
���������	��
����������������
10

th � ��������� � �!�#"$�!�%��	���	�&���(')�����+*(��),-��� ���-�+���&��-
�./�%����-�	���������102.432"65'87:9;9�<
=4>+?@BA/C%D�EBA$DF4GIHJE+KL?!M�NOE�?P6C:E�NQH�M�EJHJRS?M�TIUVM�WNQMXHJH�>	NOM�W&Y[Z\=^]^G`_�aSNOD(T:Hcb;?!M�HJNd>	DX_-=4>+?@JNOP�_LeSDgfhA4i!j&Ylk�H�EBA4mBn:_Limmo

pVqhr)s�t2ucv�wyxhzL{+xhx)|h|

}\~����������������X��}����������l�X�#�������������-����}�~�������~��X���¡ ��8���[~����¢���#£

¤¦¥L§h¨/©$ª�«�¬®�©4¥°¯V«6±4²X§
³�CX´�µ$³\M�NOf;H�>	R�N¶TX?BT:HyTXHyC:·D(´¸?!¹�POD
º»M�R�¼	Nd¼	¹X¼	D2TXH&]/NO½JMXEJNQ?R\G�?!¼	HJ¾l¿g¼	NQEJ?R¦HcTXH&]/D¾(À�¹X¼+?!Á�·D&Ylk�HJÀ�?!>�¼+?¾(H�M%¼	D�TXH&]/NO½JMXEJNQ?RSTXHy]/D¾(À�¹:¼+?Á�·!D®HyU$R�¼+?g¼	ÂOR�¼	NQEJ?
Z)fhA$ÃÄ>+?ÅL?!POKL?BT:D>�CX·!Dl]�?!>	POHJMXR�HB_LoBmBm2µ/CX´�µSÆJn;Ç!ÈBm!µ»jBÉm:_-=4>+?@JNOP
POH�F¶>+?R�D;Ê\NQE�¾(EBA ¹�R�À)A Å:>
Ë�Ì-ª�Í:Î»«ÐÏ¢^Ë�¥L¨4©/«)¨/Ñ:§
]/H�M%¼�>	D®Ã�ÒJEJM�NOEJDlZ^H�>	D�H�R�ÀL?E�N¶?!P�_-ºÓMXR�¼	NO¼	¹:¼	D®T:HcZ^H�>	DBM�¿¹X¼	NOE�?�HyU$R�À�?ÁJD
´VÁ&G�?P�A/U4T:¹L?g>+TXD(Ô\D¾(HJRJ_LÇm2µ/CX·!D(bBDBR�Ò&T:DBRS]�?¾(À-DRJ_-C:´8µÕÆgiiBi!Ö[jmo:_-=4>+?!@JNOP
¾l?g>	EJNODX×^¼	¾[ÊSØ%?!K�D�D:A E�DB¾
Ë�§-ª�Í:¥LÙÚÙ»«�Û8^¬$§-ª�§hÍX«�©/¥�Ë�¥L©4¥LÎ ª�«6Ü
³�CX´�µ$³\M�NOf;H�>	R�N¶TX?BT:HyTXHyC:·D(´¸?!¹�POD
UVR�EJDP¶?(T:HyU$MXWBHJMXKL?g>	N¶?2TXH&CX·!Dl]�?!>	PODR¦µ$k�HJÀ�?!>�¼+?!¾(HJM�¼	D®TXH�U$MXWBHJMXKL?!>	NQ?(Z^H�>	DML¿¹:¼	NOE�?
Z)fhA$ÃÄ>+?ÅL?!POKL?BT:D>�CX·!Dl]�?!>	POHJMXR�HB_LoBmBm2µ/CX´�µSÆJn;Ç!ÈBÈ!µÓÇ!jBm:_-=4>+?@JNOP
¾l?g>	EJHJPOPOD�Ê\R�EBA ¹XR�À)A ÅX>
Ý[Þ�ßà»ágâ-ã%à	ä ')���y����!å$�������[æÕç�+� �Q���(è!�����������������é	�ê%�L
;��+ë¢�O�ë;�����®�è���(�	��L�+�!è�l�	ê%���J�B���������y�	��� ì:��X�+��éJ�Q�¦�J�!�(�I�	��������

!���	�Ú���������í���S�����\è���O��������ëSìL���Óî4�Q���\���I�����\�-�!��*®�B�Ä��-
�� ì:��XåV�����&
���	������� ��X�Jï&')���\�	���	ê:� �����%�2���JðÕ�	��������-�B�-è���O��������ëSìL���Óî4�Q���
�!�	�`�	êXé�ñg�����(�Ú�#�����+�!�-
;��+ë°�����	�Ú�;é���� ����ë8åò�%� �+��*(�ë8�����+ê:� �(���������`
���è���O��ìL*(�����1���I�X��+�J�����X�g�óè!��+��� �+����ïô')�%���¢��ë+ìX�����
�����	��-
B���ë[���X�+�Ú�Bé���� ����ël���Sõ!�L�åV�ó�!�c�����&è!��+� �	����&*(��
;��ïS5+�ö�����ÕìL�	���������^�	��êX
ël�����&è!�!��� �	�����*®��
��y���\����è���	���Q�;��»��
1ê%�	�����

