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Abstract. The Alkaline Membrane Fuel Cell (AMFC) is a recently developed fuel cell type, which has shown good 
experimental results in the laboratory. This paper introduces a mathematical model for the single AMFC with fixed 
volume and general square section. The main objective is to produce a reliable model (and computationally fast) to 
predict the response of the single AMFC according to variations of the physical properties of manufacturing materials 
and operating and design parameters. The model is based on mass, momentum, energy and species conservation, and 
electrochemical principles, and takes into account pressure drops in the gas channels and temperature gradients with 
respect to space in the flow direction. The simulation results comprise the AMFC temperature distribution, net power 
and polarization curves. It is shown that temperature spatial gradients and gas channels pressure drops significantly 
affect fuel cell performance. Such effects are not usually investigated in the models available in the literature, with 
most of them assuming uniform pressure and temperature operation. Therefore, the model is expected to be a useful 
tool for AMFC design and optimization. 
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1. INTRODUCTION  

 
The Alkaline Membrane Fuel Cell (AMFC) is a recently developed fuel cell type, which has shown good 

experimental results in the laboratory. Alkaline Fuel Cells (AFC) are seen as an alternative for Polymer Electrolyte 
Membrane Fuel Cells (PEMFC) applications due the possibility of not using noble metals as catalyst, by allowing for 
example nickel to be the catalyst at the anode and silver at the cathode; which could be a good alternative when cost is 
considered an important issue. This paper studies an AMFC, in which the polymer electrolyte membrane used in 
PEMFC is replaced by a membrane made from cellulose and the used electrolyte is an alkaline solution, 30% KOH. 
This configuration still allows the fuel cell to work at low temperature, like PEMFCs do. With respect to the current 
AFC, the herein proposed AMFC has the advantage of a solid membrane made by cellulose instead of just a liquid 
electrolyte and does not require elaborated sealings to operate. 

A mathematical model is introduced for the single AMFC with fixed volume and general square section. The main 
objective is to produce a reliable model (and computationally fast) to predict the response of the single AMFC 
according to variations of the physical properties of manufacturing materials and operating and design parameters. 
 
2. MATHEMATICAL MODEL 
 

A schematic diagram of the internal structure of a AMFC is shown in Fig. 1 and Fig. 2. Pure hydrogen and pure 
oxygen are considered in this analysis as fuel and oxidant respectively. 

The approach chosen was to divide the fuel cell into seven control volumes that interact energetically with one 
another, with the ambient and with the adjacent fuel cell, in case of analysis of a stack. Two bipolar plates were added 
and they have the function of allowing the electrons produced by the electrochemical oxidation reaction at the anode to 
flow to the external circuit or to an adjacent cell. 

The model consists of the conservation equations for each control volume, and equations accounting for 
electrochemical reactions, where they are present. The reversible electrical potential and power of the fuel cell are then 
computed as functions of the temperature and pressure fields determined by the model. The actual electrical potential 
and power of the fuel cell are obtained by subtracting from the reversible potential the losses due to surface 
overpotentials, slow diffusion and all internal ohmic losses through the cell. These are functions of the total cell current 
(I), which is directly related to the external load. In this model, the total current is considered an independent variable. 
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 The control volumes (CV) are fuel channel (CV1), the anode diffusion-backing layer (CV2), the anode reaction 
layer (CV3), the alkaline membrane (CV4), the cathode reaction layer (CV5), the cathode diffusion backing layer 
(CV6) and the oxidant channel (CV7). 
 Dimensionless variables are defined based on the geometric and operating parameters of the system. Pressures and 
temperatures are referenced to ambient conditions: ∞= ppP ii and ∞= TTiiθ , where P is the dimensionless pressure, p is 

the pressure, N/m2 ; θ  is the dimensionless temperature, T is the temperature, K; the subscript i and  ∞  represent the 
substance or a location in the fuel cell and the ambient respectively. Other dimensionless variables are defined as:   
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where   m    and   ψ & are the dimensionless mass flow rate and mass flow rate kg/s, respectively; N is the dimensionless 

