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Abstract. This paper presents a prospective study on the spatial development of hydrodynamic instabilities in
horizontal and dightly inclined stratified and vertical core-annular oil-water flows. In the stratified flow the main goal
is to find out the point in space where instabilities become so intense that transition to other flow patterns occurs. In
the vertical core-annular flow we expect to numerically simulate the propagation of the interfacial waves and produce
a method to predict the development of these waves in space, consequently the development of instabilities too. The
idea, for both flow patterns, is based on the theory that considers that a perturbation wave may develop in time as well
asin space. For stratified flow pattern we propose that in directional oil wells, for instance, inclination could lead to
transition or that in a pipeline a stratified flow pattern artificially generated could breakup into a different topological
configuration a few pipe diameters after the injection nozze, which could be due to spatial development of instabilities.
In the vertical core-annular flow it is known that interfacial tension has a significant stabilizing effect (Rodriguez and
Bannwart, 2008), but the insertion of such an effect in the numerical model is not trivial. The formulation is based on
the one-dimensional two-fluid model for liquid-liquid flows (Trallero 1995, Barnea and Taitel 1994, Rodriguez et al.
2006) and the adopted numerical method is the finite-difference based Method of Characteristics.

Keywords: Liquid-liquid flow, hydrodynamic stability, spatial instabilities, method of characteristics, 1-D two-fluid
model

1. INTRODUCTION

Two-phase flow patterns are observed in a wide @asfgnatural and industrial processes. It is coragasf two
immiscible phases arranged in different geometramaifigurations, or flow patterns. Annular and sfied flow
patterns are examples of separated flow patterhe. former has being suggested as a rentable dlterrfar the
transport of heavy crude oil and it is the commeorilesv pattern of the refrigeration industry andthe natural gas
production. The second, as a convenient form tadawater in oil emulsions in pipelines and of commuxcurrence in
directional oilwells. Those flow patterns are madiehs having parallel phases,, a two-phase parallel flow.

The hydrodynamic stability theory is in the scogehe classical fluid mechanics since the firsttperthe last
century (Schlichting (1979)). The basis for thedgtwof the hydrodynamic stability are presented etdBov and
Criminale (1967), Drazin and Raid (1981) and Li®%%). Flows that occur in nature should obey th&fdynamics
equations and be stable. One often analyzes thg wlaracteristic of flows, for example the sea wathat propagate
in shallow waters. Thus, one can define the studihe hydrodynamic stability/instability as the dyuof oscillatory
motion in fluids. This study is related to the gtbwstabilization or decrease of the amplitude mfoacillation of a
particular fluidic system, which arises after thgection of a disturbance.

The linear analysis is based on the study of tlwavir of instabilities over a given basic flow systesubject to
small disturbances. If the system is unstable tallsdisturbances, it is assumed that it is alsonggor disturbances.
Small disturbances cause infinitesimal amplitudeillasions, therefore the higher-order derivativerms of the
equations of motion may be neglected (applying diylseries to the derivatives). So the equatioadinearized and
the mathematical definition of linear stability &rss is given. In many cases, stability criteramde derived and used
to predict periodic oscillations, chaotic and tudmi flows. Eventually, they can be used to prethet transition or
change to a different flow pattern (Wallis, 1969).

The disadvantage of the linear theory is that iy @onsiders infinitesimal disturbances, not takinip account that
instabilities can be generated by finite amplitutisturbances even when the basic flow pattern ablstunder
infinitesimal perturbations, which is known as suliical instability. Therefore, a sub-critical tasility occurs due to
disturbances of finite amplitude and it can onlyrbpresented by theories that are nonlinear inreati new type of
theory, the weakly nonlinear, which can be regamked correction of the approximations made irlittear theory has
been proposed (Drazin and Reid (1981)).

