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Abstract. Seeking to explain the performance of human skin as an e�ective transport barrier, this study focuses
on active mass transport associated with epidermal cells (keratinocytes). We model the redistribution of water
coupled to ion transport in a coarse-grained model of the skin consisting of free interstitial water, live cells, and
inert extracellular matrix (active triphasic medium). The volume of the cell phase depends on the �uxes of water
and Na+, K+ and Cl− ions across the cell membrane and is regulated according to the model of Hernandez and
Cristina, 1998. A parametric numerical simulation study of the response of the active triphasic medium exposed
to osmotic shocks at one boundary reveals novel travelling waves in the case of hyposmotic shocks.
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1. Introduction

The thermal and chemical barrier function of the skin is intimately connected to a combination of its
structural characteristics and the exchange and redistribution of water and electrolytes in each one of its three
layers, cf. Freinkel and Woodley, 2001. The epidermis, the outmost layer of the skin, consists of strati�ed
squamous self-regenerating epithelial tissue without any blood vessels. Protected underneath the keratinized
stratum corneum layer consisting of cells that are eventually sloughed o�, the epidermis is made of viable cells,
90 % to 95 % of which are keratinocytes ( Freinkel and Woodley, 2001), and extracellular matrix which is
perfused by interstitial water. A basement membrane connects the dermis (the second layer) to the epidermis.
It provides structural support, binding, controls epithelial growth and di�erentiation (barrier to downward
growth). The basement membrane also acts as a selective barrier, regulating permeability and also permits �ow
of nutrients metabolites and other molecules, since no blood vessels go to the epidermis.The epidermis is the
most important layer for mass transport for two reasons: First, combining both intracellular and extracellular
water, the greatest water content di�erence is found there, from more than 70 % (on the basement membrane)
to 15 % (on top of the stratum corneum). Second, the epidermis is totally non-vascular, while the two lower
layers (dermis and hypodermis) are highly vascular and therefore introduce convective transport pathways which
makes them extremely permeable. The skin appendages are embryonically derived from the surface epithelium,
but are found in the hypodermis (hair, merocrine sweat glands) and in the dermis (sebaceous glands, erector
pili). Of particular importance are the sweat ducts that provide tortuous paths for water from the sweat glands
to the surface of the epidermis. We will ignore all skin appendages in this study, which eliminates the possibility
of bulk water motion across the epidermis.

We assume that the epidermal barrier action can be decomposed into the passive contribution of the stratum
corneum and the active component of the viable layer below, from the stratum corneum down to the basal mem-
brane. Here, "active" does not refer to the overall property of the epidermis to transport species against their
concentration gradient. This characterization pertains to the active transport across the individual epidermal
cells. These cells are nourished by interstitial �uid (water and electrolytes) that comes from the perfused dermis
below. The complex but passive contribution of the non-viable stratum corneum to the barrier function of the
epidermis, cf. Freinkel and Woodley, 2001, is outside the scope of the present investigation. The emphasis
of this study is on modelling the variation of interstitial (extracellular) water and the concentration of three
physiologically-relevant ions (Na+, K+ and Cl− ions) through the viable non-swelling epidermis, by including
active transmembrane transport through the keratinocytes. The controversies surrounding the mechanisms of
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water transport notwithstanding, cf. Reuss and Hirst, 2002 and Chinard, 2000, we adopt a coarse-grained
model for the cell volume regulation developed by Hernandez and Cristina, 1998. The question addressed here is
whether the coupling between active (intracellular or trans-cellular) and di�usive (extracellular or para-cellular)
mass transport introduces any atypical features. Since the ultimate goal of our study is to develop rational
transepidermal transport models, any such features can help validate these models through experiments, cf.
Verkman, 2000.

