows, on the other hand, which are apparently insensitive 
to the characteristic scale K, but depend on other global scale of the flow are termed 
flows over surfaces of the "D" type. In the latter case, the roughness is geometrically 
characterized by a surface with a series of closely spaced grooves within which the flow 
generates stable vortical configurations. To describe the part of the velocity profile that 
deviates from the logarithmic law in the defect region, we consider that, in the flow 
region above the rough elements, the mean motion is independent of the characteristic 
scales associated with the near wall flow. Thus equation (2) may be re-written as 

~ = .!_In yuT +A_ ~u [DuT]. 
UT k V UT V 

(4) 

In principle, there is no physical reason why the functions appearing in equations 
(2) and (4) should have the same form. In fact, the distinct length scales used in the 
representation of the "K" and "D" type rough wall flows may suggest that a single 
framework for the description of both types of roughness cannot be devised. However, 
Moore(1951) showed that a similarity law can be written in a universal form provided 
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the origin for measuring the velocity profile is set some distance below the crest of the 
roughness elements. 

Writing an expression in a more general form, valid for both types of roughness 

~ = _!. In (YT + f )ur + A _ ~u, 
Ur k V Ur 

(5) 

where, 

~u - _!. In EUr + C,, 
-- k v Ur 

(6) 

and C;, i = K, D; is a constant characteristic of the roughness. 
Having worked out an expression for the representation of the velocity profile in 

the near wall region (expression (5)), let us now argue about its domain of validity and 
how it relates to the classical asymptotic structure of the turbulent boundary layer. 

From an asymptotic point of view, one the important factors in the determination of 
the flow structure is the correct assessment of the order of magnitude of the fluctuating 
quantities. For the velocity field, a classical result is that, for flow over a smooth 
surface, both the longitudinal and the transversal velocity fluctuation components scale 
with the friction velocity, ur. The direct implication of this result is that the fully 
turbulent region is limited by the scales (u~/U!)L and v fur. 

All these arguments can easily be formalized through application of the single limit 
concept of Kaplun(1967). Indeed, an application of the theory of Kaplun (Silva Freire 
and Hirata(1990)) to the equations of motion, shows that the flow structure consists of 
two distinct regions determined by specific regions of validity obtained through passage 
of the single limiting process. The domains defined by the limits quoted above are just 
the overlap domains of the inner and the outer regions. 

For flows over rough surfaces, we have seen that the lower bound of the overlap 
regions must change, being now a function of the surface geometry. Indeed, in this 
situation, the viscosity becomes irrelevant for the determination of the inner wall scale 
because the stress is transmitted by pressure forces in the wakes formed by the crests 
of the roughness elements. We have also seen that the characteristic length scale for 
the near wall region must be the displacement in origin. It is also clear that, in either 
case, roughness of the type "K" or roughness of the type "D", the roughness elements 
penetrate well into the fully turbulent region so that the new origin for the velocity 
profile will always be located in the overlap fully turbulent region. Therefore, concerning 
the K-f model, it appears that an adequate description of the flow can be given provided 
the wall boundary condition is written according with equation (5). 

4. The Numerical Scherqe 

The present theory was numerically implemented through the computer code 
CAST (Computer Aided Simulation of Turbulence, Peric and Scheuerer(1989)). This 
program has the same structure of other existing fluid flow prediction schemes such 
as TEAM and TEACH. It is thus a conservative finite-volume method in primitive 
variables. Differences from those codes arise in the co-located variable arrangement, the 
discretization scheme, the solution algorithms for the linear equation systems resulting 
form the discretization, and in the pressure coupling which is adopted to the co-located 
variable storage 
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For turbulent flow, the code solves the Reynolds averaged Navier-Stokes equations 
in connection with the K.-E differential turbulence model of Launder and Spalding(1974). 
The five empirical constants appearing in the code take on the standard values. Since 
CAST uses the wall function method for specification of the boundary conditions at 
the wall, an extension of the program to our case of interest was a relatively straight
forward affair. Changes were basically made in the momentum and energy balances 
at the adjacent to the wall control volumes. Here, we will spare the reader the main 
implementation details. We just point out that the concept of a turbulent Prandtl 
number was used. 

In all flow simulations, the major modification in the code relied entirely on the 
manner in which the boundary condition was implemented. The concept of displacement 
in origin was incorporated to the original code, with a carefully chosen expression for 
its description. We will discuss that in more detail next. 

5. The Displacement in Origin 

The determination of the displacement in origin, E, is crucial for the evaluation of 
the properties of the flow over a rough surface, including all local and global parameters 
such as the skin-friction coefficient. All graphical methods for its determination, 
however, assume the existence of a logarithmic region, which may not occur near to 
a step change in roughness. 

An initial estimate off can be made based on the physics of the problem. For rough 
surfaces of the k-type, the type of surface studied here, the ratio E/k -+ 1.0 according 
to the relation (Bandyopadhyay, 1987) 

f =canst. xm, m = 0.72. (6) 

The asymptotic value off was observed by this author to be reached at a distance 
of about lOOOk downstream of the point of surface change. 

Here, the values of E were calculated according to the method of Perry and Jou
bert(1963). Systematically adding an arbitrary displacement in origin to the original 
profiles, the least square method could be applied to the near wall points to search for 
the best straight line fit. As mentioned by other authors, this method is extremely 
sensitive, as small departures in the true value of E will give large differences in the 
calculated values of C !· 

The estimated values of E are shown in Figures 1 and 2 compared with equation (6). 
In opposition to the results of Bandyopadhyay(1987), we have found here different values 
for the exponent in the power law. For the uniformly rough case we found m = 1.04, 
whereas for the smooth-to-rough case we found m = 0.81. In the present experiments, 
the asymptotic value of E was reached at about x = 400. 

The result is that in the numerical computations the following expressions were 
used to represent E: 

Case uniformly rough. 
E = 0.00124 xm, m = 1.04. (7) 

Case smooth to rough. 
E = 0.0118 xm, m = 0.81. (8) 
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Figure I. Displacement in origin for the smooth to rough case. 
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Figure 2. Displacement in origin for the uniformly rough case. 
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6. Mean Velocity Profiles 

The computed mean velocity profiles are shown in Figures 3 to 4 in dimensional 
coordinates and in a semi-logarithmic form. As expected, both the angular and the 
linear coefficients of the straight lines are observed to decrease as the flow progresses. 
In Figure 3, the linear regions cease to exist after the change in surface roughness at 
x = 0. The most interesting feature of this figure, indeed, is the large distortion in the 
velocity profile at x = 0. At this point, no logarithmic behaviour of the velocity profile 
can be noted. In fact, at the would be logarithmic region a strong "kink" in velocity can 
be seen. In the rough-to-smooth case (not shown here) the level of the velocity curves 
were observed to decrease until x = 0; at that point, the velocity started to recover to 
its undisturbed conditions, raising the values of the linear coefficients to the values of 
the reference uniformly smooth surface curve. Figure 4 displays the flow behaviour for 
the uniformly rough surface case. 

The two figures just introduced must now be presented in non-dimensional form. 
Here, our problems start. 

In principle, Clauser's chart method can be used to evaluate C f for flows over a 
smooth surface. In fact, if the classical formulation for the law of the wall is assumed to 
hold and if the von Karman constant, K., is really considered constant and equal to 0.41, 
then the wall shear stress can be estimated directly from the slopes of the straight lines 
defined in mono-logarithmic graphs. With the values of C f, the value of the additive 
"constant", A, in the law of the wall can then be determined. The resulting A's are not 
constant for some flow conditions but vary with x. 

For the flows over rough surfaces, on the other hand, the task of evaluating C f 
is much more complex for two parameters, the displacement in origin and the rough
ness function are previously unknown (Perry and Joubert(1963), Perry, Schofield and 
Jouber(1969)). If the flow is in a near state of energy equilibrium condition, the chart 
method· of Clauser can be extended to calculate C f (Perry and Joubert, 1963). The 
difficulties are many. The most serious one is that the value of C f is confirmed only by 
the slope of the logarithmic line and not by its position. In some of our experiments, 
however, the flow in the vicinity of the point of change in surface roughness is not in 
equilibrium condition. Thus, any method which presumes the existence of a logarithmic 
region and searches for values of C f by distorting the measured velocity profile into a 
logarithmic curve must be seen with caution. 

Due to the uncertainties of the chart method, at least one alternative estimate of 
C 1 had to be provided; this method was based on the application of the momentum 
integral equation 

C J = _!!__(2 +H) dUoo + d9 
2 U00 dx dx' 

where 9 is the momentum thickness and H = 6tf9. This equation was used considering 
the normal stress difference gradients negligible. · 

Figures 5 and 6 were prepared with the numerical and the experimental data 
in mono-logarithmic form. The agreement provided by the computations was very 
reasonable showing that the K.-f model responses well for the law of the wall formulation 
of expression (6). 