The stability of parallel two-phase flows has bstmied through the use of the method of charatiesi(MOC).
The MOC is a numerical method for solving systeridhygperbolic partial differential equations of firerder or
hyperbolic partial differential equations of secander. Hyperbolic equations are those who haviesiganvalues. The
method is a variation of the finite difference nwthwhich consists in finding at the time-spacenpldirections in
which the partial differential equations can beuwstl to ordinary differential equations. It canuesl the numerical
diffusion by allowing a simulation of the propagatiof a disturbance wave in the flow accurately aittout affecting
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the flow. The first use of MOC refers to the anadysf transients in single phase flows, for exangte can cite the
"water hammer" (Assy (1975)). In two-phase flowh#s been used in the analysis of interfacial wawvegas-liquid
flows, as in Crowley (1992), where an analysisrahsition from gas-liquid stratified flow was cadli out. The MOC
has been used to analyze the stability and projmagaf interfacial waves in gas-liquid stratifield pattern (Barnea
and Taitel (1994)).

Although there are a few papers on the stabilitgegarated gas-liquid flow, the correlations analyaes used in
those works shouldn't be readily used in the anslgsliquid-liquid flow. Nevertheless, the methofl characteristics
has been applied for liquid-liquid stratified fldvased on the same simplifying assumption adoptedds-liquid flow,
with no further explanations (Brauner and Maron9@#) and Trallero (1995).

This paper is a prospective study of the propagatiofinite disturbances in oil-water stratifieddanore annular
flow patterns. The main goal is the study of treb#ity of these flow patterns by means of the iempéntation of a
simplified non-linear approach, which can be usedxtend and reinforce the classical linear stgbéihalysis. Firstly,
it is presented the formulation based on the oneedsional two-fluid model, then the interfacial-wapropagation
analysis using the MOC. Finally, some preliminanalgses of the influence of terms that have beeallysneglected
in previous works on the model predictions are gmésd. Then conclusions and next steps are distusse

2. MODELING

2.1. Stratified Flow Pattern

The modeling is based on a stratified flow as showig. 1. The index 1 indicates the oil phase tiredindex 2 the
water phase.

Figure 1. Schematic picture of the stratified flpattern.

Modeling assumptions: a) isothermal flow, b) no gghahange, c) no mass transfer; and d) incomptedtiis.
Using the two-fluid model one gets the oil and waliease continuity equations, respectively:

on A0V, on
——2=4V,—=0 1
at A, oz T V1o, (1)
on . A, 0V, on

—+ 2= —=0 2
6t+A2 2z T V25, @)

The phases’ momentum equations are coupled byapkate-Young law, which gives:

G)% av. V. av. oh(z) 23h(z) 1 1 wS’ wS .
Pza_tz_P1a_;+P2V26_ZZ_P1V1a_;+La_ZZ_U azgz =Ti5i(A_2+A_1)_TZA_22+T1A_11_(P2_Pl)gsmg (3
where
L =(p, —p1)gcosb (4)

In the modeling of the stratified flow pattern, foow, just the radius of the interface in the londinal plane is
considered..

2.2. Core-Annular Flow Pattern

The modeling is based on a liquid-liquid annulamflas shown in Fig. 2, but with the tube in an giptriposition
=90 °).



Proceedings of ENCIT 2010 13" Brazilian Congress of Thermal Sciences and Engineering
Copyright © 2010 by ABCM December 05-10, 2010, Uberlandia, MG, Brazil

Figure 2. Schematic picture of the core-annulaw fiattern.

In addition to the modeling assumptions given befiris assumed laminar regime in the oil coreaiAgusing the
two-fluid model, one gets the phases’ continuityaopns:

a a a

E€1+€1£V1+V1£€1=0 (5)
a a a

_5‘91"‘(1—51);‘/2_‘/2;51:0 (6)

and the momentum equation coupled by the Laplaasy daw:
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3. STABILITY ANALISYS — SIMPLIFIED NON-LINEAR ANALY SIS (METHOD OF CHARACTERISTICS)
3.1. Stratified Flow Pattern

To use the MOC starts with the equations of coityrfor the two phases, Eq. (1) and Eq. (2), andrmaotum, Eq.
(3). Taking into account the slip ratio between iteases in liquid-liquid stratified flow, there areo different
situations.