2. Methodology

This section focuses on the formulation of a coarse-grained model for water and ion transport through
the composite medium consisting of the phases α, β and γ as depicted in Fig. 1. Phase α is modelled as
a homogeneous aqueous medium consisting of water and dissolved ions. Since we have excluded the stratum
corneum from our investigation, phase α simply accommodates the swelling of phase β. This aspect of our
model makes di�erent from other hydrated tissue models, cf. Gu et al., 1998; Gu et al., 1999. Of course,
these models do not account for the active participation of one of the tissue constituents, like the cell phase
introduced here. The cell volume regulation is dependent on the �uxes of Na+, K+ and Cl− ions across the cell
membrane and the density of the Na+−K+−ATPase membrane. The ion �uxes depend on the local interior
and exterior ion concentrations. The phase β is modelled according to Hernandez and Cristina, 1998, where all
these interactions are considered. Each cell is considered to have uniform internal concentration of all solutes
and acts as a source or sink of solute and water to phase α. The phase γ, which is part of the extracellular
environment, is rigid and inert (adiabatic) in terms of mass transport. We assume that only di�usive transport
of Na+, K+ and Cl− ions and X, representing other solutes that do not cross the cell membrane, is taking
place in phase α while the water is re-distributed between phases α and β according to the cell regulation model.
We found that the e�ect of the electrostatic potential variation across the layer (electrodi�usion) is negligible,
cf. Falkenberg and Georgiadis, 2004. In the following, we formulate the water and solute exchange model for
a triphasic model of the epidermis without net convective motion and perform a numerical simulation study of
its behavior by exposing it to hyposmotic and hyperosmotic shocks of variable strength.

2.1. Formulation of Polyphasic Model

The structure of the epidermis can be simpli�ed in terms of a composite model consisting of three basic
domains: free extracellular water,α , intracellular space, β , and a third domain, γ , composed by �bers,
keratin, other proteins and dead cells. This decomposition in three domains, or phases, allows a coarse-grained
representation of the epidermis as far as water and solute exchange is concerned. The spatial characteristic scale
in this representation becomes larger than the Representative Elementary Volume (REV) which is larger than
the scale of a single epidermal cell, as indicated in Fig. 1. Overall, the α phase occupies a multiply-connected
domain which is bounded by the basement membrane and the stratum corneum on the outer surface of the
skin. The mathematical formulation is based on a generic model for porous media, as described by Bear and
Buchlin, 1987.

Figure 1: Schematic of the viable epidermal layer as a triphasic medium.

The model is formulated in terms of the standard volumetric super�cial and phase averages of a given
property, say e, which are denoted by 〈eαi〉 and 〈eαi〉αi, respectively, where αi denotes the phase. The ratio of
the two averages de�nes the volumetric fraction θαi,

〈eαi〉 = θαi 〈eαi〉αi (1)

It is assumed that no chemical transformation occurs so that the production rates are zero for all phases. Four

2



Proceedings of the ENCIT 2004, ABCM, Rio de Janeiro � RJ, Brazil � Paper CIT04-0686

governing equations can be derived by equating e with the molar concentration ci[mol/cm3] of each i component
(such as the Na+, K+ and Cl− ions, and the generic solute X which does not cross the cell membrane).

∑

αi

∂
(
θαi 〈ci αi〉αi

)

∂t
= −

(∑

αi

∇.
(
θαi 〈j∗i αi〉αi

))
−

(∑

αi

∇. 〈ci αiv∗αi〉
)

αi = α, β, γ (2)

The molar velocity averaged over all components is denoted by v∗. The net di�usive �ux can be modelled by
using an e�ective transport coe�cient D∗

mi in the place of the molar di�usion coe�cient Dmi.

