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v̄z = (ν(∞) Ω)1/2 H(z)
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2F + H ′ = 0
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F 2 − (G + 1)2 + HF ′ = ν∗F ′′ + γF ′C ′
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n4]c`%d QUT QUW�N `%T$`%dVZaY[N'`%^SZaT$`%]$L�dVZO�u_i^*ZazmZvQ�h

D∗ = D(z)/D(∞)
��� NB]$^U^*_%Y/N�QSWi](Q+QSW�N+4QUT$f$N
^��2K�Za`%^*QSN'Za`�N
�_%](QUZOT7`�Z\^+^*QSRUZ\P�QSLahlz(]cLaZ\d�nmg0W�ZaPXWoZaY/k%LOZaN�^+QUW%](Q

D∗ν∗ = 1]$`%d�QUW%](Q
dν∗/dC

Za^�P'T$`%^*QU]$`7Q
�B��W�N��%_�LOf 4VPXW�Y[ZadVQ4`m_�Y��iN�R�n
Sc
n�]$`%d�QUW�N[^*N�`%^*ZOQSZazmZvQ�htp�]7P�QUT$R

γ
n�dVN'�%`�N�QSW�N�^SLOT7kiN�Tcp

QUW�NBzmZa^UP=T^*ZOQ�hlk�RUTc�iLON�P=LaT7^SN4QST[QSW%NBN'LaN�P�QURSTVdVNB^S_�RSp�]$P=N7�
�+T7_�`%d�]$RShrP'T$`%d�ZvQUZOT7`%^4p�T$R

F
n
G
]$`%d

H
]$RSN

F = H = P = G = 0
n
C = 1

g0W�N�`
z = 0

n
F = H ′ = C = 0

n
G = −1

g0W�N�`
z −→ ∞

�

�
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1
4

�JZab$_�RUN { 	���ZaY/N�`%^SZOT7`�LON
^S^@zmZa^UP=T^*ZOQ�h$n
ν
n�]$`%d z$N�LOTVP'ZvQ�h k�RUTc�%LaN�^

F
n
G]$`%d

H
� 6#_�RUz$N
^+�;Ti�#{�RSN'p�N'RBQUT P=T7`%^*QU]c`QezmZ\^SP'T7^SZvQ�h s%_�Z\d�^�� 6#_�RSz7N�^

� T%�7~�n���]c`%d/�%ncQST�z(]cRUZa]$��LON�zmZ\^SP'T7^SZvQ�h�s%_%Zad�^���6#_�RUz$N�^ � T%�7~ 	
Sc = 50 �6#_�RUz$N
^J�;T%� � 	

Sc = 1000 �
6#_�RUz$N
^ �;T%�V� 	

Sc = 2000
�\w
γ = 1

�

�JZab$_�RUNe{4^*W�T(g;^�QSW�N4`�T7`V�2d�ZOY[N'`i^*ZaT$`%]$L%zmZ\^��
P'T7^SZvQ�ho]c`%dtz7N'LaTVP=ZOQ�hlk�RUTc�%LaN�^0T7�VQU]$ZO`%N�do�mh�`m_V�
Y[N�RSZ\P']$L7Za`QSN'b7RU]cQSZaT$`BT$p�KM�m^'�Vw�{���)D{��7�D]$`%dB_%^SN�d
Za`BQUW�N�p�T$_%R"P']7^*N
^�TcpVQUW�NM^*QU]$��ZOLaZOQ�h4]$`%]cLahV^*Z\^�k�RUN=�
^SN'`QUN�d ZO`rQSW�Z\^�g#T7RSfD� 6#_�RUz$N
^,� T%�l{/RSN'p�N'R�QST
si_�Zad%^�g0ZOQSW P'T$`%^*QU]$`7QlzmZ\^SP'T7^SZvQ�h � 6#_%RSz7N�^�� T%�
~�n�RUN=p�N�R�QSTts%_�Z\d�^�g0ZOQSW zmZ\^SP'T7^SZvQ�h�k�RUTc�iLON
^�T$�V�
QX]cZa`�N�d g0ZOQSW