3.1.1. The velocity of the oil is greater than theelocity of water (slip ratio, S, is greater than 1):
S==>1 (8)

It is assumed that the stability condition of th©®! (Courant-Friedrich-Lewy) is that the interfaciedve speed is
lower than then situ speed of the oil phase. Thus, one can considethbail flow is quasi-permanent, so Eq. (1) can
be:

M Aol
b == )

Where,V,s represents the superficial velocity of the ®f,is thein situ velocity of oil, andA is the cross-sectional
area of the pipe.

y, = Vst (10)

Ay
Substituting Eg. (10) in Eq. (3), and dividing &fms by the density of water, we have:

av,
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G. = (p2=p1)gcos®  piVis°4%4,
L=

P2 p24,® (12)
ol 1\ _TowS2 TiwSi _ .
E1 _ _fe _ nSL(Az 'Al) Ay T Aq (p2—p1)gsiné (13)

P2 P2

Considering the long-wave approximation, wheredhace tension terms are negligible. One can teid. (11)
as follows:

dh(z)

_+V2_+Gl 9z

+E, =0 (14)

Thus, the system of two partial differential eqoas, modeling the liquid-liquid stratified flow, mée reduced to:

dh Ay AV ah
—+=2==24V,—=0
ac T 2 T3,

v, ah

0z

ov, (15)

Er + 7,

Following the methodology of Crowley (1992), by &fipg the method of characteristics the systemwaf partial
differential equations, Eq. (15), is reduced toyatesm of two ordinary differential equations, Eq6), with each
equation being valid along a characteristic dimtitC, andCy:

dh Hy dh Hy _ v _dz;
{E— \/6:154- El\/G:1 =0,along C;; =V, H.G, = "

(16)
dh Hy dh Hy _ _ _dzy
kz"’ \/G:la_ El\/G:l - O, along CHl - V2 + HlGl - dt
WhereC,; andCy; represent the lower and higher characteristic \sc respectively, and for simplicity:
=4
Hl - A, (17)

The system, Eg. (16), can be solved numericallyubing the finite difference method, as proposedBhynea
(1994b) and Trallero (1995), as follows:

Zik+1Zi+1,k _
t —t; - CL1i+1,k (18)
Lk+17ti+1,k
Zik+1Zik _
T = Gy (19)
Lk+17 ik 4
Hy Hy _
hi,k+1 - hi+1,k .G (Vzl"k+1 - V2i+1,k) + E1i+1,k ’G_ (ti,k+1 - ti+1,k) =0 (20)
Yiv1k Lit1k
Hy Hy —
Rijsr — hig — o (Vzi,kﬂ - Vzi,k) +Eij, /G_l (tijes1 — tig) =0 (21)
ik ik

For a given initial condition, alonig= 1, ---, n, the variables arg, tix, hix andV; ;. The values in the points+1
andi = 1, --, n, for the variableg y 1, tix+1, hix+1 andV, i+ are calculated from Egs (18), (19), (20) and (Zhe
simulation begins with the initial condition of @lijorium, in which it is imposed a solitary wave fifite amplitude.
Hence, the propagation of this wave over space tand is calculated. Two types of propagation arssye,
depending on values @ ;. WhenC_ ;> 0 there is a supercritical flow and the disturbapigpagates only downstream.
But, whenC_ ;<0 there is a subcritical flow and the disturbapogpagates also upstream, being reflected at teeadh
the pipe. In this case, some additional calculatiare needed to check the growth of the disturbantee upstream
direction. Thus, forC ;<0 the condition of constant flow rate of the permanghase is used and the equation of
negative characteristic velocity is used to cakeuthe boundary conditions at the point where0:

Z1k

Cr1 1,k

tok+1 =tk — (22)
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_ Hy VasA Hy

hoj+r = hip + |~ (A— - V21,k> +Ei /G_ (Cojers — tig) (23)
11,k 20,k+1 11,k

where4, . ., is calculated interactively.