global wall heat transfer coefficient, U is the global wall heat transfer coefficient, W/m2K; VT is the total volume of the 

fuel cell, m3; cp,f is the specific heat at constant pressure of the fuel, kJ/kgK;   A
~

 is the dimensionless area, A is the area, 
m2; the subscript i indicates a substance or a location in the fuel cell, ref indicate the reference level and w indicates 
wall. 
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where L indicates the length, m;  ξ  is the dimensionless length ;the subscript j indicates a particular dimension of the 

fuel cell geometry, Fig. 2. 
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 Where h is the heat transfer coefficient, W/m2K; k is the thermal conductivity, W/mK;   h
~

s the dimensionless heat 

transfer coefficient,   k
~

 is the dimensionless thermal conductivity. 
 

 
 
 

Figure 1.  Single AMFC fuel cell model and control volumes distribution, L is the length of each CV, Lx is the total 
length of the fuel cell, Lz is the high and Ly is the width of the fuel cell. 
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Figure 2. Upper view of the control volumes of a single AMFC fuel. 
 

The hydrogen mass flow rate required for the current (I) dictated by the external load is 
 

2222 HHHH M
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I
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 Where   n&  is the molar flow rate, kmol/s; M is the molar weight,kg/kmol; n is the equivalent electron per mole of 
reagent, eq/mol; I is the total current, A; F is the Faraday constant, C/eq. 
 Therefore, the oxygen mass flow rate needed for a AMFC fuel cell is  
  

 
222 2

1
OHO Mnm && =                                               (6) 

  
2.1. Energy conservation  

 
The wall heat transfer area of one control volume in the AMFC is iswi LpA ~=  )62( ≤≤ i and zyiswi LLLpA +≅ ~  ( i = 1,7; 

), where )(2~
zys LLp +=  is the perimeter of the fuel cell cross-section. The control volumes are jzyj LLLV =  )62( ≤≤ j

and zlccj LLLnV =  ( j =1, 7), where nc is the integer part of ( )cty LLL +/ , i.e., the number of parallel ducts in each gas 

channel (fuel and oxidant). The mass and energy balances for CV1 yield the temperature in CV1, 
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indicates fuel, ohm indicates ohmic and φ  the porosity. The dimensionless heat transfer rates for all the compartments 

are ∞= TcmQQ fprefii ,
~

&& . The subscript i accounts for any of the heat transfer interactions that are present in the model.  Q&  

is the heat transfer rate, W;  Q
~

 is the dimensionless heat transfer rate, β is the electrical resistance,  Ω. 
Assuming that the channels are straight and sufficiently slender, and using the ideal gas model, the pressure drops 

are 

2~
i

i

f

i

j

c

z

i

z
ici u

R

RP
fnP

θξ
ξ

ξ
ξ









+=∆                   (9) 

CV7

2H 2H −OH 2O 2O

OH2 OH2

xL

−e- +

CV2CV1 CV3 CV4 CV5 CV6
anode cathode

yL
OH2

−OH

OH2



Proceedings of ENCIT 2010                                                                         13th Brazilian Congress of Thermal Sciences and Engineering 
Copyright © 2010 by ABCM December 05-10, 2010, Uberlandia, MG, Brazil 

 
 
where i = 1,7 and j = f (fuel), ox (oxidant), respectively. Here 2/)~~(~

,, outiinii uuu +=  is the channel dimensionless mean 

velocity, defined as 2/1)/(~
∞= TRuu f , and f  is the friction factor, c ξ  is the dimensionless width of the gas channels, R is 

the ideal gas constant kJ/kgK.  According to mass conservation, the dimensionless mean velocities in the gas channels 
are 
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where  3/2/
~

Ticcci VLLnA = , i = 1,7 and Lc is the width of the gas channel, m. 

