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Abstract. Good prediction in the divergence of the radiative heat flux is demanded in combustion problem simulations, 
because both the high temperatures and gases formation involved in the process make the radiation be the most 
important heat transfer mode. To obtain the divergence of the radiative heat flux is necessary an integration of the 
radiative transfer equation (RTE) in all directions and all spectral lines, but even nowadays these calculations are 
extremely time consuming, so it is necessary the use of gas models to obtain solutions in a reasonable time. In this 
work, it is used a finite volume code to simulate a steady methane-air diffusion flame. This code solves the equations 
for the conservation of mass, momentum, individual species, and energy. It also has a soot chemistry model and a 
discrete ordinates radiation model, where the gas absorption coefficient is modeled in two different ways: the 
oversimplified gray gas model and the spectral line based on the weighted sum of grays gases (SLW) model. The 
results for the temperature distribution, gas species concentration, and soot formation are confronted with the two 
different radiation gas models used. The overall differences of the results for the different gas models and the 
computational cost of the simulations are detailed. 
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1. INTRODUCTION 
This work analyses the effects of thermal radiation heat transfer in diffusion flames. In these kinds of flame, fuel 

and oxidizer are initially separated and combustion is diffusion controlled. Since Combustion problems involve a 
number of coupled phenomena, such as chemical kinetics, fluid flow, soot production, heat transfer, etc. An accurate 
prediction of the thermal radiation heat transfer in participating gases, which is a heat transfer mechanism in 
combustion, is necessary to get appropriate solutions for this complex phenomenon. On the other hand, its modeling is 
difficult due to the highly complex dependence of the absorption coefficient with the wavelength, which can be 
characterized by hundreds of thousands spectral lines. Thus, the solution of the radiative heat transfer equation is very 
expensive or even impossible without modeling the gas absorption coefficient. The radiative transfer equation is 
frequently solved with the gray gas assumption, where the dependence of the absorption coefficient over the wavelength 
is neglected. Between the spectral dependence models, the weighted-sum-of-gray-gases (WSGG), developed by Hottel 
and Sarofim (1967) is another method widely used nowadays. It models the entire spectrum by a few bands having 
uniform absorption coefficients, where each band corresponding to a gray gas. The weighting coefficients account the 
contribution of each gray gas corresponding to the fractions of the blackbody energy in the spectrum region where the 
gray gases are located. In general, those coefficients are obtained from fitting experimental data, such as those presented 
in Smith et al. (1982) and Smith et al. (1987). The spectral-line based on the weighted-sum-of-gray-gases (SLW) 
method (Denison and Webb, (1993)) is based on the same WSGG equation, but differs in the calculations of the 
absorption coefficient and in the weights as well. In this model, the spectrum is divided in n supplemental absorption 
cross-sections, and then the absorption coefficient is considered gray between two adjacent ones. Their weights are 
defined by the difference of the absorption line blackbody (ALB) distribution function measured at those adjacent 
supplemental absorption cross-sections. Thus, the same RTE proposed by Modest (1991) for the WSGG model is 
solved. The full spectrum correlated-k distribution (FSK) method (Moedst and Zhang (2002)) also uses the WSGG 
equation and the ALB distribution function. In this method, the absorption coefficient is a function obtained from the 
inversion of the ALB distribution function calculated in the local thermodynamic state, and the weights are calculated 
by the derivative of the ALB distribution function evaluated in the local thermodynamic state over the one calculated in 
a reference state.  
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 The cumulative wavenumber (CW) method (Solovjov and Webb, (2002)), uses the cumulative wavenumber 
function to describe the dependence of the absorption coefficient over the wavenumber, but this method is very 
expensive even for two-dimensional problems. Due to this problem, the fast approximate technique for the CW method 
(Salinas, 2008), which reduces one constraint in radiative transfer equation, can be applied in multi-dimension problems 
to get faster results. Recently, Solovjov and Webb (2010) proposed the SLW-CW approach that uses both the CW 
function and the ALB distribution function to solve the RTE. This method is faster than CW, but needs two spectral 
functions: one for the cumulative wavenumber and another one for the ALB distribution function. 
 In this work, a diffusion flame in a cylindrical geometry is solved, taking account the soot production, the chemical 
reactions of the methane with air, and the radiative divergence of the heat flux is calculated, where the RTE is solved 
with the discrete ordinates method and the absorption coefficient of the gases is modeled with two different approaches: 
the gray gas model and the SLW model. 
 