3.1.2. The velocity of the water is greater tharhe velocity of oil (slip ratio, S, is lower than 1):

s=4<1 (24)

V2
It is assumed that the stability condition of th©®! (Courant-Friedrich-Lewy) is that the interfacieve speed is

lower than the in situ velocity of the water phalsethis case, the phase considered in quasi-pemtargime is the
water phase, thus:

_ VA

V=t (25)

The steps are the same as those shown for theofaslgp greater than 1. Therefore, the system afinary
differential equations is given by:

dh Hp dh Hy _ _ _ _dzq
{E - ’G_ZE - EZ ’G_z =0, along CLl = Vl HZGZ =
dh ,Hz dh ,Hz _ _ _dz
kE + ZE + E2 G_Z - 0, along CHI - Vl + HZGZ - dt

3.2. Core-Annular Flow Pattern

(26)

The MOC is applied to deal with Egs. (5), (6) argl &), which are valid for the core-annular floattern. Here,

only one case of slip greater than one is consifjdrecause the oil core is always the fastest waugp vertical flow,
or:

s=%4>1 27)

Again, it is assumed that the stability conditidrnttte MOC (Courant-Friedrich-Lewy) is that the irffeeial wave
speed is lower than the-situ speed of the oil phase. Thus, one can considethbail flow is quasi-permanent, so Eq.
(5) can be integrated as:

fo == (28)
whereV represents the superficial velocity of the oil ghand/, is thein-situ velocity of the oil. Thus:

V= (29)

Substituting Eq. (29) in Eq. (7):

‘% +V, ‘% +G, ‘% - 4:35 6;;1 =E, (30)
where

6, = -2 (31)

p2£1
By = Asl(zi—ssil)pz N D(1z‘:)pz N (91252)9 (32)

The set of partial differential equations becomes:
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Applying the method of characteristics to the systd PDESs, Eq. (33), and neglecting the higher-od#zivatives
it arises the following system of ordinary diffeti@hequations:

de;  (1-g) dvp (A-e1) _ _ — _ 4z
P xesesy BT +E; e 0,along C,; =V, —{/G,(g, — 1) = m

34)
deg (e1,-1) dvp (e1-1)  _ _ — _ dzy (
e T oo a E; T 0,along Cyy =V, + /G (e, — 1) = "

WhereC,; andCy; represent the lower and higher characteristic vii#ac respectively. The ODEs system, Eq. (34),
can be solved numerically by using the finite défece method, as follows, proposed by Trallero 5199

2;:2—:2: = Ch1yy (36)
E1ijrr T Elivre T ‘/%Hlk (Vaikrs = Vaiers) * Erprns %Hlk (tiiers = tivnsc) = 0 @37
i1~ E1ip T %m (Vaisers = Vause) + Eri %i.k (tiaers = tin) = 0 (38)

It is important to note that in the case of coratdar flow there is not subcritical flow, becaube tnterfacial wave
only propagates in the direction of the flow (Rgdz and Bannwart, 2008, Rodriguez and Bannwa@6 2T he flow
is always supercritical.

4. PRELIMINARY ANALYSIS
4.1. Stratified Flow Pattern

A first qualitative analysis of the propagationiwterfacial waves in liquid-liquid stratified flowbtained via MOC
can be seen in Fig. (3). It is basically a sulzaitflow with a solitary wave propagating up andvdstream.