Sc = 50
]$`%d

γ = 1
n"]$`%d ^SW�T(g

] d�N�P']-h T$p�QUW�N�zmZa^UP=T^*ZOQ�h QST QUW�N���_�Laf z(]cLa_�N
]cQ

z = 1.0
]ck�k%RST-jVZaY[]cQSN�LOh7� 6#_%RSz7N�^ �;Ti� �

]$`%d ��RUN=p�N'ReQSTts%_�Z\d�^@g0ZvQUW zZ\^UP=T7^SZOQ�h k�RUTc�%LaN�^
T7�VQU]$ZO`%N�d g0ZOQSW

γ = 1
nM]$`%d

Sc = 1000
]c`id

Sc = 2000
RUN�^SkiN
P�QUZOz7N'Lah$n$]$`%d�^SW�T(g ]4d�N�P']-h@Tcp

QUW�N+zZ\^UP=T7^SZOQ�h QUT QUW�N#�%_�LOf�z(]cLa_�N�](Q
z = 0.3

]$kV�
k%RST-jVZaY[]cQSN�LOh7�;��W�N�^SNezmZa^UP=T^*ZOQ�h�k%RST$�%LON
^0p�T7LOLaT(g
]�QURSN�`%d�^SZaY/ZaL\]cR�QST/QUW�N�T$`�N�Tcp"QSW�NeP'T$`%P'N'`QSRX](�
QUZOT7` k�RUTc�%LaN[Tcp

Fe++ nJg0W�Z\PXW Z\^Bk�RUTVdV_%P'N�d ](Q
QUW�N4ZO`QSN�R*p�]7P=N��h/QUW�N�N�LON
P�QURSTVdVZ\^S^ST$La_VQUZOT7`rw(6+]$Lv�
]$��RUN�^SNF��]$R*QUT$`�]$`%d� N
^�Q
ni~'D�D�{-���
� ¥`¦�«�ßB©
I$ß;ê�Ñ-©ÓÀ§)¨/¬ §��c©×/«�ÞIÑh¬« �Ø©BÑ-©«

� N�QS_%RS`[`�T(g QST�QSW%N;�7_%N�^*QSZaT$`[TcpuQSW�N;^*QU]$��ZaLOZOQ�heTcpuQSW%N ^�QUN�]7dVh@P=T7`V�%b7_�RU]cQSZaT$`%^JT$piQUW�N0Wmhmd�RSTVdVhm`%]$Y/Z\PM�%N'L\d�dVN�^UP=RUZa�iN
d
Za` 4mN�P$�;wy~7��n�g0ZOQSWtRUN�^SkiN
P�Q�QST�Za`V�%`�ZOQSN
^*ZaY�]cLaLOh�^*Y�]cLaL�dVZ\^*QS_�RU�%]c`iP=N�^��

��]$RSZ\]c�%LON
^e]cRUN�Y�]$dVNl`%T$`V� dVZaY/N�`%^SZOT7`%]cL�]7^Bp�T$LaLaT(g;^ 	�RU]7dVZa]$L�]c`%d ]cjVZa]$LMP=TmT$RXdVZa`%](QUN�^e]$RSNld�ZOzmZ\dVN�d �mh QSW�NlRUN=p�N�RSN�`%P=N
LaN'`%bcQSW

(ν(∞)/Ω)1/2 nuz$N�LOTVP'ZvQ�hoP=T$Y[kuT$`�N�`QU^;]$RSNedVZazmZad�N�d��mh�QSW�NeRUN=p�N�RSN�`%P=NBz7N'LaTVP=ZOQ�h reΩ
nik�RUN�^U^S_�RSNBZ\^ d�ZOzmZ\dVN�dt�mh�QSW�N

RUN=p�N�RSN�`%P=N�k�RUN�^U^*_�RUN
ρ(reΩ)2

n�zmZa^UP=T^*ZOQ�h Z\^[dVZazZ\dVN
d �mh QSW�N���_�Laf z-]$LO_%N$n
ν(∞)

]c`%d QSZaY/Nt]c`id QSW�NoN'Zab$N�`mz-]$LO_%N�Tcp0QUW�N
LaZa`�N�]$RSZ��'N
d�k�RUT$�%LON�Y ]cRUN�d�ZOzmZ\dVN�d��mh�QSW�N4QUZOY[NBRUN��_�ZaRSN
dl�mh�]/k%]cRSQSZ\P=LaN$nmQU_�RU`�ZO`%b/g0ZOQSW�QSW%Ne]'�'ZaY@_�QSW%]$Luz7N'LaTVP=ZOQ�h

reΩ
2 nmQSTY[T(z7N@]�dVZ\^*QU]c`iP=N@N
�_%]cL"QST�QSW�N�RSN'p�N'RUN'`%P'NeLON�`�bcQUW�n

