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EDITORIAL 

m December of 1985, during the Brazilian Congress of Mechanical Engineering 
(COBEM), held in São José dos Campos, SP, the brazilian thermal science community 
decided to organize a separate meeting in the thermal science area. The motivation 
to have an event in this area was that the COBEM, the main forum used so far, had 
beco me too large do allow a close interaction among participants. The expectation was 
that with a smaller meeting it would be possible to promote deeper discussions on 
scientific and engineering problems related to the area, and to identify trends to be 
pursued by our community. 

ln this spirit, the first Brazilian Thermal Sciences Meeting (Encontro Nacional de 
Ciências Térmicas) was held in Rio de Janeiro in December 1986. Sixty one refereed 
research papers were presented and published in the proceedings. The event fulfilled 
the original expectation, and in a general assembly, it was decided to constitute the 
Thermal Sciences Committee of the Brazilian Society of Mechanical Sciences, which 
from then on has been very active. Additionally, it was also decided that a thermal 
sciences meeting was to be organized every other year. The ENCIT 88 was then held 
during December 6-8 in Águas de Iindóia, SP. Ninety four papers were presented and 
published in the conference proceedings. This represented a substancial growth and 
encouraged those engaged in promoting the fields of thermal and fluid sciences and 
engineering. 

The papers included in these two volumes were presented at ENCIT 90, held in 
Itapema, SC, during December 9-12. For this meeting an approach different than that 
employed in the first two events was adopted. ln order to have an event covering a 
broad scope in the thermal and fluid fields, and to bring together engineers and 
scientist from branches other than mechanical engineering, thirty five areas were 
selected. These areas were coordinated by leading scientists having chemical, 
petroleum, environmental, food science, aerospace, nuclear and civil engineering 
background. Additionally, ~internacional representative was chosen to promote 
ENCIT 90 outside Brazil. A joint effort of the coordinators and of the international 
representative resulted in 216 accepted papers, a number well beyond our original 
expectation. Around 25 per cent of the papers carne from abroad, indicating that the 
event has started its way in becoming an international congress. 
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MEXICO 

ABSTRACT 

The non-lineaJT.. tltan~.>-<-en.t ttv..pon~.>e a6 a qua~.>.i_ one-cü.men~.>.i_anal madet 60ft heiá 
btan~.>óeJl .i_n óinJ.> w..U:h a peA(.odú MuJtce .{_).) analyzed -<-n th.{_J.> pape!l uúng both Mymptotic. 
tec.hn-<-quu M weU. M rzumeJt-<-ca..f. method!.> ba~.>ed -<-n J.>pec.btal tec.hn-<-quu . In the Mymptotic. 
ana..f. yJ.>.{_).), a peAtuJtbation method .{_).) eJnp.f.oyed u~.> .i_ng t.he àve!l!.>e a6 the non-cii.men~.>-<-onal 
6Jtequenc.y a6 the heiá J.>a uJtc.e M the !.>mail pattamet~~ a6 expan~.>-<-an . An a~.>ymptatic. 
M.f.utian .{_).) obt.aúted 6aJt the heiá 6.f.ux aA: the 6in bM e uJ.>ing the Gtteen 6unc.tion. In the 
nu.me!lic.al pattt, the Cheby~.>hev aJtt.hogonal po.tynom-<-al!.> Me eJnp.f.ayed and t.he non-lineM 
teJtmJ.> M e calcu.f.at.ed u.úng th e Fa~.>t Fou.Jt-<-e!l TJtan~.> 6oJUn Jtau.tine. 

INTRODUCTION 

The trans ient response of fins is of importance in 
many applications in hea t transfer equipment. For thin 
fins, the heat transfer process i n the upper and l ower 
surfaces c an be modelled in the e nergy equations with a 
sink p r oportional to the local temperature elevated to 
some p ower. The transient response for a convecting fin 
(linea r dependence ) ha s been analyzed in severa! works 
[1-4). The exponent may t a ke values of 0.75, 1, 1. 25 , 
3.0 and 4 when the fi n i s cooled b y film boiling, 
natura l convection, f orced convection, nucleate boiling 
and radiation [5]. 

I n o rder t o solve the non-linear equa tions, 
seve r a l approaches have been underta ken. Finite
difference methods as well finite element methods have 
been used in several works [6, 7]. Perturbation as well 
as other approximate techniques have been also 
introdu ced in the analys is of the heat tra n sfer 
processes in thin fin s [4, 8 ,9]. Aziz and Na [8 ) u sed a 
perturba tion t echnique in the study o f the heat 
transfer process of periodic temperature a t the fin 
base a nd varia ble therma l properties. The amplitude of 
the tempe rature oscilla tio ns are assumed to be sma ll 
with the mean va lue a t the fin base. Aziz and Na [4] 
used a coordinate expansio n technique in o rde r to 
study the tran s ient re sponse of thin fins f o r small 
va lues o f the non-dimensional times. Chang et al. [9) 
used the linea r appr oxima tio n o f the non-.linear 
equat i ons with the aid of variational methods . 

The main ob jective o f the present paper is to 
obtain an approx imate solution fo r the hea t flux at 
the fin base with a periodic source using both 
asympto tic techniques for large frequency o f the 
heating source and spe c tral techn i ques. 

ANALYSI S 

We consider the pseudo-one d ime .1sional heat 
conduction process in a thin stra i ght fin o f uniform 
thickness and finite length. At time t=O, the 
tempera ture at the base of the fin changes abruptly 
from the ambient temperature to a higher temperature 
oscillating around a mean value with a known amplitude 
and frequency. It has been assumed that the heat 
transfer rates a t the lower and upper surfaces of the 
fin can be modelled with a power l aw type o f dependence 
on the temperature [1, 9]. The non-dimensional energy 
equatio n takes the form 

d8/(l1 (l) 

where the parameter D and the non-dimensional variables 

can be defined in different forms depending o n the 
dominant heat transfer mechanism assumed in both 
surfaces of the fin [1-4, 9]. The value for the 
exponent S a lso change s depending on this heat transfer 
mecha nism. I n equation (1), 8 represents the non
dimensional temperature and is assumed t o be proportional 
to the temperature diference with the ambient.,x is the 
no rmalized longitudinal coordinate, with x=O being the 
fin base. 1 corresponds to the non-dimensional time. The 
initial and boundary conditions a re given by 

8 (0, T) =1+a Sin( W1 ), 8 (x,0)=8 (1,1)=0 (2) 

The solution to eqs . (1) and (2) can be obtained after 
splitting the final s tea d y-sta te and oscillatory p a rts 
a s 

(3) 

The e nergy b a l a nce equation (1) then t a kes t>e form 

(4) 

(5) 

wi.th the initial and boundary conditions 

Ge(O) = 1; 8 e(1) = O (6) 

~ (x,O)=-Oe(x); ~ (1, T )=O; ~ ( O,~) = a S in (WT ) (7) 

For 1arge values of D, that is f,>r semi-infinite fins, 
the solution o f eqs. (3) and ( 6 J is given by 

8 = [1+( 13-1) ID/2( 13+1)x]- :/( S- 1 l for 13> 1 
e ' 

Ge = exp (- 10 x), for 13=1 

Introducing the f o llowing v ariables 

o= w 1; s = IW X 

Th~ energy equation for the osciL~atory part (5) 
t:cansforms t o 

(8) 

(9) 

(10) 

where E = D/ W. In the following section we solve eq. (10) 
using a perturbation technique for the c ase of a 
heating sourc e with l a rge non-dimensional frequency. 

ASYMPTOTIC SOLUTION FOR E <<1 

We assume a solution of eq. (10) of the form 



cp (E;, o ) L 
j~o 

Ej cj>. (f;, O} 
J 

(11} 

I ntroducing the relation (11} into eq. (10}, wê obtain 
the following set of equations: 

Order 
o 

L(cj>
0

} ~ O E 

Order El L( cj> l}~(l+ cj> } 13- 1 
o 

Order E2 L( cjlz }~ l3h/(13+1} E, [1- 1(l+ cj> }S- 11 
o 

etc . Here L corresponds t o the linear differentia l 
operator defined by 

L[ 1 ~ 'd 2 /'dE, 2 
- a;ao 

with the initial and boundary conditions given by 

cp (E,,O)~-G (E,); cj>. ( E, ,o}~o for j >o 
o e J 

cj>
0 
(O, o }~ Cos (o }; cp j (0, 0 } O for > o 

cj> j( oo , o} ~O f or a ll j 

(12} 

(13} 

(14} 

(15} 

The solution of eq. (10} t ogether with the appropria te 
initia l a nd boundary conditions , is given by 

cj>0~-erf(E,/I20}+ a Re {exp[io-(l+i) //2 E, ) } (1 6 } 

where Re denotes the real p art a nd i corresponds to the 
imaginary component, i~/=1. We a re interested in the 
s t a tionary oscillations of the non-dimens ional 
temperature for large values of the non-dimensional 
time o . ln this case, 

cj>
0 
~a exp (- E,/ /2} Cos (o- E,/ /2) , for o~ oo (17} 

The solution t o eq . (1 3) with the corresponding 
boundary conditions can be g i ven by 

cp l ~- r 
o 

do ' f
00

G( E, , o JE, ' , o '} g( f, ' , o '}d[, ' 
o 

where G correspond to the Gr een f unction 

(1 8 ) 

1 (E, - 1:; ' }2 ( E,+E, ') 2 
G ( E;,o J E, ', o '}~ /4 n ( a- o '} {exp[ - 4( o- o '))-exp[- 4( o- o ') J} 

(19) 

a nd g t o the func tion 

g( E, ' . o '}~Re{l+a exp[io '-(1+i) //2 E, 'J }S -1 (20) 

The most important parameter to be obtained corresponds 
t o the non-dimensional heat f lux a t the base fin given 
by 

q~ae; axJ ~dSe/dxJ +IW 'dcj>
0

/oE, J 
x~o x~o E,~o 

3/2 
+D!IW aq,dat,j +D / worjl z/ ílt, l + ... (21 ) 

E,~o E,~o 

Therefore it is necessar y to obtain the spatial 
derivat.ive of the non-dimens i onal t emperature eva lua t ed 
a t the f in base. After deriva ting eq. (18) with res pec t 
to [, , at F,~o , we obtain 

O f oo 
acp 11at:l ~-r~ f ~? t: 'exp[-

t;~a ( O- O '} 
o o 

[{l+a exp[io '-(1+iJ /12 E, ' J}S -11 dE,' 

E, ' 2 

4n( o- o 'J 1 

(2 2) 

where the real part is impl i c it. For integer va lues o f 

2 

13 , the binomial form i s expressed by a number o f finite 
terms involving the different powers . For simplicity, we 
take in the following 1ines a va1ue of S~ 2 . Any 
extention to different i nteger va lues is straight 
forward. ln this case, eq. (22) takes the form 

a ro do ' roo 2 
íl<JldílE, J ~-Ín J 3/ 2 {2exp[iol X exp[- X /k-X(l+i}ldX 

E,~o (o- o ') · 
o o 

+a exp[ 2ia ) J
00

exp[-X2 / k-2 X (1+i)J dx } (23) 
o 

Here, x~ t, •;/2 and k~2(o-o '}. After some manipula tions , 
the asymptotic solution for l a r ge non-dimensional times 
of eq. (23 ) is g i ven by 

(l<jl 1/'df,j ~-a Cos( 0- 1l/4} - a' (1+/972)Cos(20-1T/4) , as o+ro 
E,~o 

(24) 

Therefore, up to thi s approximation, the non-dimens i ona l 
heat flux at the fin base i s given by 

q//W~-acos( o+n/4) - /2(13+1) /F.-a [ Cos( o-n/4) 

+a (l+/972)Cos[2( o-n/2 }) E+0( ~3 / 2 
(25) 

NUMER I CAL SOLUTION 

ln arder to obtain the numerical solution of eqs. 
(1} and (2) using spectra 1 techniques , we follow the 
guidelines given elsewhere [10]. We assume a solution of 
the form 

M 

O(n ,T} L a ( T ) T ( n } 
m m 

(26} 
m=o 

wher e n~ 2 X - 1, a nd ·rm a re the Chebyshev po l ynomi a 1s 
def1ned by 

T ( q } 
m 

-1 
Cos (m<1 } , a~ Cos ( n ) ( 27) 

a nd M is the maximum number of modes taken into account. 
The boundary conditions t hen t a ke the form 

M M 
Ü ( - 1 , 1 )~l+cxSin( w·L) -> l: a (T)T (-1)~ l: a (1} (-1Jm~l+aSin( WT ) 

m m m 
rn=o m=o 

(28 ) 
M M 

8 ( 1, T )~O-> l: a (l )T (1)~ L a (1) 
m m m 

o (29) 
m:::::o m~o 

Taking into ~ccount on1y N~M- 2 modes and the two extra 
modes are used on1y t o satisfy the boundary condi tion s 
as 

(N-1)/2 
a ~1/2 + a/2 Sin ( UJT ) - l: a 

N+l 
2n 

n=o 

(N-1)/2 
a ~-1/2-ct/2 Sin (WT )- L a (30) 

N+2 n=o 2n+1 

With t hese rel a tionships, t he energy equation then t a ke 
the form 

N 

da /dT~4 /c { l: 
m m p~m+2 

p+m even 

p(p 2-m 2)a 
p 

(n - 1}/2 

+( N+L+[ (N+L) 2 -m ] [ (3/2- L)- 1: 
n=o 

a2 ) }-2o8 13;nc 
n+L-1 m m 

(31 ) 

'"here c ~2 and cm~ 1 fo r m<O, L~1 for m even and L~ 2 f or 
m odd . 0 The last term in eq . (31) can be written as 



1 

J é 
_l 

2 1T Cos ( 2mna) da 

o (32) 

The integral in eq. (32) is the Cosine Fourier tran~form 
of 88. Using finite difference for the time, eq. (3i) 
takes the form 

N 

a (k+1)-2Õ1/c [ 
m m 

p=m+2 
p+m even 

n-1/2 

+261/c (N+L) [(N+L) 2 -m 2
] [ a

2 
(k+1) 

m n+L-1 
n=o 

N 

;2ÕT/c l: 
m p=m+2 

p+m even 

x[(3/2-L)- ~ a 2n+L-1 (k) / 2] (33) 
n;o 

ln eq. (33) the index k and k+1 represents the so1ution 
at two different consecutive time steps. Eq. (33) 
represents a set of a1gebraic linear equations given by 
a full matrix. The non-linear term can be obtained 
through the Fast Fourier Transform routine. The most 
important para meter in, this type of processes is the 
heat flux at the f i n base. ln non-dimensional variables 
is given by 

M N 

38/0x] ;23 8/dnl ;4 l: T (-1)/c í: pa (34) 
n;-1 n;-1 m;o m m p=m+l P 

p+m odd 

RESUT,TS 

Fig. 1 different nondimensional temperature 
profiles for the case of a step change in the temperature 
at the fin base. The parameters used in these 
calculations are Q;25 and S;2. The number of modes 
taken into account were 32. For larger number of medes 
the solution oscillates, indicating that some medes 
achieve the quasi steady-state beha vior. Fig. 2 shows 
the nondimensional heat flux at the fin b ase as a 
function of the nondimensional time. Here, it is shown 
how the heat flux reaches asymptotica ll y the steady
state condition. Practically this steady-s~~te condition 
is achieved f o r values o f 1 of arder of 10 • These 
results show that the spectral tec hnique s a re 
appropriate f o r the analysis of this type of heat 
transfer problems. 

Fig. 3 and 4 show the temperature profiles and ".he 
non-dimensional heat flux at the fin base , respectively , 
for a representative case of a ;0.1 and W=10. More 
calculations have t o be dane in arder t o scan the 
parametric space. However, the main objective of thi s 
paper is to present some resu1ts using spe c tral 
techniques. 
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RESUMO 

O presen t e trabalho propõe uma extensão da formulação d e o timização 
termodinâmica d e aletas tipo pino cilíndrico expostas a escoamentos c ruzados , 
através da minimi zação da geração de entropia associada ao processo de 
transferênc ia de ca lor, tendo como restrição o volume de material fix o. São 
apresentados resultados numéricos que ilustram a presente análi se para valores 
numéri cos de r elações de aspecto para os quais a teoria de aleta é valida. 

INTRODUÇÃO 

Aletas como element os promotores do aumento da 
transfer· ênc ia de calor entre uma superfíc ie só! ida e 
um escoamento de fluido, pode m também provocar um 
significativo arrasto. 

Portanto, as i rreve r s i bi l idades inerentes ao 
processo de transfer·ência de calor e m aletas ocorr·e m 
tanto de vido à diferença de temperatura entre a alet a 
e o fluido quanto a forças viscosas. Poulikakos e 
Bejan [2 ] apresentam a equação de geração de entropi a 
dessas irreversibilidades como fun ção do d i âmetro e 
comprimento de aletas do tipo pino c i I indrico . 
Otimi zaram (minimizaram) e nt ão a fun ção o bjetiva da 
geração d e entropia em relação ao diâmetro da a l eta p~ 
ra um dado comprimento fixo, e vice-versa, ou seja, 
restrige m espaço físico di sponíve l, quando fixam 
comprimento ou diâmetro. 

Sgen 

onde, g 

p u.i, L D Co 

2 Too 

(h_) 1/2 tgh(g ) 
kD 

c uja forma adimensional é a seguinte, 

Ns 
Sgen 

(k/~)1/2 

+ 

Uma formulação alternativa consiste em 
rr/2 INu 1/

2 IRe tgh( m) 
o 

~ 8 [;o IRe L IRe 
0 

( 2 ) 

+ 

(3) 

conside rar o volume de mat erial cons umido na 
fabricação da aleta constante. Sob o ponto de vis ta 
económico, em escala maior, esta alternativa é 
equivalente a determinar as dimensões da al e ta 
cilíndrica que minimize o custo operacional, este 
exp~esso por uma função de geração de entropi a 
adequada, com custo de capital fixo. 

Como ser á apresentado neste breve trabalho, o 
processo de otimização com r es tri ção de volume 
constante tem como caso limit e ótimo o ponto de ótimo 
absoluto determinado em ( 2], para cada valor numéri co 
de parâmetro de projeto fixo. 

onde, m = 2 INu 
1 12 

( ~/k) 1 12 
IRe /lRe e 

é o parâmetro de projeto que L avll. ! ia 
relativa da irreversibilidade de vido 

8 = pv \roo/Q 
2 

a importâncig_ 
ao atrito sobre 

FORMULAÇÃO 

A entropia gerada pela prese n ça de uma aleta e m 
um escoamento é dividida em duas parcelas, a primeira 
das quais devida à irreve r s ibilidade da transferência 
de calor e a outra devida à irreversibilidade da 
perturbação do escoamento. 

A geração de entropia é expressa então pe la 
equação: 

Sgen (Sgen) + (Sgen) 
tf af 

( 1) 

Fixando-se o fluxo de calor Q
8 

na base da aleta, 
pode-se provar que (2]: 

5 

a irreversibilidade devida â transferência de calor. 
Se o pino é esbe !to ( L/D > 5), o número de 

Nusse l t e o coeficiente de arrasto para um cilindro 
exposto a escoamento transversal podem ser expressos 
respectivamente pelas correlações, 

!Nu a IRe b lP r 113 

D 

C o = c IRe d 
D 

(4) 

(5) 

onde , as constantes a, b, c e d são espec ificadas para 
diferentes faixas de IRe ( 2 ]. 

Substituindo (4) ~ (5) e m (3) tem-se: 



Ns(IRe IRe ) 
D, L 

(k/A)l/2 

n/2 a 1
/

2 IReb/ 2+1 Pr 1 / 6 tgh(f) 
D 

+ 

1 B c IRed+t IRe (6) 
2 D L 

onde, f 2 at/2 IReb/2-t Prt/6 (~kl t/21Re 
D L 

A otimização proposta em [2], consiste em 
minimizar a equação (6) com relação a 1Re

0 
ou IReL. 

O volume da aleta expresso por, 

v n 0
2 

L 
4 

pode ser adimensionalizado na forma, 

V v
3 

IX = 
lj~ 4 

1Re 2 IRe 
D L 

(7) 

(8) 

Introiuzindo agora o parâmetro a na equação 
(6) result<. 

Ns(IRe
0

,o:) 
M/at /2 

n/2 IRe b/ 2+ 1 t gh (TJ] 
D 

onde, M 

7l 

2 c B IRe d-I a 
- D 
n 

(k/ A)t/2 

Prt/6 

8 a 1/2 IRe b/2-3 a 

n M 

+ 

(9) 

Através desta expressão pode-se ver que é 
possível a minimização do número de Reynolds referente 
ao diâmetro, para um dado a (volume adimensional) fixb 
ou alternativamente, em relação ao volume para um dado 
número de Reynolds fixo. 

A derivação parcial da equação (9) relativamente 
a o:, para cada IRe fixo, resulta uma equação 
não-linear, que resolelda numericamente fornece uma 
raiz para o:. Alternativamente, fixando-se a e 
derivando-se a equação (8) relativamente a IRe , tem- se 
uma equação para a variável IRe 0 

D 

RESULTADOS 

Resultados ilustrativos são apresentados na 
figura (1). Esta figura mostra que a função Ns possui 
um mínimo em relação ao diâmetro da aleta, pa ra volume 
e parâmetros referentes a propriedades físicas do ar e 
aleta e referentes ao processo de transferência de 

6 

calor (M,B) fixos. 

"' z 

3xl0•.----------,----------
24r 

6 

3xÚ2~----~--~~~~~~~,---~--~-J~~~~ 
3xl0 6 9 12 18 3xl0 2 6 9 12 18 3x 103 

Re 0 

Fig. 1 Número de geração de entropia ( Ns l em 
função do IRe , para M = 100 e B = 10-7 Valor de a 
ótimo igual R 3,7342xl0 8 

Na tabela [1) são apresentados parâmetros de 
ótimo absoluto para a geração de entropia Ns, onde os 
valores de IRe foram obtidos da equação (8) para IRe e 
a ótimos espe~ificados. Como era esperado, existe 

0
um 

valor de a ótimo fixo que corresponde ao valor ótimo 
calculado em [2}. Para valores de a distintos de a óti 
mo (vide figura (1)), 1Re

0 
ot e IReL não co incidem com 

os valores calculados em [2]. 
Ainda da tabela (1) pode-se ver que Ns cresce com 

o aumento de B. 

Tabela 1. Valores ótimos 
para vários valores de B 

para Re . a, IRe . Ns e L/ D 
(M=100) 0 L 

B IRe IX x10 - 5 
IRe Ns L/ O 

D,ot ot D 

10- 9 2021,4 381627 11892 0,0300602 5,88 

10-s 876,09 37750,1 6262 ,3 0,0842765 7. 15 

10- 7 379,70 3734,20 3297,8 0,2362755 8,68 

10- 6 164,56 369,384 1736 ,8 0,6624117 10,6 

10- 5 71,322 36,5391 914,58 1,8571320 12,8 

10- 4 27 ,785 3,02535 498,96 5, 1454920 18,0 

A presente teoria é válida para a relação L/D 
maiores que 5. Nem todos os valores de a são 
compatíveis com este limite. Os valores de a máximos 
abaixo dos quais L/D > 5,0, são apresentados na tabela 
(2). para M=lOO e vários valores de parâmetro de 
projeto B. 

I 



Tabela 2. Valores ma x1mos para a correspondentes a 
L/ 0=5 e ~e para este a fixo com M=JOO. 

O,ot 

CONCLUSÃO 

-------,-----------.-------· 
8 a x10 - 6 ~e 

--~---- ---~-x ___ w----~-~~~-:-
10-14 95100000 28929 

10-
13 

33500000 20432 
f---------t---·-··---

10-12 7860000 12602 
-------- ---------- -----

10-11 1515700 7280,8 

263800 4065, 1 

__ 10_-_9_1----"4-'-73"'~!-~292, L 
10-

8 
5906,2 1145,7 

10-7 

10- 6 

10-5 

~_7_2_3~· __ 0_8-+_568,90 

87' 36 281 ' 24 

1 o' 457 138' 60 

1 o- 4 
1 ' 2435 68' 156 ____________ l.__ _____ ___________ _ , _________ , ____ _ 

Os r esultados aqui apresentados i I us t r·am o caso 
particular de olimização termodinâmica co m r·es t.r·ição 
de volume fixo. A oti mi zação s em r es trições como 
aquela relatada em [ 2 ), fornece o valor do volume 
adimensional como r esultado secundário. A otimização a 
volume constante aqui apresentada inclui a olimização 
absoluta como caso particul ar. 

O parâmetro 8 representativo do peso da 
irreversibilidade devida à vi scosidade em relação ao 
peso da irreversibilidade devida a transferência de 
calor deve ter o menor valor possível, par-a que o 
valor ót i mo da geração de entropia seja pequeno . Em 
outras palavras, a diminuição da irre versibi I idade 
viscosa e/ou aumento do fluxo t érmico, contribuem pa1·a 
diminuir a geração de entropia ótima. 

NOMENCLATURA 

B 
C o 

D 
Fo 
h 

k 
L 
M 
Ns 

~e o 

~e 
D,ot 

~e 
L 

~e 
L,ot 

- pv 3 kTro/Qs 2 

- Coeficiente de arrasto 
( = Fo/(l/2pUro2DL)) 

- Diâmetro da aleta 
- Força de arrasto na aleta 
- Coef i c i ente convectivo de transferên-

c ia de calor entre aleta e fluido 
- Condutividade t é rmica do f luido 
- Comprimento da aleta. 

(k/ i\)1 /2/ 1Pr1/6 

- Númet:o de ge~ação de
2
entropia 

( = Sgen/(QB Uro/kvTro )) 
- Número de Nusselt ( = hD/k) 

Número de Prandtl 
- Calor transferido at r·avés da base da 

aleta 
- Número de Reynolds referente ao diâ

metro da aleta ( = UroD/v) 
- Número de Reynolds ótimo referente ao 

diâmetro da aleta 
- Número de Reynolds referente ao com

primento da aleta ( = UooL/v) 
- Número de Reynolds ótimo referente ao 

comprimento da aleta 
S~en - Ge r ação de entropia 
(Sgen)of - Geração de entropia devida ao arr·asto 

(Sgen) - Geração de ent ropia devido a transfe
tr rência de calor 

Too 
Uoo 
v 

- Temperatura do fluido 
- Velocidade do fluido 
- Volume da aleta ( = rrD

2
L/4) 

- Volume adimensional da aleta 
( = Vv

3
/Uro

3
) 

7 

i\ 

v 
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ABSTRACT 

This work reports the optimization of a cylindrical 
pin of constant volume exposed to a cross turbul ent 
flow. The entropy generation is expressed as a sum of 
the e ntropy general ion due to the heat transfer and 
driving force as usual. There is an optimum volume, 
which is the 1 i mi t-point of the opt imum found, when 
the diameter and the lenght of the pin are considered 
as independent optimization parameters. 
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SUMMARY 

The paper aims to study the behaviour ofvery low density materiais to_h~at transmission due 
to rapid aging treatment and in extreme conditions_ of us~, identifyng conductJvity as a parameter of 
degradation. The experimental data are analyzed wJth an mverse method. 

INTRODUCTION 

Low density insulating materiais, widely used in many sectors, 
are particularly suitable for use in the aeronautic and spatial 
industry dueto lowvalues of p · À (a parameterwhich take account 
volume mass and heat transfer). 

Nonetheless, ali material used in space, including insulating 
materiais used to protect the outer structure, are subject to 
particularly heavy stresses, above ali if used in transpor! vehicl_es 
which pass from the earth's atmosphere to extremely host1le 
environments on repeated occasions during their lifetime and 
almost always with rapid temperature changes, reaching extreme 
conditions of use for a few minutes at a time. 

The thermal characterisation of insulating materiais following 
degradation in relation to the number of missions accomplished is 
one of the most important engineering assessment elements for 
their correct use; in fact the maintenance costs and the achievement 
of the project conditions, both in terms oftemperature and in terms 
of thermal flows exchanged with the space environment, partly 
depend on them. 

Since the studied phenomenon is cyclic, the most 
characteristic parameter is thermal conductivity; the problem of its 
experimental assessment in extreme conditions of use within 
relatively rapi<.l time Iimits, and without damaging materiais, 
remains to be solved. For this reason, stationary metho<.ls h ave been 
rejected in favour of transitory methods which can give the sarne 
information within a sufficiently short time, provided the 
appropriate methodology is identified. 

The materiais examined are not homogeneous and in general 
show a high degree ofporosity; the use oflocal measuring methods, 
such as hot wire or flash methods (see [3]) are not thought suitable, 
since they would give rise to local assessments of thermal 
conductivity and give a false idea of the overall characteristics of 
the material. 

The proposed method is based on Vernotte's idea (1937) of 
the "mirror image" realised by Beatty et a!. (1960) as reported in 
[6]. It consists in recording the transient temperature on a plate 
placed between two identical flat, an<.l even large size, test 
specimens which receive heat through their other two faces from 
a thermal source ata constant temperature. 

The accuracy of experimental results essentially <.lepends on 
the control of edge tosses from the test specimens and from the 
heat sink. A methodology has been elaborated for the analysis and 
interpretation of results which we consider will enable us to 
overcome the above mentio:1ed difficulties by realising a very 
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simple experimental device using a guarded hot plate apparatus 
(GHP), built according to ISO/STANDARD DIS 8302 [4], that has 
also been used for a European standardisation programme, [7], and 
replacing the hot pia te with a copper pia te. 

METHODOLOGY 

A physical phenomenon may be considered well known if a!l 
necessary and sufficient quantities have been identified on the bas1s 
of existing knowledge on the subject to characterise it fully, and if 
these quantities can be correlated in a "rnodel", that is a s~t of 
analytical relations which allows the phenomenon to be explamed 
in the context of the theories and basic laws of physics. 

Ali there physical quantities, which are correlated with one 
another in the model, are called "pararneters of lhe rnodel" in the 
following text. They may be classified into two main groups, one 
which includes ali that "physically observable", namely those which 
can be directly measured, < y >, and the other which includes ali 
the others, < b > (see [ 1 ]). 

Jf the term "solution of the model" is uscd to mean the 
mathematical procedures with which some parameters are 
obtained in relation to others, "direct solutions" are those 
procedures which allow some measurahle quantities to he ohtained 
in relation to othcrs. "lnvcrse solutions", on thc contrary, are the 
procedures which allow some of those quantities which are not 
directly observable, to be obtained in relation to ali the otners. 

ln the majority of the cases, the inverse solution is easy to 
obtain only in very simple geometric situations and configurations. 
For this reason, from an experimental point ofview, it is necessary 
to elabora te procedures and apparatus in arder to reproduce as far 
as possible the configurations for which simple solutions can be 
found, and concentra te attention on effective measurements. 

For example, in the present case, which is aimed at the 
laboratory measurement of the thermal conductivity of a given 
material, the model comprises a basic equation of conduction in 
unsteady state conditions represented by a differential equation to 
partia! derivatives and the relative boundary con<.litions. . 

The use of this model in the above experimental problem, with 
ali the limits that this may entail, represents the ground on which 
ali subsequent experimental activity is based, from the conception 
of the measuring procedure, to the design and testing of the 
equipment, and to the measuring process itself. 



ln this type of model the measurable quantities are normall) 
the temperatures in some parts of the body, whereas 
non-measurable parameters are almost always the thermophysical 
characteristics of materiais, the edge lasses and the temperature 
distribution over the entire body. 

ln this study, we describe the use of a slightly different method 
of inquiry, based on the theory of lnverse Problems, as expounded 
in [1] and [2]. A rigourous mathematical treatment based on 
statistical calculations allows some of the approximations needed 
to resolve the model can be eliminated using more complex 
calculation procedures and paying special attention to the 
treatment of measuring errors; it is possible to reduce the 
complexity of the experimental procedure. 

THE EXPERIMENTAL APPARATUS AND THE 
CALCULATION METHOD 

The apparatus used is shown in Fig. 1. Two identical samples 
of the material, M, of 500 x 500 x 50 mm, are packaged with the 
copper plate R between them. When the package is placed in the 
cavity C, it is enclosed between the two plates L, maintained ata 
constant temperature T 1 by a fluid-controlled thermostatic system. 
The two samples are separated by a copper plate R, the package is 
enclosed in a cavity C, in which a thermostatic contrai system 
enables the temperature to be kept ata value of T ç. 

.·,!:!i!i:!~~i!;'" 

CAVITY " C " 

( r=:J 

CAVITY " C " 
:li illl~~~! !:l:r~~ill::it1:1illlllH ' 

Fig. 1 - Experimental apparatus 

For the tests the package is first brought to the ambient 
temperature T 0 in an environment in which it is kept for sufficient 
time to ensure a perfect spatial uniformity. When this condition is 
reached, it is rapidly transferred in the cavity C then producing a 
temperature step on the boundaries. The quantity measu red is the 
temperature at point r of Fig. 1, recorded by an automatic data 
collection system. 

The model was formulated, taking into account the symmetry 
of the apparatus, starting from the heat conduction equ ation with 
boundary conditions of equivalent convection (corresponding to 
convection + linearized radiation), and introducing the following 
simplified hypotheses: 

a. The temperatures of plates L and cavity C are constant over 
time, whereas the starting temperature of the samples is 
uniform in every point. 

b. The test material is isotropic. 
c. Thermal conductivity can be considered independent from the 

temperature. 
d. The thermal capacities are ali concentrated in two points, m 

and r, which are representative of the samples and of the 
copper plate (so-called "lumped capacity" method) . 

e. The heat flowrate density exchanged by equivalem convection 
along the borders is described by an empírica! relation of the 
type: 

q = h · (T - T , ) (1) 
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The heat transfer coefficient by equivalent convection and 
radiation is defined by: 

il m· cr T c) n 
(2) 

where < m > and < n > are two constant parameters to be 
determined and Tç is the cavity temperature which is known 
a priori . 

Tl 

l 
::Jample 
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Fig. 2 - Analog modcl 
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The equivalent electric network is shown in Fig. 2. The direct 
model is represented by the set of ordinary differential equations 
(the bold letters mea ns vectors and matrices): 

dT 

dt 
;\. T 

(3) 
B 

A more detailed expression of (3) is given in Appendix A The 
solutions of eq. (3) gives the temperatures versus time at points m 
and r for fixed values of thermal conductivity, of the heat capacity 
of materiais, of their geometric dimensions, and of the 
temperatures of the thermostatic-controllcd plates and the cavity. 

Thc integration has hccn carried out using a numcric 
"pred ictor-corrector" method, which allows the values of 
temperatures at points m and r to be calculated at the generic i-th 
instant of time, in relation to the values of temperatures at the 
previous instances and to values assumed by parameters, thus 
obtaining a recursive expression of the type: 

T , - T , , • g ,( T ,. T , .· . T ,. , . h ) - {,( T 0 . T , . .. · . T ,. ,. h) (4) 

where T is the vector o f temperatures of points m and r. 
We assume that Y and T are two vectors whose N elements 

are respectively the measured and calculated temperatures in the 
time during the experiment ; bis the vector of the parameter to be 
determined. Vector e is the error defined by the equation: 

c,(IJ) = Y , - T, ( l>) Vi = [J. ... N] (5) 

From the theory of inve rse problems it is known that the best 
possible estimate ~f parameters is that which maxtmtses the 
prohability distribution of the parameters and minimises the 
expression (vectorial notation): 

S = C T ( IJ) ' \-'- I · C ( lJ) (6) 

Where W is the co-variance matrix of experimental data, 
dimensions (NxN), whose terms on the diagonal contain the 
squares of the errors of measurements. 



The temperature calculated by equation (4) is a non-linear 
function of the parameters to be assessed so it is necessary to use 
an iterating algorithm for the solution. It can be seen that, if an 
estimated value of parameters b(k) is known, equation ( 4) ca~l be 
developed in Taylor's series around this value, stopping at the first 
term; the following is then obtained: 

X is the gradient or "sensitivity" matrix, likewise a non-linear 
function of the parameters. 

Differentiating (6) in relation to the parameters, and taking 
into account ( 4) which is equal to zero, after a few steps we obtain: 

(8) 

Where: 

p(k) (9) 

(10) 

The new values of the parameters can be calculated iteratively 
by relations from (8) to (10), until the norm of the differences is 
within a preestablished value. 

At the end of the iterative procedure, it is possible to estima te 
the average standard deviation of each parameterwith the relation : 

(11) 

EXPERIMENTAL RESULTS 

The measured values are the temperatures at point r in Fig. 1. 
Four different materiais were tested, indicated as A; B, C, and D, 
their main physical characteristics are shown in Tables Ia + Ic 
(Appendix B). 

Material A, which did not undergo aging cycles, was used as a 
reference to contrai the validity of the mathematical model and of 
the parameter estimation method. Since the value of conductivity 
was measured with a high accuracy in the steady state conditions in 
a comparative experiment between different European 
laboratories (see [31), it was possible to estimate coefficients < m > 
and < n > of equation (2) as parameters. 

Tcrnp c r~;>turc ( CJ 
- -~--------------:--- ·---·--- ( e lc lll,.ll•d .,.Juu 

wltf\ rEW mud ei 

Fig. 3 shows for this materiais the temperatures respectively 
measured (curve 1), calculated by the lumped parameter model 
(curve 2) and calculated by a FEM programme (curve 3), with the 
known < m > and < n > parameters as boundary conditions. 

The Fig. 4 shows the percentage deviation in both cases 
between the calculated and measured values. Table II (Appendix 
A) shows the parameters values < m > and < n >, obtained using 
the sarne procedure, for materiais B, C and D, on the basis ofknown 
values at cycle O of the average steady state thermal conductivi ty in 
the interval20 +80 ac. 

The materiais were subjected to repeated accelerated aging 
cycles, each of which involves heating and cooling, and 
humidification and drying operations, starting from the original 
conditions according to procedure III, Aggravated, of regulations 
[5] . At the end of each cycle, the samples were heated to a 
temperature of 105 oc, then brought back to room temperature 
hcforc hcing plan:d in thc tcsting apparatus to mcasurc 
conductivity using the procedure described above. 

Calculations, of thermal conductivity, were performed using 
the above procedure in two phases. ln the first, the error of 
experimental apparatus was assessed as: 

·c (12) 

thus obtaining matrix W. The results obtained for the different 
cycles are reported in Table III (Appendix A) . 

ln order to extrapolate the results at a different number of 
cyc!es to that effectively performed, conductivity values for each 
material were represented by a simple regression equation which 
is valid only for integers values of the cycle index number j: 

(13) 

where "-o is the thermal conductivity measured before carrying 
out the aging cycles, fi. À. anda are two constants to be determined 
by the best fitting with the least square technique. 

The values of 6 À. in Table IV also represent the estimated 
degradation undergone by the materiais for an infinite number of 
cycles. 
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Fig. 3 - Comparison between experimental and calculated values 
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Fig. 7- SAMPLE D: Thermal conductivity degradation 

ln figs . 5 -<-7 are shown the estimated conductivity values, the 
best fit curves obtained with (13) and the 95% confidence limits 
assessed using Student's t distribution according to the relation: 

À. = À.i ± ll-a /2· ( N -2)·s~ (14) 

where a= 5% , N is the observations number and s ~ the standard 
erro r of the estima te. 

Where compatible with the size of the statistical sample and 
in relation to the established confidence interval, it is possible to 
condu de that the regressions obtaíned are significant: in fact , it can 
be seen that ali the estimated points fali within the confidence 
range. It follows that the expected behaviour ofthe materiais in the 
aging tests is reliable. 

CO NCLUSIONS 

The results show that the power of the use of the inverse 
method of thermal conductivity measurement of some materiais is 
interesting for the pu pose of this study, but it is neccssary to stress 
three points: 
a. The method allowed the parameter estimation <m > and 

< n > for boundary heat transfer starting from a steady state 
measurement value of thermal conductivity for each material. 

b. The temperature range of measurement is not dangerous for 
the materiais investigated. 

c. The transient dura tion of temperature variation is too long. 
The last two aspect involve the type of the the rmostatíc fluid 

and the design of the apparatus that we used, beside the data 
acquisition system and accuracy of this. The method validation 
suggested our choice for the apparatus and the ancillary equipment. 
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The first aspect, on the contrary, puts in evidence the need to 
have some more informations on the phenomenon for the 
contemporary estimation of the thermal conductivity and the 
boundary parameters : for example another measure point in the 
test specimens. 

The work purpose is the overcomíng of these difficulties. 
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APPENDIXA 

Equation (3) can be written in an expanded form: 

dTm 

dt 
dT r 

dt 

where C is the heatcapacity ofthe materiais, s and L are respectively 
the thickness and width of each of the two samples and h the heat 
transfer coefficient, thus giving: 

L2 st 
2 · --- dz.M h M ~kM) CM . RM ('M C~o~· T + 

L2 s~ 
2 ·-- d2 . R = 

h~~ R~ ) C~o~ · RR ( '. CR· T + 

APPENDIXB 

Table la • RM64-BCR Reference material characteristics 

Ma teria Composition Nominal Measur. Thickness 
I Densi~ Density [mm] 

[kg!m] [kg!m3] 

A Glass liber 88.0 86.0 34.5 
resine bonded 

Table lb ·Materiais characteristics for humidity agcing tcsts 

Ma teria Composition Nominal Measur. Thickness 
I Densi~ Densi~ [mm] 

[kg!m ] (kg!m] 

B Mclaminc 11.0 9.5 50.0 
foam 

c Glass liber 9.6 10.0 49.5 
resine bonded 

D Polymide 8.0 9.3 50.2 
foam 

Table Ic • Materiais characteristics for thermal ageing tests 

Ma teria Composition Nominal Measur. Thickness 
I Densi~ Densi~ (mm) 

[kg!m] [kg!m] 

B Melamine 11.0 9.4 50.1 
foam 

c Glass f1ber 9.6 9.5 49.5 
resine bonded 

D Polymide 8.0 9.1 50.1 
foam 

Table II • < m > and < n > parameters 

Ma teria m n 

I 

B 2.0012 0.7847 

c 5.0341 0.4667 

D 1.0007 0.7667 

Table III • Measured thermal conductivity with estimated errors 

Thermal ageing Humidity ageing 

Cycle Specimen I 0 2 
• t-.(W/(m K)] I 0 2 

· À [W/(m K)) 

B 3.6Sõ+ O.OS 3.686+ o.os 
o c 4.084+0.08 4.084 +0.08 

D 6.501 + 0.10 6.50o+0.10 

B 4.794+0.11 4.3(}J + 0.10 
1 c 4.677+0.09 4.134+0.08 

D 6.807+0.10 6.817±0.10 

B 4.999+0.11 4.88s +O.l0 
2 c 4.53R+0.08 4.237+0.08 

D 6.773+0.10 6.8S1 + 0.1 ~~ 
··-

B 5.222 + 0.11 4.276 + 0.10 
3 c 4.913+0.09 4.172+0.08 

D 7.08s + 0.10 6.85R + 0.10 

B 5.26s + 0.11 4.56s ±0.10 
4 c 4.971 +0.09 4.27s +0.08 

D 7.002 + 0.11 7.09s+0.10 

B . 4.699+0.10 
5 c - 4.499 + 0.09 

D - 7.00s+0.11 

B - 4.796+0.10 
6 c - 4.599+0.09 

D - 6.99s + 0.10 

Table IV· Thermal conductivity degradation 

Specimen Thermal ageing Humidity ageing 

1 o2 
· LH [W/(m 10 2

· L\t-.[W/(m 
K)) K)) 

B 1.067 1.75s 
c 0.457 0.861 
D 0.552 0.5SJ 
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RESUMO 

Po!t -6Vt wn dado de -6u.ma .únpolttârtU.a rto p!toje.to :têltm-ico de -6aÚWu, M ju.rt:tM 
apMa6t~.J.>adM do p!rhnwo M:têLU:e bJtMdU!to 6oJtam -6-Únu.iadM expVt.únert:tai.mert:te no INPE. 
E-6:te :tltabal.ho ap!te-6ert:ta o-6 Jtuui:tado-6 obudM paM M du.M ÜLtUnM Ú.!U .. u de :tutu, e 
uma an~e compaJtlliva do-6 p!toced.únert:to-6 ado:tado-6, de ortde -6u.Jtgem cortciu.-6ÕU 
.únpolttart:tu a ceJtca do -6eu. compolttamen:to :têltm-ico du:tM ju.nc;õu e pltOced.únert:to-6 de 
-i-6 oEamert:to :têltm-ico, que mart:tenham M peJtdM :têltm-icM em nlvw adequ.ado-6. 

INTRODUÇÃO 

A condutância térmica de juntas aparafusadas é um 
dado de suma importância em diversos projetos 
me cânicos, dentre os quais, o projeto térmico de 
satélites. Seu valor te~rico é dif{cil de ser obtido, 
já que e s te depende de uma série de fatores, mu i tas 
vezes desconhecidos, tais como: tipo de parafuso e 
torque de a perto, materia l e número de arruelas, 
acabamento final de superfÍcies em contato, 
propriedades f Ísi c a s dos ma teriais, resistência térmica 
de contatos e ntre os diversos componentes da junção, 
etc. Um procedimento bastante comum, é a determinação 
experimental desta condutância. O grupo de controle 
térmico de satélites do Instituto de Pesquisas 
Espaciais (INPE), tem ad ot a do este procedimento; para 
ist o as junç~es aparafusadas do primeiro sa tilite de 
coleta de dados da MECB foram simuladas no Laborat~rio 
de Controle Tirmico de Satélites, e testadas em câmara 
vácuo- térmica de simulação espacial. Diver s as siries 
de ensaios foram realizada s, sempre aprimorando os 
procedimentos, de forma a obter resultados cada vez 
mais confiáveis. Neste trabalho, as duas Últimas séries 
sao descritas criticamente, seus resulta dos 
apresentados e comparados, estabelecendo-se 
procedimentos experimentais adequados ao estudo da 
condutância térmica de junç~es aparafu s adas. 

SIMULAÇÃO EXPERIMENTAL 

Descrição da Junção do Satélite. As jun:as 
aparafusadas em estudo situam-se entre os paineis 
estruturais (tipo colméia) laterais e horizont a is do 
primeiro satélite brasileiro. são encontrados dois 
tipos de junç~es: a primeira possuí inserto fixo e 
parafuso ElO; a segunda possui inserto móvel e parafuso 
E8. O material do parafuso é titânio , as chapas são de 
aluminio 2024 e os ínsertos são de aço inox . As 
arruelas tem duas funçÕes especificas : satisfazer as 
condiç~es estruturais (garantindo dimens~es, torques de 
aperto, etc. ) e satifazer o proj eto térmico do 
satélite. Com o objetivo de isolar termic a mente os 
painéis entre si , ut il iza-se arruelas fabric a das de 
epoxi e fibr a de v idro (material usado na confecção de 
placas PCB) . Estas são in te r cala da s c om arruelas de aço 
inox para garantir as propriedades mecânicas da junção. 
A arruela que se encontra em contato com a cabeça do 
parafuso é de alumlnio. No te-se que o parafuso es tá 
fixando superf:Ícies de <1 lumÍn io per t encen te s ao pa inel 
tipo colm~ia ~ urna superfici e de aço inox , pertencente 
ao insert o . 
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ARRUELA DE EPDXI "''--INSERTO 
+ FIBRA DE VIDRO 

Figura l. Junta aparafusa da do satélite. 

Montagem Experimental. Foram realizados estudos 
experimentais para os dois tipos de junçÕes descritos 
na seção anterior. Para cada caso foram feita s dez 
montagems iguais, a fim de possibilitar um tratamento 
estatistico dos dados. A Figura 2 mostra um esquema dos 
aparatos experimentais construídos. Nas montagems 
experimentais adotadas, as superfÍcies de alumínio 
foram substituídas por aquecedores planos e circulares, 
e as superflcies dos insertos por resfriadores. Cada 
aquecedor consiste de um "sanduíche" formado por duas 
chapas de aluminio circulares, planas e finas (com 
espessuras de 1 e 1,5 mm e 80 mm de diâmetro), e por um 
fio roliço resistivo de Nlquel-Cromo de resistividade 
de 30 Ohms por metro, enrolado em espira l plana, 
situado entre as chapas de alumínio. Para isolamento 
elétrico entre o fio resistivo a as chapas, foram 
colocados filmes de Polyester (Therphane, fabricado 
pela Rhodia do Brasil) de 25 microns de espessura. A 
resistência elétrica obtida em cada aquecedor varia 
entre 15.5 e 19.0 Ohms. As . espessuras das chapas de 
alumlnio do aquecedor foram escolhidas de forma que a 
sua soma fosse prÓxima a soma das chapas do painel 
estrutural. 

O resfriador foi projetado _ e construido de forma a 
manter, dentro do possível, as caracterlsticas fÍsicas 
e térmicas do inserto. Este foi feito de aço inox nas 
mesmas dimens~es do inserto, possuindo uma base 
c ircula r de 60 mm de diâme tro e 2mm de espessura para 
facilitar a perda de calor para o ambiente de te s te. A 



DE AÇO INOX 
DE EPOXI + 

VIDRO 

Figura 2. Aparato experimental. 

altura total do resfriador é de 9.5 mm e o diâmetro de 
seu corpo principal é de 14, 2 mm para a junção que 
possui inserto fixo e 17,4 mm para a junção com 
inserto móvel. Foram feitas roscas nos centros dos 
res friado res de modo a alojar parafusos ElO para os 
insertos fixos e E8 para os insertos móveis. 

Entre os aquecedores e resfriadores encontram-se 
duas arrue las de epoxi e fibra de vidro intercaladas 
por duas arruelas de aço ínox nas dimensÕes de 1,6 e 
0.4 mm de espessura respe c tivamen te, e lO mm de 
diâmetro , especia lmente fabricadas para uso neste 
satélite. Uma arruela de alumínio e uma de fibra de 
vidro estão localizadas sob a cabeça do parafuso .Os 
diãm:tros internos das arruelas dependem do parafuso da 
junçao . 

Como na época da realização do experimento nao 
havia parafusos de titânio disponíveis, estes foram 
substituÍdos por parafusos de aço de alta l iga, 
fac ilmente encontrados no mer cado . Estes parafusos 
comprimem os elementos descritos acima, com t orques 
iguais aos das junçÕes reais. 

Os vinte apara tos resultantes foram colacados l ado 
a l ado em quatro fileiras de cinco espécimens 
i nsta l ados em uma mesa de celeron (material isolante 
térmico) . Para monitorar as tempera turas dos 
aquecedores, foram instalados, nas suas face s internas, 
t ermopa res tipo T (cobre-constantan), bitola AWG 36, 
revestidos de teflon. A temperatura dos resfriadores 
foram monítoradas através de termopares seme lhantes, 
instalados no centro dos cilindros principais para os 
insertos fixos e nas superfÍcies externas para os 
insertos móveis. 

A resistência t érmica da junta é obtida dividindo
se a diferença de temperatura entre o aquecedor e o 
inserto pelo fluxo de calor que a travessa a junção. 
Para forçar que o calor gerado flua pelas arruelas e 
parafuso, a face externa da chapa circular do 
resfriador e o cilindro principal do inserto foram 
pintadas de preto. Estas superfÍcies apresentam uma 
emissividade de 0.85 a 0.90, conforme medidas do 
laboratório Ótíco do INPE. Também foram instalados, na 
parte externa 
camadas (MLI) 
alumínízadas em 
redes de nylon. 

dos aquecedores, 
formados por 8 

ambas as faces, 

superisolantes multi
folhas de polyester 

separadas entre si por 

Os testes foram realizados em camara vacuo
térmica , pertencente ao laboratório de controle térmico 
de satélites. Esta câmara opera em alto vácuo (10-7 
tor r) e possuí uma camisa refrigerada por nitrogênío 
lÍquido (LN2), a tingindo tempera turas por volta de 
-190°C , simuland o desta forma o ambiente espacial. 

DESCRIÇÃO DAS DUAS S~RIES DE TESTES 

As duas séries de testes analisadas neste trabalho 
são muito semelhantes, já que ambas foram realizadas no 
mesmo apa rato experimental descrito anteriormente. Após 
o tratamento dos dados da primeira série, observou-se 
que as perdas térmicas estavam extremamente elevadas, 
alcançando em alguns casos cerca de 50% da potência 
total fornecida, tornando os resultados finais bastante 
imprecisos (ver Tabelas 2 e 5). Para aumentar a 
confiabílidade dos dados, foi preciso minimizar estas 
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perdas. A segunda série corresponde à reedição da 
primeira, porém com a ado ção de técnicas de isolamento 
térmico mais refinadas. Para isto as juntas foram 
desmontadas e, ao remontá-las, foi t omado o c uidado de 
se manter exatamente os mesmos componentes e a mesma 
o rdem original destes em cada junta (como, por exemplo, 
as mesmas arruela s , na mesma ordem), de forma que fosse 
possível uma análise crÍtica e comparativa das séries 
de testes. 

Diferenças Entre as Duas Séries de Testes. 
Origina lmente, a face do aquecedor voltada para o 
resfriador (ver Figura 2), foi revestida por uma fita 
de alumínio polido, de f orma a mant e r a sua 
emissividade superficial baixa, re sulta ndo no 
isolamento térmico do aquecedor. Tal medida não se 
mostrou eficiente, e na segunda série foi inserido 
sobre esta superfÍcie, superísolantes multicamadas 
compostos de 10 folhas de filmes de polyester 
a luminizados. Note-se que, desta forma, o aquecedor 
passou a ter amb as as face s isoladas por MLI. Este 
procedimento reduziu estas perdas térmicas entre o 
aquecedor e resfriador, e aquecedor e câmara térmica, 
em cerca de 50%. Porém, a maior fonte de perda de calor 
foi at ravés dos fios de potência elétrica, revestidos 
por PVC, que possuem alta emissividade térmica. Para 
minimizar estas perdas, estes fios, assim como os fios 
de termopar, foram revestidos por filme s de polyester 
alumíní zados, de forma a reduzir drasticament e as suas 
emissiv idades superficiais . Este procedimento provocou 
uma redução de cerca de 90% do calor transferido 
a través de fios de potência e termopares, tornando as 
perdas por termopa res desprezíveis. Por serem muito 
pequenas, as demais fontes de perda de ca lor não 
receberam, na segunda série , técnicas de isolamento 
espec iais, uma vez que as adotadas para a primeira 
série se mostraram suficientes. 

No te-se que, quando o apara to foi montado para a 
segunda série, a l guns termopares defeituosos foram 
trocados . Também foram realiz adas medidas em mais doi s 
patamares diferentes de tempera tura (na primeira série 
foram adotados três patamares , e na segunda, cinco). 

A Tabela 1 apresenta um resumo da s principais 
diferenças entre as duas séries analisadas . 

Tabela 1. Diferenças Entre as Sér i es de Te stes 

r-----------,---T-----------~---T---------1 

I PRlHEIR~ SERI ~I SEGUNOR SERIE lnEU.PERDRI 
r--- - ----------+----------- --;.- - +----- ------- -.--+---------1 
INo . NlVEIS IFITR UE RLUHIN. IF ITR DE RLUHl~. I I 
ITEHPENRIURR I PULIUU I•Hll 10 CRHRURSI 50\ I 
t-------------+---------------t---------------+---------1 
IFR CE f1UUEC. I II' VCoFILME OE I I 
IVOLH1DR RESF .1 PVC IP(I LYESTER RLUH.I 90 1. I 
t-------------t---------------t---------------+---------1 
IFIUS UE PUT . I I IEF LUNoFIU1E DEI I 
IEL{TRJCR I IEFLUN IPULYESTER RLUH. I 90 \ I 
l-------------~---------------~---------------~---------J 

RESULTADOS EXPERIMENTAIS 

A Tabela 2 apresenta os r esu ltados obtidos para as 
duas séries de testes para junçÕes com ins erto móvel, e 
a Tabela 3 para com insertos fixos. Estas tabela s 
relacionam as temperaturas do aquecedor e do resfriador 
com as perdas totais, com a potência total fornecida ao 
aquecedor, com a resistência térmica da junção 
(objetivo principal deste trabalho), e com as 
incertezas associadas: ao cálculo das perdas de 
potência elétrica, às medidas experimentais, e ao erro 
padrão apresentado pela variação das resistências 
térmicas das montagens iguais para cada caso. O erro 
padrão é equivalente à incerteza da média das 
resistências térmicas, sendo dado por [1]: 

erro padrão = desvio padrão 
raíz quadr. numero aparatos iguais 

- · ____.._ 



Tabela 2. Resultados para lnsertos MÓveis 

r-· ------- · --- - - ---T ---~----T-- ------T-------T------ - ---~------------· --1 

i IF.MPERrlTURfl JPCJTENC!>l ! I ! !NCERTEZI=IS I 
~-· ------ T--· ---- - ~ TO HIL I PE RD>lS IRES I 51 . ~--------r-------r--· ----·1 
! l=l()LJEC.! Rf:Sr. i ll!SSJP I TOTQlS !TÉRMIC>ll PEROR S !EXPERIM.IRES!ST . 1 

r-----+-------+-------+- ----- --+--------+-------+--------+--------+-------1 
lf"R l M.! 61l . 03Fi i -11. 7 0 2 Jl.94?2 "1010 4 79975 ! 54.52 "110 . 123Ci19 ! 4.62565! 3.037::11 
!SÉRIE! 14 . 06':i ' -41J.1 l 3J~ . 0/39fl 1 1 ! 0 . ::4 %131! 64. 791[0.0699381 5.464631 3.4566! 
! , .. 1 3. 17 ~-l!-54.941J0. 7 30549 1 0 .1 66290 ! 7 4. 2 2 7 10.046824! 6. 17 419 1 3.2786! 
~ -----+-------+----- -- +-------- + - -------+--- ----+--------+- - ------+-------1 

] 5.125!-33 7 5411 46554410 0 76810 ) 49. 7 0910.0280181 1. 105421 3.8758! 
Sl"G. 10 444!-42.996!ü.~l91lb72!D.!J4(lSIB: Sti.40210.0185491 l.2Hi48! 4 . 45561 

! 5 É f< I :: l • I . 7 o '.i : . ,j 8 . 3 il] ! o . [i 1 3EJ o 1 ! o . u 4 2 ] 4 7 I 8 I . 9 'J 1 ! Q . o 1 5 b o 1 I 2 . '.J 1 4 6 5 I 6 . 54 56 ! 
!·29 . 168!-65.433!0.l46546 ! 0.02623S J1 13.4 7710.Q12231! 4 .515 09! 8.93431 

1 1-61.90 7 !-8 7 .2 72 ! U . 083864JQ.014048J364 . 682!0.010398!54.56923128 . 37061 
l- -----~-------~-------~----- ---~--------J·---- -- -~--------~ - -------~-------J 

Tabela 3. Resultados para Insertos Fixos 

r - ----- ------- - --- T---~--- -T - ----- ---T--------T------ - ------------------1 

i TEMPERRTURR IPOTENCIRI ! I INCERTEZRS I 
f- ----- -r---- --1 TOTRL I PEROWi IRE515T. f---------·T--------r------1 
! RDUEL. ! RESF . ! DISSIP.J TOT>l!S ITÉRMIO:Il PERDI=IS iEXPERIM.JRESIST .I 

r- - ---t -- -- -- - t --- - - - -t - - ~-----+--------+------ - t--- - - -- -+--------+- - -----i 
! P ~IM. J 6 9.2 2 ::'1 8. C8" ! !.11J9201 1fJ.5 1J024 1 46 . 312 ! 0.11484 1 ! 4 .0811011.9777 1 
!SERIE! 13.44/! - 25. 102 11 .028562!0.259940 1 50 21110.0623071 4.09765 1 1.730:1! 
1 1-13.907J-42.4 7 4!0.Li89253!0.169030! 55.04410.0421981 4.477081 2.38441 
f-----+-------t--- - - - -t--~ -- - --+--- -----+------ -+--------t--------+-------1 
1 32.277!-14.46 7 !1.4::'411JI0.0774241 34 . 83110.025614! 0.9072914.99781 
JSEG. 1 8.40':1J-'27. 5 94! 0 . ~:J70439 ! 0.04115BO! 39.141!0.016488! 0.997691 5.26921 
!SÉRIE! - 9.581!-3 / . ~i15 1 0.'i'36254J0.037584! 54 . 138 ! 0.0138 2 31 1 . 82015! 7.1526! 

i- 59. 0 1J i ·53. ! 08J 0 .336 749 J0 .025863 i 7 7 . 157!0 . 01 0 4 7 1 I 3.52077!11 . 69071 
1 I-124.931- 79. 77 810. 0 8149310 . 0 1 J6J8 ! 250.4 7910.ü0 7 281 !36.60355142.8491 I 
l -----~ - -- -- ---~--- ---- - - l · -- - ------- -~ -- - - - ------~---- - --~----- - ----~--------~ -------J 

Em cada um dos níveis de temperatura, as medidas 
foram efetuadas após os espécimens atingirem regime 
permanente. Os aparatos foram mantidos em temperatura e 
dissipação constante por um sistema eletrônico de 
aquisição e controle de dados. Para permitir a 
verificação do estado de regime permanente , e para o 
cá l cu l o preciso das incertezas experimentais assim como 
das incertezas das perdas, foram t omadas cerca de 150 
medidas para cada temperatura. A potência dissipada f o i 
determinada através da medida da resistência elétr i ca 
de cada aquecedor e da voltagem correspondent e . A 
incerteza dos valores obtidos está a ssociada ã m~ tade 
da menor divisão da escala utilizada nos instrume ,· tos 
de medição. O procedimento adotado para a determir. tção 
destas incertezas está detalhado na Re f e rência [2]. 

~ importante notar que não foi possível coletar 
e/ou aproveitar todos os dados gerado s por uma série de 
fatores tais como: rompimento de termopares, mal 
cantata de cabos de extenção com o si s tema de aquisição 
de dados, junçÕes de termopares que se deslocaram das 
suas posiçÕes originais, etc . De :: ta f o rma as médias 
finais não foram calculadas com os dez espécimens 
testados. 

COMPARAÇÃO DOS RESULTADOS 

Através das Tabelas 1, 2, e 3, é possível observar 
o efeito, em todo o experimento, dos procedimentos de 
isolamento térmico, que diferenciam as duas séries de 
testes. Na Tabe la 1 está mostrada a redução percen tual 
das perdas térmicas particularizadas para cada uma das 
fontes que foram modificadas. As Tabelas 2 e 3 
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apresentam va l ores globais, onde se observa que, na 
~egunda série , as perdas totais sao semp-e inferiores 
as primeiras. A Figura 3 apresenta gr?ficamen te as 
incertezas experimentais (barras vertic3is . , associadas 
aos valores de resistência térmic• e~ função da 
temperatura média entre aquecedor e resfr ador, para os 
quatro casos estudados (dois tipos de inc2rtos, e duas 
séries de testes). Note- se que, pa ra a primeira série, 
as incertezas são praticamente c •.nstantes e quase não 
variam com a temp eratura . Já para a segunla série, além 
das incertezas serem sistematicam,.nte inferiores às da 
primeira série , elas variam sensivelmente com a 
temperatura, tornado-se desp r ezív eis para altas 
temperaturas. Note - s e tambén que as incertezas 
equivalentes às temperaturas mais baixas na segunda 
série, inserto móvel e fixo, não foram plotadas porque, 
como suas resistências e incertezas são bastantes 
altas, a inc lusão destes pontos tornariam o gráfico de 
difÍcil vizualização. 

Perdas Térmica s . Para o cá lculo cuidadoso das 
perdas termicas, algumas hipÓteses foram adotadas,e 
estão descritas a seguir. O cálculo das perdas at ravés 
dos termopares e fios de potência elétrica foi feito 
considerando-os aletas radiativas finitas ou infinitas 
dependendo deles atingirem ou nao a temperatura 
ambiente. Para a determinação das perdas pelos MLis, 
multiplicou-se a condutividade efetiva do MLI pela 
diferença entre as temperaturas das suas camadas 
internas e externas • O cálculo das perdas por radiação 
do aquecedor para o resfriador e ambiente foi feito 
numericamente, através de programa de diferenças 
fin itas, desenvolvido no INPE. 
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primeira série, inserto móvel, 

As Figuras 4 e 5 apresentam uma comparação e ntre a 
incerteza das medidas experimentais (barras verticais) 
e a incerteza baseada na dispersão (erro padrão) das 
resistências térmicas dentre os dez aparatos idênticos 
test a dos simultaneamente (curvas tracejadas), para a 
primeira e segunda série de testes, re s pectivamente. Na 
primeira série, as incertezas experimentais foram 
superiores ao erro padrão encontrado, mostrando que os 
dez aparatos tes tados simultaneamente não aumentaram a 
precisão dos result a dos finais. Isto não ocorre na 
Figura 5, indicando que o procedimento adotado foi 
correto, excessão feita ao dado correspondente à baixa 
temperatura. Estas curvas (Figuras 4 e 5) são muito 
semelhantes às obtidas para o i nserto fixo, que não 
serão apresentadas aqui. 
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Figura 6. Compilação de t odos os dados obtidos. 