For the laminar regime,
hDRe < 2300 (Shah and London, 1978): 
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Assuming diffusion to be the dominant transport mechanism across the diffusion and catalyst layer (Bird et al., 

2002), the fuel and oxidant mass fluxes are given by 
 

( )[ ]iinouti LDj ρρ −−=                         (17) 

 
Where,  according  to Newman (1991), [ ]{ }qMTRrBD φπ 2/1

8= , is the Knudsen diffusion coefficient. Therefore  
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The net heat transfer rates at CV2 are 
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the subscript s,a indicates the solid anode side. The energy balance for the CV2 is: 
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The chemical reaction that occurs at the anode reaction layer (CV3) in an AMFC is,  
 

−− +→+ eOHOHH 222 22            (20) 
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The dimensionless enthalpy of formation is defined by ( )∞= TcmHnH fprefiii ,

~
&& , where the subscript i refers to a 

substance or a control volume, H is the enthalpy of formation, kJ/kmol. The enthalpy change due to the anode reaction 
is given by ( )[ ] ( )[ ]∑∑ −=∆

tsreac iiiproducts iii THTHH
tan3 υυ  and 

33 GWe ∆−= , where  υ  is the reaction stoichiometric coefficient, 

We3 is the reversible work done by the CV3, J. The reaction Gibbs free energy change,G∆ , is a function  of 
temperature, pressure and concentrations (Masterton and Hurley, 1997). 
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where R  is the universal gas constant, 8.314 kJ/kmolK; 0000 STHG ∆+∆=∆ , G∆ is the molar Gibbs free energy change, 
kJ/kmol; H∆ is the molar enthalpy change, kJ/kmol; S∆  is the molar entropy change kJ/kmol; the superscript 0 indicate 
standard conditions ( gases at 1 atm, 25oC, species in solution at 1 M), Q is the reaction quotient.  In the present 

reaction, Eq. (18) the resulting expression for Q3 is [ ] 1
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is the dimensionless thermal conductivity of the membrane (CV4). The energy balance for CV3 is 
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The dimensionless net heat transfer in CV4 is obtained from ohmw QQQQQ 4454344
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In the cathode reaction layer (CV5), the following reaction occurs 
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The CV5 dimensionless temperature is obtained by  
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Similarly, the dimensionless net heat transfer rate flowing in CV5 is given by ohmw QQQQQ 5565455
~~~~~

+++−= , with
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The enthalpy change during cathode reaction is ( )[ ] ( )[ ]∑∑ −=∆
tsreac iiiproducts iii THTHH
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CV5 reaction quotient is [ ] 2/12 
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The dimensionless net heat transfer rate in CV6 results from ohmw QQQQQ 6676566
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The dimensionless net heat transfer rate in CV7 is ohmw QQQQ 77677

~~~~
++−= . The balances for mass and energy in the 

oxidant channel (CV7), the assumptions of non-mixing flow, and the assumption that the space is filled mainly with dry 
oxygen, yield OHOoutOHinOHOH Mnmmm

22222 ,, &&&& ===  and 
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2.2. Electrochemical model 

 
 Based on the electrical conductivities and geometry of each compartment, the electrical resistances,)(Ωβ , are given 

by:  
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We considered the electrical conductivities solutioni σσ =  for  i=3,4,5. The conductivities of the diffusive layer, 2σ  

and 6σ , are the carbon-phase conductivities ( Kulikovsky, 2000).  Finally, the conductivities of CV1 and CV7, 1σ  and

7σ , are given by the electrical conductivity of the bipolar plate material.  