(ν(∞)/Ω)1/2 �, N'RUN$n re
Z\^ QSW�N[dVZaY/N�`%^SZOT7`%]cLJP=TmT$RXdVZa`%](QUN@]cLaT$`�blQSW�N

RX]$d�Za]$L�dVZORUN�P=QSZaT$`og0W�N'RUN4QSW�Ne^*QU]$��ZaLOZOQ�h�]c`i]cLahm^SZ\^#Z\^0Y�]$d�N$� � Ned�N=�%`�Ne]$La^ST/QSW�N+�;N'hm`�T$L\d�^�`m_�Y��iN�R0�hlQSW�NBRUN'L\](QUZOT7` 	

R = re

(

Ω

ν(∞)

)1/2 w*{�|7�

��W%NB`�T$`%d�ZOY[N'`i^*ZaT$`%]$L�P=T7`%P=N�`7QURU]cQSZaT$`�Za^0dVN'�%`�N
d��mh

c∗ =
CT − C∞

CS − C∞

g0W%N'RUN
CS

]c`%d
C∞

]$RSN4QSW%Ne^S]cQS_�RX](QUZOT7`�]c`id���_%LOfoP=T$`iP=N'`QURU]cQSZaT$`%^+Tcp"QSW�NBRUN'LaN'z(]$`7Q;PXW�N�Y[ZaP�]cL�^SkiN
P=ZaN�^��
��W%N'RUN=p�T$RUN$nVdVRUT$k%k�ZO`%b�QUW�Ne]$^*QSN�RSZ\^Sfm^�nQSW�NBN
�_%](QUZOT7`%^�ZO`o`�T7`%dVZaY/N�`%^SZOT7`%]cLDp�T7RSY ]$RSN�b7ZOz7N'`o�h

div v = 0
wy~�D7�

∂v

∂t
+ v grad v = −

2

R
ez × v − grad p +

1

R
div τ

wy~�{
�

∂c

∂t
+ v · grad c =

1

R Sc
div (D grad c)

wy~7~$�

��W%N�W�Z\dVRUTVdVhm`%]cY[Z\P0�%N�Lad�Za^+g0RUZvQSQSN'`�ZO`�QSW�N�p�T$RUY Tcp�QUW�N4z$T$` ���cRUY��$`l^*T7LO_�QSZaT$`�k%LO_%^�]@kiN�R*QU_�RS�i](QSZaT$`��J��W�N�^*QSN�]7dVh�]c`%d
kuN'RSQS_%RS�%]cQSZaT$`oz(]cRUZa]$��LON
^0]cRUN�Z\dVN�`7QUZv�iN�dog0ZvQUW�]��i]cR;]c`ido]�QUZOL\dVN$n%RSN
^*kuN�P=QSZaz$N'Lah$����W�N�RSN'p�T$RUN

vr = v̄r + ṽr vθ = v̄θ + ṽr vz = v̄r + ṽz

p = p̄ + p̃ CT = c̄ + c̃

��W%N@kuN'RSQS_�RU�iN
dtz(]cRUZa]$��LON
^;]cRUNBZa`7QURSTVdV_iP=N�dtZa`tQSW%N@N'z7T$La_VQSZaT$`tN
�7_i](QSZaT$`i^'�?4m_���QSRX]$P�QUZO`%b[QSW�N/^�QUN�]$d�h�^*QU](QUN@^ST$La_VQSZaT$`�nu]c`%d
`%N'b$LaN�P=QSZa`�b QSW�Nt`�T7`�LaZO`�N
]cR/QSN�RSY�^[P=T7`QU]cZa`�Za`�b k�RSTVdV_iP�QU^/T$p QSW%NokuN'RSQS_%RS�%]cQSZaT$`%^�n�QUW�N ^*Y�]$LOL0]cY[k�LaZOQS_%dVNtkuN'RSQS_�RU�%]cQSZaT$`%^
N�z$T7LO_VQUZOT7`�N
�_%](QUZOT7`%^0]cRUN�b7ZOz7N'`o�mh