!���	�������Xê:*(�������+��)�	��*2ê:�O�������hïy')���\�;�è���+�����%����÷�êX���� ��X�&é	����	
1��ö�����&è!��+��� ������ëø è���O��������ë������*�ê:�O���� ��í����&���B� è��
lê%�	�����
�	�*Sì:�;����î$�����»��
� ùS���	���-�+�������1�����\�L���*®�B�Ä��-
®�O�!�%�����êX
���L�B�h
����������� �����ï^5+�1�����\� ì:���åV�����c
�����	��������¢�����¸ð^�å8���S��	�	ê:*(��

ìX���+� ��
���gï�ú�ûÕê%�%����ø�üyê%���Ú�2����*l�^*(����+�%�����&���+����*l�Så4��^ê%����
&�Ú�����X�»� �����»�S���l����*(��ï&')���S
� ùS���	���-�+���Sé+����å/�+���1�����4ìL�����J���X�
�����	êX� ���&�!�-
(�����&�	���	ê:� ���$�J��\�J���	��L
;��+ë1�	�Ú�;é���� ����ë¦�����*ý�!���������ê%���X��+�&��	�2
!������ê:�	����
�ï
þXÿ������Xá��Lß	� æÕç�+� �Q����
��!����� �+����¦,h���	��-
;�!��ëö�	�Ú�;é���� ����ë�����ëB
����
ë�L�*2���[���X�+�Ú�Bé���� ����ë����)�*2���L��Õð^�å ������X�	����� ����Õ�X�!���������X�g�
è!�!����� �+����ï

� ��!¨��!ª�«V©/±4Í��ÎÚ«6¨
���������� �!#"%$'&)(+*�,�-.$' �/0!%,�1+$2-'$'!354����6��,� +$7/048&)9�":1;9�(+ �<+,�"#3�-7,=3���"%/>9@?���"A��9� ;��,=?���/#(+"0&B,����	/C$7/A"%��/#D;9� �/0$21+-2�E&)9�"A!#���F<G��H

?���-29�D+4��� �!�9I&J��9�(� �!%��"#HK"%9I!6,@!%$' +*:?�9�"#!#$7���	/�LM,I-2$'*� +��<F$' N!#�+�:/0!#"%��,I4POQ$2/#�R<G$2"%���S!%$'9� TLMUM +9@OQ N,�/QV>W�"0!%-'��"X?�9�"#!#$7����/CYZV>W�"0!%-'��"�L
[	\I]�^�_S` ���+�	/0�E?�9�"0!%$2����/R<+��?���-'9�D54a(;/0�+"%9M9�4b!3MD;��/!%"#(;�S!#(�"#�	/R"%��/#(+-'!#$2 +*N$2 c/0!#"%9� +*�-'3d$2 Ge��	�S!#$29� ;,I-�/!%"#�	,I4aOQ$7/#�f?���-'9G��$'!3
D�"#9�g�-'�	/h1;9�!#�i$' �!#�+�A +9�"#4j,�-�,� �<N/#D�,� �OQ$7/#�C<G$2"#�	�S!%$'9� �/ ` ���+�	/0�>?���-'9G��$k!3jD+"%9Ig;-'�	/h,�"#�C(+ �/0!%,�1+-'�>!%9P9�!#�+��"%/�<G$7/!%(+"%1�,I �����/
,� �<f/#����9� �<+,�"#3R$' �/0!%,�1+$2-'$'!3C4j,=3A/0��!l$2 f��$'!#�+��"m,�/T,�/#$' M(+9�/0�n9�"l,Q?@,I"%$7��9�/#�.4�9G<G�o,�/T&)9�(+ ;<A��pGD;��"#$24��� �!%,�-'-23>1�3:qMOh��,�"#$2 +*��� 
,� �<drh-2,��6U�Oh��-7<G��"�L [�\�s�tM`
uC,I-2-l,I ;<iuR9�"6/0��4j,I TL [	\�\+[ ,I ;,I-23�v���<N!#�+�P/0�	��9� ;<+,I"%3F/!6,I1+$2-2$k!3N�6�;,I"6,��S!%��"%$2/0!#$7��/h9�&.V>W�"0!%-'��"Q?�9�"#!#$7���	/ ` ������3ND�"#�	/0�� �!

!%�+����$2*��� G&)(+ ���!#$29� �/�9�&R!%�+��/!%"#�	,I4aOQ$7/#�
u
,I ;<wO�,I-2-Q +9�"%4j,I-�?���-'9G��$k!3x��9�4�D;9� +�� �!

v
9I&C!#�+��4�9�/0!�(+ �/0!%,I1�-'�d4�9G<G��/ `

yz x{J$2* `5[ !%�+��$2"a/0!#"%��,�4aOQ$7/0����$2*��� G&)(+ ���!#$29� 
u
&)9�":!#�+�j?@,�"#$7��9�/0��4�9G<G�j$2/a/0�+9@OQ ` ���+$7/:��$2*��� G&)(+ ���!#$29� |Oh,�/:9�1+!%,I$2 +�	<

1M3c!#�+�i/0�	��9� �<+,I"%3}/0!%,�1+$'-2$'!3~,� �,I-23G/0$7/A9I&�,�?���-29M��$k!3cD+"%9Ig�-2�N��9�"#"%��/#D�9� �<G$2 +*i!#9
x = 100

��4�9I&�!#���iqMOh��,�"#$2 +*��� ~,� �<
rh-7,��6UMOh��-7<G��"	L [�\�s�t ��pMD���"%$24E�� �! ` ���+��3d��9� �/#$7<G��"%��<d,F/#D�,I MOQ$7/0�aOh,=?���-2�� +*�!#�

λ = 2, 3
��4dL�OQ��$2�6�5��9�"%"#�	/0D�9� �<�/�!#9j!%�+�

O�,=?���-'�� +*I!%��9I&.9� ��aD�,�"0!%$2��(+-2,�"R?�9�"#!#��piD�,I$2"�&)9�(+ �<�1M35qMOh��,�"#$2 +*��� �,I �<5rh-7,��6UMOh��-7<G��"	L [�\�s�tG` ���+��$2"C��$'*��� G&)(� ��S!%$'9� �&)9�"
!%�+�:O�,I-2-� �9�"%4�,�-;?���-29G��$'!3F��9�4�D�9� +�� �!

v
$7/Q/0��9@OQ N$2 i{J$2* `n�G`.�  d,I4�D+-2$'!#(�<G�AD���,�UFOh,�/X&)9�(+ �<F&)9�"

u
,@!�!#���C!%9�D�9I&l!%�+�

4P(�/#�+"#9M9�4�/0!#"%(��S!%(+"%�f���� �!%��"%��<dOQ$'!#��"%��/#D;�	�S!�!%9j!#�+�P(+DMOh,�/0�d"%��*�$'9� ` �mOh9N/04j,�-'-2��"R,�4�D+-'$'!#(;<G�fD���,IUG/ROX��"#�A&)9�(+ �<�9� 
�	,��6�d/0$7<G�:9�&l!#���:4a(�/#�+"%9�9�4 `
�n(�,� �<��T$2(TL [�\�\+[ ,I ;<w�n(�,� �<��T$2(TL [�\�\I] /0!#(�<G$2��<�!%�+�5-2$' +�	,I"N/0!%,�1+$2-'$'!3w9�&>!%�+�}<G$7/0!#9�"#!#�	<�/!%"#�	,I4aOQ$7/#�iD�"#9�g�-'�

��,I(�/#��<i1M3j!%�+�aV>W�"#!#-2��"�e�9@O ` �����>��pGD;��"#$24��� �!�9I&nqMOh��,I"%$2 +*��� �,I ;<�rh-7,��6UMOX��-2<+��"	L [	\�sMt O�,�/Q,�*�,I$2 N(;/0�	<i,�/�"#��&)��"%�� ���� `
������$2"f,I �,�-'3G/#$2/A��9�"#"%��/#D�9� �<+/R!#9i!%�+�j/!%"#�	,I4aOQ$7/#�PD�9�/#$k!%$'9� 

x = 90
��4�9�&X!%�+����pGD���"%$'4��� �! ` ���+��3},�/%/#(+4���<}!#��,I!>!%�+�

/#D�,� �OQ$7/#�EO�,=?���-'�� +*I!%�}O�,�/
λ = 1, 8

��4 ` ���+$7/A?@,I-2(+�F��9�"#"%��/#D�9� �<+/C!%9d!#�+�j4���,� ~/#D�,� �OQ$7/#�EO�,=?���-'�� +*I!%�}9�1�/0��"#?���<}$' 
!%�+����pGD���"%$'4��� �!6/ ` rh9�!#�c/#$2 �(�9�/#�P,I ;<5?@,I"%$2��9�/#�a4�9G<G��/>Oh��"%�P,� �,I-23Mv���< ` �n(~,� �<}�l$'(TL [�\�\�] /#�+9@O�!#���P4�9�/0!A(+ �/0!%,I1�-'�



���������	��
�����������������.$3®"65'87:9;9�<��Vú � "��F�6û^� �1
;���%��-�������[02û��=� � ���������)0®�^��ìX���("65'$9�<�øÓ9;9@�=�

{J$2*�(+"%� [��n� (G!#9�&)(+ ��S!%$'9� 
u
9I&l!%�+�f/#����9� �<+,�"#3j$2 �/0!%,@H

1�$'-2$k!3}9I&n!%�+�P?@,�"#$7��9�/0�P4E9G<G�dYBuC,I-2-.,I �<cu�9�"6/#��4j,I TL
[	\�\�[	_S`

{J$2*�(+"%� �G�n� (G!#9�&)(+ ��S!%$'9� 
v
9I&J!#���a/0�	��9� �<+,I"%3j$2 �/!6,@H

1�$'-2$k!3�9�&n!#���P?@,I"%$7��9�/#�a4�9G<G�dYBuC,I-2-n,I �<5uR9�"6/0��4j,I TL
[	\�\�[	_S`

{J$2*�(+"%�5� � qG����9� �<+,�"#3�$2 �/0!%,I1�$'-2$k!3 � (G!%9I&)(+ ;�S!#$29� 
u&)9�"�!#�+�:?@,�"#$7��9�/0�>4�9M<+�FY��n(�,I �<d�l$'(TL [�\�\�]�_�`

{J$2*�(+"%� ]�� qM����9� �<+,�"#3w$' �/0!%,�1+$2-'$'!3 � (G!#9�&)(+ ���!#$29� 
v&)9�"�!#�+�:?@,�"#$7��9�/0�C4E9G<G�FY)�n(5,I �<i�T$2(TL [	\�\�]�_S`

��$'*��� G&)(� ��S!%$'9� �/�&)9�"R!%�+�
u
L
v
,� �<

w
��9�4�D�9� +�� �!>?���-'9G��$'!#$2��/ ` ����9�/#�f"#�	/0(�-k!6/�&)9�"R!%�+�a?@,I"%$7��9�/#�f4�9G<G�P,�"#�P/0�+9@OQ �$2 5!%�+�

{J$2*�/ ` �+L ] ,I �<�� ` ���+�F"%��/#(+-k!6/:,I"%��$' ���(�,I-2$'!%,@!%$'?��j,I*�"%����4��� �!:OQ$k!%�c!%�+�F"%��/#(+-'!%/A9�1+!%,I$2 +�	<c1M3~uR,I-2-o,� �<cuR9�"6/0��4j,I TL
[	\�\�[ "%��*�,I"6<G$' �*f!#���:-'9G��,I!#$29� i9I&J!#�+�:?���-29G��$'!3jD;�	,IUG/�OQ$k!%�d"#�	/0D�����!Q!#9E!#�+�:4P(�/#�+"#9M9�4�/!%"#(;�S!#(�"#� `
�l$�,I �<F�},I-2$'U�L [�\�\ �A,I-7/#9a(�/#��<�!%�+�>��pGD;��"#$24��� �!�9I&mqMOh��,�"#$2 +*��� F,I �<�rh-2,��6U�Oh��-7<G��"�L [	\�sMt !#9�,I �,�-'$7/#�Q!#�+�A/0!%,I1�$'-2$k!3�9�&

!%�+�EV>W�"0!%-'��"Qe�9@O ` ���+��3�D���"#&)9�"%4���<�,I �$2 M?M$2/%��$7<d/0�	��9� ;<+,I"%3�/0!%,�1+$'-2$'!3�,I ;,I-23M/#$7/�&)9�"R!#�+�fD�"#9�g�-'�f&)9�(+ �<�,I!
x∗ = 95

��4 `
������$2"o4�9�/0!n(+ �/0!%,�1+-'�R?=,�"#$7��9�/0��4�9G<G����$'*��� G&)(+ ;�S!#$29� 

u
$7/o/#�+9@OQ �$2 F{m$2* `��+` ���+�R/#����9� �<E4�9�/0!o(+ ;/!6,I1+-2�Q?@,I"%$2��9�/#�h4�9G<G�

��$'*��� G&)(� ��S!%$'9� 
u
Oh,�/X,�-2/#9f9�1+!%,I$2 +�	<N,I ;<j$2/�/#�+9@OQ j$2 �{J$'* `otM` ���+�A/!%"#�	,I4aOQ$7/#��$2/#9@?���-'9G��$k!3E-'$2 +�	/X,�"#�>,I-7/09a/#�+9@OQ `o�  +�

��,I ~9�1�/#��"%?��P!#�;,@!A!#�+�jD�9�/#$'!#$29� ~9I&h!#�+����$2*��� G&)(+ ���!#$29� 
u
$2/a/!%"#9� +*�-23�"#��-2,I!#�	<�!#9i!%�+�j$' +e�����!#$29� ~D;9�$' �!f$2 c!%�+��?���-'9G��$'!3

D�"#9�g�-'� `
yz �!#�+�|D+"%��/#�� �!dOX9�"#U�!#���|/#����9� �<�,I"%3�/0!%,�1+$'-2$'!3�9I&f!%�+�xV>W�"#!#-2��"�e�9@O�$7/i,� �,I-23Mv��	<�1M3�4E�	,I �/i9�&P/0D;,@!#$7,I-A<G$2"#�	�S!

 M(+4���"#$7��,�-�/#$24a(+-7,@!%$'9� ` uR$'*��x&)"%����(+�� ;��3x<G$7/!%(+"%1�,I �����/EOh��"%��$2 �!#"%9M<+(����	<x$2 �,}e�9@O�!%��,@!jO�,�/�<G��/0!%,�1+$2-'$2v��	<�g�"6/!j1M3
���� �!#"%$'&)(+*�,�-�/0!%,�1+$2-'$'!3�L���,�(�/#$' +*N!#�+��1+$2"#!#�}9�&hV>W�"#!#-2��">?�9�"0!%$2����/ ` ���+�ae;9@O�D�,I"6,I4���!%��"6/R,�<G9�DG!%��<5&)9�">!#�+$7/>$' M?���/0!#$2*�,@!%$'9� 
,�"#�P!#����/%,I4��P(�/0�	<}$2 5!%�+����pGD���"%$'4��� �!A9I&hqGOX�	,I"%$' +*��� },� �<}rh-7,��6UMOh��-7<G��"	L [�\�sMtM`a�  +-235/0�	��9� �<+,I"%3i$' �/0!%,�1+$2-'$'!359I&o!#�+�
?@,�"#$7��9�/0�C!3MD;�:OQ$2-'-�1��f��9� �/#$2<G��"#�	<�LG,I-2-'9@OQ$2 +*�,E"#�	<G(��S!%$'9� �$2 �!#�+�f��9�4�D+(G!6,@!#$29� ;,I-���9�/!�<G(+�A!%9E!#�+�:/#3�4�4���!%"#$2��/�D�"#�	/0�� �!
$2 i!#�+�:"%��/#(+-'!#$2 +*j/09�-'(+!#$29� i?�����!#9�"%/hOQ$'!#�d"#�	/0D�����!�!#9�!#���f/0D�,� MOQ$2/#�><+$'"%����!#$29� `

� `¬4«Äª@�°±4Ù»§G�Î»«)¨
yz A!%�+$7/T/!%(�<G3�L�!%�+�n*�9@?���"% +$2 +*h����(�,@!%$'9� �/T,�"#�J!#���n$' ;��9�4�D+"%��/%/#$'1+-2��L�(+ �/0!#�	,�<G3>�R,=?M$'��"0Hq�!%9�U��	/�����(�,@!%$'9� �/�OQ$'!#�f��9� �/0!%,� �!