〈j∗i αi〉αi ≡ −D∗
mi.∇〈ci αi〉αi (3)

In order to suppress some of the cumbersome notation, henceforth, transport coe�cients pertain to the phase
on which the corresponding gradient operator is de�ned. The assumptions that phase γ (connective tissue) does
not participate and that there is no advection in β phase, allow the following simpli�cations of the coarse-grained
model adopted here:

∂θγ

∂t
= 0 (4)

∂ 〈ci γ〉γ
∂t

= ∇〈ci γ〉γ = 0 (5)

In addition, since the β phase is multiply connected and homogeneous (each cell has uniform ion concen-
trations), the transport terms intrinsic to β phase are zero. The evolution of the properties of the β phase
(volume fraction and ion concentration) with time is described by the cell model described below. Equation (2)
can be integrated to yield the local concentrations of ion i in each phase, given the molecular velocity v∗. A
number of simpli�cations can be made. The assumption of zero bulk motion through the layer implies that the
molar velocity is zero: v∗=0. As Fig. 1 shows, the coordinate axes y and x are �xed parallel and perpendicular
(outwards) to the skin surface, respectively. Given the histology of the epidermis, it is reasonable to assume
that this coordinate system corresponds to the principal directions as far as mass transport is concerned. We
then identify these axes with the principal directions of the e�ective total transport coe�cient tensor (which
includes molar di�usion and dispersion), with diagonal values D∗∗

11 in x direction and D∗∗
22 in y direction. The

molecular velocity vector has components vx and vy. On the basis of the above simpli�cations we can rewrite
Eq.(2), in less compact form. Equation (6) below expresses the transient behavior of the ion concentrations in
phase α as a�ected by di�usion and volume fraction variation. The β phase changes volume and absorbs or
eliminates solutes, acting as sink/source according to extracellular concentrations, as better explained on the
next section.

θα
∂ 〈ci α〉α

∂t
= θα D∗∗

11

∂2 〈ci α〉α
∂x2

+
(

D∗∗
11

∂θα

∂x
+ θα

∂D∗∗
11

∂x
− θα vx α

)
∂ 〈ci α〉α

∂x
+

θα D∗∗
22

∂2 〈ci α〉α
∂y2

+
(

D∗∗
22

∂θα

∂y
+ θα

∂D∗∗
22

∂y
− θα vyα

)
∂ 〈ci α〉α

∂y
+

(
−θα

∂vx α

∂x
− θα

∂vy α

∂y
− vx α

∂θα

∂x
− vy α

∂θα

∂y
− ∂θα

∂t

)
〈ci α〉α +

(
−∂θβ

∂t
〈ci β〉β − ∂ 〈ci β〉β

∂t
θβ

)
(6)

The above equation is coupled to Eq.(7) below, which is consistent with volume conservation in the mixture
α, β, γ, and Eq.(4).

∂θα

∂t
= −∂θβ

∂t
(7)

2.2. Single Cell Model

The animal cell volume is directly associated with the water transport across the membrane, which is
regulated by osmotic gradient, cf. Boron and Boulpaep, 2003. Any osmotic imbalance between the extracellular
and intracellular space is corrected by water transport (via aquaporins, Reuss and Hirst, 2002) and ion exchange
(via specialized ion channels or ion pumps) across the cell membrane. Potassium, chloride and sodium ions are
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the relevant ions in terms of volume regulation, and most of them are free in solution (and therefore free to
di�use) in both intracellular and extracellular compartments. Each ion passively crosses the membrane through
ion channels down its electrochemical gradient. In order to maintain intracellular concentrations high for K+

and low for Na+, the sodium-potassium pump (Na+− K+− ATPase) uses energy from ATP oxidation to
transport ions against the electrochemical gradient. Cotransporters translocate two (or more) solutes in the
same direction according to the stronger electrochemical gradient among its components, carrying the other ions
against their gradient passively. The cell volume regulation scheme developed by Hernandez and Cristina, 1998,
and adopted here is brie�y presented below for completeness. Five assumptions are made to describe the animal
cell represented by the model: (a) non-polarized cells; (b) cell volume changes caused by water movement across
the membrane; (c) �xed stoichiometric pump ratio of 3Na+ : 2K+; (d) the cell volume decrease is mediated
by coupled �ux of K+ and Cl−, and the increase by Na+ and Cl− �ux. Two volume thresholds v+ and v− are
considered, in terms of activating a net KCl e�ux or NaCl in�ux; (e) constant cell surface area Ac for water
transport.