384 

t 
( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( I 

( 

( 

( I 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 



\ 
( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 
( 

( 

( 

( 

( 

u 
[m/s] 

u 
[m/s] 

6 

+ 

• 
4f- 1". • .... . + •••• ~ • • i 
~ +r + •• ~-

++ ...... ,.· ... ~·· +~ ........ + 1:] + • • ... ++ ' + •• ~ .... ~+ r-~0 lbJ 

$ 

ll?J 

+++::t i••:l!: i * ~~ .... 
+ + + + •••• e .... _ ~11 0 

+ • •• • .... ~[!lh' !If' 
+ + • • • •. ~ !!J, '~ fl I jJ· 

• •• ,...+; - '-'•!• 1·1\} 
• e • t•~~ '' •l• d)v 

e _,_ & l"J 0 N-' •I• \ 1' · 
• ·•- " n .. ~~ - -t :i ... ll A - 'I• iJ ' 
· 11 ~-'' '-' •F>'1' ll 7 I x= 5 

LJ 1tl ·fi ·l··t+ ki \ 
01 

"' cl> . L;}l;) x= 10 
•l• _ r1IJ •I• L;} <7 ['] ~ 

191 
L;} _ x= 15 

+ x= -80 I I x= 20 

• • • .. 
x= -60 

x= -40 

x= -20 

x= 0 

-~ x= 30 

1+1 x=40 

[] x=60 

7 x= 80 

OL-----~--~~~~~~----~--~~~~~~~ 

1 10 100 
y [mm] 

Figure 3. Velocity profiles for the smooth to rough case. 

6~----------------------------------------~ 

1-

41-

1- ,...+~"' + 
++++ 

+ 

++++ 

+++ 
++ 

••• ••• 
• •• .MJ 

2 f--.......... • ••• .--.. •.:.......JI.. ..:.: • 
. .riiJil. 18111

-

+ + + ++++ ••• •t•~ 

+ •• ··~ + • • ···* 
+ • • • • ~+ . . . ~ ·" • •• ., *~$~ 

• • • @ 07
7 

• • • •• ~ ;~997 
• • ••• : m ~ + 
. . i ,~~~~ 
I; o I + x= -80 () 

; ~ ~= 
CJ 7 

7 

x= 5 

x= 10 

x= 15 

x= 20 

• x= -60 /.'., x=30 

• x= -40 riJ x= 40 

• x= -20 0 x=60 

0 I 1 
1 1 

I 7 x=80 

1 

I I I I 1 I I I l 
10 

I I I 1 1 

.. x=O 

I 

y[mm] 100 

Figure 4. Velocity profiles for the uniformly rough case. 

385 



U/Uinf 

U/Uinf 

2.0 .------------------------., 

1.5 

1.0 

0.5 

Smooth to Rough Surface 

Experimental Data 

+ Numerical Data 

0.0 [ +-41 .... ' .......... , I I I I I 
0.4 0.8 1.2 

y/delta 
Figure 5. Non-dimensional velocity profiles for the smooth to rough case. 

2.0,.------------------, 

1.5 

1.0 

0.5 

Rough Surface 

Exparimental Data 

~~- Numerical Data 

0.0 '" 

_,,...___. 

y 

// 

/ 
.) 

.;,· 

/ 
.y· 

0.0 0.4 0.8 1.2 
y/delta 

Figure 6. Non-dimensional velocity profiles for the tmifonnly rough case. 

386 

t 
( 

( 

( 

( 

( 

( 

( ) 

( 

( 

~ 

{ 

( 

( ' 

( 

( 

( ' 

( 

( 

( 

( 

( 

( 

( 

( 

( ' 

( 

( 

( 

( 

( 

( 

( .' 



-, 
( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

{ 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

( 

1000 

Oj 
[mm] 

5 ·-

2 ·-

100 

10 

0 

+ 
b. 

Smooth to Rough Case 

Numerical Prediction 

Estimates from 'knee• points 

Estimates form 'merge' points 

Panofsky and Dunton(1984), 61•0.35 

Best Fit (= pow(X,O. 77) • 1.6 

0/' 

/ ... 6 

"Y 

x[cm] 

X 

'V 

'V 

Atmospheric Data from Bradley 

0 26Auguot T armac-Spikeo 

X 27 Auguot Tarmac-Spike• 

\l 30Auguot Tarmac-Spike& 

Y = pow(X,O. 72) • 0.45 

2L---~J-~WL~L---~J-~LLLU~--~~_L~~U---~~~~~~ 

1 10 100 1000 2 • 10000 

Figure 7. The internal boWidary layer thickness, uniformly rough case. 

1000 .------------------------ . 

0 
+ 

Rough to Smooth Caoe 

Numerical Prediction 

Estimates from 'merge' pcints 

Estimates from 'knee' pcints 
0 

100 

Oi 
[mm] 

10 1--

5 ·-

~-' .. / / + 

x[cm) 

+ 
_/~0 

-;/ / 
/ Atmospheric Data of Bradley 

+ 1 June Grass-Tarmac 

Y = pcw(X,0.64) • 0.56 

0 20 June Grasa-Tarmac 

... 25 August Spikes-Tarmac 

y = pcw(X,1.07). 0.04 

1L---~--J-.-LJ-~LLL---~--J--LJ-~~L---~---L-L-L~-WU 

10 2 5 100 2 5 1000 2 5 10000 

Figure 8. The internal boundary layer thickness, smooth to rough case. 

387 



7. The Internal Layer 

In addition to the velocity profiles, we want to show how the numerical predictions 
for the wind-tunnel data can be used to estimate some atmospheric data. Th this end, 
we will compare de present results with the atmospheric data of Bradley(1968). 

In literature, several methods have been proposed to determine li;. Here, two 
methods will be used (Antonia and Luxton, 1971). In the first method, li; is inferred 
from the position of merging between two consecutive mean velocity profiles. The 
resulting points closely coincide with the merging of the turbulence intensity profiles 
yelding a physically realistic procedure. In the second method, the velocity profiles are 
ploted against y 112 . Under these coordinates, two distinct linear regions appear with 
different slope coefficients. The intersection of the two straight lines defines the edge of 
the internal layer. 

Considering the diffusive character of the growth of the internal layer and a log
arithmic expression for the mean velocity profile, Panofsky and Dutton(1984) derived 
a logarithmic expression for the growth of li;. The resulting numerical values of li; are 
shown in Figures 7 and 8 compared with logarithmic and power-law expressions and 
the data of Bradley(1968). The physical evidence is that for the rough-to-smooth case 
the growth rate is much slower than that observed for the smooth-to-rough case. For 
the rough-to-smooth surface, estimates from the "knee" point method and from the 
"merge" point method furnished respectively n = 0.41 and 0.43. For the smooth-to
rough case, we found n = 0.77 and 0.87. In this case, to apply Panofsky and Dutton 
equation we replaced z2 by £. 

Overall the agreement shown by the computations was very good. 

8. Conclusion 

A comparison of the present numerical computation with the data of A velino et 
a1.(1998) and with the data of Bradley(1986) shows that, apparently, the 1<-E model can 
be used to provide predictions of wind-tunnel data as well as atmospheric data over 
terrains with changing surfaces. Overall, the present data are consistent with the data 
of other authors; the values of C 1 , off and of li; are of the order of the data of Perry and 
Joubert(1963), of Perry et al.(1969) and of Antonia and Luxton(1971, 1972). Currently, 
the ~t-f model is being put under further escrutiny by the present author in order to 
demonstrate its capabilitity of predicting flows over rough surfaces. 

Acknowledgements. The author is grateful to Prof. A. P. Silva Freire for the 
enlightning discussions undertaken during the course of the present work. Prof. P. P. 
M. Menut was very helpful in helping with the experiments. 
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Interac;ao entre Distribui<;ao de Fases e Estrutura de TurbuH~ncia 
em Escoamentos Bifasicos com Bolhas - U ma Revisao 

1. Introdm;ii.o 

A. C. R. Castro e Jian Su 

Programa de Engenharia Nuclear - COPPE/UFRJ 
Caixa Postal 68509- Rio de Janeiro 

CEP. 21945-970 

Escoamentos bifasicos de liquido-gas tern papel importante nos equipamen
tos e processes industriais de engenharia nuclear, mecanica, quimica, metalurgica e 
petrolifica, tais como trocadores de calor, geradores de vapor, tubula'"oes de misturas 
bifasicas de liquido-gas, etc. Ha urn interesse especial devido a analise de seguran'"a 
de reatores refrigerados a agua !eve pressurizada {PWR). Portanto, e de extrema im
portancia entender fenomenos fisicos em sistemas de escoamentos bifasicos, tais como 
regimes de escoamento, distribui'"ao de fases e a estrutura do campo de turbulencia 
e prever comportamentos multidimensionais de escoamentos bifasicos com precisao. 