2. NUMERICAL SIMULATIONS 
 
 A finite volume CFDC (Computational Fluid Dynamics with Chemistry) code – UNICORN (Katta et al. 1994) is 
used in this study for simulating the CH4-air diffusion flames. UNICORN (UNsteady Ignition and COmbustion with 
ReactioNs) solves the equations for the conservation of mass, momentum, individual species and energy in the unsteady 
formulation. It also has a soot chemistry model and a DOM radiation model. The cylindrical form of the conservation 
equations is solved on a 2D axisymmetric staggered grid. 
  
2.1. The Conservation of Mass Equation 
 
 The continuity equation is used to resolve the velocities due to the pressure gradients. The continuity equation in 
cylindrical coordinates is given as: 
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2.2. The Conservation of Momentum Equation 
 
The axial momentum equation in cylindrical coordinates can be written as 
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and the radial momentum equation is given as 
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  (3) 

 
 The pressure-projection method (Peyret and Taylor, 1983) is used to couple the pressure with the velocity. This 
method involves splitting the momentum equation into two parts, where the fist part handles the effects of the 
convective, body parts and viscous terms, and the second part handles the effects of the pressure gradient. 
 
2.3. Conservation of Species Equation 
 
 The conservation of species equation is solved for all the species but CO2. In cylindrical coordinates, it is written as: 
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where 

€ 

˙ r  is the rate of generation or depletion of the species. The convection-diffusion effects in the species equation 
are resolved using the hybrid method as suggested by Patankar (1980). The scheme examines the Peclet number 
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(Pe=uΔx/D) for each cell. The Peclet number is the ratio of the convective component due to the velocity, and the 
diffusion component. If the magnitude of the cell Peclet Number is greater than or equal to 2, the diffusion effects are 
neglected in the discretization and only the convection effects are used. This results in an upwind scheme. On the other 
hand, if the magnitude of the cell Peclet number is less than 2, both the diffusion and convection effects are considered. 
For discretizing the diffusion effects, central difference schemes are used. 
 The source or sink term 

€ 

˙ r  is calculated based on the species concentrations and the finite rate reaction rates. The 
model used here is essentially the chemistry mechanism used by Peters (1993) with the rates for 6 reactions modified 
for ease of calculation and due to the corrections recommended by Katta et al. (1998). The mechanism uses 30 species 
and 101 reaction rates. The species solved are CH4, CH3, CH2, CH, CH2O, CHO, CO2, CO, H2, H, O, OH, H2O, 
HO2, H2O, C2H, C2H2, C2H3, C2H4, C2H5, C2H6, CHCO, C3H3, C3H4, C3H5, C3H6, nC3H7, iC3H7, O2 and N2. 
  
2.4. Soot Chemistry 
 
 A simplified two-equation soot model (Leung et al. (1991) and Fairweather et al. (1992)) is added to the chemistry 
mechanism for modeling soot.  The two equations solved are the equations for conservation of the soot mass fraction 
and the soot number density.  The soot chemistry is modeled by accounting for soot formation and surface growth from 
acetylene (C2H2) only.  The corresponding equations are as: 
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 In the above equations, the diffusive terms from the species conservation equation are neglected since the Sc>>1 
(Ezekoye and Zhang, 1997).  The thermophoretic velocities are calculated as 
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and 
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where 

€ 

˙ r  is the source or sink term for the soot mass fraction and 

€ 

˙ r N  is the corresponding term for the soot number 
density.   
 

Table 1: Reaction Mechanism for the soot chemistry. 
 

No Reaction A N Ea 
102 

€ 

C2H2 ⇒ 2C s( ) +H2  1.35E6 0 41000 
103 

€ 

C2H2 + nC s( ) ⇒ n + 2( )C s( ) +H2  5E2 0 24000 
104 

€ 

C s( ) + 12O2 ⇒ CO  1.78E4 0.5 39000 

105 

€ 

C s( ) +OH ⇒ CO +H  1.06E2 -0.5 0 
106 

€ 

C s( ) +O⇒ CO  5.54E10 -0.5 0 
 
The soot species reaction mechanism has soot nucleation, surface growth and oxidation, while the number particle 
mechanism accounts for the soot nucleation and agglomeration.  Table 1 lists the reaction mechanism and the 
corresponding reaction rates for the soot model.  Reaction 1 is the nucleation reaction while reaction 2 is the surface 
growth reaction.  Reactions 3, 4 and 5 are the soot oxidation steps due to O2, OH and O respectively.  In this study, we 
have applied the approach of Guo et al (2002) and included soot oxidation from O2, OH and O.  The soot mass fraction 
reaction rate term (

