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Abstract. The use of computational models in built environments comes from the need to deal with situations as close as
possible to the reality and also to study functional spaces that could be able to provide, for example, thermal comfort. In this
work we analyze some cases of indoor air circulation in built environments through a SUPG stabilized finite element method,
applied to the Navier-Stokes equations in velocity and pressure variables. The implemented numerical method ensures stability
for the internal constraint imposed by the velocity field, and accommodates moderate to large advective effects. The obtained
internal wind field allows the choice of wall shapes that increase or not the ventilation and can alter its distribuition, allowing
in this way a better adequacy of the built environment for the climate needs and its objectives.
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1. Introduction

Nowadays environment needs of working and living spaces are changing very fast; we need to save energy, obtain low
pollution and use appropriate materials if we want to produce inexpensive and efficient buildings. The goal is to build a
place to protect, being at the same time functional and, therefore, with acoustic, luminic, thermal and hygienic cares.

In the specific case of the climate, we need to maintain internal heat in very cold places and to promote a better
ventilation in hot climates, adopting in many circunstances mechanical ventilation.

In naturally ventilated environment, thermal conditions are directly related to the air circulation and the characteristics
of the built environment. The air circulation around the human body, as it is known, provides a heat transfer from the
skin to the environment, in case of cooled air. According to Szokolay, 1999, when the skin is in contact with the air at
1.5m/s, thermal neutrality may be increased up to6K. There is still the fact that people can support better the same level
of temperature in naturaly ventilated environment rather than when exposed to air-conditioned equipments, Bragger and
Dear, 2000.

The study of natural indoor air circulation by computational methods can help to evaluate and plan better built envi-
ronment in terms of comfort, health and funcionality.

In this work, we focuse our attention in the circulation aspects that could influence the thermal comfort in a specific
built environment by starting with the original project and analising three alternative modifications of wall shape combined
with the plans of the internal doors. It was considered a two dimensional computational approach, that can be used in 3D-
by-layers schemes and can be extended to a 3D full aproximation, once the mathematical formulation has no restriction
to any dimension. The wind fields have been obtained by computational simulations performed with the use of a mixed
stabilized finite element method (SUPG) on the Navier-Stokes equations in primitives variables. Numerical results are
presented and some conclusions are done.

2. Mathematical Formulation: Continuous Problem

Air circulation can be modelled through mass and momentum conservation equations in velocity and pressure. The
momentum equations in this case are the Navier-Stokes equations and assuming incompressibility the mathematical for-
mulation for the problem can be written as:
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Findu andp satisfying the following system

∂u
∂t

+ (∇u)u− 2ν∇.ε(u) +∇p = 0, in Ω× (0, T ) (1)

∇.u = 0, in Ω× (0, T ) (2)

u(x, t) = ū(x, t), on Γu

u(x,0) = u0, in Ω

where:p is the pressure,u is the velocity vector,ν is the viscosity,ε(u) is the symmetric part of velocity gradient,∇ is
the gradient operator,∇. is the divergence operator andΩ is the bounded domain with boundaryΓu.

3. SUPG - Finite Element Formulation

Two basic difficulties come from the equation system Eq. (1) - Eq. (2): the satisfaction of the incompressibility
constraint that may generate locking of the velocity field or spurious pressures when classical formulations are used; and
the presence of the nonlinear term in the Navier-Stokes equations that can cause numerical instabilities when advection
effects are dominant. To ensure numerical stability and preserve the mathematical consistence, some stabilized methods
have been created as, for exemple, Consistent Approximate Upwind (CAU) of Galeão and do Carmo, 1988, and the
Streamline Upwind Petrov-Galerkin (SUPG), Brooks and Hughes, 1982. Both of them are based on the modification of
the classical Galerkin method through the addition of residuous perturbation terms with stabilizing parameters.

Here, the SUPG method has been implemented and applied to analyse indoor air circulation cases ensuring stability
for dominant advection and for the internal constraint, Karam-Filho and Loula, 1992.