Os fenomenos multidimensionais em escoamentos bifasicos sao os problemas 
mais interessantes, desafiantes e dificeis. Infelizmente, devido as complexidades en
volvidas, pouco progresso tern sido obtido na analise precisa de escoamento bifasico 
multidimensional. 

Os escoamentos bifasicos apresentam varios padroes de escoamento, tais como 
escoamentos com bolhas, escoamentos anulares, etc. Sendo que estes padroes sao 
determinados pelas condi'"oes da pressao, da velocidade do escoamento, do fiuxo de 
calor e da geometria do canal. 

0 objetivo do presente trabalho e realizar uma revisao bibliografica dire
cionada a escoamentos bifasicos com bolhas na dire'"ao vertical para cima, veri
ficando os modelos utilizados na solu'"ao de tais problemas. Sao discutidos, na se'"iio 2, 
os mecanismos fisicos desta interac<ao baseados nos trabalhos experimentais e te6ricos. 
Na sec<ao 3, e apresentada a formulac<ao matematica usualmente utilizada. Os 
modelos de turbulencia sao apresentados na se~ao 4. 

2. 0 Estado da Arte 

A maioria dos modelos analiticos sao desenvolvidos para fen6menos unidi-
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rnensionais. Os rnais sofisticados destes rnodelos sao baseados na formulac;ao do 
rnodelo de dois-fluidos no qual as equac;oes de conservac;ao de cada fase sao re
solvidas junto corn condic;oes apropriadas para o fechamento do problema. 0 
fechamento de tais sistemas e conseguido por postular leis de transfer€mcia in
terfacial e de transfer€mcia na parede solida, que procurarn recuperar algumas 
fisicas perdidas durante 0 processo de media temporalfespacial ou estatistica. 
A abordagern do rnodelo de dois-fluidos pode ser estendida a escoamentos mul
tidimensionais e tern sido adotada em quase todos os c6digos avanc;ados de 
sirnulac;ao (RELAP, TRAC, PHOENICS). Infelizrnente, ha consideraveis incertezas 
quanto a propria forrnulac;ao das leis de transfer€mcia interfacial, principalmente 
quanto a distribuic;ao de fases e a estrutura de turbulimcia. 

As equac;oes gerais para escoamentos bifasicos tern recebido muita atenc;ao 
e tern sido desenvolvidas de varias maneiras. Urn desenvolvimento rigoroso de 
equac;oes de conservac;ao de media temporal para escoamentos bifasicos tridimensio
nais, charnado de rnodelo de dois-fluidos, foi feita por Ishii (1975). Alem das tensoes 
de Reynolds, essas equac;oes de conservac;ao contern termos novos de transferencia in
terfacial resultantes do processo de media. Portanto, antes da solUf,;ao numerica das 
equac;oes do rnodelo de dois-fluidos, e necessaria constituir as tensoes de Reynolds e 
as forc;as interfaciais para o fecharnento do equacionamento. Os avanc;os recentes no 
assunto forarn revistados por Lahey (1990) e Lopez de Bertodano et a!. {1994). 

Urna teoria para descrever os processos de transferencia de momento e de calor 
ern escoamentos bifasicos corn bolhas ern canais verticais foi proposta por Sato et a!. 
(1981). Nesta analise a tensao cisalhante turbulenta eo fluxo de calor turbulento sao 
subdivididos ern duas cornponentes, urna devido a turbulencia inerente do liquido e 
a outra devido a turbulencia adicional causada pela agitac;ao das bolhas. E utilizada 
a hipotese de que as bolhas de gas podern ser tratadas como meros vazios, isto 
e, que nenhurna transferencia de rnomento acontece na fase gasosa, assim sornente 
o conhecimento das propriedades do escoamento na fase lfquida e suficiente para 
descrever o escoamento. 

As tensoes resultantes dos dois tipos de turbulencia sao relacionadas as di
fusividades turbulentas. Os perfis da velocidade do Hquido e da frac;ao de vazio 
sao obtidos experirnentalrnente. Na regiao central, distante da parede, os resultados 
mostrarn-se va!idos atraves de cornparac;ao corn dados experimentais, no entanto o 
rnesmo nao ocorre para a regiao proxima a parede. 

Considerando escoamentos corn altos nurneros de Reynolds de modo que o 
rnovimento turbulento plenarnente desenvolvido ocorra a uma certa distancia da 
parede enquanto existe uma subcarnada viscosa na vizinhanc;a da mesma, as ex
pressoes para as difusividades turbulentas sao examinadas de modo que descrevam 
todo o campo do escoarnento, desde a vizinhanc;a da parede ate a regiao central 
do canal. Deste modo, conseguern prever teoricamente a distribuic;ao de velocidade 
do tfquido e 0 gradiente de pressao friccional quando 0 perfil da frac;ao de vazio e 
conhecido. 

Utilizando a analogia com escoamento monofasico, a descric;ao acima para 
transferencia de momento e aceita para ser estendida a problemas de transferencia 
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de calor. 0 resultado desta analise conduz a calculos teoricos da distribuit;iio de 
temperatura do liquido e do coeficiente de transferi'mcia de calor, mostrando que as 
difusividades turbulentas para transferi'mcia de calor sao iguais aquelas para trans
ferenda de momenta. 

A validade da teoria e testada para ambas as transferencias, de momenta e 
de calor, examinando-se a situat;ao para escoamento turbulento com bolhas plena
mente desenvolvido em tubo circular, atraves da comparat;ao dos resultados com da
dos experimentais. Destas comparat;oes concluem que a teoria para transferencia de 
momenta e valida para descrever escoamentos bifasicos com bolhas. Ja para a trans
ferenda de calor, observam que a concordancia dos resultados nao e tao boa e supoem 
ser devido as dificuldades tecnicas de medit;ii.o da temperatura. Assim verificam a 
necessidade de outros experimentos para validar a teoria relativa a transferencia de 
calor. 

Urn dos primeiros trabalhos sabre modelagem de turbulencia junto com urn 
modelo multidimensional de dois-fiuidos foi publicado por Drew e Lahey {1982) que 
aplicam a teoria de comprimento de mistura para analisar a distribuit;ao de fases em 
escoamentos com bolhas em tubas circulares. Tratam de urn escoamento em especial, 
que e o escoamento turbulento permanente plenamente desenvolvido de uma mistura 
axissimetrica adiabatica de ar-agua. Devido as hipoteses utilizadas, a area da set;ao 
transversal e naturalmente dividida em tres regioes. Na camada limite na parede, 
as tensoes viscosas, as tensoes turbulentas e as fort;as fiutuantes combinam para 
determinar os perfis de vazio e de velocidade. Perto da linha de centro, verificam 
que a teoria classica do comprimento de mistura superestima o efeito da turbulencia. 
Assim, usam uma teoria modificada do comprimento de mistura para esta regiao. No 
restante da set;iio transversal, a teoria padriio do comprimento de mistura e utilizada. 

As solut;oes construidas para cada regiii.o requerem pouca informat;iio sobre a 
estrutura de turbulencia e predizem propriamente o efeito observado da orientat;ao do 
escoamento. Eles conseguem simular qualitativamente o efeito de pico de frat;iio de 
vazio proximo a parede em escoamento vertical para cima e a concentrat;ao de bolhas 
no centro do tuba em escoamentos para baixo. Assim, mostram que a turbulencia 
pode ser urn mecanismo dominante na distribuit;ao de fases lateral. 

Calculos mais elaborados foram realizados por Lee et a!. {1989) que adaptam 
o modelo de duas equat;oes k-e para escoamentos com bolhas. Lopez de Bertodano et 
al. {1990) estendem esse trabalho para o modelo de tensoes de Reynolds para modelar 
o efeito de anisotropia. 0 modelo das tensoes de Reynolds e mais detalhado, pois 
substitui as equat;oes para a energia cinetica turbulenta por urn conjunto acoplado de 
equat;oes diferenciais para as componentes individuais do tensor de Reynolds. Como 
consequencia, a anisotropia e automaticamente prevista. No entanto, encontram 
dificuldades computacionais com a baixa velocidade de escoamento. Posteriormente, 
urn modelo novo de tensoes de Reynolds foi proposto para contornar as dificuldades 
(Lopez de Bertodano, 1992). 