€ 

˙ r ) is calculated based on the reactions given in Tab.1 as: 
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˙ r = MC s( ) ω102 +ω103 −ω104 −ω105 −ω106( )         (9) 
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where, 
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ω102 = k102 T( ) C2H2[ ]            (10) 
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ω103 = k103 T( )As C2H2[ ]           (11) 
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ω104 = k104 T( ) O2[ ]As            (12) 
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ω105 =φOHk105 T( )XOH As           (13) 
 

€ 

MC s( ) is the molecular weight of carbon or soot (

€ 

MC s( ) = 12.011 kg/kmol) and 

€ 

As is the soot surface are per unit 
volume and is calculated as: 
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 In this model, soot surface growth varies linearly with the soot surface area per unit volume. 

€ 

φO  is the collision 
efficiency of the O attack on soot particles and its value is taken as 0.5. 

€ 

φOH  stands for the collision efficiency of the 
OH attack on soot particles. 

€ 

φOH  is calculated using the method suggested by Kennedy et al. (1996).  They accounted 
for the variation in the collision efficiency with residence time of the soot particle by varying the value of 

€ 

φOH  based on 
the distance from the fuel nozzle edge.  The value is varied linearly from 0.05 to 0.2 as a function of the normalized 
downstream distance (x/D).  For distances beyond x/D of 7, value of 0.2 was used.  In the present study, since the 
internal nozzle is simulated, a value of 0.05 was used within the nozzle for 

€ 

φOH . 
 The source term in the soot particle number concentration equation is calculated as: 
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 The first term on the right represents the nucleation term for the particle number equation, while the second term 
accounts for particle agglomeration. NA is Avogadro’s number (6.022×1026 particles/kmol), Cmin is the number of 
carbon atoms in the incipient carbon molecule (9×104), κ is the Boltzmann constant (1.38×1023 J/K), Ca is the 
agglomeration rate constant (3.0) and ρC(s) is the density of the soot particle (2000 kg/m3). 
 
2.5. The Energy Equation 
 
 Once the species concentrations are known at each grid point, the total enthalpy form of the conservation of energy 
equation is solved in an implicit formulation, and it includes the enthalpy of formation of the species. The total enthalpy 
for each species is a function of temperature. Polynomial curve fits of the enthalpy data have been obtained based on the 
JANAF data, 1998. These expressions are used to calculate the total enthalpy H and the specific heats (cp ) for each 
species at each grid point. 
 The total enthalpy equation has the form: 
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where, 
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and 
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where i is the species index. The convection-diffusion balance is resolved in the same way (hybrid scheme) as the 
species equations. In this case, when the cell Peclet number (based on the thermal diffusivity) is greater than 2, the first 
term on the right hand side is neglected. ∇⋅qr is the divergence of the radiative heat flux vector and this term continues 
to be resolved irrespective of the cell Peclet number. The second term on the right hand side resolves the differential 
diffusion effects. 
 Once the total enthalpy at each grid point is known, the cell temperatures can be calculated. Based on the already 
calculated species mass fractions and the total enthalpy at each cell, the cell temperature is calculated by first assuming 
the temperature range i.e. ≤1000 K or ≥1000 K. Then, an initial guess of 1000 K for T ≤1000 K range or a guess of 
5000 K for T≥1000 K range is made. The temperatures are then adjusted by using a step ΔT calculated from the 
thermodynamic expression, 

€ 

d ˆ H = cpdT . This gives, 
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ΔT =Tguess −Tnew =
H −H Tguess( )
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         (19) 

 
Temperatures are adjusted in an iterative manner until the difference in the new and guess temperature is less than 0.001 
K. 
 The enthalpy and specific heats for soot have been calculated as functions of the local temperature by using 
polynomial fits based on the temperature on the data available from the Chase (1998). For soot, data from the ‘carbon’ 
listings in Chase (1998) was used. 
 