<+�� �/#$k!3|,I ;<|?�$7/%��9�/#$'!3 ` ���+��3|��9� �/0$7/0!a9I&�!#���F4�9�4��� �!#(�4��	��(�,@!%$'9� �/A&)9�"f!#�+��?���-29G��$'!3c��9�4�D;9� +�� �!6/NY
u, v, w

_ $' |!%�+�
/0!#"%��,�4aOQ$7/0�:<G$2"%���S!%$'9� ~Y

x
_ L+Oh,�-'-� �9�"%4�,�-T<G$2"#�	�S!#$29� |Y

y
_ ,I ;<�/#D�,I MOQ$7/0�:<G$2"%���S!%$'9� ~Y

z
_��

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
= −∂p

∂x
+ ∇2u,

Y [	_

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
+

Go2(u2)√
Reh

= −∂p

∂y
+ ∇2v,

Y ��_



���������	��
�����������������.$3®"65'87:9;9�<��Vú � "��F�6û^� �1
;���%��-�������[02û��=� � ���������)0®�^��ìX���("65'$9�<�øÓ9;9@�=�

{J$2*�(+"%�f� � qM����9� �<�,I"%3F$' ;/!6,I1+$2-'$'!3 � (G!#9�&)(+ ��S!%$'9� 
w
&)9�"�!#���:?=,�"#$7��9�/0�>4�9G<G�>�n(d,� �<d�T$2(TL [�\�\I];`

{J$2*�(+"%� ��� /0�	��9� ;<+,I"%3�$2 �/0!%,�1+$'-2$'!3 � (G!#9�&)(+ ���!#$29� 
u&)9�"T!%�+�o4�9�/0!m(� �/!6,I1+-2�n?@,I"%$7��9�/#�.4�9G<G�X�l$�,I ;<f�5,I-2$2U�L

[	\�\ � `
{J$2*�(+"%� tG� /0�	��9� ;<+,I"%3w$2 �/0!%,I1�$'-2$k!3 � (G!#9�&)(+ ��S!%$'9� 

u&)9�"F!%�+�c/#����9� �<�4�9�/!i(+ �/0!%,I1�-'�c?=,�"#$7��9�/0��4�9G<G�~�T$
,� �<i�5,I-2$'U�L [	\�\ � `



���������	��
�����������������.$3®"65'87:9;9�<��Vú � "��F�6û^� �1
;���%��-�������[02û��=� � ���������)0®�^��ìX���("65'$9�<�øÓ9;9@�=�

∂w

∂t
+ u

∂w

∂x
+ v

∂w

∂y
+ w

∂w

∂z
= −∂p

∂z
+ ∇2w,

YZ� _

,� �<�!#�+�f��9� �!#$2 M(+$'!3F����(�,I!#$29� �

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0,

Y ]�_

OQ����"%�
p
$7/h!#���:D+"#�	/#/#(+"%�>,� �< ∇2 = 1

Re

(

∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2

)

.�����X?@,I"%$7,I1+-2��/l(�/0�	<f$2 f!%�+�h,�1;9@?��o�	��(;,@!#$29� ;/m,�"#�n �9� GHz<G$24E�� �/#$'9� �,I- ` ���+��3f,I"%�n"%��-7,@!#�	<:!%9�!#���h<G$24��� �/#$29� �,�-�?@,�"#$7,I1+-2��/
1M3 �

x =
x

L
, y =

y

L
, z =

z

L
, kc =

L

R
, u =

u

U∞

, v =
v

U∞

, w =
w

U∞

, t = t
U∞

L
, Re =

U∞L

ν
,

OQ����"%�
Re

$7/h!#�+�f Q��3M +9�-7<+/h M(+4a1���"	LM!#�+�A!%��"%4j/�OQ$k!%�i,� �9@?���"%-'$2 +�C,�"#�A<G$24��� �/#$'9� �,I-�!%��"%4j/�L
L
$7/h!#�+�A"%��&)��"%�� ;���>-'�� +*I!%�TL

U∞

$7/�!#���A&)"#����Hz/!%"#�	,I4�?���-'9G��$k!3�L
ν
$7/�!#���:U�$2 +��4�,I!#$7�>?�$7/%��9�/#$'!3F,I �<

R
$7/�!#�+�:"6,�<+$'(�/h9�&���(+"#?@,I!#(+"%� `

������V>W�"#!#-2��": M(+4P1;��"a$7/:*�$2?��� ~1M3
Go = (kc

√
Re)1/2

` yz |!#�+�	/0�j�	��(;,@!#$29� ;/�Lm!#�+�F!#��"%4
(Go2u2)/(

√
Reh)