Serizawa (1974) obteve medidas da distribuit;iio lateral de vazio e das fiutuat;oes 
turbulentas do llquido para escoamento para cima com bolhas num tubo vertical. 
Alguns dados tipicos sao mostrados na Figura 1. Pode-se ver urn pico na parede para 
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escoamento com baixos tltulos ( < x >), enquanto o vazio no centro evolui com o ( 
aumento do titulo, e entii.o ocorre slug flow. 
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Figura 1- Distribuic;ii.o radial de vazio (escoamento para cima) 

Uma investigac;ii.o experimental detalhada do fenomeno de distribuic;ii.o de fases 
num tubo foi realizada por Wang et al. (1987). Foram utilizadas sondas especiais de 
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Figura 2 - Perfis de frac;ii.o de vazio 
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Ulll unico elemento cilfndrico, e de tres elementos COUiCOH pant medir a distribui<;iiO 
lateral de vazio tanto quanta todos os componentes do tensor das tensiies de Reynolds 
para ambos os escoamentos, com bolhas subindo e com bolhas descendo. Dados 
tipicos siio mostrados nas Figuras de 2 a 5. 
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Figura 3 - Velocidade Axial do Liquido e Flutua<;iies Turbulentas 
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Pode ser vista que, como esperado, a distribui<;iio lateral de vazio e fortemente 
influenciada pela dire<;iio do escoamento. Tambem pode ser vista pela Figura 3 que, 
para escoamento bifasico, a velocidade media da fase liquida pode ter urn maximo fora 
da linha de centro para ambos escoamentos, para cima e para baixo. Adicionalmente, 
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nota-se que as fiutua<;oes da velocidade turbulenta bifasica do liquido na dire<;iio 
axial podem estar abaixo daquelas correspondentes a escoamentos monofasicos para 
grandes numeros de Reynolds da fase liquida. Isto imp!ica que para tais condi<;6es o 
mecanismo de supressii.o de turbulencia excede os mecanismos de produ<;ii.o de tur
bulencia induzida pelas bolhas. Dados similares foram obtidos por Serizawa (1974). 
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Figura 5 - Medidas de Tensoes de Reynolds 

Pelas Figuras 4 e 5, e interessante notar algumas medidas tlpicas das tensoes 
de Reynolds. Vemos na Figura 4 que a estrutura da turbulencia e anisotr6pica para 
ambos os escoamentos, monofasico e bifasico. A Figura 5 mostra as tendencias das 
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tensoes cisalhantes para escoamentos com bolhas para cima e para baixo. Alem 
disso, pode ser visto que medic;oes redundantes usando sondas diferentes (i.e., uma 
sonda conica 3-D e uma sonda cilindrica a 45°) fornecem essencialmente os mesmos 
resultados para as varias componentes do tensor de Reynolds. 

As distribuic;oes laterais de vazio recentemenle foram resumidas em urn mapa 
de regimes de escoamentos por Serizawa et al. (1987). Este mapa e mostrado na 
Figura 6. Pode ser visto que quando a velocidade superficial da fase liquida (jz) e 
aumentada, o pico de vazio se afasta da parede. A!E!m disso, quando se aproxima das 
condic;oes de slug flow, vazio no centro e observado. 

Do trabalho de Sekogushi et al. {1974), observa-se que o movimento da bolha 
parece estar relacionado com a distorc;ii.o da bolha, o local do ponto de injec;ii.o, e o 
numero de Reynolds do liquido. Significantemente, e verificado que todas as bolha.s 
esferica.s e as bolhas distorcidas maiores que cerca de 3mm de diametro nii.o se juntam 
perto da parede em escoamentos para cima. Enquanto a inftui'mcia do tamanho da 
bolha e da distorc;ii.o na distribuic;ii.o lateral de fase nii.o e ainda compreendida nos 
escoamentos bifasicos de importancia pratica, assume-se que o tamanho da bolha e 
de grande importancia. Portanto, os modelos que devem ser validos para uma grande 
variedade de condic;oes devem incluir os efeitos do tamanho da bolha. 

.::I 
• .. .. 
~ 

• i 
:; TIAIIIIIIIII 

I I I .·u.a~~~~'IL!Itl I I I I .... 1 I I I 
D~l D~D5 D~l 1.5 1 

Ul VOU .. TRIC fLUX l0 A/1 

Figura 6 - Urn modelo simples de padroes de distribuic;ii.o de fase 

Lahey {1990) utiliza a hip6tese que a turbulencia e subdividida em duas com
ponentes, uma devido a turbulencia inerente do liquido e a outra devida a agitac;ii.o 
da.s bolhas. Aplica o modelo r - f e utiliza a lei da parede como condic;ao de con
torno. Os resultados obtidos apresentam boa concordancia com os dados de Wang 
et al. (1987) e de Serizawa et al. (1974). 0 modelo ainda apresenta a capacidade de 
predizer ambos os escoamentos, para cima e para baixo. 0 mesmo modelo e aplicado 
para a analise de separac;ii.o de fases. 

Urn fenomeno particular de supressii.o de turbulencia em escoamento bifasico 
com bolha foi discutido por Serizawa e Kataoka {1990) baseado em observac;oes expe-
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rimentais e em desenvolvimentos te6ricos das equac;6es de balan<;o da energia turbu
lenta. Definem neste trabalho o fenomeno de supressao da turbul€mcia como sendo 
a reduc;iio local da turbulencia no escoamento bifasico. Concluem que a energia tur
bulenta local da fase liquida pode ser transformada em uma energia requerida para 
manter a estrutura da superflcie e vice-versa. Esta energia relaciona a dissipa<;ao de 
energia turbulenta com o processo de fragmentac;ao dos turbilhoes. 

0 efeito de bolhas no campo de turbulencia e muito importante devido a in
terac;ao entre a distribuic;i'io de bolhas e o campo de turbul€mcia. Lance e Bataille 
(1991), que mediram a turbulimcia gerada por grades em escoamento bifasico, obser
varam que a energia einetica da turbu!Emcia monofasica gerada por grades e a tur
bulencia induzida por bolhas podem ser linearmente sobrepostas para as condic;oes 
experimentais realizadas. Theofanous e Sullivan (1982) fizeram a mesma observac;ao 
para a medida no centro de urn tubo a baixa vazao de liquido. No entanto, Serizawa et 
a!. (1986) e Wang eta!. (1987), que mediram as tens6es de Reynolds e a distribuic;ao 
de fases em escoamentos com bolhas em tubos, tern observado que a alta velocidade 
da fase lfquida, o nivel de turbulencia na regiao central do tubo pode ser mais baixo 
do que em escoamentos monofasicos, isto e, foi observada a supressao da turbulencia. 
Lopez de Bertodano (1992) obteve dados de turbulencia e de distribuic;ao de fases 
para urn duto triangular para demonstrar melhor capacidades multidimensionais do 
modelo de dois-fiuidos. 

Urn outro aspecto crucial em simulac;ao numerica usando modelo de dois fiu
idos sao as forc;as interfaciais. A forc;a de arrasto em bolhas tern sido amplamente 
investigada. Outras como a forc;a de massa virtual e a for<;a de sustentac;ao podem 
ser deduzidas a partir de prindpios basicos para escoamentos nao viscosos (Drew e 
Lahey, 1987, 1990). Em particular, a for<;a de sustentac;ao ou qualquer outra forc;a 
que atua em direc;ao lateral e muito importante para analisar a distribuic;ao de fases. 
0 comportamento destas forc;as em escoamentos viscosos turbulentos ainda nao e 
bern entendido. 

3. Formulac;iio Matematica para Escoamento Bifasico Medio 

A distribuic;ao radial da velocidade media da fase lfquida pode ser prevista 
atraves da soluc;ao das equac;oes de conservac;ao basicas do escoamento bifasico. 
Para escoamento bifasico, permanente, adiabatico, incompress{vel, plenamente de
senvolvido de gas-Hquido se movendo verticalmente para cima, as equac;oes de con
servac;ao de massa e momento de ambas as fases podem ser dadas por: 

Dk 
Dt fk + fk \1 · Uk = 0, (k = L, G) 

Duk (- re) 
fkPk-- = \1· fk Tk + Tk + Pk9 + Mk, 

Dt 
(k = L,G) 

onde, desprezando as tensoes viscosas, o tensor de tensoes para a fase k e dado por 

7\ + rJ;" = -pkl- PkuAA• (k = L, G) 
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A rela<;iio de salta interfacial, desprc:.~ando a tensao superficial, e 

Mc=-ML~M. 