1

r

∂

∂r
(rṽr) +

1

r

∂ṽθ

∂θ
+

∂ṽz

∂z
= 0

wy~��7�

∂ṽr

∂t
+ v̄r

∂ṽr

∂r
+ ṽr

∂v̄r

∂r
+

v̄θ

r

∂ṽr

∂θ
− 2

v̄θṽθ

r
+ v̄z

∂ṽr

∂z
+ ṽz

∂v̄r

∂z
= 2Ωvθ −

1

ρ

∂p̃

∂r
+

�



���������	��
�����������������.$3±"65'87:9;9�<7� � � " � � ? � �1
;�;�%��-�������[0 ? �-� � ���������)0±�^��úX���("65'$9�<�ý·9���<;<

1

ρ

(

1

r

∂

∂r
(rτ̃rr) +

1

r

∂τ̃rθ

∂θ
−

τ̃θθ

r
+

∂τ̃rz

∂z

) w�~(��

∂ṽθ

∂t
+ v̄r

∂ṽθ

∂r
+ ṽr

∂v̄θ

∂r
+

v̄θ

r

ṽθ

∂θ
+

v̄rṽθ + ṽrv̄θ

r
+ v̄z

∂ṽθ

∂z
+ ṽz

∂v̄θ

∂z
= −2Ωvr −

1

ρr

∂p̃

∂θ
+

1

ρ

(

1

r2

∂

∂r

(

r2τ̃rθ

)

+
1

r

∂τ̃θθ

∂θ
+

∂τ̃θz

∂z

) w�~�8$�

∂ṽz

∂t
+ v̄r

∂ṽz

∂r
+

v̄θ

r

∂ṽz

∂θ
+ v̄z

∂ṽz

∂z
+ ṽz

∂v̄z

∂z
= −

1

ρ

∂p̃

∂z
+

1

ρ

(

1

r

∂

∂r
(rτ̃rz) +

1

r

∂τ̃θz

∂θ
+

∂τ̃zz

∂z

) w�~c}7�

∂c̃

∂t
+ v̄r

∂c̃

∂r
+

v̄θ

r

∂c̃

∂θ
+ v̄z

∂c̃

∂z
+ ṽz

dc̄

dz
= D̄

(

1

r

∂

∂r

(

r
∂c̃

∂r

)

+
1

r

∂

∂θ

(

1

r

∂c̃

∂θ

)

+
∂2c̃

∂z2

)

+

dD̄

dz

∂c̃

∂z
+ D̃

∂2c̄

∂z2
+

∂D̃

∂z

dc̄

dz

w�~7�c�
K�jmki]c`%dVZa`�b[QUW�Ne^�QURSN
^S^#QUN'`%^ST$R;P'T$Y[kiT7`�N'`QX^0]c`%do^*ZaY[k�LaZvp�hmZa`�b�_%^SZO`�b/QUW�NeP=T7`7QUZO`m_�ZOQ�hlN
�7_i](QSZaT$`�nVRSN
^*_�LOQU^�Za`

1

r

∂

∂r
(rṽr) +

1

r

∂ṽθ

∂θ
+

∂ṽz

∂z
= 0

wy~��7�

∂ṽr

∂t
+ v̄r

∂ṽr

∂r
+ ṽr

∂v̄r

∂r
+

v̄θ

r

∂ṽr

∂θ
− 2

v̄θṽθ

r
+ v̄z

∂ṽr

∂z
+ ṽz

∂v̄r

∂z
= 2

ṽθ

R
−

∂p̃

∂r
+

1

R

[

ν̄

(

∂2ṽr

∂r2
+

1

r2

∂2ṽr

∂θ2
+

∂2ṽr

∂z2
+

1

r

∂ṽr

∂r
−

2

r2

∂ṽθ

∂θ
−

ṽr

r2

)

+
dν̄

dz

(

∂ṽz

∂r
+

∂ṽr

∂z

)

+

ν̃

(

∂2v̄r

∂z2
+

1

r

∂v̄r

∂r
−

v̄r

r2

)