A Figura 6 a pre senta todos os dado s obtidos, ond e 
se verifica que a re s i s tência térmica é altamente 
dependente da temperatura. A questão que surge é: 
po rque ex i s te tal dependência? Na rea lidade, à medida 
em que a t empe r a tura cai , as propried ade s térmicas dos 
materiais da s junçÕes s e modificam, provocando: queda 
da condutividade térmica e contração diferencial. A 
contração diferencial dos materiais provoca sensíve l 
alÍvio na pressão de contato entre os componente s da 
junta, diminuindo a resistência de contatos (ver 
gráficos na Re ferência [3]). A diminuição da 
condutividade térmica, assim como o aumento da 
re s istência térmica de contatos, provocam a variação da 
resistência térmica total com a temperatura. Este 
efeito justific a a variação da incerteza experimenta l 
com a temperatura , observados nas Figuras 3 e 5, da 
seguinte maneira: as trocas de calor por r ad iação , 



principal mecanismo de perda de calor, quase nao sao 
afetadas pela variação de temperat~ra. Assim, 
aumentando a resistência térmica da junçao, é de se 
esperar que mais calor flua através dos mecanismos de 
perdas, que permaneceram quase · constantes. .Como a 
grande fonte de incerteza • experimental está na 
determinação das perdas térmicas, aumentando-se sua 
proporção em relação a dissipação total, a incerteza da 
resistência térmica da junção deve aumentar. 

COMENTÁRIOS GERAIS 

Da análise dos dados obtidos, algumas observaçÕes 
interessantes podem ser feitas: 

a resistência térmica é sempre maior para 
insertos móveis, como é poss!vel observar ~as Figuras 3 
e 6. Isto se justifica pelo fato d~ que o inserto móvel 
tem componentes não r!gidos, permitindo o mov~mento 
relativo de, por exemplo, parafusos em relação aos 
painéis estruturais. Desta forma há um maior número~de 
superf!cies em contato, aumentando a resistência, 

- na Figura 6 observa-se que há uma diferença 
quase constante entre as resistências térmicas dos 
mesmos tipos de insertos da primeira e segunda séries 
de testes. Isto significa que quando as juntas foram 
montadas na primeira vez, ocorreram transformaçÕes 
plásticas nos materiais. Como na segunda montagem 
manteve-se a mesma ordem dos componentes das juntas, 
estes já estavam acomodados entre si, melhorando o seu 
contato f!sico, reduzindo a resistência térmica de 
contatos, e portanto a resistência térmica total. Desta 
forma não se recomenda a remontagem de partes 
estruturais do satélite, utilizando os mesmos 
componentes originais, 

com esta sens!vel variação da resistência 
térmica da junção com a temperatura, é poss!vel 
utilizar junçÕes aparafusadas como controle ativo de 
satélites, 

- quando 
reproduzir as 
usar arruelas 
dentro de um 
[ 1]). 

se desejar em experimentos distintos 
mesmas junçÕes, .deve-se sempre procurar 
não testadas, escolhidas aleatoriamente 

universo grande de arruelas (Referência 

foi apenas verificado, neste experimento, o 
efeito da variação da resistência térmica com a 
temperaturá. Para sua melhor compreensão serao 
necessários novos estudos experimentais concentrando as 
medidas na região do "cotovelo" observado nas Figuras 5 
e 6. 

CONCLUSÃO 

O procedimento adotado na primeira série de testes 
é inconveniente por apresentar erros de medidas 
experimentais extremamente grandes, e por conter um 
número desnecessário de aparatos iguais, aumentando o 
custo do experimento, sem aumentar a precisão dos 
resultados finais. Já o procedimento adotado na segunda 
série mostrou ser satisfatório, apresentando resultados 
com precisão adequada às necessidades de projetos 
térmicos de satélites. Desta forma, para este tipo de 
experimento, deve-se adotar as técnicas aqui descritas 
de isolamento térmico. 
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Foram testadas duas possibilidades de intensifica~~o da 
condutividade térmica da leitos granularas através de •isturas 
bidispersas homogéneas e de inserçees metálicas. As mediçe&s foram 
realizadas por um método transiente. Usou-se amostram de esferas da 
zaolita, v~dro e aço a os resultados obtidos .astram uma forte 
depandéncia da poro~idad• no valor da condutividade das misturas 
bi.adais. Os melhoras ~sultados obtidas foram através da intraduçao 
das ..Pon jas no iei to, C Dili • awnent"os entre 60 a 120~ 

INTROJ?UÇall 

A &náli.. das trocas térmicas em bombas 
da calor a mAquinas frigorificas a sorção 
sólida faz aparecer um efeito limitador ao 
d...-penho da tais sistemas& a baixa 
condutividade térmica do leito porcso do qual 
&lo foraados seus adsorbadouros. 

E• alguns estudos realizados para bomba 
da calor {1) e para um refrigerador solar <2>, 
o c.a.P. foi calculado em funçao da parametros 
caracterizando as alatas, onde ~o mostrados 
um au.anto de desempenho em funçao da 
intansificaçao das propriedades da 
tranafar*ncia térmica: nXo aDMante da 
condutividade térmica como taMbém do 
coaficienta da transferência parada/leito 
granular. 

E•t• trabalho avalia algu.as das 
possibilidad.. da aumento da condutividade 
tér.ica da leitos porosos ca. a axpari.antaçao 
da alguns ca•o•. 

A condutividade térmica do leito poroso é 
influenciada por vários paramatros <3-4> entra 
os quai• os -i• important.. do1 a 
condutividade tér.ica dos graos, a natureza do 
~· a a porosidade. A condutividade da fase 
SOlida a gasa.. aSo datar•inadas palas 
propriedades tar.o-fisicas do par utilisado 
tcarv.lo ativado-a-tanol, zaolita-.gua, sílica 
gal-~ua, ate). Diante disto, algumas das 
posaivais possibilidad.. da au .. nto da 
condutividade tér•ica do leito granular 
podar•o ocorrer através da& 

-di•inuiçao da porosidade do l .ei to 
granular, através da um condicionamento 
bi.adal 

-praenchi.anto dos espaços entra os graos 
com um p6 metálico da boa condutividade. 

-insarç~o dentro da leito granular de 
elementos condutores. tendo a forma geométrica 
de agulhas, fios, fibras, etc. 

-inserçao da esponjas metálicas dentro do 
leito granular. 

Os fenO..Oow físicos associados a assas 
possibilidades da au.anto da condutividade 
térmica ~o basica.-nta doisa 

-A diminuiçao da porosidade atrav6s de 
uaa mistura de graos tendo diferentes 
di.-ns~s, permita aumentar a condutividade 
térmica devido ao aumento da proporçXo da fase 
sOlida eaior condutora que a fase gaso~a. 

-A intraduçXo da esponjas, in-rçees 
.. tálicas, etc, visa a criar uma condutividade 
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em paralelo com o leito parosoa 
consiste em f .azer u.a distribuiçXo 
de uma maneira homogénea dentro do 
granular. 

MODELO PRED I TI VO 

o objativo 
da •aletas" 
leito fixo 

Entre os modelos desenvolvidos par~ 

predição da condutividade da leitos Qranula~•• 
monodispersos, tem-se o de M.Okasaki{~) e o 
de Bauer-Schlünder {6) que foram eKtendidos 
para os casos de leitos bidispersos. Este 
último foi escolhido para confrontaçXo com os 
resultados experimentais apresentados neste 
trabalho pela sua fleKibilidada e 
confiabilidade <4>. O modelo de 
Bauer-Sshlünder <BS> é baseado na tranferên4ia 
de calor dentro de uma célula unitária formado 
por duas part14ulas em cantata {fig.1>. Dentro 
desta célula, é assumido um fluxo da calor 
unidimensional entre as particulas que te. a 
forma geométrica deformável. Esta deformação é 
obtida supondo-se que a interface 
solida-gasosa é de revoluçXo em torno de um 
eixo paralelo au gradiente térmico {eixo dos 
z) e tem c;omo equaçXo: 

z z 

[8 - <B - 1> zl2 
= 1 

B 6 um parametro dependente 
de forma Crorm<>, do valor ~ da 
granuloaétrica e de porosidade & 
dXo para B a seguinte expressXo: 

B = Crormo. [ < 1-c> /clsO/P { 1+3{) 

{1) 

de um fator 
distribuiçllo 

do leito. BS 

{2) 

O valor de B dependa da forma geométrica 
da particula utilizada dentro da célula 
elementar <Crormo. = 1 para grãos esféricos) e 
do valor do 40eficiente de dispesão 
granulometrica ~ • 

Este modelo é apresentado para o caso de 
um leito .anodisperso em <7>. Maiores detalhes 
podam ser encontrados em <3,4,6,8,9>. 

Dentro de um leito bidisperso, a 
utilizaçao de uma mistura de particulas de 
diferentes di•ensees permite a diminuiçao da 
porosidade com um consequênte aumento dos 
pontos de cantata entre as partículas. Como a 
maior parte da transferência de calor se 
efetua na vizinhança destes pontos de cantata, 
tem-se em consequência a intensificaçXo da 
condutividade térmica do leito granular. Para 
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levar em ~onsiéer;tçllo estes efeitos, 85 
utilisam o mesmo modelo proposto para o ~aso 

.anod i sperSll maliõ c: ausando uma de'formaçllo na 
parti ~u 1 a e ler.1en ta r que represente o 1 e i to 
bidisperso. BS prop~em, para uma mistura 
biMOdal r.e p ~rticulas de me~a form~ 

gi!OtM!trica, a sl!'guinte expressll'?: 

~ = [ 
_ _!lDg + < 1 

(uD9 + <1 

DD..Jl r
2 

_ 1] 
DDgl r 

:l/Z 

(3) 

onde D~ t a proporçllo volumétrica das maiores 
p.trticulas presentes na 111istura '<Ex: DD9 = 1 
leito 'formado com 1007. das maiores particulas 
de di&metro 0 9 , DDgaO leito 'formado com as 
menores particulas de dillmetro Dp), r =Dg/Dp, 
r•laçllo entre di&metros equivalentes das 
partd. cu 1 as. 

En'fim para uma mistura bimodal, a 
distancia caracteristica D é dada por: 

D 
DDg + 
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APARELHAGEM 

1 

1 - DDg 
Op 

(4) 

As medidas foram realizadas .. um r•ator 
cilindric~ de aço inoxidável (fig. 2> tendo UM 
diametro de 250 mm e altura de 250 mm. A 
amostra granular ocupa a parte central do 
reatar e é limitada lateralmente por uma 
parede isolante de "teflon". A relaçllo entre o 
di&metro do leito granular pela sua altura é 
superior a 4 que permite uma reduçllo das 
interferências sobre o campo térmico no centro 
<10) <local de medida>, causado pelas perdas 
t•rMicas laterais. Isto também foi verificado 
através de uma análise numérica bidimensional 
do problema. 

, Quatro sondas de temperatura são 
colocadas dentro da amostra e regularmente 
espaçadas de 10 mm e estllo presas sobre dois 
fios de aço muito fino extendidos por molas. A 
pri.eira sonda é colocada junto a uma placa de 
cobre de 5 mm de espessura que constitue o 
'fundo do coletor. Uma resistência elétrica 
plana com a forma de um disco é colada sob 
esta placa de cobre para a dissipaçllo de um 
fluxo de calor uniforme. 

As sondas de temperatura sllo de platina 
de 100 O montadas pelo método de quatro fios. 
O di3metro é de 0.9 mm e comprimento 10 mm e 
apresentam precisSo absoluta de 0.3 •c. Após 
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Fig. 2 - Reatar utilizado para as mediç~es. 
<1> sondas de temperatura, <2> amostra a ser 
estudada. <3> parede do aparelho em aço 
inoxidavel. <4> disco em cobre, <5> cilindro 
de "teflon"• <6> resistência elétrica. 

a~ aferiç~es, a precisllo relativa das medidas 
dt temperatura é inferior a 0.01 •c. Un 
si ~.: tema de aquisição de dados HP 3421a 1 i gado. 
•• um micro-computador campa ti vel PC-IBM 
permitiu periodicamente à leitura e registro 
de temperaturas <intervalos de S segundos) com 
uma reprodutividade de 0.01 •c. 

~TODO DE MEDIÇÃO 

~ utilizado um m~todà transitório que 
permite mediç~es rápidas e a utilizaç~o de 
pequenas amostras de material. Neste método. a 
amost·ra ret:ebe um impulso térmico e em seguida 
~gistra-se o histó~co de temperatura, que 
permite calcular a condutividade térmica 
indiret~mente através da difusividade térmica 
obtida por identificaç~o, através da 
comparaç~o com a soluç~o de Fourrier. 

Conhecendo-se a capacidade térmica 
efetiva C. • • massa volumétrica p da amostra, 
a condutividade térmica é identificada a 
partir da soluçllo de: 

~T ~T · 
>-.t -- = p c. -- <5> 

~ Yz ~a 

A condiçllo inicial é o campo 
temperatura uniforme dentro da amostra. 

T<y,E» = n p/ e = o (6) 

de 

As condiç~es aos limites para a 
temperatura s~o do tipo "Dirichlet": 
conhecimento da temperatura em funçllo do 
tempo. S~o utilizados os termogramas obtidos 
experimentalmente com as sondas 2 e 4 que se 
encontram sobre uma mesma linha de fluxo 
<fig.2l. No caso tem-se: 

T <yz,e> f2(9) (7) 

T<y4,9l f4(9) (8) 

~ utilizado um método numérico a 
diferenças finitas para a resoluç~o do 
problema. A identificaç~o da condutividade é 
feita utilisando-se uma routina de otimizaç~o 

com um critério de erro dos minímas quadrados 
entre o termograma experimental da sonda 3 com 
os respectivos valores calculados obtidos com 
a soluç~o numérica do problema. 

Este método também permite avaliar o 
valor do coeficiente térmico de contato (hpt> 
na interface leito granular/parede. Para isto, 
utiliza-se como condiç~es aos limites os 
termogramas experimentais obtidos com as 



sondas 1 e 3: 

hpl <Tl - Tp) (9) 

f3(8) (10) 

Tp, é a temperatura extrapolada do 
gradiente térmico do leito granular até a 
interface parede/leito, calculada com a 
solu~ão numérica. A identifica~~o deste 
coeficiente ê realizada igualmenta como foi 
para a condufividade térmica, utilizando-se a 
comparação do termograma experiméntal 
fornecido pela sonda 2 com os respectivos 
valores calculados. 

Um exemplo tipico de uma experiência com 
os termogramas experimentais de cada sonda é 
mostrado na fig. 3. Para se evitar· os 
problemas ligados a dependência de grandezas 
termo-físicas com à temperatura, foram 
utilizados para as identificaç~es as 
temperaturas adquiridas durante os primeiros 
15-30 mn, tempo no qual o gradiente térmico 
entre as sondas de medida é inferior a 15 •c. 

O intervalo de tempo obtido entre duas 
experiências é da ordem de três horas, que 
corresponde ao tempo de resfriamento do 
reatar, necessário para um novo estado de 
homogeneidade de temperatura dentro da 
amostra. 

A precis~o para o valor da condutividade 
térmica calculada por este método, depende das 
incertezas do conhecimento da massa 
volumétrica e capacidade térmica da amostra e 
sobre a difusividade térmica, calculada por um 
método numérico, que é sensivel ao 
posicionamento das ·sondas. ~ estimada uma . 
precisão absoluta da ordem de 10/. sobre as 
mediç~es da condutividade térmica do leito; 
valor que foi confirmado através de ensaios de 
reprodutividade (3). 

A porosidade intergranular foi 
detet•minada dentro de uma proveta de grandes 
dimens~es utilizando-se um liquido para o 
cálculo do volume entre os grãos. Ela também 
pode ser estimada pela seguinte expressão: 

c = 1 - pllps ( 11> 

o nde pl e ps são respectivamente as massas 
.~ ;u ~~tri c ~s do leito grdnular e de um grão. 

160 ~-----------------------------------------, 
E 
~ 

140 ~ 
E 
E 

120 ~ 

20 ~ 

mn 
o o 20 40 60 !lO 100 ~20 

Fig. 3 - Exemplo tipico de uma experi6ncia: 
evoluç~o das teMperaturas das quatro sondas 
em funç~o do tempo com aqueci.ento seguido de 
resfriaMento brusco. 
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Para os leitos porosós monodispersos de 
particulas esféricas, foram medidos entra 
todos os casos estudados, uma porosidada 
compreendida entre 0.37 e 0.39. A variaç~o • 
proveniente da forma de preenchimento do laito 
granular e de erros experimentais. Para 
misturas bidispersas, as incertezas s~o da 
ordem de 10/. do valor medido. 

As misturas bimodais foram efatuadas 
diretamente dentro do reatar e para ficaram 
com uma boa homogeneidade, foram fabricadas 
atravês da colocaç~o de camadas alternadas 
sucessivas de grandes e pequenas esfe~as, ca. 
o carregamento feito sempre de uma altura da 
ordem de 3 centimetros. Após a realizaç~o de 
cada camada o leito era acomodado através de 
suaves batidas sobre a parede externa do 
reatar. 

MISTURAS BIDISPERSAS COM GRAOS DE 

MESMA NATUREZA. 

Foram utilizados amostras de esferas de 
zeolita, vidro e aço. As respectivas 
propriedades s~o dadas na tab. 1. As 
experiências foram realizadas, Misturando-se 
materiais homogêneos de diferentes di&metros e 
variando-se a cada vez a proporç~o das 
maiores partículas <DDg> em 2~7.. Para cada 
mistura feita, é medida a condutividade 
térmica na presença ' de hélio ou Argon a 
press~o atmosférica (1 bar> e a baixa pres~o 
<5 mbar>. Os resultados obtidos s~o •estrados 
nas 'figuras 4-6. 

Em todos estes casos, s~o observado• 
aumentos entre 25 e 100/. da condutividade 
té~mica do leito granular bidisperwo .. 
relaç~o ao monodisperso, e ~o 

~istematicamente associados a menor porosidade 
do laito granular, que corresponde a uma 
proporç~o compreendida entre 70 e 80~ das 
maiores particulas presentes na mistura. Esta 
intensificaç~o da condutividade térmica • 
atribuída ao aumento do número de pontos de 
cantata entre as partículas e p•la 
substituiç~o parcial de u~ fase fluida pouco 
condutora por outra sólida de boa 
condutividade. 

Os resultados obtidos com o gás a u•a 
press~o de 5 mbar sofreram interferência do 
régime de Knudsen na condutividade da fase 
gasosa; no caso as dist3hcias intergranulares 
são da mesm~ ardem de grandeza que o livre 
percurso mt? -J LO lds moleculas de gâs e 
consequentem;:~oJte _.. .condu' t ,•idade do gâs 
depende fortemente da pressi J. \/erificou-se um 
exagerado aumento da 'condutividade térmica eM 
leitos monodispersas de gr~os de 10 ._ e• 
relaç~o_ a leitos idênticos de MeSMa natur•za, 
formado com gr~os de menor~ dimen~es. M*s.o 
levando-se em consideraç~o a radiaç•o t•r•ica 
<proporcional as dimen~es dos gr~os) e 

passiveis interferências devido 
Knudsen, * prov~vel que a orig•m 
aumento seja proveniente de 
experimental sisteMático ligado 

ao regi- de 
d-te grande 
um probl-•
ao valor da 

Tabela 1. Propriedades fisicas doS 
materiais utilizados (3> <17>. 

Esferas Aço Vidro Zeolita 

Dg<mm> 10.2 10 4 

Dp<mm> 2 1. 5 o.~ 

C<J/kg K> 386 750 800 

p <kg/m ) 4850 1530 620 

Às <Wim K> 20 0.9 0.19 
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FiQ.4- Condutividade térmica e porosidade 
<figura inferia~ ) de leitos granulares 
formados de mis;turas; de esferas de vidro, e 
funçXo da fraçXo volumétrica <DDgl ocupada 
pelas maiores particulas. Dg=lO mm e 
Op=1.5 11111' . • 
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Fig.5- Condutividade térmica e porosidade 
(figura inferior) de leitos granulares 
formados de •isturas de esferas de aço, em 
funç~o da fraç~o volumétrica <DDgl ocupada 
pelas maiores particulas. Dg=10.2 mm e 
Op=1.05 mm. 

porosidade local (8) que pode ter se agravado 
com o leito formado pelas esferas de 10 mm de 
di&metro, interferindo assim no valor da 
porosidade da regi~o da sonda 2 (fig. 2l, 
localizarla a apenas 10 mm da parede do reatar. 

No caso dos leitos formados com gr~os de 
menores dimens~es ou de misturas com presença 
de pequenas particulas, este problema é 

24 

0,12 0,40 Argon 

~ [I;] • 
j r 
- 0,10 I 0,35 

~ • I c 

0,08 0,30 

0,08 0,25 

opg 
0,20 j 0,04 1 

0 , 0 0 . 2 o . • 0 , 6 0,8 1 .o 0 , 0 0 , 2 

Fig.6- Condutividade térmica 
(figura inferior) de leitos 
formados de misturas de esferas 
em funç~o da fraç~o volumétric~ 
pelas maiores particulas. 
Dp=0.5mm • 
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Fig. 7 - Coeficiente de Tranferência térmica 
a (W/m2 K>, na interface leito/parede, em 
funç~o do diametro dos gr~os. 

minimizado pois a porosidade assume um valor 
mais homogéneo logo nas primeiras camadas 
subsequentes a parede do reatar. S~o mostrados 
na fig.7 a variaç~o do coeficiente de 
transferência térmica na interface 
parede/leito em funç~o das dimens~es dos 
gr~os. 

Observa-se á press~o atmosférica, que 
este coeficiente aumenta com a diminuiç~o das 
dimens~es dos gr~os, consequente do aumento do 
número de pontos em contato com a parede. A 
baixa press~o (5mbarl, este coeficiente sofre 
a confrontaç~o do número de pontos de contato 
com a parede, que depende das dimens~es das 
particulas, com o efeito de Knudsen 
que limita a condutividade térmi c a da fase 
gasosa. Observa-se uma max i mizaç~o deste 
coeficiente, situada para gr~os tendo dimens~o 
da ordem de 4 mm de di~metro. Este ponto é de 
grande importancia para as aplicaç~es 
tecnológicas. 

Os resultados e xperimentais da 
condutividade térmica das misturas bidispersas 
s~o confrontados com respectivos valores 
calculados com o modelo de Bauer-Schlünder, 
com uma modificaç~o proposta por Tsotsas 
<considerar o par3metro de distribuiç~o 

granulométrica, ~ = · o>, como para o caso 
monodisperso (13> <3>. 

Para estes cálculos, s~o necessários o 
conhecimento de par3metros termo-fisicos do 
leito granular. Foram utilisados 0.9 e 0. 3 6 
como valores <B> para o coefic i ente de 
acomodaç~o para os gases utilizados: Argon e 
hélio. A temperatura média para todos os casos 



Tabela 2 Pat'llmett'OS 
cálculo da condutividade 

utilizados 
térmica de 

granula r es usando o modelo 

para o 
leitos 

de 
Bauer-Schlünder. 

Material D~ Dp DDg 
E Às p2 

(mm) (mrn) (mm ) 

Zeolita 4 0 .5 0 .7 0 .22 0 .22 0 .0015 

Vidro 10 1.5 0 .25 0 .32 0 .9 0 .0017 
0 .50 0 .2 ~ 

0 .75 0 .21 

10 .2 2 0 .25 0 .3 Z 20 0 .00035 
Aço 0 .50 0 .31 

0 .75 0 .26 

•• ·"·" . lar-1-.. --------------------~~ :$• 

-r. 
IS 

Fig. 8 Comparaç~o entre os resultados 
experimentais obtidos e os respectivos 
calculados com o modelo de ··Bauer-Schlünder. 

o : Le·itos monodispersados, c ""'0.38 
(aço, vidro e zeolita> ., zeol i ta, Dg/Dp = 4/0.5, DDg = 75% 

a : Vidro, Dg/Op 10/1.5, DDg 
b.. Vidro, Dg/Dp 10/1.5, DDg 
<> : Vidro, Dg/Dp 10/1.5, DDg 
+· Aço, Dg/Dp 10.2/2, DDg 
x: Aço, Dg/Dp 10.2/2, DDg 
*= Aço, Dg/Dp 10.2/2, DDg 

estudados foi de 308 K. Os outros 
utilizados est~o na tabela 2. Os 
são mostrados, na fig. 8. 

25% 
50'Y. 
75% 
25% 
507. 
7:5% 

par:lmetros 
resultados 

Nesta figura a ordenada de cada ponto 
corresponde ao valor experimental e a abscissa 
ao respectivo valor calculado. A diagonal 
<traço continuo) corresponde aos valores 
coincidentes entre a experi~ncia e modelo 
preditivo <erro zero). 

Entre todos os resultados medidos da 

condutividade térmica obtidos sobre leitos 
monodispersos, pode-se observar um bom acordo 
entre os valores medidos e calculados, com 9ó'Y. 
das mediç~es apresentando erro inferior a 
307. <linhas pontilhadas> 

Para as misturas, a confrontaç~o entre as 
mediç~es e os resultados calculados com o 
modelo apresenta 86'Y. das mediç~es efetuadas 
com erro inferior a 307. e todos os 
resultados com desvios i nferiores a 50%. 
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Uma análise estatistica mais 
significativa necessitaria de um maior nú.eros 
de experiências. 

INSERÇÃO DE ESPONJAS METÁLICAS DENTRO 

DO LEITO GRANULAR. 

A inserç~o de fibras, fios, etc, dentro 
do leito granular com o objetivo de 
intensificar de sua condutividade térmica, já 
foi estudado por M. Barki (14) e 6. Antonini 
(15>, que detectaram aumentos relativos da 
condut.ividade da ordem de 20 a 40'X.. 

A realizaç~o dessas misturas 6 muito 
delicada devido as dificuldades práticas de 
orientar estas particulas na direç~o do fluxo 
térmico para que possam contribuir de uma 
forma eficaz na transferência de calor dentro 
do leito granular • 

Afim de eliminar estes incovenientes de 
ordem prática, foram utilizadas esponjas 
·metálicas <Cobre e Niquei> de baixa densidade 
volumetrica < 100 kg/m8 > permitindo ·a 
introduç~o de gr~os tendo di:lmetro de 0.:5 m. 
com grande facilidade. 

O leito foi ent~o formado através de 
algumas cama~as de esponja (cada camada 
tinha 5 mm d~ espessura> sobrepostas quando 
finalmente os gr~os eram derramados de u.a 
altura de cerca de 3 centímetros sobre elas. 
Para permitir um melhor preenchimento dos 
espaços vazios dentro das esponjas, 
foiprovocado um pouco de vibraç~o no reatar, 
através de batidas na parede exterior. Foram 
obtidos com este procedimento, valores de 
densidade em relaç~o a um leito monodisperso, 
de 0.9 com a introduç~o de esferas de 0.5 mm 
de vidro e de 0.8 com partículas de zeolita de 
o.smm. 

Os resultados experimentais obtidos da 
condutividade térmica em leitos granulares 
monodispersos e em leitos misturados com as 
espajas ~o mostrados na tabela 3. 

Tabela 3. - Condutivi'Hade térmica Àt(W/m K> 
de lei tos gt'anulares <monodispersados e 
misturados com esponjas) 

Gás 
Argon Hélio 

Pressão 1bar 5 mb 1bar 5 mb 

Esferas de Vidro <EV) 0.12 0.06 0.41 0.12 
EV + Esponja Niquei 0.20 0.1 3 0.57 0.21 
EV + Esponja Cobre 0.23 0.12 0.72 0.25 
Esferas de Zeolite<EZ> 0.09 0.05 - -
EZ + Esponja Niquei 0.16 0.12 - -
EZ + Esponja Cobre o. 17 0.14 - -

Estes resultados mostram uma 
intensificaç~o média da condutividade t•rmica 
da ordem de óO a 120'X., em relaç2o ao leito 
monodisperso, conseguida com a introduçZo das 
esponjas metálicas (ló>. As esponjas 
contribuem para a condutividade efetiva 
equivalente do leitogranular per•itindo 
adicionar uma condutividade térmica e• 
paralelo. As medidas realizadas coM ArQon, a 
contribuiç~o das esponjas é da ordem de 0.07 a 
0.11 W/mK junto ao leito. Com o Hélio • 
constatado nas medidas realizadas com o leito 
de esferas de vidro, uma contribuiç2o da ordem 
de 0.1 a 0.3 W/mK. O fato de que a 
condutividade equivalente das esponjas 
dependem da natureza do' gás, é consequência da 



resistência térmica de contato entre as 
diversas camadas. 

Estes resultados são animadores e poderão 
ser melhoradosdesde que estas esponjas possam 
ser fornecidas em blocos de grande espessura. 

t preciso ser prudente para o caso de 
utilização destas misturas a baixas pressões 
devido a forçosa utilização de pequenas 
particulas dentr·o das esponjas. Apesar do 
aumento global da condutividade devido as 
esponjas as pequenas dimensões dos grãos 
penalisam o valor da condutividade térmica do 
leito granular em consequência da presença dos 
efeitos de Knuden. 

CONCLUSÃO 

Os resultados experimentais obtidos com 
os leitos formados de mistur·as bidispersas 
homogêneas, apr·esentaram aumento da 
condutividade tér·mica em r·elação aos 
respectivos leitos monodispersos, da ordem de 
40 a 100%. Esta intensificação esteve 
sistematicamente associada a menor porosidade 
do lei to lpropot•ção da ordem de 75% das 
maiores particulasl. 

a 
foi 

O modelo de Bauer-Schlünder para 
predição da condutividade térmica, 
utilizado com uma modificação proposta por 
Tsotsas e mostrou-se coerente com os 
r·esul tados obtidos com lei tos bidispersos. 

As inser·çBes de esponjas metálicas dentro 
do leito granular permitiu a obtenção dos 
melhores resultados da intensificação da 
condutividade térmica com aumentos entr·e 60 e 
120%. 

Para as aplicações tecnológicas (máquinas 
frigorificas a adsorção sOlidai, as misturas 
homogêneas bidisper--sas apresentam gr·andes 
dificuldades de ordem prática para a 
elaborp.ção de uma mistura homogênea. Por outr·o 
lado, a utilização de esponjas, permitem uma 
fácil fabricação das misturas com um leito 
granular e mostraram aumentos da condutividade 
mesmo a baixas pressões. 
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SUNHARY 

This work shows two r=s~L':niL!.ces 

intensi.fi.cat ion o_f heat transfer tn peL Let 
beds: bi.nary mi.xt-ures of different stze 
peL Lets and mi.xt-ure of peL Lets wi th metaL L i c 
foam. The meas-urements of the thermaL 
cond-uctiui.ty and the waLL/bed resistance are 
conducted usi.n~ a transi.ent method. 
Heas-urements were made in zeoLite, ~Lass and 
ateeL beads. Experiments show a stron~ 

dependence on the porostty for the 
cond-uctiuity of a bidispersed bed. The 
increase in conductance for a two sizes 
mixt-ures Lies between a factor of t.2 and 2. 
The -use of metaLLic foam in the bed increases 
the cond-uctiuity by a factor between t.6 and 
2.2. The experimentaL res-uLts for 
binary-mixt-ures, show a eood a~reement with 
the Ba-uer-SchLunder modeL predictions. 

l 
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RESUMO 

Uma solução numérica baseada no método de diferenças finitas com formulação de 
volumes de controle é desenvolvida com o objetivo de simular a distribuição transien
te de temperatura, como uma função do tempo e da posição, durante um processo de sol
dagem automático em placas. A variação da condutividade térmica do metal com a tempe
ratura é considerada e uma avaliação mais rigorosa do coeficiente de convecção é fei
ta. Os resultados numéricos são comparados com a solução analítica do problema e uma 
boa concordância é observada. 

INTROOUÇAO 

O estudo de transferência de calor em processos 
de soldagem vem ganhando nos últimos anos grande inte
resse por parte dos pesquisadores I 1,2,31. Fatores que 
eram considerados secundários ou n~o eram conhecidos, 
tornaram-se cada vez mais importantes. Entre esses fa
tores, a distribuição de temperatura durante a solda
gem é particularmente importante em vista das mudanças 
estruturais e tensóes termomecânicas que elas originam 
e que estão inteiramente ligadas às características fi 
sico-químicas e mecânicas dos materiais a serem unidos. 

A soldagem por fusão implica no calor propaga~ 

do-se pela peça e dissipando-se para o meio ambiente. 
A variação de temperatura desta propagação afeta a fu
são e a solidificação de metais puros ou "ligados". A 
taxa de crescimento da fase sólida é controlada por in 
termédio da velocidade com o qual o calor latente é li 
bera do e pode se r conduz ido par a a v i z i n h a n ç a . A taxa de 
crescimento do volume de liquido é controlada pelo fl~ 

xo de calor fornecido ao sistema pelo eletrodo (efeito 
Joule). Como uma primeira aproximação, conhecimentos 
sobre o campo de temperatura na estrutura da peça a 
ser soldada é de muita utilidade 
nar de curvas de resfriamento e 
térmicas resultantes. 

na avaliaç~o prelimi
na análise de tensôes 

Dentro desta perspectiva é desenvolvido um proc~ 

dimento numérico para simulação do transiente 
em placas delgadas sujeitos a um processo de 

térmico 
soldagem 

automático. Na elaboração do programa utiliza-se o mé
todo de diferenças finitas com formulaç~o de volume de 
controle, desenvolvido por Patankar 141. A variaç~o da 
condutividade térmica do material da placa com a temp~ 

ratura e uma avaliação mais rigorosa do coeficiente 
global de transferência por convecção é considerada 
conforme 131. O precente trabalho determina também, a 
distribuiçao de temperatura analiticamente com base 
nos estudos de transferência de calor com fonte móvel 
disponíveis em lsl . 

Comparações dos resultados analíticos e numéri
cos são feitas mostrando uma boa concordância. Assim, 
com o programa numérico dispõe-se de LJma ferramenta 
concreta para simulação de diversas situações relacio
nadas aos principais parâmetros de soldagem. 

FORMULAÇAO FIS!CA E MATEMATICA 

Considere uma placa plana de largura ''2a'', com
primento ''b'' e espessura 8 onde é depositado material 
fundente ao longo do eixo de simetria através de um 
processo de soldagem como mostrado na figura 1. O domí 

• Membro da ABCM 
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nio solução considerando a simetria do problema é: 
Ü ( X~ b 

a 

Figura - Problema analisado. 

O problema aqui analisado é do tipo condução de 
calor. Desta maneira, o comportamento térmico durante o 
processo de soldagem é governado pela equação da ener
gia escrita;como, 

p ~o -div(-kgradT) + S 
d t 

( 1) 

onde p , k são respectivamente a· densidade e condutivi
dade térmica do material da placa, E a energia interna 
específica, T a distribuiçao de temperatura, S o termo 
de geração de energia por unidade de volume e t o tempo. 

Hipóteses Simplificativas. Para simplificações no 
presente modelo, as seguintes hipóteses s~o conside-
radas: 

a) O problema é considerado quasi-bidimensional; 
b) A fonte de calor é considerada pontual no domi 

nio de solução; 
c) As placas são rígidas, homogêneas e isotrópl_ 

cas; 
d) A velocidade de deslocamento do eletrodo é as-

sumida constante durante todo o processo de 
soldagem; 

e) A variação da condutividade térmica é atribuí
da apenas à variação do campo de temperatura 
nas placas; 

f) Despreza-se os efeitos de transferência de ca
lor por radiação para o ambiente e os efeitos 
de mudança de fase; 

g) Os efeitos de transferência de calor por con
vecçao serão considerados no termo de fonte,S, 
da equação de energia (1). 



Portanto, para conduçêo de calor quasi-bidimensl 
anal transientt, incluindo os efeitos de perdas de ca
lor por convecçêo no termo de fonte, pode-se reescre
ver a equação {1) como: 

d 
d X 

( k -ª-.I_)+ - 3-(k jl_T_- _2ii_(T-T )=pc--ª-2_( 2 ) 
dx dy ()y) 0 a élt 

onde ~ é o coeficiente global de convecç§o, r
8 

a temp! 

ratura ambiente e c o calor específico do material da 
placa. 

Condiçôes de Contorno. Para cor1diçôes de contor
no do problema utiliza-se condições adiabáticas e de 
simetria, exceto para o ponto onde localiza-se o ele
trodo. Neste ponto, pode-se especificar a temperatura 
ou o fluxo de calor por unidade de comprimento "q " . 

o 
Deta maneira, as condições de contorno do problema s~o 

expressas matematicamer1te por, 

v é 

_l_l_ 
d X 

o em x:::O para o~ y~ a 

(l T 
Tx- O em X=b para O< y~ a 

Q_r 
d y 

= O em y=O para x ~ vt 

-K 3T 
~ y 

q
0

12 em y=O para x= vt 

a velocidade do eletrodo. 

Como condição inicial: 

f(x,y,O)= Ta (constante) 

(3) 

(ll) 

( 5) 

( 6) 

(7) 

O valor do flLJXO de calor, q 0 , é obtido expe1·1 
mentalmente conhecendo-se a tensêo (V) e a corrente de 
soldagem (I). Deve-se considerar um rendimento de sol
dagem ''rl'' relacionado com as perd~s de calor para r1 

meio ambiente j2j. Quar1do utiliza-se a condição de co~ 
to1·no de temperatura especificada, Tf, esta deve ser 
considerada como sendo igual a temperatura de fusêo do 

material 161. 

SOI_U~L1TICA 

O problema apresentado pode ser comparado ao ~liQ 

blema de deslocamento de uma fonte de calor, movendo
-se a urna velocidade constante em uma placa infinita . 
Neste problema, é identificado o qut se chama regime 
quasi-estacionério. Neste caso, um observador que Sl' 
d~sloca junto ~ fonte de calor notaró ~ue J config~ 

raç~o de isotermas n~o se modifica com o temrJo. Por
tanto, voltando-se ao tamanho da placa finita, dese
ja-se saber quando o regime est~cionério ocorr~, l~ 

vando-se em conta as bordas finitas da rlacA. O pr o
blema em regime transiente pode ser transformado para 
regime permanente, atrav0s de uma simples mudança de 
referencial, tendo em vista que a Fonte móvel deslo
ca-se com velocidade constante. 

A soluç~o analitica da equaçSo (2) despreza as 
variações de condutividade térmica com a temperatura 
e considera um valor do coeficiente de convecç§o cons 
tante. 

Da equação (2), fazendo-seDo T-Ta obtém-se, 

..cL_(J + .a.'.Q - _I,Q 1_ _ilCL (H) 

:lx' ily' ko J. d t 

onde a é a difusidade térmica do material. 

Definindo x, y como as coordenadas de um siste
ma absoluto e ~, y como coordenadas do sistema móvel, 
onde se consegue o regime quasi-estacionério, pode-se 
verificar facilmente a seguinte relaç~o de coordena -
das, 

ro x-vt e t=t' ( 9 ) 
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No sistema de coordenadas absoluto o campo de 
temperatura deve satisfazer a equaçêo (8). Deve-se ob
ter entêo, a equaçêo diferencial no sistema de coorde
nadas móveis. Das equações (Q9) verifica-se que: 

30 
Jx 

ou ainda, 

ao 
3~ 

() ' o = _Q__'_Q_ 
"x' a~' 

ao 
d t 

-V ac:J ao 
-~+~-

()( 3 t , 

e -ªº-=-v _QQ_, já que --ª-º----=0 
a t ar; a t · 

no sistema de coordenadas móveis. 

( 1 O) 

Assim, a equação diferencial que rege o proble
ITra no sistema de coordenadas móveis é dada por, 

Q_'_Q__ + _;l_'_Q_ - --"11_ = _1_ v .JlQ__ 

ar' 3y' k,\ a at, 

A solução de (li) {, da forma, 

O([,y) = exp(-v[l2a) f , y) 

logo de (11) e (12) obtém-se, 

+ ;L,i_ _ [h I k ó + ( v I 2 r1) ' J 
él y' 

(i 1) 

(I 2) 

D ( 1 3) 

Fazendo uma transform~çêo do sistema de coordena 
das mÓveis ((,y) para um sist~ma dE~ COOrdenadaS Cilf~ 
dricas n1óveis (r,~), ondP: 

r] -= ' y' e rllc arctg(y/r.) 

obtf!m-se uma nLlva t'qtJação em '' f'' dada por, 

undc, 

J ' f 
j~ 

n h 

k;' 

( 11 r) 

+ ( _Y._ 

2n 

, ( 1 Ir') _ n f c o 

Frllrvt<'lllto desdt· que o islf:'llld é sim(·trico 

respt~it.n a 0" pod1:'-Se dSsumir CJlH~ ~ CJ, logo 

(15) tem-se, J(~ 2 

r 2 d 1 f + _ 1 _ __s!i__ - n r f D 
dr 2 r cJ r 

A solução de (IR) da forma, 

r(r) "C1lo(r) + C2K (r) 

( 141 

( 1 ) ) 

( 1 6) 

c um 

Lje 

( 1 7) 

( 18) 

or1de r
1 

e c
2 

s~u constantes e f
0

, Kn s~o respectivame~ 

te as funçôes df• Ressel de primeira e segunda espécie 
modificadas de ordem 11 0". As funções 1

0 
e K

0 
f?ram a

proximadas por ajustes polir1omiais cor1forme 171. 
Utilizando as cor1dições de cor1torno do problema: 

em r-:. co Cl -o e -0 

ern rcll, - 2 11 rk __il_Q_ c q 
a r o 

( 19) 

( 2 O) 

determina-se C c2 dadas pur, 

que, 

c [J 
1 

1 

c 2 c q o 12~: k ( 21 ) 

Portanto a S(JlLJç5o analítica do problema requer 

1 ( x , y , t ) = T + __2_o. { e X p ~-V ( X- V t ) I 2CJ.] K 0 
a 2~~ k L { ~ ~(-:-~~-~ :-~-:r· } } ( 2 2 ) 



?OLUÇ AO NUMER I CA 

O prob l e ma é res o l vido numericame n te at r avés da 
di sc reti z açlo da equaçlo ( 2) , utilizando d i ferenças 
ce ntradas , com fo rm ulaçlo implícita para o t em po . A 
e quaçlo (2) d i sc reti z a da é obtida a partir do método 
varioc i ona l ''frac o '', c uj a função p8so é co nsiderada a 
unidade 141. I nt egrando a equaçlo gove rnante no volum e 
de con trole f inito mo s tr ado na figura (2) , tem-se: 

~ ' /':/. e n 

ffj a 
--( k 

()x 
t w s 

-ª-2_) 
ílx 

dxd ydt 

t • ilt e n 

ff~ _él_(k 
3y 

__()__!__) 
(ly 

dxdydt 

t + ".t e n 

f f f~\1~i l-To)<lx dyrl l 
t w s l 

t .,\ t e n 

o Jjjrc_Q___r__ 
t w s a t dxdydt ( 23) 

w E 

L 
Fig ura 2 - Discr eti zação por vol ume de co ntro l e 

Assumi ndo um perfi l l i nen r de t e mp e rat ura e nt r e 
os ponto s nodais , a pó s de senvolvi me n t os algébricos em 
(23), ob tém-se a e quação final de discretização d o pr2 
blema dada po r: 

a T o a T + "E T + aN T + as T ( 211 ) p p w w E N s 

onde : a = kefl Y ; a o ~ aN = 
kn!l x ; 

E c a x, 
w 

Ó X) (Oy ) n e w 

a = ~ b = Se"\ x!l y . a o To 
s p p 

(/) y) s 

a = a w + aE+aN+a 5 + a~ - S/' x6 y ( 2 5) p 

ao= pc6 x6 y; 
se"' 2h T s = - ( 2 h (':c 

p a p l\ t ó \~~ L t 

O s i s te ma de eq uações algébricas, obtido após o 
p rocesso de d is cretização d o domínio so lu ç l o, é resol 
vida através do método TOMA l in ha - à -linha desc r it o em 
141, com o seg u i nte cr i té r i o de convergênc ia : 

li k k + 111 < 
Ti,j -\,j .-

max 
0,5°[ ( 26) 

O inter valo de tem po utilizado é ta l que o e le
trodo coi nci dia com um pon to nodal para c a d a temp o a 
na li s ad o . Fo i ut il i z ada uma malha unifor me de 22 x 22 
pontos nodais , igua l me nt e espaçados, para um domíni o 
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de a= 0,06 m e b = O, 1m. 
Uma ava li açlo ma is apurada do coef i c i en t e d e 

t ransferênc i a de calor por co nvecção, h, é co nsi derada. 
O cá l culo de h é obtido da equaç~o: 

( 27) 

onde Crf é o número de Grashof, Pr f é o número de 

Prandtl, ka r é a condutividade térm i ca d o ar e c• , m 
são obtidos de ls l. 

v , 
r 

b+a 
- 2 - ( 28) 

( 29) 

As co nd ições de película de ar p róxima a placa , 
tai s co mo s,, vf' Pa r e cpar s~o avali adas atr a vés de 

a proximações po li nomiai s e m fu nção da te mp e rat ura 
filme definida por: 

r = Ta+Tp 
f 

2 

de 

(30) 

A temperat u r a média da p l aca, T , é sem p r e avali 
p 

ada durante as evol uç ões de t em pe ra t u r a nos tempos com 
pu t acionais . 

RESULTADOS 

O es tudo foi desenvolvido co m a finalid ade de 
obte nç~o da d i stri bu içlo tran s i e nte de t empera t u ra e m 
uma placa de aç o carbono de 5mm de espess ura , 100mm de 
compr ime nt o e 60mm d e largura. As pr o priedades term ofi 
sicas do aço foram le va das em consideração . Enquanto 
na so l ução a na l ít i ca a condutividade térmi c a é consid~ 
r ada consta nte, os result a dos numéri c os conside r am a 
va r iação des t a p r oprie dade co m a temperatu r a. O coefi 
ciente de t ra nsferênci a de ca l o r po r c o nve cção f oi co~ 

s id e r ado c om o sendo de 1 0 W'~'"c (va lor constante) pa r a 
solu çã o anal í tica e avalied ~ de uma f o rma mais ri go ro 
sa , através da equ ação (27), quand o utili za da a simul~ 

ção numérica . A t empera tura ambiente Ta f o i de 25° c .O s 
resultados foram obt i do s para velocida des do eletrod o 
de 2, 4 e Smm/s. 

As fig uras 3, 4 e 5 representa m a c onf i gur ação de 
i so term as na p la ca obtida s com veloc idades d o el e t rodo 
de 2 , 4 e 8mm/s, para a s duas solu~ões . Observa - s e que 
pa ra velocid ades de ava nç o ma io r es tem-se um gra d ie n te 
té r mico maior à fr ente do ele tr odo e tam bém uma defor 
ma ção das iso t e rm as em relação ao eixo x , i mp l i ca ndo 
num a d im i nu i ç ã o da exte ns ~o da zona term i camente afe 
tada. Est e f a t o d i minui a p rob abi lid ade de apa r ec i me n
to de tr i nc as na j unt a solda d a . O comportame n t o q ua li 
tativo levantado foi verifi cado em ambas as sol uções . 

Observa - se uma de fazagem dos resu l tados ob t id os 
nas soluç ôes numér icas e analíti cas em torn o de 15% . 
I s to deco rre da formu laçã o analitica, po is exi ste um a 
s ingularid ade no po nt o onde e nco ntra-se o e le t rodo 
(T-><x> ) infl ue nciand o as temperaturas dos pont os vi z i 
nhos a estes . Além d isso , as hip ó teses simplificat i va s 
ut il iza das para solução analítica não são totalme nte 
c ompat í ve i s com as c onsi der adas na si mulaç ã o r1 um érica . 
A for mulação numé r ic a está mais pr óxi ma ao fe nômen o r ~ 

al . 
Na f ig ura 6 slo mostrado s o s cic l os t é rm icos re 

lativos as veloc i da de s de 2,4 e Omm/s para as d uas an á 
l i s~s dese nvo l vidas. No t a - se uma boa conc or dân c i a en
tr ~ as duas anál i ses, tanto no aquecimento c om o rlo re s 
friamento de um ponto da placa. As d i sc r e p§ncias apre
se nt adas est ao re lacionado s co m o c itado ante r iorment e . 
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Figura 3 - Configuração de lsotermas para V=2mm/s, 
t= 30s. 
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Figura 4- Configuração de isotermas para v=4mm/s, 
t= 15s. 
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Figu ra 5- Configuração de isotermas para v=8mm/s, 
t= 7,5s. 
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Figura 6- Ciclos térmicos de um ponto da cha
pa para três velocidades do e l etro
do . Ponto: •= 42,5mm e Y= 4,5mm. 

CONCLUSAO 
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1) A simulação numérica desenvolvida é capaz de 
determinar a temperatura como uma função do tempo para 
qua lq uer localização de um pon to da placa durante um 
processo de solda gem automática . Este modelo também p~ 

deria ser aplicado para qualquer outro metal onde suas 
propriedades físicas sejam conhecidas e incluída s no 
model o . As hipóteses simp lificativas utilizadas no mo
delo numérico o aproximam mais do processo real que o 
modelo analítico. Cabe observar, que dependendo do ma
terial do metal as dis crepânc ias entre os resultados 
analíticos e numéricos podem aumentar. Isto porqu e na 
s imulação numérica considera-se a variação das propri~ 
dades do mesmo com a temperatura. 

2) Os resultados mostram que existe uma veloc id~ 

de ótima de sol dagem que proporciona um a peq ue na zona 
termicamente afetada n um tempo suficiente para que o
corra a fusão do metal de base. Assim, pode-se pensar 
em otimizar um proce sso de so ldagem através do contro
le da velocidade do eletrodo, minimizando os efeitos 
de tensões térmicas que ocasiona m defeitos no 
de solda. 

cor dão 

3) O pr ese nte trabalho tem uma aplicação impo! 
tante na avaliação preliminar da zona termicamente af~ 
tada, tendo em vista que uma montagem experimental se
ria inv iá vel para fornecer um campo de temperatura sa 
tisfatório. Através dos ciclos térmicos obtidos no atu 
al estud o , pode-se prever a taxa de resfri am ent o e a
quecimento do metal de base, que conjuntamente com en
sa ios micrográficos determina-se a qualidade da junta 
soldada do ponto de vista mecânico. 
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ABSTRACT 

During the automatic welding 
te~perature distribution in the metal 
positi on to position and l oca l ly wi th 

process the 
varies from 
tim e. To simulate 

thi s pro c ess a Flnite dlffer a nce met hod - Contro l 
Volume Simul atio n - is used in thi s work . lhe va riatio n 
of the me ta l thermal conductivity with te~perature was 
taken int o account in the s imul atio n . A good 
agr ee ment is observed between th o numerical result and 
the analitical solution in this heat tra nsfer problem. 
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RESUMO 

Este trabalho apresenta uma simulaç~o numérica para determinaç~o da distribuiç~o 

tra11Siente de temperatura em placas durante o processo de soldagem por resistência elé
trica por pontos. Utilizando o programa com condições de soldagem reais pré-estabeleci
d~s é possível simular ciclos térmicos dos pontos de solda, mantendo as temperaturas m~ 
ximas constantes e iguais à do primeiro ponto. Este controle das temperaturas dos pon
tos é passivei a partir da reduç~o do tempo de soldagem, visível nos resultados, que na 
prática implica em economia de energia elétrica. 

O estudo de transferência de calor na soldagem 
por resistência por ponto lem sido abordado tanto a ní
vel teórico quanto a nível experimental nos Gltimos a
nos[1-3]. 

A soldagem por resistência elétrica por pontos é 
um processo versátil e tem-se apresentado com um exce
lente poter1cial produtivo, principalmente para solda
gens de placas em juntas sohrepostas [ 4-/ J . 

Na soldagem por pontos sucessivr1s, quando a dis
tância entre os pontos de soldagem é tal que o tempo de 
passagem de um ponto para outro (Tempo de pausa) ~ me
nor que o tempo de difusêo de calor gerado em um ponto 
até a regiêo seguinte, os pontos ser~o realizados todos 
à mesma temperatura. Neste caso, desconsider·andn os prQ 
Dlemas inerentes do processo, os pontos ser~o iguais OLJ 

ter~o as mesmas características microestruturais. 
Entretanto, quando um ponto pré-aquece o seguin

te, mantidos os parâmetros de soldagem constantes, seg~ 

ramente suas características serªo diferentes. Desta 
forma, surgem duas possibilidades a fim de otimizar o 
processo de soldagem por pontos. 

A primeira é, mantidos os par@metros de soldagem 
constantes, diminuir a distância cntr~ pontos ou au~en 

tar o tempo de pausa, d~ntrG de certos limites. Assim, 
consegue-se que a difus~o de calor pelas placas promov~ 
o pré-aquecimento dos pontos de solda subsequent~s. l,nJ 

outro lado, esta medida aumentaria o consumo de ene! ia 
e/ou o tempo de soldagem total o que acarretaria L1ma ~1 

minuição da produtividade. 
A segunda é avaliar a influência do pré-aquecire~ 

to nas características dos pontos e controlar os par . ~~ 

tros de soldagem (corrente, tempo e pressão), princi,Jal 
mente o tempo de soldagem a fim de nt1ter pontos com as 
mesmas propriedades. 

Um modelo computacional foi desenvolvido em [ 1 j 
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para simular o transiente térrnico em placas delgadas s~ 

jeitas ao processo de soldagem por po"tos. Na elabora
ção do programa utilizou-se o método lJe diferenças fini 
tas com formulação de volume de controle, conforme lsJ ~ 
Comparações dos resultados experimentais e numéricos, 
obtidos em [ l J , apresentaram uma boa concordância con
forme pode ser visto na figura 1. Cabe ressaltar que o 
efeito da fonte externa de calor, responsável pela taxa 
de energia que produz a solda, foi modelado sob a forma 
de uma temperatura pré-escrita e como uma condição de 
contorno que especifica esta taxa de energia no ponto 
durante o tempo de soldagem. 

Figura 1 - Ciclos térmicos para três pontos à 10mm do 
ponto de solda . a) Fluxo de calor especifi 
c ado e b) Temperatura especificada [ 1 J-:-

* Membro da ABCM/ABS 
** ~embro da ABS/AWS 
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Utilizando nas investigações experimentais um sis 
tema composto de: (1) Máquina de soldagem por pontos; 



(2) Amplificador de sinal de termopar; (3) Registrador 
potenciométrico; (4) Fon t e de corrente e tensão calibr~ 
da; (5) Voltímetro digital e (6) Termopares tipo K (CrQ 
mel-alumel) devid amente ca librados, conforme mostrado 
na figura 2, foi validado o programa. 

Figura 2 - Mont ag em Experimental [ 1 J . 

Dentr o de ste contexto, avalia-se neste trabalho a 
influência do tempo dE sol dagem na temperatura de pré-~ 
queciment o dos pontos. Busca-se assim a obtenção de uma 
c urva base aproximadame nt e con s tante, descrita pelo s Pl 
cos de temperat u ra dos c ic l os térmico s, a fim de que os 
pontos tenham as mesma s ca ract erí sti cas e somado a is
to, ten ha-se economia de energia. 

Com objet ivo de visua l ização do pré-aqueciment o 
dos pontos durante a soldagem, mostra-se tam bém a confi 
guração de isotermas na placa, tanto para um tempo de 
so ldagem co nstante quant o para um temp o de so l dagem va 
ríável durante o processo. 

FORMULAÇAO MATEMATICA 

Sejam duas placas delgadas sobrepostas no domínio 
O-"x4L e 0-<y<il/2 e espessura "o", sujeitas a um 
processo de so l dage m por ponto s ao l on go do eixo de s i
metria l ongitudinal (x), tal co mo está esq uematizado na 
figura 3. 

-

Figura 3 - Problema anali sado 

O problema aqui analisado é do tipo condução de 
calor. De s ta maneira, o comportamento térmico durante o 
processo de soldagem é gover nado pela seg uinte equação 

a a T 
-(k-) a x a x 

_a_ ( k -ª-I.) 
élY aY 

2h(T-Ta) 
o pc 

dT 
(lt 

( 1) 

Onde T é a distribuição de tem perat ura, h é o co~ 
fi ci ente de tran sfe rên cia de calo r por convecção, Ta é 
a temperatura ambiente, t é o te mpo e k, p e c são res 
pectivamente a condutividade térmica, densidade e oca 
lor específico do material da s placa s avaliados co mo 
função da temperatura através de ajustes polinomiais. 

Uma avaliação mai s rigoro sa de h foi co ns iderada, 
conforme pode se~ visto em [1 J. Deste modo considerou 
-s e um valor de h mais real, pois av alia -se o mesmo du-
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rante as evoluções do campo de temperatura com o tem po, 
ob tida s no próprio programa com put acio nal . 

Hipóte ses Simplificativas.A formulação do prob lem a 
baseia-se na s seguintes hip ó teses: 
1. O pro blema é considerado quasi-bidimensional; 
2. A fonte de calor ext erna é considerada uma f onte pon

tual no domínio de so lu çã o ; 
3. As p lacas são rí gidas, homogêneas e i sotrópicas. Nã o 

introduz-s e não - linea rid ade no comp ort ame nto do mate
rial devido a ir regu larid ades nas placa s ; 

4. A veloc idade de de sl ocam e nto do e letrod o ou placa d u
ra n te o tempo de pausa é assu mid a constante; 

5 . De spre za- se os efeitos de transferência de calor por 
ra d iação e os efe i tos de mudança de fa se loca l izada; 

6 . Os efeit os de t ra ns ferên c ia de calor por c onvecção se 
rã o con sider a dos como termo de fonte na equação 1. 

Co ndiç ões I niciais e de Contorno. A c on di ção inicl 
al do problema varia a cada ponto de solda que é reali z ~ 

do. No inicio, antes da oc orrê nci a do prim e iro ponto, a 
dist r i buiç Ro de tem pe ratura é considerada ig ual à ambie~ 

te. Nos instantes pos ter ior es, imediatamente antes da r~ 

al izaç Ro de novos ponto s de s olda, co nsidera-s e s empre 
um nov o problema com condiçRo ini cial ig ual ao campo de 
tempera t ura obti do no tempo a nte rior a real i zaç ão dos 
pontos. I sto pode ser expre sso mat e maticamente como : 

i) Cond içR o inicial antes do primei ro ponto de so lda. 

T(x , y,O) = Ta ( 2) 

ii) Condição in ici al antes da realizaçRo dos po n tos se 
guin te s. 

T(x,y,t o) T•( x,y ) 

Como con d ições de contorno do problema tem- se : 
i) Durante o te mp o de so ldag em 

em x::::cO , 
a r a. ~ o 

em x:::L , .-ª....:!. 
dX 

o 

em Y=D, para fluxo de ca l or especificado 

{ 

O par a ponto s que nRo sã o de solda 

2 -~A pa ra pon tos de so ld a 

--º2__ 
a Y -

ond e A área do volume de co ntr o le 

para temperatura e specif i cada 

() T 
:ry~ O para ponto s q ue não são de so lda 

= T f para po ntos de solda 

o valor da taxa de transferência de calor
1 

q, 
ob tid o através de: 

q = n VI 

( 3) 

( 4 ) 

( 5) 

( 6) 

(7) 

( 8) 

( 9) 

é 

( 1 o) 

ond e n é a efici ênc ia de sold ag em estimada, v a tensR o 
e I é a c orre n te de soldagem ava li ados exper imen ta l men -
te. 

A temperatura especificada, Tf, é t o mada c omo 
gual ou maior a te mpera t ura de fu são do material (9] 

ii) Dura nte o tempo de pau sa 

e m X::: O, ~ = o 
dX 

em x::::c L, ____<l_!_ ~ o 
()x 

i -

(1 1 ) 

( 12) 



oem y = O, a T ----ay o ( 13) 

em y: 1/2 -ª._I__ o , a Y - ( 14) 

Com a especif icação das condições de contorno, fl 
ca claro que a simulação é dividida e m duas situaçoes: 
A primeira onde tem-se a presença de uma fonte de calor 
(Tempo de soldagem) e a segunda descreve um problema on 
de não há presença da fonte de calor (tempo de pausa). 

METOOO NUMERICO 

O problema é resol vi do numericamente através da 
discretização da equação 1, utiliza ndo o método dos re
síduos ponderados, cuja função peso é considerada a uni 
dade, com formulação implícita no tempo [s) . o sistem~ 
de equações algébricas obtido após o processo de discre 
tização do domínio solução foi resolvido através do mé
todo TOMA linha a linha conforme [s ] . O crité rio de 
convergência utilizado foi: 

ll <,i T~: dl ~ 0,5°C 
Max 

( 15) 

O tempo computacional para evolução do campo de 
temperatura é obtido conhecendo-se o tempo de soldagem 
e o tempo de pausa do processo . Foi utilizada uma ma
lha de 70x14 pontos nodais . 

A equação final de discretização do problema é do 
tipo: 

( 16) 

onde os parâmetros definido s são os coefici entes de dis 
cretização da equação governante e são descritos em 
[ 1 J . 

RESULT ADOS E OISCUSSAO 

A tabela 1 apresenta alguns parâmetros experime~ 

tais e numéricos utilizados na si mu l ação. 

Tabela 1 - Parâmetros experimentais e numér ic os 

Mat er ial das Placas: Aço 1020 
Temperatura Especificada (Tf): 2800°c 
Largura das Placas (1): 4,0x10 - 2m 
Comprimento das Placas (L): 1 ,Ox1o-1m 
Espessura das Placas (o): 2,6x10-3m 
Distância entre Pontos de Solda (0): 1x10-2m 
Tempo de So ldage m (ts): 2,0 seg 
Tempo de Pa usa ( tp): 3, O seg 
Temperatura Ambiente (Ta): 24° c 
Cor rente de Soldagem (!): 18700 Amperes 
Ten são de Soldagem (V): 0,8 a 1,0 Volts 

A figura 4 apresenta a co nfigur ação de ciclos té~ 
mi cos, a partir da simulação numérica, de 04 (quatr o) 
pontos na placa, equidistantes entre si e à 3,57mm dos 
respectivos pontos de solda . Estes resultados for'm 
obtidos considerando o tempo de solnagem de 2,0 seg e 
tempo de pausa de 3,0 seg, consta n tes durante a evolu
ção do p r oblema. 

Conforme pode-se observar ocorre um pré-aquecime~ 
to entre os pontos refletido pela curva base formada p~ 

los pico s do s ciclos térmico s . Este Resultado confirma 
que, devido ao pré-aquecimento, os pontos estão alcan
çando temperaturas diferentes, o que não garante a ho
mogenidade de suas características metalúrgicas . Além 
disto, excessivos gradientes de temperatura podem resul 
tar em expu lsão de materi al, cavitação e ruptura, redu
zindo as proprieda des mecânica s do material . 
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Figura 4 - Configuração de ciclos térmicos simulad os 
para 04 (quatro) ponto s de sold a com tempo 
de soldagem CONSTANTE de 2,0 segundos. 

A figura 5 mostra os ciclos térmicos nos mesmos 
pontos analisados na figura 4. Esta no va configuração 
foi obtida com tempo de so ldagem variáve l e apresenta 
uma cur va base aproximadamente co ns tante para os picos 
do s ciclos térmicos. 

Pode-se observar que os pontos alcançam a mesma 
temperatura máxima, o que na prática, deve garantir 
homogenidade das características metalúrgicas e mecâni 
cas dos pontos de solda. Vale ressaltar que a diminui
ção do tempo de solda gem implica em economia de ener-
gia. 
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Figura 5 -

CURVA BASE 

e 8 10 12 14 

Configuração de ciclos térmicos 
para 04 (quatro) ~an t as de solda 
de soldagem VARI \VEL. 

UI 18 

simulados 
com tempo 

A título de visualiz ação da difusão de calo r pela 
c hapa, responsável pelo pré-aquecimento, apresenta-s e 
na figura 6 a configuração de isoternas para as duas sl 
tuações discutidas anteriormente. 

Através das configurações, observa-se o pré - aque-
cime nto de um ponto sobre o outro pela distorção das 
isotermas nos fins dos tempo s de pausa . 

Com relação a comparação da s i sote rmas para as du 
as sit uaçõe s, no ta-se que para um tempo de soldagem va 
riável a difusão de calor na p!aca é mais lenta que pa
ra um tempo de soldagem constante. Observa-se também 
maiores gradientes de temperatura, nas vizinhanças de 
pontos de solda, em configurações de tempo de soldagem 
constante . 
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F i gu r a 6 - Config u raçã o de I sot er mas (Temp o de 
pa usa co ns tante - 3 seg) . 