As fon;as interfaciais podem ser decompostas em forc;a de arras to (M '1) e outras 
forc;as (Mnd) (Lahey, 1990), 

M = Md+Mnd 

JB. que o interesse aqui e no regime de escoamento com bolhas, a forc;a de arrasto 
interfacial e dada por: 

1 
Md = gPLCoiua- 1tL,j(ua- uL)A;, 

onde A; e a area interfacial e CD o coeficiente de arrasto. Para escoamentos com 
bolhas, tendo somente urn tamanho de bolha, este parametro e dado por: 

onde Db eo diil.metro da bolha. 

6a 
A;= Db' 

Para resolver a formulac;iio matematica de modele de dois-fluidos, e necessaria 
constituir as forc;as interfaciais e o tensor de tensoes de Reynolds, para escoamentos 
turbulentos com bolhas. Alguns modelos de turbul€mcia propostos para o fechamento 
de tensoes de Reynolds em escoamentos bifasicos seriio apresentados a seguir. 

4. Modelos de Turbulencia 

4.1 Modelo Algebrico 

Kataoka e Serizawa (1993) em seu trabalho desenvolvem uma correlac;iio te6rica 
do coeficiente de dispersiio das bolhas baseados na hip6tese de que a difusiio das 
bolhas e devida as coJisoes entre bolhas e turbiJhoes Jiquidos turbulentos, OS quais 
tern tamanhos comparaveis ao tamanho da bolha. Essa correlac;iio concorda com 
dados experimentais e e dada por: 

1 1 
D = -dbvl 

3 

onde D, db e v; denotam o coeficiente de dispersiio das bolhas, o diarnetro da bolha 
e a velocidade turbulenta do lfquido, respectivarnente. 

Acompanhando tal difusiio da bolha esta o transporte da fase lfquida na direc;ii.o 
radial. Como resultado, a tensii.o turbulenta sobre a fase liquida e induzida pelo 
movimento ·da bolha. Baseados neste mecanisme, desenvolveram uma correlac;iio 
para a difusividade turbulenta da fase lfquida induzida pelas bolhas, a qual e dada 
por: 

1 I 
fb = -adbvl 

3 
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A tensiio turbulenta na fase liquida e composta da tensiio induzida pelas bolhas 
e da tensiio turbulenta, a qual e intrinsica da fase liquida (turbuli'mcia da parede). 

Como urn modelo mais simples, assumiram que a tensiio turbulenta intrisica 
B. fase l!quida e a mesma do escoamento monofasico. Assumiram, ainda, que a difu
sividade turbulenta do escoamento bifasico, Emtp. e simplesmente dada pela soma da 
difusividade turbulenta induzirla pelas bolhas e rla difusividade turbulenta intrisica 
da fase liquida. 

Emt.p = f.•p + fb 

'·•P = l .• pv! 

onde f•r e a difusividade turbulenta e l.,p e o comprimento de mistura do escoamento 
monofasico. 

Baseados nas equac;6es acima, diio a difusividade turbulenta do liquido como 
sen do 

fmtp = (t•P + G)adr}; 
Essa equac;iio indica que o comprimento de mistura no escoamento bifasico, ltv• e 
dado por: 

ltp = z.p + 0 )adb 

Baseando-se na difusividade turbulenta e no comprimento de mistura desen
volvidos anteriormente, previram a distribuic;iio radial da velocidade media da fase 
l!quida atraves das equac;oes basicas de conservac;iio do escoamento bifasico. Para es
coamento bifasico permanente desenvolvido de gas-liquido se movendo verticalmente 
para cima, as equac;oes de conservac;iio de massa e momento de ambas as fases siio 
dadas por: 

a 
az(akvk)=O (k = g,l) 

aPk 1 a D 
-nk-- ---[(R-y)e>kTk]+akPkg+Mk =0 

az R- yay 

on de a k e a frac;iio de vazio e M f e a fore; a de arras to interfacial, as quais satisfazem 
as seguintes relac;oes: 

<'<g + C>f = 1 

M{/ +MP = 0 

Assumem que OS gradientes de pressiio de ambas as fases siio iguais, isto e, 

aP9 = aPl 
az az 

e que o momenta da fase gasosa e desprezivel comparada com o da fase lfquida. 
Baseados nestas hip6teses reduzem as equac;oes de conservac;iio em uma equac;ao 
diferencial ordinaria para a velocidade da fase liquida, tendo a frac;ao de vazio a 
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e a tensao turbulenta cisalhante Tt como pariimetros. Oeste modo, as equac;oes de 
conservac;ao sao dadas como: 

a az (nVt) = 0 

aP 1 a 
-ofu- R- y ay[(R- y)oTt] + nptg + MtD = 0 

Com as seguintes condic;oes de contorno: 

Vt = 0 

aVt = 0 
8y 

y=O 

y=R 

Utilizando analogia com escoamento monofasico e baseando-se na correlac;ao 
da difusividade turbulenta do liquido, !mtp. a tensao turbulenta cisalhante e dada 
por: 

[ (1) ) ,aVt 
Tt = Co l.p + 3 odb Vt ay 

onde Co e urn coeficiente de amortecimento da difusao turbulenta, lsp eo comprimento 
de mistura e v f e a velocidade friccional do liquido. Co e lsp sao dados por: 

( YVJ) 
Co = 1 - exp 26vt 

lsp = 0, 4y 

Oeste modo a tensao cisalhante turbulenta no escoamento com bolhas e dada 
pela equac;ao abaixo: 

avL 1 , avL 
TL = CoEmtp-d = Co{lsp + ( -

3
)odb}vL-· 

y dy 

Verificam que a aplicabilidade da equac;ao acima e limitada ao caso de es
coamento de liquido relativamente baixo, isto e, de aproximadamente 1 m/s. As 
distribuic;oes radiais da frac;ao de vazio e da velocidade turbulenta utilizadas sao 
dadas por valores experimentais. 

4.2 Modelo de Uma Equac;ii.o 

Kataoka e Serizawa (1993) obtem a distribuic;ao radial das velocidades tur
bulentas da fase liquida em escoamento turbulento permanente e desenvolvido com 
bolhas baseando-se na equac;iio de conservac;ao basica da velocidade turbulenta e 
usando as correlac;oes da difusidade turbulenta e do comprimento de mistura do 
liquido. 
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Os autores desenvolvem uma equa~iio de conserva~ii.o simplificada da energia 
cinetica turbulenta da fase liquida, k = v?, para escoamento permanente e desen
volvido, a qual e dada por: 

1 a [ (v1 ) ak] (av1 )

2 

--- (R- y)(l- a) - + ~2/k ltp - + fhVk ltp(I- a) -
R- 11 av 2 ay a11 

(Vk):l 3 
-1I(l- n)-- + I< 1 -rrCoUf = 0 

ltp 4db 

on de Ur e a velocidade terminal de uma \mica bolha e CD e o coeficiente de 
arrasto de uma bolha. Nesta equar;ii.o, o primeiro, segundo e terceiro termos represen
tam difusiio, gerar;iio e dissipa~ii.o de turbuli'mcia, respectivamente. 0 ultimo termo 
representa o termo fonte de turbulencia devido ao movimento da bolha, e e chamado 
de termo de gera~iio de turbuJi',ncia induzida por bolhas. 0 coeficiente I<1, reflete os 
efeitos de varias simplificar;oes e aproximar;oes no transporte turbulento na interface 
gas-Hquido. 

Como coeficiente de arrasto das bolhas a correla<;iio de Ishii e Chawla foi usada, 
e e dada por: 

Co= ~db {iiiP[I + 17,67(1- a)l,3]2 
3 V 7 18, 67(1- a)1•5 

Para os coeficientes fh, fJ2, I' I c [( 1 os seguintes val ores for am utilizados 

f3! = 0, 4; (32 = 0, 15; 1'1 = 0, 15; [(! = 0,05 

sendo que para fJI, fJ2 e 1'1 os valores do escoamento turbulento monofasico foram 
adotados como uma primeira aproxima~iio. Ja o valor de K 1 foi obtido atraves de ten
tativa, tal que a predir;iio da distribuir;iio da energia cim!tica turbulenta concordasse 
com os dados experimentais. 

Fisicamente, as condir;oes de contorno mais rigorosas siio dadas por: 

k=O 

8k ""0 
ay 

y=O 

y=R 

Contudo, como na regiiio proxima a parede do tubo, ha pouco conhecimento 
sobre o comportamento da turbulencia do escoamento bifasico tanto experimental 
quanta teoricamente. Assim, como urn primeiro passo, a velocidade turbulenta me
dida, em yf R = 0, I, no experimento dos autores foi utilizada como a condir;iio de 
contorno na parede no Iugar da equar;iio da condir;iio de contorno em y = 0. 