$7/:!%�+�
-2��,�<G$2 +*�9�"6<G��"���(+"#?@,I!#(+"%�R!%��"%4dL+OQ�+��"%�

h = 1 − kcy
,� �<

kc
$7/h!#�+�f��(+"#?@,I!#(+"%�A9I&J!#�+�:O�,I-2- `

�����a?�9�"0!%$2��$k!3�$2/C<G��g; +��<5,�/Q!%�+�a +��*�,I!#$2?��a��(+"#-m9I&n?���-29M��$k!3�?��	�S!#9�" ` �J,IUM$2 +*j!%�+�a +��*�,I!#$2?��f��(�"#-J9I&�!#���a4�9�4��� �!%(+4
�	��(�,@!%$'9� �/jY [=_ !#9�YB� _ ,I �<c(�/#$' +*i!%�+��&B,���!>!%��,@!f1�9I!%�~!#�+�j?���-29M��$k!35,� �<}!#�+�j?�9�"#!#$7��$'!3dg���-7<+/f,�"#��/09�-'�� +9�$7<+,�-ZLT9� +�j��,� 
9�1G!%,�$' i!%�+�:?�9�"0!%$2��$k!3�!%"%,� �/0D�9�"#!�����(�,@!%$'9� �$2 d��,��6�i<G$2"%���S!%$'9� �

∂ωx

∂t
+

∂a

∂y
− ∂b

∂z
+

Go2

√
Reh

∂(u2)

∂z
= ∇2ωx,

YK� _

∂ωy

∂t
+

∂c

∂z
− ∂a

∂x
= ∇2ωy,

Y ��_

∂ωz

∂t
+

∂b

∂x
− ∂c

∂y
− Go2

√
Reh

∂(u2)

∂x
= ∇2ωz,

Y tI_

OQ����"%�
a = vωx − uωy

L
b = uωz − wωx

,I �<
c = wωy − vωz

,I"%�f!%�+�E +9� +-2$2 +��,�"R!%��"%4�/C"%��/#(+-k!%$' �*F&)"%9�4���9� M?�����!#$29� TL
?�9�"#!#��p�/!%"#��!%�6�+$2 +*�,I �<i?�9�"#!#��pF1��� ;<G$' �* `
�J,IUM$2 +*A!#���R<G��g; +$k!%$'9� F9I&�!#���R?�9�"0!%$2��$k!3P,I �<E!%�+��4j,�/%/o��9� �/#��"%?@,@!#$29� E����(�,I!#$29� TL�9� +����,I j9�1G!%,�$' F,A¡�9�$7/%/09� E�	��(�,@!%$'9� 

&)9�"Q��,��6��?���-29M��$k!3���9�4�D�9� +�� �! �

∂2u

∂x2
+

∂2u

∂z2
= −∂ωy

∂z
− ∂2v

∂x∂y
,

Y s�_

∂2v

∂x2
+

∂2v

∂y2
+

∂2v

∂z2
= −∂ωz

∂x
+

∂ωx

∂z
,

Y \�_

∂2w

∂x2
+

∂2w

∂z2
=

∂ωy

∂x
− ∂2v

∂y∂z
.

Y [�^�_

�����Ne�9@O�$2/�,�/%/#(+4���<|!%9~1��iD;��"#$29G<G$2�i,I ;<w/#3�4�4���!%"#$7��OQ$k!%��"%��/#D;�	�S!E!#9
z = 0

$2 �!#�+�d/0D;,I MOQ$2/#�|Y
z
_ <G$2"#�	�S!%$'9� `

������"%��&)9�"%��LM!%�+�Ae�9@O�g���-7<N$7/Q��pMD;,I �<G�	<N$2 d"#�	,I-T{�9�(+"%$'��"Q��9�/#$2 +�:,I �<i/0$2 +�f/#��"%$'�	/hOQ$k!%�
K
/#D�,I MOQ$7/0�:{�9�(+"%$'��"�4E9G<G�	/ �

(u, v, ωz, b, c) =

K
∑

k=0

(Uk, Vk, Ωzk
, Bk, Ck) cos(βkz), (w, ωx, ωy, a) =

K
∑

k=1

(Wk, Ωxk
, Ωyk

, Ak) sin(βkz).
Y [�[	_

OQ����"%�
βk
$7/�!#�+�P/0D�,� MOQ$2/#�AOh,=?��� M(+4a1���"Q*�$'?��� i1M3

βk = 2πk/λz
L;,I ;<

λz
$2/�!%�+�a/#D�,I MOQ$7/0�AO�,=?���-'�� +*I!%��9�&m!%�+�:&)(+ �<�,@H

4��� �!6,I-l/#D�,� �OQ$7/#�>{�9�(+"%$'��"Q4�9M<+� `
qG(+1�/0!#$'!#(G!%$' +*P!#���>��9�/#$' +�>,I �<N/0$2 +��!%"%,� �/0&)9�"%4�/CY)¢o� `Q[�[	_ $2 F!%�+�C?�9�"#!#$7��$'!3a!%"%,� �/#D;9�"0!o�	��(�,@!%$'9� �/RYK�:!%9 tI_ ,I �<F$' N!#�+�

?���-29G��$'!3F¡�9�$7/#/#9� i����(�,I!#$29� �/AY s !%9 [�^�_ 3M$2��-7<+/h!#�+�:*�9@?���"# +$2 +*P����(�,@!%$'9� �/�$2 �!%�+�f{+9�(+"%$'��"�/#D�,���� �

∂Ωxk

∂t
+

∂Ak

∂y
− βkBk − Go2

√
Re

βk(U2

k )

h
= ∇2

kΩx,
Y [	��_

∂Ωyk

∂t
+ βkCk − ∂Ak

∂x
= ∇2

kΩy,
Y [ � _



���������	��
�����������������.$3®"65'87:9;9�<��Vú � "��F�6û^� �1
;���%��-�������[02û��=� � ���������)0®�^��ìX���("65'$9�<�øÓ9;9@�=�

{J$'*�(+"#� s�� yz �!%��*�"6,@!%$'9� �<G9�4j,I$2 `

∂Ωzk

∂t
+

∂Bk

∂x
+

∂Ck

∂y
− Go2

√
Reh

∂(U2

k )

∂x
= ∇2

kΩz,
Y [�]�_

∂2Uk

∂x2
− β2

kUk = −βkΩyk
− ∂2Vk

∂x∂y
,

Y [ � _

∂2Vk

∂x2
+

∂2Vk

∂y2
− β2

kVk = −∂Ωzk

∂x
+ βkΩxk

,
Y [���_

∂2Wk

∂x2
− β2

kWk =
∂Ωyk

∂x
+ βk

∂Vk

∂y
,

Y [=tI_

OQ����"%� ∇2

k = 1

Re

(

∂2

∂x2 + ∂2

∂y2 − β2

k

) `
�����C*�9@?���"% +$2 +*f�	��(;,@!#$29� ;/X,�"#�A��9�4ED�-'��4E�� �!#��<N1M3�!#�+�:/#D;�	��$'g;��,I!#$29� F9�&m1�9�(+ �<�,I"%3���9� �<+$k!%$'9� �/ `.� !�!#���CO�,I-2-� +9IHz/0-2$2D

,� �<| +9�D��� +��!#"6,@!%$'9� |��9� �<+$k!%$'9� �/f,I"%�j$24ED�9�/#��<TLm��pG����DG!E,@!:!#���N/0(;�S!#$29� �,� �<|1+-29@OQ$' +*d"%��*�$'9� cOQ�+��"#��!%�+�FO�,I-2-kH£ +9�"#4j,I-
?���-29G��$'!3N��9�4ED�9� ��� �!Q$2/Q/#D;�	��$'g���< `n� !h!%�+�:$2 Ge�9@O�!%�+�:?���-'9G��$'!3F,I ;<N?�9�"#!#$7��$'!3F��9�4�D�9� +�� �!%/Q,I"%�A/0D�����$kg��	<N1;,�/#��<�9� �!#�+�
rh-7,�/#$'(;/n1�9�(+ �<�,I"%3P-7,=3���"X/#9�-2(G!#$29� `�� !o!%�+�>(+D+D���"h1;9�(+ �<+,�"#3P!#�+�C?�9�"0!%$2��$k!3E<G$2/0!#(�"#1�,� ����	/X<+����,=3P��pGD�9� +�� �!%$2,�-'-23E!#9fv���"%9 `
{J$2 �,I-2-23�L�,I!h!%�+�:9�(+!0e�9@O¤1;9�(+ �<+,�"#3j!%�+�f/#����9� �<i<G��"%$'?@,I!#$2?��>9I&.,I-2-T<G��D��� �<+�� �!�?@,I"%$2,�1+-'�	/Q,I"%�>/#��!Q!%9�v���"%9 `

¥ �¦�±J��¥�ª�ÎÚÍX§hÙ¦Ë�¥��	§4«V©
�����E¢X��/ ` Y [	��_ !#9�Y [@tI_ ,I"%�E/#9�-2?��	<5 M(+4���"%$7��,I-2-23�$' �/#$7<G�E!#�+�j$2 �!#��*�"%,I!#$29� }<+9�4j,I$2 ~/#�+9@OQ ~/#�6�+��4j,@!#$7��,�-'-23�$2 ~{J$2* `js+`

��������,I-7��(�-2,I!#$29� j,I"%�h<+9� +�Q9� �,� �9�"#!#�+9�*�9� ;,I-�(+ +$'&)9�"%4¨*�"%$7<�LID�,�"%,�-'-2��-M!%9A!#�+�QO�,I-2- ` ���+��e�(�$2<��� �!%��"6/J!#�+����9�4�D+(G!6,@!%$'9� �,I-
<+9�4j,I$2 i,I!

x = x0

,� �<���pG$k!6/Q,@!�!#���>9�(G!0e;9@O�1;9�(+ �<+,�"#3
x = xmax

`n© $7/0!#(+"%1�,I ;����/�,�"#�>$' �!%"#9G<G(�����<�$' �!%9P!%�+�>e�9@O�g���-2<
(;/0$2 +*F,j/#(��S!%$'9� d,� �<i1+-29@OQ$' +*�&)(� ��S!%$'9� 5,@!Q!#���:Oh,�-'-T$2 5,�<G$7/!%(+"#1;,I ����f/!%"#$2D ` ����$2/Q"%��*�$'9� �$7/Q-29G��,@!%��<i1���!Oh���� 

x1

,I �<
x2

` yz j!%�+�R"%��*�$'9� �-'9G��,I!#�	<�1;��!OX���� 
x3

,I ;<
x4

,:1+(Gª���"h<G9�4j,I$2 �!#�	�6�+ +$7��(+�RO�,�/o$'4�D+-2��4��� �!%��<j$2 j9�"6<G��"o!#9a,=?�9�$7<EOh,=?��
"%��e;���S!%$'9� �/Q,@!Q!%�+�A9�(G!#e�9@O�1�9�(� �<+,I"%3 ` yz i!#����/#�f/0$24a(+-7,@!%$'9� �/�,jrh-2,�/0$2(�/h1;9�(+ �<+,�"#3N-2,=3���"�$2/�(;/0�	<i,�/h!#�+�:1;,�/#�Ce;9@O `
� !l!#�+�n$2 Ge�9@O~1�9�(+ �<�,I"%3PY

x = x0

_ L@,�-'-�?���-29G��$'!3R,I ;<A?�9�"#!#$7��$'!3R��9�4�D;9� +�� �!6/T,I"%�n/0D�����$kg;��< `J� !T!#�+�o9�(G!#e�9@Oc1�9�(� �<+,I"%3
Y
x = xmax