CONCLUSOES 

Co nsi dera ndo os re su ltados obtido s co m a simula 
ção numé rica pod e - se conc l uir Q'J 2 : 

1 . Tem - se ago r a um a ferramenta muito fo rt e para a aut~ 
mação do p rocesso de so l dagem por resistên cia e lé 
trica po r pontos; 

2 . Fic a possí ve l co ntr o l ar a reg u lagem da máqu i na de 
s oldagem es t i mando o temp o d e so ld agem pa ra se t er _ 
p ré - a qu ec i mento e ntr e os po n tos mante nd o a s tem pe r~ 

t u ras mã~ i mas dos p icos c ons tante s e i g uai s à do 
primeir o po nt o ; 

3. Com as t e mperaturas de pré - aquec i men to contro ladas 
oco rre dimi nu i ção do t e mpo de sol dagem o que l e va a 
econo mia de en ergia elétrica . No c aso do p rocedime~ 

to de s oldagem ap r esentado nas figuras 4 e 5 esta 
econom i a foi e m média de 16%. 
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AB~..!_!l~ 

l n t hi s wo rk a nume r ical so l ut ion i s carried ou t 
f o r the trans i e n t te mpe rat ur e fie l d ln spot we l d ing , 
proce ss of flat plats . Makin g u s e of a p ro gr a m wi t h 
rea l we l d in g pre def in ed con ditio ns it is poss ibl e to 
simulate termi c c i c i PS o f t he max i mus temper ature a nd 
equal to t he first spot . Thi s contro l of s po t 
te mpe r a tu res is poss ibl e from the r e du c ti on of th e 
weldin g time, s hown o n the resu lt s , wich i n practice 
imp lie s in el ectri c er1ergy econo my . 
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SUMARI O 

Dn .:tlgmJ.s tJpos t1e reatores catalitJcos, s.1o encontr.:u1os centros Clltali
tJ cos sobre a superfi ci e (10 material suporte, t1ev1tlo a LIJJJ processo de 
1JJJpregna·,-L1o. Nes te tra..7xll1Jo, procw-ou-.se e.stJmar o .~wnento t1e temperat.u
ra nas v1z1I11Jança.s t1e um centro Cdtalít.1co, qudJ1(1o L1d ocorr~'JJCi.~ de rea
çM•s exotf'rm1 cds . o pro.blema foJ re.solv1(1o oJec11dnte d soluçao da equ.'lçao 
geral {!e coJ1(1Ll~'<-~O {!e calor. Da anlllJse t1os t1at1os, cont~lLJJ-se que o 
aumento <1e temper.'lt.tu-a o.bt .lt1o n."'o prejudica d at.Jv1t1at1e ao cata1Jsat1or . 

TNTHOT>UÇÃO 

Os reatures cataliticos de leito fixo 
s a o os t ipo::; mais com1.:ms de reatores quiml
c o .~' • 1.11. 1 i 1 zaa.o.s principalmente para reaçoes 
.tl. t ;,mente exot.er-mtca[;. o ~;uporte a.o catal1sa
•1c>r e ger-almente tuna sUbstancia porosa, a.e 
gr-anae ar-ea .superfic:lal, c: on>o J,.> or ~"Xemplo, um 
material c erd.mtco . o nso a.e nm ·''llJ,.>or·te ,1_;, 
melnor conüqtiv1ürt"l• · 1ernnca . c omu •:un .t-'.:' 
met.:.11c o, 1J• u1.t· cnntr- í :t>Ui l · PL•r·::t um re .<, 'fJ · iam•:n
t .o ma i s ef..,l l vc> ao reat.or·. No.s p r·(, ces .sos •'te 
ltnp,-· ,.gn C~ çóo, .~ [;ll)>.';t . ;utr~ia < :a t -:~ 1 it i Cct t-nc vn
tJ a - s e lil s persa sol~e o m~L rr · 1~1 poro~o (su
por te), forma na.o c ooJc entr~çnes ae mater ial 
• .. :.'11. ct1it.lG O ( C: enrr r.•.•; (: Ut. it li t lr:(l .'; ) Oe ÜiffiPnE:O>~.'' 

u1 i cr· o.:; c (>P 1 ca.s. A nnH •1<:·1. erm 1 nurld temperat.ura, 
esses centros tornam -se Htlvos e r eFtgem com o 
gas. proa.uzlndo o elemr:-nr o f1n ct l a .~ r·eac;"lu. 
Desvl os üessa t.eluper ·.':lt.ura a.e L. r-al>i11tlO pnü<>m 
c:Yteg<sr a a.esat 1 v.:,r- o c:a ta lt .';~:~ tl l) f' '''l f.~vcwecer

o sur-gimentO rle r"lellltc-nt (>.'; inlit:·-~;(•j.H10S. 0 
OJ)jetivc• a.est.e t.ra't>allw I'; a. et. ..,J ·>ntn.'!.r· tr':'lll'lG<:1 -
ment e o perfil ne temp~r ~:~ ~ nr · ct em regim"' 
trans l t C>r ·lo, jw1t.o a 1un ··ent.r- •.> cd~ctll1.i c •_r 

a t i v o , quctr>t1<• •1a •• c r,r-r-~uç i . J a e r- e<:t<.'(>es 
ex o t.i·r ml cu~'. 

ABORDAGEM DO PROBLEMA 

Gra o_ do Le1to Cat a 1itt r: o . Neste tra:t,a
lho , 0.!ld l . J ·.:::0 1. l - ~e Wll 'Jf" Z"IU rJ. , , n ~ .:.t t(•r ial por-O.C:..fl, 
c om um c ~~l11r· o c~4talitlco S <J l'lf"e ~~nu snpt-r·fi
Gl e. Fara reaçC>es exoterml Gi:IS, '-' r: ent.r·(l cata -
1 i t . 1 c: o a tua '-'"mo fonte a. e calor · como a.'; 
lilmen~'C> e.~' aa snper·ficle •1 ,-, c:ent r n catalitlc:o 
sao mul tu nwrwre~; que -~ -'' •11mensl'>es "lc1 
s uJ,.>er f i · -~ i e a. o sr·.:to a_,_, uM t. er·L~ 1 ~;up ort 1" , o 
pr oJ) lenta p(ldé ~; ~r r·e E; nml,,,.. :"t an5.ltse dft 
tr ·.:.n .<;-t erA)'I(' l.'l (lfc (~f.t]CJf· <1e llmfl f C•rtll" f'(lflt.Uctl , 
l o•_,.tll z a•l a ua super-f ie l~;: •le um C(•r-r•o s~;:ml 

lnf i n lt u f l l . A Flg.(1) mos t ra o mod.elo 
pr- o.spc~ .~!. t o . 

~~·'H• ~:'o'_.m<>:-i__•l!]____::llnn_s 'f~r· enc 1 a de c a 1 or. 
Do.'' nt•_·r_~.J ni.<;HIU-'> ,,_,.. n ·an.'>f .. r~: rt .-~ 1.'1 a ... calor 
cnv r>lv1l1 •-'S, '-~··n:;ir:ler·•,u-t.;e a p en a{; .,.t c:or.ll1uçao 
;tt c :'t v t- ::.; •.1o \3J·I'to. nn coru1.J ._·üe.,; nor-mais a.e fur!
,_~ il>n -~ment.u, .-, t.•"lllPel· ,-ttur· ~:~ no centro c:atali
I. J<:r ,, :r'e u1 '··'"mo n<J ·''l.ld vi.<.ll'll'1an<.'a , e maior que 
.'1 t ~;·mpeJ ·.'1 t . w--.1 "" 111e1 o. Nest.e caso, a convec
<.'ctn c ont.r 1:t1Ul par·,:. a retirada de calor da 
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ATAÜTICO 

GRÃO DO 
MATERIAL 
SUPORTE 

Fig . 1 : Repr-esentaçao ao modelo ut.111zado. 

superf i c 1 e a. o grao. Troe: as r-aa.i ati v as entre 
super·f i c 1 es t.am:t,em c:ontr-l:tmem par· a a r-e ti raa.a 
a.e calor a.o grao, uma vez que gr-<tos adjacen
tes. ' dest.l tu i a. os a. e centros c a tal i t 1 c: os, en
contr·am - se a uma tem:[:•eratur·a mais balxa. com 
a exclusao no pr-o:t>lema desses a.o1s mecanismos 
a e transfer-~nc 1 a a e calor-. procur·ou-se gar-an
tir a situaçiío mais aesfavoravel, sob o ponto 
a.e vlsta a.a elevaçao a.e temper-atur-a no gr-ao. 
o c:a .so mals a.esfavor-avel a r-etiraa.a a.e calor· 
a.o c: entro at.t vo ocor-re quarll1o na o 1"1A troca a e 
cal or atr-aves a.a superfic:le a.o c:or-po csuper
ficie isolad.a) . 

Liberaçao do Calor Pr·ovindo da ce1u1a 
catalítica. Sabe-se que a attvlaade ao cata 
lisador poa.e ser· lnfluenclaa.a, dentre outros, 
pela temper-atura. Nas condlçC•es normais a.e 
funcionamento ao reator-, par-a reaçoes exoter
mlcas. e llberaa.a uma a.etermlnaa.a quanttaaa.e 
a.e calor, com a oc:orren c: la da reaçao. caso a 
tempf'r-a t Jlf'ft J'lét reg 1 Ftn ol'll11" est.~ loGa J 1 zaao o 
cat.allsaa.or excr:-da um a.eterminaao valor-. esse 
poa.e ter .~;ua at1v1a.aa.e suspensa. oc:or-r·ena.o 
r esfriamento, o centro catalitlco poa.e ter 
re cuperaa.a a s ua atlvlaade . Desta manelra sa.o 
ç~,ra cterlzaa.os pulsos que a.eflnem os perioaos 
de at.1v111aa.e e !natividade do catalisador· . 
Para s 1 mp 11 f 1 caça o ao problema, fol t.omaa.o um 
valor meai o par·a tais pulsos, adml tlndo-se 
assim que a llberaçao a.e c:alor· seja continua. 
Na rea11aaa.e, tuna llber-aça.o continua a.e calor 
requerer-ta tun nivel ae refrigeraçao que 
vtesse a impedir a elevaça.o a.a temperatura 
acima da temperatur-a 11m i te para ocorrencia 
a.a rea<.'ilo. Para a.et.ermlnar·-se um valor para a 
tnt~nf:1 n.~nP n ~ fonte ae rato ''c '', tomou-se 
como base a quantldaae de calor liberada por 



reaçao, a area aa superficie ao material 
suporte e aaaos ae reatores tipicos C2J. 

Equaçoes ao Moaelo. com base no moaelo 
apresentaao na Flg. (lJ e nas simpllficaçoes 
jâ aescritas, o problema aa aeterminaçao ao 
perfil ae temperatura resume-se a soluc;ao aa 
equaçao ae conauçao ae calor 

1 aa q 
(1) íJ 2 e ~ 

a at K 

sUjeita a conalçúes ae contorno especificas e 
a uma conaiçío Inicial. 

A prtrueira conatçao ae contorno repre
senta a liberaçao ae calor no centro atlvo: 

a a 
-k [--] 

.3z z= ~ o 
= q o s r s c. (2) 

A s~gun.aa conaiçao ae contorno aiz res
peito ao Isolam ento aa superficie: 

a a 
-k [--] 

az z=~o 

o r > c. 

A conaiçao tnicial e aaaa por: 

e0 = o t o 

para toaos os pontos cr ~o, z ~O). 

c 3) 

c 4) 

A soluçao aa Eq.(1J, sujeita as conal
çoes ae contorno representaaas pelas Eqs. (2) 
e (3). e sujeita a conaic;ao inicial Eq. ("1). 
encontraaa por carslaw e Jaeger C3l, tem a 
seguinte forma: 

CD 

cq 

I J (Xr)J (XC) '" 
o 1 

9(r, z. t) 

21< 
o 

z 
(e-XZerfc [ - x(at)V2J -

2(at)V2 

z dx 
eXZerfc [ ~ x(at)1/2JJ - ( 5) 

2(at)l/2 X 

senao "e" a temper-ar,ura c oc), "c" o raio aa 
fonte ae calor ~m), "<1" a aenslaúae ae fluxo 
ae calor (W/m ), "k" o coeficiente ae 
conautivlaaae ter-mica CW/mK). "r" e "Z" 
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coor·•1enaaa.c; ( m), "a" c• coef 1 c 1 ente •1e 
(i i fn.';\J•lllllctCI(' telllll Cét (m2 /E.:), "t" O 

t.et•JI-'••(s), " .r0 " r- " . .1 1 " hmc;Oes •1e Bessel ae 
ordem zero e ae primeira ordem, 
respectivamente, "er-fc" a funqao (•r-r-o 
complementar e "X" a var-1ave1 de 1nte9rac;ao. 

Esta equaçao fol r-esolviaa numericamen
te, utlllzanao -se a stü:.rotlna DCADRE (lnte 
grac;ao pelo metoao ae Romber-gJ aa JMSL 
Lll)rary (VAXJ, tomanao-se os limites aa 
lnt~'<gral como senao oo- 9, lo·-7). 

o pr-ograma ae computador que calcul ~t c• 
~ ; <:·rf, l •1-:- temp<:"r,'ttl_u·a J) l•11m•~n.'; ton.'tl em r·e91mr:· 
tr·an.sltC•rlo 9 (r· , z, t) apr-esenta como var1Etvc·1s 
ae entr-aaa a intenstaaae dc't fonte " O " (W) e o 
.seu r-ai o "c" (m). 

o per·f i 1 a e t . em:~-•f:r-.'{ttu·,, ern r·pgJ !TI~" p e ,-· 
·111anente fol o't•tl•1o tom.'tnCl.o - ~:e t ~ co nct 
Eq. (5). A solu.,-5o •1a eqnaq.;o ~-e.':nlt.~nt<.:, cutn•• 
wna ftu-Jqao ae .c;f.r- 1 es l"•lPerl•r•ll c,_t.s f' fur•Ç()f'.~; 

gama, pua e ser- ençontr-.'t•Vt em wa tsol• c 'I J . 

f ES1..!1IADO§_ 'E CONCLUSOE§ 

For ·am r·t:ctllz<tt:l~:~ .s slllmJ<tçC•ef; para d•_tl.·; 
t 1 pot.: 1'1 e m.'t te r· i -'1 \ -'' ut 1 11 :.::ario:': como supc•r·t,., 
•1e r:ont1nltvít1a<1~'.'" t"r-miC<1.'' •Ji.3tlnt.ttt.: (.~:upor-te 

lllPt.ctllcr.: R : 17 W/mK e SUf-•or·tp c er -.:llnJc (.: 
k= o, 81WtmK) e par·a 1'1ll.:tD r-1'-ar.;líeE: ··xotfl"llll cas 
(.';intt:.':~> a.a .;mC•nla e (:(lml•lJ.<;t&o on wt.>tano). o.~. 

r-~snlta.c1.rJ..:~ encl,ntr · ~1. ll) - :~e r·(·pr-t-'sr-:-nta,los em gr·b --
·f i c.-.. ,, a'.! r lf)(• 1 r.g c e ) ",,r -~' u.'; 1 og (t ) :t-'·:tr ,, 
vbr-1c,.~.:. p(,nt.c:.'s ao ~ --c~r-po .r;f'mj -- lnflnilr,, 
F\g.':. (C'-·1). 

:to·• 

. .. 
~ .. 
~10-1 

~ ,_. . ., 
::', 
c . 
~1o-r 1 1 1 x 1 u r r 1 1 r r 1 1 r r 1 r 1 
-~ 10,... tn-rtn-ttn · tU'I·•tthltn-ltn-nnt tnt tDI tDI tn• tDt tnt u'lt tn• 

c 

Fig. 2: rerfll •1e tem:peratur·a em regllnt-
t.ransit.C•rio, par-a um cor-pr:o sem1 lnfll"!lt •:• 
(111<.::"1 ,~ 1J ,-:,,, h J 7 W/rnt:) , QeV1•1o .Ct pr-t-s(·nc;.:t dt-
1 .UI1<~ funtt' t l;_'· C:,'t lor- DUI-•er·flClúl (q ~ ~· 1 0 W/m2, 
c _ l, nxu-,- 6 m). Reac,<ao: sintese •1a am(•rlia. 

~to·• 

~ . 
o. 

!to~ . ., 
::', 
~ 

11-t!!t-e ••t.k Z•r 
tt-e-e hn, z., 
.,..._.J•t . S1 Z•Jr 

l•h 

~to-r \n .. 1 \o~r~n .. ~ta-•\n .... \n-t\n-1\n-t~nt 1tnt \nJ 1
tna ~n• ~n•'•n• '.,.,'.,.I 

o 

F19. r·n fl .l .:te U·mp•·r:>tur-.:, em r·euime tr-<tn 
,.; t (•r J '-'· r•:.r a I..UlJ C•:.r po -'-'t'llll 1 nf l!H to ( c•:r·él 
m1 c·,-,, t-: O, f.d W/mK ). üt'Yldo .:t f're:; (·n<~' ~1. de 
r1n1.) .f(,nt ~· ae calor :_~uper Jlclal (q ~ ~-·1(1 W/ m?. 

t ,C'.·--1 '-' 6 mJ Rt- ;;,lt,;Z:tt): :.::.J nte :.:__~t: d ct a ml•n l .1 . 



Flg. '1: Pt·rflJ •.1., tempera't.ur·.~ em regl me tran
.~;1 tr•r-io. lJ.OtJ·.~ lllll c•n-·po seml-lnflnlt.o (met5.li
cr,, J.: : 1? W/rnK1. ''ev id•-• a pr·esença ae cuna 
toJHe •1e l•·:•loJ· .·.,u~·t-rfl•;J;,J. C'!= l, 3x1o' 6 Wtm2, 
c: o. 5xlo-6 m). Reaçao: combustao do metano. 

Os r· e~;ultados mals slgnlflcatlvos a.as 
slmula<;·C•es em r·eglme permanente. podem ser 
t'll f.-O rltJ · CL:.l r) :..: 1 i,.:l .~~- Fl ,~l .:=.~. ( ~, ':' (, ·) . 
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~ 10 ... 
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2 .... . 
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~t o-r o.t .to-• 
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Distância da Fonte ( lll) 
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Ftg ~. : t.1ev .. ,.:;.;,, •1t· t el\lper·.:.n .. u-·a em r e~!lme 
~~er · mttlJtnt(.· p.c~.J·ct 11Jil curpo seml-lnflnlto 
C•n•.:r . .:.11 .-:c•. "'· :: 17 WtmKl, aevlüo a presença •1e 
tun._, f, ·,nt•· dt:' •>th'r .-;ui:.•er·flcial (q : 510 Wtm2, 
c 1,0x1o - ~ m) . Reaçao : sintese aa amOnla. 

~ Z=O.h 
~ 

,._..,. _,. l=c 

6--+-~ Z•tOc 
u o. 0 1 o "'· 
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o o.t o-• ~~~--~o :I~Q~ .• --~o-. ~~.~,o~-~.--~o~. ,~ .• ~o~-•.-~o~.~.~.,~o-~•---L_, 
Distância da r·oute (m ) 

!"1 9. 6: Perfil de temperat..ur·a em regune per ·-
manente p.:n··a t1l11 corpo 8enll -· lnf1n1to (metall 
c c .. l·: 17 W!mJ<) , •1evl•1o b presenç;:. <1f: mna 
J éHH t d •: l:;_!lc•f ·-;uper f l <: \.:1 l ( '-l. : 1, JX1 O"'• W 1m2 
c O, C", :..:J O 6 rn) Rt_' ,:t\'.'\11: i'(J J'Il 1 J11 .'" ~1 .-lu c1(J mt=-t.~nr1 
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como poae ~;er vlsto atraves aas Flgs . 
c 2) e c 3), pnr· apref;ent.ar uma c:on.aut l vtaade 
t .eJ ·m!c<t nvll.s elev-'1<1.'1, n m<'! ter lal metal!co 
apre.sen1~:~ l.un;; temi-·,r·.:itJ:rr·a men(•r nas prox1-
1Tl i ll <1d e.<; •.1 '-' cf 1 n l<t c:at ;~ 1 i t . 1 c a, quana o compara
O<t r:om o mat•·,-·111.1 ceram1 c o. 

Observa-se a!na.<t que. para reações a.e 
sintese a.a amcm1a, a elevaçao ae t.emperat.ura 
ol)t!aa fol ae cer·c:a ae o. lxlo- 5K, para 
.~uporte .<; meti1 1 í c o.<;, e o. 3x1 o-'1 K para suportes 
c:eram 1 c os. Para as reaçoes <1e combustao a. o 
mt':t.tmo. t.r-•c~.J)all1uu - ~;e cüm nma mn1 or concentra
qao a.a fonte (q:l, '3xlo•6 w;m2, c:=O. 5x1o'6nl), 
o que l evou a wn ~nuni'-ntr_, ae temperat.lll'd lle 
ate o .oo1 K. 

Da anal!se aos a.aa.os ol)t!a.os nas 
slmulaçoes (F!gs.(2-6)), poae-se concluir que 
a at.!v!a.aae ao cat.allsaaor não sera afetaaa 
pelo aumento de t.emperatur·a proauz1a.o no 
centro at1 vo, par· a as auas reaçoes 
c:on.s!aeraaas. r:ste fato sugere que nao r:. 
JUSt1f1cãvel que se promova a troca ae um 
mat.er 1 a 1 c:er5.m 1 c o, <1e 11a 1 xa conaut 1 v 1a.aa.e, 
por· tun mater·1a1 met .~J1c:o. ae melrwr 
C•.<ndutivi<laae, como tent.atl va ae lntenslflcar 
: . r ,:.1 i r - .;.~1 it o t· Cctl or :to l t 1 to (1u r·ea.t.ur-. 
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ABSTRACT 

rn some types of flxea. bea. catalytlcal 
re<tctors . th, bed c~n bc lm~eynatca wlth 
r: ;~ t . ;, J yt 1 c a llY nct i v r:: !;ttl)staw.:e.<;. I n tl11 s 
~ ~._:,.~~f~ , ulil~~ -- oscopl c ftl ctmuttrlts uf catalyt.lc 
m.:.rer· tal (cat<:11Yt.lc cent.ers) can be f ouna. on 
IY<é -'" ·o- · f~;~c:f' uf trF:' .suppnrl:. grctlns. There !S 
an opt!mal temperature for every reactlon. 
Dev!atlons from thls wor·k!ng temperat.ur-e can 
d.:.ma.ge the cata.lytlc material or generate 
una.esn·aJ)le proauc:ts. To lnvestlgate the 
temper·ature lnc:rease nebr·J)y a c_:.:ttalytlc 
active ccnt. er. one nas unalyzea rne effects 
pr·oduced on a graln of the bea due to a 
c:a.ta.lytlc c:enter· on 1ts .~w-· fac:e . Tl'1e prol,lem 
na s :t<cen soJ.ve•1 J)y mea.ns of t:t1e wt·ll J.:nown 
f or-nmlat lorJ fo1 · c:on•.'luct.lon l'Jeat. transfer ln a 
::;emí - infirutt· mNI!um (th~' suppor-r) sUl,Ject.ea 
tu a tw<•l .' .: <.ll-'1'1 '/ •1 \~,trlJ:.uted. over a small 
r:Jr ·c:oJlaJ .:.r-,.,:. ( <:-:ttalytlc n:,nter). on lts 
f." u··fd ce . ::::i mul.'ttlons nave l •een Cdl'Tle'-l uu1 . 
wl t.!1 data from two exotlJcr· ml c: r e ,~ct.ions 

c .:tmmonl a synthes 1 ::; , nJetlv.:tnc c:oml)US t 1 011) .:.nn 
"t.WO tYlJéS uf ~UJ! · C~r._ ·.-..· .: :' !.~-~: . :))C:~. :Il]lC). An 

<~ lJL>lYSls of tne a.:tta. 1na1catea tna.t the 
ln.n ·ease on graln temperature was too small 
t<> rerlnc:e t11c ct<_:tivlty of tt1e cata lyzer. 
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NATURAL COOLING USING GEOMETRICAL SHADING 

* * * * V. CUOMO , G.V. FRACASTORO , H. MACCHIATO , E. NINO , V. TRAMUTOLI 
*rstituto di Física dell'Università della Basilicata 

Via Nazario Sauro, 85 - 85100 Potenza - Italy 
**oipartimento di Scienze Fisiche dell'Università di Napoli 

Piazzale Tecchio, 80100 Napoli - Italy 

Infrared re-radiation appears as a promising method to realize natural cooling of 
surfaces facing the sky. During the day, however, there is a need to prevent 
solar radiation to reach the roo[ plate. This can be accomplished using 
geometrical shading. This paper presents a theoretical study ot a geometrical 
shading technique consisting in a rank of parallel vertical fins placed ove r a 
flat horizontal roo[. Results show that noticeable amounts ot thermal power (up 
to 10 - 15 Wjm >) can be emitted trom a roof even with strong insolation, when 
this technique is adopted. 

INTRODUCTION 

As an alternativa to the use of selectiva 
surfaces (see Bartoli et al . ) natural cooling may 
be realized preventing the effect of solar 
radiation by means of geometrical shading 
techniques. This paper presente an analysis of 
these methods, coupled to a selectiva treatment of 
the shading device. On the opposite, the roof 
surface will be considered a grey surface with 
high absorptivity (a= 0.98). 

The most common geometrical technique 
consiste in installing a rank of parallel fins on 
the top of the roof. As a first approach, the 
effect of parallel, vertical fins 
horizontal roof has been studied. 

It should be noticed that 
interposed between the roof plate and 

on a flat, 

any device 
the sky will 

also reduce the amount of infrared radiation 
emitted by the roof towards the sky. Moreover, any 
device, heated by solar radiation, will reach a 
temperature somewhat higher than ambient 
temperature, thus contr ibuting with an infrared 
radiation flux to heat the roof plate. 

A qualitativa analysis of the optical 
characteristics of the fin surfaces shows that, in 
principie, they should be as "blac'k" as possible 
on the sun facing side, in arder to absorb all the 
incoming solar radiation, eventually dissipated by 
natural or forced convection to the air. 
Therefore, their shortwave emissivity should be as 
high as possible. On the other hand, in arder to 
reduce the infrared exchanges between the fins and 
the roof plate, longwave emissivity should be as 
low as possible. 

The influence of height and distance between 
fins will be investigated: it has been shown that 
the performance of this device is only influenced 
by the ratio between height and distance . The 
effect of the length of the fins, due to eide 
effects, will also be analysed. 

Further developments o f this study will be 
in the direction of adopting tilted fins, which 
may probably lead to higher emitted powers, 
because they allow to increase the shape factor 
between roof plate and the sky, while still 
preventing direct solar radiation to reach the 
roof. 

TEMPERATURE DISTRIBUTION IN THE~_§ 

In arder to deal with infrared radiative 
exchanges, some hypotheees must be made about the 
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temperatura distribution in the fins. The upper 
part of the fin is lighted by the eun; due to the 
high shortwave absorptivity of the fin, solar 
radiation contributes to heat the upper part of 
the fin. A longitudinal conduction heat f~ow takes 
also place, contributing to heat also the shaded 
part of it. In arder to determine the longitudinal 
temperature distribution the following hypotheses 
have been made: 

surface heat transfer coefficient and thermal 
conductivity are constant 

the transversal temperature dietribution is 
uniform 

f in to a ir heat transfer occurs by natural 
convection 
- heat flow at the fin tips is negligible 

The geometrical features of the fin are 
shown in fig. 1. 

H 

Fig. 1 - Geometrical features of the fin. 

ln the shaded part of the fin (from x = O to 
x = H2 ) the temperature distribution is given by 
the equation: 

o ( 1) 

dx 2 

where 

X length of the fin (in the vertical direction) 



m2 ~ hp/kA 

with 

h Stirface heat transfer coefficient 

p = per imeter of the cross sect ion of the f in :::: 

2 (L + ó) 

k ~ thermal conductivity of the fin 

A = cross section area of the fin = L ó 

The boundary conditions are: 

X = 0 

X = H2 

0 = 0 o T - T 
o a 

Q/A = - k (dT/dx) 

X'~H2 

( 2) 

o 

It should be noticed that 0
0 

is at present an 
unknown . Integration of equation (l) with boundary 
conditions (2) yields the well known solution: 

0 0 o 

ch[m(H 2 - x)] 
( 3) 

ch(mH 2 ) 

In the lighted part of the fin (from x = -H 1 
to x ~ O) the temperature distribution is given by 

the equation: 

d 2 0 

- m2 0 + n o 
dx 2 

where 

n = a·I·L/(k·A·ó) a·I/(k·ó) 

with 

a st1ortwave absorptivity 

solar radiation intensity, W/m 2 

L = length of the fin 

The boundary conditions are: 

X = 0 0 = 0 = T T o o a 

X = Hl Q/A - k· (dT/dx) 
x=-H

1 

Integration yields: 

0 - n/m' ch[m(H 1 + x)] 

0
0 

- n/m 2 

0 o 
ch(mH 1 ) 

( 4) 

( 5) 

o 

( 6) 

The unknown 0
0 

may be found imposing the equality 
of heat fluxes at x = O. In fact: 

(Q/A)x=O = k·m·0
0

·tanh(mH2 ) (I) 

on the shaded part, and 

(Q/A)x=O -k·m(0
0 

- n/m 2 ) ·tanh(mH 1 ) ( 8) 

on the sunlit part. Equalling expressions (7) and 
(8) one obtains 

0 o 

n/m 2 ·tanh(mH 1 ) 

tanh(mH 1 )+tanh(mH2 ) 

As an example, fig. 2 shows the 
distribution on a fin assuming H1 
W/m'K, a I = 500 W/m 2 , ó = 0.002 m, 
cases of k = 50 W/m·K (e g, steel 

( 9) 

temperature 

= 112' h ~ 5 
for the two 

fi n) ar O. S 

g 
r 

ª 
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Wjm·K (e g, PVC fin), i e 

and 

m' 100 ar 10000 -2 m 

-2 n = 5000 ar 500,000 K·m 

n/m 2 = 50 K in both cases 

lemoerotwe ~ifference olong the fin 
Ul = 500 W/m 1 delta = J mm 

50L __ -L . Í 
i \I I 

40~1· . '-', 11 
"' ', 1 ' . 

30-~-

1 

I 
I 

20---- - t\ i -- -- - -t-'-.. - -i -
'I 

i\ '' l 
10 

...; I\ 
I~ 

! ~- - ~ 

o-t 
~0,.} -0,1 0.1 

x (m) 
k = 50 W/mK k = O.S W/mK 

Fig. 2 - Temperature distribution along the fin. 

It can be immediately seen that the 
temperature drop between the lighted and the 
shaded part is much more abrupt for the low 
conductivity fin, and it may be also seen that the 
temperature drop between the two parta increases 
with decreasing thickness (ó) of the fin. 

In arder to reduce infrared heat transfer to 

the roof plate, the lower part or the fin (having 
a higher shape factor to the roof plate) should be 
as cold as possible. By adopting thin, low 
conductivity fins, it rnay be therefore assumed 
without large errors that the lighted part of the 
fin has a uniform temperature equal to Ta + n/m 2 , 

while the shaded part has a uniform temperature 
equal to Ta. Under this instance conduction along 
the fin may be neglected. 

CALCULATION MODEL 

As a first step it was necessary to make 
clcar the heat transfer mecl1anism between the fin, 
the roof, and the sky. 

ln arder to solve the problem the eystem has 
been divided in six elements (see fig. 3): 

- roof plate between two adjacent fins 

2 - lower part of shaded fln 

3 - upper part of shaded fin 

4 - sky 

5 - tlpper part of sunlit fin 

6 - lower part of sunlit fin 

It haR been asst1med that heat was exchanged 
between the six elements only by infrared and 
diffuse solar radiation. This means that 
conductive heat transfer a!ong the fin (as seen in 
the previous paragraph) has been neglected and 
that the air layer between the fine has been 
considered a heat sink, so that convective heat 

0.3 

1 



transfer fr o m o ne elemen t t o the air does not 
influence the t e mperature o f the othe r el e ments. 
The roof (between two adjacent fin), the upper 
and lower part o f the lighted s ide of the fin, and 
the upper and lower part o f the shaded s i de of the 

fin are n o nblackbodies, while the sky is a 

blackbody. Under these c o nditions it i s po ssible 
to calculat e the radiative heat transfer solving 
the equivalent electric cir c uit (see fig . 4). 

4 4 4 

5 3 

6 2 6 2 

Fig. 3 Sc h e matic representation o f fins 
geometry. 
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Fi. g . Equ i valent e l ec t r ical net wor k for_-

radiative he at t r a nsfer solu t Lo n. 

The fir st p a rt o f t he p r o g r am c al c ulR t e s the 

n e t solar irradiance in c id e n t on th e f in, the 

di.ffuse sol a r radiation, and the geomet r i. c shape 
f ac tors (F . . ) amo ng the s i x e lements (roo f, fins 
and sky). i~e s hape fact or to the sky i n c l udes the 

l a teral fr ee space sh ape f ac tor b e tw ee n two 

adj a cent fin s. 
The s e co nd part o f the p rog ram i s made o f 

two differen t s t e p s . 
In the f irs t step t h e temperature o f the six 

el e ments ar e f i x e d in thi s wa y: the tempera ture of 

e l e ment 4 ( s ky) is a fix e d v a l ue, the temperature 
o f e lemen ts 1 ( roof), 2 a n d 6 is e<]u a 1 to the 
a mbie nt t e mperat ttre, t)t e temperature of e l e me nts 3 

a nd 5 is t he equilibr ium tempe rature cn l c u l ated 
thr·ough t he thermal balance beLwePn t hP. in coming 
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solar h e a t f lux in el e ment 5, and the outgoing 
convective heat in el e ments 3 and 5. Now it ia 
p o ssible to d e termine the radiative heat exchange 

among the six elements solving the syetem of five 
equations for the s o lution of the equivalent 

electric c ircuit for the heat exchange among five 
nonblackb o d i es and one blackbody (eee, e g, 
Holman, 1 9 76). 

The s ystem of equations is the following: 

(10) 

where: 

Ein is the blac kbody emissive po wer of element i 

Ji is th e r adiosity, i e, the total radiation 

which leaves surface i per unit time and per unit 
are a 
ei is the e missivity o f surface 
Fij is the g e o metric shape factor between eurface 
i and 

Th e r adiosities are the unknowne of the 
system of equations, except for J 4 which coincides 
with the blackbody emissive power of the 
sky, a f ixe d da tum in th i s analysis. With these 

v alues it is possible to calculate the radiative 
( incoming o r outgo ing) power for all elemente 

with the fol lowing equa t i o n: 

( 11) 

(l - 'i)/A · 'i 
I n th e second step the new equilibrium 

tempera t ur e o f elements 3 and 5 subject to natural 
conv e c t io n to t he air, s o lar radiatio n, and to the 
j ust c al c ulated infrar e d power.: q 3 and q 5 is 

detecmine d . Us ing q 2 and q 6 plus convection the 
temperatur es of el e me nts 2 and 6 are also 

recal c u l a ted . By ado pting these new temperaturee 

the sys tem o f equatio ns (10) for radiation heat 
tcansfer i s sol v ed aga i n, until convergence ia 

attained . The criterium f o r convergence ia that 
the new c alculated temperature is different from 
the old on e by less than 3%. 

The o utput of the program are the 
equilibr iu m temperatures and the emitted powere of 
all eleme nts, i n parti c ular q 1 (the outgoing power 
fr o m the roo f). 

It is possible t o run the program in batch 
mode and t o obtain the output for different 
geometri c c onditions (different ratio H/D and 

length L of the fins), for different optical 
pco perti e s ( € and a) o f the fin and for different 
ambient co nd itio ns, in order to find the rnost 
fa vour ab l e cor1ditio11S t o inc rease heat emiaaion 
fr o m the roo f. 
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PARAMETRIC ANALYSIS: HYPOTHESES AND RESULTS 

A pararnetric analysis has been perforrned to 
identify the effect of different geornetric designs 
of the fins on the therrnal behaviour o f the 
systern. 

The following rneteorologic characteristic s 
have been fixed: 

- .. effective sky ternperature .. Tsky 274 K 

- zenith angle of the sun z = 20 ° 

- clear sky c onditions (rnonth of May) 

Direct and d i ffuse solar radiation has been 
deterrnined using the well known rnodel described by 
ASHRAE (1980) for clear sky conditions. 

The following radiative properties o f the 
surfaces have been adopted: 

- ernissivity of the roof plate ep = 0.98 

- ernissivity of the fins ef = 0.1 

- shortwave reflect i vity of the fins = 0 . 95 

The two geornetrical features of the fins 
which have been varied are: 

- height over distance ratio between the fins H/D 

- length of the fins L 

Moreover, the arnbient ternperature has b e en 
varied in the range 295 - 305 K, corresponding to 
a ternperature differenc e between air and sky of 2 1 
to 31 K. 

The height of the fin has alway s been 
chosen greater than the sunlit part height , so 
that there i s no direct sunshine on the horizontal 
roof plate. 

Before analysing the results of the 
calculations, sorne considerations should be rnade: 
increasing the height of the fins or decreasing 
the distance between the fins (i e, increasing the 
ratio H/D) leads to a decrease of the shape factor 
between the horizontal plate and the sky, and 
sirnultaneously to a decrease of the shape factor 
frorn the plate to the sunlit area. This irnplies 
two conflicting effects: 

- a decrease of infrared radiation ernitted by the 
roofplate towards the (colder) sky, and 

- a decrease o f infrared power ernitted b y the 
warrner part of the fins onto the roof plate . 

Only the calculations will show which of the 
two effects will prevail, but it is clear frorn the 
beginning that the first effect will increase with 
the increase of ternperature difference between air 
and sky. 

The calculations show (see fig . 5) that 
there is an optirnal value of H/D at whi c h the 
ernitted power is rnaxirnurn. The optirnal H/ D 
increases in its turn with the decrease arnbient 
ternperature. Other calculations not reported here 
for brevity show that the phenornenon depende o n 
the ternperature difference (L\T) between the air 
and the sky, rather than on the indiv idual values 
of the two ternperatures. Of course, the rnaxirnurn 
value increases with the increase of L\T. 

For higher values of H/D the ernitted power 
tends to zero in all cases (as the shape factor 
between the shaded part of the fin and the roof 
plate tends to unity). 

For an arnbient ternperature of 300 K (L\T = 26 
K), the optirnal H/D v alue is around 10, and the 
corresponding rnaxirnurn ernitted power is a bout 6 
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W/rn' . With a L\T of 31 K the rnaxirnurn ernitted power 
reaches 13 W/rn 2 at H/D = 6, while for a LIT of 11 
K, the optirnal H/D becornes very large (around 14 -
16), and the corresponding ernitted power becornes 
lese than 2 W/rn 2 • 

hky~ 274 K L = I m 
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It c an be observed that convergence t o zero 
becornes more rapid with increasing length of the 
fin (see fig. 6), dueto the decrease of lateral 
shape factors, but this does not influenc e the 
optirnal H/D value, although the rnaxi rnurn ernitted 



p8wer shows a slight decrease. 
Fig. 7 reports the disaggregated (visible 

and infrared) fluxes for the two lengths L = 1 m 
and L = m. It can be seen that both diffuse 
(visible) and infrared radiation tend to zero more 
rapidly for large values of L. 

CONCLUSIONS 

Although the calculations performed are 
referred only to a specific -- very conservative 
-- situation (clear sky, zenith angle of the sun 
equal to 20 o), some conclusions of more general 
validity can already be drawn. 

In fact, geometrical shading of a roof using 
a rank of vertical absorbing fins seems to be an 
interesting alternative to the use of selective 
covers not only to prevent direct solar radiation 
to reach a flat horizontal roof, but also to allow 
the removal of small amounts of heat by 
re-radiation from the roof to the sky. 

The calculations show that there is an 
optimal value of the ratio H/D between height and 
distance of the fins at which the net emitted 
power is maximum. Both the optimal H/D and the 
maximum emitted power depend upon the temperature 
difference between ambient and sky and probably 
also upon the reference data assumed for the 
analysis. Therefore the resul ts cannot at this 
stage be generalized. However, when the equivalent 
sky temperatura is about 25 K lower than arnbient 
temperature the optimal H/D ratio is around 10 and 
the corresponding emitted power is about 6 W/m2. 

Optimization of such a device should be 
performed adopting the meteorological data of a 
typical reference season, including data of solar 
and atrnospheric radiation. 

Further developments of this research will 
be in the direction of a theoretical analysis of 
this kind, extended to different geometries of the 
fins (tilted parallel fins), and to "real" 
materiais and dyes with their optical data. 

An experimental study of the problem is also 
planned. 
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Since earth's atmosphere has a transparency window (8 - 13 ~m), a blackbody 
placed at earth surface can interact with "cold" sky in clear nights and 
undergo a sizeable cooling effect if convective and conductive heat exchanges 
are removed or deeply reduced. Such effect is strongly enhanced if selectiva 
radiators are used with an emissivity matched with the atmospheric window. In 
this paper we analyze theoretically the phenomenon and present some 
experimental results which demonstrate the feasibility and the potential of 
this technique. 

INTRODUCTION 

It is well known that extra-atmospheric 
space can be considered as a thermal sink at a 
temperatura of few kelvin. Since earth 's 
atmosphere has a transparency window in the band 
from 8 to 13 pm black bodies exposed to clear 
sky during the night can undergo a remarkab1e 
cooling effect if conductive and convective heat 
exchange are removed or deeply reduced. 

Such effect can be strongly [1,2] enhanced 
if selectiva radiators are used. These radiators 
must exhibit optical properties matched to 
infrared atmospheric window i.e. spectral 
emissivity E ( À ) = 1 in the atmospheric window 
and spectral reflectivity r ( ). ) = 1 - E ( ). ) = 1 
out of the window. 

In practice it is impossible to achieve 
these resulte so that generally E ( A ) ranges 
around 0.8 - 0.9 in the thermal band and around 
0.1 0.2 out of it. Consequently the net 
radiated power looks as shown in fig. 1 when 
plotted against the temperatura difference LlT 
between the radiator and ambient temperatura. 

Fig. 1. Emitted power 
temperatura difference L1T 
and ambient. 

as a 
between 

function of 
the radiator 

In typical atmospheric conditions at 
Italian latitudes and at sea level the net power 
emitted at L1T = O is around 100 W/m 2 depending 
on meteorological conditions which strongly 
affect atmospheric window. In any case these 
fluxes are about one order of magnitude less than 
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solar radiation, ao that radiative cooling ia 
completely cancelled out by solar radiation 
effect during daytime. Of couree, euch a problem 
occurs in the case of black radiators, but ia 
etill preeent aleo in the case of selective onee. 
ln fact a reflectivity of O .1 is sufficient for 
the selective radiator to collect a solar power 
comparable to the net radiated power, and in all 
practical applications such a value of 
reflectivity representa a limit case. 
Consequently such a device can work during 
daytime only if it is shaded from solar 
radiation. 

In principle, shading can be achieved 
mainly in two ways: 
a) using selectiva covers which are transparent 
to infrared radiation but opaque to solar 
radiation; 
b) ueing geometric structures able to stop 
incoming solar radiation without affecting 
emitted radiation. 

In this paper we will briefly discuse the 
first approach, while the second is dealt in [3]. 

THE CASE OF SELECTIVE COVERS 

In previous papers [4,5] it has been shown 
that the best way to obtain selective covers 
suitable to ou r purposes (i. e. transparent to 
infrared radiation and opaque to solar radiation) 
is the case of plas.tic filma trasparent to 
thermal radiation, changing their optical 
properties in the solar band with some dyes. 

If the radiator is selectiva, i.e. 
reflecting in the visible region, the best choice 
is to couple together two different filme, the 
first one reflecting and the second absorbing in 
the solar band. ln this case the cover must show 
the reflecting side to the sun and the black one 
to the selectiva radiator which has a low 
absorptance to solar spectrum. 

Consequently we obtain that only a little 
fraction f of the incoming radiation ~ cresses 
the cover; moreover most of (f -~) is then 
reflected by the radiator and absorbed by the 
cover. In practice only a very little part of 
the incoming solar radiation is absorbed by the 
radiator and the device can operate also during 
daytime. 

The net radiated power in this case can be 
written as [5]: 



,, 
r, 

: i 
I, 

ti 

i. . 

p = w
0 

- B · T - v · ~ 

where 

wo J W(À,Ta) ·ó(J.) · [X (À) + S(À) ]·dÀ 

v I ~(À). [ X(À) + S(À) ]·dÀ 

B = [1-Q] ·hcr + 

+ I:: IT=Ta 

XO.l 
- - .-· [l-r2 (À)-Q·e 2 (Â) ]·dÀ 

T(A) 

with 

I (À) incoming solar radiation; 

a(À) ·T(À) 

XW 
1- r 2 (À) ·[1- a(Â)] 

1 - a(À) 

( 1) 

(2) 

( 3) 

(4) 

( 7) 

~(À) =Q·{e 1 (À) + e 2 (À) · "T(}•)} 
1-r2 (À)·[l- a().)] 

(8) 

ó(À) 1 - a(À) (9) 

a(À) : spectral emissivity of the sky; 

T(À) : transparency of cover; 

r 1 (À), r 2 (À), e 1 (À), e 2 (À) : reflectance and 
emissivity of the upper (1) and lower (2) side of 
the cover; 

a(Â) : emissivity of the radiator; 

Kl 

º K2 

Kl hcr + I àw 
ÔT I 

a(À) ·e 2 (À) 

. ·dÀ 
T=Ta l-r2 (À) ·[l-a(~)] 

K2 = hca + hcr + 

+I ô w I . [e 1 ().)+e 2 ( Â)

ÓT T=Ta 

(1-a(À)] ·e 2
2 (À) 

] · dÀ 
1-r2 (À) ·[1-a(À)] 

(10) 

(11) 

(12) 

W(À,T) : black body spectrum at temperatura T; 

Ta : ambient temperatura; 

Tc' Tr : cover and radiator temperatura; 

hcr' hca : conductances between radiator and 
cover, and between cover and ambient (due to 
conduction and convection only). 

It is quite interesting to analyze the 
properties of cooling panela in terms of solar 
radiation absorbed by the radiator ( P ) and by 
the cover ( Q ) : 
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p 

~ 

Q 

~ 

T"a 

1 - ( 1 - a)· r 2 

a+T·(1-a) 
1 - r 1 - T ·

l-(l-a)·r2 

(13) 

(14) 

where r 1 , r 2 , a, and T are considered in the 
solar band. 

It can be seen that P/~ decreases for 
decreasing values of T, a and r 2 . 

A fraction of solar power absorbed by 
the radiator is re-radiated in the thermal 
infrared; consequently it is useful to calculate 
aeff, the fraction of the incoming solar power 
which heats the radiator. 

It can be shown that the best values of 
aeff are obtained for T and r 2 tending to o and 
r 1 tending to 1. 

This condition represente exactly the 
behaviour of a two faces film fully reflecting 
on the upper side and fully absorbing on the 
lower one. 

RESULTS 

Using a two face film of poliethylene 
plastic charged with Tio2 on the upper side and 
black carbon on the lower side the following 
optical properties are obtained: 

T transparency to solar radiation: 0.09 

rl solar reflectivity (upper side ) : 0.67 

r2 so l ar reflectivity (lower si de ) : 0.10 
a solar absorptance: 0.20 

These values of T, r 1 and r 2 allowed to 
obtain that f drops down to O. 05. The 
transparency in the atmospheric window was 
0.75. 

Using cooling panela (see fig. 2) based 
on this principie, a full scale warehouse 

(2. 5 5 m2, 2 m high) and an "inverse 
greenhouse" ( = 100m2) was built. 

[~~~=- ~-- --
( ;) 

ê) L_ ' 

) _~~~ 
-- ·-·-- -/

(8:( 
Fig. 2. Schematic drawing of an experimental 
natural emitter. C, cover ,transparent to IR 
radiation; R, radiator; B, insulating box. 

ln fig. 3 the difference between internal 
temperatura and ambient air temperatura was 
reported as a function of the hour of the day. It 
is evident that resulte are satisfactory. 

Nevertheless it should be stressed that 
satisfactory resulta can be obtained simply by 
shading the radiator from direct solar 
radiation. ln this case the cover does not need 
any more to be selectiva. 

Geometric shading is very simple in the 
case of small radiators (fig. 4) while for large 
scale devices suitable geometrias must be 
chosen. 
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Fig. 3. (a) the case of 
the case of warehouse. 

inverse greenhouse. 
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Fig. 4. Shading a small natural cooling device 
from direct solar radiation. 

ln fig. 5 the comparison of power 
radiated during daytime and night-time are 
reported in the case of geometric shading shown 
in fig. 4. 
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Fig. 5. Experimental performance of a natural 
cooling device with geometric shading from direct 
solar radiation. T is the temperature difference 
between radiator and externa! ambient. 

Resulta appear much more satisfactory if 
one takes into account that they were we 
obtained in Naples, where the difference between 
ambient temperature and sky temperature is quite 
low because of polluted and humid air. 

CONCLUSlONS 

ln this paper we have briefly resumed 
some results concerning radiative cooling. 

lt has been shown that radiative cooling 
can occur also during daytime if the radiator is 
shaded against solar radiation. 

This effect can be performed both using 
selective covers o r geometric shading. Resulta 
concerning large scale experimental setups have 
been reported. 

It has been shown that satisfactory 
results can be obtained using two faces filma 
with the upper side reflecting to solar 
radiation and the lower one absorbing. The main 
problem about this solution regards durability 
of plastic films used for the cover while there 
is no problem about maintenance of the selective 
radiator. 

We 
resulta 
which can 
radiators. 

have briefly resumed 
concerning simple shading 
be used only in the ca.se 

also some 
geometries 
of small 

ln this case 
durability problems, so 

of course t here are no 
that it is •·•orthwhile to 

analyze suitable geometries which can be used 
also in large scale setups. 

This approach is analyzed in paper [3]. 
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SUMMARY 

ln this paper the ener~ transfer phenomenon in a 6ray circular ptate, 
heated by an externat CbtacJU radiant source, is considered. The 
radiant source is modet Led as a sphericat btacl<t body wi th con.stant 
heat tteneration. A mathematicat modet is constructed, assum.intt that 
the heat transfer from/to the body ta.Ms ptace by thermat radiat ion. 
It is presented a functionat whose minimum. occurs for the sotution to 
the considered probtem. Some part icutar cases are simutated. 

I NTROOUCTI ON 

The radian~ in~erchange is an energy 
t.ransfer mechanism which is always presen~ 

when ~wo bodies are separa~ed by a nonopaque 
medium. Never~heless, ~he radia~ive ~ransfer 

is neglec~ed in mos~ of energy ~ransfer 

phenomena considered for engineering 
calcula~ions. 

However, a~ high ~empera~ure levels 
and/ or in a rarefied a~mosphere, ~he 

radia~ive in~erchange plays "lhe main role in 
"lhe energy ~ransfer process and can no~ be 
neglec~ed . 

Usually ~he radia~ive in"lerchange is 
considered under very res~ric~ive 

assump"lions in arder "lo reduce Cdras"lically) 
"lhe ma~hema"lical complexit.y of "lhe problem. 
The mos~ common assumpt.ion consis"ls of 
assuming uniform "lempera~ure for "lhe 
considered bodies, approxima~ing a par~ial 

differen"lial equa"lion Csubjec"led ~o 

nonlinear boundary condi~ions) by an 
algebric equat.ion. 

The subjec"l of ~his work is "lhe energy 
~ransf"er process involving a black radian"l 
source and a circular plat.e , as i"l is shown 
in figure 1. The source will be modelled ~s 
a spherical black body, wit..h a cons"lan~ hea"l 
generat.ion ra~e Q and radius a Ca-.0) whi le 
"lhe pla"le will be assumed "lo be rig , d, 
opaque and gray, possessing constan~ 

emit.t.ance c and const..an~ "lhermal 
conduc"livi"ly k. I"l will be also assumed ~ha"l 
t.here exis"l no a"lmosphere, in such a way 
t.ha"l ~he hea"l "lransfer from/~o "lhe pl a"le 
"lakes place only by "lhermal radia"lion. 

The circular pla"le will be represen"led ' 
by "lhe open se"l 0, wi ~h boundar y cto, gi ven 
by 

O _ < Cx,y,z) such ~ha~ a a a x +y <R , -1(z(0 } 
CD 

while "lhe radian"l source will be represen"led 
by "lhe neighborhood r, wi "lh boundary ~, 
given by 

a a a a r:<Cx,y,z) such t.ha"l x +y +Cz-H) <a , a<<H } 
Cê) 
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It. will 2~a~umed ~ha~ "lhe subse~ of 
cfO given by x +y =R is insula"led . 

The objec~ive of "lhis work is "lhe 
ma"lhema~ical modelling and ~he simula"lion of 
~he above men~ioned phenomenon. The 
ma~hema"lical model will be represen"led by a 
par"lial differen"lial equa"lion C governing 
t.he conduc"lion hea~ ~ransfer inside ~he 
pla"le ) subjec~ed "lo nonlinear boundary 
condi"lions C which represen"l ~he coupling 
be~ween ~he radiat.iv. ~ransfer and ~he 
conduc"lion hea~ ~ransfer on body boundary ) . 
This model, based on Classical Theories, 
wi 11 be medi fi ed C t.aki ng i n"lo account.. "lhe 
physical reali"ly ) in arder "lo give rise "lo 
a more adequa~ed ma~hema~ical descrip"lion, 
~ha"l have an equivalen"l minimum principle. 
This minimum principle will be employed for 
simula~ing some part-icular cases using a 
fini"le elemen"l approxima~ion. 

MOOELLI NG THE THERMAL RADI ANT ~;~CE 

The ~hermal radian~ sour r;e will be 
regarded as a spherical blad: body which 
dissipa"les hea~ a~ a cons~an~ ra t e Q and is 
no~ affec"led by "lhe preser.ce of "lhe pla~e . 
This black body is represent.ed by t.he se~ r, 
wi"lh iso"lhermal boundary ~r. in which i"l is 
assumed t.hat. a << H. 

Since t.he source is a black body, t.he 
emit.t.ed t.hermal radiant. energy is diffusely 
dis"lribu~ed [1). Hence . t.he amount. of energ~ 
t.halt• leaving ar, reaches a given subse"l cfO 
C80 c80) is given by 

s y!ar ( x!ao• u 
T4 K dA ) dA C3) 

s 

A [CX-Y) ·•1 [CY-X) •nl 
K KCX,Y) 

n [CX-Y)•CX-Y)la 

i f "lhe poi nt.s Xecto and Yec7r 
can be connect.ed by a s"lraigh~ 

line ~ha~ does no~ in~ersect. 
r ar O. 

A 

K KCX, Y) o o~herwise C4) 



in which n is the unit outward normal al 
Xe«l , a is the unit outward normal at Yellr 
and Ts is lhe temperat..ure on /Ir Cconst..ant) . 

Since «l* is an arbitrary subset, we 
de~ine the ~ield s as ~ollows 

s=;CX)= J ar'KcX,Y)dA , ~ar all Xe«l 
Yellr s 

,. 

(!5) 

The 
incident.. 
lime and 

lhe ~ield s=sCX) represents 
thermal radiant energy, per unit.. 

unit area, at the point.. Xe«l. 
arder lo obt..ain an explicit 

~ar s, we shall carry out.. lhe above 
Cunder lhe assumpt..ion &<<H) . Aiming 

let.. us: define a new rectangular 
syst..em <x' ,y' ,z'}, with an 

orthonormal basis: [i',j',k'1 s:uch 

ln 
relation 
integral 
lo t..his:, 
cart..esian 
associated 
t..hat.. 

x1 + yj + Hk 
k . - -=---,.,....-=-..,..--= 

- ci::+y2+H2)1/2 

J'•n=O, j'•k'=O and i'=k' x i' (6) 

in which [i,j,k1 is 
associat..ed lo the 

lhe ort..honormal basis 
rectangular cart..esian 

syslem <x,y,z} . 
Considering lhe following spherical 

coordinat..e syst..em Cassocialed to <x',y',z'}) 

x' 
y' 
z' 

p cos f/1 sin À 
p sin f/1 sin À 
p cos À 

O~p< oo , O~À~n , ~~2n 
(7) 

we have lhe vector ~ields n, a, X and Y 
given as follows 

X CH2 +r2 ) 1 /2k', in which r=Cx2 +y2) 1 /2C8) 

y a cos f/1 sin À i' +a sin f/1 sin À j' + 
+ a cos À k' (Q) 

n cos ~i' - sin ~ j' • 2 2 1/2 
in which sin ~ = H/CH +r ) 

• = cos f/1 sin À i' + sin f/1 sin À j' + 
+ cos À k' 

Hence, 

C10) 

(11) 

[CX-Y) •n1 [CX-Y) ••1 

n[CX-Y) oCX-Y) 12 
2 21/2 

{(H +r~ COSÀ - a} x 

a cos~ cos~ sinÀ-a sin~ cosÀ+CH2+r2) 1 /2sin~ 
X . 2 2 2_ 1/2 2 

n { Ca s~n À) + [a cos À - CH +r~ 1 > 

(12) 

dA a 2 sin À df/1 dÀ (13) 

Talcing inlo account.. lhe reslrict..ions 
(4), we have t..hat.. 

,. 
KCX,Y) =O , for 2 2 _1 /2 

n - are cos {aCH +r. ) } :S À :S n ar z<O 
(14) 
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Figure 1 - Scheme ~ar lhe st..udied phenomenon . 

Cons:equent..ly lhe ~ield s, when a<<H, 
will be given as: follows 

2n n/2 4 ( s=J J aT · o o s 
H a

2 
] n(H2+r2)1/2 sinÀ cosÀ dÃ d~ . • 

a~ ( 
H a 2 

CH2+r2)3?2) • ~ar z=O 
(15) 

~not..ing by Q lhe heat.. generat..ion (per 
unit.. lime) and t..alcing into account that lhe 
s:ource is a blaclc body we have Cfrom Stefan
-Bolt..zmann Law) 

Q = a r' 4 n a 2 
s 

CHS) 

and, therefore, equation C16) may be writ..t..en 
as: follows 

s Q ( H J 2 2 1/2 4n Ji2 2 3/2 • r"'CX +y ) , zsO 
C +r ) 

(17) 

MOQELLI NG JJiE HEAT TRANSFER I N THE PLAJE 

Since the plate is assumed to be rigid 
and opaque, the energy trans~er mechanism, 
inside 0, is the conduction heat transfer. 
Hence, the steady-state energy trans~er in O 
will be governed by [21 

6 T o in O (18) 



in which ".à" denotes t.he "Laplacian" and t.he 
Cield T represent.s t.he absoluta t.emperat.ure 
[ 3]. 

Ta.lcing into account lhe axial 
symmetry, equation C18) may be expressed as 

!. ~(r ~ + A
2 

= O , O::Sr<R • -h<z<O 
r c7r- L 6r J itz 

in which 

r = 

Sinca the 
insulated, wa have 

o 

surCaca 

C19) 

C20) 

is 

(2!1) 

The boundary condition on t.he surface 
z=-h arises when lhe conduction haat Clux is 
i mposed to be equal lo lhe r adi ati ve hea t. 
Clux. This boundary condition is 
mathematically represented by 

at z=-h C22) 

in which lc is the lhermal conductivity, c 
CO<c::S1) is the emit.tance and a is the 
St.eCan-Boltzmann constanl [1] . 

On the surCace z=O we must t.alce i nto 
account the effecl of the sourca modelled in 
the previous sect.ion . The heat loss, per 
uni t time and uni t. area, will be gi ven by 
the difCerence between the emilted and the 
absorbed lhermal radiant energy Cdenoled 
here by s). 

Since the plate is assumed t.o be gray 
we have [4] 

s c s C23) 

and, consequently, at z=O 

C24) 

Colllbining C1Q) ,C21) ,(22) and C24) we 
have the mathamatical modal for describing 
the considered phenomenon. 

AN I NDI SPENSABLE CAliTI ON 

When Q=O i t is easy to see t.hal t.he 
problem C1Q)+C21)+(22)+C24) admils only t.he 
trivial sol uti on C Th:Q) . I t. is physi call y 
plausible that, when Q>O, lhe solulion T 
will be a nonnegalive valued field. 

Al though physi call y expected, t.hi s 
reality is assured only iC, togelher wilh 
C1Q)+C21)+(22)+C24), lha following 
i nequali t y i s i mpos:ed 

T ~O -h::Sz::SO , O::Sr::SR (25) 

Aiming lo ilus:trate the necass:ity of 
imposing (25), let us considar the following 
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C 1 i mi t) case 

H-.m (26) 

In s:uch s:ituation, whan c=1 and a=lc we 
have 

-1<z<O , O::Sr<R 

at r=R 

al z=-1 

-a 6T =a T4 - 17 a 
8z 

at. z=O 

C27) 

Whan regardad under a s:triclly 
mathematical point of view, lhe above 
problem admi ts: t.he following C real) 
s:olutions 

Ca) -+ T = z + 2 -1::Sz::SO , O::Sr::SR (28) 

Cb) -+ T = 3.2697 z + 1 . 9250 , -l::Sz::SO , O::Sr::SR 
(2Q) 

The sol uli on C a) is admi ssi bl e, 
because ~O in the considered domain, while 
t.he solulion Cb) is: not admissible, becausa 
T assumes: negative values in tha cons:idered 
domain . 

Sol vi ng C 27) , loget.her wi th 
restriction C26), we have only 
admissible solution given by (28) . 

lhe 
tha 

In arder t.o preserve lhe physical 
meaning of t.he mathemat.ical modal, we shall 
worlc with lhe following mathemat.ical problem 

1 
!-(r ~ + if-T o. O::Sr<R -h<z<O r itzê 

. 
6T o at r=R 
itr 

lc 6T T4 at. z=-h étz.= c a 

-lc 6T a T4 
cQ( H ) at z=O étz. c 
4n CH2+rZ,372 

T ~ o o ::S r ::S r -h ::s z ::s o 
C30) 

SOLliTI ON' S UNI Q!.JENESS FOR C 30) 

ln arder to prove that t.ha solution 
C~O) t.o C30) is: unique, lel us assume lhal 
T1 CT1 ~0) and T2 CT2~0) are t.wo solut.ions t.o 

(30) . 
Hence, t.he diCference 

s:at.isfies t.ha Laplace equalion and, 
consequent.l y, wi 11 assume i ls maxi mum and 
i t.s mini mum on t.he boundary «l [ 61 . I n 
addilion, s:ince 6T/~=O at. r=R, lhe maximum 
and lhe minimum occur at z=-h or at z=O. At 
a poinl of «l, in which CT1 -T2) assumes it.s 

minimum, we musl have a nonposit.ive exterior 
normal derivativa. Thus, al lhis point 



and, at a point. of «l in which CT
1 

-TG) 

assumes it.s ma.ximum, we must. have a 
nonnegat.ive exterior normal derivativa. 
Thus, at. t.his point. 

kT1 -TG)2:0 .. .coCT:-~)~0 , T1 2::0 , TG2::0 C3G) 

From (31) we conclude t.hat. t.he minimum 
of CT1 -TG) is nonnegat..ive and, from (3G), we 

conclude t.hat. the maximum of CT
1

-TG) is 

nonpositive . Consequent..ly, we must have 
T1 ~TG and, therefore, t..he solution t.o (30) 

is unique. 

VARIATIONAL PORMULATION 

The f.ield T which satisfies (30) is 
t.he one t..hat. mir"limizes t.he following 
funct.ional 

R O .rl'"}G "' ., 
HTl = ~C [h k ( (c;rJ + (:B J r dz dr + 

1 
+ 9 .c c 

R 
( f 11'1 5 

r 
o 

dr) + 
z=O 

1 ( R "'5 + § .c a f
0 

ITI r dr) -
z=-h 

c<l(JR H Trdr 
4.n 0 C H2 +r G) 3/G t=o 

(33) 

The Euler-Lagrange equat.ion and the 
Natural boundary condit..ions associaled t..o 
t..he above funct..ional are given by 

~!-(r~+~=O O~r<R , -h<z<O 

6f 
CJr = o at.. r=R (34) 

k ~ = & C1 ITI
3

T at. z=-h 

-k ~ = .c a I T 1
3

T - ~ [ H ) 
n CH2+r2)3/2 

al zzO 

In order lo demonst..rale t..hat. C34) and 
(30) are aquivalent.., lel us lake inlo 
accounl that. T reaches it..s minimum at.. z=O or 
at. z~-h. Hence, one of t.he following 
assert..ions must.. hold 

6f 
(a) E~ O 

at.. t.he point.. r in which T=Tmin' at.. z=O 

(b) : 2:: o . 
at. t.he point.. r in which T=Tmin' at.. z=-h 

(3!5) 

If (b) holds we conclude, from lhe 
boundary condition at. Z!-h, t..hat. T2::0 at.. z=-h 
and, t..herefore, T2::0 in O. On t..he ot..her hand, 
if (a) holds, we conclude, from t.he boundary 
condit..ion at.. z=O, t..hal T>O at. z=O Conce t.hat.. 
Q>OJ and, t..herefore, T2::0 in Õ. Hence, t..he 
field T is everywhere nonnegat.ive and, lhus, 

IT1
3

T = r4 al z=O and at.. z=-h (35) 
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Consequentl y, a sol uli on to C 34) is 
also a solution t..o (30). 

Taki ng i nt..o accounl t.hat. C 30) admi ls 
only one solut.ion, we conclude t.hal lhe 
field T, which makes ext.remum t..he funclional 
I, is t..he solution t..o C30). 

Si nce I is a convex funct..i onal , t..he 
above ment..ioned ext.remum is a minimum [6]. 

THE UNIFORM TEHPERA"IURE APPROXIMATION 

The uniform t..emperat.ure approximat..ion 
is an usual assumption in engin-ring 
calculat..ions and will be used here for 
posterior comparisons wilh ot..her 
approximat..ions . 

The uniform lemperat.ure approximat.ion 
. may be obt..ained from t..he funclional I. 
· Aiming lo lhis, we shall assume lhat.. 