A distribui~iio radial da fra~iio de vazio e obtida experimentalmente. Os resul
tados obtidos mostram a importiincia do termo de gera<;ii.o de turbulencia induzida 
por bolhas na determina~iio da estrutura de turbulencia, principalmente na regiii.o 
central do canal. 
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4.3 lVIodelo de Tensoes de Reynolds 

Lahey (1990) utiliza o modelo de tensoes de Reynolds para analisar a dis
tribuic;iio lateral e a separac;iio de fases em escoamentos bifasicos. Nesse estudo, as
sume propriedades constantes, e assim as pressoes das fases sao iguais, PG = PL = p. 
O,coeficiente de arrasto Cv utilizado eo proposto por Wallis (1969): 

6.3 
CD = Reg-385' 

Reb= Db\ua- iLL\ 
VL 

A forc;a lateral de sustentac;iio foi desenvolvida por Drew e Lahey (1987), e e dada 
para escoamento axissimetrico em canais por: 

diLL 
Mnd = -CLPtD<(ua- i!LJ--

1
-· 

(!' 

Pode ser mostrado que o coeficiente de sustentac;iio C L para urn a unica bolha em 
escoamentos niio viscosos e 0.5 e pode ser tao pequeno quanto 0.01 para escoamentos 
muito viscosos. 0 valor utilizado neste trabalho foi de C L = 0.05. 

Para os escoamentos bifasicos nos quais o numero de Reynolds da fase continua 
indica condic;oes laminares, a turbul€mcia induzida por bolhas pode ocorrer. Tal 
fenomeno niio viscoso pode causar tensoes cisalhantes turbulentas induzidas por bo
lhas da seguinte forma: 

onde: 

TT = D<apz[Cdua- udi + C2(uc- uL)(ua- uL)], 

3 
cl = 20 e 

1 
c2 = 2o· 

Urn modelo T- f foi desenvolvido por Launder et al. (1975) para escoamento 
monofasico. 0 procedimento basico utilizado foi fazer o produto da equac;iio de mo
mento com a velocidade e tirar a media temporal da equac;iio da energia mecanica 
resultante. Aplicando o, mesmo metodo para escoamento bifasico, o conjunto resul
tante de equac;oes para a fase liquida e: 

D- - --
O<z-(u'u') = "V· D<l[vt(u'u')- (u'u'JL')] + o:t(P + <P- 2fl + S;). 

Dt 

onde 0 tensor p e 0 tensor de produc;iio de turbulencia, <P e 0 tensor deformac;iio da 
pressiio que atua trocando energia cinetica entre os varios componentes do tensor de 
Reynolds, o parametro f e a dissipac;iio da turbulencia da fase liquida e S; e urn tensor 
unico para escoamentos bifasicos que representa a fonte de turbulencia induzida pelas 
bolhas. 

0 tensor de produc;iio de turbulencia e obtido de urn rigoroso desenvolvimento 
matematico das equac;oes das tensoes de Reynolds: 

P = -(1L'1L') · ["V(uz) + "V(uz)t], 
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onde a quantidade no colchetes c duas vezes o tensor de deformar;iio. 

A outra fonte de turbulencia e devida as pr6prias bolhas. Uma bolha se 
movendo atraves de urn liquido desenvolve urn escoamento transiente em torno dela 
mesma que induz flutuar;oes na fase liquida. As tensoes de Reynolds induzidas por 
bolhas que ocorrem podem ser aproximadas por: 

(

4 
- 5 

(u
1
u

1
) = ~ 

0 
3 
5 
0 

0
) 1 - - 2 0 -n/ua- uL/ . 

3 4 
5 

Ja que o modelo de turbulencia desenvolvido e nao linear, ele nii.o pode somente 
adicionar esta expressao as tensoes calculadas pelo modelo r - e. Ao inves disto, as 
introduziu como urn termo fonte nas equar;oes de r-e. Paraefetuar este procedimento 
dividiu a equar;ao acima por uma apropriada constante temporal que foi escolhida 
como, 

f1=2_~ 
' C; /ua- iLL/. 

Assim a fonte interfacial de turbulencia torna-se: 

s, ~ (! 
onde C; = 0.02. 

0 
3 
5 
0 

~) c ~ n/ua- uL/3 
3 '4 5 Db ' 

0 tensor de deformar;ao da pressao foi modelado como: 

¢ =- ~: { ((u1u1
)- IK)- -r(P- ~IP)- -r(s;- ~IS;) }• 

onde a constante temporal da turbulencia media e a energia cinetica turbulenta sao 
dadas, respectivamente, por: 

I< 
Tt =C ... -, 

f 

1 -
K = 2 Trace (u1u1

) 

e os termos associados a produr;iio da energia cinetica turbulenta sao: 

- 1 
P = 2 Trace P, 

- 1 
S· = - TraceS· ' 2 ,. 

A correlar;iio do termo do produto triplo foi dada por: 

(u1u 1u1
) = -rt(u1u1 )'i7(u1u1

), 

essa equar;ao e uma simplificar;ao da equar;ao de transporte exata de (u 1u 1u 1). 

A dissipa<;iio de turbulencia foi modelada como: 

De ( -) 01 Dt = 'i7 · 01 vt'i7e- (u 1e1
) + nt(P,- e, + S;,), 
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onde (u'e') e o transporte turbulento de dissipac;ao, P, e a produc;ao de dissipa<;ao 
e e, e o termo fonte de dissipac;ao. Os modelos de fechamento utilizados para estes 
termos foram: 

- f --
(u'e') = C, K (u'u') · \h, 

f -

P, = C,1 KP, 

f €2 

e, = c,2J(' S;, = C,aKS;. 

As constantes utilizadas no modelo r-e bifasico assumem os conhecidos valores 
do escoamento monofasico: 

"/ = 0.6, Cs = 0.25, c1 = 1.5, 

c.= 0.15, c<~ = 1.44, c.2 = 1.92, c,3 = 1. 92. 

As condic;oes de contorno na parede, que sao uma parte essencial deste modelo, 
sao dadas por velocidades normais nulas e velocidades tangenciais dadas pela 'lei da 
parede'. As condic;oes de contorno para as equac;oes de r - e sao: 

(u'u') = cu;, 

onde, para escoamentos axissimetricos em canais, 

(

5.1 0 
c = 0 2.3 

1.0 0 

100) 
1.0 

Para a dissipac;ao na parede foi utilizada: 

1 u. 2 
- --u,.., 

f- k y 

onde, k e a constante de von Karman (k = 0.435). 

Conclusao 

Neste trabalho, foi feita uma revisao sobre os trabalhos que tratam da dis
tribuic;ao de fases e da estrutura da turbulencia em escoamentos bifasicos com bolhas. 
Foi vista que urn dos mais importantes e dificeis aspectos do escoamento bifasico com 
bolhas e a relac;ao entre o mecanismo de distribuic;ao lateral de fase, a estrutura de 
turbulencia e a estrutura interfacial, que sao muito sensiveis ao tamanho da bolha e 
as formas de distribuic;ii.o. E esta relac;ao que descreve o campo local do escoamento 
em termos de interac;oes muito complexas entre estas tres estruturas. A fim de mi
nimizar a complexidade do problema, os efeitos da estrutura interfacial sii.o ignorados 
na determinac;ii.o da distribuic;ii.o de fase multidimensional, nos trabalhos analisados. 
Por~m, como pode ser visto na Figura 7, a estrutura interfacial produz uma forc;a 
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de arrasto que aumenta a turbulencia induzida pelas bolhas, modificando o campo 
de turbulencia que tern papel fundamental na determina<;iio da distribuic;iio de fase. 
Deste modo, verifica-se que mais pesquisas te6ricas e experimentais sao necessarias 
para se chegar ao completo entendimento do fenomeno de distribuic;iio de fase no 
escoamento bifasico com bolhas. 