The electrodi�usive �uxes Ji and the cycle �ux Jp (a consequence of intracellular electroneutrality condition)
through the cell membrane is given by:

JK = PK

F Vm

R T

e
F Vm
2 R T − e−

F Vm
2 R T

(
〈cK α〉α e−

F Vm
2 R T − mK

Vc
e

F Vm
2 R T

)
(8)

JNa = PNa

F Vm

R T

e
F Vm
2 R T − e−

F Vm
2 R T

(
〈cNa α〉α e−

F Vm
2 R T − mNa

Vc
e

F Vm
2 R T

)
(9)

JCl = PCl

F Vm

R T

e
F Vm
2 R T − e−

F Vm
2 R T

(
〈cCl α〉α e

F Vm
2 R T − mCl

Vc
e−

F Vm
2 R T

)
(10)

−Jp + JNa + JK − JCl = 0 (11)

where mi is the intracellular molar concentration of ion i, Pi is the membrane permeability coe�cient , Vc

represents the cell volume, Vm the intracellular potential minus the extracellular potential, F is Faraday constant
(current = F x ion �ux), R is the ideal gas constant, and T the absolute temperature.

The ion concentrations and cell volume are governed by the following ODEs:
dmNa

dt
= Ac (−3 Jp + JNa + φNa) (12)

dmK

dt
= Ac (2 Jp + JK + φK) (13)

dmCl

dt
= Ac (JCl + φNa + φK) (14)

dVc

dt
= (Ac Vw Pw)

(
(mX + mNa + mK + mCl)

Vc
− (〈cX α〉α + 〈cNa α〉α + 〈cK α〉α + 〈cCl α〉α)

)
(15)

with Vw as the partial molar volume of water, Pw the osmotic permeability, X the non-permeant solute, 〈ci α〉α
the extracellular solute concentration under isotonic conditions, and φNa,K are the volume-induced �uxes of
NaCl and KCl. The membrane potential is related to the various cell parameters through the following algebraic
equation:

Vm =
R T

F
ln

(
κ + λ

µ + ω

)
(16)

The terms in the logarithm represent functions of intracellular and extracellular concentrations, membrane per-
meabilities, Na+−K+−ATPase membrane density, and the rate constants associated with the transmembrane
pumps.

While v− < V c < v+ is satis�ed, the induced �uxes φNa and φK are null. Whenever the cell volume exceeds
the acceptable threshold value, and after a predetermined time delay τ , an appropriate volume-induced �ux
(φNa for Vc < v− and φK for Vc > v+) is initiated and is set to the values given by Eq.(17) or Eq.(18) below,
in order to restore the cell to its physiological parameters:

φNa = Q∗Na

(v− − Vc)
v−

(
〈cNa α〉α 〈cCl α〉α − mNa mCl

V 2
c

)
(17)

φK = Q∗K
(Vc − v+)

v+

(
〈cK α〉α 〈cCl α〉α − mK mCl

V 2
c

)
(18)
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2.3. Physicochemical and Numerical Parameters

The living epidermis has a thickness between 30 to 130 µm , and features the highest water content in the
skin, ranging from more than 70% (in the basement membrane) to 15% (top of the stratum corneum layer).
We consider a strati�ed medium con�ned in a homogeneous layer and limit the model to transport in two
dimensions, x (perpendicular to layer) and y (parallel to the layer), as shown in Figure 1. For de�nitiveness,
we consider here an epidermal layer thickness of 100 µm and use as initial condition θα = 0.2, θβ = 0.4 and
θγ = 0.4. Many of the transport parameters of the intracellular model are adopted directly from Hernandez
and Cristina, 1998, with a delay of τ =10 sec, and a volume change threshold of 5%. We �nally need to
prescribe the variation of the extracellular dispersion coe�cient with the volume fraction of phase α. Assuming
a homogeneous "brick and mortar" wall-like distribution of keratinocytes, the following expression for the ratio
λ2 = Dmi/D∗∗ is obtained by manipulating the results obtained by Chen and Nicholson, 2000:

λ = 2.28156− 5.21948 θα + 15.6529 θ2
α − 19.1835 θ3

α + 7.46849 θ4
α (19)

The initial condition is de�ned by prescribing uniform concentrations of all ions across the layer with all
cells at identical state and at equilibrium. At time t > 0, the Na+ and Cl− extracellular concentrations at the
basal surface (x = 0) are lowered by 10% (increased by 10%) by ramping to the �nal value within 5 sec. This
corresponds to exposing the epidermis to a hyposmotic (hyperosmotic) shock as a result of supplying plasma
of diminished (increased) salinity at the basal membrane level. The above set of parameters, including all ion
equilibrium concentrations which are identical with Hernandez and Cristina, 1998, constitute the control state,
which will be varied in order to examine the cell response characteristics in the following systematic study.

Assuming periodic conditions along the surface of the skin (y direction), the physical problem becomes
essentially one-dimensional. Applying Eq.(6) for the four species, supplemented by the four cell equations (12-
15), produce a system of 8 evolution equations with 8 unknowns (4 in phase α and 4 in β). Using �nite-di�erence
discretization, the equations are integrated in time with the ADI scheme for the extracellular equations and a
4th order Runge-Kutta scheme for the cell ODE's. The time step was set at 10−3 seconds and a uniform mesh
with 50 nodes was used in the x direction.

3. Results

The results obtained with the control physicochemical parameters are presented in Fig. 2 and can be
organized in two groups: Figs. 2(a-f) correspond to the hyposmotic and Figs. 2(e-h) to the hyperosmotic
shocks. Fig. 2(c) depicts the variation of the volume fraction α, which is the extracellular �uid phase, for
hyposmotic shock, while Fig. 2(g) corresponds to the hyperosmotic shock. One can readily observe that the
presence of the cell phase is associated with the appearance of an undershoot (overshoot) which corresponds to
a transient swelling (shrinking) of the cells in response to the initial shock. Only in the case of the hyposmotic
shock is the initial undershoot followed by a series of propagating waves starting from the basal side of the layer
(x = 0 µm) where the shock is imposed. We hypothesize that these waves are caused by the delayed activation
of the cell membrane cotransporters introduced in the model of Hernandez and Cristina, 1998, in conjunction
with the high value of the volume-induced �ux in Eq.(15). Our hypothesis related to the latter condition is
motivated by the observation that the amplitude of the volume-induced �ux of the K ion is much larger than
that for the Na ion by two magnitudes of order (Q∗K >> Q∗

Na). This will be tested below by varying Q∗K . The
wave period is approximately twice the τ =10 sec value, and this will be also explored further below. Fig. 2(d)
shows the corresponding behavior of the extracellular Na and Fig. 2(f) the dramatic behavior of intracellular K
for the hyposmotic shock. Indeed, the intracellular concentration of K exhibits a delayed 50% increase on the
apical side of the layer (x = 100 µm). The features of the hyperosmotic case (Figs. 2(e-h)) are unremarkable.

We have performed a further numerical study of the hyposmotic case by changing two of the parameters in a
systematic way: τ and Q∗K . The results in terms of the variation of the volume fraction α are plotted in Fig. 3.
The data of Figs. 3(a, b) are identical with only a slight change of perspective. Figs. 3(a, c, e) show the e�ect
of decreasing the time delay before the volume-induced �ux is activated. As τ diminishes to zero, the travelling
waves that are generated near the basal side of the layer diminish in amplitude and period. This phenomenon is
consistent with the role that the time delay plays in restoring the cell properties near the threshold values. The
system of equations (12- 15) coupled with Eq.(6) represent a dynamic system with an equilibrium point which
is set by the threshold values. As the cell volume swells in response to the hyposmotic shock, the K-�ux given
by Eq.(18) does not come into play until a time period equal to τ . The shorter this period is, the shorter the
period of oscillation around the equilibrium point, and the lower the undershoot and the subsequent imbalances
of the cell with its extracellular space. Figs. 3(b, d, f) show the e�ect of decreasing the value of Q∗K with τ �xed.
Decreasing this value by half the control value shown in Fig. 3(a), limits the travelling wave to a smaller spatial
domain and causes damping in time (Fig. 3(b)). A decrease of one magnitude of order eliminates the travelling