1' A const..anl , O~r$R , -h~z~ O (37) 

Considering C37) the funct..ional I 
.:>ecomes 

HTl 
R 

r c Ã:> = ~o< G I Ã 15
} f r 

o 
dr 

R 1 
~- f G --4.n A O CH2+r ) 

r dr (38) 

and, hence, t..he const..ant.. A is t..he Cunique) 
solulion t..o 

- 3- G &Q f._,..,-H""'5""1-:;-?. d~ -o ~alAI AR + 4n lcH2+R~ 1 /G dA 

being given as follows 

- 1 ] 

Ã = ( 
Q )1/4( 1 )1/4 

4naR2 1 
- C1+CR/HJ 2)i/2 

DI MENSI ONLESS FORMULA TI ON 

o (39) 

(40) 

Defining a.~.y.~.n and 8 as follows 

-3/4 a-k(QJ R R - &Cih 4noR2 • ~ = H • r = h C41J 

,.. _ r z 
" - h • Yl = h C4GJ 

-1/4 
e = T ( Q 2 ) C43J 

4naR 

we may writ.e problem (34) as follows 

1 8 r iJe) ~8 
~ ~l{ ~ + :-2 =O • O~{<y • -1<n<O 

8Y) 

i18 -a 
"5Ti 

iJ8 
8{ 

iJ8 
Ol8Ti 

IBI 3e 

o at.. {=r 

IBI 3e at.. n=-1 

(, 1 +{2C~~)GJ3/G) 
and express t..he funct..ional I as 

al 

(44) 

n=o 



C45J 

A COMPARISON AMQNG SOME PRELIMINAR 
APPROXI NA TI ONS 

ln arder t.o ilust.rat.e t.he employment. 
of funct.ional I for obt.aining approximat.ions 
for problem C44J, let. us consider t.he 
following approximat.ions for t.he field 8 

CaJ.. 8 = A 
approximat.ion ) , 

C uniform t.emperat.ure 
-1SnSO, OS~Sy C46) 

(b) .. 8 = A + 8n ( uniform surface 
t.emperat.ure ) . -1S7)~. OS~Sy C47) 

CcJ-+ 8 A + 87) + C7)2 -1~7)~0 . o~~~r C4BJ 

CdJ-+ 8 A + 87) + C7)2 + 0{2 . -1Sn~O . 
OS~Sy (4Q) 

CeJ.. 8 = A{ + 8n + c • -~/ySn~o . os~~r 
8 = A+CD-8J/y)~ + 07) + C , -1SnS-~/y , OS~Sy 

(50) 

Wit.h t.he above proposed 
approximat.ions, t.he funct.ional I gives rise 
t.o t.he following funct.ions 

CaJ .. f 1 CAJ ~
2

IAI 5 - r 2 
A (1 - C1 +~J - 1

/2) 

(51) 

2 2 
~ 8

2 
+ fõ(IAI

5
+1A- 81

5
) -

- r 2 A (1-c1+~J-1 /2) C52J 

2 2 2 Cc) .. f 3 CA,B,CJ = ~ <B -2BC+4C /3} + 

2 
+ io(IAI

5
+1A-B+C1

5
) - r2A(1-C1+~J-1 /2) C53J 

4 
+ ~ o2 

+ ~ ( IA+Or
2

1
5

CA+Dy
2

) - IAI
5

A + 

+ IA-B+C+Or2 t5 CA-B+C+Dy
2

J-IA-B+CI
5

CA-B+CJ)-

2 -r A 
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(55) 

The minimizat.ion of each of t.he above 
funct.ions provides t.he coeficient.s for t.he 
approxi mãt.ions (a) ,Cb), (c) ,(d) and (e). 

The following equat.ions present. t.he 
resul t.s obt.ai ned wi t.h a=O. 1 , {1• 1 . O and r 
=100. o . 

(a) .. 

Cb) .. 

C c) .. 

Cd)-+ 

C e) .. 

8 0 . 736 

e O. 40Q 71 + O. B5Q 
-1Sn~ , OS~S100 (!57) 

e 0.40Q 7) + 0.85Q 
-1Sn~O , O~~S100 C58) 

e -0. 0000212 { 2 + O. 414 71 + O. 9!58 
-1SnSO , OS~S100 (5Q) 

e = -o. 00264 ~ + o . 364 n + 1 . 029 
-~/100Sn~ , OS~S100 

8 -0.00136 ~ + 0 . 493 7) + 1.029 
-1SnS-~/100 , OS~S100 

(60) 

It. is t.o be not.iced t.hat. t.he coeficient. C, 
in approximat.ions C c) and Cd), is 
ident.ically zero. 

SI MULA TI ON Of SOME PARTI CUbAR CASES C USI NG 
FINIIE ELEHEN~ 

ln arder t.o present. some t.ypical 
result.s, we shall approximat.e t.he field e by 
t.he following linear field 

for 

( 
{ - ... :2j-1) ...,- Sn~O 

~ - ( { - { 2j -1) -
t:l = ce2J+2 82J) tJ! 

- ce2J - 8 2J_1 J n + e 2J-l • for 

- 1 ~ 7) ~ ( { -; 2j -1) 

j=1,2,3,4,5,6, .. . ,N/2-1 (61) 

in which N· is t.he number of nodes, ei is t.he 



III 

lij 
i! 

i" 
1: 

approximalion (for 8) al lhe node 1 and 

{2j-1 ={2j=Cj-DA{ • j=1,2,3, CN-2)/2 

(62) 

A{ {3 c e 2J +1 - e 2J -1) = c e 2J +2 - ~ 2J) = 
= 2y/CN-2) (63) 

Inserling C61) inlo C45) and carrying 
oul lhe inlegralions, lhe funclional I 
becomes a funclion of 8

1
,82 ,83 , ... , 8N . 

The mt ni mum of lhi s funcli on is 
reached when \ ,8

2
,8

3
, , eN are t.he rools 

of lhe following nonlinear syst.em of 
equalions 

M 

Dei 
o . i=1,2.3,4,5, ... ,N 

in which f is lhe considered funclion. 

SOME RESUL . TS 

C64) 

Figures 2 and 3 present. result.s 
oblai ned wi t.h 50 fi ni t.e el ement.s C M=50. 
N=102 ) . In lhe above ment.ioned figures 1 t. 
is also pr.,senled lhe uniform t.emperat.ure 
approxim•li·:m C dashed line ) . 

In all lhe sit.uat.ions, syst.em C64) was 
sol ved • ,mployi ng a Newlon-Raphson scheme 
( 7]. 

1 

X 

~ 
~ 
<ll 

a=0 . 1, ~=10 . 0 and ;r=lOO . O 

/ 
n=-1 

o 1 
o e~ 

Figure 2 - The rat.io 8 / Eimax versus dimensioQ 

less radial posilion. at. n = - 1 and at. n=O, 
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1 

a=O. 01. ~=100. O and y=1000. O 

X 

~~ 
<ll 

n=-1 

{/;r 1 

Figure 3 - The rat.io 8/8max versus dimensioQ 

less radial posit.ion • al n=-1 and al n=O, 

FINAL REMARKS 

The considered phenomenon is mot.ivat.ed 
by lhe praclical sit.ualions in which a small 
body, at. very high t.emperat.ure, is placed 
near anot.her body . 

The oblai ned resulls show t.hat. usual 
approximat.ions, like conslanl t.emperat.ure, 
may give rise lo result.s very far from t.he 
real i t.y . 

This work is lhe first. one which 
presenls a local simulalion of a 
conduct.ion/ radiat.ion heat. t.ransfer 
phenomenon f r om lhe mi ni mi z a t. i on of a 
funclional, employing finile elemenls . 

The present.ed approach is 
ma~hemat.ically accurale and provides 
appr·oximat.ions only in t.he physically 
admissible range. 
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INTRODUCTION 

The theory of fuel spray vaporizat ion and 
combustion is fundamental tool for combustor modeli ng 
and improved design. Much progress has been made in 
this theory as few recent reviews [1, 2] show. 
Vapor iza tion mode ls consist of the hea t transfer 
analysis of the liquid phase (droplets) and the heat 
and mass transfer analysis of the gas phase. The 
droplet analysis are deve loped through t he classical 
d

2
-law, infinite conduc tivity, conducti on limit and 

vort ex models [3 ]. The former do not cons ider t he 
droplet heating; the second cons ider s homogeneous 
liquid temperature; the third is the spheri ca lly 
symmetric liquid heating model and the later takes into 
account lhe droplet internal circulation. This vort ex 
mode l has been developed by Prakash and Sirignano [4 ,5] 
and Tong and S irignano [6-8]. As pointed out by 
Sirignano [9], there is a increas ing need for simple, 
yet accurate, vaporization models to be used in spray 
combustion calculations. This way, Abramzon and 
Sirignano [10, 11] have r ecently developed a approximate 
droplet vaporization mode l modifying lhe c l ass ical gas 
phase model and accounting for transient drop let 
heating by an spherically symmetric effective 
conductiv ity mode l. Thi s has been shown to agree very 
well with the more complex model s whose computati ona l 
time is very long. 

The role of r adi at ion absorption, in spray 
combustion mode ls, has been considered in a slmplifled 
manne r by Harpole [12]. Recently, Tuntomo et al. [13] 
shows that the radiation absorption by a sphe re, from a 
radiating source , i s highly non-uniform. They 
identified three regimes of absorption depend ing on lhe 
size parameter and the complex refractive index of the 
particle. Rangel [14] s uggested that the radiation 
absorption should be included in droplet mode ls by á· 
volumetric source t erm, and that the spherical 
symmetric model, with an effective conductivity, is lhe 
simplest to be used. 

ln the present study, it i s proposed a simplified 
mode l for non-uniform r adiant heat absorption inside a 
dropl et for lhe region before the flame zone, wh ich 
will be called the preheat ing zone. This model is used 
to determine the influence of radiation abso rpti on in 
lhe tra nsient heating of a non-vaporizing droplet. ln 
order to use the result s of Tunt omo et al. [13], lhe 
f lame front i s regarded as a gray source e mi t t ing an 
unpolarized pl anar wave. The flame temperature and 
emissivity are determined fr om a simplified heat 
balance and a homogeneous non-gray mode l analysis, 
including gas and soot radiation. 

SUMMARY 
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DROPLET TEMPERATURE FIELD : DOUBLE-REGION SOURCE 

The three main absorption regimes devised by 
Tuntomo et al. [ 13] are lhe uniform , the back 
concentrated and the front concentrated . The si ze 
parameter p = 2rra/À (a is the sphere radius and À is 
lhe wavelength) and the complex refract ive index m = n 
- ik determine the absorption regime. Graphics of lhe 
local distribution of radiative energy absorption for 
various combina tions of n, k and p were represented. 
Outside the transition regimes , these graphics indicate 
that lhe internal absorp tion cou ld be simplified by 
assuming two regions with different local absorption 
constan ts . If one takes this assumption into 
consideration, lhe droplet temperature field may be 
analytically determined. This simplification perm its to 
write the dimensionless heat conduction equa ti on with a 
nonhomogeneous term due to the radiati on absorption in 
an axisymmetric sphe r e as 

as ) + G 

a1-1 

as 
( 1 ) 

as 
+ Bi S = O, 1J (2) 

S=1, T= O (3) 

G(1J ,f1) = { 
G2, in region R2 

Gt, in region R1 
(4) 

where 

S(1),f1,T) (T - Ta)/(To - Ta) (5) 

r/a (6) 

(7) 

Bi = ha/k (8) 

G (9) 
k(To -Ta) 

and r is lhe radial coordinate, fl = cos~. ~ the polar 
coordinate, t is the time, T, Ta and To are lhe local, 
ambient and initial temperature, respective ly, a is the 
thermal diffusivity, k is the thermal conductivity, h 
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is the gas-droplet heat transfer coefficient and Q is 
the local volumetric radiant absorp tion constant. 

Utilizing Green's function, Ozi,ik [15], the 
solution for the temperature field can be wrltten in 
the form 

e ( 1J. 1-1. -r J = L A exp ( - (3
2 

-r ) j ( (3 1J ) + Op Op O Op 
p~o 

B 
liG L L (3;P [ 1 - exp ( - f3~PT ) ] jn( f3np1) I pn [jl) + 

n=O p=O np 

A 
G1 L 13~P [ 1 - exp( - f3~P-r ) J J0 ( f30P1J ) ( 10) 

p~O Op 

where liG = G2 - G1 and 

8(3 jl ({30p ) 
A = 

Op ( 11 ) 
Op 4(Bi - O . 5} 2 

+ 4(32 
- 1 /l/3 } Op O op 

8 I I (12) 1)2 j ((3 1)} p (jl) dl) djl 
n np n np N(n) N((3 } 

np 
R2 

N(n) = 2/(2n + 1} (13} 

[ (81-0.5)
2 

(n+0.5}
2 

N ( [3 ) = o . 5 + 1 - I j ( (3
2 

) ( 14) 
np [32 (32 n np 

np np 

and the characteristic values, (3 ,are the roots of np 

[3 j ((3 l + (8i - n - 1) j ([3 l = O ( 15) 
np n-1 np n np 

where jn is the spherical Bessel function of the first 
kind and nth order and Pn is the Legendre polynomial of 
nth degree. 

The two regions for the back concentrated 
absorption regime are R2, the one inside a small 
eccentric sphere of radius c whose center is located at 
a distance b backwards from the center of the droplet, 
and R1, the remaining volume of the particle . 
Geometrically, we have, using the dimensionless 
distances B=b/a and C=c/a : 

R2 (B - C} ~ 1J ~ (B + C} and E(l)} ~ !1 ~ 

where C ~ 8 ~ 1 and 

E(1J} (1J
2 

+ 82 - C2}/(281J} ( 16) 

ln the case of front concentrated absorption we 
assume that the two regions are separated by the 
intersection with a larger eccentric sphere of radius c 
whose center is located at a distance b backwards the 
center of the droplet. ln this case C ~ B, using the 
sarne definitions as before. The second region is given 
by 

R2 -1 ~ jl ~ jlo and T}o !5 1l !5 

jlo = (1 + 82 - C2)/(28} ( 17) 

1)o = 8 [ jl + / (C/8} 2 - 1 + !1
2 ] ( 18) 
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Recalling that ln the solution given by equation 
(10), the volume integral due to radiant absorption, ln 
both regions, has been written in terms of the 
coefficients Bnp, which depends solely on the integral 
of region R2, the double integral given by equation 
(12) can be eva luated analytically to yield the 
following expressions 

back-concentrated absorption 

B 

B+C 

I 
1)2j ({3 1)) 

n np 
B-C 

np 2N((3 ) 
np 

{ 
ó + P [E(1J)] - P [E(1J}] } d1J (19} 

nO n-1 n+l 

where ó = 1 if n = O and is O for n ~ O. 
~ 

front-concentrated absorption 

8 np 
N(n} N((3 } 

np 

l-lo I Pn(l-l) 
-1 

1 

I 1)2j ((3 1)) 
n np 

l)o(jl} 

where, using y = (3 1), 
np 

I 1)2 j ((3 1)} dl) = 
n np 

n/2 

we have 

d1) dl-l (20) 

(3 3 L { m-1 } n [(n + 0.5) 2
- (0.5- 2i} 2] + ó 

mO !=O 
np m=O 

(33 
np 

y j ( y} - ( n + 2m} y j ( y } 
[ 

2-2m l-2m ] 

n+t n 

for n ~ O, n even and 

{ 

(n+l l /2- 1 
2 . 2 -n+l . -n[(n+0.5) -(0.5-2l}]y J (y) 

n-1 
!=O 

(n+l)/2-1 

+ \ { m~l[(n 
L ! = O 

+ 0.5) 2
- (0.5- 2i) 2] + ó } 

mO 
m=O 

[ 

2-2m 1-2m 
y j ( y) - ( n + 2m ) y j ( y ) 

n+l n 

for n ~ 1, n odd (21) 

These expressions for 8np have been numerically 
evaluated by Gauss-Legendre quadrature. The numerical 
integration procedure has been tested by comparison to 
8op analytical result . 

One should notice that further simpllfication 
would be possible for the front-concentrated regime, 
where the first absorption constant, Gt, is 
approximately equal to zero. Therefore liG ~ G2. 

Radiant heat absorption. The heat absorbed, Q, of 
equation (9) is the wavelength integrated spectral 
local radiant heat absorbed given by Tuntomo et al [13] 

Q = I QÀ d;\. (22) 
o 

1
Ào 

(23) QÀ = 4rrnk SÀ(1J,jl)-
À 



where 4rrnk SÀ (Tj, jj) is the normalized source function 

and IÀo is the incident radiant intensity. For a region 

R wi th volume VR the mean local spectral volumetric 
heat absorption is 

(24) 

The mean absorption constants for the two regions 
R1 and R2 can be calculated using equations (22) to 
(24). However, here it is adopted a simplified 
calculation scheme, based on the dimensionless 
absorption cross-section, ~. defined by Tunto mo et al. 
[ 13] : 

a 

v 

6rrnk 

3 
a 

(25) 

where V is the droplet volume and Ca is the dimensional 
absorption cross-section. 

If we consider that there is absorption only in 
region R2 the integrais ln equation (24) and (25) lead 
to the sarne result, and the mean local spectral 
absorption can be written as 

(26) 

where f(8,C) is the total volume of the droplet divided 
by the volume of region R2 . For the front concentrated 
absorption regime, it is given by 

[ 1 + 
82 - c2 c2 - 82 

f(8,C) + 0.5- + 
48 168 88 

(C - 8)4 (C2 - 8
2

) (C - 8)2 r + (27) 
168 88 

This form is suitable for calculations, 
especia lly when the dimensionless absorption 
cross-section could be expressed in a simple form. This 
is the case in the limit of large particles where that 
coefficient is primarily a function of the size 
parameter, p, and wi th only a sma ll dependence on the 
complex refractive index (mainly through its imaginary 
part , k). In the range of k between O. 01 and 1 , and for 
size parameters around 100, from Figure 11 (Tuntomo et 
al. [13]) the dimensionless absorption cross-section is 
roughly 

~ "' 450/p for p > 50 (28) 

This equation will be considered here to hold to values'. 
of p up to 500. This expression is devised to simplify 
the integration in wavelength to obtain the mean total 
heat absorption ln region R2 using equation (22) . It 
should be noted that for p > 50 and k > 0.01 we have 
mainly the front concentrated absorption regime, where 
the assumpt ion of absorption in only one region is 
justified. For back concentrated absorption it is 
necessary to use equations (22) to (24) to determine 
the mean local heat absorption ln each region, and 
therefore, equation (28) can not be applied. 

The final expression for the local heat 
absorption constants for the front concentrated regime 
is obtained assuming a gray incident radiation 
intensity 
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o 

f(8,C) 225 
rra 

(29) 

(30) 

Combustor modeling. A simplified combustor 
configuration is adopted in order to determine its 
flame radiant intensity. Let us suppose that the flame 
consists of a cylindrical region with diameter D and 
length L. Also, let us consider Lp the distance between 
the combustor nozzle and the cylindrical flame . 
Therefore, this length is responsible for the droplet 
preheating zone. 

A simple energy balance, considering the total 
enthalpy change in combustion and the energy lost only 
by radiation, is utilized to determine the flame 
temperature for a known stoichiometry. 

Assuming flame homogeneity, Edwards [15) wide 
band model for gas radiation (with correction for 
overlapping bands of water and carbon dioxide in 2. 7 
and 15 micra regions) may be combined with the 
assumption of soot particles in the Rayleigh limit for 
soot radiation, to determine the flame emissivity. In 
order to accomplish this, it is assumed the soot 
complex refractive index given by Lee and Tien [17) 
based on their dispersion model. Following Tien and Lee 
[18], it has been used a homogeneous non-gray model for 
flame emissivity, which, after spatial integration of 
the radiative heat transfer equation, gives the 
emissivity as 

c = c A 
lj -I T t:;c 

sk k 

overlap 
reqlon k 

(31) 

where A is the total band absorptance, /:;c is the 
overlap correction, ~ is the Stefan-8oltzmann constant, 
EbÀ is the mean spectral blackbody emissivity power 
within the gas band range and cs and is are the total 
emissivity and the mean spectral transmissivity of the 
soot cloud within the gas band range. These parameters 
are calculated from 

c 
15 [ Co fv T L ] 

1 - Tl4 "'{3) 1 + 
C2 

s 
(32) 

T exp( - Co(n,k) fv ~ (33) 

36rr nk 
Co(n, k) (34) 

where 1/1{ 3
) 

length, Co 
blackbody 
constant. 

is the pentagamma function, L is the given 
is Co evaluated at the wavelength of maximum 
function and C2 is the second radiation 

The mean beam-length concept is used to determine 
the flame temperature. Therefore, the heat loss by 
radiation from a gas body of volume V9 irradiating to 
all its surface area Ag, ln a cold enclosure, is given 
by 

Qr = c(Lmb) Ag ~T4 
(35) 

Lmb = 3. 6 Vg/Ag (36) 

The intensity of radiation incident upon a 
droplet in the preheating zone is determined by the 
emissivity based on the total flame length, L. Thus, 

lo (37) 
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Fig. 1. Time dependent droplet temperature profile 
(T = 0.04, y = 0) 

Since the flame emiss ivity is a fun c tion of the 
flame temperature, an iteralive procedure combined with 
t he simple energy balance mentioned previously will 
suffice for their determination. 

DROPLET TRANSIENT TEMPERATVRE FIELD 

Two combustor sizes, as well as three a mbi e nt 
temperatures for the preheating zone, and two droplet 
radius of 50 and 100 micra are used in the simulations. 
Reynolds numbers of 50 and 100 have been assumed for 
the smaller and the larger droplets, respectively. 
S ince vaporization i s neglected in the prehea ting zone, 
lhe Frossling cor relation [19) may be ulilized to 
estimate the Bi numbe r (whi c h appears in equation ( 8 )) 
for air flowing past a sphere 

2ah 
k 

f 

2.0 + 0.558 Re
112 

Pr
113

. (38) 
f f 

ln this equation, f indicates air properties evaluated 
at film temperature for non-vaporizing droplets with 
surface temperature considered as being the initial 
temperature as a first approximation, Tr = (To + Ta)/2. 

Table 1. Combustor characteristics 

Combustor 1 2 

L (m) 0.5 1. o 
!) (m) o. 12 0.25 

La (m) 0.08 O. 15 

m ( 10- 3 kg/s) 2.5 1.0 
fuel 

m (10- 3 kg/s) 15.78 63.14 
a i r 

v (m/s) 28.2 25.3 
gases 

T (K) 1492 1452 
flame 

fv X 10
6 o. 11 o. 12 

dLmb) 0.065 O. 11 8 

c( L) 0.224 0.357 

I (10
4 

W/m
2
sr) 1. 95 2.86 

o 
À (flm) 1. 94 2.00 

max 

Moreover, isoc tane is chosen as the burning fuel, 
for which Bard and Pagni [20 ] have determined a ca rbon 
conversion of 3.1% to soot (in a pool fire). Despite 
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Fig. 2. Time dependent droplet temperature prof ile 
(T = 0.08, y = 0) 

the differences in configurations, this conversion has 
been used to prevent inclusion of complex chemical 
kinetic mode ls in this si mplified analysis. The 
amorphous carbon densily is also used as soot density. 

The reactants for the combustion are fed at 
normal ambient conditi ons (1 atm and 298 K), with no 
excess air for the combustion stoichiomelry. The 
characteristi cs of lhe two combustor sizes are given in 
Table 1. The soot volumetric fract ion, f v, is 
determined in a fairly close agreement with the va~~e 
determined by Bard and Pagni [20), that is 0.46 x 10 . 
For the 3. 1% soot convers ion, the calculated flame 
t e mperature is about 400 K lower lhan the adiabatic 
flame tempe r ature of 1860 K. The determined gases 
velocilies are in the expected combustor r a nge. lt 
should be noti ced that soot is the main factor 
responsi ble for lhe flame emissivity. Since the flame 
temperature is increased as its emissivity dec reases , 
it turns out that the resulting intensity, lo, whi c h is 
a function of both f l a me parameters, is much l ess 
dependent on the soo t volumetric fraction and on gas 
concen trations lhan it s e missivity . 

The parame t ers of the proposed model are given in 
Table 1 for both combus tors, where B = O. 75 and C = 
1.25 for the absorption model. Since the simulated 
tempera tu r e behav i o r is sim i lar for both combustors, 
on ly the first combustor results will be presented 
here. The preheating zone temperatures of 400, 600 a nd 
800 K are used in the si mulations. 

The transienl temperature field for the first 
combustor simulali on with a preheating zone temperature 
of 600 K and a droplet radius of 50 11m is presented in 
figures 1 to 4. These figures show the in s tan taneous 
temperature fi e ld (T = 1 - 8 = (T - To)/(Ta - To)) a t 
20, 40, 80 and 100% of the preheating zone residence 
time, tr, report ed in Table 2. The dime nsionl ess 
cartesian coordinates (x,y,z) represent the normalize d 
distance inside the droplet for the radius a. The 
highly asymmet ri c temperature field shows the 
importance of no n-unifo rm radiant absorption in droplet 
internal heati ng. ln the range of Bi numbers 
considered, the hea t absorbed by radiation is surely 
the main hea t sour ce in droplet preheating . lt s hould 
a lso be noti ced that lhe e ne rgy blackbody fr ac tion for 
p > 50 11m i s greater lhan O. 90, which confirms the 
app roximation of front concentrated a bsorption 
lhroughout the who l e s pec trum. 

ln Tabl e 2 it is also shown the cal cul ated time 
necessary for the droplet surface temperature l o reach 
the isoctane boiling t e mperature (th). Since lb varies 
from O. 13 to 2 . O ms, in a range of reside n ce time 
variation from 1 .3 to 6.5 ms, for the preheating zone 
o f a combustor, one is led to recogni ze thal droplet 
evaporation musl be considered in the analysis. 
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Fig. 3. Time dependent droplet temperature profil e 
(T = 0. 12, y = 0) 

CONCLUS!ONS 

Despite the simplified characteristics of the 
present work, one may ve rify that radiant absorpti o n is 
the mai n heat source in droplet preheating. Since the 
ini tia! droplets radius are us ually in the range of 
50-100 ~m . and flame temperatures are about 1500 K, it 
is also shown that the radiant absorption, in the 
pre heating zone of spray combustion systems, occurs 
mainly in the front concentrated absorption regime. 

The proposed model enables a great deal of 
simplification on the analysis, which has permitted an 
analytical solution to the present problem. Even though 
the droplet heating model has not been tested wi th 
respec t to the exact numeri c al solution using 
e lec tromagnetic theory , the radiant energy absorpti o n 
effect is found to be very important in dropl e t 
preheating. 

Drop let preheating is responsible for fuel vapor 
mass fraction and droplet radius i n the flame front. 
Si nce this, in turn, controls the flame propagation and 
the following diffusion-control ed combustion processes, 
the radiation absorption has to be taken into account 
in the mode ling of spray combustion systems. 
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RESUMO 

E apresentado o trabalho conjunto desenvolvido pelo grupo de aerotérmica 
do IAE/CTA e o Programa de Engenharia Mecanica da COPPE/UFRJ, no sentido 
de desenvolver modelos teóricos que permitam avaliar os níveis de aque
cimento na região de base de um veículo espacial.São analisadas.as situ
ações referentes à decolagem e ao vôo propulsado a grandes alt1tudes. O 
modelo proposto para a primeira situação é formalmente apresentado e re
sultados típicos para a fase propulsada são discutidos. 

INTRODUÇÃO 

A análise térmica da estrutura de veículos 
espaciais é uma tarefa de grande importancia no projeto 
de tais veículos. É sabido que os primeiros veículos 
das séries Atlas e Júpiter tiveram suas missões compro
metidas devido ao superaquecimento estrutural. Por essa 
razão uma das fases do projeto do Veículo Lançador de 
Satélites (VLS), desenvolvido pelo IAE/C TA como parte 
da Missão Espacial Completa Brasileira (MECB), 
Figura 1, consiste em se identificar as principais fon
tes de aquecimento externo e , posteriormente, desenvol
ve r modelos teóricos e e xperimentais que permitam ava
l i ar, quantitativamente, os níveis de aquecimento sobre 
regiões críticas do veículo, tais como a ogiva e a re
gião de base. Neste contexto, pode-se identificar as 
principais fontes de aquecimento, como sendo: 

- Aquecimento aerodinâmic o (cinético); 

- Aquecimento convect ivo e radiativo devido aos 
gases de exaustão a elevadas temperaturas, na 
plataforma de lançamento (Figura 2); 

- Aquecimento radiati vo devi do à energia emitida 
pelas partículas só lidas u~ A1

2
0

3 
existentes 

nos produtos de combustão (Figura 8); 

Recirculação de gases quentes sobre a região 
de base, devido à interação da plumagem com o 
escoamento externo. 

A teoria, bem como o modelo desenvolvido para o 
cálculo do aquecimento cinético sobre a ogiva do ~LS 
são apresentados na Ref. [ 3 ] . O desenvo 1 v i mento de um 
modelo teórico que permita avaliar o coeficiente de 
convecção, entre a região de base e os gases quentes de 
recirculação, durante a fase propulsada, está longe de 
ser alcançado, pois envolve a solução das equações de 
Na vier-Stokes tanto para o escoamento externo como para 
o escoamento bifàsico gás e partículas só lidas, no in
terior da plumagem. A solução adotada, neste caso, foi 
a utilização de coeficientes de convecção obtidos expe
r·imentalmente para uma configuração que se assemelha à 
do VLS, Ref. [4]. O presente trabalho trata, portanto, 
do aquecimento causado pelos produtos de combustão de 
um motor-foguete a propelente sólido em altitudes supe
riores a 33 km. Além disso, propõe um modelo conserva 
tivo que permite avaliar o aquec imento durante a parti
da do veículo. 
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Figura 1: Configuração básica do VLS 

Figura 2: Veículo sobre a plataforma de lançament o 

DECOLAGEM 

Por ocasião do 1 ançamento, o ve í cu 1 o estará 
montado sobre uma plataforma, conforme ilustra a 
Figura 2 . Para evitar que os gases expelidos pelos 4 

propu 1 sores do 1 Q estágio incidam sobre o so 1 o e 
retornem ao v e í cu 1 o, serão insta 1 a dos def l e tores de 
jato. Entretanto, deve-se considerar a hipótese de que 
parte desses gases retornem ao veículo fazendo com que 
sua região de base fique por cerca de 3 s , tempo ne
cessário para que o veículo atinja uma altitude de 
10 m, em contatp com esses gases . Considerando-se que 
n e ssa região estão localizados diversos componentes 



eletrônicos, bem como o sistema de separação de está
gios, deve-se avaliar, cuidadosamente, a condição de 
aquecimento da região de base. 

A formulação desenvolvida considera a ocorrência 
simultànea dos três processos de transferência de ca
lor, mas dada relevància a formula ção do problema radi
ativo devido à sua predominancia no processo, bem como 
sua natureza matemática mais complexa. 

Seja a cavidade formada pelas superflcies mos
tradas na Figura 3. Considere-se ainda as segu ' ntes 
hipóteses simplificadoras: 

Superfície 

2 

- Superflcies 1 e 2 cinzentas e opacas; 

Cavidade preenchida por um meio não partici
pante; 

- Emissão e reflexão difusas; 

- Tubeira alinhada com a direção longitudinal do 
veicul o ; 

- Superfl c ie 
gás (T ) . 

g 

3 negra, emitindo à temperatura do 

BOOSTER 

Reg1Õo NR 

3 

TU BEIRA Região N R -+ NX 

Figura 3: Configuraç ão da cavidade a ser estudada 

A aná lise cons i ste em se di v idir as superflcies 
1 e 2 em várias regiões, nas quais a radiosidade possa 
s er considerada uniforme. 

As express ões para as radiosidades são dadas 
por: 

Superflcie 1: 

N R+ NX 

F ~ T
4 

] R = c~ T4 + (1 - c )[ L F . _ R_+ 1 i 1 j =HR+1HJ J i-)3 g 

1 , . . . , NR (1) 

Superflcie 2 : 

[ N R 
F. ~ T

4 
] , R = c2~ T4 + ( 1 

- c2) i ~1 F R + 
1 i-)j j H3 g 

NR+l •.. . ,NR+NX (2 ) 

Para os fluxos de calor, tem-se : 
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Superflcie 1: 

qi R 

ou 

- [ H R+HX 
L F _ ~. R . + F . ~3 ~ T

4 

j = NR+ 1 1 J J 1 g 

1, .. . , NR 

(1 

~ T~ ] 
1, ... ,HR q .= R - [ 

1 i 

R 

Superflcie 2: 

qi R 

ou 

- L F. . R. + F . ~ T
4 

[ 

H R 

j=1 1~J J 1~3 g 

NR+1, . . . , NR+NX 

q _= R-
1 i 

~ T4 
i 

[ ~1 - C
2

) 

i= NR+1, ... ,HR+NX 

] ' 

(3.a) 

(3 . b) 

] ' 

(4.a) 

(4 . b) 

O cál c ulo dos diversos fatores de forma foi fei
to a partir de expressões , já existentes na literatura 
(Refs. [5) e [6)) , para o fator de forma entre um ele
mento de área infinitesimal, localizado sobre a super
flcie 1, dA

1
, e a superflcie cónica 2, A

2
(x), ou seja, 

F 
dA 1 ~A2 

Vale contudo r essa 1 ta r que as expressões 

apresentadas nas Refs . [5) e [6] , apresentam incorre
ções, conforme mostrado em [7) . 

Pela álgebra de fatores de forma : 

F 
dA 1 ~ !J.A

2 

F 
dA

1 
~ A

2
(x+dx) F 

dA
1
-) A

2
(x) , 

(5) 

onde !J.A
2 

é a área do anel sobre a superflcie 2. 

Deseja-se, contudo , o fator de forma entre dois 
anéis finitos, ou seja, F !J.A -)/J.A . O mesmo é dado pela 

1 2 
expressão: 

F =-JF dA (6) !J.A ~!J.A !J.A dA
1
-)!J.A

2 
1 

1 2 1 !J. 
A1 

A integração em cada anel !J.A1 , foi feita numeri-

camente empregando-se a fórmula de Newton-Cotes, com 
sete pontos. 

O cál c ulo dos demais fatores, F 
!J.A,~A3 ' 

F 
!J.A 1 ~A3 

é feito ut i 1 i zando-se as expressões 

F !J.A -)/J.A ' 
2 1 

anterio-

... 



res, juntamente 
fatores de forma. 

com a r e 1 ação de rec i proc i da de de 

Obtida a solução 
fazer o acoplamento com 
vecção. Neste caso, o 
considerado constante e 

para o prob lema radiativo resta 
os problemas de condução e con

coeficiente de convecção foi 
conhecido. O problema de con-

dução é formulado cons iderando-se que seja transiente e 
unidimensional , na dir eção perpendi cu lar às espessuras 
(esp

1 
e esp

2
). As propriedades dos materiais são admi-

tidas não variarem com a temperatura. Além disso, os 
últimos anéis de cada superfí c ie são considerados iso
lados. A solução do problema condut ivo foi obtida 
utili zando-se o método das diferençs finitas com formu
lação explíc ita. Dessa forma, fazendo-se um balanço de 
energia sobre cada um dos elementos de vo lume conside
rados, Figura 4, obtem-se: 

Para a região de base (superfí cie 1): 

onde: 

h A (T 
i g 

(T i-1 - Ti) 
+ - ------ + 

Vi: Vo l ume do elemento cons iderado; 

p
1

: Massa específica do mater ial 1 ; 

( T 

k. Condutividade térmica do material 1· 
1 

Cp
1

: Ca l or específ ico do material 1; 

h: Coeficiente de convecção de calor ; 

T Temperatura 
g 

do gás; 

q Fluxo de ca lor por radiação; 
1, r 

A.:Ar ea do anel ; ; 

r 

; .. 1 

R 

+ 

- T ) 
i 

i I i+ 1 

+ r 
R !J.r i-1 r 

i-l,i 
2 k 

i 2 n r e 
1 1 

r + r 

(7) 

(8) 

onde: 

r (x): raio externo do d i vergente; 
ex 

r . (x) : raio interno do divergente. 
1n 

R 
i 1 i+l 

!J.x /cos(3 

k
2 

n [ r
2 

(x) 
ex 

2 
- r 

i n 

( 12) 

Fi gura 4: Balanço de energia num elemento de volume 

Uma validação pre l im inar desta formu lação pode 
ser feita , cons iderando-se apenas a transferéncia de 
c alor por radiação (h=O), e c

2
= 1. Dessa forma, 

obtem-se a seguinte expressão para a radiosidade: 

( 1 ) T 4 F 
+ - c 1 O' 9 i-.3 i=1 , ... , NR ( 13) 

RESULTADOS 

Uma vez que uma expressão anal ' ti c, é conhec ida 
para F [ 5] , a equação ( 13) repre,.ent 1 uma s o 1 ução 

dA
1
-7A

2 

R !J.r 
i, i+l 

2 n k r 
1 

r 
e 

i 1 

i ... 1 

2 
(9) exata para a radiosidade sobre a sup<:rfí c i e 1. Assim, 

reso 1 vendo-se as equaç ões ( 1 ) e (; ·) para um número de 
20 regiões (NR=NX=20) , obtem-se o~ resultados apresen
tados na Tabela 1, com boa concordància. 

i = 1 , ... ,NR 

Para a região do divergente (superfíc ie 2): 

v 

onde: 

h A (T 
i g 

- - ---- + 
R 

i-1, i 

!J.x/cos(3 

k
2 

n [ r
2 

(x ) 
ex 

(T 
i+ 1 

R 

- T ) 
i 

i • i+ 1 

( 10) 

(11) 
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Tabela 1: Resul tados para a raaiosidade sobre a sup. 

(c = O 8· ~ = 15° · T = 1000 K e T = 700 K) 
1 ' ' I' ' 9 2 

R 
RAD lOS IDADE [W/m 2 ] 

[m] 
solução exata solução numérica 

0,4152 17 .069,75 17. 212, 77 

0,42 18 17 .334 , 16 17. 498,99 

0,4660 18.099,19 18.304,12 

0,5014 18 .476, 51 18.698,96 

0,5788 19.101, 98 19.353,32 

Uma vez vali dado o programa, é poss ível aval i ar 



os niveis de temperatura sobre as duas superficies con
sideradas e, dessa forma , especificar o tipo e quanti
dade de materiais que devem ser utilizados como prote
ção térmica . Para o exemplo apresentado neste trabalho 
considerou-se, como material isolante, a cortiça, cuj~s 

propriedades de interess~ são : p = 480 kg/ m , 
k = 0,025 W/m

2 
e a= 2,6x10- m2/s, sendo a a difusi

vidade térmica. 

A Figura 5 apresenta a distribuição de temperatu
ra em função do tempo . Observa-se que o seu crescimento 
dá-se de forma extremamente rápida. Isso se explica 
pelo fato de que há, para o exemplo dado, predominância 
da transferência de calor por radiação. 

T (K] 550.00 

500.00 

450.00 

400.00 

350.00 

J00.00
0 o 

R (M) 

Figura 5: Distribuição de temperatura em função 
do tempo 

A Figura 6 apresenta a distribuição de tempera
tura , ao longo da superficie 1, considerando-se várias 
espessuras de cortiça. Observa-se que apesar do pequeno 
intervalo de tempo considerado, já se verifica uma 
grande elevação nos niveis de temperatura do isolante. 
Este resultado pode ser usado para avaliar a espessura 
de material a ser utilizado, de modo a garantir que 
condições criticas de temperatura não se estabeleçam 
sobre a estrutura do veiculo. Vale ressaltar, contudo, 
que a temperatura sobre a estrutura do veiculo pode não 
ser a condição determinante da espessura do isolante, 
~aja visto que, acima de uma determinada temperatura o 
isolamento térmico pode sofrer grandes variações nas 
suas propriedades fisicas podendo, inclusi ve, mudar de 

T [K) 

Figura 

700.00 

650.00 

600.00 

550.00 

500.00 

450.00 

400.00 l~ 350.00 . 
0.36 0.40 0.44 

6: Distribuição de 
superficie 1. 

2MM 

3MM -

4-..-
5MM 

0.48 0.52 0.56 0.60 
R [MJ 

temperatura ao longo da 
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fase. Além disso, pode ocorrer que a cola utilizada pa
ra aderir o isolamento à estrutura não mantenha sua 
aderência acima de uma determinada faixa de temperatu
ra. Para avaliar cada um desses fatores, devem ser rea
lizadas medidas experimentais a fim de verificar os 
limites de temperatura tanto do material como do adesi
vo. Ao se comparar dois materiais distintos, outro fa
tor que deve entrar na análise é o peso. Eventualmen
te, um determinado material que apresente melhores pro
priedades térmicas, notadamente baixa difusividade tér
mica, pode apresentar uma elevada massa especifica in
viabilizando, assim, sua utilização. 

A Figura 7 ilustra para uma dada situação a in
fluência da emissividade superficial. Quando se analisa 
a alteração da emissividade superficial , investiga-se a 
possibilidade de se revestir o material isolante com um 
filme com alta refletividade. Pelo fato de que se está 
considerando um coeficiente de convecção elevado, 
300 W/m2K, a emissividade da superficie não alterou 
significativamente a distribuição de temperatura. 

V a 1 e r essa 1 tar que, para cada uma das si tuções 
a na 1 i sadas, ef etuaram-se testes de modo a garanti r a 
convergência da solução numérica. Por exemplo, para os 
resultados apresentados neste trabalho adotou-se um 
incremento temporal de 0,002 s, e um número de 10 anéis 
em cada superficie. A temperatura do gás foi assumida 
constante e igual a 1000 K. A condição inicial de 
temperatura da estrutura foi de 300 K. Os va lores de 
emissividade e espess ura de isolante foram 0,8 e 
3, O mm, respecti vamente. Em todas as si muI ações, a 
cortiça foi o material utilizado. 

y [!IJ 525.00 

520.00 :±-- ..--= 

515.00 ~·-b-=-+-----~ 

51o.oo ____....1---=- I ! 
_f1_ 

"''·oo 3 r-f; ' ...... '6 '!O .... '6:!, 
Lz:tr .C.....,J,. .... 0'18"""6:\, . R[M] ~.,.,.., o 44 . 500.000.36 0.40 . 

Figura 7: Influência da emissividade da superfície 

VOO PROPULSADO 

Durante o vôo propulsado de um veiculo espacial, 
o mesmo fica exposto, durante um intervalo de tempo re
lativamente grande (60 s no caso do VLS) à radiação e
m i ti da pe 1 os produtos de combustão do seu propu I sor, 
como ilustra equematicamente a Figura 8. Nos veiculos 
que utilizam motores a propelente sólido, este proble
ma t orna-se mais critico uma vez que existe uma quanti
dade significativa de partlculas de Óxido de Aluminio 
(28 %, em massa) as quais , durante o processo de expan
são que ocorre no di vergente, não diminuem sua tempera
tura tão rapidamente como o fazem os gases. Dessa 
forma, mesmo a altitudes elevadas tem-se nos produtos 
de combustão desses motores, particulas sólidas a ele
vadas temperaturas emitindo radiação térmica. Adicio
nalmente, essas particulas (com diâmetro variando de 
0.5 a 10.0 Mm) espalham energia radiante. Tal fato 
faz com que a plumagem se torne um meio no qual se tem 
emissão, absorção e espalhamento de energia radiante. A 
solução de tal problema constitui, por si só, uma labo
riosa tarefa, entretanto , acoplado ao problema radiati-

.. 



vo existe o problema convectivo. Dessa forma, a so
lução do problema do aquecimento da região de base de 
velculos espaciais a propelente sólido, compreende três 
fases distintas, quais sejam: 

-Cálculo do fluxo de calor emitido pela pluma; 

- Cálculo da fração de energia emitida pela plu-
ma que atinge a superflcie do veiculo; 

- Determinação dos niveis de temperatura sobre 
essas superflcies. 

O mode 1 o desenvo 1 vi do para c a 1 cu 1 ar o f 1 uxo de 
calor emitido pela plumagem, não será aqui discutido 
uma vez que as Refs. [ 1 1 e [ 21 tratam de ta 1 hadamente 
desse problema, ou seja, apresentam um modelo aonde a 
equação de transferência radiante é reso 1 vi da, junta
mente com o problema convectivo. O cálculo da fração de 
energia emitida pela plumagem que atinge a superflcie 
externa do veiculo, notadamente a região de base é fei
ta utilizando-se os fatores de forma propostos na 
Ref. [61. 

Booster 
( 12 Estágio) 

Figura 8: Representação esquemática da transferência de 
c a 1 or da p 1 umagem para a reg ião de base do 
veiculo 

A Figura 9 i lustra um resultado ti pico obtido 
para o fluxo de calor incidente sobre a região de base 
do 3Q estágio do VLS. Apresenta-se os resultados para 
o fluxo de calor incidente sobre vários planos de 
base. Para Y1 = 1,49 m (coincidente com o plano de 
descarga dos gases) o fluxo máximo se dá em X2/Re =1, 
diminuindo à medida que afasta-se deste ponto. Para 
Y1 = 1,35 m, verifica-se que o fluxo máximo se dá para 
X2/Re ligeiramente maior que 1. Para Y1 1,00 m 
observa-se comportamento semelhante ao anterior 
diferindo, porém, no valor de X2/Re onde ocorre o flux~ 
máximo, em torno de X2/Re = 1 , 5. O deslocamento do 
ponto no qual se dá o fluxo de calor máximo é atribt.ído 
basicamente a do is fatores. São eles: proteção .i~ v i do 
ao divergente e aumento da distância do plan ~ de 
interesse, relativamente à pluma. 

12000.0 

10000.0 

"' e .._ 
8000.0 ::;: 

CY 
6000.0 

4000.0 

2000.0 

X2/Re 

Figura 9: Fluxo de calor incidente sobre vários planos 
de base 
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Uma vez aval lado o fluxo de calor incidente, é 
poss i ve l reso 1 ver o prob 1 ema de condução na proteção 
térmica uti 1 izando-se as mesmas hipóteses anteriores, 
ou seja, utilizando-se a equação (7), com h=O. 
Observou-se que mesmo ocorrendo por um perlodo 
pro 1 ongado, cerca de 60 s, o prob 1 ema de a que cimento 
não é critico. A explicação para este fenômeno 
deve-se ao fato de que o f 1 uxo de c a 1 or incidente é 
muito baixo (vide curva da Figura 9 para y1 = 1,0 m). 
Dessa forma, o aumento de temperatura nessa região é 
extremamente baixo. 

CONCLUSÕES 

Foi apresentado um modelo teórico que permite 
aval i ar o aquecimento da região de base de veiculas 
espaciais durante a decolagem. O modelo desenvolvido 
possibi 1 i ta, ainda numa fase preliminar do projeto, o 
dimensionamento de proteções térmicas sobre essas 
regtoes. Os resultados aqui apresentados são importan
tes, no sentido de que auxi 1 iam a identificar situa
ções ( ou regiões) criticas. Foi também aval i ada a 
condição de aquecimento quando do võo propulsado a 
grandes altitudes. Dos resultados apresentados, para o 
fluxo de calor incidente e para a distribuição de 
temperatura ao longo da região de base, concluiu-se que 
que tal aquecimento não é critico. 
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ABSTRACT 

This work decribes the activities developed by 
the Aerothermal group (IAE/CTA) and the Mechanical 
Eng i neer i ng Program ( COPPE/UFRJ) i n order to deve 1 op 
theoretical models to establish the heating leve\ on 
the base region of a space vehicle during its lift off 
as well as during fl ight at high altitudes. ln the 
fi rst si tuat i on the deve 1 oped mode 1 is forma 11 y 
presented and typical results for the second phase are 
discussed. 



III ENCIT - ltapema, SC (Dezembro 1990) 

ANDISORD: A COMPUTER PROGRAM FOR ATMOSPHERIC AND ENGINEERING 
RADIA TIVE TRANSFER APPLICATlONS 

ALEJO SANCHEZ A. and WITOLD F. KRAJEWSKI. 

Iowa Jnstitute of 1-lydraulic Research 
The University of Iowa 

Iowa City, Iowa 52242-1585- U.S.A. 

SUMMARY 

ln this paper, a radiation transfer algorithmfor the solution ofthe equation ofradiative transfer based on 
afinite difference implementation ofthe discrete-ordinates method is presented. Given thefinite difference 
formulation oftheresulting computer program, (ANDISORD) , extension ofthe current 1-D version to 2-D 
o r 3-D situations is straight forward. The program can handle a wide variety of boundary conditions, it has 
built-in anisotropic capability, ir al/ows for thermal sources, and it can interact effortlessly with other modes 
of heat transfer. These characreristics make ANDISORD an exce/lent too/ in engineering applications. 
Resu/ts obtainedfrom benchmarking tests in hoth atmospheric and enginee,ring applications are given. 

I ~TRODUCl'ION 

Rainfall ovcr the tropics and oceans is one of the most important 
variables tha t necds to be estim:ltcd in order to properly calibra te the 
pcJt'ormance of thc global circulation models. Given the spatial and 
temporal variability of rainfall, satellites rcprcsent the only viable 
alternative for obtaining such estimares. At the core of any satellite 
rainfall retrieval scheme remains the problem of solving, efficiently, 
the inverse radiation problem which in turn relies on a radiative 
tran sfer algorithm. 

It is of interest to develop a general model for the solution of the 
radiative tran sfe r equation in multidimensional, anisotropic, 
inhomogeneous medi um [ 11. As a first step in this direction, a 
radiation transfer algorithm for thc solution of the equation of radiative 
transfc r based on a finite difference implementation of the discrcte
ord inates mcthod is presented. Given the finite differcnce fomllllation 
of the resu lting computer program , (AND ISOR D), extension of thc 
current 1 D version to 2D or 3D sit uation s is straight forward. Th e 
model contains ali the procedures nece ssary to evaluate the optical 
prop('rtics of polydispersions. These polydispersions can be directly 
related to rainfall through a Marshall-Palmer type of relationship. 

The model can handle a wide varie ty of boundary conditions, it 
h as built-in anisotropic capability, it allows for thermal sources, it has 
the capability to evaluate the optical properties of particulated media, 
and it can interact effortlessly with general application programs for 
the so lut ion of the conservative equations of momentum, mass and 
ener!! v. These characteristics make ANDJSORD an excellent too! in 
cng i;1éering app lications. 

Results obtained from benLiunarking tests in both a tmospheric 
anel e ngi neerin g applications are given in the following sections. 
Comparisons wi th other algorithms show the grea t flexibility and 
:tccuracy of ANDISORD. 

THE GENER AL EOUJ\TIONS 

The ultimate objective of the de scribcd work is to develop a 
radiative transfcr model that could bc applied to cloudy and rainy 
atmospheres. This implies that the method used to solve the problem 
shou!J account for: I) multiple dimension s (3 D) ; 2) anisotropic 
sca tter ing (i nc luding wa ter drople ts); 3) compatihility with other 
modes of heat transfer; 4) inhomogeneities ; 5) real gas; 6) 
computa tional e fficiency; and 7) accuracy and stability. 

The first five conditions are desi rable due to the geometry, 
composition, and radiative propenies of clouds themselves. For th e 
sixth condi tion, computational efficiency, high spccd is required 
bccause it is foreseen that the mcthod wil l be applied to th e 
interprc tation of satellite data. As for thc Jas t condition, accuracy and 
stability, it is understood that the extra effort necessary to achievc 
"exact" solutions, although desirable in some situations, is not 
justified in this type of atmospheric problem due to the inexact 
knowledge of cloud constituents or thcir vertical distribution 121. 
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1-lence, good, stable approximations rather than "exact" solutions are 
sought. 

Subject to the boundary conditions of the particular problem at 
hand, the system of equations goveming the problem are: 

Energy Conservation Within the Medium. The well known 
fonn of the general energy conservation equation follows [3]: 

(I) 

The left hand side of equation (I) represents the convection and 
transient energy storage while the terms on the right hand side are, in 
order, compression work, conduction, net radiative energy gained per 
unit volume, local heat generation, and viscous dissipation. 

The divergence of the heat flux vector. ln terms of radiative 
intensi ties, the divergt>nce of the heat flux vector is expressed as: 

àlJ,. 8 + ~y)dwdÀ. 
ày dz 

(2) 

where w denotes solid angle; and J.l, 8, and y are the cosines of the 
angle betwecn the direction of r (the intensity) and the x, y, and z axis, 
respectively, and IJ,. is the monochromatic intensity at wavelength À.. 

The monochromatic intensity. The monochromatic intensity is 
expressed as: 

4:rt: 

+ SJ,. J IJ,.( Ç, w;) <I>(À. ,w,w;) dw; 
4rr o 

(3) 

whcre I is the radiant intensi ty, P is the extinction coefficient, Ib is the 
bbckbody intensity, Ç is the line of sight of incident radiation, w and 
w; are, respectively, the outgoing and the incident solid angle, and <1> 
is the scattering phase function. The le ft hand side of equation (3) is 
thc variation of the monochromatic intensity along the line of sight 
direction (LSD). The three terms on the right hand side are, 
rcspectively, the attenuation of monochromatic intensity along the 
LSD due to the absorption and outward scattering characteristics of thc 
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medi um, augmentation of monochromatic intensity into the LSD due 
to emission in the medi um, and the augmentation of monochromatic 
intensity due to inward scattering of the incoming radiant energy into 
the LSD. The monochromatic absorption and scattering coefficients 
are aÀ and S;l, respectively. 

SOLUTION OF THE GENERAL EOUATIONS 

Selection of a Method. A comparison among the different 
methods to solve the radiative transfer equation (RTE) is tabulated in 
Byun [4]. He classifies the various methods into four categories : flux 
(subdivided into flux, P-N or differential approximation, and S-N or 
discrete ordinates), integral, Monte Cario, and zone methods . For 
three dimensional, emitting, absorbing and anisotropically scattering 
media the P-N and the S-N methods may be selected as those that 
better satisfy the needs expressed above. 

Although the P-N method (in particular P-3) has been 
formulated and applied to 3D radiation transfer problems wi th 
anisotropic scattering conditions (5,6], the results seem to be very 
poor and questionable [7]. o~ rhe other hand, the use of the P-3 
method for 2D geometries is chimed to be already too cumbersome. 
This leaves the S-1\ method as ihe best choice for the problem. 

ln situations where scat•ering is important, which is the case in 
the presence of raindrops and cloud water, the discrete ordinates 
method (S-N) i~ reported to work very well [8] . Very good 
agreement is reported [7 . 9] between the S-N method (for N equalto 
or greater than 4) and the zone merhod for 3D problems with isotropic 
scattering. 

The discre te ordin ttes method [7 , 9, 10] is, therefore, selectt .. : 
as the working too!. The pros and cons for the use of the di screte 
ordinates metho I in :ltmospheric applications are discussed in de ta i! in 
Lenoble [11] arJ Sic:gfrid (12] . 

The Disc-ete Ordinates Method. The general formulation as 
well as the de se ciption of the num.:rical irnplementation of the discrete 
ordinates meti- )d in three dimensional, anisotropically scattering 
radiative heat transfer problems is readily available elsewhere [7, 9, 
10]. Some modifications have, however, been introduced here in 
order to make the scheme more applicable to atmospheric problems. 
ln particular: parallel beam radiarion (solar beam) and isotropic 
radiation on the boundaries (background radiation) have bee n 
included. 

For the control volume depicted in Figure 1 the face intensities are 
related to the volume-center intensity throughout a spatial interpolation 
ofthe form: 

rP =a lxe + (1-a) I~r =a Iye + (1-a) lyr =a Ize + (1-a) Izr (4) 
I I I I I I I 

where a is a weight factor (0.5 S a S 1 ) and the superscripts "r" and 
"e" denote reference and end-face (to indicare where the energy 
originares and where it arrives) for the indicated coordinate direction. 

Equation (3) is discretized and rewritten as: 

xr yr zr 
p I!JiiAn,sii + 18i1Ae,wli + lyjiAf,bli +a (S 1 +S2+S3)L'. V p 

J. = (5) 
1 I!JiiAn,s + 18i1Ae, w + IYiiAf,b + a~ L'. V p 

where IJi, 8;, and Yi are the direction ensines for the discrete direction 
i, and where the face areas (A), and the source terms (S 1, S2, and S3) 
for a differential volume (ô V p = ôx ôy ÔZ) are given by the 
expressions: 

An,s L'.y L'.z north/south faces 

Ae,w ôx ôz east/west faces 

Ar,b L'.y ôx front/back faces 

S1=(1-il)~lb ==) S1=aib (6) 
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S2 = 2. I,.wj IJ Cl>ij 
4n j 

S3 = 2. FP, Cl>io 
4n 

w 

I 

: • s 

~ 

~ 

/z 
Fig. I. Three-dimensional Control Volume. 

(7) 

(8) 

v 

ln Equations (6-8 ) Q is the scattering albedo; w are the wcights 
for the quadrature procedure; F0 is the externa! flux for a parallel beam 
in direction 1J0 , 80 , and y0 ; and Cl>ij is the phase function. 

The phasc function is represented by: 

N 

cDij = L (2n+ I) bn PnCilillj.8i8j, YiYj) (9) 
n~o 

where bn are coefficients for the series expansion of the phase 
function in terms of Legendre polynomials of order n cPnl· 

Whcn the surface bounding the enclosure is gray, opaque, and 
emits and reflects diffusively, the boundary conditions for equ ation 
(5) are 

at x=O 

at x = Lx 

at y =O 

at y = Ly 

at z=O 

at z = Lz 

(1-E) ~ 
I;= Elb + - 11: - .:.... Wj illjl lj 

(l-E) 
I;= rlb + -rr 

llj< () 

L Wj llj lj 

llj> o 

(1-E) ~ 
I;= Elb + - - .:..,. w j t8jt lj 

1t 

bj< o 
(l-E) ~ 

l; = Elb + - - L w j Õj lj 
11: 

8j> o 
(1 -E) ~ 

I; = Elb + - rr - .:..,. w j IYjl Ij 

Yj< o 

(1-E) ~ 
I; = Elb +- L Wj Yj lj 

11: 

Yj> o 

for lli > O 

for !J;<O 

for 8;>0 

(lO) 

for 8;<0 

for y;>O 

for y;<O 



where E is the surface emissivity and L; is the total lcngth of the 
domain in the direction i. 

If an externa! intensity I, is incident on any of the surfaces, the 
tem1 Is should be added to the boundary condition at that su,face. 

Solution Procedure. If the temperature distribution throughout 
the computational domain is known, the tenns S 1 as well as the 
optical properties of the medi um can be evaluated as needed and the 
system of equations (4-10) can be solved independently of the energy 
equation. Normally, this is not the case and the radiative transfer 
equation has to be solved iteratively with the energy equation (global 
iterations) in orc!er to find the needed temperatures. 

For steady state, the energy equation (equation (I)) for a moving 
continuum can be written in the following general form: 

C(T) = D(T) + S(T) ( 11) 

where C(T) is the convective term, 0(1) the diffusion term, and S(T) 
the source term. 

The source term can include compression work, viscous 
dissipation, heat generation and a radiation source. Whatever the 
other constituents of the source might be, the radiant source, if 
present, has to be found. 

The radiant source is evaluated at each control volume (p) as: 

(12) 

Equation (II) is normally non-linear and must be solved 
iteratively by a numerical procedure [13]. Applications involving 
complete global iterations are not commonly found in the literature. In 
most cases, conduction and convcction are assllmed negligible and the 
sollrce is considered to be either a radiation source alone (v.qr = 0) or 
radiation plus generation sources (v.qr = tlJ. 

ln arder to solve for a general energy equation, an iterative 
procedure between equations ( 4-1 O) and equations (11-12) h as to be 
applied. 

It is out of the scope of this paper to describe the details or to 
give examples of problems involving global iterations. However, 
given the importance of this type of problems in engineering, the 
interested reader is refen-ed to Sánchez. et ai. 1141 were an example of 
the procedure for global iterations in a two-dimens ional gcometry is 
given. 

THE ONE DIMENSIONAL IMPLEMENTATION 

As a first step toward the full solution of the problem, a one
dimensional, parallel layers version of the procedure describcd 
previously was implemented. The geometry solved by the program is 
shown in Figure 2. 

• ''<] 
··················r················--~ 

O 2 

.....••........•..• L ...•••.••••••.... _ P. 
I '3 ~ 

I 

~ 
I N-1 
I . -........... -. -. -t ... -............. N PN·l 

··················-~·-···············- P. 
I N+1 ll 

Fig. 2. Parallel Plates Geometry 
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The maio characteristics of the program (called ANDISORD, and 
written in FORTRAN 77) are: 

Sources. The program allows for any combination of parallel 
beam radiation at any angle 9o. isotropic background radiation, and 
them1al sources. 

Homogeneity. The layers are considered homogeneous in the 
horizontal direction, but they can be inhomogeneous in the vertical 
direction. i.e., the optical thickness ('t), the scattering albedo (W0 ) and 
the phase function can vary from layer to layer. 

Scattering. The program allows for isotropic, anisotropic by 
similarity, Mie, or Henyey-Greenstein scattering. 

Ouadrature scheme. The code uses a Gaussian quadrature 
scheme to solve the integrais. 

Azimutha l distribution . The program solves for azimuthally 
independent radiation. No effort was made in order to implement the 
azimuthal distribution of radiances, since this would require a Fourier 
expansion of the intensities. ln the future, when the three-dimensional 
quadrature points are implemented, the azimuthal distribution will be 
obtained without extra effort due to the spatial distribution of the 
dircction cosines. 

Output. The program evaluates the radiances at any levei and at 
any polar angle; the heat fluxes in and out of each inter-layer plane, 
discriminating between direct and diffuse fluxes; the irradiation at each 
inter-laycr; and the transmissivity, reflectivity, and absorptivity of the 
wholc "atmosphere". 