Taxa de Escoamento do 
Llquldo e Taxa de lnjetor de Bolhas Proprledades Flslcas 

Escoamento do Gas 

I 
1' 

I Natureza Estatlstlca das 
Bolhas na lnjes;lo 

Geometrla do Escoamento • 
Coalescincla e Quebra Pal:irlo de Escoamento 

daBolha 

T t 
Natureza Estatlstlca das Dlstrlbuls;lo Espaclal Bolhas na Ses;lo f--+ 
Transversal de Interesse das Fases 

Estrutura de Turbullncla 
Produ~;io de Energla 

Estrutura Interfacial 

Olsslpa~;lo de Energla 

1 Troca de Energla 1 Fragmenta~;lo de Turbllhlo 

Campo de Turbulincla 1- Dlstrlbul~;lo de Fase foo Connguras;lo Interfacial 

! ! 
Perfts de Velocldade Trans porte de Momento Concetra~;lo de 

Mlgra~;lo de Bolhas Area Interfacial 

Velocldade Relatlva 
Turbulincla lnduzlda F or~;a de Arrasto 

porBolhas 

Figura 7 - Apresenta<;iio fisica do escoamento de gas-Hquido 
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Usando Modelo Algebrico e k-t 
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Abstract 
E deseuvolvido Hill cstudo comparativo de modclagcm de cam ada li1nitc cmnpressivcl lt1rbulcuta atravCs d<~ 
mode!o de turbu!enica algebrico de Cebeci-Smithe e do modelo de duaas equa.;oes de Chien. As equa<;ocs 
diferenciais de camada limite compressive! e de transporte para as quantidades turbulcntas siio rcso!vidoas 
atraves do metodo de diferen~as finitas, com esquema tota!mente implicito e malha numcrica adaptativa, 
uum processo de marcha ao Iongo do cscoamcnto principal. Simulou-se escoaincnto cotn gradicntc,l de 
pressiio nulo, favonive! e adverso. Os resultados computacionais Coram comparados com dados cxperi
mentais bem estabelecidas na !iteratura. Pelo estudo comparativo, condui-se que os dois modelos de tur
bu!imcia predi""" o escoamento com gradiente de pressiio nulo; o modclo de Chien apresenta melhores re
sultados para gradicntc de pressiio favorave! enquanto ode Cebeci-Smith pam graclicntc de pressiio adverso. 

Palavras-chavc 
Camada Limite, Escoamento Compressive!, Escoamento Turbulento, Modclo de 1\u·hulcncia, Metodo de 
Diferen~as Finitas 

1 Introduc;ao 

0 crescente progresso da industria aeronautica e espacial e o desenvolvimento de foguetes 
e misseis tern continuamente estimulado o estndo de camada limite compressive!, a qual 
e caracterizada par grandes variac;oes de massa especifica e temperatura, resultado de 
efeitos de compressibilidade, dissipac;ao viscosa e t.ransferencia de calor com a superficie 
s6lida. Essas variac;oes par sua vez influenciam propriedades do fluido como viscosidade 
e condutibilidade termica que, diferentemente da camada limite incompressivel, passam a 
ser incognitas do problema, fazendo-se necessaria solncionar o problema t.ermico e com isso 
acopla.ndo as equa,c;oes de Navier-Stokes e da conservac;ao da energia. 

No cscoamento turbulento o fluxo au taxa de transporte de quantidade de moviment.o (~ 

calor sao mais elevadas que em camada limite laminar devido aos mecanismos de transporte 
associados com ftutuac;oes aleat6rias de variaveis como velocidade, temperatura e pressao. 

A complexidade do problema de camada limite compressive! turbulenta esta Ionge de ser 
um assunto esclarecido, principalmente com relac;ao aos efeitos da compressibilidade e vali
dac;ao de modelos de turbulencia. Revistando o estado da arte em escoamento compressive! 
turbulento, Bradshaw [1] afirma que nao se conhece como a estrutura da turbulencia e al
terada pela compressibilidade e que a \mica certeza em modelagem da turbulencia e que 
nenhum dos modelos existentes irao dar resultados de acuracia satisfat6ria para solucionar 
todos os escoamentos de interesse da engenharia. Entre as tentativas ao este problema, 
Ristorcelli [7] argumenta que a media da ftutuac;ao da velocidade de Favre pode ser en
tendida como uma medida dos efeitos da compressibilidade atrave:; de varic;oes na massa 
especifica, chegando numa representac;ao matematica para aquela variavel. 

Est.e trabalho tern por objetivo estudar a modelagem de camada limite turbulenta com
pressive!, realizando um estudo numerico comparative entre o modelo de turbulencia al
gebrico de Cebeci-Smith e o modelo de duas equac;oes "- e: para baixo mimero de Reynolds 
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de Chien, junto com a equru;ao algebrica de Ristorcelli (7] para a flutru;ao de Favre de veloci
dade. As equru;oes diferenciais parciais sao resolvidas numericamente usando urn metodo 
de diferenc;as finitas com malha adaptativa. Serao analisados escoamentos externos com 
gradiente de pressao nulo, favoravel e adverso sobre placa plana e com parede adiabatica, 
fazendo-se nma compara<;iio dos resultados com dados experimentais disponlveis na liter
atura. 

2 Equac;oes de Governo 

As equru;oes de governo para camada limite turbulenta compressive!, bidimensional, per
manente, de nm fluido ncwtoniann siio esritas na seguinte forma: 

~ ((iii) 1- !._ (pi!) = () 
d:r ay 

a ( __ ) a ( __ ) a [( ) au] ap a ( aU") - puu + - puv = - tt + ll·T - - - + - JLax ay 8y ay ax ay ay 

:.r. (rnicpT) + :Y (p11c,,T) = :Y [(;r + f:r) ~ (rpr)] + 

_ ap au au. ,ap au au" 
+ u- + p.-- + u'- + 2JL--ax ay ay ax {)y ay 

(1) 

(2) 

(3) 

onde sao introduzidas a viscosidade turbulenta, a difusividade termica turbulenta e o 
numero de Prantdl turbulento atrave.s das seguintes definic;oes: 

- au -pu"v" = Jl.r-ay 
- at 

- c pv"T" = lrT-
P ay 
Pry= CpJi.T 

kr 
Suponha-se que o fluido satifac;a a equru;iio de estado de gas ideal: 

p=pRT 

(4) 

(5) 

(6) 

(7) 

Em escoamentos de numero de Prantdl constante entre 0.7 a 1.0, sobre parede adiabatica, 
a equac;ao de energia3 pode ser substituida pela seguinte relac;ao entre a temperatura e a 
velocidade(4, p. 27]: 

f' 1 - 1 2 [ ( u )
2

] - = 1 + r--M6 1 - -
T6 2 U6 

(8) 

3 Modelos de Turbulimcias 

0 modelo de Cebeci-Smith (2] e urn modelo algebrico de duas regioes, com Jl.T sendo 
determinado por expressoes diferentes em cada regiiio. 

Na regiao interna, proxima ao contorno solido, conhecida como regiiio de parede, a 
viscosidade turbulenta e detcrminada pela seguinte expressao: 

2 au 
/I·T; = plmix ay 
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lmi" = ;;.y l1- e(-y+fA')] 

onde ;;. = 0.40 e a constante de von Karm.am. e A+ e clefinida como: 

com 
y+ = fiUrY 

1-L 

A+ = 26 [1 + y dPfib:]-1/2 
p1.L~ 

~ 
Ur = v p [ au] 

Tw = IL ay w 

(10) 

(11) 

{12) 

Na regiao externa, afastada do contorno solido, conhecida como regiiio de esteira, a 
viscosidade turbulenta e determinada pela seguinte expressao: 

ILTo = 0.0168pu61>;F Kleb (13) 

A func;ao FKleb e a funt;iio de interm.itencia de KlebanoJJ, u6 e a velocidade media no 
contorno externo da camada limite e ~>: e a espessum de velocidade. A fun<;ao de Klebanoff 
e a espessura de velocidade sao definidos como: 

FKleb = [1 + 5.5 (~rrl 6: = r= (1 _ ~) dy 
.fo Ue 

(14) 

No c6digo computacional desenvolvido neste trabalho, JLT e calculado para as duas 
regioes; se J!.Ti < 1-LTo => J.LT = /-LTi caso contnirio JLT = JLTo· 

0 modelo de Chien [3] e urn modelo de duas equa<;oes para baixo numero de Reynolds, 
onde a viscosidade turbulenta e fun<;iio de duas variaveis determinadas par equac;oes difer
enciais de transporte; ;;, ou energia cinetica turbulenta e c: on dissipa<;ao de energia cinetica 
turbulenta. 

An equac;oes de ;;. e de c: para camada limite bidimensional nao: 

- {ptm) +- (pii:v) = - 11 +- - + a _ a _ a [( JLr) a"] 
ax {)y {)y a~ ay 

( 
· au) au -av + 11r- - -· u"- ... p(c: + t:o) ay ay a:~: 

(15) 

- (pw) +- (pc:v) =- 11. +- - + a _ a _ a [(. JLr) ac] 
ax ay ay a, ay 

, c: ( au) au c:
2 

+ C<i- JLr ~. -a - f2C,2p- + pE 
K. vy y K. 