5



Proceedings of the ENCIT 2004, ABCM, Rio de Janeiro � RJ, Brazil � Paper CIT04-0686

0

20

40

60

80

100

120 0

20

40

60

80

100
1.2

1.25

1.3

1.35

1.4

1.45

x [µ m]
t [sec]

N
a 

[1
0−

4  m
ol

 c
m

−
3 ]

(a) Hyposmotic, extracellular Na

0

20

40

60

80

100

120 0

20

40

60

80

100
1.2

1.25

1.3

1.35

1.4

1.45

x [µ m]
t [sec]

C
l [

10
−

4  m
ol

 c
m

−
3 ]

(b) Hyposmotic, extracellular Cl

0
20

40
60

80
100

120 0

20

40

60

80

100

0.15

0.16

0.17

0.18

0.19

0.2

0.21

x [µ m]

t [sec]

α

(c) Hyposmotic, α

0

20

40

60

80

100

120 0

20

40

60

80

100
1.1

1.15

1.2

1.25

1.3

1.35

x [µ m]
t [sec]

K
ce

ll [1
0−

4  m
ol

 c
m

−
3 ]

(d) Hyposmotic, intracellular K
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Figure 2: E�ects of 10% hyposmotic and hyperosmotic shock in both Na+ and Cl− concentrations.
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(f) τ = 10sec, Q∗K = 0.1

Figure 3: E�ects of τ and Q∗K on α in hyposmotic shocks.

7



Proceedings of the ENCIT 2004, ABCM, Rio de Janeiro � RJ, Brazil � Paper CIT04-0686

waves (Fig. 3(d)), while decreasing the value by 100 results in a smoother response recover to the shock (Fig.
3(f)). This indicates that decreasing the intensity of the volume-induced KCl cotransporter (expressed by Q∗K
value) increases the damping constant of the corresponding dynamic system.

Although not shown here, the numerical results we obtained for the case of β = 0 (no cells) reveal no travelling
waves as a response of an osmotic shock in the layer. This is expected since the extracellular transport is purely
di�usive in the absence of cells which act like sources/sinks with time delay. It is therefore clear that the
travelling waves are a result of the restorative e�ect of the cell phase and a consequence of transcellular active
transport. A careful review of the literature has not revealed another report of this phenomenon. The onset of
dispersive (wave-like) behavior in systems that are typically modelled by di�usive partial di�erential equations
has an obvious mathematical appeal. If shown to be realistic, the generation of travelling waves in live tissue
consisting of non-excitable cells might prove to serve an important physiological function which is as fascinating
as that exhibited by excitable cells (neurons).

4. Conclusions

This is a numerical study of the redistribution of both extracellular (interstitial) and intracellular water
and active mass transport through epidermal cells (keratinocytes)in the viable epidermis exposed to osmotic
shocks imposed on its basal side. We model the redistribution of water coupled to ion transport in a coarse-
grained model of the skin consisting of free interstitial water, live cells, and inert extracellular matrix (triphasic
medium). The volume of the cell phase depends on the �uxes of water and Na+, K+ and Cl− ions across
the cell membrane and is regulated according to the model of Hernandez and Cristina, 1998. A parametric
numerical simulation study of the response of the active triphasic medium exposed to osmotic shocks at one
boundary reveals novel travelling waves in the case of hyposmotic shocks. The amplitude and strength of these
travelling waves depend on time delay and the magnitude the volume-induced ion �ux involved in the activation
of the cells when certain threshold values are exceeded. The present work reports the �rst -to our knowledge-
local model for the viable epidermis which couples active transport of water and electrolyte transport through
the membrane of the epidermal cells (keratinocytes) and the extracellular matrix.
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