+ 2
∂v̄r

∂r

∂ν̃

∂r
+

∂ν̃

∂z

∂v̄r

∂z

] w�~c|7�

∂ṽθ

∂t
+ v̄r

∂ṽθ

∂r
+ ṽr

∂v̄θ

∂r
+

v̄θ

r

∂ṽθ

∂θ
+

v̄rṽθ + ṽrv̄θ

r
+ v̄z

∂ṽθ

∂z
+ ṽz

∂v̄θ

∂z
= −2

ṽr

R
−

1

r

∂p̃

∂θ
+

1

R

[

ν̄

(

∂2ṽθ

∂r2
+

1

r2

∂2ṽθ

∂θ2
+

∂2ṽθ

∂z2
+

1

r

∂2ṽθ

∂r
+

2

r2

∂ṽr

∂θ
−

ṽθ

r2

)

+
dν̄

dz

(

1

r

∂ṽz

∂θ
+

∂ṽθ

∂z

)

+

ν̃

(

∂2v̄θ

∂z2
+

1

r

∂v̄θ

∂r
−

v̄θ

r2

)

+
2v̄r

r2

∂ν̃

∂θ
+

∂ν̃

∂z

∂v̄θ

∂z

] w:��D7�

∂ṽz

∂t
+ v̄r

∂ṽz

∂r
+ ṽr

∂v̄z

∂r
+

v̄θ

r

∂ṽz

∂θ
+ v̄z

∂vz

∂z
+ ṽz

∂v̄z

∂z
= −

∂p̃

∂z
+

1

R

[

ν̄

(

∂2ṽz

∂r2
+

1

r2

∂2ṽz

∂θ2
+

∂2ṽz

∂z2
+

1

r

∂ṽz

∂r

)

+ 2
dν̄

dz

∂vz

∂z

2ν̃
∂2v̄z

∂z2
+

∂ν̃

∂r

(

∂v̄z

∂r
+

∂v̄r

∂z

)

+
1

r

∂ν̃

∂θ

(

∂v̄θ

∂z
+

1

r

∂v̄z

∂θ

)

+ 2
∂ν̃

∂z

∂v̄z

∂z

] w:��{
�

∂c̃

∂t
+ v̄r

∂c̃

∂r
+

v̄θ

r

∂c̃

∂θ
+ v̄z

∂c̃

∂z
+ ṽz

dc̄

dz
=

1

R Sc

[

D̄

(

1

r

∂

∂r

(

r
∂c̃

∂r

)

+
1

r

∂

∂θ

(

1

r

∂c̃

∂θ

)

+
∂2c̃

∂z2

)

+

dD̄

dz

∂c̃

∂z
+ D̃

d2c̄

dz2
+

∂D̃

∂z

∂c̄

∂z

]

w:�7~$�

��W%NBkiN�R*QU_�RS�uN�d��%N�LadoZ\^0]$^U^*_%Y/N
d�]7^












vr

vθ

vz

p
CT













=













rΩF
rΩG

(ν(∞)Ω)1/2H
ρν(∞)ΩP

C∞ + (Cs − C∞) C













+ A













reΩ f
reΩ g
reΩ h

ρν(∞)Ω π
C∞ + (Cs − C∞) c













exp [i(αr + βRθ − ωt)] + cc

w:���7�

g0W%N'RUN
C
]c`%d

c
]$RSN�p�_�`iP�QSZaT$`i^;Tcp

z
� �0N=�2g0RUZvQUZO`�b[QUW�N@z(]$RSZ\]c��LaN�^;ZO`�KM�u�qw����7�+Za` `�T$`idVZOY[N�`%^*ZaT$`i]cL�p�T7RSYtn�QUW�N@kuN'RSQS_%RS�uN�d

`%T$`V� dVZaY/N�`%^SZOT7`%]cL�z7N'LaTmP'ZvQ�hlP'T$Y[kuT$`�N�`7QX^'nVk%RSN
^S^S_�RUN$n�]c`id�P'T$`%P'N'`QSRX](QUZOT7`�]cRUN�g0RSZOQ*QUN'`t]$^ 	












vr

vθ

vz

p
C∗

T













=













rF/R
rG/R
H/R
p/R2

C













+ A













f
g
h
π
c













exp [i(αr + βRθ − ωt)] + cc
w:�c��
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