Figure 3. Propagation of a generic solitary wavkguid-liquid stratified flow (horizontal axes aspace and time and
vertical axis is the water height).
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Some problems were found in the simulation of theppgation of interfacial waves in the stratifiédwf pattern.
The matters are probably due to the neglecting@iiiterfacial tension terms and because of the dfpvave used as
initial condition. In the case of liquid-liquid flo the interfacial tension term may be of higheevahce and of the
same order of the viscosity dissipation. Therefoh terms may be significant for stabilizing flev (Rodriguez and
Bannwart (2008)). Thus, it is important to inclusleeh terms in the simulation. However, to the béstur knowledge,
it has not been accomplished so far. On the othed hthe matter of shape and speed of the inigalencan be easily
overcome by using data from the literature (AL-Whhand Angeli (2007)). It should be pointed outtthan
experiment is being conducted in the present moimnethte inclinable oil-water flow loop of the LETEEESC - USP)
in order to obtain the geometrical and kinetic gmtigs of the interfacial wave of a stratified wikter flow pattern.

4.2. Core-Annular Flow Pattern

The phenomenon of the propagation of the interfagéve is not yet very well understood in core-dantélow. On
the other hand, some importants features of theeveag already known as its knematic nature anditlpmopagates
only downstream. Based on those features, a stittiythe MOC is being done. For this analysis thpegimental data
of oil holdup, interfacial wave profile, velocitynd amplitude acquired by Rodriguez (2002) (or Rpuez and
Bannwar, 2006) are being used. Being aware thaintkefacial wave of the core-annular flow only pagates in the
direction of the flow and that it is stable one @amit that the characteristic directions in whibh set of two PDEs
can be reduced to a set of two ODEs have to be way that alows the wave to propagate as said befbine
characteiristic velocities have to be real for $ggstem to be hyperbolic so that it can be solvetheyMOC, and they
have to be positive. The first approach adopts (B4) without the interfacial tension term. So, ttlearacteristic
velocities C, andC,) are calculated as:

CL:VZ—\/G(El—l) (39)
Cy=Vat+i/ G(El—l)

Where:

G = P (40)

P2

Figure 4 shows the value of the characteristic aités. The focus of the analysis is the pointg tieve negative
lower characteristic velocities within the oil hafdlrange between 0.5 and 0.8. According to Rodriguel Bannwart
(2006), these points are related to a stable cametar flow with an interfacial wave propagatingadwstream, which is
in disagreement with the present predictions.
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Figure 4. Characteristic Velocities neglectingth# interfacial tension ternversus the experimental holdup of oil.
Blue points are€C, and red points arg,.

It is proposed to add to the analysis one of therfacial tension terms. Firstly, the destabilizbegm (Rodriguez
(2008)), which is related to the first order detiva. Again, it is used Eg. (34), but now with tieem G, given by:

2
P1Vis 20
G, = —otas _ 41
! p2€13 Deqpaver ( )
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The influence of the interfacial-tension destabiligterm is not significant, giving an average atdn of only
0.3% in the characteristic velocities (Table 1)wdwer, it is important to note is that although tagiation is small it
causes the lower characteristic velocities to benemore negative. Such a result suggests thatntasion of a
destabilizing term implies in a trend towards sitlad flow, which would be against the experimdnihservations.
Therefore, the question that arises is: would ti@usion of the interfacial-tension stabilizingteproduce a trend
towards supercritical flow and allow a better potidn?

Table 1. Lower characteristic velocit@,(, with and without the interfacial shear stresstdkilizing term. (Uws and
Uos are, respectively, the superficial velocitynafter and oil).

Run| Uws Uos Oil holdup C. without the C. with the destabilizing Variation
[m/s] [m/s] destabilizing term [m/s] term [m/s]
2 0.115 0.227 0.52 -0.148 -0.153 3,26%
30 0.18 0.76 0.70 -0.057 -0.058 1,75%
40 0.29 1.0 0.68 -0.027 -0.028 3,7%

Figure 5 shows the characteristic velocities whk tnclusion of the destabilizing interfacial temrsiterm as a
function of the oil holdup. For the experimentaimiachosen the predicted oil holdup that is rela@dboth positive
characteristic velocities is 13.3% higher than theasured by Rodriguez and Bannwart, 2006.