 The appropriate figure of merit for evaluating the performance of a fuel cell is the polarization curve, i.e., the fuel 
cell total potential as a function of current. The dimensionless potential is defined in terms of a given reference voltage, 

refV , namely 
refVVV =~ and refVηη =~ , where V is the voltage of the fuel cell, V; η is the overpotential, V; η~  is the 

dimensionless overpotential, and V
~

is the dimensionless voltage of the fuel cell.  The dimensionless actual potential iV
~

is an accumulated result of dimensionless irreversible anode electrical potential aiV ,
~ , dimensionless irreversible cathode 

electrical potential ciV ,
~ , and the dimensionless ohmic loss ( )ohmη~  in the space from CV1 to CV7, i.e., 
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 The ohmic loss ohmη~  is estimated by 
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 The reversible electrical potential at the anode is given by the Nernst equation,  
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ae −∆= 3, . At the anode there are two mechanisms for potential losses; (i) charge 

transfer, and (ii) mass diffusion. The potential  loss  at the anode (aη ) due to charge transfer is obtained implicitly from 

the Butler-Volmer equation for a given current I (Gurau et al.,2000) 
 

 ( )




















−−







 −
=

33
,

,3

exp
1

exp
TR

F

TR

F
i

A

I aaaa
ao

wet

ηαηα                        (33) 

 
 Where aα is the anode charge transfer coefficient and aoi ,  is the anode exchange current density.   

 The potential loss due to mass diffusion is  
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The resulting electrical potential at the anode is adaaeai VV ,,,

~~~~ ηη −−= .  

The methodology in estimating the anode potential is valid in building the cathode potential correlations. Similarly, 
the actual cathode potential is cdcceci VV ,,,

~~~~ ηη −−=  and the reversible electrical cathode potential is 

( ) 55,, ln QnFTRVV o
cece −= , where ( )nFGV oo

ce −∆= 5, . The Butler-Volmer equation for calculating the cathode side 

overpotential cη  is ( ) ( )( ) ( )( )[ ]55,,5 exp1exp TRFTRFiAI cccccowet ηαηα −−= where cα  is the cathode charge transfer 

coefficient, and coi ,  is the cathode exchange current density. The cathode mass diffusion depleting overpotential is 

( ) ( )( )cLimwetcd iAInFTR ,,55, 1ln −=η , and the cathode limiting current density is ( )∞= TRLMnFDpi oxOoxc 666lim, 2
2 θ . 

 
2.3. Fuel cell net power output 
 
 The pumping power 

pW
~  is required to supply the fuel cell with fuel and oxidant. Therefore the total net power 

(available for utilization) of the fuel cell is 
 
 pnet WWW

~~~ −=                (36) 

 
where  IVW i

~~~ =  is the total fuel cell electrical power output , and 
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3 NUMERICAL RESULTS OF AMFC MODEL 
 

The single AMFC net power output, defined by Eq. (36), depends on the internal structure and the external shape of 
the fuel cell. The mathematical model allows the computation of the total net power of the fuel cell, which is possible to 
be done as soon as the physical values and a set of geometric internal and external parameters are known. In the case of 
the present study, such set is given by Tab. 1. 

The numerical simulation of the single AMFC is performed by solving Eqs. (7), (18), (19), (22), (23), (25), (26) and 
(27) which form a system of nine algebraic equations. The unknowns are 

iθ  and 
iP , i.e., the temperatures in the seven 

control volumes, and the gas pressures in CV2 and CV6. Once the temperatures and pressures are known, the electrical 
potentials and power are calculated for any assumed current level. Pressures are related to temperatures via Eq. (18). 
The system reduces to seven nonlinear algebraic equations, in which the unknowns are the temperatures of the seven 
control volumes. This system was solved with a Fortran code, using a quasi-Newton method (Kincaid and Cheney, 
1991), where a tolerance for the norm of the residual vector less or equal to 10-6 was considered to obtain a converged 
solution. 

In the numerical simulations, the cells electrical and net power were calculated by starting from open circuit ( )0I
~ = , 

and proceeding with increments of( )5I
~ =∆   until the net power is zero or the limiting current level is reached. The 

reference case for the simulation is a alkaline fuel with the following internal and external configuration
38.071 == xx ξξξξ , 111.062 == xx ξξξξ , 0025.053 == xx ξξξξ , 013.04 =xξξ .  