2.6. Radiation Heat Transfer 
  
 The radiative transfer equation for non-scattering media, in cylindrical coordinates, with the discrete ordinates 
method, is given by: 
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subject to 
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where µ, ς, and ξ are the directions, η is the wavenumber, Ibη is the blackbody intensity, Iη is the intensity, and κη is the 
absorption coefficient, given by: 
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where Si [cm-1/(molecule×cm-2)] is the integrated line intensity, ηi [cm-1] is the line location, and γi [cm-1/atm] is the 
half-width, which is a function of the mole fraction Ys, described by: 
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where T is the temperature, γself and γair are the self broadening half-width and air broadening half-width, respectively, 
and n is the temperature dependent coefficient. The values of ηi, Si, γself, γair and n can be obtained either from HITRAN 
or HITEMP, among other databases. 
Once the RTE is solved, the divergence of the radiative heat flux, presented in the energy equation, is calculated as: 
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 Solving Eq. (20) for every single absorption coefficient value is almost impossible, because the absorption 
coefficient is strongly dependent on wavenumber. Due to this fact, gas models have been used to solve the RTE 
quickly. A brief description of the gas models used in this work is described below. 
 
2.6.1. Gray Gas Model 
 
 Many researchers, especially to solve 3D problems, have used the assumption that the gas is gray. The RTE for non-
scattering media, with the gray gas model, becomes: 
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dI
ds
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with boundary conditions defined as: 
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Table 2: Curve fits for the absorption coefficient used in the gray gas model 

 
Species Absorption Coefficients 

CO κ = c0 + T(c1 + T(c2 + T(c3 + Tc4))) in m-1atm-1 
  300≤T≤750 750<T≤2500 
 c0 4.7869 10.09 
 c1 -0.06953 -0.01183 
 c2 2.95775×10-4 4.7753×10-6 
 c3 -4.25732×10-7 -5.87209×10-10 
 c4 2.02894×10-10 -2.5334×10-14  

CO2 
and 

 H2O 

€ 

κ = ci 1000 /T( ) i
i=0

5

∑  in m-1atm-1 

 H2O CO2 
c0 -0.23093 18.741 
c1 1.1239 -121.31 
c2 9.4153 273.5 
c3 -2.9988 -194.05 
c4 0.51382 56.31 
c5 -1.8684×10-5 -5.8169  

C κ=1186fvT in m-1 
 

 In this work, the absorption coefficients for CO, CO2, and H2O are correlated by Barlow et al. (2001) and the 
absorption coefficient for the soot is calculated as suggested by Atreya et al. (1998). These curve fits are listed in Tab 2. 
 
2.6.2. The Spectral Line Based Weighted-Sum-of-Gray-Gases Model (SLW) 
 
 In this model, the gas absorption cross-section (Cη) range is divided into n gray gases. For each gray gas, the RTE, 
given in Eq. (20) is integrated over all intervals Δηi, where the gas absorption cross-section is less than the gray gas 
value (Cj), according to Eq (27). 
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 Applying the Leibniz integral rule in the left hand side term of Eq. (27), and assuming that κη is constant inside the 
interval Δηi, we have: 
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where the superscripts l and u represents the lower and upper limits of the ith spectral interval, respectively. Finally, 
neglecting the two last terms of Eq. (28), generated by the Leibniz integral rule, the RTE for the SLW model is: 
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= −κ j I j +κ j a j Ib            (29) 

 
where 
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∑            (30) 

 
in this model, Ij is viewed as the integrated intensity, κj is the absorption coefficient, and aj is the corresponding 
blackbody weight, all associated with the jth gray gas. 
 In the SLW model, the absorption coefficients are considered gray between two adjacent gray gases. The weights 
associated with the fraction of the radiative blackbody energy are calculated in those parts where the absorption cross-
section Cη is less than the gray gas C is defined by the ALB distribution function as: 
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F C( ) =
1

σTb
4 Ebη Tb ,η( )dη
{η :Cη ≤C}
∫          (31) 

 
where Ebη(Tb,η) is the Planck blackbody energy function, and Tb is the source temperature, as defined by Atreya et al. 
(1998).. Then, in the SLW model, the weights are calculated as a difference between two adjacent values of the ALB 
distribution function, according to Eq. (32). 
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a j = F C j( ) − F C j−1( )            (32) 
 
and the absorption coefficient is obtained as: 
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κ j = N C jC j−1            (33) 
 
where N is the molar density. 
 Appling the SLW model to gas mixtures is hard, because the ALB distribution function must be calculated for every 
concentration in every single temperature. To make it easier, Solovjov and Webb (2000) presented some useful 
approaches.  
 For different concentrations, if the air self-broadening were neglected, the following relation is valid for the ALB 
distribution function: 
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FYCη
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 This relation is very useful when the problem has non-uniform spatial concentration distribution. For a mixture of 
gases, it was used the multiplication approach, defined by: 
 

€ 

F C j( ) = Fj C j /Yi( )
i=1

m

∏            (35) 