BeingRh
l the usual finite element polynomial of orderl and classC0 and defining the following finite dimensional

spaces

V h = {uh ∈ (H1(Ω) ∩Rh
l (Ω))2;uh = 0, on Γu} ⊂ V = {u ∈ (H1(Ω))2}

Ph = {ph ∈ (L2(Ω) ∩Rh
l (Ω));

∫
ω

ph∂ω = 0} ⊂ P = {∅ ∈ (L2(Ω))}

with the usual norms‖u‖1 = ‖u‖0 + ‖∇u‖0 and‖p‖ = ‖p‖0 of H1 andL2 respectively, the semi-discrete variational
formulation for the above problem may be stated as:

Find{uh and ph} ∈ V h × Ph such that

B(uh, ph;vh, qh) = 0 , ∀ (vh, qh) ∈ V h × Ph (3)

where

B(uh, ph;vh, qh) = (
∂uh

∂t
,vh) + ((∇uh)uh,vh) + 2ν(ε(uh), ε(vh))− (ph,∇.(vh))+ (4)

(qh,∇.(uh)) + (∇.(uh), δ2∇.(vh)) +
∑

k∈Ch

{∂uh

∂t
+∇ph − 2ν∇.ε(uh) + (∇uh)uh,

δ1(∇qh + (∇vh)vh)}+ ε(ph, qh) , ∀ vh ∈ V h ⊂ V e ∀ qh ∈ Ph ⊂ P

with ε << 1 and the usual SUPG stabilizing parameters, Franca and Frey, 1992, given by

δ1 =
he

2|uh|
ξ(Reh)) , δ2 = λ|uh|heξ(Reh)

wherehe is the element diameter, the local Reynolds number,Reh, is

Reh =
mh|uh|he

4ν

and

ξ(Reh) = min{1, Reh} , mh = min{1
3
, 2Ce}

Ce

Ne∑
e=1

h2
e||∇.ε(uh)||20,h ≤ ||ε(uh)||20,h,uh ∈ Vh.
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4. Description of the Original Project and its Modifications

The case analysed here consists of three prototypes of a residence module: the original plan that is drawn in Fig.
(1a) and the proposed modifications that are illustrated in Fig. (1b) and Fig. (2). These modifications have been done
to provide an improved plan for the air circulation inside the residence, by simply altering the shape of one of the walls,
trying an easy and economical alternative. In the illustrations, Figs. (1) and (2), the arrows indicate the direction of the
outside wind, providing the boundary conditions. The adopted absolute value of this wind was1m/s, according to the
Beaufort Scale, used in time forecast, corresponding to a breeze.

Figure 1. Sketches of the first two plans.
(a) Plan 1 - original plan, (b) Plan 2 - corrugated wall and detail.

Figure 2. Sketches of the last two plans.
(a) Plan 3 - concave wall with detail and (b) Plan 4 - convex wall with detail.

5. Simulations and Results

For the four geometry configuration cases, simulations have been done for each of the three wind directions indicated
in Fig. (1) and Fig. (2), with a total of twelve simulation cases. The dimensions of the rooms are indicated in Fig. (1a).
The modifications of one of the walls are marked in Fig. (1b) with a corrugated wall, Fig. (2a) with a concave wall and
Fig. (2b) with a convex wall. Meshes and results for each case are presented in Figs. (3-14) for the plan areas. For all the
cases the whole mesh comprises an area of8 × 11m2, bigger than the area of the plans in order to impose the boundary
conditions on its border and to leave unknown the velocities at the entrances that are determined by the solution of the
problem. Results are presented in terms of velocity vector fields inm/s, contour fill of |u| and contour lines of|u|.
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5.1. Results for configuration Case 1.

Figures (3),(4) and (5) present internal velocity fields for the three given outside wind directions for Plan 1. The mesh
has 1724 triangular elements and 1015 nodes as in Fig. (3a).

(a) (b) (c) (d)

Figure 3. Wind field for Plan 1 andu = (1, 0): (a) mesh, (b) velocity field,u,
(c) contour fill of|u| and (d) contour lines of|u|.

(a) (b) (c)

Figure 4. Wind field for Plan 1 andu = (1,−1): (a) velocity field,u,
(b) contour fill of|u| and (c) contour lines of|u|.

(a) (b) (c)

Figure 5. Wind field for Plan 1 andu = (0,−1): (a) velocity field,u,
(b) contour fill of|u| and (c) contour lines of|u|.
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5.2. Results for configuration Case 2.

Figures (6),(7) and (8) present internal circulation results for the three given outside wind for Plan 2. The mesh has
1695 triangular elements and 1000 nodes as in Fig. (6a). Comparing with the results obtained for Plan 1, the modified
Plan 2 gave rise a stronger internal wind field with the circulation reaching a wider area.

(a) (b) (c) (d)

Figure 6. Wind field for Plan 2 andu = (1, 0): (a) mesh, (b) velocity field,u,
(c) contour fill of|u| and (d) contour lines of|u|.

(a) (b) (c)

Figure 7. Wind field for Plan 2 andu = (1,−1): (a) velocity field,u,
(b) contour fill of|u| and (c) contour lines of|u|.

(a) (b) (c)

Figure 8. Wind field for Plan 2 andu = (0,−1): (a) velocity field,u,
(b) contour fill of|u| and (c) contour lines of|u|.
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5.3. Results for configuration Case 3.