The optical prope rties. Of primary importance for the 
application of ANDISORD to the problem of rainfall retrieval is the 
determination of the optical properties of polydispersions. To this 
effect, a companion program was written (POL Y) that allows for the 
evaluation of those optical properties based on the following formulas 
115, 16]: 

rmax 

J 
dn(r) 0 = CJcxt(r) --af dr 

rmin 

rmax 

J dn(r) 
s = CJsca(r) --af dr 

rmin 

I 
<1>(9) = s 

rmax 

J dn(r) 
CJsca(r) <1>(9,r) --af dr 

rmin 

~~~r) = 16000e- A r I m·3 mm-1] 

(13) 

(14) 

(15) 

(16) 

where CJcxt• and CJsca are, respectively, the extinction and scattering 
cross-scctions for a single sphere; 0 is the extinction coefficient (a + s) 
for the polydispersion; r is the drop radius; n(r) is the drop size 
distribution; 9 is the scattering angle andA is: 

A= 8.2 R·0.21 [mm· lj (17) 

R being the rainfall rate in [mm hr-1]. Equations (16-17) imply a 
classic Marshall and Palmer type drop distribution . 

The extinction (CJext) and scattering (CJscal cross-sections are 
evaluated from the exact Mie calculations, for a single ·hydrometeor of 
radius r, using wavelength dependent index of refractions tabulated 
from Kondratyev [ 17] and the computational procedure of O ave [18]. 
Expansion of the phase function in a series of Legendre polynomials
to find the bn terms in equation (9) - is performed by means of a 
procedure similar to that described by Kumar [19] . 



r 
RESUL TS AND DTSCUSSION 

In arder to benchmark the program (ANDISORD), severa! tests 
were executed. Due to space limitations, only some representative 
results are presented here. 

Test 1. A set of six problems: three involving haze, two related 
to thicker clouds and one concemed with a more realistic atmosphere 
(including aerosols, etc.) were proposed to the scientific community 
by the Radiation Commission [11]. ANDISORD was used to solve 
the first two cases. Results from "case 2" follow. 

The characteristics of the problem are: homogeneous plane
parallel atmosphere with total thickness 't = 1 and albedo for single 
scattering W 0 = 0.9; black, non-emitting ground; incident solar beam 
from direction (1-!0 ,0) = (-1,0) and flux nF = 1t (F = I); anisotropic 
scattering with the coefficients for the expansion of the phase function 
into Legendrefolynomials given. 

Tables and 2 present the result of the computations for 
comparison with other methods. 

In ali cases, ,\NDISORD was run with only six layers ('t = 
0.05, 0.05, 0.1, 0.3, 0.25, 0.25) 'nd with 32 streams ( 16 up and 16 
down), while the phase function was approximated with a series of 31 
Legendre polynon,ials (some o• the other programs used up to 50) of 
orders I to 31. 

ANDISORD provideú exce llent results. The error in the 
integrated quantities (fluxe:;) was always less than 0.1 percent, while 
for the discretizeú intensities the maximum error was in the order of 4 
percent. Increasing the number of layers and streams would diminish 
these errors further. 

Table I. Radiance * I 0: Haze L 

spher. Discr. FN Monte Current 
't 1-' 

harmo. Ord. method Cario ANDISO 
RD 

o 1 0.2788 0 .2784 0.2795 0.283 0.2665 
<U 0.3139 0. 3143 0.3144 0.323 0.3124 
0.2 0.6701 0.6702 0.6696 0.703 0.6715 
o 0.5 I 96 0.5177 0.5 175 0.475 0.5255 

0.5 I 0.1 371 0.1369 0.1374 0.136 0.1317 
0.8 0.1607 0.1609 o 1609 0.163 0.1599 
0.2 0.6676 0.6673 0.6671 0.680 0.6845 
o 0.9410 0.9399 0.9401 1.13 0.9283 
-0.2 0.9168 0.9155 0.9160 0.948 0.9208 
-0.8 2.385 2.385 2.385 2.38 2.3854 
-1 22.48 22.40 22.40 22.4 22.492 

1.0 o 0.7962 0.799 1 0.7932 0.749 0.8022 
-0.2 1.243 1.242 1.242 1.30 1.2425 
-0.8 3.870 3.870 3.869 3.91 3.8730 
-I 29.77 29.67 29.67 29.8 29.79 1 

Table 2. Flux Case 2: Haze L. 

Method Diffuse Flux Net Flux 
F+(O) F-('tl) 't=O 't=O.l 't=0.5 't=l 

Spheric 
harm. D 0.1236 0.15 16 3.0 180 2.9832 2.R418 2.67 12 
Discrete 
Ord. L 0.1243 1.537 3 0178 -- - --- 2.67 14 
FN 
Method 0.1237 1.5155 3.0 179 2.9831 2.8418 2.6713 

Doubling 0.1 237 1.5155 3.0179 2.9831 2.8418 2.6713 
Finite 
differ. 0.1233 1.1557 3.0182 2.9R35 2.8425 2.6714 
Monte 
Carlo.P 0. 1230 1.516 3.019 2.985 2.837 2.672 
Delta 
Eddi. W 0.1471 1.4998 2.9945 2.9601 2.8225 2.6555 
2Stream 
Standard 0.0999 --- 3.04 17 3.00ó6 2.6569 ---
"exact" 
value --- --- 3.018 2.9832 2.8418 2.67 13 
ANDISORD 

O. 1235 1.5 I 90 3.018 1 2.9834 2.8439 2.6748 
:._:__..,_j - --- --

72 

Test 2. The abi lity of the program to handle different angles of 
incidence for the solar beam was tested by evaluation of reflection and 
transmission (direct p1us diffuse) for two "atmospheres" with optical 
thicknesses of 0.25 and 1.0 respectively. Non conservative scattering 
(roo = 0.8) and Henyey-Greenstein scattering with asymmetry factor 
(g) of 0 .75 was considered. In Table 3 results are compared with 
those tabulated in Liou [20]. These latest results were obtained with 
the use of a Discrete Ordinates Method (DOM) with 2, 4, 8, and 16 
streams and by the Doubling Method. ANDISORD was run with 16 
streams and 10 layers for optical thickness of 0.25, and 16 streams 
and 16 layers for the optical thickness of 1.0. 

Table 3. Reflection and Transrnission 

Reflection Transmission 

'tj llo => 0.1 0 .9 0.1 0.9 

Method~ 
0.25 DOM,2 0.3 1802 -0.01125 0.46566 0.95403 

4 0.30269 0.0 1746 0.46032 0.92623 
8 0.29599 0.01473 0.44354 0 .92728 
16 0.29406 0.0 1558 0.43120 0.92679 

Doubling 0.28961 0.01547 0.430 I 7 0.92669 . 
ANDISORD 0.2897 0.0 155 0.4310 0.9267 

Tw DOM,2 0.37519 -0.00064 0.29023 0.76333 
4 0.37646 0.05425 0.22724 0.72003 
8 0.36938 0.0490 1 0.20192 0.7 1702 
16 0.36071 0.04942 0.20416 0.71784 

Doubling 0.35487 0.04929 0.20556 0.71772 
AN DISORD 0.7179 

-- -·-
'-()._3)52__ 00493 _ _Q.;?073 -

----·--

Tes t 1. The purpose of this test was to compare the results 
provided by ANDISORD with those from the "exact" zone method in 
an anisotropicaly scattering media 121 ,22]. The problem involves a 
layer of total optical thickness ('t), black walls, conservative 
sca ttering, and linearly anisotropic media with the phase function P(8) 
= I + 3g8. Results are given in table 4. 

Table 4. Hemispherical Reflectivi ty of the Slab 

't 
g References 0.1 1.0 10.0 

-1.0 Byun & Smith 121] 0.1048 0.5 138 0.9092 
~·NDISORD 0.1061 0.513R 0.9096 

-0.7. Dayan & Tien 123] 0.099 0.495 --
Yuen & Tien 124] 0 .099 0.495 --
Byun & Smith 0.0987 0.4954 0.9026 
AN DISQRD 0.100 1 0.4954 0.9030 

0.0 Bleach et. a! .125] 0.0843 1J.4460 0.8833 
Busbrige et. all261 -- 0.4466 0.8R33 
Dayan et al 0.084 0.447 0.891 
pzisik & Yener [271 -- 0.4466 --
Sutton & Ozisik 1281 -- -- --
Byun & Smith 0.0843 0.4465 0 .8828 
Five land (S-6) 129 1 -- 0.4475 0.8842 
jANDISORD 0.0857 0.4465 0.8832 

07 Davan ct ai 0.069 0.389 --
By~m & Smith 0.0694 0.3872 0.85 29 
jANDISORD 0.070R 0.3872 O R533 

1.0 13 usb ri ge et. ai. -- 0.3577 0.8351 
Byun & Smith 0.0628 0.3577 0.8348 
Fiveland (S-6) -- 0.3583 0.8330 
iANDISORD 0.0643 0.3576 0.8351 

Test 4. Figure 3 shows the excellent agreement between the 
úimensionless blackbody emissive power results obtained using 
ANDISORD and the zone method 1221 for the solution of an 
absorbing, emitting and isotropically scattering medium enclosed by 
black walls. ln this problem, the equation: 

(-'V· t]r)p = j fwjlj- 4nlbJ 
lj=l 

(I 2) 



is solved for(-V · qr)p = 0.0 (radia tive equilibrium) 
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Figure 3. Dimensionlcss Emissive Powcr. 

Test ."i. Wiscombe et al.[30l (sec also [3 11) provide a series of 
tcsts for their compu ter program DlSORD. Some of these tests were 
run to bench mark AN DISORD. Thc differen t "cases"' are named as 
in the original reference. 

Table 5 compares results for cases 8A to 8C. These cases 
involve two inhomogeneous layers (den01ed by the subindexes 01 and 
02). The source of energy is isotropic radiation of intensity 
XIS0=.0.3 1831 incident on the upper surface and the scattering is 
tsotroptc. 

TABLE 5. Intensities for two inhomogeneous layers. 

Intensities a• Jl = 
At 1: ~ 'tot to2 wo t W02 -1.0 1.0 

Case 8A 
Method 0.25 0.25 0.5 0.3 
DISORD 0.00 p .3 1831 p.019442 
Ai\DI SORD ).31 830 p.OI9472 

DISORD 0.25 ).2627 11 1.005519 
ANDISORD 1.262728 ).005514 

DlSORD 0.50 1.210014 p.oooooo 
ANDISORD 1.209978 ).000000 

Case 88 
0.25 0.25 0.8 0.95 

DlSORD 0.00 0.318310 p.049558 
ANDISORD 0.31830 1.049542 

DISORD 0.25 0.277499 p.025058 
Al\'D ISORD 1.277265 p.024978 

DISORD 0.50 ).240731 1.000000 
ANDISORD 1.240736 1.000000 

Case 8C 
1.00 2.00 0.8 0.95 

DISORD 0.00 1.318310 p .104766 
ANDISORD 1.31 830 ).104748 

DISORD 1.00 ))89020 1.065445 
ANDISORD p.188999 ).065383 

DISORD 3.00 ).068476 p .oooooo 
ANDISORD p.068384 p.oooooo 
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TABLE 6. Fluxes for two inhomogeneous 1ayers. 

Fluxes 

At 1:9 'tot 'tü2 WOJ W02 Down Up 

Case 8A diffuse diffuse 
Method 0.25 0.25 0.5 u.:; 
DISORD 0.00 1.000000 0.092963 
ANDISORD 0.99997 .. 0.093183 

DISORD 0.25 0.722235 0.027895 
ANDISORD 0.72122 0.027907 

DISORD 0.50 p.5 13132 9.09E-18 
ANDISORD b.51214 0.00000 

( ase 8B 
0.25 0.25 0 .8 0.95 

DISORD 0.00 1.000000 0.225136 
ANDISORD p.99997 0.22516 

DISORD 0.25 p.795332 p.126349 
ANDISORD p.79494 p.12627 

DISORD 0.50 p.650417 2.20E-16 
ANDISORD p .65010 p.ooooo 

Case 8C 
1.00 2.00 0.8 0.95 

DISORD 0 .00 1.000000 0.378578 
ANDISORD p .99997 0.37849 

DISORD 1.00 p.486157 0.243397 
ANDISORD p.48580 0.243 19 

DISORD 3.00 p .159984 1.19E-17 
ANDISORD p.15972 0.00000. 

CONCLUSIONS ANO RECOMMENDATIONS 

Development of a 3D radiation transfer model accounting for 
hydrometeor scattering, real gas participation and ali the bo!1lldary 
conditions appropriate for problems related to atmospheric radiation 
and satellite rainfall retrieval is an important objective of satellite 
remote sensing. 

As a first step in the fulfillment of the goal, a I D compu ter 
program (AND ISORD) was developed and implemented on a personal 
computer. The program, based on the finite difference version of the 
discrete ordinates method, was tested in a variety of situations with 
excellent results. 

Although the program was not timed, it can be said that in ali 
the cases tested, the required wall clock time was only a few seconds. 

Future testing of ANDlSORD, in its I D version, as well as 
POL Y - the companion program for the determination of the optical 
properties of polydispersions- will include thicker atmospheres and 
interaction with conduction and convective heat transfer. These are 
applications for which the program is already designed. ln the near 
future, the I D version will be enhanced to account for non-lambertian 
ground. 

ln addition to atmospheric remote sensing, the program can be 
readily applied to a wide variety of engineering problems. A reci:ntly 
developed 20 version of the program was applied 10 the problem of 
combined natural convection and radiation in a rectangular enclosure 
11 41. 

ANDISORD is available, upon request, to qualified users. 
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ABSTRACT 
Inc.ident so lar radiation upon oceans a nd generally, large water bodies 

is reflected, transmitted to great er d e pths a nd absorbed by the fluid mass 
(Viskanta and Toor, 1973, 19?8). The re a r e presently several commercia l 
systems thal operate under thes-e circ umstances, SllC h as solar- sa.line water 
ponds, solar collector s wilh descending film, poo l s , etc. The main objective 
ot this paper is t o o/Jtain the trans .ient temperature induced by thermal 
radiation in large wi1ter bodies, /Jy use of the finite element method to 
discretize the s pace and finite differences to discret i ze the time variation. 
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INTRODUCTION 

The tempei'alur·e di s lribution for shallow depths 
of watcr ponds or similar s ys t e ms i s a solved probl e m 
in the liler·ature (Viskanta and Toor, 1978, Cengel and 
Ozisi k, 1984), among others, however very few or no 
at t empts at ali (Romero and Ri esc o , 1987), have been 
made to desc ribe the radiation induced transi ent 
te mperalure distribution o f oceans or large water 
bodi es , I ike lakes, dam r ese r voi r s, e tc. 

Th i s paper· present s a n a l gori thm lo predicl the 
bchaviour induced by solar r·adialion in large water· 
bod ie s (see Fig. 1 & 2). The model assumes an inilial 
Lcmperature distribution and co ns ide rs very large but. 
finite dept hs. The result s a r·e then compared with 
availab l e experimental data from aut hors like (Viskant a 
a nd Toor·, 1973, and Behnia and Viskanta, 1979). The 
initi a l conditions can also be varied to suit actual 
di s tribulions present in natural wa ler bodies. 

ANALYSIS. 
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WAVES 

The energy equation for the thermal behaviour in 
water, considering simultaneously conduction and 
radiation is given by (Üzisik, 1973) 
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where g(x) is the source term a nd r epresents the solar· 
absorption rate per unit volume at a depth "x ", 
measured from the surface . 

In ( 1 ), the following assumptions have been made : 

1) The water body is a semi - i nfinite onedimensional 
system 

2) Air-water interface is f l at (no transversal wave s 
are prese nt). 

3 ) Re fracti o n angl e foll ows the Snell's l a w. 

4) Thermal radiation wi thin the wa t e r is negligible in 
the infrared spectrum (A > 3 Mm). 

5 ) Solar incident r adiation on the water s urface i s 
composed of direct (Hn) and diffuse (Hd) c omponents . 

The boundary and i ni t ial condi t i ons f o r ( 1) a r e 
g i ven by (A t kinson , 1983): 
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The t e rm g(x) is de fined as follows: 

, , <'I o ', { [ 1- e • < •,1 h: •• -k"""' • 

. '"'" . .. J: !'-'·' "' ']· -'' ''"'•] 

FORMULATION OF THE FINITE ELEMENT METHOD. 

(2) 

( 3) 

In princ ipie, the variat i ona l problem of ( 1 ) has 
to be obt a ined , that is to find T such that TcC ' 
( (0 , T) , C2

(nJ), (see Fig. 3) 
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The first condition (2 ) has to be s atisfi ed over 
8 fl x J , that i s rising a Ne wman ' s type prob!em: 

K ={v c c' [ co , T) , c' (n) ): O<v(t):s278 in n. tcJ} 
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where K repres ents the set of adm i s i b l e t e mperatures . 
The fol l owing equation can then be written: 

I (K llT + G)v dfl = I p c T' v dn 
n n P 

(5) 

Expres s i on (5) can be transformed through appl i cati o n 
of Green's theorem: 

-I k 1/T ollv dn= - I k-{"!" v dfl - I pCpT' v dn 
n an x n 

(6) 

So that the probl e m reduc e s to determine T c K: 

-I xc{pcPr·v}dB-IlKIIT ollv ldB"' .pnlülvlü l - I;vd8 ( 71 

B B . 
va lid for a li v c K, whc r e: 

K* = {v c k v( [) =" O } (8) 

Then the va ri a tional pro bl c m of ( 1 ) i s to find T r K : 
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n t 

The limit s a r e se tas foll ows : 

[:

. r :so 

Hc (t) = flr,O:sT:sc 

, T~c 

ln suc h a wa y t.ha t. (9 ) l cads to thc s o luti o n of a 
ma t r· ix prob l em: 

H ( t) ex' ( t ) + kcx ( t) = f ( x) ( 10 ) 

The s pace i s then d ivided by finit.e c ne-dimensio
nal e lement s , from whi c h lhr·ce di f fcrent matri xes a r e 
developed, k, H and f , lhe fir s t one be ing a ba nd 
malrix , the s e cond a diagonal matr i x a nd the third one , 
a column matrix , whos e re presentation is no t pre s e nted 
here due t o space limit.ali o ns , ( sec Figs . 4 & 5 ) 

Time d i scr·et i zat..ion i s made wi t h finit c 
d i f" f er·e nces ( Bathe and \Jilso n, Hl7lil fr·om Lhe ma tr· i x 
pr·o blem (9), and t.he utilized i n l c r·polat i on func t i o ns 
corres ponds t o f ir·s t d<' gr·ce polynomials of lhe f o r· m: 

w( x ) = cxo + <XI x, x r E (11) 

with (11), t he interpolati o n func t i o rn; a r e ge ne r a t e d o n 
ea ch fini t e element E. 
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By combining (9) and ( 11), the matrix problcm i s 
f orma lly s taled (matrix repr·csentati o ns are owi ted her·e 
f or the sake of space I imit at i o ns , see Figs. 5 & 6, 
t oo ). ln order to discr·c li ze time , the method of 
forwar·d fini te di ffer·ences i s used (Bathe and Wilson, 
1976), s uc h that equation (9) can be written as: 

( l / 6T)H(t)a(t+6t)= f(x) + 

+( ~ + - 1 /6~J~<t l ] ~wl 

• 
~ ~ . 

O:(tdH) = l'll [H(t)] [f!xl]•lli[JI(x)j [k] [o:!tl]·[T] [o:ftl] 
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FIG 5 MATRIX EOUATION ANO TYPES 

Fo r the so!ution of e quation (12) a comput e r 
a ! gori thm was implemented f o r ~hi c h the finite element s 
we r e take n o f the sarne l ength nnd f o r 40 nodal point s. 
The l e mpe rature pr·ofi les wc r·e t.hen ca l c ulated f o r· some 
va lues of the solar· radi at i on a t diffe r·ent inciden t 
angles. 

RESULTS 

The figures 7 & 8, r e prcsent the temperature 
dlslribution as a function o f time and depth for 
severa! time increments and three incident angles (0, 
45 and 75°). Each cur·ve corresponds to an ovcrall li m<' 
c hange of 30 minutes or 1800 sec , lhe qualitativo 
be hav iour agrees r·easonably with some experimental 
vai ues from other authors ( Behn ia and Viskanta 1979). 
Thc asymplotic approach to the cold temperature ·of 
greate r· dept.hs ( z "' 25 m) agrees with tempcr·ature 
di s lr· ibuti o ns found in lhe oceans. 

ln thc de terminati o n of the a bsorption function 
G(x) , direc t a nd diffuse r· ad i a tion values were taken as 
8 00 a nd 200 W/m

2
, respec tive ly, ho wever in natural 

e nvlronments they must be a funcion of incident angle. 
Wa t e r· a bso rption coeffici e nt. s, were assumed to be equal 
to those of fresh water, and was take n from (Cengel and 
tizisik, 1984) 
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CONCLUSIONS 

1. The present model r e produces some of lhe features 
that a re present ln nat ura l wat e r bodies. 

2 . Like a ny numerical model ít has some limitati ons for 
the exact reproduction of natural phenomena, howe ver 
the results can be reasonably used for so me 
preliminary studies of ecological nature or even, by 
modification of the source term, could be possibly 
used to predict temperal ure distribution under the 
e ffects of large thermal dlscharges in addillon t o 
the solar radiation e ffect. 

3) An initial li near t e mperature distrlbution was 
imposed for· the few co mpute r runs . The induced 
tra ns i e nt temperature, as predicted by the model, 
approaches t he sarne linear di s tribution as the de pth 
i nc r e a ses, however, near the s urface a temperat ure 
peak is detec ted, consistent with some 
s tratificat ion that occurs in nature. For all 
practical purposes, the total mass of the water body 
can easi ly be regarded as inifinity, it is therefore 
natural that at some deplh, the water reaches lhe 
initial imposed temperat ure distribulion. 

4) A more realistic init ia l t e mperature distribution , 
can of course be imposed on the model, however, lhis 
r equires a careful determination of some act ual 
t e mpe rature distributi o n in a l arge natural wat e r 
reservo ir. Due t.o the na ture o f thermal radiation 
thi s implies serious fi e ld difficulties, at the mos~ 
t.hi s co uld be instantaneo us l y achieved and the dat a 
so obtained fed to the comput e r . 

~; ) It i s e vident that addi ti c na l work has to be dane in 
o rder to include not. on!y a reliable data fi e ld 
meas twement, bul of course to cons ider the turbidi ty 
a nd s alinity effect s, in arder to attain future 
improvements of the mode l. 
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INTRODUÇÃO 

O estudo do fenômeno de transferência de calor em 
meios participantes (absorvedores e emissores) 
constitui aspecto fundamental no dimensionamento de 
câmaras de combustão, em razão da necessidade imediata 
de utilização de modelos físicos mais abrangentes e 
precisos, que substituam os procedimentos simplificados 
ainda hoje adotados no projeto de fornos e caldeiras 
industriais, e minimizem as perdas de energia 
decorrentes da análise destes equipamentos através de 
metodologias limitadas. 

Entretanto, apenas recentemente, a comunidade 
científica iniciou a pesquisa integrada dos mecanismos 
condutivo, convectivo e radiante de transporte de 
energia, observada a complexidade inerente a este tipo 
de problema, mesmo em situações onde é possível admitir 
certas hipóteses simplificadoras relativas às 
propriedades do meio e à geometria em questão . De uma 
forma geral, os trabalhos teóricos e experimentais eram 
desenvolvidos com o pressuposto da simultaneidade de 
apenas dois modos de transmissão de calor : condução e 
radiação, ou convecção e radiação . 

Na linha de estudo do mecanismo condutivo-radiante, 
estes autores apresentaram trabalhos anteriores [1,2], 
onde determina-se o perfil de temperatura e calcula-se 
o fluxo térmico total (e suas parcelas condutiva e 
radiante) em meios absorvedores e emissores com 
geometria plana, bem como avalia-se a influência das 
principais propriedades do meio sobre a definição da 
importância relativa entre os dois mecanismos . A 

validade do formalismo matemático adotado e da técnica 
numérica usada foi verificada através da comparação com 
alguns resultados da literatura [3,4,5]. 

A segunda categoria de problemas (convecção e 
radiação) vem recebendo mais atenção a partir da 
intensificação dos empreendimentos aeroespaciais, 
notadamente os projetes de sistemas de propulsão ·ae 
foguetes, e os textos de referência mais importantes 
para o acompanhamento deste assunto podem ser 
encontrados na documentação periodicamente publicada 
pela NASA. 

O trabalho em pauta apresenta o desenvolvimento do 
modelo condutivo-convectivo-radiante para a obtenção do 
perfil de temperatura e do fluxo térmico total, pelo 
cômputo de suas parcelas, em meios participantes 
contidos entre superfícies planas paralelas. Evidencia 
ainda a aplicação do método das colocações ortogonais 
para a implantação de um código computacional que 
traduza o algoritmo representativo do modelo e facilite 
a análise da influência dos principais parâmetros 
envolvidos no problema. 
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Ratificando a adequação da modelagem aqui 
apresentada, os arquivos de saída (gráficos e 
tabulares) da rotina computacional, estruturada em 
FORTRAN para microcomputadores do tipo IBM-PC 
compatível, são objeto de uma análise comparativa com 
informações da literatura, através da determinação do 
perfil de temperatura em alguns casos práticos de 
interesse . 

Na seqüência deste trabalho, os resultados do 
modelo em questão serão confrontados com aqueles 
originários da investigação do modelo 
condutivo-radiante [1], visando destacar o limite de 
relevância dos efeitos convectivos e avaliar os erros 
derivados da hipótese que considera o gás como um meio 
estacionário, de forma imprópria, em algumas situações. 

MODELO CONDUTIVO-CONVECTIVO-RADIANTE 

A forma diferencial genérica da equação da energia 
para o escoamento laminar de um fluido compressível 
considerado como um meio participante é dada por [6] : 

DT 
p Cv = div(Kc grad TI - div qr - P div U 

Dt 

(1) 

onde p, j.l, Cv e Kc são a densidade, a viscosidade 
dinâmica, o calor específico e a condutividade térmica 
do fluido, T e P são a temperatura e a pressão do meio, 
U é o vetor velocidade do fluido, qr é o vetor fluxo 
térmico radiante e ~ é a função dissipação de Rayleigh. 

Esta 
primeira 
controle 

expressão é obtida através da análise da 
lei da Termodinâmica para um volume de 
do fluido, admitindo as seguintes hipóteses 

simplificadoras 
a) a existência do contínuo ; 
b) a ocorrência de equilíbrio termodinâmico local ; 
c) a energia interna do fluido é apenas função da 
temperatura ; 
d) não há termo de geração de energia ; 
e) o efeito da pressão radiante é desprezível 
f) as propriedades físicas do fluido são constantes. 

A partir do conceito de entalpia , da equação da 
continuidade e de algumas relações termodinâmicas 
auxiliares, é possível deduzir uma forma alternativa 
para a equação (1), ficando evidente a separação dos 
termos referentes aos mecanismos condutivo e radiante 



de transferência de calor, aos efeitos de 
compressibilidade e aos efeitos viscosos 

DT DP 
p Cp div(Kc grad T) - div qr + ~ T 

Dt Dt 

+ ~ ~ (2) 

onde ~ é o coeficiente de expansão térmica do fluido. 

Supondo pouco relevantes os efeitos de 
compressibilidade e os efeitos viscosos (número de 
Eckert bastante inferior à unidade) quando comparados 
com os demais termos da expressão da conservação da 
energia para um meio isotrópico, resulta da equação 
(2): 

DT 
Kc V 

2 T - div qr (3) p Cp 
Dt 

Para o escoamento bidimensional (x é a direção 
axial e y é a direção transversa) em regime permanente, 
vem que 

õT õT o
2

T o
2

T 
p.Cp. (u -- +v --) = Kc. (- + -) 

õx õy 
ox

2 oy2 

õqrx õqry 
- (-- + --) (4) 

õx õy 

onde u e v são os componentes do vetor velocidade , e 
qrx e qry são os componentes do vetor fluxo térmico 
radiante. 

Considerando que é válido negligenciar a condução 
(número de Peclet elevado) e a radiação na direção 
axial, face à magnitude do fenômeno térmico na direção 
transversa 

õT õT o
2

T 1 õqry 
u -- + v -- = 0::.-- - -- -- (5) 

õx óy ol p.Cp õy 

onde a é a difusividade térmica do fluido. 

Concentrando o estudo no escoamento desenvolvido, 
ou seja, sabendo que o perfil de velocidade não varia 
na direção axial, em uma região onde os efeitos de 
entrada são desprezados, a equação (5) reduz-se a : 

õT 
u -

õx 

o2
T 

a ---
2 õy 

õqry 
(6) 

p. Cp õy 

Ainda fazendo valer a consideração do es coamento 
de senvolvido, é possível aproximar o gradiente axial de 
temperatura pela seguinte expressão [7] : 

õT Tw - T [ 2 . qw 

p.Cp.Um.L ] õx Tw - Tb 
(7) 

onde Tw é a temperatura da parede do duto, Tb é a 
temperatura bulk do fluido, Um é a velocidade média do 
fluido e L é a distância entre as paredes do duto na 
direção transversa. 
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Na equação (7) , qw é o fluxo térmico na parede do 
duto, dado pela composição de suas parcelas condutiva e 
radiante : 

õT 

ly O + qry I Y o (8) qw - Kc 
õy 

Desenvolvendo esta expressão através da 
im·estigação detalhada do fluxo radiante na parede do 
duLo e introduzindo o conceito de espessura ótica (T), 
resulta que : 

qw 
õT 

IT = 0 + 2 ~ T~ (1-EJ(To)) - Kc K 
OT 

TO 
- 2 ~ J T

4
Ct) E2(t) dt 

o 
(9) 

onde ~ é a constante de Stefan-Boltzmann, K é o 
coeficiente de absorção do meio, TO é a espessura ótica 
total e En são as funções exponenciais integrais de 
ordem n. 

Uma vez que a configuração 
placas planas, paralelas, 
isotérmicas, e o melo é cinza 
radiante da equação (6) é dado 

do duto consiste de duas 
lnf ln i tas, pretas e 

e não defletor, o termo 
por [8] : 

dqry 
2 ~ T~ E2(T) + 2 ~ T~ E2(TO-T) 

dT 

TO 4 4 
+ 2 ~ J

0 
T (t) Et<IT-tiJdt- 4 ~ T (T) ( 10) 

Neste ponto, admite-se a validade da adoção de um 
perfil parabólico de velocidade para a descrição do 
escoamento de Poiseuille desenvolvido pelo fluido em 
questão. Com isto : 

y 
u=6u..( 

L 

Reunindo as 

2 
y 

L2 

equações 

( 11) 

(7). (10) e (11). 
transforma-se a equação da energia (6) em : 

d
2

e 6 1/J 
2 1-e T T 

2N---(----) (--) =- E2(T) 

dT
2 TO TO 2 1-eb 

TO 

TO 4 4 
- Ez(-ro-T) - J

0 
e (t) Et(IT-tlldt + 2 e (T) (12) 

onde foram utilizados os adimensionais 

T Tb qw 
e eb e 1/J 

Tw Tw ~ re 
resultante da modificação da equação 
uso dos mesmos adlmenslonais 
anteriormente: 

Kc K 
N 

4 ~ T~ 
O parâmetro 1/J é 

(9), através do 
apresentados 



.......... -------------··---·-

de 
- 4 N 

0 
+ 2 (1-EJ(-ro)) 

d-r 

TO 

- 2 J e
4

(t) E2(t)dt 
o 

(13) 

Para a composição final do modelo, resta ainda 
estabelecer as condições de contorno necessárias para a 
solução das equações (12) e (13) : 

T = 0 
T = TO 

=> 
=> 

e 
e 

1 
1 

( 14) 
(15) 

A equação íntegro -diferencial assim obtida, 
derivada da modelagem do fenômeno térmi co em questão, é 
não linear e de segunda ordem, carac terizando-se como 
um problema de complexa so lução analítica. 

Também com base na equação (13), define-se o núme r o 
de Nusse lt para o problema e m questão : 

2. TO.I{I 

Nu (16) 
N. ( 1-eb) 

que é um adimensional de grande utilidade na avaliação 
comparativa para a determinação do mecanismo 
predominante no processo de transferência de calor. No s 
exemplos onde o transport e de energia ocorre apenas por 
condução e convecção (valores extremame nte elevados de 
N), a combinação das equações (13) e (16) mostra que o 
número de Nussel t reduz -se à sua f o rma convencional. 
Prosseguindo na análise destas duas equações, 
observa-se a possibilidade de reescrever o núme r o de 
Nusselt da expressão (16) como a soma de um número de 
Nusselt devido à convecção (Nuc) e outro devido à 
radiação (Nur). 

FORMALI SMO MATEMÁTICO 

O grau de complexidade das expressões anteriores 
permite conc luir que a solução da equação da energia, 
mesmo para s ituações físicas relativa mente simples , é 
extremamente difícil. Na verdade, a equação 
integro-diferencial gerada na construção do modelo 
condutivo-convectivo-radiante n~0 apresenta solução na 
forma fechada e, em consequência, é necessário reco rre r 
a procedimentos numéricos . 

A maior parte dos trabalhos encontrado~ na 
literatura especializada aponta para as técn · cas 
iterativas d e solução, principalmente quando não s<, tem 
em mente a linearização da variável dependente a 
equação ( 12 ) pode ser prontamente convertida em uma 
equação integra l não linear para posterior aplicação de 
uma adequada rotina computacional iterativa. 

Alternativamente, como visto em [9], a referida 
equação pode ser resolvida com base na expansão da 
variável dependente em uma série de Taylor : a equação 
da energia assume a forma de uma ~quação diferencial 
não linear, fato que, apesar da aproximação introduz ida 
pelo truncamento da série em questão, simplifica 

acentuadamente o tratamento matemático do problema. A 
abordagem que se segue envolve o método de 
Newton-Raphson e conduz à determinação do perfil de 
temperatura no meio, satisfeitas as condições de 
contorno (14) e (15), e a tolerância pré-estabelecida 
para a convergência. 

No presente trabalho, optou-se pela utilização do 
método das colocações ortogonais após a linearização da 
variável dependente, seguindo a linha adotada por estes 
autores na resolução das equações oriundas do 
desenvolvime nto do modelo condutivo-radiante [1) . 
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A expressão final a ser avaliada pelo algoritmo 
numer1 co, após uma sequência de operações algébricas 
aqui omitidas pela sua extensão, apresenta a seguinte 
forma genérica 

2 
d e 

+ Co.fo(u).8(u) + C1 J
1 

s(u' ).fl(u,u' ).du' 
o 

+ C2.f2(u). (1-e(u)).J
1 

e(u' ) .f3 (u' ).du' 
o 

+ C4.f4(u) + Cs.fs(u) + C6 J
1 

fl(u,u' ).du' 
o 

CJ 

( 17) 

onde Ct são constantes do modelo, ft são funções 
resultantes do formalismo matemático adotado e u tem 
como origem uma conveniente mudança de variável (T = 
TO. u). 

O cód igo computacional para a obtenção dos 
r e sul tactos do modelo condu ti vo-convecti vo-radiante, 
estruturado em linguagem FORTRAN, contém, além das 
rotinas de entrada e saída de dados, outras rotinas 
integradas: 

cálculo dos zeros e derivadas dos polinómios de 
Jacobi ; 
- interpolação atravé s do polinómio de Lagrange ; 
- determinação das derivadas dos pesos da interpolação 
de Lagrange e dos pesos da quadratura gaussiana ; 
- solução de sistemas lineares ( eliminação gaussiana 
com pivotamento parcial ) ; 
- cálculo dos pesos da quadratura de Radau e Lobatto 
( previsão da inclusão dos extremos ) . 

ANALISE DE RESULTADOS 

A solução do modelo condutivo-convectivo-radiante, 
através da metodologia proposta neste trabalho, 
mostrou-se compatível com os resul lados presentes na 
literatura [9]. As figuras 1 e 2 apresentam o confronto 
entre os perfis de temperatura obtidos pela referência 
em questão e pelo método das co l ocaçõE; ortogonais, 
destacando a semelhança entre as curvas p<ra difer e ntes 
valores do parâme tro condutivo-radicnte N. As 
aproximações consideradas no desenvol' ime·1to do modelo 
tornam-se mais evidentes para os cas0,; e" que o valor 
de N está próximo de zero (condução nela ,, uma vez que 
não há previsão de um salto de temperatur:. na parede do 
duto : o gradiente de temperatura :testa p~sição, apesar 
de impreciso, não compromete a dE terminação da 
distribuição de temperatura para toda a fai xa de 
espessura ótica. 

1.00 

..J 
ct o.~ X• ~RTOG . 

~ o= REF. [9) 
iii 0.80 z 
11..1 

~ 
0.70 i o 

ct i 
l r.= 1,o o.: 0.60i 

~ N • 0,01 
11..1 

0.50 t ~ 

0.00 0.10 0 .20 0 .30 0 .40 0.50 

I 

ESP€SSURA OTICA 

FIG. I- COMPARAÇ-ÃO DE RESUL õ.A{)OS 



1.00 

__J 
<( 0.90 
z o 
~ 0.80 

~ 
õ 0.70 
<( 

X= ORTOG. 

o• REF. [9] 

Q; 
~ 
I&J 
~ 

0.60j '1'.=1,0 

N•I,O 

0.:50 l i i i i -~ 

0.00 0.10 ozo 0.30 0.40 0.:50 

ESPESSURA ÓTICA 

FIG· Z- COMPARAÇAO DE RESULTADOS 

A figura 3 mostra uma família de curvas que 
possibilita o estudo do mecanismo combinado 
condutivo-convectivo-radiante, a exemplo do que já foi 
feito em [1) para o modelo condutivo-radiante. A 
análise abrange um amplo espectro de valores de N, 
considerando desde o caso do limite convectivo-radiante 
(onde N = 0) até o extremo condutivo-convectivo (quando 
N tende para valores extremamente elevados). É 
interessante ressaltar que o predomínio do mecanismo 
condutivo manifesta-se mesmo para moderados valores de 
N (já a partir de N = 1), o que pode ser observado na 
figura 3 pela tendência de superposição com a curva do 
extremo condutivo-convectivo. Esta caracter ística 
apenas deixa de ser registrada com a diminuição do 
parâmetro condutivo-radi a nte e a aproximação do caso 
puramente radiante (na figura em questão, N = 0). 
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CONCLUSÕES 

A validade do formalismo matemáti co empregado neste 
trabalho foi verificada através da comparação dos 
r esultados encontrados pela rotina 
computacional, desenvolvida para o mode l o 
condutivo-convectivo-radiante, com as informações 
extraídas da literatura. Este aspecto, aliado ao êxito 
já obtido na análise do modelo condutivo-radiante [1). 
permite concluir pela perfeita adequação do método das 
colocações ortogonais nos problemas de transferência de 
calor em meios absorve dore s e emissores. 

De imediato, é possíve l admitir que os cálculos do 
perfil de temperatura e do fluxo térmico total podem 
ser utilizados no dimensionamento de equipamentos 
térmicos industriais, desde que sejam avaliada s as 
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hipóteses simplificadoras do modelo para uma dada 
aplicação. Além disso, já consolidada a estrutura do 
código computacional, t orna-se viável a elaboração de 
um estudo de sensibilidade dos diversos parâmetros 
relevantes na investigação do fenómeno físico em foco 
(propriedades físicas e espectrais do gás, velocidade 
do meio, temperatura da parede do duto, etc.). 
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ABSTRACT 

This work presents the analysis of a 
conductive-convective -radiant model in order to explain 
the thermal behavior of an absorbing and emitting 
media, in a fully developed laminar flow, limited by 
isothermal parallel s urfaces a fini te distance apart. 
The resul ting integro-differential equation is so lved 
numerically by the orthogonal collocation method, 
allowing for the determination of the r e lative 
importance between the heat transfer mec hanisms. 
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SUMMARY 

Heat transfer of a plate embedded ín water or in a water-saturated porous medium are 
described. Experiments included flow vísualization of the boundary layer flow. Free 
convection heat trans fe r in a pure fluid, as expressed by the power law relationship 
between the Nusse lt number and Rayleigh number, Nu=O. 890 · 2 is adequa te for 104.:.. Ra <. 
!013. The expression, Nu=ARan is not as effective for free convection in the porous 
medium as ít is for a pure fluid. A, and n varies from one heat flux to another. 
Close to the leading edge of the plate the effects of wall channelling are important. 

INTRODUCTlON 

Lorenz [1) was the first to carry out an experi
mental investigation on natural co nvec tion from a 
vertical plate in liquid. ln 19 34 , he measured the 
mean heat loss from a 12cm high plate in oil. A good 
review through 1964 is given by A.J. Ede [2], and by 
Imadojemu [3). Considerable research has been dane on 
the study of convention between a vertical impermeable 
f l at surface and a surrounding viscous fluid, or satu
rated porous medium. The studies are of ten theoretical, 
however, a few of the studies, involve experimental 
work, but no s tudies are reported for a comparison for 
the different media in the literature. 

From an extensive review of literature it is seen 
that much of the previous a tt ention has been devoted to 
the ana l ytical and the oretical studie s o f convection, 
wíth relatively little emphasis on experimentation. 
This situation is most pronounced for convection in a 
porous medium. The sparsity of exper imental studies is 
mo st probably due to the diff icul ties in measuring and 
obtaining the right flow, temperature and visualization 
of the flow in the presence of the porous matrix. 

Ping Cheng [4,5], and M.A. Combarnous and S.A. 
Bories [6] give good reviews of analysis efforts in th e 
area of free convection in porous media. H. Darcy [7] 
was the first to report any expe riment a l work on porous 
media and he summarized hi s findings in a mathematic a l 
equation ca lled the Darc y 's law. Since then many 
the oretical s tudies have assumed tha t in Darc y ' s la1: , 
that the area-averaged fluid velocity through a cal • mn 
of porous medium is directly proportional to the pr~s
su re gr ad ient established along the co lumns, applie;. 
Subsequent experiments, however , show that the areh
averaged velocity is also inversely proportional to the 
vis cosity (~) of the satura ting f luid. Darcy's law 
ma y be written as: 

-KdP 
U=f\Jx (l) 

for cne-dimensional forced flow. K is the permeability 
and P is pressure. 

G.H. Evans and O.A. Plumb[8] ca rried out an exper
imental study to verify the similarity solutions of P. 
Cheng and W.J. Minkowycz [9] for a vertical heated 
porous layer adjacent to a vertical, heated, isothermal 
plate. They placed a heated flat aluminum plate verti
cally at one end of a box. The box was filled with 
glass beads. Ping Cheng and Minkowycz [9] report a 
Nusselt number (Nu) given by 
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Nu=0.772 Ra0.3333 (2) 

Where Ra is the modified Rayleigh number based on con
stant heat flux 

K g ~ y2 Q" 
Ra= k (}( Y 

K is permeability, g is gravitational acceleration,~ 
is co-efficient of thermal expansion Q" is Mean heat 
tra nsfe r per unit area W/m2, k is effective thermal 
conductivity, 0(. is thermal diffusivity and V is 
kinematic viscosity. 

(3) 

Their experimental result s fel! slightly bel ow the 
similarity solution for Rayleigh numbers 1· ss than 300 
and this was due to th e conduc t ion e r ror ii the temre ra
ture measurement by the t raversing probe. For the 
higher Rayleigh numbers the data fell a1ovr the value s 
predicted by the similarity solution. Mosc important ly , 
th ey found that for particle Rayleigh namb~rs on the 
arder of unity (Darcy flow regime), anda nodified 
~a yleigh number of about 400, me asuc ed teaperature s 
within the boundary layer were peri<ldic. The periodi
city indicates the appearance of a secondar y flow, for 
which the similarity solution i s not adequa te. 

No experimental inves t iga ti on has bPen dane for a 
semi-infinite vertical plate imb~dded i n a water satu
rated natural porous medium wjt h a constant heat flux 
a t the boundary, with the Dar cy number freater than 
unity. 

ln arder to better und crs t a nd the heat transfer 
phenomenon we experimenta ll y inves tigated the free, and 
mixed convection about a heated vertical plate with a 
constant heat flux, in water and in wuter saturated 
porous media. ln this paper a comparison of the free 
convection for the three different conditions will be 
reported. The plate was s ubmersed and tested in a 
homogeneous pure fluid (water), and then in water 
saturated porous media such as glass beads and gravel. 
The temperature profile was mea sured with thermocouple s 
and the velocity profile by the electro-chemical 
formation of dye technique. 

EXPERIMENTAL PROCEDURE 

Apparatus. The apparatu s employed in this investi
gation is depicted schematically in Fig. 1. The 
appara tus consists of a he a ted vertical plate imbedd ed 
in a porous material. The plate and material form a 



t es t cell and are contained i n a rec tangular glass tank 
91.4cm x 30 .5cm x 58.4cm. The test t an k is plac ed 
within a bigger 121.9cm x 45.7cm x 6 1.0cm glass tank to 
forma wa ter j acke t . The 25 .4cm x JO . S cm x 58.4cm 
(length, breadth and height) test ce ll is partitioned 
from th e f ilter ma terial wi th a st a inless steel screen. 
The scree n allows free movemen t of wate r th rough the 
test cell, while keeping th e beads in place. 

The vertical plate is construc t e d out o f two 
brass plates each 50.8cm x 25.4cm a nd 0.32 cm thick. 
Three s t rip heaters placed in series a re san dwiched 
between the two plates and bonded t oge ther with a 
sil icone paste. The heaters cover the entire sur fac e 
of the pla te and s upply a cons tant hea t flux per unit 
area t o the plates . The l eading edge of th e plate i s 
located about Sem from the floor of the box. Holes 
housing the thermocouple beads are loca ted at 0 .0254m 
interva l s on the ver tica l centerline and in the hori
zontal line mid-height of the inside of eac h brass 
plate. The th ermocoup le l eads lay in nar r ow horizontal 
a nd ve r t ica l slo t s on each s ide o f plate, wh ich are 
fi lled with epoxy. The the rmoc oup le locations ar e 
s hown i n Fi g . 2 . The thermocouples are used to 
determine the spatia l variation of the wall temperature. 

Fluid temperatures close to th e plate surface are 
measur ed with thermo couple probes. The probes ar e 
s upport ed by a narrow str i p o f brass 7.6cm from the 
plate. The fir s t thermocouple i s place d a t 0.224cm 
away from the plate surface and th e o ther two a re 
equally spaced a t 0.64cm intervals. This form 3 x 3 
a rray of thermocouples a s s hown in Fig . 3. All 
thermo couples are co pper-cons t an tan T-ty pe thermocouple s . 
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The th e rmocouple Jeads are co nne c t ed to a 100 
cha nn el ACUREX autodat a dig ita\ s trip TEN/ 5 data 
re corde r. 

The fir s t s tep in the main expe rimen t is ensuring 
that the tempera ture of the sat ura ting f \uid in the t a nk 
is uniform , by thoroughly mixing or agit a tin g t he flui d. 
The bulk tempera ture is r ead fr om the th e rmocoup\ es 
pl aced near th e end of the tank . The sensing beads o f 
the th e rmocoupl e is dipped in a s ilicone pas te t o 
preve nt reaction with th e ma tri x a nd the fluid , a nd t he 
leads i n th e wa t e r ar e pro tect ed t o prevent e lect ri~al 

leakage by ha rd varntsh coating . 
The wat e r is deaera ted by a llowing it to sit fo r 

some time and thor oughl y s tirring it. Thi s will ge t rid 
of th e air hubbl es that might form in th e t a nk or 
especial ly in the porous matrix. Keeplng the sur face 
cove r e d except during t he experimenta l run can keep the 
wat e r s uffici e ntly deaer a ted for several days . 

Some t ime is ne e de d for th e a pparatus t o reac h 
steady s tat e wh e never th e power is turned on o r changed , 
thi s will be de termined by monit or ing th e p l a te t empe r
atures and det e rmining the heat flux of the plate by 
measuri ng t he hea ting s trip re s i s t a nce a nd Cttrr ent or 
volt age f rom the vo ltme t e r. Ca l i bration o[ the th urmo 
coup les prov ided accur acy to within ~ 0.04 °C . lt t oo k 
app roximately 3 hours t o reach s t eady sta t e the t emper
atur e var ied onl y t o wi thin ~ 0. ! °C. 

To keep t he bulk fluid t empera tur e co ns tant, i t 
was neces sa ry t o circutate wat er f rom a cons tant 
tempera ture bath throu gh the out e r glass t a nk whi ch 
served as a wat e r jacket. Hy th is a rrangemen t we were 
al so able to reduce therma l stra ti ficatio n. Temperatures 
were meas ured a t 60 sec i nterv a l s. The f luid proper ties 
~ ' k, v, e· a nd cp were evaluat ed at the average 

temp era ture s be tween th e bulk fl uid temperat ure and t he 
heat ed wall t empera ture a t any given vert i ca l loca tio n. 

The fl ow i s mad e v l s ihl e by l ocal c ha nges of ca lor 
of th e fluid it se lf. Th e co l or c ha nges resu lt from 
chan ges in pH (acidic t o base). Arr ang emen t s wer e ma de 
for these colar change s to occur bo th at th e surface 
o f th e ve rtical plat e a nd within the bounda r y la ye r. 
Thi s e nhanced the v i s ualiza tio n of the thr ee dimensional 
charac t er of th e f low. The flow visuali za t ion te ch
nique was ori gi nally des c ribed by Baker [l O]. 
Thymo l blue, a pH ind icator , was ad ded t o the wat er in 
an amount 0.01 % by wei ght, or a bout 0.1 gms/ liter, and 
the so lution was then ti tra ted t o e nd point (pH =B) wi th 
sodium chlorid e (NaC). Add ition of hydr oc hloric acid 
(HCl ) made th e s olution ac idic a nd yellow-orange (tea 
colar) in colar. A small de vol t age (10-20V) fr om a 
dry ce lJ sour ce impre ssed bet we en two wire e l ec trodes 
inser t ed within this te a co l ored fluid pr odu ces a 
pr o t on transfer reaction a t the negative electrode. 
Thi s results in a change in pH ba l a nce of the flui d 
(acidic to base) at the s urface o f the negative 
elec trode with a co rr espond in g c hange in ca l o r from the 
t ea calo r t o deep blu e. 
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The gravei is characterized by having a small, 
irregular particle size and shape with a porosity of 
0.48 and a permeability of 4.8 x 10-8 m2. The beads 
are characterized by having spherical particles of size 
14.6mm with a porosity of 0.43 and a permeability of 
4.5 x 10-7 m2. The porosity may imply an uncertainty 
of about 4.0%. The effective stagnant thermal 
conductivity for the gravel/water medium was 
determined to be 2.37 W/m-K and for the glass/water 
medium the experimental conductivity is 3.9 W/m-K. 
The effective thermal conductivity of the porous 
material is a complex function of the materiais packing 
geometry, and particle shape, and there was no 
resolution between the experimental and predicted value. 
An uncertainty in the experimental data mainly from the 
conductivity measurements were estimated at about 10% 
which was quite reasonable. 

The details of the experimental set-up and 
procedure, flow visualization as well as the 
determination of the physical properties are reported 
in Imadojemu [3]. 

RESULTS AND DISCUSSION 

Parameter non-dimensionalization. As is normal 
in free convection studies, results are presented in 
unified non-dimensionalized parameters. For free 
convection in water, the dimensionless parameters are: 

1. LENGTH L*='.:_ 
L 

2. TEMPERATURE ~= (Tw(Y)- Too 
(Tw(Y)- T.o )max 

3. HEAT TRANSFER Nu(y)= h Y 
k 

Q" y 

k (Tw(Y)- T<>Q) 

(4) 

(5) 

(6) 

(7) 

The nau-dimensional parameters that are used to 
characterize free convection in a porous medium are: 

1. LENGTH 

2. TEMPERATURE 

3. HEAT TRANSFER 

where o\ 

L*= y 

L 

!, y 

KT72 

8 
(Tw(Y)- T.,o 
(Tw(Y)- Too max 

Q" y Nuy= h Y 
k k (Tw(Y)- T 

R a 
K g ~ y2 Q" 

<!.."" k 

RaT= f g y K ~AT 

o\f>'-
keff 

F c.r 

Rep= K g ~ AT 
v 

(8) 

(9) 

(lO) 

(11) 

(12) 

(13) 

(14) 

(15) 
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Grp= K g ~ ÀAT 
v2 (16) 

Gr is Grashof number, h is convective heat transfer co
efficient, Ra is Rayleigh number, RaT is Rayleigh 
number based on constant wall temperature, Ray* is New 
or modified Rayleigh number, Re is Reynold's number, 
Rep is porous Reynold's number, r is Boundary layer 
thickness, ~- is Forchheimer's constant, ~ is Dimen
sionless Length, & is Dimensionless temperature, f 
is Density and Grp is the porous Grashof numbers 
respectively. Rep,Grp are an indication of the 
deviation from Darcian flow. 

ln Fig. 4 we can see that for the sarne heat flux 
the gravel has the greatest temperature difference 
at the wall while water has the smallest. This is due 
to a combination of the particle shape, porosity, and 
thermal conductivity. For the porous material there is 
more restriction to flow and the heat exchange between 
the heated plate and porous particles is slower than 
the water alone. The symbols used in Fig. 4 are 
explained in Table 1 and Table 2 gives the correlations 
for 
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the temperature variation. 

TABLE 1. HEAT RATES 

RUN HEAT FLUX (W/m2) 
WATER 1 558.00 Lower Q" 

3 1116.00 Higher Q" 
BEADS 527.00 Lower Q" 

1178.50 Higher Q" 
GRAVEL 558.00 Lower Q" 

1178.50 Higher Q" 

0.5 
o • • o . • 

0.4 o • o • o • o • 
0.3 o • o • 

•o a o • 
~ a o • 
~ ao • WA1ER 1 

0.2 
o ao • a WA1ER3 
o o • 0 BEADS 1 

0.1 o o • O BEADS 3 

• GRAVEL 1 
oQa • e GRAVEL3 
&óff . . •• 

0.0 
10 20 30 

óT (deg C) 

FIGURE 4 COMPARISON OF THE WALL TEMPERATURE D1FFERENCE 
FOR FREE CONVECTION. 

fAHLE 2 = A yn 

WATER BEADS GRAVEL 
RUN A n A n A ~ 

4.386 0.377 6.543 0.315 11.15 0.235 

3 5.669 0.252 10.939 0.264 27.32 0.182 

There is a difference in value but no difference 
in the character of the temperature response between 
each medium at the lower heat flux at mid height in the 
horizontal coordinate of the plate as shown in Fig. 5. 
As the heat flux in increased, we notice the sinusoidal 
nature of a temperature wave. The wave has the most 
definable peaks and valleys for the experiments with 
beads. Although the temperatures at the wall for the 
gravei medium are higher the sine wave is less well 
defined. The sine wave is a function of the impressed 
heat flux and the porous material. We can further see 
the higher temperature response of the gravel medium 
and Reynold's number establish the fact that the 
constants A and n in the equation Nu = A Ran differ 
for each heat flux and material. See Table 3 for 
the different values of the constants. 
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Fig . ' · compare s the r esult for all t he water a nd 
beads exper cments for each of the six different heat 
fluxes. The data for the porous ma t eria l experiment s 
are clustered at t he lower Ray l e i gh number because of 
their lower heat t rans fer characteristics. See Table 
3 for a comparison of the different values f or the 
gr avel and beads. For t he water experimen t s we found 
a fair l y good fit of 

Nu = 0 . 89 Ra0.2 

TABLE 3 Nu = A Ran 

MEDIUM 9..:'.. (Nu = Ran ) (Nu = A RaTn) 

W/m2 ~ ~ ~ ~ 

BEADS 527 1. 28 0.228 1. 38 0. 29 
1178 . 5 1. 36 0 . 222 1. 47 0.28 

GRAVEL 558 o . 136 0.400 o. 13 0.62 
1178.5 0.270 0 . 400 0.04 0 . 67 

ln Fig. 7 we compare t he heat transfer parame t er 
Nu/~/1[ã-f for t he two porous media tes t s, beads and 

gravel. At the leading edge the slope o f the curve 
for the beads ma t rix i s seen to be s teeper t han that 
for the grave l matrix. Thi s i s due to t he fact tha t 
for the beads, t he wa ll channelling effect is more 
felt, because of the bead size, a nd because porosi t y 
at the wall i s almost un i t y. Especial l y at the 
lead i ng edge, where the boundary laye r i s t hinner than 
a typical void, t he wall channelling ef f ect s the 
flow directly than it would in a homogeneous porous 
medium . The r es i stance t o f low is l e ss for the be ads 
than the gravel and t his me ans the flui d i n t he bead 
matrix will have a higher velocity. This leads to t he 
fluid par t icles picking up more energy along the plate . 
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Therefore the wall heat transfer for t he beads i s more 
enhanced when compared to t he gravel . The wa ll effect 
i s smaller for smaller perme a bility . 

ln Fig . 7 we can see the flow re g i mes : non
Darc i a n f l ow, t he tr ansition to Forchheimer ' s fl ow . 
The cri ticai numbers o f ea ch flow r egime is ma t erial 
and heat flux dependent . 

Fig. 8 shows the variation of the heat transf e r 
coefficient s with the pla t e ver t ical dis t ance. The 
gravei med ium has the lowest coeff i c ien t s while the 
water has t he highes t values. Again no t ice the over
lapping and similar pro file of t he wate r a nd bead 
medium at the leading edge of the p l ate. 
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Flow V i s u alizatio~. Figure 9 shows the he a t 
fer mechani sms for the pl a t e in pure wat er . The 

t rans -

marker or t racer fluid (dark blue i n calor) which 
blankets the lower portion of the pla t e surface, is 
moving slowly parallel t o , a nd up the surface of th e 
plate. Up to a cer tain height on the plate, the flow 
is s t ab l e and full y l a mina r . At 0.338m, from the 
le ading edge a faint two dimens iona l tracer fluid 
accumulation beg ins to a ppea r . Th is is as a result 
of smal l disturba nces entering the l aminar flow regime 
fr om the surrounding fluid outside the bound a ry l evel . 
These are sent as the darker tracer fluid, immediately 
after t he unevent f u l blanket of the t r acer fluid on the 
plate. 

The d isturba nce s mark the e nd of t he stable a nd 
fully l amina r flow r eg ime a nd the sta r t of a very 
long and complex regime called transit ion regime. 
Notice t ha t the trace r flui d is abou t sinusoidal in 
form, across the wi d th of the plate at about 0. 33 5m . 
These waves are formed in a random manner, with no 
disc rete ampli tude peaks , nor disc re t e wave leng th . 
These are referred t o as t he To l lmien-Sch l icting waves 
(T - S waves) in lam i nar forced boundary l aye r fl ows 
over a fla t plate (Blasius f] ow). The T- S waves 
trave i in the me an fl ow direction. We measured the 
wavelength which is the horiz ontal distance between 
peaks, a pproximat ely as 0.0254m . Because of th e 
na t ural way t he wa ves a r e fo rmed , a portion of a wave 
moving downstream co uld be par t ial ly or compl e t ely 
engulf ed by a second wave started at a s l ighly 
higher ve r t ical location. ln addi t i on, there is also 
a spanwise motion ve r y close to the p l ate's surface 
that help sweep the t racer fluid outwards . 
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Fur t her up th e plat e th e re ilre tr"cer s treilks 
f:;vm two n r mo re r1 c.Jjacent wave fr o nts whi c h i s a resu l t 
o f a seconda ry twlstlng o [ th e t r acer fl u l d near th e 
surface of the p la te, g ivin g ris e tü the for ma tion o [ 

secondary meun f l ows or secondary instublli t y . The 
waves appea r as successive wav e fronts , witl1 an array 
of ordered s pike-like peaks a nd valleys i n the 
s t reamwise direction. Th ese 'peak-va~ ley' like waves 
are produced intermittently in th e boundary layer. 
Up t o t his reg ime the flow is still Cc) nsidered laminar 
but no t s t a ble. Beyond thi s point , the transit i on 
process begins. Transition is [und amenta lly a non
linear process , and it i s a r es ul t of t he uncontrolled 
growth of the un s ta ble ) -dime nsional waves. The 
growth is a re s ul t o f non-linear interactions o f the 
] - d ime nsiona l wave s with the bas i c 2-dimensio nal 
ins tabiliti.es. This 3-dime ns i ona l i ns t a bilit y , 
which is t he grow th of the secondary instabi lity , is 
a tt ri but ed t o a s panwise variation a nd differe ntia l 
ampli fica ti on of the T-S wave s through co rrugations of 
the boundary layer, that eventual l y l ead t o a spanwise 
alternating of the peaks and va ll eys . This means an 
alternating enhancement and rectu c ti on of the wave 
amp 1 it ude. 

The org inial mean momentum a nd therma l energy 
o[ th e ] - dimensional di s t urbance J ies with the free 
stream . This energy i s redistribut e d bot h in the 
s panwise a nd normal di rec tio ns i nc ludi ng a lt ernat e 
s panwise co ncentration o f the hi gh s hea r !aye r. A 
s hear l ayer within thi s un s tabl e r egio n ha s the 
capabi l ity t o amplify s li gh t ) -d i me ns i ona l di s turbances 
present in a ny natural convection spec tr um 13 ]. The 
onset o[ these peaks-valleys can be clea rly observed 
between loca tions 0.2!6m, and 0.229m. At this location 
the wave patte rn is somewhat broken due to e nergy 
amplifi ca tion. This result s in a weak ] -dimensional 
di splacement of the tracer fluid partic l es and the 
forma ti on of s tream wis e vorti ces . 

Vortices are formed with the rolling up of the 
tra cer fluid . Sometime s thi s occu rs ju s t fo ll ow ing 
the formatioc o f the i niti a l T - S waves . The roll-up 
process produces highl y co nce ntr a t e d (very dark) s po t s 
for s in g l e s treaks, or thi c k lines fo r seve ral s treaks. 
Whe n f ormed, th e vo rtices are ma in ly 2-dime ns ional, 
but soon af ter, they exhi bit ] - dimensiona l character
istics. Dur i ng this development the vor ti ces begin t o 
form a vo rtex loop as can be see n in the top portion 
of the pla t e . This prec edes the forma ti on of a 
turbu lent burst. 

FiGURE 9 SPANWlSE VORTICITY AND 3-D VORTEX 
BREAKDOWN 
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FTGURE !O BEADS lN TEST CELL llP TO 0.127 m OF THE 
PLATE 

The last process, is t he forma tion of the 
turbu lence bur s t, or Emmons spo t. Emmons s pot s are 
s poradic tu r bulent s po t s and they a re the final 
breakdown, ra ther than a grow th t o turbulence. ln our 
experimen t s the plat e wa s no t h igh enough for th e 
given hea t fluxes t o observe th e complete transition 
t o t urbulence. The later par t of this regime is the 
firs t real sign of turbule nce comm e ncement. The 
change t o turbulence is not a sudde n s patial 
phenomenon, but rather a seq uence of complex mechani s ms 
th a t are beyond the scop e of thi s i nves tigation. We 
observe d the vortices being s tret c hed a nd then begin
ning to disintegrate, into a high ly random motion. ln 
this regime intense local fluc tuat ions occu r at random 
time s and l oca tion in the shear layer. Turbulent 
bur s t s emerge and grow downs tre am into turbulent 
s po t s . 

Fig. 10 is the corres pondin g me c hani s m f o r a 
vertical p l ate embedded in water sa turated bead 
porous medium and it shows the f l ow wi th the beads in 
the t est cell up to a height of 0.127m. We observed 
tha t a t the leading edge of the plate, the tracer 
fluid beg ins to form a nd move up the plate just like 
would without a porous med ium . This can also be seen 
in the temperature measur ement in Fig . 9. The 
t empera tur e profile ne ar the leading edge for the pure 
water i s similar to that for t he beads in water. Soon 
af t er the leading edge th e t racer fluid begins t o 
di spe r se laterally a ll acros s th e p l ate 's l ower re gion 
a nd beg ins a s l ow movement o u twa rd i nt o the bead mat rix 
The fl u id forms longitudinal s trea ks tha t move with 
f as t speed t owa rds the t op of the bead l eve i. The 
flatness of the plat e straigh t e ns out the streaks. 
Once the bounda r y layer has grown t o the order o f one 
bead s iz e , then the outward mo t ion of the tracer fl u id 
into the porous matrix i s slowed. The fast moving long 
s t reaks move up the plat e and soon form vortices, and 
further downstream start t o behave as turbulent flows . 
The poro us matrix acts like a trip and results in a 
quick formation of turbulence. Near the leading edge 
of the plate we can see how the dispersion of the 
f luid t akes place, and th e t ortuous path the fluid 
pa rtic le s ta ke in the porous ma tri x . 

CONC LU SION 

From expe riment s with porous media it is conclude 
that the power law used to desc ribe the variation of th 
Nusselt number with Rayleigh numb er fo r free conve c t ion 
Nu = A Ran is not as effe c t ive as was found for he a t 
transf e r in a pure fluid. There a r e two features 
present in the data that need to be considered. The 
first is a variation of coefficien t s A and n for the 
hea t f lux . The second involves th e apparent difference 
in coefficient n for Rayl eigh numbers below 104 and for 



Kayleigh numbers above 5 x 105. 
From Table 3 the value of n can be approximated 

as a constant for the gravei, whereas both A and n 
vary with heat flux for the beads. This variation 
has its origin in the plots of Nusselt number against 
Rayleigh number. The experimental data clearly 
indicates two regions of behavior. One region for 
Ra ( 104 and another for Ra > 104. The region for 
Ra < 104 includes a portion of the plate from the 
leading edge to a location a distance up the plate. 
From the data we conclude that heat transfer in this 
region behaves like free convection heat transfer for 
a pure fluid. Beyond this location Ra is greater 
than 5 x 104 and the heat transfer appears to be 
different, and more like that seen in the experiments 
with the gravel. 

Close to the leading edge of the plate the effects 
of wall chan~elling appear to be important. Wall 
channelling ~ff e cts are due t o the non-homogeneous 
nature of the pa cking of the porous matrix a nd 
porosity in the neighbc ·rhood o f a fixed boundary. 
For spherical pa rticles the porosity is almost 
unit y at the wa ll but approa ches the bulk po r osity 
at a distance o f <J p.Irticle s i ze from the wall. 
Therefore near the l eading e dge a thin boundary 
can form that i s s imilar t o th a t in a pur e fluid 
(porosity = 1). This bounda ry layer development 
may be evident lor the vertica l distance up the plate 
corresponding t n the distance i t takes th e boundary 
l ayer to gro·• t > a thickne ss o f one particle s ize. 
At this loc a tion the ratio of thermal and 
momentur bounda ry layer thicknesses are close t o one. 
This als> BJpea rs t o corre s pond t o the l oc a tion 
where Rc is a ppr oximately equa l to !04 for th e beads. 
Ca lcula:ior of the boundary laye r thickne ss i s 
complic; ted by hydrodynamic dis pe rsion due t o flow 
a r ound ndividual particle s . Hydr odynamic d ispersion 
produce L a further thickening of the mome ntum 
boundary la ye r ove r and above the molecula r diffusion . 
It also produce s higher heat transfer rate s bec ause 
o f the carrying o f heat out into the flow. The 
significance o f the region for Ra ( !04 for the beads 
and not for the gravel is therefo re attr i but ed to 
the bead size (boundary laye r thickness) and the 
pa rticle shape ( s pherical beads have poros ity of one 
at the wall, whereas the irre gula r shaped g r a vel 
ha s a porosity o f less than one at the wal l ) . 
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lntroduct íon 

ASYMPTOTIC ANALYSIS OF THE DEVELOPING LAMINAR 
MIXED CONVECTION BETWEEN TWO VERTICAL FLAT PLATES 

A.J. DA SILVA and K.GERSTEN 
Institut für Thermo- und Fluiddynamik 

Ruhr-Universitat Bochum -18 6 
4630 Bochum- West Germany 

Sl'MMARY 

An a5ymptotic investigation of the devel oping laminar mixed convection momentum and 
heat transfer in vertical channels with symmetric heating is presented. The behavior of tb e ratw 
NufNutorc was investigat ed for two different 1•alues o{ the buoyancy parameter M= Gr/Re. Results 
obtaíned by an asympt otic solution are compared with a numerical solution, that reaches th e full.r 
developed flow. 

For sirnplicity we assume 

(a) lnco mpressíble, steady, two--dimensi<JIIalla.rllina.r !low 

( b) No pressu r e grad ien ts perpendicul ar to flow d ire c! ion 

(c) Thc inilial velocity profile is parabolic. 

The la minar mixPd co nv edion h~s (,ee n in vesligalr·d by 
sever~. l aulhors. The pract i cal a ppli cal ions of lh is flow reach 
frum th e loss of cooling accidenl(L OCA) of nu clear reaclors lo 
electron.ic cooling. Generally speaking, laminar rnixed 
convectton occ urs when lhe mass flow rale is sufficiently low lo 
ma ke buoyancy effeds important. ln lh e ht>al transfer litera!.lne 
, one finds analytical, numerical a.nd experimental wnrks, with 
different geometries and flow condit ions( see Ref.( I to 1 G) ). 

The ol,ject of the present study is to pruvide a.Jdit.ional 
insi~ ht inl_o the asy mplolic character isli cs of lhe cleveloping 
larmnar llllx ed co nvedwn belween two vertical flat plates with 
umforrn h ~al .fluxes ai. the walls anda pa.raholic velucity profiiP 
at the beg tnnrng of the healed st>clic>ll. t\ schematic rlescripti on 
is presenled in Figure 1. The pure forct>d convPclion for this 
initi al flow configuration ha.~ bet> n alrea.dy a nalyzed from an 
asymptotic point of view by Wors\'le--.Sch midt(1 7) a.~ a special 
ca~e of a n an nular flow. Ilere, we Pxtend his asymplotic analysis 
to acco unt for lhe buoyancy effects on t.h<' IIIO III f' Hium and heat 
transfer. 

(fl)constan t fluid properties, excPp l for lh e density change wit.h 
temperature in the body force term. 

* X 

2-b* 

* y 

* qw 

Fig. 1-- Schematic of the physical situation 
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We also assume, that lhe fluid satisfies the a.pproximation 

p* = ! '~ · [t- /3* ·(T* -T6)] (I) 

whrre • charadPrizf's dilllf'nsiunal variables and pararneters. 
The initi~.lly chosen dimensionless variablrs ond paramrters are 

x* x,;, __ _ 
:.!· h · Pe 

. u• 
u=-

u~ 

r=----

'~*.c. 
Pr,;, ___ P_ 

A* 

y• 
y,;, _ _ 

'L· h 

y,;,~·Pe 
u: 

('1'*-'I'~)·A* o,;, ___ _ 

. 'L· b* ·H~ 
He=---

g=/1*q: ·( 2h*)4 
Gr,;, _____ _ 

2b 

,,•,;, -
1-f u*(O·rl~ 

III '2b 0 

M,;,~ 
H e 



Tlte cor respondiug guv<-' tnin~ equa.lions ai<': 

(lu + iN 
ax cJy 

u·cJu + V·~=-1r_+ Pr.iru + Pr·M·O 
cJX (}y J X ()y 2 

11 • a o + v . c1() = ()2 o 
ax c1y (1y 2 

With t.h e boundary and inili a.l condili ons 

u(O,y) = G(y -y 2) 

6\0,y) =o 

~X,0)=-1 
(}y 

u(X,O)=u(X,l)=O 

p(O) =O 

~X, I)= 1 
iJy 

(~) 

(3) 

(4) 

For very srn<tll X-values we c<tn divide the flow into two regions: 
the first one rontains th e deve loping thermal boundary ln.yers 
near lhe walls. Tht> sPcond nne is a n isothermn.l region in ll1 e 
cent er of the cha.nnel. The Jircd buoyancy effert.s are rrst.rictecl 
to the first region and lh e beal tra nsfer can be understooJ a.s a 
perturhn.tion o[ t.he isolhermal regime. We formulate tbis wilh 
help of lhe following t rans[orrnat ion: 

[ 
3 ] 1/3 ' (X ,y)->(q) ; E='= 2 x <I (5) 

'l'he climensionless equ<tlions beconiP: 

~+ 2E2.av = u 
iiE r)y 

(G) 

(lu '2 2 V c1u d n ' l o I' 1)2u '2 o I' 'I 'I' U·-+ E · ·-=-:.:..L+~E'· [·-+ E/· f•I V • 

Qf cJy dE ây 2 
(7) 

Jl' , (71' . , cJ2T U·-+ 2E2·V·-= 2.;::-- ·-
af ay ()y 2 

(R) 

We assume now, that th e lhe solution of t.llf' central rPgiun can 
be expanded in the form: 

u(E,y ) = Uo(y) + E·Uh) + E1U,(y) + .. 

V(E,y) = E·Vb) + E2·V~(y) + ... 

6\E,y) = 8 0(y) + E·8 1(y) + E~·E:>h l · 

p( E) = {'O + €. pI + E~ . f' 2 + >::L I' 3 + E 4 . f' 1 + ... (9) 

One obtnins as the solut.ic'n for t.ilf' first trrms, t.hat. are necrssary 
for the malching with lhe inner solulion: 

uo(Y)=6(y-y 2); 8 0(y)=O 

1' 0 =0; P,=O; P2=0; 1'3= - l :.! l'r (I O) 
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WP inlroduc" IIH· L(•vi~ 'JII I'-Tra n s format i ou [ur i11 P foinlldat i<>ll 
of IIIP nea.r wall r<' ll, ion: 

(E,Y) ~ (E,7J) 
y 

1J= s-

One suhslitui.Ps lhe rq.( I I) into th ~ l'qs.(G to 8) to oht. a.i n: 

[1J· u,1-E · ut- 2F) · V,1] =0 

(li) 

( 12) 

.![-7J·U -E·u.J·u+ ,. ~· V·u =À11·1' + "'· l'r · ll + 2 '1 c - 'I '!. 'I - ')'I 

+E2 ·l'r·M·O (13) 

![E·0-7J·O] · u+ c.~·V·O =E·O '2 t •1 . 'I '1'1 ( 11) 

We ilSsume a.gain lha.t lhe solutiou ran lw expandcd in powe1s of 
t.: 

u = E·u 0( 11) + E?.·u 1( r1l + E3· u2( 7J) + ... 

V= E·v 1(7J) + c.?.. vA11) + ... 

p=E3.l'J+E1·P4+ ... 

-: ='=V= V0( 1J) + E· V1( 11) +E?.· 7J2( 11) + ... (I[,) 

By substilution of eqs.( L.)) into the ('qs.( 12 to 11) ilHei by 
ordrrÍIIII, in powPrs of E WP obta.in t.IIP problrms: 

(a) - LPvêquc- Problrm or hl. Wnrsfic-Srhmidt 1s p1 ohleii1 
(prohiPIH in EO): 

[u 0- 7J·u 0,
1
] =O 

I r J 
2lu6- 7J·n 0u0 = l'r · u 1~l'l 

~ [ iJo- 7J· iJo,l] ·Uo = Õo,l'l 

with llw bounda.ry a.nd lll iJ.l chinp; co udit. ious: 

u0(0) =O ; I i III 11 0 = f,7J(ma.l.ching) 
7J-O.l 

On,
1
(U) = -1 ; I i 111 Õ0 = IJ(ma.tching) 

7J- OI 

or alrPady solved for the VPioc: ity : 

11 o( TJ) = G11 

iJo.l'l + :i,f <i 717Jo = U 

Bc,1(0) = -1 ; I i m Õ0(11) =O 
1J-CX.l 

( lf)) 

( 17), 

( 18) 

(J9) 

This prohlPm rorresponds to the pure forcrd couv cc:t ion 
wi t h a linear Hlocily profil e. 



{ b) - 1st correction to f. li e Lév<~<Jil l?-so lut ion or 2ncf 
Wors0e-Scl11nid t 's problem { prohlem iu e: I): 

2u1 -7j·u 1 =O 

3u0u,-7Ku 0u1'l + u0'lui) = -3 ·P3 

with the boundary and rnatching conditions: 

u,(O) =O ; I i m u,( 7J) = -(J1f 
1/_,C'O 

I i m 71!( 11) = O 
1j->C!J 

or already solved for the velocity: 

Õ,'l(O) =O ; I i 111 Õ,(rJ) =O 
1J->U) 

{21) 

(22) 

The equations(22) are the furmula tion of a correctiun for 
the pure forced convection duP the quadrati\' lPI111 from the 
parabolic vel ocity prufile anda pressure \Prm, tloat appears for 
the first tim e. 

(c)- 3rd correction of the Lévêque-solution with the buoyanq 
erlects ( problem in e;2): 

712 + :~1P·U2 -9ri·~ = ,"',,,3.7), <~1]~.7), + Ail?71 + 
111"1 '11 . 11 4 ' () 

vi7J
0

,
1
-hu27Jo,

1 
(23) 

with tlic bouudary a.nd oll<ttching co nditions: 

112(0) = () ; I i III 112( 1]) = u 
7J->OO 

712,
1
(0) =O I i rn ~(7]) =O 

1]->00 

(21) 

The last. thr<'e terrns on tlw right side of thr se\ o{ 
eqs.(23) t.ake into account the buuyancy effects. They disappear 

for vanishing values o{ the parametcr M(=Gr/RP), while Õ2 
converges lo the asyrnptolic 2nd co rrcc tion o[ th c pure (orced 

convecti on solution (3rd Wurs!<le- Sc limidt' s prublem) , Õ2ro rc· 
For finite values of M,howe vPr, tlo ere is a non- trivial sulution 
for lhe co rrections v1(11) and 112(11) togf'tliPr with a depart.ure of 

Õ2 frc>rn Õ21 ore. 

These 3 set.s of equations(prnblrms (a), (lo) and (r)) were 
solved numerically, in bloc:k, hy means of a 1t.h order 
Runge-1\utt a metlwd( an analyticil.l ~n htt.i o n for t.he problrm( a) 
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' .... __________ _ 

was indirated hy Worsfle-Sd11uidt(I i). The problrrn (c) is linear 
in M and needs to be solved just for lwn values of this 
param eter, for insta.nce, M=O and M=l. We are specially 

conce rn ed with the va.lues of li?. , Õ0, Õ1 and Õ2 at the wall, which 
determine the rnomentum and1teat transfer. The va.lues listed 

in Table 1 are independent of th e parameler M, uo'l' u1'l, Õ0 a.nd 

Õ1 are also valid for the pure forced ro nv ection and are not 
influen ced by the buoyancy effects or the Prandt.l-number. The 

values o( u2'l and Õ2 at the wall were calc ulated for two v alues of 
Pr. 

a:Pr=0.7 
b: Pr = 7.0 

Table 1 - Values on the wa.ll 

12 
o 
O. 12~.'J a 
0.064[la 

o. 73849 

0.09G:l5 

0.04004 

---0 OtllRGa 

O.:ZU[{,h 
0.24UO" 

-U.IlO:l99b 

Friction factor c1 - We define the fricti on [actor 

With help of the equalions( lfJ) one obt it.ins: 

(25) 

r. f 1 
-= 1 +..-·E2·1< (Pr)·M (26) Cro u r . 

Nusselt-number -The definition of th e NtJ- number is 

2· q:-h 
Nu O:-----

,\ •cr: -T,';l 

2 

( I}VJ- ~~ . ) 

(27) 



For lhe Lulk tempPralure results 

( '2 ) 4 li},(X) = 2X == 2· --;r-·s3 = --;r-·s3 (28) 

anel frorn the asyrnpt ot ic seri es for ~ 71) = ~ one obtains 
f 

llw ~ s · 7Jo( 0) + E2 • 7J,( D) + s3 · 1J21 nrd O) + 

+ s3 · [ 1J2(0)- 7Juorc(O)] + ... ('29) 

lt follows 

2/N llforc 

r----------J~----------~ 2 4 -wu= E·7Jo(0) + E2 ·7J,(O) + E3·7J2forr(O) -E3 ·--;r- + 

+ s3. [v~( O) -71uorc(OJ] + ... (30) 

We fin ally have 

o 

ü 
~ .... 
ü 

N U f ore N ll f nrc 
-.r-~ l + -----y- ·s3 ·KN 1,(Pr)·M ( ~li) 

where KN 11(Pr) =-ir-· [112(U) -7J21on(ll)] (sre T<~hl e 1) 

5.---------------------------------, 

4 ,_--- numericol solutlon 

3 

2 

1 
0.001 

>' .. 
/ 

/ 

0.01 

, , , 

u 

, , 

1000 

,,'"" 
, 

fully developed flow 

u = 200 
fully developed flow 

~~-

0.1 • 1 
X=x /(2b.Pe) 

Fig. 2 - Frlctlon factor c1 Pr = 0.7 

The I'CJ Uat ions(2G a nd 31) are illustrnteJ in l.he Figures '2 
and 3 for Pr=0.7(air) logPther wilh a nutu erical sulu t iun and lhe 
vahws of lhe fully developed flow( for d{'t.ails uf lllf'se l <~st lwo 
solutio11s see ref.( 18)) for lwo v alu es of lhe p;u;imeter M. ThP 
<~sy mplotir solutin11 is in good <~greem e 11l wit.h the IIU!tl er ir:a l 
solution {nr X< 0,01. Tlwse results were obtained wit.h lhe firsl 
terrn of the asymptotic expa.nsiuns, that li1.kf's into accoullt the 
buoya.Pcy effect.s. WP expec:t, tha.t additional I.Prms woulcl 
increase the agreemen t for greater \'ahws of M a.nd X. 
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2.------------------------------------, 
o 

::::1 
z 
""-. 

::::1 
z 

·---- numerlcal solulion 

u = 1000 
fully developed flow 

... = 200 

fulfy developed flow 

1 
0.001 0.01 0.1 1 

X=x"/(2b.Pe) 

Fig. 3 - Heat transfer: Pr = 0.7 

For rnoder<tte valu es o[ t.h!' p<nameter M( a.~ M < 200), the 
asymptotic solution gives a gnod approxima.tion for nearly al i 
the develuping fl ow region. 

Concluding H.emarks 

The ana.lysis of Wursç~•·-Schmidt.( 17) was extendrd to 
take into ;tccour;t the buoyancy pffects of the two dimensional 
lam in <tr mixPd CIJIIVI'ction in a vertical fl ow hetween two fl at 
phi.Ps. T he presrnt a.nalysis has de monstra.ted the usefuln ess of 
an asymptot ic formulation for co mpn t ing lhe momentum and 
heat tra nsfn ra.tes in f.]w rl'gion of drvelupiny; fl ow. The results 
are rorrl'ctions for the fridion fador c1 and lhe Nusselt-numher 
of lhe JHne forced convertion c!Ppending ou tbe huoyancy 
p<tr<ttnder M=Grfl\.e and ou the Pr-numlwr.The solut.ion was 
cmnparrd with a num er iral ptocPdure. 
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INCREMENTO DE LA TRANSMISION DE CALOR POR 
CONVECCION NATURAL ENTRE PLACAS PARALELAS 

VERTICALES CALENTADAS PARCIALMENTE. 

c1nz1a 51monls y Ullses Lacoa 
Unlversldod Simón Bolívar. Caracas-Venezuela. 

Antonio Campo 
Floriele lnternet1onel Universitv, Miami, FI, USA. 

RESUME H 
Este trebe1o presente un estudlo numérico sobre 111 convecclón natural en un conducto formtól por 

005 pl!l)85 peraleles en pos1clón vertical. Le reglón Inferior de los plecas se calienta a una temperatura 
uniforme, mlentres que la reglón superior se conserva eislada. Lo dlscret1zaclón de los ecuaciones 
diferenc1ales que f,):lbiernan el fenómeno se reolizõ en le direcclón transversal solemente, utllizando el 
métoOO de las líneas combinado con el métoOO de los volúmenes de contrai ( MOLCV). Los resultados dei 
anállsls se muestran en términos de las distorsiones de las distribuclones de la veloc:idad axial Y de la 
temperatura a lo largo del canal 

I NTRODUCC I Qt; 

El tema de la transferencia de calor por convección 
natural en duetos vertlcales constituye un problema de 
gran trascendencia en algunas aplicaciones térmicas 
relacionadas a flujos internos. La aplicación más 
difundida es la de enfrladores compactos de equipas 
electrónicos (8]. Está apllcación ha motivado a un grupo 
substancial de investigadores a estudiar la convección 
natural en duetos verticales l 1-5]; pero todavia, aspectos 
muy importantes permanecen sln resolver. 

Numerosos investigadores se han dedicado a 
realizar estudios experimentales y numéricos sobre la 
convección libre en duetos verticales o placas paralelas, 
por eje(11plo: Carpenter y Wassell (6], Elenbass l 1] y Bodoia 
y Osterle (21. Este último trabajo muestra estudios 
numéricos y experímentales sobre la conveccióh libre en 
placas verttcales totalmente calentadas. Outntiere y 
Mueller (7] reallzaron un trabaJo sobre la convección libre 
y forzada en placas verticales proporcionando un aperte 
s1gnificativo en cuanto a la condición de presión a la 
entrada dei canal. También se ha contemplado la condición 
de fluJo de calor en las paredes del canal, tanto simétrica 
como asimétricamente. Cabe mencionar: Dye'r (9) y Wjrtz y 
Stutzman ( 1 O]. Por otro lado, un trabajo que muestra un 
estudio numérico de flujo laminar en conve•ci9n 11b~e a 
través de un dueto vertical parcialmente calentado, es el 
presentado por Oosthuizen [ 11 ], concluyendo que e! 
j)cremento en la transferencia de calor está relacionado 
con la adición de una sección de pared adiabática sobre la 
sección calentada dei dueto. Recientemente, Azevedo y 
Sparrow ( 12}; Sparrow, Rulz y Azevedo l 13] y Sparrow y 
Ruíz [ 14] han trabajado la convección 1 ibre en canales 
me 1 i nados. 

Habiendo investigado y analizado las referencias 
mencionadas anteriormente, en el presente estudio se 
propone examinar SI es posible incrementar la 
transferencia de calor en un canal formado por placas 
paralelas, el cual tiene una sección inferior de pared 
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calentada a una temperatura umforme y una sección 
superior de pared adiabatica. La discretización del 
cÕnjunto de ecuaciones diferenciales que gobiernan el 
fenómeno físico se hizo mediante la utilización del 
método de las líneas combinado con el método de los 
volúmenes de control CMOLCV), que muestra una solución 
alternativa para problemas parabólicos asociados al flujo 
del tipo de capa limite. Este método propone un 
procedimiehto de discretización de cada una de las 
ecuaciones diferenciales, obteniendo un sistema de 
ecuaciolj)es diferencia.les ordinarias que se resuelve por 
alguna técnica de 1ntegración analítica o numéfica. El 
método MOLCV ha sido aplicadô en otros problemas de una 
manera ex i tosa [ 16]. 

FORM!Ji!.ACION DEL PROBLEMA 

Consi·dêrese el proceso de convección natural de
aire en un canal vertic<:ll formado por placas paralelas. En 
la FJg.l se dibuja la situación que caracteriza el fenómeno 
físico dei presente trabajo. 

lc 

T'W T'W z.u 

y,Y 
o 

Too, Poo 
Fig. 1.- Esquema dei fenómeno. 

El canal está conformado por una sección inferior 
de paredes calentadas a una temperatura uniforme Tw que 



es mayor Que la temperatura dei alre Que circula a lo 
largo dei canal, y una secclón superiór en la cual las 
paredes se mantlenen adlabátlcas. La temperatura y 
preslón dei alre c4rcundante están caracterizadas por Too 

y Poo. respectivamente. Para real~zar el análisis dei 

presente problema se dlspone de la ecuación de 
contlnuidad, de cantldad de movlmlento, de energfa y de 
continutdàd Integral. La formulac16n dei problema se 
stmpltflca ya · Que los gradientes de preslón serán 
únlcamente importantes en la dlrecclón dei flujo. · 

Las suposJcJones hechas en el modelaje y 
resoluclón de las ecuaclones fueron: flúldo newtoniano, 
flujo laminar y uniforme, simetria térmica e 
hldrodlnámtca, proptedades termofístcas del fluido 
constantes excepto la denstdad, ecu~ctones del tipo de 
capa limite, no existe tnverstón en el campo de veloctdad 
axial, uttltzactón de la aproxtmactón de Bousstnesq para 
expresar la vartactón de la denstdad con la temperatura y 
el perfil de veloctdad uniforme a la entrada del dueto <ue>-

AI aplicar las suposiciones mencionadas 
antertormente y despreciando los términos de disipación 
viscosa, difusión axial y la contributión de calor por 
radtación, el sistema de ecuaciones adimensional formado 
por la ecuación .de continuidad, cantidad de movimlento, 
energia y continuidad integral, se poede escribir como: 

au. av = 0 az av 

u au + v au = _ dP + .1.... a2t.J • 4 Gr e 
az av dZ Re av2 Re2 

u c)9 + v c)9 - 2 c)2e . 
az av - Re Pr av2 

~ = "' 1/2 
P Um D = I U dY = 1 

o 

( 1) 

(2) 

(3) 

(4) 

donde las vartables participantes han sido definidas como: 

v=r o 

e=~ 
Tw- Too 

Pr = Cp Jl. -k-

z = 1.. o u = JL 
Ue 

p*- p 
P=-

2 
P00 Ue 

v=::!...... 
Ue 

Re =Pu (20) 
jl. 

Gr = p g <Tw - T ) 03 
y2 AR 

(5) 

Las condiciones de borde asociadas a las ecuaciones 
< 1 H4> son las siguientes: 

Para z~o 

' I · 96 

-----------------------------

U=l 

e=o 
p =-I 12 

Para ZQc 

En Y=1/2 

e = 1 

Para Z>Zc 
En Y= 1/2 

d9 =o 
dY 

Para ZQ1 

En Y=O 

au = 0 a v 

ae =o a v 

V=O 

En Y= 1/2 

U=G 

V=O 

Para Z = Z1 

P=O 

(6) 

(7) 

(8) 

(9) 

( 1 0) 

( 11) 

(12) 

( 13) 

(14) 

( 15) 

( 16) 

La resoluctón de las ecuaciones ( 1 )-(4) unidas a 
sus condiciones de borde permiten obtener el campo 
hidrodinámico y térmico del fluído. Esta información sirve 
de punto de partida para calcular los siguientes 
parámetros de interés: 

Flujo volumétrico: 

1/2 

O= _q_ = 2 I U dY =Um= 1 
Um O o 

Temperatura volumétrica media: 

1/2 
_ Tb - Tgp = 2 I u e dY eb- T - T 

w 00 o 

Flujo de calor: 

H= 2 h 1/2 
11. Cp n _ T > = 2 Re I u e dY = eb Re 

w 00 o 

( 17) 

( 18) 

( 19) 

l 



:iETOOO DE SOLUCION NUMERICA 

E! método MOLCV combina el método de los 
volúmenes de control (CV) con el método de las líneas 
(MOU Básicamente la idea consiste en integrar el lado 
derecho de la ecuación (20) empleando el método de los 
volúmenes de control, mientras se mantiene continua la 
derivada dei lado izquierdo de dlçha ecuación. 

La secuencia de cálculo se Inicia con la 
introducción dei Número de Grashof (Gr), el Número de 
Reynolds <Re), el Número de Prandtl (Pr) y la longitud de 
calentamiento adimenslonal (Zc) El algoritmo proporciona 
los parámetros de interés tales como: el flujo 
volumétrico, la temperatura volumétrica media y el flujo 
de calor. Es importante destacar el hecho de que la 
longitud de las placas se determina en forma indirecta. La 
solución se obtiene estableciendo una distancia axial lo 
suficientemente grande, en donde la longitud especifica 
de las placas se determina ubicando la posición axial para 
la C\,Jal la presión es cero (P=O). La ventaja de aplicar esta 
metodologia radica en el hecho que evita el tener que 
realizar un proceso de ensayo y error para satisfacer la 
condición de presión <P=O) a la salida dei canal. Esto 
ocurre cuando de antemano se especifica la longltud de 
las placas El algoritmo utilizado es de propósito 
múltiple, que resuelve en general ecuaciones del tipo: 

los términos de difusividad <r> y de fuentes <S+> se 
especifican para cada variable ~· 

Tabla 1.- Términos de difusividad y de fuentes. 

Ecuación 

Continuldad 

Cantidad de 
movirmento 

Energia 

v 

a 

r 

o 
2 
R e 

2 
Re Pr 

s 

o 

- dP + 4 __§[__ a 
dZ Re2 

o 

En la Tabla 1 se muestran los término3 de 
1ifusividad y de fuentes particularizados para el presente 
estudio. 

RESULTADOS Y DISCUSION 

Los resultados numéricos obtenidos son para a ire 
<Pr=O 7) con 6000 < Gr < I 00000 y 50 < Re < 1000. La 
malla utilizada fue de 21 volúmenes de control de Igual 
tamaf\o <malla uniforme) asegurando independencia con el 
número de volúmenes de control empleados. A 
continuación se presentan · resultados representativos. 
Para más detalle se remi te allector a la referencia ( 17]. 

Las comparaclones presentadas en las Flgs. 2 y 3, 

con los resultados de Bodoia y Osterle (2] y los de 
Oosthulzen ( 11], para el flujo volumétrico en placas 
paralelas totalmente calentadas, muestran una excelente 
concordancia, demostrando que la metodologia numérica 
es capaz de predecir el fenómeno de convecclón natural en 
placas p'aralelas parcialmente calentadas. 

0,4 r.:========:=;-------~ 
c Bcmia-Oster le 
• Este trebejo 

0,3 

0,1 

0 ~ s 4 3 2 1~ 1~ 1~ 1~ 1~ 1 w' 
L* 

Fig. 2.- Comparación para el flujo volumétrico con los 
resultados de Bodoia y Osterle (2]. 

O, 10 r---------------, 

c Oosthuizen 

0 ,OB • Este trabajo 

0,06 

O* 
0,04 

0,02 

Fig. 3.- Comparación para el flujo o,·olumétrico con los 
resultados de Oosthutzen [I I]. 

En la Fig. 4 se observa .a var1ación del flujo de 
calor y del Número de Reynolrs en funcion de la longltud 
adimensional del dueto para Zc-2.24 y 5r•75000. En la 
Fig. 5 se observa la misma varlación ,:>ero con Zc-5. Se 
aprecia que para mayores longitudes de dueto, el Reynolds 
que se impone es mayor. Desde el pun~o de vista ffslco 
este fenómeno corresponde ai hecho que ai colocar 
paredes adiabátlcas sobre la longltud calentada se obtlene 
un Incremento en el flujo volumétrico. En cuanto a la 
transferencia de calor, a medida que el dueto es más 
largo, o en otras palabras, cuanoo el Número de Reynolds 
aumenta, el calor transferido es mayor. Este aumento es 
originado por el Incremento dei flujo volumétrico lnducldo 
en las placas.· 
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F1g. 4.- Var1ac1ón de H y Re en func1ón de Zp para 
Gr=75000 y Zc=2.25. 
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F1g 5.- Var1ac1ón de H y Re en función de Zp para 
Gr=75000 y Zc=S. 

En la F1g 6 se aprec1a el desarrollo de los perfiles 
oe temperatura a lo largo dei dueto para Zc=2.25 y 
()r=75000 Se observa que para el dueto parcialmente 
calentado, el perfil de temperatura se desarrolla hasta 
mostrar una pendiente horizontal en la pared (adlabátlcal 
TambJén se aprec1a como el perfil tiende a uniform1zarse 
ai valor de la temperatura volumétrica media. En la Fig 7 
se aprec1a el desarrollo dei perfil de velocidad a lo largo 
dei canal para la m1smas condiciOnes mencionadas 
Jnterlormente. Se aprecia claramente el efecto de la 
convecc1on natural ya que la veloc1dad en el centro no 
I lega a ser max1ma (dlstorslón dei perfil) 

Una conclus1on resaltante dei presente estudio es 
que la ad1c1on de longitudes de pared adiabát1ca 
(ontrlbuye a mcrementar la transferenc1a de calor en el 
canal. Este mcremento v1ene acompanado por un aumento 
dei fluJo volumetr1co a través dei dueto, y es este mismo 
mcrernent o e I que determina e I aumento de I Número de 
Reynolds que se 1mpone en el canal y por ende la 
transierencla de calor 
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Fig. 6.- Desarcollo de los perfiles de temperatura para 
duetos con Zc=2.25 y Gr=75000. Totalmente calentado 

Zp=225 (a), parcialmente calentado Zp=9.49 (b) y 
Zo=26.06 (cl. 
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Fig. 7- DesJrrollo dei perfil de velocidad para un dueto 
~:JtJ!mer,te .:alentado, Zp=Zc=225 y Gr=75000. 
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ABSTRACT 

A numerical study of laminar natural convective 
flow between vertical plates partially heated has been 
conducted. The lower section of walls is heated to a 
uniform temperature and the upper section is insulated. 
The basic governing equations are continuity, momentum 
and energy. The discretization of these equations is 
performed in the transversal direction c. 1ly using the 
combinati on of the methods of !ines an•l cCJtrol volumes 
(MOLCV) This method represents anc the , step in the 
development of control volume methodolory' This hybrid 
procedure shows a reformulation usmg a system of 
ordinary differential equations of t ,rst orjer. A selected 
group of results including tr1e terr.perature and velocity 
prof i les are presented. ln a 11 cases, the addit ion of the 
adiabatic section has increased the heat transfer rate and 
that this increase is associated with an increase in the 
volume flow rate. A compar ison is made between the 
results of this theorical irvestigation and the works of 
Bodoia & Osterle and Oosthuizen. 
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SUMMARY 

The effects of polynomial approximations, in one space coordinate, for the velo
city and temperature profiles on predicted heat transfer coefficients due to lami~ar 
natural convection are investigated for a vertically suspended flat plate heated 1SO
thermally in some fluid media. A computer code is used to automatically com~ute heat 
transfer coefficients for any desired pairs of velocity and temperature prof1les: For 
the best pairs of profiles, computed heat transfer results, which compare well w1th 
known empirical correlations, are presented graphically. 

INTRODUCTION 

The problem of natural convection heat transfer 
from a heated vertical surface is of considerable inte
rest in several technological applications, particular
ly in electronic circuitory and some manufacturing sys-
tems. 

Approximate analytical methods are available in 
heat transfer literatures [1- 8] for the determination 
of laminar natural convection heat transfer from a ver
tically suspended heated flat plate. One of such app
roximate analytical methods, which is considered in 
this work, involves the use of polynomial approxima
tions in one space coordinate for the local velocity 
and temperature profiles to solve the coupled momentum 
and energy transport equations. 

ln this work a total of nine possible pairs of 
velocity and temperature profiles which rigorously 
satisfy prescribed boundary and asymptotic conditions 
are considered. For each pair of profiles, percentage 
deviations of the present results from those obtained 
using an empirical correlation are computed for each 
fluid medium. Hence, a computer code is designed to 
facilitate quick computation~ of heat transfer coeffi
cients for any desired pairs of velocity and tempera
ture profiles. The best pairs of profiles for which 
the heat transfer coefficients cbmpare w~ll with empi
rical correlations in Wong [9] are deter~ined for low 
and high Prandtl (Pr) numbers. T~e choice;of fluids 
has been restricted to air, water; carbondioxide and 
unused engine oil because they are easy to procure for 
stu<tents' use. 

For low Prandtl numbers (Pr ~ 0.689) less than 
unity, a pair of parabolic velocity and parabolic tem
perature profiles yields the best estimates of local 
heat transfer coefficients. The maximum deviation 
from empirical value is 1.70 percent. For Prandtlnum
bers (Pr ~ 2.22) greater than unity, the parabolic ve
locity profile anda cubic temperature profile consti
tute the best pair with a deviation of 0.37 percent 
from the empirical results. Also, for very high Pran
dtl numbers (Pr ~ 1050), the best result is obtained 
when a cubic velocity profile is paired with a parabo
lic temperature profile. The recorded deviation from 
the empirical correlation result is 1.40 percent. How
ever, over the entire range of Pr, the best two alter
native pairs of temperature and velocity profiles are: 
(a) the pair of parabolic velocity and cubic tempera-

ture profiles and 
(2) the pair of quartic velocity and parabolic tempe

rature profiles. 
These two pairs of velocity and temperature profiles 
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will respectively give average deviations in heat trans
fer results of 6.0 and 4.0 percent from the empirical 
correlation for the parameter space 0.689 ~Pr ~ 1050. 

To ensure that the laminar range is not overshot, 
the local Grashof number, Grx is computed a priori for 
each Pr and compared with the transition-to-turbulence 

·value befqre computing the heat transfer coefficient. 
For brevity, some optimum heat transfer results arepre
sented graphically to show comparisons of present 
results with those obtained using the empiricalcorrela
tion in Wong. 

The advantage of the present method is the simpli
city of its presentation. The approach is easier than 
the similarity transformation technique which converts 
the coupled p'artial differential equations to a system 
of coupled ordinary differential equations. The solu
tion of these coupled equations is difficult and often 
involves the use of special numerical techniques such 
as tpe shooting and the Runge-Kutta methods whosecompu
ter codes are robust and difficult to comprehend for an 
average undergraduate student. 

ANALYSIS 

The physical model, coordínate system, some boun
dary and asympto~ic conditionê are shown in Eig.l. The 
fluid i's Newtonian and th;; Boussinesq approximation 
applies'. Hence the governing equatiohs of continui ty, 
momentum and energy transporte ~o~ the laminar flow, 
cast in primitive variables, are respectively: 

au 3v o ( 1) 
ax 

+ ãY 
au 3u 

gS (T-T00 ) 
32 u 

(2) u- + v- + vãY" 3x 3y 

3T 3T a•T 
(3) u- + v- (l"ã'Y' ax 3y 

where u, v are the velocity components in the x- and 
y- directions respectively, T is the local temperature, 
g the acceleration due to gravi ty, S the volumetric 
coefficient of expansion, v the kinematic viscosity 
and a the thermal diffusivity of fluid. The corres
ponding boundary and asymptotic conditions are respec~ 
tively: 

(a) At y 0: 

u O; (4a) 



a•T 
T = T · w' "ãY2 o. (4b) 

(b) As y + o, 

au 
u + O; a- + O (zero shear stress at the edge of 

y the boundary layer) 

a•·u + O; 
ay• 

T + Too aT + o, ay 

(5) 

where Tw is the wall temperature and T
00 

is the 
ambient or quiescent fluid temperature. 

Fig.1 

X 

lg 

b.l. 

l[
u -o 
T- Too 

. (du, ~. dT)-o 
dydy2dy 