{16) 

A viscosidade turbulenta e definida como: 

K.2 

JLT = c f p-
I' I' £ {17) 

As func;oes de amorteciment.o, / 1, /2, /1', c:0 e E sao definidas par: 

h = 1 - 0.22e-{Rer/6)2 

fl' = 1 _ e-O.Oll5y+ 

c:o = 2!!:. !2:. 
py2 

E=-2!!:.~-e '''/2 

py2 
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As fnn<;iies de amortec:imento dependem de y+ e do numero de Reynolds turbulento, 
Rer = pK2 I 11£ As constantes empiricas de fechamento siio: c<i = 1.35, c.2 = 1.80, 
Cp. = 0.09, cr" = 1.0 e cr, = 1.3. 

A media da flutua<;iio da velocidade de Favre, u", e modelada atraves de uma equa<;iio 
algebrica propcsta por Ristorcelli [7]. 

4 Metodo N umerico 

Urn esquema completamente implic:ito, onde aparecem tres incognitas na discretiza<;iio da 
equa.<;iio diferencial, foi empregado. 0 sistema algebrico de equa<;oes que surge com a 
discretiza<;iio da equa<;iio diferencial geral e solucionado usando-se o algoritmo de Thomas 
[6, p. 52- 54]. 0 conjunto de sistemas algebricos associados a cada equa<;iio diferencial e 
resolvido de forma sequencia! em cada esta<;iio da marcha. 

A camada limite turbulenta apresenta uma estrutura em duas regioes, caracterizada por 
dois comprimentos de escala distintos. Estes dois comprimentos de escala siio utilizados 
num gerador de malha adaptativa algebrico, que se ajusta automaticamente com as mu
dan<;as que ocorrem no dominio fisico durante o processo de marcha, sendo mais eficiente 
que urn gerador de malha adaptativa diferencial [8, p. 875- 876]. 

Como o comprimento de escala na regiiio de parede e 1-'IJiur, e razoavel come<;ar a 
discretiza<;iio da camada limite com urn espa<;amento de malha determinado por: 

1-' 
fly! = TJ fYu.r (18) 

onde r 1 e urn numero usado para e.specificar o espa<;amento proximo a parede como uma 
fra.<;B.o do comprimento de escala naquela regiiio. 

Afastado da parede, na regiiio de esteira, urn comprimento de escala relevante e a espes
sura de camada Limite de perturbat;iio, 8, definida pela distancia entre a superficie eo ponto 
em que a velocidade e cerca de 99 % da velocidade do escoamento niio perturbado. Para 
progredir do comprimento de escala na regiiio de parede para o comprimento de escala na 
regiii.o de esteira e utilizado urn sistema de progressiio geometrica, dado por: 

Ll1Ji+l = K Ll1Ji (19) 

onde K e a raziio entre dois espa<;os adjacentes da malha. 
A distribni<;iio dos pontos da malha vai de 1J = 0 ate 1Jmax = r28, onde r 2 e usado para 

especificar o ponto de discretiza<;iio mais afastado na dire<;iio normal a superficie, cuja 
ordenada e urn mJ.iltiplo da espessnra de perturba<;iio da carnada limite. 

0 n\1mero total de pontos da malha em cada esta<;iio da marcha e determinado pelos 
dois comprimentos de escala naquela esta<;iio junto com os tres parfunetros computacionais, 
r 1,r2eK. 

A solu<;iio come<;a com uma malha arbitraria na primeira esta<;iio. A velocidade de 
atrito, ur, e a espessura de perturba<;iio da camada limite, 8, obtidos com a solu<;iio da 
primeira malha siio utilizados para gerar uma nova malha, de acordo com as Equa<;oes 
(5.13) e (5.14). Para resolver as equa<;iies diferenciais com a nova malha na esta<;iio da 
marcha, a solu<;iio da esta<;iio anterior precisa ser interpolada na nova malha. Depois das 
solu<;iies convergirem com a malha adaptada a marcha prossegue a jusante e o processo se 
repete. 
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5 RESULTADOS 

Serao apresentados resultados numericos obtidos usando os modelm; acima descritos para 
tres casos experimentais, de camada limit.r' t.urbulent.a compressive! com gradiente de 
pressao nulo, favoravel e adverso, respectivamente. Sao os experimentos selecionados para 
a comparac;ao: o experimento 740218 de Mabey, Meier e Sawer [5) por ser o mais confiavel 
[4, p. 74). Das dezoito combinac;oes possiveis de numero de Mach e numero de Reynolds 
oferecidas no experimento foi escolhida a unica que apresentava dados de perfis de veloci
dade e temperatura, no caso, M6 = 4.5 e Re6 = 2.8x107 . 0 escoamento escolhido para ser 
simulado foi o experimento 7401 de Thomas [5) por apresentar resultados para gradiente 
de pressiio favoravel e adverso, perfis bern detalhados e gradiente de pressao linear [5, p. 
7401 A.1 - A.2). 0 numero de Mach varia entre 2.57 a 3.24 com gradiente de pressao 
favoravel e entre 2.52 e 2.21 com gradiente de pressiio adverso e o mimero de Reynolds 
esta situado na faixa entre 2.5 x 107 e 4.0 x 107

. 

Os resultados para o coeficiente de atrito para camada limite turbulenta compressive! 
com gradiente de pressao nulo, favoravel e adverso sao apresentados nas figuras 1 a 3, 
respectivamente, junto com os dados experimentais. Observamos que os dois modelos ap
resentam boos resultados para o caso de escoamento sem gradiente de pressiio, os resultados 
para o modelo "·- c para baixo numero de Reynolds foram superiores ao modelo algebrico, 
enquantio os resultados para o modelo algebrico foram superiores ao modelo "' - c para 
baixo numero de Reynolds. 

As Figuras 4 e 5 apresentam os perfis de velocidade para escoamento com gradiente de 
pressao favoravel e adverso. Observamos que os resultados obt.idos usando os dais modelos 
apresentam excelentes concordiincia com o dados experimentais no caso de escoamento de 
gradiente de pressao favoravel e o de algebrico ligeiramente melhor no caso de gradiente 
de pressao adverso. 

A Figura 6 apresenta os perfis de temperatura. Observamos novamente boas concordiin
cias entre os resultados numericos e os experimentais. 

6 CONCLUSOES 

Investigamos o comportamento do modelo algebrico de Cebeci-Smith e do modelo K - c 
de Chien em camada limite turbulenta compressive! sem e com gradiente de pressao. No 
equacionamento de camada limite e da equac;ao da energia cinetica turbulenta foram con
siderados termos em que aparecem medias da flut.uac;ao da velocidade de Favre ao Iongo do 
escoamento u" que segundo Ristorcelli [7) representam o efeito da compressibilidade sobre 
o escoamento. 0 codigo numerico proposto com metodo das diferenc;as finitas e malha 
adaptativa most.ra-se uma ferramenta eficient.e na simnlac;iio de camada limite turbulenta 
compressive!. 0 modelo algebrico de Cebeci-Smith e o modelo K. - c para baixo n\1mero 
de Reynolds de Chien mostraram, de modo geral, desempenho satisfatorio na simulac;iio 
de camada limite turbulent.a compressive!, embora cada modelo t.enha as ~mas peculiari
dades. No escoamento sem gradient.e de pressiio os dais modelos apresentam excelent.e 
desempenho. 0 modelo K. - E: apresenta desempenho superior em gradiente de pressiio 
favoravel, ja o modelo algebrico mostra-se superior em gradiente de pressao adverso. 0 
perfil de velocidade gerado pelo modelo K.- E: apresenta caracteristica mais turbulenta que 
o gerado pelo modelo algebrico, on seja, urn gradiente de velocidade mais acentuado nas 
proximidades da superficie salida. 
Agradeciment.o. J.S. agradece o CNPq e a FAPERJ pelos apoios financeiros concedidos 
durante a realizaciio deste trabalho. 
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Figure 3: Gradiente de pressiio advef!lo: Coeficiente de atrito. 
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Figure 4: Gradientc de prcssiio favoravcl: PNfil de velocidade em x = 0.2032m. 
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Figure 1: Gradiente de pressiio nulo: Coeficiente de atrito. 
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Figure 2: Gradientc de prcssiio favoravcl: Coeficiente de atrito. 
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Figure 5: Gradiente de pressiio adverso: Perfil de velocidade em x = 0.1778m. 
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Figure 6: Gradicnte de prcssiio favoravel: Perfil de temperatura em x = 0.2032m. 
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