Because we assume that no losses result from species crossover from one electrode through the electrolyte and from 
internal currents, the actual open circuit voltage is equal to the reversible cell potential (ideal case). 
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Table 1. Physical properties used as reference case in the numerical solution. 
B = 0.156   
cp,f = 14.95 kJ kg-1 K-1 
cp,ox = 0.91875 kJ kg-1 K-1 
cv,f = 10.8 kJ kg-1 K-1 
cv,ox = 0.659375kJ kg-1 K-1 
(i0,a, i0,c) = (0.01, 0.005) A m-2  
Iref = 1 A  
kf = 0.1805 W m-1 K-1 

kox = 0.0266 W m-1 K-1 
kp = 0.12 W m-1 K-1 
K2, K6 = 4 × 10–10 m2 
K3, K5 = 4 × 10–12 m2 

5
ref 10m −=& kg s-1 

pf = 0.1 MPa 
pox, p∞ = 0.12 MPa 
 

q = 1.5 
Rf = 4.157 kJ kg-1 K-1 
Rox = 0.2598 kJ kg-1 K-1 
Tf, Tox, T∞ = 298.15 K 
Uwi = 50 W m-2 K-1, i = 1 to 7 
Vref = 1 V 

VT
35 m 107 −×=  

αa, αc = 0.5 
2, 71 =ζζ  

Pa.s 10 5
1

−=µ  

Pa.s 104.2 5
7

−×=µ  

φ2, φ6 = 0.0085 
φ3, φ5 = 0.1802 

 
At low currents, the potential drop is due to activation losses, low catalysis; in the next region the ohmic losses are 

present (due to electrical resistance of the components of the fuel cell) and at high currents the concentration losses are 
dominant.  This behavior is shown in the Fig. 3.  

 

 
 

Figure 3. Polarization curves of AMFC. eV
~

is the dimensionless reversible potential, aiV ,
~

, ciV ,
~

is the dimensionless 

reversible potential at the anode and cathode, respectively and iV
~  is the dimensionless irreversible potential of 

the fuel cell. 
 
The total potential is the sum of the potential generated at the cathode and anode minus all the losses evaluated 

(activation. Ohmic and concentration losses). Since the Gibbs free energy decreases as the temperature increases, the 
reversible potential decreases as well, Eq. (32). From Eq. (18) we can see that the pressure of the reactants eventually 
decreases to zero as the current increases, since the consumption of oxygen and hydrogen increases. This is the limit 
case when the potential of the electrode reaches zero. The simulation was conducted until the point where we reach the 
concentration polarization region where the irreversible voltage approaches to zero, see Fig. 4. The current where we 

obtained the maximum power was at 16
~ =I . 

As it is shown in the Fig. 5, the temperature of the fuel cell increases as the current increases, since more heat is 
being generated in the electrochemical reactions and by the Joule effect. This profile demonstrates that the temperature 
in am AMFC is not constant as sometimes is considered. This model takes the temperature distribution into account  
when evaluates the polarization curve and the total power output, since the Eq. (32) tells us that the voltage is a function 
of temperature.  
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Figure 4.  Total cell output voltage and power simulated numerically, V
~

is the dimensionless total output voltage and 

W
~

 is the dimensionless total output work.  
 
 

 
 

Figure 5.  Temperature versus current for the reference case of an AMFC. 
 

For the current interval evaluated, the temperature’s variation was not significant. Although it will have more 
influence when a scale-up or a AMFC stack is used. 

 
4 CONCLUSION 
 

In this paper we constructed a model for fluid flow, mass and heat transfer in a unit AMFC which takes into account 
spatial temperature and pressure gradients. The model shows good results in predicting the voltage and power output, 
considering the pressure drop in the channel of gas. The results also show that even in a unit fuel cell at low currents, 
there is a gradient of temperature dependent of space and current.  The model was base on fixed anode and cathode 
exchange current densities, which depend on catalyst type and morphology, temperature and pressure. These parameters 
increase with temperature, however the increase of temperature also increase the activation losses, (O’Hayre, et al., 
2009). The present model can be used as a tool for optimization where the electrical power can be maximized, 
considering temperature gradient and the pressure drop in the channels (Fig. 1). 
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