~~~---------. y 

Physical model, coordinate system and so~e 
boundary and asymptotic conditions. 

To solve the problem, the local velocity, u and 
the local boundary layer thic~ness, o are postulated 
in the following generalized forms, respectively: 

u. 
1 

~i (x) 

o i 

~. (x) ~~(y) 
]. . 1 

C xmi 
i 

n. 
J X 1 

i 

(6) 

~i(x), ~~(y) are functions of x and y only and Ci, 

Ji, mi' and ni are undetermined constants, 

where i = 2,3,4 denote parabolic, cubic and quartic 
velocity profiles, respectively. The assumed generali
sed local temperature, T is: 

Tj T. (y) 
J 

where j = 1, 2, 3 denote linear, parabolic and cubic 
temperature profiles, respectively. 

(7) 

Typical Computational Technique. Consider a ty
pical pair of quartic velocity profile (i=4) and cubic 
temperature profile (j=3). The corresponding polyno
mial representations deduced from Eqs. (6) and (7) are: 

u4 = ~4(x) ~:(y) 

where, 

~4(x) 
C m'+ 
4x (8) 
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~:(y) = a:+ b:y + c:y• + d:y• + e:y'+ (9) 

and 
T3 = a3 + b3y + c3y• + d3y•. (10) 

The boundary conditions applicable to Eqs. (9) and (10) 
are obtained form Eqs. (4) and (5). Thus the local co
efficients in Eqs. (9) and (10) are: 

* a4 = o 

b* = g8(Tw - T00)/6v~4 (x) 4 

* = g8(Tw - T00)/2v~4 (x) c4 
(11) 

d* = g8(Tv - T00)/2vo 4~4 (x) 4 

* e4 = g8(Tw- T00)/6V0~~4 (x) 

and, 

a3 = T 
w 

b3 = -3(Tw - T
00

)/2o
4 

c3 = o (12) 

d3 = (Tw - T00)/20~. 

From dimensional considerations, the quantity, -· 8g(Tw- T00)/6v~4 (x)[=] L , where L is a characteris-

tic linear dimension. Since the effect of buoyancy is 
predominantly felt within the ó- region, then by impli
cation, 8g(Tw- T00)/6v~(x) [=] 042

• lncorporating this 
into Eqs. (11), we have, except a:, the following modi

fied local coefficients to be: 

a:* = a: = O 

b** = 1;o• · 
4 4 ' 

** = 3;o• c4 · 4 

d** = 3;ó" . 
4 4 ' 

** = 1/Ó .. 
e4 4" 

The local velocity field becomes: 

where 

u4 = Y;o (1- Y;o >" 
4 4 

o 4 = J X n4 
4 

(13) 

(14) 

(15) 

Substituting these local coefficients in Eq. (12) into 
t~e temperature Eq. (10) ~nd normalising, gives: 

where 

9
3/9 

w 

9 

1 - ~ cY;o > + .!cY;o >" 
2 4 2 4 

(16) 

(T- T )/(T - T ). 
00 w 00 

The assumed forma of u
4 

and 9
3 

are now substituted 
into the governing equations and integral analysis 
carried out for the momentum and energy transport equa
tions. Also, utilizing the expressions for ó

4 
and 

~4 (x) yields, after simplification: 

m4 ! 

c4 5.29v( 10;27 + v/ct)-!(g89w/v2 )i (17) 

and 
1/4 n4 

J4 
3. 76(10/27 + v/ a) 1/4 (g8 9w) 1/4 (v/ a)-! (18) 

Hence, 

04/x -! ~4 -~4 
3.76 Pr (0.370 + Pr) Grx (19) 



where Pr = v; o. and Gr x 

Grashof number. 

gjlQ x}v• is the local 
w ' 

Local Nusselt Number. ln arder to compute the 
local Nusselt number, Nux, we proceed as follows. 
The local surface film heat transfer coefficient, hx 
is given by: 

h 
X 

whe~e q is the local heat flux at wall and 

q 

where k is the thermal conductivity of the fluid. 
Therefore, 

h 
X 

From Eq. (19), 

Hence, 

h 
X 

Pr!Gr:-
4
/3.76(0.370 + Pr)

1
/

4
. 

h X 
X 

k 

! 1 _1/4 
0.399 Pr Gr:

4
(0.370 + Pr) 

(20) 

(21) 

(22) 

(23) 

The above procedure is repeated for other pairs of ve 
locity and temperature profi1es. The average heat 
transfer coefficient over a vertical plate of height H 
is given by 

4 
3Nu(x=H). 

RESULTS AND DISCUSSION 

(24) 

Listed below are the r e sults for the local Nusse
lt numbers for the stipulated pairs of velocity and 
temperature profiles. ln general, the transition-to
turbulence Grashof number, Gr: varies fr ·.• 'll 8.13 x 108 
to 9. 76 x 108 . 

1. Velocity Profile: Parabolic 
Temperature Profile: Linear 

1 _1/4 
Nux = 0.420 Pr! Grj4 (0.667 + Pr) 

2. Velocity Profile: Parabolic 
Temperature Profile: Paraboli c 

3. 

4. 

5. 

6. 

! 14 _1/ 4 
0.562 Pr Gr: (2.220 + Pr) 

Velocity Profile: Parabolic 
Temperature Profile: Cubic 

Pr1 
1/ 4 _1/4 

Nux = 0.485 Grx (1.429 + Pr) 

Velocity Profile: Cubic 
Temperature Profile: Linear 

~ Gr:
4 

(0.317 
1 

Nux = 0.370 Pr + Pr)- 14 

Velocity Profile: Cubic 
Temperature Profile: Parabolic 

! 1/ 4 
Nux = 0.508 Pr Grx (0.952 

Velocity Profile: Cubic 
Temperature Profile: Cubic 

1 
- /4 

+ Pr) 

~ 1/4 _l/4 
Nux = 0.436 Pr Grx (0.625 + Pr) 

(24) 

(25) 

(26) 

(27) 

(28) 

(29) 
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7. Velocity Profile: Quartic 
Temperature Profile: Linear 

! 1/ 4 _1/4 
Nux = 0.334 Pr Grx (0.196 + Pr) 

8. Velocity Profile: Quartic 
Temperature Profile: Parabolic 

9 . 

! l/4 _l/4 
Nux = 0.467 Pr Grx (0.556 + Pr) 

Velocity Profile: Quartic 
Temperature Profile: Cubic 

1 _1/ 4 
Nux 0.399 Pr; Gr:

4 
(0.370 + Pr) 

The empirical correlation of Wong is given by 

~4 ; ~4 
Nux = 0.600 (Grx Pr) [1 + (1+Pr- 2

]-
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= 9-1!. X 108 

= 0 -689 

Fig. 2 
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20 

10 
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o.s 

Nux Vs. x(m) for parabolic velocity and 
temperature profiles for Air. 

0-6 

(30) 

(31) 

(32) 

(33) 

In Figs. 2-5, the plots of local Nusselt numbers 
for the best pairs of ve1ocity and temperature profiles 
are shown together with that of empirical correlation in 
Wong. Fig. 2 illustrates the case of Prandtl numbers 
less than unity. Fig.3 shows the case for water whose 
Pr = 2.220. Figs. 4-5 represent the different pairs of 
velocity-temperature profiles for unused engine oil 
whose Prandtl number is 1050. 

lt can be seen from the figures that although the 
deviations of the computed local Nusselt numbers frorn 
those obtained from ernpirical correlations increases as 
Grx inc reases, the percentage deviations rernain practi
cally constant. Results also show that the best pairs 
of temperature-velocity profiles is significantly depen
dent on the heat transfer fluid considered . For exam
ple, while the best temperature-velocity profiles pair 
for low Pr, such as air and c arbon dioxide, is parabo
lic-parabolic, the best pair for very high Pr, such as 
engine oil, is parabolic temperature and cubic velocity 
pro files. 

However, if the ge n e ral idea is to have a pair(s) 



of profiles which will give a deviation which is l ess 
than 10% for a wide range of Prandtl numbers i.e., 
0 .689 ~ Pr ~ 1050, Eqs. (28) and (31) will satisfy this 
requirement. 
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Fig.3 Nux Vs. x(m) for parabolic ve l oci t y and tempe
rature profiles for co2. 

To validate the result s of the present work, we 
compute the two Pr limits of interest for the best pair 
of profiles. ln the present case the best pair of pro
files is as stipulated for Eq. (28). 

X 
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Fig.4 Nux Vs. x(m) for parabolic velocity and cubic 
temperature profilc~ for unused engine oil . 
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Fig.5 Nux Vs. x(m) for c ubic velocity profil e and 
parabolic t empe rature profile for unused engine 
oil. 

For Pr + O, the asymptotic l ocal Nusselt number 
is given by 0.514 (Pr Rax)V 4 . The dimensionless 

group, Pr Ra = Bo , is the Boussinesq number. For 
X X l 

Pr + 00 , the asymptotic Nussel t number is O. 508 Ra,{ 4 

where Rax is the Rayleigh number, Pr Grx. 

The governing n on-d i mensional groups for the two 
Pr limits are in agreement with the scale analysis of 
Bejan. The asymptotic local Nusselt numbers compare 
well with those of Lefevre [10] as quoted by Bejan and 
recast here appropr i ately for ease of reference. Thus, 

Nux 
~4 0.6(Rax Pr) as Pr ~ O (34) 

1 
0.503(Rax) / 4 as Pr + oo (35) Nux 

It is clear that the Pr + oo limit result s of Lefevre 
and the present work are very much ln agreement. How
ever, the Pr + O results show a disparity of about 14% 
between the present analysis and that of Lefevre. We 
conclude that the polynomial approximation approach is 
not on1y simple but yields resul ts that are as accurate 
as the similarity and empirical correlation resu1ts. 
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SUMMARY 

ln this investigation, combined heat transfer due to natural convection and radiation in a vertical 
rectangular enclosure containing afluid with a polydispersion is studied. Thefour wa/ls are assumed to be 
gray, and diffusely emitting and ref/ecting. The fluid within the enclosure walls co;tszsts of a rt;~dzatzvely 
transparent gas with water droplets. The water droplets absorb, emit, and scatter radzatwn. Afimte conr:ol 
volume formulation and a two-dimensional discrece ordinates method were used to solve the governmg 
equmions. Results are presented to i/lustrare the e.ffects of radia tive heat transfer on the natural convecuon 
flow pattern within the enclosure and the heat transfer across the vertical walls. 

INTRODUCTION 

The problem of combined convection and radiation heat transfer 
in the presence of polydispersions h as received particular attention in 
appl ications related to the cooling sys tem of fast reactors, combustion 
chambers, and environmental processes. Recently, the need to coo! 
electronic equipment in sealed enclosures has added interest to the 
fie ld. 

A similarity relationship was derived by Close and Sheridan [I] 
for the study of natural convection in enclosures filled with a saturated 
gas-vapor mixture in the presence of a polydispersion of fine water 
droplets (a fog). Radiation, however, was not included in that study. 

Recent studies of combined natural convection and radiation in 
rectangular cavities show that the topics of interaction of surface 
radiation and gray gas participation with natural convection in the 
absence of scattering have been fairly covered [2-6]. Although it is 
known to over predict the interaction of natural convection and 
radiation, most of the work done has been based on the P-1 
approximation [4, 7-11]. ln one case, a one-dimensional radi ation 
model [5] was used. ln only a few cases, the effects of isotropi c 
scattering and non-gray gas (using different spectral techniques) have 
been examined (mainly C02) [7-12]. The method of discrete 
ordinates has se ldom been used in these types of problems [6]. A 
recent method [1 3] has yet to be fully tested in situations involving 
convection-radiation problems . To the best of our knowledge, the 
complete problem of interaction of natural convection with radiation in 
rectangular enclosures in the presence of an anisotropically scattering 
medium remai ns an unsolved problem. Furthermore, the discrete 
ordinates method (more accurate than the P-1 approximation) has only 
been used, in these type of problems , to solve the basic case of 
participating brray media. 

lt is of interest to study the effect, normally neglected, of the 
polydispersion in the overall heat transfer process when radiation is 
considered. ln this paper, the combined effect of natural convection 
and radiation heat transferis studied for a two-dimensional rectangular 
enclosure containing a non-participating gas that is saturated with a 
Mie-anisotropically scattering polydispersion. Following the work of 
Close and Sheridan, the equations of conservation of mass, 
momentum, and energy are rewritten in a form similar to those for a 
single component. After discretizat ion of the control volume, the 
resulting elliptic problem is solved by means of an iteration procedure 
involving a finite control volume analysis and a two-dimensional 
radiation analysis using the discrete ordinates method. The radiative 
properties of the droplet cloud are calculated using Lhe Mie themy. 

Results showing the relative effecLs of considering convection 
alone, combined radiation and convection, and the presence or not of a 
radiatively participating medium are presented. 

ENCLOSURE DESCRIPTION 

The system under study is shown in Fig. I and consists of a 

adiabatic 

f TC 

flu id and particles 
L 

L ' g 
y 

X 

Fig. 1 Schematic of enclosure. 

square enclosure with sides of length L. The vertical walls are 
isothermal at temperatures Th and Te, where Th >Te, and the 
horizontal walls are adiabatic. The enclosure walls are gray and 
diffusely emitting and reflecting. The fluid within the enclosure 
consists of a saturated air-water vapor mixture that is assumed 10 be 
radiatively transparent gas and water droplets. The water droplets 
absorb, emit, and scatter radiation, where the scattering is anisotropic. 
The flow is laminar, and gravitational acceleration acts parallel to the 
isothermal walls. Except for the mixture density in the buoyancy 
term, the mixture properties are assumed to be constant, and the 
Boussinesq approximation applies. Ata given spatial location, Lhe 
mixture and water droplets are assumed to have the sarne velocity and 
temperature. The characteristics of the water droplets aJ;e described 
!ater. 
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CONS ER V ATlON EQU A TIONS 

Conservation Eguations for a Single Component Fluid . The 
steady-state conservation equations for a single component fluid in 
dimensionless formare as follows [14]: 

Continuity: 

(1) 

x-momentum: 

a (- -) a (- -) P [MauJ !n(au)~ ar - u u +- u v = r - + - --as dr] as as dr] dr] as (2) 



y-momentum: 

a(- -) a(--) [~avJ #a-vJ~ ai> -- v u +- v v =Pr - + - - -
aç ilT] aç aç ilT] ilT] a11 

+ Ra Pr e (3) 

Energy: 

a (- ) a (- ) Mae) #ae) Q 
a" ue +~ ve =açaç +ill]a11 -_ 

" uo I N (\jfh - I) 

(4) 

where E, and 11 are dimensionless distances in the x and y directions, 
respectively; the velocities are normalized with a!L; the pressure is 
normalized with p a2[L2; e is given by (T- Icl/(Th- Te); Pr is the 
Prandtl number, Ra is tge Rayleigh number; N is the conduction to 
radiation ratio (k!L <J Te); and \jf = T!Tc. The fluid properties are 
c!enoted by p for density, a for therrnal diffusivity, and k for them1al 
conductivity. T is the temperature of the fluid. ln Eq. (4), th_ç 
dimensionless divergence of the radia tive heat flux is represented by Q 
(= L V· q r/<J ~) . where qr is the radiative heat flux vector and <J is 
the Stefan-Boltzmann constam. 

The flow boundary conditions are zero velocities at ali surfaces. 
The thermal boundary conditions become at 

Ç = O, e = I ; Ç = I , e = O 

ae -
11 = o. - = ____<hlQ)_ 

a11 -
N ('Jfh - I) 

a e _______ii_d_!2 

11 = I, - a11 = N ('I' h - I ) 

whcre thc dimensionless radiant surface !lux is <lr (=L CJr/0" ~). 

(5 ) 

(6) 

Conservation Equation s for the Mixture. The same equations 
prcsented for a single component fluid apply to the mixture provided 
that saturated conditions exi st throughout thc cavity, that the cloud of 
drople ts (with the characteri stics of a fog) circulates within the gas, 
anel that the effect of the liquid clroplets on density and viscosity is 
neg ligible. Under these c ircumstances, the propertie s and 
dime nsionless groups of the equivalent single component fluid are 
evaluateclas 11,15,161: 

Them1al conductivity: 

Specific heat: 

k =km+ PmO + m) D hrg cl~ (1~m ) 

C _ ~.ill h dm E_l_ dht 
-dT- 1dT+ dT 

Pd 

(7) 

(8) 

Therrnal expansion coefficient: _x_ = [I 
Xm 

m (M v - Md) ~] (9) 
1 + m R T 

whe re subscripts m, I, d, and v denote mixture without mass transfer, 
liquid, non-condensing component, and vapor, respectively; m is the 
mass ratio of vapor to non-condensing component; D is the diffusivity 
of gas-vapor mixture; hrg is the enthalpy of vaporization; M stands for 
molecular weight; and R is the universal gas constant. 

Prandtl number: Pr 

where v is the kinematic viscosity. 

Rayleigh number: R a 

Pct C Vm 
- k-

g X L'.T L3 

Ym a 

(lO) 

(II) 

The properties for the mixture were evaluated using the mass ratio and 
thc individual properties of the vapor and the non-conden sing 
component. 

Heat Transfer. The overall heat transfer across the enclosure is 
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expressed in terrns of the overall Nusselt number defined by 

Nu1 = Nuc + Nur (12) 

The average Nusselt number for natural convection is expressed by 

I 

f ae I ct 11 Nuc =- aÇ 1;=0 (13) 

o 

and the average radiation Nusselt number is evaluated from 

I 

Nur = N ('I'~ - I) j Clr(11) d11 
( 14) 

At the cold wall, the minus sign is omitted for the natural convection 
relation and inserted for the radiation relation. By conservation of 
energy across the cavity, the overall Nusselt numbers at the hot and 
cold walls must be equal. Note that although an attempt has been 
m ude to separate the overall Nu sselt number contributions due to 
natural convection and radiation, Nuc is nonetheless depende nt on 
N ur. that is, radiant exchange within the enclosure affects the 
temperature of the adiabatic walls and, therefore, the velocity fields . 
ln turn , the velocity fields affect the temperature gradients at the 
isotherrnal walls that are used in the calculation of Nuc. 

RADIATION MODEL 

One of the motivations of this paper is to study the influence of a 
cloud of particles, namely, a fog of water droplets, on the overall heat 
transfer processes that take place in the enclosure when radi ative 
transfer and natural convection are considered simultaneously. For 
this purpose, the gas mixture is considered non-participating and, 
then:: fo re, ali the radiation effects are due to surface radiation and to 
the prescnce of the polydi spersion . The radiation problem to be 
solvcd is a two-dimensional problem in the presence of an absorbing, 
emitt ing, and anisotropically scattering media surrounded by gray, 
diffucsely emitting and ref1ecting walls. 

The monochromatic problcm. The governing equation of 
monochromatic radiative transfcr is 1171 

di di di 
11- + Õ- + y - =-~I+ (I - Wo) ~ ib dx dy dz 

47t 

+ Wu ~ J l(Ç ,wj) <l>(À,W,Wi) dwi 
4n o 

(15) 

where 11. õ, and y are direction cosines; I is the radiant intensity ; ~ is 
the cxtinction coefficient; Jb is the blackbody intensity; Wo is the single 
scattering albedo; Ç is the line of sight of incident radiation; Wi is the 
incident solid angle; and <I> is the scattering phase function . Unless 
otherwise notcd, ali radiant energy and property quantitie s are 
undcrstood to be monochromatic. Thc discrete ordinates method [ 18-
201 was used to solve Eq. ( 15) for the intensity. For this method, Eq. 
(15) is discretized and rewritten, for two-dimensions, as: 

,r 
I 

subject to: 

where: 

xr ~ y r 
I~;IAn,sl; +lujl Ac,wli +arCSt+Sz)t..Y p 

1~;1 An,s + IÕ;I Ac ,w +ar 13 L'.Yp 

1P =arlxc+(l-ar)lxr 
I I I 

=ar Ixc + (I -ar) Iyr 
I I 

=arl"e+(l-ar)I7r 
I I 

S 1 =(1 - w0) ~1g ~ St= a JP b 

(16) 

(17) 

( I R) 



(19) 

ln Eqs. (16) to ( 19), s is the scattering coeffícient; a is the absorption 
coefficient ( = ~- s); ar is the spatial interpolating weight; Wj are the 
weights for the integration procedure; An.s. Ae,w. and óV p are, 
respectively, the nonh-south and east-west areas and the volume of 
the grid element, where Eq. ( 16) is being applied; rP is the outgoing 
intensi ty in the d.iscrete d.irection i at the center (p) odhat grid element; 
and superscripts xr and xe indicate reference (where energy originates) 
and end (where energy arrives) faces for the coordinate direction x. 

The phase function is represented in terms of Legendre 
polynomials of order k: 

N 

<l>ij =L (2n+l) bk Pk(llillj.OiOj.YiYj) 
k=O 

(20) 

where bk are coefficient s for the series expansion of the phase 
fu nction in terms of Legendre polynomials Pk and N is the number of 
terms. 

The boundary conditions for Eq. (16) are at 

x=O 
( 1-E) 

LWjlf..ijllj for lli > O (2la) Ii =E Ib + ----n-
~j < o 

x=L 
(1 -E) 

Ii =E Ib + ----n- Lwj J.ljlj for lli <O (2lb) 
~j > o 

y = O (1-E) L 
for Oi >O Ii =Elb+----n- Wj IOjl Ij (2lc) 

Õj < o 

y=L (1-E) L 
for Oi <O (21d) ri =Elb+----n- Wj Oj lj 

Õj > o 

where E is the surface emittance. The summations in Eq. (21) a re 
performed over the incoming directions for each surface. 

at 
The net radiation fluxes leaving the enclosure walls are evaluated 

x =0 and x =L 

y = O and y =L 

qr,x = L w j llj r j 
j 

qr,y =L w j Oj Ij 
j 

(22a) 

(22b) 

The divergence of the radia tive flux for each control volume is 
calculated from 

(23) 

The spectral integration problem. Equation (16) is formulated for 
a single wavelength (or a gray media). ln order to account for the 
spectral variation of opt ical properties, an integration of Eq. (16) o ver 
the entire spectrum is needed. To this effect, the spectrum was 
divided into M rectangular wavelength bands, where the radiative 
properties, evaluated at the wavelength (A) corresponding to the center 
of each band, are assumed constant over each band. Integrated 
quantities are found as the summation over ali bands of the individual 
contributions for each band. Equations (22) and (23) become at 

M 

x =O and x = L qr(y) =L (L w j llj Ij) 
À.= l j À. 

(24a) 

M 

y = O and y =L t]r(X) =L (L W j Oj lj), 
À.= ] j A. 

(24b) 

Thc boundary conditions in Eq. (24) are combined with those in 

.. .. ----··-·-
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Eq. (6) to evaluate the temperature distribution along the horizontal 
walls. The total divergence of the radiative flux is calculated from 
summing Eq. (23) over ali bands to yield 

(25) 

A computer program (an S-4 implementation of the discrete 
ordinates method) was written to solve Eqs. (16) to (23) subject to the 
boundary conditions given by Eq. (21) and to perform the spectral 
integration. 

W ATER DROPLET PROPERTIES 

Number distribution. The cloud of droplets is assumed to have 
the number distribution characteristics shown in Fig. 2, where n is the 
number of parti eles of radius r, N is the total number of particles per 
unit volume, and w is is the water content. The particle number 
density is given by the following relation: 

n = 3.52 r3 e· 2 r{3 

8 

6 

c:: 4 

2 

o 
o 5 

3 
N = 213 drops/cm 

w = 177 mg/m 
3 

10 IS 

Drop radius, f..lll1 

20 

Fig. 2 Characteristics of the polydispersion. 

Table I. Spectral Data 

Wavenumber Scattering Extinction 
Range, cm· I Coefficient, m·I Coefficient, m·l 

o-) 189 0.0 0.0 
189 --) 211 0.00726 0.02394 
2 11 --) 236 0.00815 0.02442 
236 --) 268 0.00957 0.02575 
268 --) 310 0.01246 0.02915 
310 --) 367 0.01557 0.03382 
367 --) 450 0.01790 0.03816 
450 --) 583 0.01939 0.0407 1 
583 --) 833 0.01418 0.03401 
833 --) 1500 0 .02050 0.03069 
!SOO --) 2500 0.03214 0.03903 
soo --) 0.0 0.0 

(26) 

Under this conditions, the polydispersion has characteristics similar to 
those of a fog [21]. 

Optical properties and wavelength discretization. The spectrum 
was subd1v1ded mto twelve bands as shown in Table 1 (M = 12). 
Detai1ed calculations were performed for ten of those bands, 
concentrated in the region between 5 and 50 j.lm, where most of the 
rad1ant energy 1s concentrated. For each one of these bands, and for 
the polydispersion represented in Fig. 2, the parameters of interes t are 
calcu lated from the following relations: 

---------- - --- ---- - - ---- --



Tmax 

a J dn(r) 
1-' = <Jext(r) ---a;:- dr 

Tmin 

rmax 

J 
dn(r) 

s = <Jsca( r) ---a;:- dr 

fmin 

<1>(8) =! s 

Tmax 

J dn(r) 
<Jsca( r) <I>(El,r) ---a;:- dr 

fmin 

(27) 

(28) 

(29) 

The extinction (<Jcxt) and scattering (<Jsca) cross-sections were 
evaluated from the exact Mie calculations, for a single water droplet of 
radius r, using wavelength dependent refractive and absorpive 

-'E 
(j 

vi' 
c 
"' ·c 

;;::: 

~ 

10 -3 r-.-.--,--..~-.--....... ~-

10 -s ~~L-~~~~~~~~~~ 

200 500 800 1100 1400 1700 2000 

Wavenumber, cni 1 

Fig. 3 Volume extinction, absorption, and 
scattering coefficients for the polydispersion. 

índices tabulated by Kondratyev [22] and the computational procedure 
of Dave [23] . Expansion of the phase function in a series of Legendre 
polynomials to find the bk terms in Eq . (20) was performed by means 
of a procedure similar to that described by Kumar [24]. 

Results of applying Eqs. (27) to (29) to the polydispersion 
presented in Fig. 2 are shown in Fig. 3 and Table I. A qualitative 
comparison wi th similar results evaluated by Curran [25] for a C-I 
cloud shows excellent agreement. 

NUMER!CAL PROCEDURE 

Numerical solutions for the fluid flow and temperature patterns 
were obtained using the control -volume formu lation and the 
SIMPLER algorithm described by Patankar [26] . The di stribution of 
the contrai volumes were skewed along ali surfaces in order to resolve 
accurately large velocity and temperature gradients. The contrai 
volumes for the flow and radiation mode ls were identical. 
Con vergence of the numerical solution was checked by performing 
overall mass and energy balance. 

With the exception of the radiation model, where the divergence 
of the radiative tlux given by Eq. (25) is treated as a heat sink tem1, 
the code is identical to that used by House, et al. [14]. The accuracy 
of the calculations for mixture velocities and temoeratures is identical 
to that reported in the cited literature, and is not repeated here. 

The resulting computer code for the radiation model was tested, 
where possible, against known results from other authors [1 3, 27-
29] . With the exception of cases involving highly reflecting wall, 
where the code (as reported for other S-4 discrete ordina tes 
implementations [27]) tends to over predict irradiations, the resu1ts 
obtained were always very good. Constant wall emittances of 0.8 are 
used in the present work and, therefore, very good results for both 
heat tluxes and irradiations can be expected. As an example of the 
accuracy of the radiation model, represen tative results for the 
nondimensional heat transfer rate at the hot surface are displayed in 
Fig. 4 fo r an square enclosure containing an isotropically scattering, 
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non-absorbing medi um. For the two cases presented (black and gray 
walls) the emissive power is one for the hot wall and zero for the other 
walls. The notation of ANDISORD refers to the current radiation 
modcl. Tests were perfo rmed to chcck the correct coding of the 
spectral problem. For these tests , results from a single band problem 
were compared with the results obtained after subdividing the single 
band into severa! rectangular partia! bands and intcgrating. The results 
were in good agreement. 

Convective Nusselt numbcrs, under the effects of radiation, at 
the hot and cold wall of a black square enclosure containi ng a non
scattering gray medium have been recently reportcd by Kassemi [30]. 
The combined radiation-natural convection code used in this study 
was tested again st Kassemi [301 . The results of these tcsts show 
discrepancics, particularly for the con vcctive Nusselt numbers at the 
cold wall. These discrepancies accentuatc, and become significant, as 
radiation becomes the dominant mode of heat transfer. Unfortunately, 
Kassemi does not report radiation Nusse lt numbers , and, therefore, 
energy conservation can not be verified. ln ali the cases tested with 
the present model , conservation of energy was sa ti sfied. 

Although not required to be, the grids for the flow and radiation 
models are identical. The results reported were produced using a 
nonuniform grid with 40 control volumes in each of the x- and y
directions. The grid generation algorithm placed a greater number of 
control volumes nearer to the surfaces where large gradients occur. 

1.2 
o Zonc method [ 291 l.lt - ANDISORD 

1.0 '·, ---- · · Ratzel [ 29] ' 
.............. Fiveland 1271 / 
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Fig. 4 Radiation model compari sons. 

The computations were performed on an ENCORE computer 
system. 

RESUL TS ANO DISCUSSION 

Cases. Two sets of problems were solved, each se t consisting of 
four cases: convect ion on ly for pure air, convcction only for th e 
mix turc air-vapor, convection plus wall radiation for the mixture, and 
convection plus radiation with the mixture as a participating medi um. 
For both set of problems the lengt h of the cavity was O. I 5 m, the 
average temperature was 300 and 350 K for se ts I and II respectively, 
and the temperature difference bctween the hot and the cold wall was 5 
K. The other properties are given in Table 3. 

Table 3. Properties•. 

Ai r Mixture 

Set Pr Ra, J06 kct. I0-3 Pr Ra, J05 k 

I 0.707 1.54 26.3 1.284 15.27 0.1304 
II 0.700 1.08 30.0 0.404 8.48 1.8680 

* Units for k are W/m-K 

Streamlines and isotherms. Figures 5-8 show the streamlines 
and isothem1s obtained from the solution of the two se ts of problems 



oescribed above. For both convection plus wall radiation for the 
mixture, and convection plus radiation with the mixture as a 
participating medi um, the streamlines and isotherms are similar, and 
therefore, only one set is presented. The streamlines and isotherms 
for air alone are available elsewhere [14] andare not repeateP here. 

(a) Streamlines (b) Isotherms 

Fig. 5 Sct I. Mixture. Natural convection alone. 

(a) Streamlines (b) Isotherms 

Fig. 6 Set I. Mixture. Natural convection-surface radiation. 

(a) Strcamlincs (b) Isotherms 

Fig. 7 Set II. Mixture. Natural convection alone. 

~ 
0.0 ...__ 

-~_L 
~~----"'"-

(a) Streamlines (b) Isotherms 

Fig. 8 Set II. Mixture. Natural convection-surface radiation. 

ln Figures 5-8, '~'min is the minimum stream function value. 
Eleven equally spaced isotherms or stream functions are shown in 
each plot. ln ali the cases presented, the temperature and flow fields 
show symmetry and boundary layer characteristics. These results are 
due to the weak absorbing characteristics of the mixture, the small 
temperature diffcrcnce, and the assumption of constant properties 
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throughout the enclosure. When surface radiation is present, (Figures 
6 and 8), the characteristic "s" curves appear as a consequence of the 
radiation exchange at the insulated walls. 