 
3. RESULTS AND DISCUSSIONS 

 
The simulations of a steady CH4-air diffusion flame are performed considering a bi-dimensional cylindrical 

axisymmetric geometry with 10 cm of radius and 30 cm of axial length, as shown in Fig. 1. 
The fuel tube radius is 0.5 cm and the air annulus radius is 5 cm. The internal part of the fuel nozzle was modeled 

with a length of 2 cm and a thickness of 0.05 cm. It was maintained at 550 K to model some of the fuel preheat effects 
due to a warm nozzle. The fuel stream and the air co- flow velocities were both at 7.9 cm/s and were maintained at 300 
K. Symmetry boundary conditions were applied in the center line and zero gradient boundary conditions in the side 
wall. In the topside, non-reflecting boundary conditions were applied. A non-uniform grid with 281 volumes in the axial 
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direction and 121 volumes in the radial direction was used. The smallest grid spacing was applied near the nozzle exit 
and was stretched both in the axial and in the radial directions.  

The simulations were performed in parallel, using 8 processors using the Lonestar cluster at the Texas Advanced 
Computing Center (TACC). Running the code with the grays gas model, it takes about 26 hours of simulation, while 
with the SLW model, the time increased to 48 hours. Comparisons were made to verify how the radiative heat transfer 
affects in the temperature field, in the H2O, CO2 and CO mole fractions, and in the soot formation, for the two different 
gas models used. 

 

 
 

Figure 1: Schematic of the domain. 
 

Figure 2 shows the results for the Temperature, H2O and CO2 mole fractions. the left hand side of Fig. 2a represents 
the temperature field obtained with the gray gas radiation model, and the right hand side represents the difference 
between the gray gas model and the SLW model, according to the following relation: 

 

€ 

% error = 100 *
RGG − RSLW( )
RGG,max

          (36) 

 
where R means the result that is being considered. 

 

  
(a) Temperature Profile (b) H2O and CO2 Mole Fractions 

 
Figure 2: Temperature Field, H2O and CO2 mole fraction distributions. 

 
As can be seen in Fig. 2a, the different radiation predictions affects directly in the temperature field. In this case, it 

is responsible for differences up to 130 K in the same problem. When the temperature changes, the activation energy 
changes too, so it affects directly in the formation and destruction of the species involved in the process. Figure 2b 
shows the H2O and CO2 mole fractions. These quantities do not vary significantly with the different radiation models, 
because they are primary substances, so they are practically independent of the temperature field. The variation of these 
substances using the different radiation models is less than 2% for both cases. 

But the same issue does not happen with the CO distribution, as can be seen in Fig. 3a. The CO formation is more 
dependent on the temperature than the H2O and CO2, because its formation generally occurs when the temperature is 
bigger than 1500 K, then the variation in the temperature filed has an important role in those differences.  
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Preliminary results, not shown here, point that the SLW model does not account the soot correctly, and it could be 
responsible for the differences in the soot production shown in Fig. 3b. In this problem, the radiation from soot is so 
important as the one from the gases, then that difference up to 15% in the production (Fig. 3b), is the main reason for 
that difference in the temperature field (Fig. 2a). As can be seen in Fig. 4b, in the same region where the difference in 
the soot production is around 12%, the temperature field has its maximum deviation. 
 

  
(a) CO Mole Fraction (b) Soot Production 

 
Figure 3: CO mole fraction and Soot distributions. 

 

  
(a) OH Mole Fraction (b) Soot vs Temperature 

 
Figure 4: OH mole Fraction and a comparison between Soot and Temperature. 

 
Figure 4a shows that the OH production and its difference between the radiation models are also significant, since 

the OH destroys the soot. This amount is also sensible to the temperature field and it is also responsible for the 
differences shown in Fig. 4b. That difference around -13% in the right hand side of Fig. 4a is correlated to the 
difference around 12% in the right hand-side of Fig. 4b, because the soot has been destroyed in that location. 
 
4. CONCLUSIONS 
 

This work showed the importance of a good prediction in the radiative heat transfer for combustion problems. Two 
different gas models were used: the gray gas and the SLW model. The comparison of the results obtained with these 
two models, showed that important amounts like soot, CO and OH are very sensible, and they also affected in the 
temperature field as well. Since the soot production changed significantly with the two radiation models used, it shows 
that to get correctly approaches for the soot, is mandatory the use a good radiation model in the simulations. But due the 
complexity of the combustion process, it is not trivial to attribute all these differences in the soot production and other 
species formation just to the radiation, but it is clear that it is a very important issue and cannot be undertreated in 
combustion predictions. 
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