_ L�!%�+�a/#����9� �<d<G��"%$2?=,I!#$2?��:9�&m!%�+�a?���-29M��$k!3�,I �<d?�9�"#!#$7��$'!3���9�4�D;9� +�� �!%/�$' d!%�+�a/0!#"%��,I4POQ$2/#�:<G$2"#�	�S!#$29� 5,�"#�:/#��!
!%9Fv���"#9 `Q� !�!#�+�P(+D+D���"C1;9�(+ �<+,�"#3~Y

y = ymax
_ !#�+�fe�9@O«$2/C,�/%/0(+4��	<N!%9F1��a$2"#"%9I!6,@!#$29� ;,I- ` ���+$7/�$7/R/%,@!%$2/0g���<d1M3i/0��!0!#$2 +*

,�-'-l?�9�"#!#$7��$'!3F,I ;<F!%�+��$2"R<G��"#$2?@,@!#$2?��	/X!#9jv���"#9 `J�  d��pGD;9� +�� �!%$2,�-T<G����,=3F9I&J!#�+�A?���-29M��$k!3N$2/Q$24�D;9�/0�	<N(;/0$2 +*E!#�+�f��9� �<+$k!%$'9� �

∂Vk

∂y
|x,ymax,t = − βk√

Re
Vk(x, ymax, t).

Y [�s�_

� !�!%�+�:Oh,�-'-.Y
y = 0

_ LG +9�H£/#-2$'Dd��9� �<G$'!#$29� �/�,I"%�>$'4�D�9�/#��<�&)9�"h!#���f/!%"#�	,I4aOQ$7/#�PY
Uk
_ ,� �<F!%�+�:/0D;,I MOQ$2/#��Y

Wk
_ ?���-'9G��$'!3

��9�4�D�9� +�� �!6/ ` {�9�"h!#�+�AO�,I-2-kH£ +9�"#4j,I-�?���-'9G��$k!3F��9�4�D;9� +�� �!:Y
Vk
_ !#�+�A +9� GH£D;��"#4���,�1+$2-'$'!3F,I �<N +9IH£D��� +��!#"6,@!#$29� i��9� �<G$'!#$29� �/

,�"#��$'4�D�9�/#��<�$2 �,�-'-hD�9�$2 �!6/P,I!a!%�+��O�,I-2-o��p+����D+!E1���!Oh���� 
x1

,I �<
x2

L.OQ�+��"%�F!%�+�i<+$2/0!#(+"%1�,� ����	/a,I"%�F$2 �!#"%9M<+(����	< ` yz 
,�<+<G$'!#$29� TL=!%�+����9� ;<G$k!%$'9� 

∂Vk/∂y = 0
$2/m$'4�D�9�/#��<A!%9R�� �/0(�"#�h��9� ;/0��"#?@,@!%$'9� :9I&+4j,�/%/ ` ���+�X����(�,@!%$'9� �/m(�/0�	<A&)9�"J��?@,�-'(�,I!#$2 +*

!%�+�:?�9�"0!%$2��$k!3���9�4�D�9� +�� �!%/Q,@!�!%�+�:Oh,�-'-T,�"#� �

∂2Ωxk

∂x2
− β2

kΩxk
= −∂2Ωyk

∂x∂y
− βk∇2

kVk
,I �< ∂Ωzk

∂x
= βkΩxk

−∇2

kVk .
Y [�\�_



���������	��
�����������������.$3®"65'87:9;9�<��Vú � "��F�6û^� �1
;���%��-�������[02û��=� � ���������)0®�^��ìX���("65'$9�<�øÓ9;9@�=�

�����:$' �!#"%9G<G(���!#$29� d9I&J!#�+�f<+$2/0!#(+"%1�,� ����	/Q,@!Q!#���fOh,�-'-�$7/�<G9� +�:?M$2,�,j/#-'9�!�$' i!%�+�:"#��*�$29� |Y
i1 ≤ i ≤ i2

_ L�OQ�+��"#�
i1
,I �<

i2
,I"%��L�"%��/#D����S!%$'?���-23�L;!#�+�ag�"6/!C,� �<d!%�+�a-7,�/0!RD�9�$2 �!>9I&�!#���P<G$7/!%(+"%1�,I ����P/0!#"%$'DlL;$2 �!#���

x
<+$'"%����!#$29� ` ���+�a&)(+ ���!#$29� 5(�/#��<

&)9�"�!#�+�:?@,�"#$7,@!%$'9� �9�&l!#���: +9�"%4j,I-�?���-'9G��$k!3
Vk
,I-29� +*E!#���f/!%"#�	,I4aOQ$7/#�><G$2"%���S!%$'9� �$7/ �

Vk(i, 0, t) = A sin3(ε) for i1 ≤ i ≤ i2 and Vk(x, 0, t) = 0 for i < i1 and i > i2,
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f2(x) = f(ε) = 1 − 6ε5 + 15ε4 − 10ε3,
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