Red- C; Blue— Cq

0.0 0.2 0.4 0.6 0.8 1.0

€0exp

Figure 5. Characteristic velocities with the desizihg interfacial tension term as function of tbi holdup.
Experimental data: Superficial velocity: of watérl(7m/s); of oil (0.35 m/s), experimental oil hgid{®.52).

Looking at the governing equations there is onlg ¢erm neglected in the MOC, which is the intedhéénsion
term,i.e., the stabilizing one. So, it is plausible to pre@dhat this term may be of high importance, agestgd by
Rodriguezet al. (2008) results obtained from a linear stabilityalgsis. Therefore, it is proposed that the inclosid
the stabilizing interfacial tension term in therfardation would allow the simulation of supercritiéaterfacial waves
and, ultimately, better model predictions. Howetke, inclusion of the stabilizing interfacial temsiterm in the MOC
formulation is not trivial and has not been obsdrirethe literature so far. In order to do so, ¢hdifferent approaches
are proposed. First, the simplest way would be twleh the interfacial wave as a sinusoidal one.d.sgy, for
simplicity, a sine. The derivatives could be reteritas:

g1(z)=sinz

a
812 _ s,
9z

92 .
;le(z):— sinz

(42)

de1(z) 33e1(2)
K« (;Z - 6213 (43)
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whereK is a constant, in this case, equal to -1. Accalgirthe stabilizing interfacial tension term coldd readily
included in the formulation as long as the valu& @§ a known quantity. Therefore, it is proposed:tha

3%, _ Ky &g

0z3 7 gA 0z

(44)

whereK; is a constant that as a first approach shouldiy@rieally evaluated. Notice that to maintain theherence of
units it is necessary to divide de constant byrea &he area of the core was chosen for simpjicity

Another suggested way to include the effect ofdfadilizing interfacial tension term is to use dmestform of the
characteristic directions so that they will not sieaight anymore, but curves. However, the MOC wddudve to be
adapted. The third way is to deduce a closure @uab model this term, as it is usually done fhe tviscous
dissipation (Wylie and Streeter (1993)).

In order to assess the magnitude of the proposdidizsing interfacial tension term, a ratio betwegrkg. (45), and
the gravitational term, (Eq. (46), is plotted irgF6 as a function of the oil-water input ratio.eTVvalue of the constant
was estimated through the use of the holdup daRodfiguez and Bannwart (2006). One can infer ety points are
of the same order of magnitude or higher than ttavitational term. Therefore, it is proposed that stabilizing
interfacial tension term should be included in tyelrodynamic stability analysis of the oil-watere@nnular flow
pattern.

, _ Do ﬁ
Tension = NP (45)
Gravitational = 9£1702) (46)

P2
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Figure 7. Ratio between the proposed stabilizitgrfacial tension term and the gravitational tegradunction of the
oil-water input ratio.

5. CONCLUSIONS

The stability of the core annular and liquid-liquittatified flow patterns, in many ways, is an opeoblem. One of
them is the spatial propagation of the interfasi@ve. This paper suggests manners to find out Hmvwave
propagation occurs and the terms related to this. Japer has shown that the Method Of Characte(istOC) is a
way to estimate this propagation of instabiliti@s,shown in literature.

For liquid-liquid stratified flow, the model predéc a subcritical wave propagatione., it propagates up and
downstream, which is against the experimental ofasiens. It could be due to the lack of the inteidatension terms
in the formulation.

Based on the idea that the interfacial wave in dbee-annular flow is kinematic and that it propagain the
direction of the flow only, the paper suggests that stabilizing interfacial tension term is imgornt and of the same
order of magnitude of the gravitational term. Ipi®posed a way to model the stabilizing interfatgasion term via
MOC, and other two approaches are proposed buestsd yet.
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Acquiring new interfacial wave experimental datadigéid-liquid stratified flow is in order. Also,iriding the best
way to model the stabilizing interfacial tensiomnteis necessary and, to the best of our knowletigs, not been
reported in the literature so far.
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