Nusselt numbers. Tabies 4 and 5 show the Nusselt numbers 
obtained from the solution of the two sets of probiems given in Table 
3. Results of applying Eq. (31) (a commonly used correlation [31] 
for problems involving natural convection alone), are given , for 
comparison purposes, in Table 4. Recalling the sharp difference in 
them1al conductivity between air and mixture shown in Table 3, it can 
be inferred from table 4, that the presence of the mixture produces a 
drastic improvement in the heat transfer by natural convection. 

II 

I 
II 

( 
Pr )0.29 

Nuc = 0.18 0 .2 + Pr R a 

Set 
I 
II 

Table 4. N usselt numbers for natural convcction alone. 

Table 5. Nusselt numbers for the mixture. 

With surface radiation and 
media 

(31) 

As reported by other authors [ 12], Nuc at the cold wall is 
always higher than Nuc at the hot wall when radiation is present. 
Tablcs 4 and 5 show that Nuc at the hot wall, for combined radiation
natural convection, is always smaller than Nuc for natural convection 
alone. This result has been reported previously [ 12] for gray gases, 
and for the range of Rayleigh numbers used in this study. 

For the first set of problems (1), radiation accounts for 
approximately 27% of the total heat exchange, while for the second set 
of problems (II), the contribution of radiation to the total heat 
cxchange is less than 5%. This relatively small influence of the 
radiation on the overall heat exchange [8, 12] is dueto the temperature 
difference ratio C'Vh -I) which, in set I, is in the order of 0.017 and in 
set II, in the order of 0.014. 

It can be seen in Table 5 that the influence of the participating 
medi um (polydispersion) in the overall heat exchange is negligible. 
This is due to the small water content (177 mg!m3) and insignificant 
optical thickness for the problems under consideration. Similar 
behavior has been reported [32] for sodium droplets in the sarne 
domain of optical thickness and droplet distribution. 

That energy is conserved in the numerical procedure can be 
verified from total Nusselt numbers at the hot and cold walls. 

CONCLUSIONS 

ln this paper, the combined effect of natural convection and 
radiation heat transfer were studied for a two-dimensional rectangular 
enclosure containing a non-participating gas that is saturated with a 
Mie-anisotropically scattering polydispersion. Following the work of 
Close and Sheridan, limitations were imposed on temperature 
difference and liquid water content and the equations of conservation 
of mass, momentum, and energy were rewritten in a form similar to 
those for a single component. A finite control volume analysis and a 
two-dimensional radiation model using the discrete ordinates method 
were used to solve the governing equations. The radiative properties 
of the droplet cloud were calculated using the Mie theory. 

The results of this study show that natural convection is highly 
enhanced when the mixture is present; the contribution of radiation to 
the overall heat exchange decreases rapidly with increasing average 



temperature (for the imposed temperature difference of 5 K, surface 
radiation accounts for less than 30% of the total heat transfer when the 
average temperature is 300 K and less than 5% when the average 
tcmpera ture is 350 K) ; for th e water contem and dropl e t size 
distri bution required for this study, the polydispersion has negligible 
influcnce on the radiation process. 

Flow and temperature patterns, as well as Nusselt num bers, 
show qualitative agreeme nt with other studies. Quantit a tive 
comparisons with similar studics are impossible at this point, due to 
the lack of published work in this area. 

The methodology and computer codes described in this work 
represem a powerful too! for the study of combined radiation-natural 
convection heat transfer in the presence of paniculate media. 
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SUMMARY 
A set of num eri cal experiments covering the Prandtl number range 0.01-10 and 

Rayleigh number range 102-loll is performed in a rectangular enclosure. The results show 
that the onset of inercia sustained fluctuations occurs at lower Rayleigh numbers when the 
Prandtl number decreases. The qualitative trend is compared with experimental observations 
of transition to turbulent natural convection and with the "local Reynolds number" criterion 
of transition to turbulence recommended by the buckling theory of turbulent flow. Final 
considerations show that is the Grashof number of order J09 and !1QJ_ the Rayleigh number of 

order 109 that pinpoints correctly the transition to turbulence. 

INTRODUCTION 
in which thc timc-dcriva tivc tcrms havc bcen rctaincd 

Despite the large volume of research dcdicated already 
to natural convection in enclosures, there is a Jack of 
information on Iow Prandtl number nuids, especially at 
high Rayleigh numbers [I] . Particularly absent in this Iow 
Pr I high Ra range are numerical simulations of the now 
and associated heat transfer phenomenon. ln the 
literature, this observation was stressed recently by Wolff 
ct ai. [2]. who reported an experimental study 
complcmented by numcrical simulations based on the 
stcady-state form of the goveming cquations . 

ln arder to shed new light on the phcnomenon of 
natural convection in cnclosures filled with Iow Pr nuids , 
we des igned a series of numerical si mulations that place an 
emphasis on the detection of unsteadiness (nuctuations) in 
the now field. This numerical approach was used recently 
by Henkes and Hoogendoorn [3 J. who relicd on the 
un steady two-dimcnsional Navics Stokes equations in the 
s tudy of the bcginning of nuctuations in a squarc cavity 
filled with air or water. 

ln the present study, the cmphasis is placcd on the 
Prandtl number effect. lndecd, the numcrical results 
dcscribed in this paper show that thc Prandtl numbcr has 
a s trong influence on the Rayleigh numbcr above which 
nuctuations tend to pcrsist. Wc find that the highcst 
Raylcigh numbcr of thc prcscnt laminar flow solutions 
dccreases dramatically as Pr decreases . This trcnd e xp lains 
the lack of numerical rcsult s in thc low Pr I high R a 
domain. It suggests also that the transition to turbulcn ce in 
low-Pr fluids occurs at Rayleigh numbers that are mu~h 
lowcr than the oftcn-mentioncd order of magnitude 
Ra- Jo9 [4]. 

MATHEMAT!CAL FORMULATION 

au + av = 0 
ax ilY 

I I 2 
au + u au + vau aP + (~) .v2u 
ih ax ilY ax Ra 

av + u av + vilV ( y 12 2 =- iJP + ~ . V V +9 
ih ax ay ilY Ra 

a e + u ae + v~ I . V
2
9 

~ ax aY I I 2 
(R a P r) 

y,v 

x,u 

L 

Fig. I Two-dim c nsional cnclosure. 

(I) 

(2) 

(3) 

(4) 

Thesc equations have been nondimensi rmalized by using 
the hcight H as Iength scale, and defining the variablcs 

The two-dimensional rectangular enclosure model is 
prcsented in Fig. I . Thc nuid is treated as Newtonian and 
Bouss incsq-incompressible , with constant transpor! 
propcrties (v ,k,a) and coefficient of thermal expansion. 
The enclosure is initially occupied by motionless nuid the 
tempcrature of which is uni form and equal to the 
enclosure average (Th + T c)/2. Bcginning with the time 
t =O, the temperatures of the side walls are set equal to the 
ncw leveis Th and Te. wherc Th >Te. Thc imposed 
tcmpcrature differencc induces symmctric boundary Iaycr 
flows near the two sidc walls and, in time, thcse flows 
mcrge into a circulation that covcrs thc cntirc enclosure. 

The anticipatcd time-dependcnt flow is describcd by the 
equations for mass, momentum and cncrgy conscrvation, 
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(X,Y) = (x,y) 
H 

C ) (u,v) u. v = ---'--'-''----

1: 

112 
a (R a P r) 

1 

(a/ H) (R a P r) 1 
I 

2 

9 = T- (Th +Tc}'2 

Th- Te 

p 
2 

pa 

2 
H 

E.2.tli:. 
RaPr 

(5) 

(6) 

(7) 



whcre x, y, u, v and T are thc physical variablcs defined in 
Fig. 1, t and p stands for time and prcssurc. The Raylcigh 
and Prandtl numbcrs h ave bccn ddincd in the usual way, 

R a 
3 

gpH (Th-Tc) 

pa 
p r=~ 

a 
(8) 

Thc dimcnsionlcss boundary and initial conditions that 
correspond to Fig. 1 are (note that the top and bottom walls 
are adiabatic): 

U=V=O 
e = 0.5 
e = -0.5 

~=o ay 
U=V=e=O 

on ali four walls 
at X= O, 

at X= L/H, 

at Y = O and Y = 1 

at T =O 

(9) 

NUMERICAL METHOD 

The preceding problcm was solvcd numcrically using 
the control volume method desc rihed hy Patankar [5[. 

Thc grid was sclected as a tradc-off het wcen numcrical 
accuracy, stahility and computational time . Thc 
nonuniformity of the grid is dcscrihcd hy thc rclation 

i 
Si+t=s;+a 5 tJ. ( 1 O) 

in which Si rcprcscnts the spatial location of the gridlinc, 

tJ. thc stcp sizc, and o. 5 thc rate of grid strctching. Equation 
( 1 O) prcsc rihcs a g rid thc dcnsity of which is higher near 
thc solid walls of th c cnclosurc, whcrc sharp gradicnts of 
vclocity and tcmpcraturc are cxpcctcd. 

Thc rincncss of thc grid was dctcm1incd bascd on 
accuracy tc s ts of typc illustrated in Fig . 2. Thc 
in s tantancous, hcight -averaged Nusselt numhcr is dcfined 
as 

Nu 

Nu 
qavgH f '(ao\ dY 

- aXJx~ 
o 

( 1 1) 
k (Th- Te) 

300! ,,, I 

250 

--------

grid time steo 
I 04 x I 04 0.008 

52 X 52 0.01 Ó 
2ó X 2ó 0.032 

200~--~----~----~--~-----
2 4 6 8 10 12 

l 

Fig. 2 Thc cffect of the grid fincncss on thc evolution of 
th c overall s ide-wall Nussclt numhcr (Pr = 10, 
Ra = 1()11, L/11 = 1). 
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lt is cvidcnt that lhe act of incrcasing lhe numbcr of 
control volumes continues to havc an cffect on the Nu(t) 

curve in lhe T ~ O limil, bccausc, thcorctically, Nu(O) = oo. 

The 52 x 52 grid with a 5 = 1.117 and tJ. = 0.004 was adopted 

for R a = 101 1 and ali the lowcr Ra cases documcnted in 
this study. 

Convcrgencc al each time slcp was achieved when the 
relativc discrepancy betwecn two consecutive valucs of 

the ovcrall Nussclt numbcr was less than 10-6 
The numcrical work was perfom1cd on lhe 

IBM 3090-600E vector computcr of the Comell National 
Supcreomputer Facility (CNSF). Thc necd for 
supereomputer use was determined bascd on preliminary 
calculations conducted on slowcr machincs. 

SOUAREENÇLOSURES 

Thc stratcgy uscd in thc sclcction of thc (Ra.Pr) cases 
chosen for complete, time-dependent simulation , consi s ted 
of first fi x ing thc Prandtl number. and simulating Oows of 
in c rca s ingly higher Raylcigh numbcrs. The Raylcigh 
number was incrcascd to thc point where inertial effcct s 
(fluctuations) in thc flow and the cxccssivcly long 
computational time nccdcd for a truc stcady-statc solution 
bccame prohibitivc. ln this way, wc scarchcd for thc 
approximate uppcr boundary Ra(Pr) abovc which wc could 
no longcr simulatc stcady laminar flows. To thc shapc and 
location of this boundary wc rcturn in Fig. I I and 12. 

Two cxamplcs of how oscillations prolifera1c as Ra 
incrcases at constant Pr are displaycd in Fig . 3 . ln hoth 
graphs, lhe uppermost curve corrcsponds to thc highcst 
Ra valuc for which wc wcrc ablc to obtain stcady-state 
rcsults . Another intcresting cffcct is thc dcpcndcncc of 
the oscillation amplitude on the Prandtl numbcr. ln 
rclative tcrms, thc ampliiUdc incrcascs as Pr dccrcascs. 
This cffect is explaincd by thc fact 1hat. as Pr dccrcascs. 
incnia incrcasingly outwcighs friction in the momcntum 
balance of the vertical boundary layc r . 
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Fig. 3 Thc c ffcct of Pr and Ra on thc Nussclt numbcr 
oscillations en routc lc stcady statc (L/H = I). 

....... 



Figure 4 shows for Pr = 0.0 I not only the side-wall 
l"'ussclt numher Nu of Eq. (li) , hut also the midplane 
Nussclt numher 

=f 
1

[(RaPr)
1 12 ue- ao] dY 

ilX X=L/2H 
( 12) 

() 

The figure shows that in lhe heginning of the diffe rential 
heating process the midplane Nussclt numher is much 
smaller than the side-wall Nu. This feature is cxplaincd by 
the t = 0 .6 frame of streamlines and isothcrms of Fig. 5, 
which show that thc thcrmal houndary laycrs havc not 
cxt cndcd to lhe ccntcr of lhe cavity, and lha I no I ali lhe 

Srr--- ------------------------~ 

Nu,Nt1m 
rNUut 

,/---.... -~...;;..-· -----------1 

~Nu 

o~-"~,. · · ~~~~~~~~~ 
o 5 10 12 

Fig. 4 Thc evolution of the side-wall and midplanc 
Nussclt nurnhcrs in a low Prandtl nurnber nuid 

(Pr = 0.01, Ra = 105 , L/H= 1). 

Fig . 5 Thc dcvcloprncnl of the flow and temperature 
fi c lds in a low Prandtl numbcr nuid (Pr = 0.01, 
Ra = 105, L/H= 1). 

nuid that is drivcn by the sidc walls rnanagcs to cross the 
midplane of the cavity. 

Thc Nu(t) and Num(t) curves interscct around the time 
t = 2, when according to the sccond frame of Fig. 5 onc 
largc clockwise roll dominates thc circulation pattem. ln 
the sarne frame, wc note thc appearance of two small 
countcrclockwise rolls in the uppcr-lcft and lowcr-right 
corncrs. Thcse are thc corncrs whcre the two side-wall 
boundary laycrs arrive" . 

The Nu(t) and Num(t) curves cross at lcast twicc more 
as thcy reach thcir common stcady statc v alue of 2. 77 at 
time t of approximatcly 8. The strcamlinc pattcrns of Fig. 5 
show thc formation of two additional countcrclockwise 
rolls, this time in thc "starting" comcrs of the side-wall 
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boundary layers. Thcse rolls are considcrably wcaker than 
thc rolls housed by the corners discusscd in thc prcceding 
paragraph. 

Small cclls in ali four comers wcrc obscrvcd also by 
Wolff ct ai. [2]. in numerical simulations covcring thc 
range Pr = 0.011-0.0208, and Ra = (1.682)105- (6.727)105 
A direct quantitativc comparison cannot bc madc bccausc, 
of the different Pr value, and bccause unlikc the prcscnt 
calculations, Wolff ct al.'s wcrc pcrformcd bascd on thc 
steady-state vcrsion of the governing equations. 

Thc dcvelopment of the circulation pattem is quite 
di ffe rent ai higher Prandtl numbers. Figures 6-8 show the 
run made for Pr = 10 at th c highest Rayleigh numher of 
1 O I I, for which lhe simulation proved tno lengthy to 
pe rmit the calculation of a true s teady statc solution. 
Although the side-wall Nusselt numbcr rcachcs a stcady 
valuc around 1: ~ 120, thc midplane Nussclt Num numbcr 
osc illates appreciably ahout the steady Nu value (Fig. 6). 
The oscillation is almost pe riodic aftcr t ~ 100, and its 
amplitude dccays vcry slowly. 

The carlicst phasc in thc developmcnl of lhe Nu and 
Num curves is illustraled in the four framcs of Fig. 7. The 
ve rtical wall jets drivcn hy the diffcrcntially hcatcd side 
walls continue over the hori zontal boundarics, as 
horizontal jcts. Thc latter indu cc local clockwisc rolls in 
the neighboring core nuid. Th ese rolls travei lhe lcngth of 
lhe horizontal boundarics , and at a time of approximately 
't ~ 45 they rebound against the opposing vertical watt. One 
by-product of this rebound is thc creation of two 
counterclockwise cell s furthcr into thc core fluid, as 
shown in the last frame of Fi g. 7 . Thcsc countcrclockwisc 
core cclls are rcspon s ihle for the scverc drop exhibitcd by 
thc midplanc Nussclt numbc r around t ~ 45 in Fig. 6. 

600~------------------------------. 
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Fig. 6 The evolution of thc sidc-wall and midplanc 
Nusselt numbcrs in a higl: Prandtl numbcr nuid 
(Pr = 10, Ra = JOII , L/H= 1). 

Fig. 7 The developmcnt of horizontal jcts in a high 
Prandtl numbcr nuid (Pr = 10, Ra = I() li, L/H = I) . 



The bottom three frames of Fig. 8 show Lhe Oows that 
correspond to thrce consecutive minima of the Num (t) 
curve of Fig. 6. The minimum midplane Nusselt number is 
due to the intermittent presence of a practically motionless 
core Ouid in the vertical midplane of the cavity. 

The upper row of Fig. 8 shows the streamline pattems 
at the in-between momcnts when Num is maximum, 

namely at 't = 90.6. 115 and 140. At thcse times, the core 
Ouid is dominated by two clockwise cclls positioned in the 
uppcr-left and lower-right quadrants. 

lt=906l I t = 112 I it=l4ü l 

Fig. 8 

L"!. =_lõ:sl lt =.!291 lt :' 152] 

Common features of the strcamline pattcrns 
corresponding to the Num maxima and miníma 

indicatcd in Fig. 6 (Pr = 10, R a = 1011, L/H = I). 

T ALL ENCLOSURES 

Additional numcrical runs wcre madc in ordcr to study 
the effect of Lhe geometric aspcct ration L/H, whilc thc 
Raylcigh and Prandtl numbers are hcld fixcd . Accuracy 
tests for each new L/H run precedcd thc nume rical 
solutions that are reported in this scction. These runs and 
their corresponding steady statc Nusselt numbcrs are 
summarized in Tablc I. 

Tablc I. The effect of Lhe geometric aspcct ratio L/H on the 
overall Nusselt number 

Pr R a L/H Nu 

0.01 J05 I 2.77 
0.5 3.07 
0.25 4.14 

0.1 106 I 5.62 
0.5 8.06 
0.25 7.80 

Figure 9 shows the effect of L/H on the oscillations 
ex hibited by Nu(t) and Num(t) in a low Prandtl number 

Ouid (Pr = 0.01, Ra = J05). This figure can be compared 
directly with Fig. 4, which dealt with the sarne case in a 
square enclosure. Worth noting is that thc abscissa of 
Fig. 9 covers only the early part of the time-dcpendent 
natural convection process, when the Nu and Num 
oscillations are most pronounccd. ft is clear that the 
amplitude of thcse oscillations dccreascs as L/H dccreascs, 
or as thc diffcrentially hcated side-walls approach one 
anothcr. ln Lhe case of L/H = 0.25, for example, the Nu and 
Num curves coincide as early as t ~ I even though both 
c urves continue to undulate until t ~ 6. 
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Fig. 9 Th c evolution of the si de -wa ll and midplane 
Nussclt numbc rs in tall cnclosurcs (Pr = 0 .0 1, 
Ra = 105). 

STEADY STATE HEAT TRANSFER RESULTS 

Figure I O summarizes the main hcat transfer 
conclusions for steady laminar natural eonvection in 
square cavities. The Nu(Ra) curve is displaced downward as 
Pr decreases. Near the high-Ra end of cach curve. Nu is 
proportional to approximately Ra0.28_ The fact that in the 
boundary laycr regime the Ra exponcnt is slightly larger 
than l/4 agrees with previous correlations of overall heat 
transfer in enclosures (see, for example, Catton's review 
[61) . 

Nu 
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103 104 ter td' 10
7 

108 10
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1011 

R a 
Fig. 10. The Pr effect on the steady-state Nusselt number 

for natural convcction in square cnclosures. 

CONCLUSIONS 

Onc interesting feature of the preceding numerical 
experiments is that the Prandtl number has a significant 
cffect on thc highest Rayleigh number of the laminar 
steady-state solutions. This effect is indicated by the white 
squares in Fig. 11 . which represcnt the highcst Ra runs . 
Throughout the Pr range 0.0 I - I O, the highest Raylcigh 
numbcr decreases apprcciably as Pr decreases. 

lt is also interesting that the highcst Rayleigh number 
of the Pr = I solution, Ra = 1()9, agrccs with the widely 
rccogni zcd Ra ordcr of magnitude for thc transition to 
turbulence 141. This agrecment is not surprising. bccausc 
thc incrtial cffccts that sustain the fluctuati ons th at 
cvcntually limitcd our scarch for stcady-statc laminar 
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Fig. 11. Experimental observations of the highest Rayleigh 

number for laminar boundary layer flow along a 
vertical wall. 

solutions are the sarne effects that in a real flow lead to the 
sinuous deformation of the bouyant wall jet. 

Surprising is the apparcnt monotonic rclationship 
between the Ra and Pr values of the white squares in 
Fig. 11 , because the recommended R a criterion for 
transition in natural convection vertical boundary layer 
flow (R a ~ J09, Ref. r 4]) is independcnt of the Prandtl 
number. ln a first attcmpt to clarify this conflict r7J. we 
reviewed the transition obscrvations reported in nine 
experimental studies rs-16]. The Ra(Pr) points of the 
observed transitions are represented by black circles in 
Fig. 11 . The observations rcportcd by Mahajan and Gcbhart 
[ 12] and Godaux and Gcbhart [ 13] agrcc qualitatively with 
Henkes and Hoogendoom's numerical simulations [3], 
which showed that in watcr fluctuations dcvelop at a 
higher Rayleigh number than in air. ln thcir experiments 
with oils, Farmer and McKie [ 16] obscrvcd only laminar 
flows, thercfore the transition Raylcigh numbcr is 
somcwhere above lhe white c i reles plottcd on the right 
side of Fig. 11. 

The experimental data assemblcd in Fig. 11 recommend 
the relation [7] 

Ra - J09 Pr (13) 

as an emnir1cal criterion for trans1110n . ln other words , it 

is Grashof number of order J09 that marks the trans ition 
in tbe entire Pr range 0.01 - 100, and not the often 
mentioned Rayleigh number of order 109 

lt remains to provide a theoretical basis for the Ra(Pr) 
trend of the experimental and numerical data (transition 
boundary) of Fig. 11. One way to procced is by invoking the 
time se ale comparison r 17' 18] that led to the general 
conclusion that any straight flow ceases to be laminar 
when its ~ Reynolds number excccds the order of 

magnitude J02, 

v D - 102 
v 

(14) 

The local Reynolds number vD/v is based on the local 
longitudinal vclocity scale (v), and thc local transversal 
lcngth scale of thc flow (D). The 1ransition criterion of 
Eq . (14) has bccn tested extcnsivcly [17[ . The sarne 
critcrion was dcrived based on a di ffcrcnt theoretical 
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argument by Mikic [ 18], who also demonstrated its power to 
predict the transition in turbulent flows . 

ln order to apply thc local Reynolds number criterion, 
Eq . (14), to boundary layer natural convection in an 
enclosure heated form the side, it is important to first 
recognize the proper velocity and length scales of the 
flow. These scales depend on the Prandtl number range; 
furthermore, the velocity boundary layer has two length 
scales (cf. Ref. [17], p. 120): 

~ fL2...l 

longitudinal 1/2 
~R a 

1/2 
velocity (v) ~(R a P r) 

H H 
distance from 
wall to -1/4 -1/4 
velocity peak HGr H R a 

ou ter thickness of -I /4 -I /4 I /2 
H (R a P r) H R a P r wall jet 

A third transversal Jength scale that is cligible as D in 
Eq . (14) is the horizontal half-width of thc enclosure, L/2. 
This last scale is the correct scale whcn it is smaller than 
thc calculated outer thickness listed in thc above table. 

Low Pr fluids. Consider first the range Pr < I , in which 

the longitudinal velocity scale is v- (u/H)(RaPr) 1/2 If D 
is the outer thickness of the wall jet, thcn the criterion 
(14) reads 

8 3 
Ra - IOPr (15) 

On the other hand , if the enclosurc is narrow enough to 
interfere with this outer thickness, 

L <H (RaPrY
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2 

we set D - L/2, and the criterion (14) becomes 

R a - I O 
4 (_!!_ )2 

P r 
L/2 

(16) 

( 17) 

For a fixed ratio H/L, equations (15) and (17) describe 
the Ra(Pr) boundary that limits from above the laminar 
flow domain, Fig. 12. The choice of using Eq. (17) instead of 
equation (15) is based on the inequality (16). ln other 
words, the "knee" in the Ra(Pr) boundary described by 
Eqs. (15) and (17) occurs at the (Ra,Pr) point where the two 
sides of Eq. (16) are equal. 

Hjgh Pr flu ids. ln the range Pr > I , thc longitudinal 

velocity scale is v- (Cl/H)Ra 1/2 Jf thc role of D is played 

by thc outer thickness of the wall jct, thcn the critcrion 
( 14) becomes 

8 2 
Ra-IOPr (18) 



On the other hand, if D - L/2, we obtain 

4( )2 2 Ra - 10 __!:!_ Pr 
L/2 

(19) 

The latter is valid when the enclosurc is norrow enough so 
th a t 

L -1/4 1/2 
- < H R a P r 
2 

(20) 

This incquality can be rcwritten as 

Ra < (-!!_)4

p/ 
L/2 

(21) 

whieh in ombination with equation ( 19) states that the 
criterion (I 1) rrevails ove r the criterion ( 18) only when 

H 

L/2 

2 
> 10 (22) 

This finding is reported graphically in the Pr > I half 
of Fig. 12, where the criterion (19) gcnerates a family of 
parallel !ines, one tine for each ratio H/L. ln sufficiently 
wide enclosures where the inequality (22) fails, the Ra(Pr) 
transition is described by Eq. ( 18), and is no longer 
influenced by H/L. 

lt is instructive to compare now thc cmpirical 
information of Fig. 11 with the brokcn-line theoretical 
boundary constructcd in Fig. 12. When the aspcct ratio H/L 
is fixed, thc thcorctieal Ra(Pr) boundary of thc laminar 
domain has the sarne general position and oricntation as 
thc string of data asscmblcd in Fig. li. Of coursc, the 
laminar flow is stabilized ("straightencd") and the Ra(Pr) 
boundary is pushed to highcr Ra values as the cnclosure 
becomes narrower. The geometric aspect ratio H/L has a 

1d2 ''n' 
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I 

Fig. 12. Thcoretical Ra(Pr, H/L) boundary of thc laminar 
flow domain . 
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more significant and complicated effccl on the Ra(Pr) 
boundary in the case of low Pr fluids. 
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CONVECÇÃO NATURAL EM CAVIDADE RETANGULAR INCLINADA 
COM PARTIÇOES LIGADAS À PAREDE FRIA 
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RESU MO 

AnatL6a-M. HtuMjtA.cruneJ·i):e a convecção nct.t:Wlat tam.{.nalt bú UllJeJ'!.IJ.{,onat nwna cavúiadc 
Jtc t anatüa>t -Z.I!Cli.nada, aVt.avé,~ de w11 mê.todo de. M~e>tença6 1.{.nLta6 expúcüo . A cav.{.dade 
é con.;t{tu.{da ele wna wpe!t\.Z.c.{.e üoté>unú.a )!L<'.a, uma wpeJtíZc.{.c üoté:tu-úc.a quente e 
cútM -6ttpe!t~Zc -LC6 (-6owda.6 .tetunú:amcntc .. PaxU.ç.õe,; ,'J.{.nM, d.{.cttéJtm.{.c.M e .{,tjuaunen.te e.6 pa 
çada6 6ã o Ci aada6 à pa!te.de üoté>un-Zca ~ltÚL Con.~J ,{,delti1m - 6e nwne>to de Rayte,(,fj ft vaJt,(,a.náo 
de 10 3 a 10 6

, n.üineJto de PJtandt:.t O, 71, ângulo-6 de .i.ncunação 0°, 30°, 45° c 60° , .w zõu 
de MpecA:o 1 a 5 e nwne ,w de. pat1fi.çoe6 de 1 a 3 . 

l:JTRODUÇÃO 

O es t udo da co nvecçao natural de f luidos confina 
dos no int e rior de c av idades de seção r e t a ngul a r tem 
s i do tratado com muito int e resse nos Últimos a nos, da 
da a sua impo rt â nc ia para a e nge nharia. 

Mais r ecent emente t~m s ido publi cados a l guns tr a 
ba lhos ãcerca da redução nas pe rdas de cal o r por con 
vecç ão devido ã co locação de partiç;es no inte rior d~ 
cav i dade. A ma i o r parte dos t r ab alhos s obre cavidades 
de geometria compl exa t rata de partiç;es adap tadas ãs 
pa r edes iso l adas e geralme nt e se verifi cam qu e as ve l o 
cidades, a função corre n t e e os números de Nus s e lt lo 
ca i s ou midi os diminuem com re lação ao caso de cavidi 
des não divi d idas , para um núme ro de Rayl e i gh mantido 
co ns tante. J i as cavidad e s com partiç;es li gadas a s 
s uas parede s is o t i rmicas t êm s id o pou co ci t adas, co ns 
r i tuindo-s e a s sim objeto de e s tudo deste trabalho. 

Web e r [ 1] , em 1980, es tudo u experime nt a l mente o 
campo de t empe ratura e a t r ansf erência de calor numa 
geometria tridimensional dividida, usando Freo n-12 co 
mo f luido. Foi v erificado que a transferê nc ia de calor 
i mais influe nc i a da pela al t ura que pela largura da 
aber tura r e tan7ular da par tiç3o . 

Wint e r s [3] , em 19 82 , uso u o mitodo de e l ement os 
f initos par a de t e rminar a tra n s f e r~nc ia de calor e a s 
d i s tribuiç;es de temperat u r a c da funç~o co rr ente pa ra 
cavidade ret a ngular divid id a po r uma parti çao . Foi con 
s id e rado Ra entre 10 4 e 10 6 . 

Nanst ee l e Greif [ 2] , em 1981, est uda r am a con 
ve c ç ~o natural nu ma cavidad e re tangular com partiçoes 
f i xad as na parede isolada. Foram apres ent ados result a 
dos do núme r o de Nusselt e das di s tribui çÕes da funçãO 
cor rente e da t empe ratur a pa ra 2,3xl0 10 ,Ra( l,lxl 0 11 e 
r az~o de aspec t o 0,5. 

Lin e Be jan [ 4], em 19 83 , realizaram investi ga 
çÕe s analíti cas e experimen t a i s para co nv e c ç~o natural 
em cavidade r e tangular com uma divis~o par c ial s eme 
lhante ao tipo es tudado em [ 2] , po rim com r a zão de as 
pe c t o 0,3. 

Nanst ee l e Greif [ 5] , em 19 84, inve sti garam ex 1~. 
rimentalment e a transferência de calor po r convecç ao 
natural em cavidade retangula r dividida po r uma pa~ti 

ç~o vertica l adiabitica. Fo r am consideradas partiç ~es 
bi e tridime nsiona is e em ambos os cas os as partiçoes 
e r am acoplad a s ãs paredes i so ladas da cav id ad e e para
l e las às paredes verticai s i so térmi c as. Os expe rimen-
t os , no caso bidimensiona l, fo r am real izados pa ra 
2, ~ 5xl0 10 ,Ra( l, l 4xl0 11 , 3(P r ( 4, 5 e raz ão de aspec to 
0, 5 . No caso de partiç~o tridimensional! os experime n 
t os foram f e itos com 2,4xl0 10 ( Ra(l,lxl0 1 , J( Pr(4,3 e 
r az~o de a s pec t o 0,5. 

Acharya e Tsang [6], em 1985, inves tiga ram a co n 
vecç ~o natural numa cavi da de inc linada com uma pa rt i 

119 

çao li gand o as paredes i so ladas. Os r esultados for am 
obtidos usando o mitod o de diferenças f initas para ca 
vidade s com ra z~o de a s pec to l e ~. com Ra vari ando 
ati 10 7 e com ângulos de inc linaç~o da pa r ed e qu ent e 
com relaç~o ã horizont a l de 30°, 45 ° , 60 ° e 90 ° . 

Ni sll imura e outros [?j , em 19 88 , i nvesti garam nu 
mericame nt e e experime n t alme nte a trans fe r~ncia de cã 
lor por co nvec ç~o natura l em uma cavidade retangul ar 
com mGltipl as partiç; es ver ticais i gua lmente espaçadas 
unind o a s paredes adi abãticas. Nas inves t igaçÕes espe
rimentai s o número de pa rtiçÕes f o i va ri a ndo de 1 a 4 , 
com 10 6 ~Ra< l0 8 , Pr=6 e r azão de a s pec t o 4 . Na so luç ~o 
numiri ca foi utilizado o mi t odo de e l eme ntos finit os , 
onde for am mantidos co nst a ntes o núme r o de Prandt l e a 
razão de as pec to, enquanto o nÚmero de Rayleigh va rio u 
no intervalo 10 4 <Ra<l0 7 com 2 e 3 part içÕes. 

Freder i ck [ 8, 9] , em 1989, inves ti gou nume r ica 
mente o e f ei t o da co l ocaç~o de u~a par t i ção diat i r mi ca 
na parede fr ia de uma cavi dade quadrad a inc linada. Ana 
lisou-s e os efe itos do núme r o de Ray l e i gh, do ângulo 
de inclinação e do compr imento da pa rti ção sobre o es 
coamento e a transferê nc ia de calor. As equaçoes de 
conservaç~o f oram res olvida s pelo mi t odo de difere nças 
f initas cons i de rando Pr=0 , 71, l0 3 ( Ra, l 0 5 e ângulo de 
inclinaç~o na ~arede quent e com r e lação ã horizo nta l 
entre 45° e 90 . Veri f i cou- s e que a p r ese nç a da parti
ção era r es ponsável por uma reduç~o de a ti 47% na 
transf e r~ ncia de cal or com re lação aos r es ultados obt i 
dos sem parti ç.ão. -

Neste trabalho es tuda-se a convecçao natural nu 
ma cavidade r e tangul a r i nc linada com r elaç~o à hori zon 
tal e com par t i çÕes co l ocad as junto ã pa r ede fri a , con 
for me a Figura l. 

Fi g . l. Geome tria da Cav id ade. 



Considera-se que duas supe r fÍc i es sao mant idas 
isotérmicas nas temperaturas fria Te e quen t e Th , res 
pect i vamente , e que as outras duas s uperfí cies são i s~ 
ladas. 

Para verificar a validade do proce diment o numéri 
co, comparou-se os resultados do presente t rabalho co~ 
a que l es para cavidades s em partição ob tidos por ·• De 
Vahl Davis [10] e com uma partição obtido por Frederick 
[8, 9], encont rando excelente concordânc ia. 

São apresen tados resultados do nÚmero de Nus selt 
médio (Nu) para núme ro de Rayleigh (Ra) ent r e 10 3 e 
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, número de Prandtl (Pr) 0,7 1, ângu l os de inclina 
ção (a) 0°, 30°, 45° e 60°, r azão de aspecto (R) l, 2~ 
3, 4 e 5, partiçÕes com comprimentos adimensionais 
(d/L) 0,~5, 0,5 e 0,75, número de partiçÕes l, 2 e 3 . 

FORHULAÇÃO DO PROBLEMA 

Considera- se o escoamento em regime laminar, per 
manente, bidim., nsional e incompressível, sem dissipa 
ção viscosa e sem ~· feitos de compres sib ilidade, as pro 
priedades fÍsicas são ccns tantes , exce t o a densidade 
que segue a relação de Foussinesq. Considera-se ainda 
que as par t içÕes são di1térmicas e têm espess ura des 
prezível . As r:quaçÕes le conservação da massa, quant1 
dade de movimento e energ i a podem se r escri tas na se 
guinte forma adimens i onal: 

au 
- + ax 

a v 
;,-y = o ' 

dW 
- + 
dt 

~l (UtuJ Cl (Vw) --+--(ly (l y 

+ RaP-sera_;3Q 
ax 

ae acu ; ) acve) 
-+- --+--ar ax 3Y 

w = ' 2\j! 

a e 
PrV 2w - RaPrcosa

3
Y + 

V2 8 

(l) 

( 2) 

(3) 

(4) 

onde os parâmetros adimens ionais são definidos como : 

t es 

H X=~ Y='j_ u = ~, v = _y__ R = L ' L ' L ' a/L a !L 
p T- Tc t = _T_ , Pr = ~ p = 

' e = Th-Tc ' 
p (a/L) 2 L2((i -

a 

Ra = gS(Th- Tc)L
3 a v au u = - 3\j! 

' w = ax - ay • (lY e 
v a 

v = dtjJ 
ax 

( 5) 

As equaçoes (1) a (4) estão sujeitas as 
condiçÕes iniciais e de contorno: 

segui~ 

CondiçÕes in ic i ais : 

w(X,Y ,0) = lj!(X ,Y ,0) = O e 8(X,Y ,0) o' 5 ' 

CondiçÕes de contorno: 

3tjJ 
lj!(X,O,t) = (lY (X,O,t) =O e 8 (X,O,t) = l , 

lj!(X,l ,t) 

lj!(O,Y, t) 

3\j! (X,l ,t ) 
3Y 

3\j! (O,Y,t) 
ax 

di/J 
tjJ(R,Y ,t) = (lX (R,Y ,t) 

8(X ,l,t) 

_;3Q (O,Y ,t) 
ax 

di/! (R,Y, t) 
ax 

o ' 

o ' 

o 

(6a) 

( 6b) 

(6c) 

(6d) 

(6e) 

MfTODO DE SOLUÇÃO 

Foi uti l izado um método explÍcito de diferenças 
finitas para resolver o sis tema formado pelas equaçÕes 
(l) a (4), juntamente com as condiçÕes (6a) a (6e). 

As equaçÕes de (l) a (3) foram r eso lvidas atra 
vês de um esquema numérico de diferenças finitas exp l1 
cito apresen t ado em [11]. A equação (4) foi resolvida 
utilizando o método de sobre-relaxação com o seguin t e 
critério de convergência: 
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L j~P n+l(I , J)-1/!n(I, J) j 
I,J 

LltiJn+l(I,J) j 
I,J' 

( 10-6 
' 

onde n r epresenta o núme ro de iteração . 

(7) 

Para se resolver o sistema de equaçÕes de (l) a 
(4), foi uti l izada a sequência d i scutida a segui r. Pri 
meiramente resolveu- se a equação (2) , obtende a di s tr1 
buição de w, depois resolveu-se a eq uação (3) para se 
obter a distribuição de tempe r atu r a 8. Finalmente foi 
resolvida a equação (4) para se obter a distribuição 
de tjJ. 

ApÔs determinar a distribuição de temperatur a , o 
nÚmero de Nuss elt médio pode ser ca lculado para cada 
iteração, pela SLgui nt e equaçao: 

R 

1 J rae I Nu = - - ,~ i dX ( 8) 
R O l:l YjY =O 

O processo de cálculo é repetido até que se te 
n•• a convergência do número de Nuss el t médio ou o nÚme 
r 1 máximo de iteraçÕ es seja atingido. 

RESULTADOS E CONCLUSÕES 

A tab e l a 1 apresenta os nÚmeros de Nussel t mé 
dias e os respe c tivos desvi os com re lação ao s resulta 
dos obtidos por De Vahl Davis [10} . Nota- se que existe 
uma boa concordância não apenas com os resultados de 
De Vahl Davis (10], como também em relação aque les ob 
tidos por Frederick [9 ] . 

Tabela l. Comparação de resultados do número de 
Nusselt . Os valores entre parêntesis 
r epresentam os desvios com r elação a 
solução de De Vahl Davis [10] 
(Pr=0,7l; R=l; a=O) . 

Presente Frederick De Vahl 
Malha 

Trabalho [9] 
Davis 
[lO) 

Ra= l0 3 20x20 1,123(0,45) 1,1 20(0 ,36) 1 '11 8 40x40 1 119(0,09) 

Ra=l0 4 20x20 2, 31 5( 3,2) 
2 , 243 40x40 2,262(0,85) 2, 277(1,56) 

Ra= l 0 5 20x20 4,943( 9 ,4) 
4,519 40x40 4 '64 7 ( 2 ' 8) 

Ra=l0 6 40x40 9,520(8,2) 8,799 
'--- --

Na tabela 2 sao mostrados os números de Nusse1t 
obtidos para cavidades com razão de aspecto 1 a 5 e 
d/L=0,25, 0 ,5 e 0 , 75 , nGmero de Raylei gh 10 4 e 10 5 

, 

com Pr=0,71 e ângulo de inclinação a =60° Observa- se 
da tabela 2 que o menor número de Nussel t para Ra=l0 4 

ocorre quando a cavidade é quadrada (R= l ) . Para Ra=l~, 
o menor núme ro de Nusselt ocorre quando a cavidad e pos 
sui razão de aspecto R=5, exce t o para o caso d/L=0,7S 

R=1 

R=2 

R=3 

R=4 

R=5 

Tabela 2. Valores do nÚmero de Nusselt para 
a =60 ° , Pr=0,7 1 e com uma partição. 

d/L=0,25 d/L=0,5 d/L=O, 7 5 

Ra=l0 4 Ra=l0 5 Ra=l0 4 Ra=l0 5 Ra=l0 4 Ra=l0 5 

1,940 3,952 1,469 4,273 1, 270 3' 807 

2,143 3 '929 2,171 3, 881 2,216 4,135 

2,079 3,747 2, 277 3' 855 2,298 4,117 

2,432 3,566 2,236 3 '826 2,233 3,9 88 

2,364 3,408 2,239 3,756 2,144 3,863 



(a) 

o 
(~) (h) 

o 
(h) 

~ 

Fig. 2. Distribui çÕes de e e~ para R=3, Pr=0,7l, a =90 °, 3 partiçÕes. (a) Ra=l0 4 , (b) Ra=l0 5 • 

Fig. 3. DistribuiçÕes de W e 6 para R=2, Pr=0,7l, a =60°, 1 partição. (a) Ra=l0 4 , (b) Ra=l0 5 • 

onde o menor valor ocorre para R=l. Na tabela 2, para 
razÕes de aspecto 1, 2, 3, 4 e 5 foram usadas, respec
tivamente, malhas 20x20, 20x40, 20x60 e 20xl00. 

As fi guras 2 (a) e (b) mostram as distribuiçÕes 
de t empe ratura adimensional (6) e da função corrente 
(W), para razão de aspecto R=3, número de Prandtl 
Pr=0,71, ângulo de inclinação a=90°, 3 partiçÕes. No 
caso (a) tem-se Ra=l0 4 e no caso (b), Ra=l0 5 • 

Nas figuras 2 (a) e (b), se observa que o escoa 
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mento apresen ta var1as células de convecção. Notando
se que no caso (b) os valores de w, em módulo, sao 
maiores que em (a), o que justifica uma troe~ de calor 
por convecção mais intensa. 

As figuras 3 (a) e (b), também mostram as distri 
buiçÕes de e e W para R=2, Pr=0,71, a=60°, 1 partição~ 
No caso (a), Ra=l0 4 e no caso (b), Ra=l0 5 • Se observa 
das figuras 3 (a) e (b) que o escoamento tem apenas 
uma cé lula de convecção. 



A tabela 3 aprese nta resultados do numero de 
Nusselt méd io para c avidade sem partição (d/L=O) e com 
uma part ição (d/L=0 ,25 e d/L=0,5), com ângulos de in 
clinação (a) 0°, 30° e 45° e para diversos valores de 
Rayleigh. Considerou-se cavidade com razão de aspecto 
unitária e número de Prandtl 0,7 1. Os resultados mos 
tram uma diminuição no número de Nus sel t médi o com a 
colocaç ão de uma partição ligada à parede fria da cavi 
dade. 

Tabela 3. NÚmero de Nuss e lt para Pr=0,71, R=l, sem 
partição (d/L=O) e com uma partição 
(d/L=0,25 e d/L=0,5). 

NÚmero de Raylei gh (Ra) 

a d/L 10 3 Sxl0 3 10 4 5xl0 4 7xl0 4 10 5 

o 1,119 1, 800 2,266 3 . 7 54 4,176 4,677 

ao 0,25 1,042 1,427 1,788 3,122 3,517 3,992 

0,5 1,007 1,141 1,401 2, 860 3,297 3. 809 

o 1,129 1,988 2,493 3. 926 4,31 2 4, 772 

30° 0,25 1,039 1,516 1,934 3,249 3,606 4,028 

0,5 1,006 1,154 1,506 3,262 3. 7 27 4. 251 

o 1,108 2,004 2, 502 3,874 4. 236 4,659 

45° 0,25 1,030 1,509 1, 929 3,153 3,479 3,862 

0 , 5 1,004 1,130 1 ,490 3 ,266 3. 711 4. 203 

A tabela 4 apresenta os valores de Nus selt me 
dios para o caso de cav idad e com razão de aspecto R=3: 
contendo 1, Z e 3 partiçÕes, com ângulos de inclinação 
a=0° , 30 ° e 60°, compr iment os adimensionais d/L=0,25 , 
0,5 e 0,75 e Pr=0,71, para diversos números de 
Rayleigh. Os result ados mostram que o número de 
Nusse lt t e nde a diminuir com o aumento do número de 
partiçÕes, para o mesmo va l or de Rayleigh. A Única ex 
ceção na tabela 4 ocorre para o caso de 3 partiçÕe s 
com Ra=l0 5

, a=60° e d/L=O,S onde o Nusselt calcu lad o 
foi um pouco maior que aquele obtido com 2 partiçoes. 
mas ainda menor que para o caso de apenas 1 partição. 

a 

ao 

30° 

I)IJ' 

·· -

Tabela 4. Valores do número de Nusselt para 
Pr=0,71, R=) e malha 20x60. 

1 Partição 2 PartiçÕes 3 Partições 

d/L Ra=l0 4 Ra=10 5 Ra=10 4 Ra=l0 5 Ra=10 4 Ra=10 5 

o, 25 2,162 4,104 2,018 3. 907 l, 890 3,707 

0,5 2,185 4,044 1, 974 3,796 1, 702 3. 523 

0,75 2,258 4,279 2 ,045 4,066 1. 7 28 3, 811 

0,25 2,211 4,110 2,045 3,888 1, 912 3,670 

0,5 2 , 311 4,060 2,084 3,766 1. 7 84 3,488 
-

0,75 2, 377 4,388 2,179 4,184 l, 859 3. 920 

o' 25 2,079 3,747 l' 898 3,504 l '748 3,287 
~ -~----

0, .5 2' 277 3,855 2,033 3,540 1,70 9 3' 717 
r- · -~ ·-··· -- ---- -~ !---------

() ' 7 s 2 , 29H 4. 117 2 ,100 3,914 1 '771 3,541 
.. 

--- ~--- . -· ---

I 

A f i gura 4 mostra a redução rela ti va em porcenta 
gem do número de Nusselt (Nu) para o caso onde se con 
sidera 1 partiç ão , relativamente ao caso sem parti'iãõ 
(Nuo), o nde se mantém fixados todos os outros parame 
tros envo lvidos. No ta-se que para a si tu ação analisada 
a redução máxima ocorre para Ra entre 2xl0 3 e 10 4

• Ob 
serva - se da f i gura 4 qu e as reduçÕes são maiores quan= 
do d/L=0,50, ist o é, maiores comprimentos das parti 
çÕes, exceto para o caso onde a=45° e Ra>3x l0 4

• -

()(),-----------------------~ 

~110 -\ll " 
.N.IIl ) -- 1 

;(=I I' r·~IJ. l i 

---- o.~o " 

1 t)art í \ao 

122 

----- n.=4) 0 

c!/1. ~ 0 , 2'> 

I I L----L--~~--~~-LL--------~--~--~--L-J-J-~~ 

2 -: I CI' III'' 
~a 

Fi g . 4. Redução relativa das perdas em Z versus Ra. 

A colocação de partiçÕes modificam a estrutura 
do escoamento no interior da cavidade, redu z indo as 
perdas de calor por convecção relativamente ao caso 
sem partição em até 45Z, dependendo dos vários parâme 
tro s geomé tr icos e térmi cos . Contudo, par a Ra>l0 4

, e-; 
geral se observa que a reduç~o nas perdas de calor de 
c r esrem com o aumento do nGmero de Raylei gh quando se 
mant ém fixos os ou tro s parâmetros envo l vidos. 

BIBL IOGRAFIA 

[1] \.J eber, D.D., Similitude Mod e ling of Natural Con-
vection Hea t Transfcr Through an Aperture in 
Pass ive Solar Heat ed Buildings , Ph.D. Thes i"s 
Dcpartment of Phy s i cs , Oniv ersi ty of Id aho 
Moscow , Idaho , 1980. 

[2] Nansteel, M.\>1. e Greif . R., Nalura l Convection in 
Und ivid ed and Parti ally Divid ed Re ctangul ar Enclo 
sures , J. Hcat Transfe r, Vol. 103, pp. 623-629 -
1981. ·--- - - --

[3] Win ters, K.H., The Effect of Conducting Divisions 
on the Natural Conv ect ion of Air in a Rectangular 
Cavi ty With Heated Side Walls, Proc. 3rd Joint 
AIAA/ASME. Thermophysics, Fluids , Plasma and Hea t 
Transfer Conf., St. Louis, 1932. 

[4] Lin, N.N. e Bej an, A., Natural Convect ion 
Part ially Div ided Enclosure, Int. J. Heat 
Transfer, Vo l. 26, pp. 1867-1 878 , 1983 

in a 
N.1ss 

[5] Nansteel, M.W. e Gre if, R., An lnve stigat ion of 
Nat ural Convec tion in Enclosures With Two and 
Three - Dimensiona1 Partitions, Int. J. Heat Mass 
Transfer, Vol . 27, N9 4, pp. 561 - 571, 1984. 

[6] 

[7] 

Ac harya, S. e Tsang , C.H., Natural Convection in 
a Fully Partit ione~ , Inclined Enclosure, Numeri
ca l Heat Transfe~, Vo l. 8, pp. 407-4 28 , 1935. 

Nishimura, T., Shiraishi, M., Nagasawa, F. e 
Kawamura, U., Natur a l Conve ct ion Hea t Transfer i n 
Enclosures With Multiple Vertical Partitions 
Int . J. Heat Ma ss Transfer, Vo l. 31, N9 8 , pp. 
i6.79--T6s6, 19Bil. 



[8] 

[ 10 J 

Frede ri ck, R.L., Natural Co nv ec ti on in an Incli
ned Square Enclosure With a Partition Attached to 
it s Co ld Wall, Int. J. Hea t Mass Transfer, Vo l. 
32, N9 1, pp. 87-94, 1989. 

Frederick , R.L., Catalân, C., Natural Convection 
in Square Cavities With Partitions, Anais do II 
Cong resso Latinoamericano de Transferencia de Ca
lor e Materia, Sao Paulo, N9 1, pp. 86 97, 1986. 

De Vahl Davis, C., Natural Convec tion of Air in a 
Square Cavity: a Bench Mark Numeri ca l Solution 
International Journal for Numerical Methods in 
Fluids , Vol. 3, pp. 249 264, 1983. 

123 

--
[ 11 ] Briggs, D.C., A Finit e Difference Scheme for the 

Incompressible Advection - Diffusion Equation 
Computer Methods in Applied Mechanics and Engi
neering, Vol. 6, pp. 233-241, 1975. 

ABSTRACT 

Natural convection in a bidimensional, rectangu
lar and inclined cavity with diathermal partitions on 
its co ld wall is numerically studied. A explicit method 
of finite differences was used to solve the conserva 
ti on equations. The partitions causes heat transfer 
r edu c tions relative t o the undivid ed cavity at sarne 
Raylei ght number. 
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EXD ERlt1E'IT OF NA TURAL COtiVECTIO!I Irl A HEMISPHERICAL 
CAVITY WITH DISCRETE THERMAL sn URCE 
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Deoartment of Mechan i cal Engineering 
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38400 - Uberlãndia - MG - Brazil 

Sllf1MIIRY 
The natural convection heat transfer in side a hem1spherical en

c l osure with discrete heat source at the center of 1ts base was stud -
ied and observed that the results and the consequent correlation were 
close to similar cases correlations in the liter atu re . lt was also ~ade 
an analogy between the effect of sensitivity variation from a pyranome
ter and the heat transfer coefficients variation inside the dome from 
that in strument. 

lnPODliCTIOil 

ln t he last three decades, there ha s 
been a growing awareness that natural conven
tion ph eno men a are of int ere st and significan
ce in many fields of sc i ence and technolog y, 
such meteoro l ogy , geophysics, astrophysics,nu
clear reactor, processes, f ire con tr ol, chemi
cal, food and metallurg·ica l industries 111. 

The study of the effect of natural con -
vection within a her1ispherical cavity, precise 
l y, inside th e dome of a pyr an omet er an d the
effective cooling from e l ectronic components 
necessaries to meet the grow in g e l ectrical po 
wer dissipation and density on pr int ed circuit 
board are very important topics that demand 
more researches . Character i stics from nyranome 
ter such dynamic response s and variation of -
sen s itivity when it is operated in ti lted posi 
tion , heat transfer in spher i cal segments oc ~ 
curing in sma ll structures such geodesics,sphe 
rical heat storages, indu str ial a nd phys ic al -
situation where th ere a r e buoyancy-driven 
fluid flow are st udi es that ha ve relation with 
the present work . 

Although buoyancy-driven fluid flow and 
heat trdnsfe r in a differentially heated hori
zonta l and vertical cav ities have heen inv est i 
sated extensively, most of t he st udi es con s i -
der only fully heated walls. A detailed review 
of li terat ur e indicates t hat very f ew efforts 
have been made to study natural convection 
fro~ eith e r an isolated heat source or an ar -
ray of distributed heat so urces on a hori zo n -
tal or vertical wal l of an enclosure 121. ln 
the oresent case the black painted sensor of 
the oyranometer can be seen as a dis cre te heat 
so urce in a hemi so herica l e nc l osure. 

Andersen 131 realized studies of conv ec 
tive heat transfer within th e domes of sev e ra] 
solar imet ers and showed that when in c reasing 
the overal l heat transfer coefficient for ag i 
ven type of thermooile element, by altering -
the gaseo us content or the casing dim ens ions, 
wi ll decrease sensitiv ity and lin earity of re
sponse, increa se the temperatur e coefficient 
and decredse the response ti~e and decreasing 
the thermal capacity of the el eme nt wi ll de -
crease re sponse tim e and increase sensitivitv 
from th ose in s tru~ents. • 

Cabe ll i 141 obtained a numeri ca l solu
tion of the t hree-dimensio na l eq uations which 
describe s the co nv ective motion insid e a he~i 
s P h e r i c a 1 c a v i t y . T h e e f f e c t o f i n c 1 i na ti o n ·-
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on the rate . of heat tran s fer was also e xami ned 
a nd the relevance of that work to some aspec 
ts of the ca libr ation of pyranometers was show n 
After Cabe lli, in the ca libr ation of pyrano~e
ters in in c lined pos itions, di sc r epancies r el a 
tive to r ead ing s obtained with the in strument
he ld horizonta ll y have been attributed in the 
pa st to th e co nv ect iv e ef fec ts whi c h tak e pla
ce within the hemispherical glass enve l ope and 
which affect the uniformity of the temperature 
of the air near the annular co ld junction. lt 
was show n in that work tha t co nve ctive l ass e s 
themselves are a function of the inclination 
and wou ld necessitate a ca li bration correction 
ir re spec tiv e to the di str ibuti on of the tempe
rature at the cold junction. 

The purp ose of this work i s to experimen 
tally st ud y the natural th er mal convection in 
a hemispherical cav ity as shown in the Fig. 1, 
where a di scre te thermal source i s in a base, 
to find a corre l ation Nu = C.Ran that repre
se nt s t he heat transfer on this pr oce ss, com
pa r e with the l iterature and to bring some 
questions abo ut t he role f rom the natural heat 
co nvection in side the dome of pyranom et ers in 
the sens itivity of these instruments. 

Fig. 1 - Experimenta l apparatus 

EXPERIMENTAL APPARATUS ANO PROCEDURE 

The experimental apparatus, as shown in 
Fig. 1, consists of a glass hem i sphere with 
3.5cm inner ra diu s and 0.5 mm t hick . That hemi
sph er e was accomodated abo ve a polysty ren e 
plate of ZOe m x ZOem and 5cm thick, wit h the 
external surface covered by an insulation of 5 
cm thick. 



At the base center from the hemisphere 
it was installed over a phenolite substrate a 
nickel resistive filmas heat source 1 for~Ang 
an uniformily heated squared area of 2.10 m2. 
As shown in Fig. 1 I 30 gauge coppe r- co nstant an 
thermocouples were placed up on the internal 
surface from the insulation 1 in the lower side 
from the insulation base plate and externally 
monitoring the amhient temperature. The exper
imental assembly was installed in a room of ap 
proximately 2.5m widel 3m hi gh and 4m longl -
with ambient temperature controlled during 
the experimentation time. The temperature of 
the source element was determined by the know
l e dge of the variation of it s electrical resis 
tance due to the introduction of electric ener 
gyl Vl,and by the film thermal coefficient oT 
resi sta nce c(. Air was used as the working 
fluid inside the dome. 

The source e lement was connected to a DC 
power s uppli er with variable con trol and 3 
hour s was the time neces sa ry to attain steady 
state for the beginning of measurements . 

LJriCERTAI'ITY A'IALYSIS 

The thermocouples outputs were measured 
b y a R o b e r t 5 h a w m i 1 i v o 1 t i m e te r t o 1 OfJ- V I w h i c h 
results in +0.259C sensitivity. The voltage 
and current-input s to the source element was 
measured with an accuracy of +0 . 3percent~ us 
ing a FLUKE 8050A di g ital mulTimeter. Th e 
power input to the so ur ce element was then 
calculated by using the measured voltage and 
current across the element. This procedure re 
sulted in an un certai nty of +1 oercent in the 
calculated power inputs. The-uncertainty asso 
ciated with the length scale used in the dati 
reduction wa s +0 .5 mm. Based on the observed 
variation in the rep orted values in the lite
ratu re the thermophysical properties of th e 
air were assigned an uncertainty of +2 perce nt 

The overall uncertaintv in the- Musselt 
and Rayleigh numbers varies ~ith the power dis 
s ipated o n the so urce element. Sma ller power
input result s in a larger un ce rtainty due to 
the lower difference of temperature between 
the so ur ce element and the internal s urface 
of th e dome and the energy lost by conduction. 
The est imated uncertainties in th e Nu and Ra 
numbers were in average of 5 and 7 oercentl 
respectively. 

DATA P.EDUCTiotl 

The values of all thermophysical proper 
ties of the ai r were obtained in thermod y namT 
cs tables at the averaged temperature between 
that of the source element and that up in the 
internal surface of the dome . 

The heat tr a nsfer coefficient for th e 
so urc e element was calculated as 

h= (Q- Qrad - Qcond)/As(Ts - Tc) (l) 

where Q is the oower input to the source ele-
ment, Q heat lost by radiation which at 
the sit &~~ion of greater temperature differen 
ce was of 2% percent of the total dissipated
energy l o d is the substrate and insulation 
hea t t ran ~ ~Qr which at the situation of lower 
temperatur e diff ere nce was of 8% percent and 
at that of greater temperature difference was 
of 2% perce nt of the total dissipated energyl 
A the surface area of the source element and 
(T 5 - Tc) represents the temperature differe~ 
ce het ween the so urce element and the dome. 

Th e tem~erature Ts of the thermoresisti 
ve ~ource e l em ent was determined hy the rela~ 
t, i n n ~ h i D 
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Rs = Ra~l + oC(Ts -Ta)) ( 2) 

where R is the resistance of the source ele -
men t atsthe temperature T

5
, Ta the ambient te~ 

perature and ~ the thermal co effi c ient of re -
sistance. 

T h e ~! u s se 1 t a n d R a y 1 e i g h num b e r s w e r e de 
fined as 

~lu hP. / K ( 3) 

Ra = gp(Ts - Tc)R 3 .Pr/v 2 
( 4) 

being K the air thermal co ndu ct ivit y , R inner 
radius of the hemisphere, g acceleration due 
to gravity, p thermal expansion coefficient,v 
kinematic viscosity of the air insid e the hemi 
spher e and Pr th e Prandtl number. -

RESULTS ANO DISCUSS IO~ 

Figure 2 pr e sents the ~usselt number 
plotted against the Rayleigh number. A typical 
correlati on for the Nuss el t numb e r in natur al 
co nv ect i o n inside e nclosure i s in the for m 

r!u = C.Ran ( 5) 

being C and n dependents upon th e enclosure 
geometric conf iguration, determined by th e 
least- s quare fitting. In natural convection 
in side enclosures although in the lit erat ure 
i t is common pr actice to use s ev er al values 
f or n, in this work it wa s attributed the 
value of 0.25 for n. 

By this way it was found the following 
correlation which represents the majority of 
the e xp erimental values 

Mu = O. l 9D.Ra0.25 ( 6) 

Applying all the data to the equation 
(6) it was reached th e deviation range from 
-4 % to +6 %, being the deviation defined by 

Deviation = (Mu - Nu ] / Mu (7) cor exp e xp 

where Nu and ~u are the correlation and 
experime~~'l MusseYfP number, respe ct ively. 

As mentioned earlier, the s ubject from 
this stu dy i s to understand the natur a l heat 
convection inside a hem i sph erical cavity such 
that used as dome s in pyranometers, at hori -
zontal situation, with a discrete heat source 
located at the center of that hemisphere bas e. 
Keyhani et al. 121 and Ravine and Richards I 5, 
6 I, in re ce nt publications~ s tudied ex perimen 
tally the problem of na tural co nvection in -
vertical cavities with discrete heat sources 
and although those studies have different geo 
metri ca l aspect as the present work the co rre 
lation s found by the authors are not so diver 
gent from the correlation found here . Here iT 
is intended to compare th e results with some 
studies of heat co nvection in si de domes of so 
larimeters, trying to make some questions -
about the fact that the majority of these 
works attributes the sensitiv ity alteration 
of tilted pyranometers to the accentuated con 



vective process on the instrument's sensor. 
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Fig. 2 - Correlation for heat transfer 

Anderson \3\, realizing studies about 
role of the heat transfer in the design and 
performance of solarimeters, presented a exp~ 
rimental correlation in the form 

Nu = 0.085.Ra 0 · 32 ( 8) 

The sarne doesn't happen to the correla
tion presented by Mikheyev \91 representing 
natural convection inside cavities with seve
ra] geo~etrical aspects, calling an eauivalent 
convective heat transfer, in the form 

é = O. 18.Ra 0 · 25 
c ( 9) 

which, when compared to the present study cor 
relation, maintains a constant deviation ~r 
10 along the entire range of Rayleigh number 
as shown in Table 1. 

TABLE 1 
Lima 

R a Mikheyev 6% Anderson 
Parreira 

1Qt ___ _ --------------------- ---------··---

6.26 5.69 +lO 7.07 -11 

Trying to realize an analogy between 
the heat transfer inside a hemispherical cav
ity and the sensitivity alteration of a pyra
nometer, Sesso and Lima \10\ studied the ef -
fect of tilting a instrumentas shown by the 
figure 3. The literature about the effect of 
tilting pyranometer testifies deviation of up 
7 in the sensitivity due to convective pro -
cesses inside the domes. 

By the Fig. 3, like other studies, that 
specific pyranometer has showed a maximum de
viation of 3.5 percent from the ideal respon
se when operated in tilted position. 

The argument that the sensitivity vari~ 
tion of pyranometers operated in tilted posi
tion is related to the convective processes 
inside the domes althou~h intuitively correct 
it is difficult to demonstrate because of un
certainties in the experi~ental determination 
of heat transfer coefficient. 
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Fig.3 - Effect of tilting pyranometer \10\ 

C O r~ C LU SI O N 

In this paper the problem of natural co~ 
vection in a hemispherical cavity, with discre 
te heat source at the center of a base, was 
studied. A good agreement between the results 
and the correlations in the literature was 
obtained. 

The argument that the sensitivity varia
tion of pyranometers operated in tilted posi
tion is related to the convectives processes 
inside the domes although intuitively correct, 
it is difficult to demonstrate because the un
certainty in the experimental determination of 
heat transfer coefficient is greater than the 
percentual deviation of sensitivity in that 
instrument. 
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SUMMARY 
;<! liigfi·reso[ution, finite ·difference numerica[ study is performed on three·dimensioua[ steady 

perioáic natura! convection of air in a cu6ica[ enc[osure at tfie '1\fzy!eigfi num6er of 8.5 x 106. '17íe 
encfosure is su6jecteá to differentia[ lieatirrg at tfie two vertica[ siáe wa[f.s. Jl fi11ear temperature 
profi!e is specified for tfie liorizonta! wa[[s. 'Tiie osci!fation frequency is in dose agreement with tfie 
previous ezyerimenta[ and two-áimensiona! numerica! investigations. 'lhe three·dimensiolla{ity of 
tfu. mean fúnv fieúis is o6served to 6e confineá into namrw regions near tfie end wa!f.s. 

INTRODUCTION 
Natural convection in a rectangular enclosure, whose one vertical 

wall is heated and the opposing side cooled, is a basic model for a 
variety of thermal engineering systems. These include solar energy 
collectors, electronic device cooling and compartment fire problems. 
Analyses on the differentially heated enclosures with a square cross 
section are numerous; numerical studies have been performed for the 
two-dimensional geometry (square channels) [1-5] and for three
dimensional boxes [6-8], to cite a few . Experiments have been 
conducted for media whose Prandtl number ranges from 0.7 (air) to 
6000 (glycerin) [9-15]. 

ln the majority of the works mentioned above, the thermal 
boundary condition for the horizontal walls is adiabatic. This idealized 
situation does not fully represent the actual engineering applications 
and is difficult to realize in experiments. Despite much effort to 
completely insulate the horizontal walls, the heat transfer from the 
surfaces cannot be avoided, as seen in the temperature field 
measurements 19- 111 . 