Figures (9),(10) and (11) present internal circulation results for the three given outside wind cases for Plan 3. The
mesh has 1738 triangular elements and 1024 nodes as in Fig. (9a). It can be observed an increase in the internal wind
field intensity with circulation reaching a wider area when compared with the results for Plan 1 and Plan 2.

(a) (b) (c) (d)

Figure 9. Wind field for Plan 3 andu = (1, 0): (a) mesh, (b) velocity field,u,
(c) contour fill of|u| and (d) contour lines of|u|.

(a) (b) (c)

Figure 10. Wind field for Plan 3 andu = (1,−1): (a) velocity field,u,
(b) contour fill of|u| and (c) contour lines of|u|.

(a) (b) (c)

Figure 11. Wind field for Plan 3 andu = (0,−1): (a) velocity field,u,
(b) contour fill of|u| and (c) contour lines of|u|.
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5.4. Results for configuration Case 4.

Figures (12),(13) and (14) present internal circulation results for the three given outside wind cases for Plan 4. The
mesh has 1562 triangular elements and 920 nodes as in Fig. (12a). From the results we can observe that there is a decrease
of the wind intensity when compared with the three other cases.

(a) (b) (c) (d)

Figure 12. Wind field for Plan 4 andu = (1, 0): (a) mesh, (b) velocity field,u,
(c) contour fill of|u| and (d) contour lines of|u|.

(a) (b) (c)

Figure 13. Wind field for Plan 4 andu = (1,−1): (a) velocity field,u,
(b) contour fill of|u| and (c) contour lines of|u|.

(a) (b) (c)

Figure 14. Wind field for Plan 4 andu = (0,−1): (a) velocity field,u,
(b) contour fill of|u| and (c) contour lines of|u|.
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Table 1 presents a comparison for all the plans. Plan 1 has been taken as the reference configuration and it was
attributed zero as the reference value, in a scale of{−1, 0, 1}. Value1 was attributed to the case in which the ventilation
increases and−1 was associated with the case in which ventilation decreases and the results for all the rooms have been
obtained by summing the associated value of this scale to each of the winds.

Table 1: Evaluation of Air Circulation for all Plans

Room ⇒
Plan⇓

Room 1 Room 2 Room 3 Room 4
∑

Plan 1 0 0 0 0 0
Plan 2 +1 +1 +1 +1 +4
Plan 3 +2 0 +1 +1 +4
Plan 4 -2 0 -2 +1 -3

From Tab. (1) we could select the best ventilation cases, Plan 2 and Plan 3. Then, selecting one of them as the new
reference, Plan 2 for instance, we could decide for the best alternative plan following Table (2); that is, Plan 3.

Table 2: Evaluation of Air Circulation for Plan 2 and Plan 3

Room ⇒
Plan⇓

Room 1 Room 2 Room 3 Room 4
∑

Plan 2 0 0 0 0 0
Plan 3 +2 -2 0 +1 +1

The criterion used to estimate the global circulation increase was to compare among the plans a global circulation
indexGL defined for each planL as

GL =
NW∑
j=1

(
NR∑
i=1

(NV )i

Ai
)j , (NV )i ≥ Vr

where(NV )i is the number of nodes of roomi with absolute velocities higher than a reference valueVr, Ai is the area of
roomi, j refers to the wind case,NW is the total number of wind cases andNR is the total number of rooms in the plan.

With this criterion, Plan 3 presented the greater increase in the circulation, reaching25% in relation to the original
Plan 1 whenVr = 1.5m/s, and50% whenVr = 3.0m/s was considered. This values are inspiring to consider the shape
of the walls in studying the distribution and intensity of indoor air circulation problems.

6. Conclusion and Remarks

In this work indoor air circulation in a specific built environment has been analysed, with the objective of improving
the ventilation of a plan, and consequently the thermal comfort, by a simple modification of the shape of one of the walls;
seeking for an economic solution to the situation.

The analysis has been carried out by an SUPG finite element method. Three external wind conditions have been
considered.

By comparing the intensity of the velocities and the width of the strips in the velocity fill graphics, scaling{−1, 0, 1}
for {worst, reference, better} and eliminating the worst cases successively we could decide for the best wall configuration
to produce the best comfort state.

To confirm this selection we adopted another criterion based on the ratio of the number of elements with velocities
above a reference value to each room area. In conclusion Plan 3 was the best configuration, presenting an increase of25%
in ventilation in relation to Plan 1 when the reference velocity was adopted as1.5m/s and an increase of50% when the
reference velocity was taken as3.0m/s.
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