Cases for conducting horizontal walls have been studied to reveal 
the effect of the heat transfer on the field structure while the enclosures 
are heated differentially at the vertical walls. Lce and Sernas fI J uscd 
the isothermal condition on the horizontal walls for two-dimension al 
square cavities filled with air. ln their computational analysis, the fl< Jr 
was cooled and the ceiling was heated at the sarne temperatun. s tilat 
were specified for the vertical walls. Thi s boundary conditio1, was 
found to stabilize the flow. Experimcntally, Kirkpatrick and Bohn · 13] 
constructed a water-filled cubical enclosure whose surfaces couiJ bc 
maintained independently at different temperatures in ord< r to 
investigate the effect of differential heating at both the vertic<d and 
horizontal directions ata high Rayleigh number of around 1012. 

lt h as been observed that for small aspect ratios (less than I O, 
say), if the horizontal walls are conducting, the flow is destabilized at 
lower Rayleigh numbers than for the cases of the insulated condition. 
Le Quere and Alziary [5] obtained a stability diagram for two
dimensional air-filled rectangular enclosures O\ er the aspect ratio range 
between I and 10. For the two-dimensional square enclosure in the 
case of the conducting horizontal wall, the criticai Rayleigh number, 
beyond which periodic regular oscíllations appeared in the fields, was 
found to be 2.2 x I Q6. This was obtained by solving the transient 
Navier-Stokes equations numerically [51. The period of oscillatíon 
was in good agreement with the result based on the lowest Hopf 
bifurcation point, which was determined by a two-dimensional linear 
stability analysis [ 16]. However, no oscillations were observed for the 
insulated horizontal walls at this aspect ratio [ 15]. 

Experiments in a cubical box with the conducting horizontal walls 
h ave been conducted by Briggs and Jones [li]. Over the Rayleigh 
number range of 2.5 x 106 $R a $ 1.2 x I 07, in which steady periodic 
oscillations were observed, the frequencies of the oscillations were 

determined from velocity fluctuations measured by laser Doppler 
techniques. They were found to take discrete values and two stabl.e 
modes existed over certain Rayleigh number ranges. ln the1r 
experiments, the frequency acquired at a given Rayleigh number 
depended on whether the Rayleigh numb~r was approached f~om 
lower or higher values. AddJtlonal Schheren temperature fteld 
measurements were made for the sarne geometry by Jones and Briggs 
(14] . Local velocity and velocity-temperature correlations werefound 
to be characterized by the behavior of thermals formed m the 
enclosure. Two-dimensional numerical calculations were also 
performed as part of the analysis [14] for selected Rayleigh numbers. 
The frequencies of the steady periodic oscillations were in good 
agreement with the measurements. 

Although the experiments [li, 14] were conducted in a nearly 
cubic enclosure, the three-dimensional characterist ;;s of the fields 
were not investigated . When the measurements on thr mid-symmetry 
pl ane (z = 0.5) were compared with th e m ')-dimensional 
computations, the numerical results overpredicte J th r peak values of 
the horizontal velocity by nearly 20 % of the exveri•ilental data. The 
criticai Rayleigh number, Ra0 for periodic oscillatioi'S was 3.2 x 106, 
which was determined from the three-dimensioJ •.al experiment; 
owever, Rac appeared to take a !ower valo.e, 2.1 x 106, in the two

dimensional computations. These di screp2.acies were attributed to 
some unknown three-dimensional effects :ha< were present in the 
experiment. This issue may be better illumina1ed by full three
dimensional calculations in a box with the cond~cting horizontal walls. 

ln the present paper, a numeric~l study is reported on three
dimensional natural convection in a c;:b;cai enclosure, whose thermal 
boundary condition is identical to t!Jat empioyed in Ref. [ 11]. As 
shown in Figure I, the length of the ;;ube is La, ;md the right vertical 
wall is heated isothermally ar a temnerature of Tu, while that in the left 
side is cooled ata temperature of Te. The linear temperature profile is 
imposed over the horizontal walls. The planes lccated at z = O and La 
(hereafter referred to as the end walls) are cons.dered to be thermally 
insulated. Computations are made for air at the Prandtl number of 
0.71. ln order to closely simulate the experimental condition [11, 14], 
the overall temperature difference of the problem, T H- Te, is set equal 
to one-tenth of the film temperature, (Te+ TH) I 2, which is used as 
the reference temperature, Ta· Time averaged as well as instantaneous 
field characteristics are examined in detail by transient computations 
carried out on an extremely fine finite difference grid network of 623. 
This enables us to attain sufficient resolution of the local field 
characteristics. The numerical resolution of the present transient 
computations is comparable to the maximum accuracies that have been 
achieved in the previous two-dimensional situations [2]. The finite 
difference mesh is non-uniformly distributed to handle steep gradients 
of the field variables near the solid surfaces. 

The primary objective of this study is to present complete three
dimensional pictures of the gross features of time-evolving convecúve 
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flow pattems in a cubical enclosure. At a high Rayleigh number, it is 
anticipated that the distinct boundary layers are present near the walls; 
in the bulk of the interior, a near-stagnant core will be a saliem feature. 
The presem paper clearly captures these prominent trànsient three
dimensional characteristics by use of the state-of-the-art computer 
simulation techniques. The field characteristics of the transient natural 
convection inside the enclosure are examined by elaborate three
dimensional numerical visualizations of the results. Time-dependent 
changes in the flow characteristics and heat transfer rate in the 
enclosure are scrutinized. 

The three-dimensional numerical results of the present study 
provide useful and systematic data for this fundamental flow model; 
examination of the data permits closer analyses of unsteady three
dimensional features. 

HORIZONTAL W ALLS (y* =O & L0 ): 

T *=(Tu- Te ) x*/L0 +Te 
y* t Lo (LINEAR PROFILE) 

g* l 

Figure 1 The geometry and the boundary conditions of the cu bical 
enclosure 

MATHEMA TICAL MODEL 

The flow is govemed by the unsteady, incompressible Navier
Stokes and energy equations. The Boussinesq approximation is 
invoked for the fluid properties. The non-dimensionalized form of the 
goveming equations can be expressed in tensof notation as: 

au1 = 0 (1) 
ax1 

aui a ( ) ap 1 a2 ui o T - 1 - +- UjUi =--+ - -- + Ui 2 -- (2) 
a t axi axi Re axi ax1 Fr 

a2 T 1 -ar + __j_ (uj T) = Re Pr axiaxi dt axj 
(3) 

where X i denotes the Cartesian coordinates, Ui represents the velocity 
components, tis the time, p is the pressure, Tis the temperature, and 
Oij is the Kronecker delta (oiJ = 1 if i = j, and OiJ = O otherwise). The 
v1scous dissipation and the pressure work terms are neglected in the 
energy equation. 

The physical quantities are non-dimensionalized in the following 
manner: 

(x, y , z) = (x*, y*, z*) I L 0 , (u , v, w) = (u*, v*, w*) I U0 , 

t = t*uu I La, p = (p*- Pa) I p*ua2• T = T* I To 

where the asterisk (*)denotes dimensional v alues and p is the density. 
The reference scales (with the subscript 'a') for length, vclocity, time, 
pressure and temperature are the enclosure height (L0 ), the convective 
velocity (u 0 = [g * {3* L 0 (TI/ - T c )]II2, wherc g is the gravítational 
acceleration and f3 is the thermal expansion coefficient), the convective 
time (t0 = [g*{J*(T H - Te) I L0 ]·112 = N· 1, where N ís the Brunt-Vai sala 
frequency), the hydrostatic pressure (p0 ) and the film tempcrature (T0 

=(Te +Tu)/2), respectively. 
The definitions for the non-dimensíonal parameters are: 

Froude number: Fr = u0
2 /g*L0 

Prandtl number: Pr = e0* J.l *!k* 

Reynolds number: Re ~ p*ua La! f.l* 

where Cp is the specific heat, f.l is the viscosity, k is the thermal 
conductivíty. The Rayleigh number, R a(= g* {J*ep * p*2L0 3 (Tu- Te) I 
J.l*k*) , is related to the Reynolds number as Ra = Re2 in the presem 
analysis. 

The following boundary conditions are specified: 

u = v = w = O on ali the walls (4) 

T = (2 - O) I 2 at x = O, T = (2 + O) I 2 at x = 1, 
T=(x-1/2)8+ 1 aty=Oand 1, 

and aTI an = O at z = O and 1 (5) 

where 5 is the overheat ratio, (Tu- Tc)/ T0 , which is set equal to 0.1 in 
the presem study, and n represents the coordinate normal to the 
surface. 

SOLUTION METIIOD 

A discretized form of the governing equations (1) - (3) are 
obtained through a comrol-volume based finite difference procedure. 
Numerical solutions are acquired by an iterative method, together with 
the pressure correction algorithm, SIMPLE L 17] . The present 
technique employs the Strongly /mplicit Scheme [ 18] to accelerate 
convergence characteristics of the solutíons. SIP is applied to the 
planes of constant z in order to determine simultaneously the 
dependem variables in the x and y directions on each plane. 

The convection terms in the momentum equation (2) are treated by 
the QUICK methodology modified for non-uniform grids [ 19], while 
those in the energy equation (3) are dealt with by a hybrid scheme 
[ 17]. The QUICK scheme involves a third-order accurate upwind 
differencing, which possesses the stability of the first-order upwind 
formula and is free from substantial numerical diffusion experienced 
with the usual first-order techniques. 

The entire enclosure constitutes the full computational domain. 
The number of grid points for computations is 62 x 62 x 62. Variable 
grid spacing is introduced to resolve steep gradients of the velocity and 
the temperature near the walls. The configuration of non-uniform grid 
system is determined from the results of three-dimensional 
computations which considered the thermally insulated horizontal 
walls [20]. Changes less than 2% and 0.2 % of the peak velocity and 
the overall Nusselt number, respectively, took place when the number 
of the grid points was doubled in the x-di rection. The minimum grid 
distance is approximately 0.015 in the non-dimensionallength unit. 

The fully implicit scheme is used for marching intime. The non
dimensional time step v alue is set equal to 0.0 I, which is sufficiently 
small compared to the period of oscillations in the fields , as discussed 
in the section that follows. 

Convergence of computations at each time step is declared when 
the following convergence criterion is satisfied: 

I ~n - ~n-l I < J0·4 for ali ~ 
I r/>n lmaximum -

(6) 

where ~denotes any dependent variable, and n refers to the value of ~ 
atthe n-th iteration levei. 

The initial condition for the present study is an instantaneous 
solution of the two-dimensional computation at the sarne Rayleigh 
number. Starting from this state, the three-dimensional calculation is 
continued far beyond a time instant at which the influence of the initial 
condition on the result becomes negligible. 

RESUL TS ANO DISCUSSION 

Computations were performed on a J-IITACJ-11 S-820/80 
supercompllter system at the lnstitute of Computational Fluid 
Dynamics (ICFD) in Tokyo, Japan . The system has a maximum CPU 
speed of 3 GFLOPS anda maximum incore memory of 512MB. The 
total CPU time for the three-dimensional computation required 
approximately 44 hours with 16000 time steps (160 non-dimensional 
time instants) and 100MB of the memory. The results of the last 40 
non-dimensional time steps, which were free from the effect of the 
initial condition, were used for the present discussion . 
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Regular periodic oscillations appeared at the computed Rayleigh 
number of 8.5 x J06. ln the present section, the characteristics of the 
time-averaged field s are examined first to describe the overall field 
structure. The fluctuatin g field characteristics will be considered next, 
including a cornparison of the resuhs with the measurements f\1, 14] 
and the two-dimensional numerical computations 15. 141. 



(a) ISOTHERMS (b) ISOVORTICITY SURFACES 

Fi<Turc 2 b 
Thc time-averaged isothenns and isosurfaces of the absolute values of the vorticity I contour leveis: (a) 0.9667 
(A). 0 .9R:'I3 (13), 1.0 (C'), 1.01 7 (D) , I.0:\3 (E); (b) 5 (A), 10 (B), 15 (C), 20 (D), 25 (E)! 

The Characteristics ofthe Time -Averaxed Fields 
The obtained field data are averaged over a non-dirne.nsional time 

interval of 20, which is sufficiently large compared to the time scale of 
the flow. Fi~-:ure 2 illustrates perspec tive views of the rnean 
temperature and flow fields, rcpresent e.d by the isotherms and the 
isosurfaces of the absolute values of the vorticity (thc magnitude of the 
vorticity vector). The ficlds exhibit centro-symmeLry with respect to 
the plane located at z = 0.5 (hereafter n:ferrcd to as thc symmetry 
plane). At this Rayleigh nnmber, the ficlds can be characterizcd as thc 
boundary layer-stagnant core stnJCture; thin them1al and hydrodynamic 
boundary layers develop along the isothermal walls , while the flow is 
nearly stagnant in the central rcgion of the cnclosure. The tempera ture 
field is seen to be stratifted in the ncar-stagnant core. Dueto the linear 
distribution of the tcmperature ovcr the horizontal walls, the isotherms 
are strongly bent in the proximity of th es<:: surfaces. A dent is secn in 
the isotherm paltems ncar the symmetry plane. Exarnination of 
instantancous ioothcrms rcveal s that a pair of dents is fonned ar 
loc;:ti ons w 11ich are syrnmc!ric with respL'Cl to the mid-plan<" (z = 0.5). 
Thcy vacillate in the :-direction as the mirror ima gcs and rnt:rgt~ into 
one on the syrnmetry plan e. Two dcnts are ohserved in the isoth :.:tTn in 
th c: vic inity of thc hottom edgc. n~ar the hcated vertic:1l walL The pcriO<! 
of th ese motions is scen to he much lon ger ihan rhat of th e qu~" ; 
:~h.-~:.idy fleid (Y~cd:o.t~iO!h_ Actual!y, it i"\ longer th~. n the tirnc ir;tt~ n."l_l 
"i:'C'd in thc prcsr:ro! cn:~lpqtaTitH1. No de;\r:rip !.ion ._,,.~ls g!vcn ·:._·onccr n· ·lg 
:hi s : hrce-di m~nsion ;, t bc h:tvim nf th ;; tc l:<pcrature fielct '· • .h<" 
exnGirnerml !nvcstigation s 11 I l·t l 

Ex..:cpt for th is lccal pl'L'fll '•lllc'lll'n, thc two-dimcnsior .. ,! st.•·u· ·urc: 
prcvails over lhe 111:1jor pi.>f c.il"l of tlw tcmpcratur<:' fic!J uuc t th<" 
umfonn t..:mpe ra it!r<.' di strihu:ion im poscd in tnc : -·din·:·,; , .. n c· 1 tk 
hori ..:ontal and v..:r tical w:.ll s . The vortic it v is mo:-.r :v ,.,, ,,._- ,~ .-: .-:tted 
with in very n:m·ow r:.:gion ;. near th c: i•:orhernwl -w:ll 'llirce
:1imensional v:1riatiun is not disccrniblc in :l1~ tlov. fi t+' ._ .. ,,·ept fo r thc 
rcg;ons in :he proximity of the end -w;il!s Tk 11 . >w pa lt:·r • :; !;1<1t are 
;;;::.oci;lled w i t ~ t l h~ mt>tion <'~"l he tsothcnn d ·.'illS ar-~ :·-, ,: apparcn! in th~ 
: ' me-ave ra ~:~:d vort ic·i ty fieid . The thrcc -ci.>'et:s; u!l.ll graphics were 
'"'-'duc<~ l' hy an in tc ractive graphic ,;uft iV:tl• 12 I i, which run s on a 
[ t 'jJTSU VP-2()() Sll!Krcnmputc; sy:.lcn; a: the lCFD. 

ln o; der to closely examine the thn:e-dimensionality of the time
averaged flow field stmcture , the velocity profiles near the horizomal 
and vertical walls in various planes of constant z are presented in 
FiRure 3. The results of the two-dimensional computation of the 
present study are also shown for eompari son. The velocity distribution 
in the symmetry plane located at z = 0.5 a1,rrees very well with the two
dimensional case. Both thc loc:tt ions and the magni tude of the peak 
veloci ties are in close agreeme nt. The slopes of the two-dimensional 
velocity eomponcnts are slightly stecper than those of thc thrcc
dimensional re sulls in thc symmetry plane (z = 0 .5). The velocity 
profiles for the three-dimensional computation at various z locations 
do not differ significantly from those in the symmetry plane. 

The Characteristics ofthe FluctUflting Fields 
The characteristies of the steady periodic fluetuations of the fields 

are discussed in this subseetion. Figure 4 displays the variations of the 
temperature ata representative internal point and of the overall Nusselt 
number at the isothermal eold wall, which is defined as 

f tJT(y,z) l Jt 
Numcan (z) = 

0 
----------;;;- x=O dy ( = 

0 
Ntttoca l (y, z) dy ) (7) 

Nuovcrall = J; Numc:m (z) dz (8) 

The frequencies of the periodic fluctuations that are apparent in the 
figure for the two quantities measured at these different locations 
turned out to be the sarne. The nom1alized frequwcy, fND· made 
dimensionless with the Brunt- Vaisala freq uency, is : lllnd to be 0.33. 
ln addition, velocity flu c tuations deteeted at the samr locations as the 
tcmperature sho wn are in phase with tt1c::se o'ci, ·Hions. At this 
Rayleigh number (R a= R.5 x 106) , Briggs and Jon· ·' 1 I I 1 reported 
~~ ~ at in their experiments in a cu bical enclosure. · .• vo ·.-equencies wcre 
pc :, s ible: }ND = O. 25 and 0.321. The :a •.tcr v:t!u t is \ ithin 5 % of the 
frcquency detected in thc present three-dimensi<.nal c ompuration . ln a 
so-dimen sional calculation at Ra = 9' 1' 6 • .'one• and Btiggs !14] 

obt;ti ned fvD = 0.32 . which ag:ú.:J vcry ·e!l vvi,'1 their measured 
v alue { 11] . Another two- dimen~i0r- 3! nun . · ri L a! :t 1aivs is conducted 
independently \)] pred icted /vn to be 0 .20 dt P.a = 2 2 ~x 106, which is 
again in dose agreement with th•? fr í"q l: ( :l < / ontainc l 1111. 

The instan taneou s maxin::. a:1d n·: t.im;; of t't c velocity at given 
locations in the symmetry plane' ' -~ C • ' at': piottd in Fixure S as the 
veloc ity ..:nvclopes. They are cot11j:'" ,-<"c! witi ·: t!>( experimental data 
ll I i, which are ulso shown in tk ,am.; Lc":líl., . For the ho ri zontal 
vclocity (u), the measurem.:nts att::ir, g•:ner.Jlly h gher values than the 
numerical predictions. The trc·t:t' i.; ·.-ue r .. r:d fu, Ül<" vertical velocity 
( v). ln both cases, th e locations o t' tbc: pe:;i- s it the boundary layers 
ncar Lhe wails agree well among the mca.;u r::m, tlls and computations. 
The distinet hound<try layers and near-stagnant t~Haior core strucwre 
are inferred from the figure. 

CONCLUSTIONS 

Three-dimensional natural convection in a differentially heated 
cubieal enelosure with the conducting horizontal walls is investigated 
numerically at the Rayle igh number of 8.5 x 106. Steady periodic 
osei llations are observed in the fields. The period of the oseillations is 
in close agreement with the experimental measurements [II , 141 and 
the previous two-dimensional computations [5, i4!. Thi s result is 
supportive of the two-dimensional assumption used in these prior 
investigations. Aceording to the experiments [ 11 , 14], two oscillation 
periods were obtained at this Rayleigh number, depending on whether 
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Figure 4 Periodic fluctuations of the local temperature and the overall Nusselt number 

the particular R a was approached from lower or higher values. ln the 
present computation, the higher frequency was captured. Because of 
the limitation of the available CPU time, it was not possible to study 
the effects ofthe initial condition on the final solutions. 

Another aspect of the present problem is the effects of the 
boundary condition at the end walls (z = O and I). This h as not been 
previously studied for the present geometry. Imperfectly insulated 
surfaces appear to give rise to the pronounced three-dimensionalities. 
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Analyses of these effects are left as the subjects of future 
investigations. 

Under the present boundary conditions at the end walls, the z
variations of the overall field structures are significam in the 
instamaneous local characteristics. ln the time-averaged fields, the 
three-dimensionalities are less eminent, and the two-dimen sional 
assumption appears to be reasonable to portray the gross features of 
the flow . 
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RESUMO 
O pr ocesso de fiação de fiLamentos de po Lie ster em fiei ras e anaLisado . Simu Lação 

dos escoamentos e t ransfer ência de ca Lor caLcu La perfis de ve Locidade e t emperatura. O 
mode Lo cons i dera o processo de r esfriamento não isotérmico devido ~ corrente transver
saL de ar, ~ defo rmação axi a L do s f1:os estirados e propriedades variáveis com a t empe
ratura. E:feúos de g':rav1:dade , i nérc ia e arraste sÔbre o fio são ana Li sados .BaLanços de 
massa , quant idade de movimento e energia apLicados a céLuLas inf i nitesimais inc Luem e
f ei tos de aquec imento e da di r eção da t r ajetÓria do ar de resfr iamento . BaLanços de f or 
ças anaLisam as deflex!)es dos f ios s ob ação do ar. ResuLtado s numéricos são apres entados. 

A fig. I.l mo st ra esqu e matica me nt e o pr oc e s so d e fi a 

ça o de fibr as s i n t~t i cas . O po lfm e r o f und i d o ; ext ru d; 
d o atrav ; s de uma fieira, onde s ã o f ormad os o s f i l a me n 

t os , q u e sã o r e s f riado s p o r u ma co r re nt e tr an sv e r s al de 

a r. Uma vez r e s f riados os f il a me ntos se s oli dificam, e 
s ã o reunido s , f o rmando um Cn i c o fio que ~ ent ão enr o l a 
do e m bobin a s . 

A ve l o c i d a d e de e n r o l a me n to ; c o n s i de r ave l me n te 
ma io r d o qu e a vel o cid a de d e e xt ru s ã o, 

o es t i ram e n to d o fi o . Este p r o c esso d e 
du z uma v a r iação de sec ção trans v er sal 
um a maior o ri e n ta ção mole c ul a r quando 

oc o r r e n do a ss im 
es t i ra ment o p r ~ 

do f ilam e n to 

d e s ua s o I i di f i 
caçã o e cri sta li z ação. O es f o r ç o mecâni co al inha as ma 

c r o - mo l~c u l as r es ultante s d a po limerizaç ão. Est e grau d e 
o r i enta çã o mo l ecula r co n t ro l a as pro p r i e d ade s f{ s i ca s 

d o p r o d u to fi n a l ( m ~du l o de e l ast i c id ade, e l o n gam ent o , 
a f i n ida d e t i nt o r ia l n o t i n g i me n t o ) e ; p r inci p a l me n te 
g o v e r n ad o pe l a t e nsão a t u a n te n o f i o no c h amado po n t o 
de t ransiçã o v Í t ria (T "" 67°C n o caso d e f i br as de p o 
li ~s ter). Es t a t e nsão dep e n de d a s vari~v ei s do proce sso 

de fiação: te mp er a t u ra de ext r u s ã o , v e l o c ida d e d e en ro
l a me n t o , v a z ão em mass a do p o li me r o , tem p era t u ra e vel~ 
c i d ade do a r de res friam e n to . 

P a r a o p r ocess o indu s tr ial , a h o mog en e i dade e nt re 
os f il am e nt os d e um me s mo f i o ~ u ma q u a l idade imp or t an
te d0 produt o . As vari~vei s : te mperatur a d e e xtrusã 0 ,v.:_ 

l oc idade de e nr o l a mento e v a z ão em mas s a d o polimero 
s ã o n or malr~ e n te con t r olad o s . Da i ser necc ss ~rio um me 
lh o r co nh ec im e n to e co ntr o l e d o r esf r i am ent o . S a b e -se 
q u e no s s i ste mas p r od u t i vo s at u a i s a c o r rent e d e a r 

u n i d i r e c io n a l , e s e a q ue ce a o res f r iar as d i ve r sas co r -
r e i as de fi l ame n tos . Co n c l u i - se q u e as di f e r e n tes ca r -
reiras de f i l a me nt o s requ ererão tempos di s ti ntos pa ra 

s e so lidifi ca r e m, e existi rão diferente s gr a u s de ori en 
t aç ã o mole c u lar e n t re os fi l a men t os de um mes mo fi o . 

Tra ba lh o s experi men tai s d e v i s ;--a li z aç ào d o p r o ces

so most ram q ue a q u ali da d e d o produto p o d e de p e n d e r ta ~ 

t o d a def l exã o da co r r en te d e a r como d o f e i xe de f i l a 

~e n t o s. O a r f ica mais aqu e c i do na vizi nha n ça d a fiei r a, 
fi ca ndo suj e i t o a o empux o , e t a mb~m ~ a r r a s t a do pelo s 
filamentos. A de flexão do f e i xe pode oca s ionar que al -

gun s fila men tos s e toq u e m entre s i. 
A s i mu la ção d o proc e ss o de fi açã o q u e l ev e e m c o n 

s i de raçã o e s t e s ef ei t os ; im p o r tant e pa r a o p r o je t o 
a p erf eiç o am e n to d as fieir a s , e a o c on t r o l e d e s u a o p e r ~ 

ç a o. Na liter at ura podem se r i de ntifi cad os a l guns t r aba 
lhos neste a ss unto. 
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FIEIRA 

AR 

GUIA fiO 

~ 
Fig.l.l - S i s te ma de f ia ção . 

D u tt a e N a d k a r n i [I j , K a s e e M s y d u o [ Z] f o r m u I a r a m 

mo de l o s m a t em~ticos de s i mul aç ã o b as e ado s n a hip~ tese 
de f or ça co n s tan te a o l o ng o d o fil a me n to . Recent e me n t e, 

George [31 ve rificou q ue e s t a hip~te se s Ó ~ v~lida p a r a 
baixas v el oci dades de e nr ol amento. S a be - s e , no entanto, 
que em f i eiras de pr o du çã o in dustrial e s u a s vel ocid a
d es d e o per a ção , a fo rç a var ia a o l o n g o do filam e n t o d e 
v i da a e f e i tos de a c e l e r aç ão , g r a vi d a d e e ar r a s t o d o a r 
s ~bre o fi o . 

Yas u da , Ys h i h ara e Ya n a gawa [4} p r op u s eram u m mode 

lo bi-dime nsio nal de s imulação que in c lui a força va ri; 
vel para v ários filament os . Paralelam e n t e, balanÇo s d; 

massa e e n er gia permi te m o c ~lc u lo d a ve l oc idade e aqu! 
c i me n t o d o a r. 

Le r a (5) des en vo l v eu um mod el o b i - d ím e n s i o anl d e 
s imu lação q ue i nc lu i os ef e it os d e : vá r ias carre i ra s de 
f i lame ntos no f eixe; ~ o r ç a v a r i ~ v el ao l o n g o do fi la men 

to; de f l exã o e não unif or midade do flu xo de ar; defl e 
xão do f io . 

Este trabal ho a p r e s e n t a alg uns r es ul ta dos de sta s 2_ 
mul aç ã o e a na li sa o ef e i to r e l a ti v o do s d i f e r en tes f ato 
re s . 

ANÁLI S E DE UM FI LAM ENT O 

Sob a lg u mas hip~t eses s implifi c a do ra s , o esc o am e n-
t o de um s ~ f i 1 ame n to r e s f r i a do dura 11 t e o p r o c e s s o d a 
fia ç ã o e n v o l ve uma d e fo r mação unia xi al nã o- isot~ r mi ca 
c om p r op ried a d es f i s i c as d e pende n t es d a temperatu ra . 

A f ig. 2 . 1 most r a e s qu e matica men te o p ro ce ss o e a s 
con diçÕe s de co nt o rn o d o pr ob lema a n a l isa do. AL ~ a s e_: 
ção tran sv er s al do fil a mento logo ~ s a i da da f1eira e 
T ~ a t e mp er a tura do f i lamento na regiã o de cristaliza 
ç ~o. x :O c or respond e à sa ida de fieira e x:L onde oco r 

re a t r a n s i ç ã o v ftre a . 
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Fig.2.1- Esqutma de um filamento. 

TA eVAsão a tLmperatura e velocidade do ar de resfria 
mente. Segue: 

Balanço de massa 

G p.V.4. p.(V +dV).(A+dA) ( 2. 1 I 

Balanço Ce quantidade de movimento 

-r; z dF a r dF dA X -- ------- ---- - o • A. g + ----
dx P A' dx dx 

( 2. z I 

Balanço de ~nergia 

G • C • d T o 2 h . IrrA. d x • 
p ( T- TA I ( 2. 3 I 

Tensão a x i J 1 no filamento 

dV 
T =3 1l 

o ( 2. 4 I 
dx 

Lora [sJ substitui as relaçÕes experimentais para 
as propriedades ffsicas do poli~ster e obt~m as equaçÕes 

para a temperatura, força axial e ~rea da secção do fio 
(sistema SI de unidades): 

::..!..!.~ 1 2 A 1 I fi ---------- ( T- TA I . [ ( ____ §.L~---- I 2 + ( 8 v 211 I fi 

1375-0,7 5 ! A). 

d T 

dx G(995+3,875T) 

( z. 5 I 

dF - G' dA 

dx 1375-0, 75! A' dx 
-(1375-0,75T)Ag + 

+9,922x10-
4 

.A-
1

' 
195

• (1375-0, 75!)- 1 • 39 6 1 • 39 
( 2. 6 I 

dA -(1375- 0,75T).F.A. 
-------~2--------5~2893-------------------- (2. 7) 
2,93x10 .G.0,611 .exp(fi923,7I(T+273)) dx 

Este sistema de tr;s equaçoes acopladas pode ser 
resolvido numericamente com as condiçÕes de cont;rno 

T (X o O ) T 1 

T (X o L I o T 2 

A (X o o I 

A Lx oL) 

A 1 

A 2 

Com o a condição de contÔrno para a força do fio nao 
e conhecida, adota-se inicialmente a hip~tese simplifi

cadora de força constante. O valor desta força inicial 
~ dado por 

1 
v 

7
1

6 -1,512. G IB !/ ((V'+(8VA)')} 11 fi.Y- .dY 

Fo --T-----~--------1.------------=--------· ------(2.8) 

J 
2 (p

7
1

6 .c l(3.n . (T- T )j). dT 
p o A 

T 1 

obtido das eqs.(2.1),(2.3)e(2.2)com F=constante. 

ANÁLISE PARA VÁRIOS FILAMENTOS ------------------------------
Uma fieira e normalmente composta de aproximadamen 

te 100 furos, distrib~fdos em circulo num arranjo qua~ 
drado ou triangular. Para se levar em consideração os 
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efeitos das variaçoes de temperaturJ e de velocidade do 

a r de r e s f r i ame n t o n a s pro p r i e da de s do f i 1 ame n t o t om a -

se uma divisão bi-dimensional dos filamentos em c~lulas 
infinitesimais. A fig.3.1 mostra as c;lulas onde sao 

realizados os balanços de massa, quantidade de movimen
to e energia 

J----y 
~ 
T~~i f:· i : ·~I ___ ] --: ---: 

I --- I 
1 i ---~ 

___ I ---~ ___ j 

FILAMENTO 

~ELULA 
Fiq.3.1- C~lulas par·a os filamentos. 

A fig.3.2 mostra esquematicamente a configuração 
df cada c;lula. Em contraste com a fig.2.1, neste dia-

grd:na Pstão inclufdos a força de arraste sobre o fio 

V e V compor1cntes da velocidade do ar de res -
Fia.ment~, vY velocidade m~dia do ar arrastado pelo 

a - , 
fio, A area da secçao de ar que e arrastado pelo fio 
que pas~J peld c;lula. 
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~- --vy I V,a Aç T..,j_, 
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j ~Farx I 
I I 
I I 

I 

rv~~ I lv~J 

X T-.;., TAi 
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vyJ I ru\ 

dx 

T"'.l P2 
Fig.3.2- Esquema de uma c; I u 1 a. 

O modelo a ser empregado para o c~lculo de varias 
filamentos utiliza basicamente o modelo empregado ante

riormente no c~lculo de um ~nico filamento. A cada pas

so a temperatura, a ~rea e J força do filamento são cal 

culados com as caracterfsticas do ar a montante.Uma ve; 
tendo sido calculadas as vari~veis do filamento, pode-

se calcular o efeito do aquecimento e mudança de dire-
ção de velocidade do ar em cada c;lula. 

O ar ao atravessar a c~lula se aquece com o calor 
cedido pelo filamento. Como o filamento atravessa a ce

lula ar acaba sendo arrastado pelo filamento.Oevido ~s 
forças atuantes na c;luJa: arraste na direção horizontal 

e vertical, empuxo resultante das elevadas temperaturas 
do ar, as linhas de corrente do ar que atravessa a c~lu 
la são curvas. 

Lora [sj mostra que os balanços de massJ, quantid~ 
de de movimento e energia são: 

(Va .• Acl+Vx .. (P .P -Acl)).pA.-(Va .• Acl+Vx. 
J J 1 2 J J- 1 J-

(P .P 0 - Acl)).oA. +(Vy .• pA. · Vy .• pA. ) P .dx= O (3.1) 
1 ' .i 1 .i J l 1 l-1 1 

dF =(Va.
2

.Acl+Vx_z.(P .P - Acl)).pA.-(Va. 2 .Acl+ 
a r· x J J 1 2 J J 

+V X 

onde 

n di s 

de o 

7
(P .F Acl)).pA +(Vx .• Vy .. pA -Vx .Vy )P .dx 

1 1 2 j- I J .1 1 i- 1 i- 1 I 

P 1 eP são os passos tr~nsversais e longitudi- (3.2) 

dos filamentos,e Acl drea transversal que subenten
fluido arrastado. 



d F (V/.. pA_- v/ . pA. ) P . dx • (Vy_ . Vx .. pA_ 
ary J J i-1 1 - l 1 J J J 

V; Vx • pA )(P
1

. P- Acl) 
j - I j - I j- I 2 

( 3 . 3 ) 

(
11a_ .A c 1+V x .• (P .P -Acl)+ Vy_.P .d x).p A _c pA .• T .=OPD L 

J J I 2 J l J J A J 

•(Va . Acl • (Vx .(P .P - Acl)).pA .cpA .• T + 
j-l j-l l 2 j - l J - l Aj-l 

TA 
i - l 

( 3. 4) 

o nde OPOl é o ca l or cedido pel o plfmer o (J/S). 
Este s iste ma de eq u açÕes pode se r r eso l v ido por me 

t odos parab Óli cos , para um dad o n ~me r o de c arreiras do 
fe i xe e at~ a reg i ão de cr i s ta lí zação. 

R E SU L TAOOS 

As fig s . 4 .1 - 6 apresentam resu lt ados ob tidos com 
este mod e lo co mpleto para 20 ca rreir as de filamentos 
r esfr i ados p e l a corrente de ar. As fig s . 4.1 e 4.2 mo s 

tram p er fi s de temperatura e área s d as sec çÕes dos fil~ 
me n tes e m função da dist;n cia da fieira . Obs erv a -se um; 
redução s ub st ancia l da secção do fil a me n to no inicio do 
pr ocesso (pr ime i ro ter ç o) . perman ecendo , então, q uase 

q u e c o n s t a n t e a t ~ s e a t i n g i r a t e m p e r a t u r J d e c.: , . i s t a 1 i -
zaçào (67°C) ou d e t r a ns içJ o v ft rea. O ~ f i l a ment os das 
ca r re i ra s p os ter i ores n ece ss it am 5 0% o u m~ i s d i s t~n c ia 
para se so li d ifi ca rem. 

A 
l1o"t~~·"'""--------, 

1.0 

0 .5 

0 .2 0 .4 
X(WI) 

0 .2 0.4 

X(m) 

Fi g.4. l - Área do fi l a mento Fig.4 .2 - Te mp erat ura do fi Ia -
m e n to . 

(A - Área do fi 1 a ment o (m')). (T -- temperatura (°C) 

A f i g • 4 • 3 m o s t r a q u e a s f o r ç a s a t i 11 g i d a s n a r e g i a o 

de c:ri s talização ~~ria m s i g n i ficativ a me nt e c~~r e as ca ~ 
reira s : 1 , 64 x 10 N na p r ime ira, 1

1
33 x l O N na víg_: 

sima . Esta v a ri açã o s ug ere que p ara es t e pr ocesso i s t o 
l eve a obte n ção d e d ife re n te$ g ra u s d e orien ta çã o mo l e 
cula r entre os filament os q u e f ormam o fi o, c ompromete~ 

do a qua li da d e do prod ut o f in a l . lsta observaç ão i ndi ca 
que o pro cesso de resfriamento pod e ser melhorado . 

T,.. 
(o C) 

1.5 
10 . / .• 

'~ 
/ 

150 

100 
1.0 

50 

0.2 0 .4 0.2 0.4 
X <rn> X lmJ 

Fig.4. 3 - For ça do filamento rlg.4.4 - Te mpera tura do ar 

a p~s o filamento. 
(F - f orça no fi l amento (N)). (TA - te mp eratura do ar(°C)). 
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As figs. 4 . 5 e 4.6 mo st r am as com p on e nt es de ve l oc~ 
dad e d o ar nas d ire çÕcs x e y . A fig.4. 5 mos tra q u e Vx 

(ve rt i c a l) a um ent a com a di stâ ncia da fieira , da mesma 
f or md que na f i g.4.6 Vy(hori zonta l) . Veri fica -se que es 
te f~t o ~ mais pronunciado no s fi lam e ntos m3is afas tados 
d a câ ma r a de insuflamento de ar . Verifica - se ainda, qu; 
Vy diminui à medida que o ar ul trapas s a os filamen tos e 
Vx au m e n~a negta direção. No }Oº fil a me nto devido ao e m
puxo (TA = 1 70 C)ocorre rever soes n o fluxo(Fig .4.5 ) para 

X pequ eno. 

v ... 
(.r'1/s\ 

1.5 20° 

1.0 

0.5 

0 .2 0 .4 
X lml 

Fig.4. 5 - Veloc i da d e d o a r 

de re s f r ia me n to 
(Vx - Ve ] oc idade do ar n a 

direção x(m/s ) ) . 

Vy 
(•nl•) í 1c 

.6 )10" 

.4 
20_:_-

.2 

0.2 0.4 
X \m) 

Fig.4.6-Ve1ocidade do a r de 

r esf ri ame nt o. 
(Vy - Velocidade d o a r na di

re çao y(m/s)) . 

RE SUL TADOS CO M DEFLEXÃO DO FILA MEN TO ------------------------------------
Os fila ment os sujeito s a ação d a força de arra ste 

do ar de r es friamento sofre m defl exão e co nsequentement e 
se curva m. Esta de fle xão pod e ser ca l c ulada a parti r d e 
um bal an ço de forças aplicad o ao fila mento. Um exemplo ~ 
mo st ra do na fig.S.l, que mostra a deflexão l atera l do fi 
l am ent o fu n ção da d i s t ~ n c i a d a fi e ira. Ne s te cas o nã o h; 
i n di caçã o d e f il am e nt os se t oca r em , mas se um fil ame nt o 
e nc osta r no o utro a nt es d e s u a so l id ifi cação p od e rá ocor 
re r 11 co l a gem 11 ent re es t es . 

O est u do d os re s ul tados d o e f ei t o da def l exão mos 
t ra que s eu efe i to sobre o resfri a me nto e tra n siçã o vf - 
trea ~pequeno , e n ã o precisa se r in cluÍ do nestas an~li 
s e s . 

y 

.08 

.06 

0.2 0.4 

F i g . S. I - Deflexão dos filam e nto s . 
(y - d e flexão (m)). 

CO MENTÁRIOS E CONCLUSÕ ES 

0.6 
X ~rn) 

Os re s ult ados conf i r mam a necess id a de de se melh o r a r 
o pr o j e t o de sis tema s de re s f ria me nt o u sados em pr ocessos 
industr~ais . A q u ali da d e de f i b r a dependeri de como o ar 
de r e s friame n to ~ soprado sobre o fi o , e d o n ~ me r o de fi
l e i ras de filamentos . 

O mode lo proposto e empregado co nfirma qu e a for ça 
no s fil a mentos ~ vari~vel e qu e a r~ arrastado . 

Es te est udo foi reali zado para co ndi çÕes tfpica s d e 
fiaç ão de fibras de poli ester , ou s eja: 



- o T = te mperatura de extrusao 285 C 
r 1= temperatura de t rdn s i çào vÍtrea 67°C 
r 2 ~ temperatura do ar = 25°C 
DA di~metr o de f u ro dd fieira 

-4 
3,8~x!O m 
!O kg/min. G = vazão em massa do filamento= 

VA" velocid a de do ar = 48 m/min 
V

2
= velocidade de e nr ola mento= 1500 m/min. 

Nos testes num~rico s para fins de comparaç Ões co m 
dados de outras ref erências da literatura foram e mpr ega 
das , as propriedades de fibras de poli~ster f un dido -
( PET) c orrelacionados por (Outta e Nadka rni II I ): 

mas s a especifi ca-

p 1375,0 - 0,75.1 (kg/m
2

) ( 6. I ) 

calor especifico 

c" 995,0+3,87.1 (J/s.m
2

.
0
c) 

p 
( 6. 2 ) 

viscosidade a taxa de cizal h a mento zero-

o n de 
60°C 

I o 

~ " 
o 

~ 
e 9,76x!0 - 3 .(0,61!)5,2893.e(6923,7/(1+27 3)) 

( 6 . 3 ) 

e a temperatura do filamento em °C, va ri a n do de 
a 310°C . 
No entanto, co~o seus resu lta dos 11 I são para mod! 

s implificad o de for ça co n stante , não most ra mos aqu i 
comparaçÕes . Este modelo e somente vil i do pa r a 
ve l ocida des de enrolamento. 

baixa s 

A análise dos resultados de simulação do proce sso 
d e extrusão permitiu conc luir que os pa r ~metr os que 
co ntrolam a qualidade do filamento, em particular, sua 
birrefrig~ncia ~ptica são : temperatura de extru são , vis 

cos idade, velocidade de enrolamento. A vazão de polÍme-: 

ro, velocidade e temperatura do ar tem efeito me nor , em 
pa rti cu lar para fieiras pequenas. 

Po r out r o lado, no caso de fieiras com elevado nu 
mero de f ilament os (acima de 20), na di reç ão do fl ux~ 
de a r , o modelo co mpl eto aqu i aprese ntad o tem sua util i 
zação aconselhada. -

Nos casos anal i sados o in s uflament o de a r foi con 
s iderado u nif o rme e unidirecio nal , tendo em v i sta a an; 

li se da situação encontrada na ind~stria. A partir d~ 
modelo apresentado pode - se analisar outros sistemas de 
resfriamento de fi l a me ntos, ou se ja, c;mara de i n su fl o 
mente com perfil de velocidade e/ou temperatur a do a; 
de resfriamento variável co !tl a dist;ncia da fiei1~a , so 
pra fios anular, etc. 

Outro fen;meno que pode ser estudado ~ o ar que a ~ 
ra stado acompan ha o fio. Obse rv ou - se que sua velo ci dade 
acom panha a velocidade do fio tornando-se assint ~t ica 
j u nto com este. Tant o a ve l ocidade d a co rr e nte de ar de 
resfriamento co mo a do ar a rr astado aume n tam co m a dis 
tincia da fiei ra produzi~do o que n a pr~ t i ca ; c hamad; 
de ''bo mb eame nto de a r 11 • 
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8UMMAíiY 

The spinning process of poZiester yarns is anaZysed. 
Numerica L s imu lat 1:on of j'Lo<J and heat transj'er predicts 
veLocity and temper-o.ture pPoj'iZes. The modeL assumes a 
nonisother'mai eooZ ing p:~ocess by a er'oss air' str'eam, 
unia:r.iaZ elongation due to sp1:nning , and Var'iab Ze prop
erties dependent on temperatur' c. Efj'ects of gravity, 
inertia and drag forces on the yarn are anaLysed . Heat, 
mass and momentum baLances for 1:n[initesimaL ceHs in 
c lude effects of heat 1:ng and a ir fLow direct ion . Forces 
balances on the yarn anaZyses ús deflex<:on due to a1:r' 
flow. NumericaL r esults are preseuied. 
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SUMMARY 

A n'UIIIericat sotution was obtained for a conjusate convectiue and 

conductiue probtem of a rotatins dis~ heated at its edse and 

The resutts were obtained for a 

dimensiontess temperature and for the Nussett number distributions at 

the dis~ surface in terms of parameters of the probtem. 

I NTRODUCTI ON 

The geomelry o~ a rolaling disk has so 

many applicalions in engineering 

lhal il is conslanlly addressed 

lechnical literatura severa! 

problems 

in lhe 

~ields, 

including lhe lhermal and ~luids engineering . 

The presenl work re~ers lo a simple problem 

o~ conjugale heal lrans~er in a lhin wall 

disk rolaling in a quiescenl ~luid. 

Consider, as indicaled in Fig.1, a disk 

o~ radius r 
o 

and lhickness 26 in a larga body 

o~ quiescenl ~luid al a temperatura T
0

. When 

is an lhe disk relates wilh w conslanl, lhere 

induced movemenl o~ lhe ~luid, described by 

von Kar man i n 1921 [ 1 1 . I~ lhe temperatura 

o~ lhe disk is dislincl ~rom lhal o~ lhe 

~luid, lhere will be a heal lrans~er al lheir 

inler~ace. Solulions ~or lhe heal lrans~er 

problem were oblained lhrough a lechnique 

analogous lo lhal employed ~or lhe ~low 

problem. 

considered 

In {2,31 an isolhermal disk was 

in a ~luid at a dislincl 

temperatura. In [4) a similar solulion was 

oblained when lhe disk temperatura relalive 

lo lhe ~luid surrounding il changed as an 

exponenl o~ lhe radial posi lion . In { 61 an 

analysis was made ~or a disk healed only al a 

ring o~ ils sur~ace and adiabalic al lhe 

remai nder o~ i l. ln lhis case lhe ~luid 

temperatura coul d presenl, near lhe healed 

dislc, slrong radial gradienls. I~ lhe 

di~~usive radial lerm o~ lhe energy equalion 

coul d nol be negl ecled, i l became ell i pli c, 

prevenling lhe boundary layer approximalions 
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employed in lhe previous works. 

solulion lo lhe elliplic ~orm o~ lhe energy 

equalion was lhen oblained ~or a relalively 

larga domain o~ ~luid above lhe disk sur~ace. 

For compar i son pur poses , lhe same di slc 

temperatura dislribution o~ [4] was input to 

lhe anal ysi s o~ [ 61 . The compar i son 

indicaled [6] lhal lhe e~~ects o~ radial 

di~~usion in lhe ~luid could be neglected 

when lhe dislc temperatura changed wilh the 

radial position with an exponenl smaller than 

four. 

In lhese previous works, the thermal 

boundary condilions were specified at lhe 

disk surface. In a real-life engin-ring 

problem however, lhis may nol be known, ~or 

example when a heal flux is imposed at the 

ouler bordar of lhe disk . In this case, lhe 

radial heat conducti on wi lhi n lhe di slc 

material, togelher wilh the axial conveclive 

mechanism described previously, will 

determine lhe temperatura distribution al lhe 

disk-~luid interface. The sol uli on o~ lhi s 

conjuga te conduclion-conveclion problem 

molivaled lhe presenl work . 

Fig.l Diagram of the Heated Disk 



ANALYSIS 

Th• analysis was performed under s~eady 

s~a~e condi~ions, for laminar induced flow, 

considering cons~an~ proper~ies. Effec~s of 

na~ural convec~ion were neglec~ed. so ~ha~ i~ . 

was assu~ ~ha~ Gr-/Re
2 <<1. wi~hin ~he range 

of Re<105
. 

Negl ec~i ng ~he axial conduc~i ve 

resis~ance across ~he dislc, i~s ~empera~ure 

Td is governed by ~he cne-dimensional energy 

equa~ion 

dCr6Jc . dT /dr)/dr - r. h. CT -T ) -= O CD 
d 'd d o 

In equa~ion C1), Jcd is ~he ~hermal 

conduc~ivi~y of' u.,. dislc ma~erial, hCr) is 

~he local convec~ive coefficien~ and T is o 
~he fluid ~empera~ure far from ~he dislc. The 

boundary condi~ions ~o C1) ~alce in~o accoun~ 

~he symme~ry a~ the dislc centerline and ~he 

radial inf'lux of hea~ q
0 

a~ i~s bordar: 

r = O 

r = r o 

dTd/dr 

dTd/dr 

o 

q/Jc 
o d 

C la) 

Clb) 

Empl oyi ng now di mensi onl ess v ar i bl es def i ned 

by T) =Cr/r 
0

) and .p =CTd- T
0

)/Cq
0

. r 
0

/Jcd), ~he 

energy equation C1) becomes 

dCT) . d.p/dT)) - T) . Cr 2 /ólc ).hCT)) . .p o d 
o (3) 

with boundary condi~ions 

T) o d.p/dT) o C3a) 

T) 1 d.p/dT) = 1 C3b) 

The product hC T)) . .pC T)) in equa~ion C3). 

employing ~he defini~ion of f(>CT)), can be 

rearranged as 

hC T)) . .pC T)) C Jc /q r ) . qC T)) 
d o o 

C4) 
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In ~his equa~ion, qCT)) = hCT)).CTdCT))- T
0

) is 

~he axial convective hea~ flux at a posi~ion 

T) of the dislc surface. 

A~ ~he dislc-fluid in~erface, ~he 

con~inui~y of hea~ flux requires ~ha~ 

q(T)) -Jc .Cc9CT- T )/ctz) 
f f O T),O 

(5) 

In C5), ler is ~he ~hermal conduc~ivi~y of ~he 

fluid surrounding the dislc and T/1),0) is lhe 

flui d ~empera~ure a~ ~he posi li on T) of' lhe 

in~erf'ace with lhe dislc. This lempera~ure is 

lhe same as Til')) of ~he dislc surface in 

order to preserve the con~inui~y of 

temperatura. 

The fluid temperatura dis~ribulion near 

t.he dislc is governed by the boundary layer 

energy equalion, expressed f'or laminar sleady 

state regime wi~h constant proper~ies in ~he 

form 

pc Cu. 8T /ltr + w. 8T /hz) 
p f f 

lc f8zTf/hz
2 

C 6) 

ln equa~ion C6) CpcP) is ~he producl of 

t.he densi~y and ~he specific hea~ of the 

i ncompressi bl e fl uid and !,! and ~ are 

respeclively the radial and lhe axial 

velocity componen~s of the f'luid flow. 

When C T C T))- T ) can be expressed by an 
d o X. 

exponent of !:.• i e, in lhe form CaX. . r ) , 

equalion C6) was lransformed [4J inlo an ODE: 

8' ·c~)/Pr H({). 8'C~) + X.. FC~). 8C~) C7) 

ln equalion C7), ~ z.Cw/v) 0 "~ is lhe 

similari ly variable of von Karman. FC~) and 

HC~) are respec~ively lhe radial and ~he 

axial dimensionless velocily componen~s of 

lhe fluid flow . Pr is lhe Prand~l number of 

lhe fl uid. 8({) is a dimensionless 

~empera~ure defined by CT-T )/CT-T ) 
f o d o 

and 

8'C~) and 8' 'C~) are derivalives of 8 wilh 

respecl ~o ~ The boundary condilions lo C7) 

consider lhe f'luid ~emperalure al lhe disk 

in~erface and far from il: 

8(0) 1 and 8(~-(1()) o C7a) 



In t.erms of" ~ and &, t.he heat flux 

.defined in equation (5) becomes 

-k (w./v) 0 .!:i . CTCl'))-T ).&'CO) (8) 
r d o 

In equation (8), &'CO) is a solution to 

equat.ion C7), depending on the parameters ~ 

and Pr. 

Adopting Cv/w) 0
" !:I as a charact.eristic 

lengt.h, then for each value of ~ there is an 

uni f"or m val ue of t..he Nussel t.. number at.. t..he 

disk surface, given by 

(Q) 

where Nu~ depends on t.he Prandtl number of 

the fluid . 

Suppose now t..hat.. t.he dimensionless 

temperatura at. the disk surface can be 

expressed by t.he series 

(10) 

Since equat.ion (6) is linear, then a 

linear superposition of solut.ions to equat.ion 

(7), corresponding to each t.erm of (10), 

sat.isfies this wall t.emperature distribut.ion. 

As reviewed in t.he Int.roduction, t.he results 

[4J of t.he boundary layer energy equation C7) 

agree wit.h t..hose of an analysis [51 based in 

the ellipt.ic form of t..he energy equation when 

~<4. In order t.o ensure physical real.ism 

with t..he boundary layer résults, t..he series 

(10) will be rest.rict.ed t.o ~ bet.ween Q and ª· 
Thus, the convective heat. flux corresponding 

t.o equation (10) can be expressed by 

where the sum is within the indicated range. 

From equations (10) and C11), the Nusselt.. 

number distribution at the disk surface is 

given by 

NuCn) (12) 
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Note from this equat.ion t.hat. at. the center of 

the di sk C n=O) NuC 0) =Nu 
0

, i ndependent.l y of 

t.he coefficient.s b~ 

Substituting equat.ion (11) int..o 

equat.ions C4) and (3), t.he energy equat.ion 

becomes 

where {3 

Equat.ion C13) is subject..ed t.o t.he same 

boundary condit..ions C3a) and C3b). The 

parameter f3 charact..erizes a relat..ive t.hermal 

conduct..ance of t.he disk wall. Lar ger val ues 

of this paramet.er are expect..ed to be related 

to a more uniform wall temperat.ure in t.he 

solution t.o equat.ion C13) . 

SOLUTION 

The solut..ion procedure was based on an 

it..erat..ive scheme described by t.he following 

st.eps: 

t- From t.he physical parameters of t..he disk 

and fluid, t..he values of Pr, Re and of Nu~ C~ 

from Q t..o ª) were obtained. 

g. A dimensionless temperature profile was 

assumed, t..hrough the coeff'icients b~ or the 

polynomial equation C10) . 

ª· The assumed polynomial temperature 

profile was used as an input to t.he RHS or 

equat..ion C13). A numerical integration of 

t.he LHS or this equation gave rise to a new 

distribution tp(n? at the grid 

dist.ribut.ed on the disk surface. 

point..s 

! -
to 

The numerical 

t..he assumed 

di st.r i buti on was compar ed 

polynomial distribution 

calculated at each grid point... Ir t..here were 

not enough agreement. at.. all grid points, t..he 

process cont..inued to step § . 

§. A least squares regression was employed 

to adjust a new third order polynomial t.o the 

numer i cal sol uti on j ust obtai ned, and then 

step ª was repeat..ed . 

The numerical integrat.ion performed in 

step ª employed t.he met.hod of cont.rol volumes 

(71 and it. is described in details in [6]. 

The number or grid points on t.he disk surf'ace 

was varied in an init..ial study or t..he 



problem. I t was found tha t above 40 gr i d 

points the results nearly coincided, so that 

this number was adopted in the results 

presented . The convergence was reched when the 

difference between the assumed and the 

numer i call y obtai ned val ues of ~ ry _) i n step 
-? J 

! was smaller than 10 for all grid points. 

Usually about 5 ilerations were necessary to 

attain convergence . 

RESULTS 

The results will be presented in terms 

of the dimensionless temperatura p(ry) and of 

the local Nusselt number . 

Figures C 2) 

di str i but.i on of ~ ry) 

and 

for 

(3) show the 

two ext-reme val ues 

of f3, consideri ng Pr = O. 72, characteristic 

of ai r . It is evident that for smaller 

Figures 4 and 5 present Nusselt number 

distributions associated to the previous 

figures. At the center or the di sk , all 

distributions tend to the sarne value Nu o 
Cdependent on Pr) associated to equation 

C12). Larger values of' f3 indicate a trend to 

an isothermal disk and theref'ore to an 

uniform distribution o r Nussel t. The 

decrease of the dislc temperatura wi th Re is 

determinant to the corresponding increase of' 

Nu C ry) . For eac h val ue of R e, the 

distribution of Nu increases wi th TI because, 

according to equation C12), NuÀ+t > NuÀ . 

0.6 

Nll 

, 

values of f3 the dislc temperatura becomes less 0.5 
uni f'orm, attai ni ng a ma.xi mum va.l ue at the 

I e 5:~< 

v 
103 

/ 
v 

v 

outer bor der . I t is noted al so that the -
temperaturas become small er as the Reynolds v 
number increases, due to larger velocities 0.4 
and convective heat transfer coefficients at L/ 

/ 

L--

10 3 

·---t--
lhe disk suface. When both ef'f'ects are 

pr esent, i e, for 1 ar ge Re and small fJ, lhe 

solution method employed in the present work 

may not be adequate. Thi s is because the 

third order polynomial fitting will not be 

adequate to represent the dislc surface 

temperatura distribution . 
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I n order to have some perspective of' 

the effect of the conjugate problem, the 

f'oll owi ng compar i son was made. The obtai ned 

value of Nu
0 

at lhe center Cry=O) of lhe d i sk 

Cfor each Pr) was assumed to prevail all over 

the dislc surface . Under these condi ti ons, 

the dislc temperature presents a distribution 



analogous to thal in a fin with uniform heat 

lransfer coefficient to lhe surroundig fluid. 

When h is uniform, equati on ( 3) has an 

anal yti cal sol uti on expr essed i n ter· ms of 

Bessel funclions. The lemperalure 

dislribulion thus oblained was compared wilh 

thal of lhe conjugale probl em. Figure 6 

presenls one comparison for lhe case of 

Pr =0. 72, Re=!3000 and {3=!3. I n thi s case lhe 

analylical lemperat.ure dislribulion presenled 

values almost 40X above t .hal of t-he conjugale 

pr·obl em. For l arger values of f3, this 

1.-he 

wil1 

difference wi 11 be sma11 er because 

solution of Lhe conjugale prob1em 

present more uniform temperat.ure and Nusselt. 

number distributions on lhe disk surface. 
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ABSTAACT 

An analysis of the simultaneous effect of forced c onvection and 
radi a tion in the thermal e ntranc e region of internally f i nned tubes is 
presented. The radiative contribution of the gas is modeled by the P-1 
method, which provides an additional partial differential equation of 
elliptic type. Invoking the gray gas model, the governing equations of 
conse rvation are solved numerically using a finite-volume procedure . 
Heat transfer augmentation dueto the longitudinal array of fins ' and 
participating radiation is represented by the mean bulk temperature 
distribution. 

INTRODUCTION 

Mori el al. [1] have sugges ted that hea t 
transfer by combine d conve ctive and radiative 
transfer in partic i pating gas flows is very 
inportant in the analysis of high tempe rature 
heat exc hangers. In these appli c ations , 
unless r adiation i s very weak or very strong, 
the conservatio n equations of ma ss, momentum 
energy and radiat ive transport must be solved 
simul taneously in order to determine local 
temperatures and local heat transfer rates in 
the participating gas medium. 

In light of the foregoing, the prima ry 
objective of this pape r is to explore the 
enhancing effects of the rmal radiation on 
laminar forced convection of high temperature 
gas flows through internally longitudinal 
finned tubes. An exhaustive literature review 
on the subject of combined mechanisms reflects 
that this particula r problem has not been 
investigated s o far. For concreteness, the 
present analysis focuses a situation where i n 
the temperature de velops in a longitudina l 
finned tube, wherein the veloc ity i s taken as 
fully developed. The computed 2 -0 veloc it y 
prof i le, of course , depends on the s pec j f j c 
number of longitudinal fins deployed in t he 
tube cross-sec tion. Hence, the distort 2d 
velocity profile is taken as an input for t he 
3-D equation of energy conservation. Turn _ng 
the attention to the radiation analys is, the 
participating medium is assumed as a gray gas, 
capable of emitting and abs orbing radiant 
energy with negligible sca ttering. 
Furthermore, the tube walls are considered 
black, whereas the fins are relatively thick 
and are equally distributed in the cross
section of the tube . 

The applicable radiative transport 
equation (RTE), based on the P-1 method, is 
coupled with a finite-volume code which is 
used to solve the set of conservation 
equations numerically. Computed results are 
presented for the axial variation of the mean 
bulk temperature as a function of the 
controlling parameters describing the combined 
heat exchange process. These numerical 
results will be useful to the thermal designer 
for predicting the level of heat transfer 
intensification. 

145 

BASIC EOUATIONS 

Consideration is given to the c ross
section of the internally finned tube pictured 
in Fig. la. By virtue of the symmetries, it 
is only necessary to analyze the flow and heat 
transfer in the computational domain of Fig. 
lb. For the situation of fully developed 
velocity u(r,8), the dimensionless variables 
and parameters are 

U= u 
r ; ( - dp / d z) / ).1.' 

T 

G' G 
---4-' 
4o Tr~t 

2ur 0 Re=-
v 

(1) 

Accordingly, the conservation equa ~ions may be 
expressed as f o llows: 

MOMENTUM 

__.!_ __l_ ( 11 au ) '___.!__ a:u • J o 
11 a11 211 11

2 ae2 

ENERGY 

1 u ac 
2 7i az 

1 a ac -- --·- (11 -- ) + 
11 011 211 

RADIATIVE TRANSFER 

1 a BG ' 1 if-G ' 
- - (11-) + ---
'1 a'l a'l '12 ae2 

3 't 2 ( G " - t4) 

(2) 

(3) 

(4) 

whe re u, t and G* designa te the ve loci ty, 
temperature and irradiation of the 
participating gas in dimensionless form. 
Moreover, the tube wall and the array of 
straight fins were supposed to be of high 
thermal conductivity, so that both would 



assume a uniform temperature over the cross
section of the tube. 

u = 1, t = t e 

at the entrance 

u = o, t = 1' 

at the solid walls 

: = ~ =o, 

aG· 
a'l 

aG· 
~ = o 

on the symmetry !ines 

_1_, (G' - t 4 ) 

2 

where a;a~ denotes the normal derivative. 

(5) 

(6) 

(7) 

TREATMENT OF THE RAPIATIVE TRANSFER EOUATION 

The rigorous formulation of the 3-D 
energy equation describing laminar forced 
convection of a gas that emits and absorbs 
radiation involves a nonlinear integro-partia! 
differential equation [2]. In this regard, in 
order to carry out the computations it is 
usually necessary to implement an i ter ati ve 
approach in which the integral terms and the 
differential terms of the energy equation are 
solved consecutively. In fact, it is also 
well known that the numerical solution of this 
intricate equation is quite involved and 
requires large amounts of computing time and 
storage. Alternatively, in order to bypass 
this elaborate procedure the approximate 
differential method, the P-1 method will be 
employed here. It is documented by Ozisik 
[2]. In essence, this method seeks to replace 
the highly complex energy equation and the 
radia tive transfer equation ( RTE) in three 
dimensions by a system of coupled partia! 
differential equations that depend on both 
temperature and irradiation, for instance 
eqs.(J) and (4). Correspondingly, the 
numerical solution of this coupled system 
seems to be easier to obtain than the original 
nonlinear integro-partia! differential 
equation. 

Fig. 1 

+.-a --.--/ 
. I 

I 
/ 

computat i o na 1 doma i n 

Geometry of the problem 
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PARAMETERS OF INTEREST 

Pressure drop: The pressure drop due to 
internal finning, may be conveniently 
presented through the value of fRe used in 
[ 3]: 

fRe 
2rr/A t 

---- - (8) 
u 

where A, defines the dimensionless flow area. 

Heat Transfer: The heat transfer 
calculations will rely on the computation of 
the mean bulk temperature distribution: 

JAutdA 
tb ~ ---

JAudA 
(9) 

where the integration was performed over the 
flow cross-section A,. 

In light of the foregoing, the total heat 
transfer QT in a tube of length L carrying a 
high temperature gas flow may be easily 
obtained: 

QT = dzCP ( 'Jbr. - 1'~) (10) 

Likewise, upon introduction of an ideal heat 
transfer Q~ between z = O (the entrance) and 
z = 00 

Q~ = nicP(T .. - '1 ') ( 11) 

the bulk temperature ratio Tb/Tr•t may be 
associated with a heat transfer efficiency n 

n = o,. 
o .• 

NUMERICAL ANALYSIS 

(12) 

The system of conservation equations were 
solved numerically by the standard finite
volume procedure described by Patankar (4]. 

Turning the attention to the radia tive 
contribution of the participating gas at 
elevated temperature, the two dimensional 
radiative transfer equation (RTE) modeled by 
the P-1 method, s upplies an elliptic equation 
of diffusion-convection type. Thus, the 
discretization introduced to obtain a finite
difference form of the RTE employs the sarne 
finite volumes utilized for the conservation 
equations of momentum and energy. 

The procedure for solving the 
corresponding set of algebraic equations is 
based on the line-by-line method delineated in 
(4]. In addition, the computations were 
performed with uniform spacings 011 a 22x22 
grid in the ~-e coordinate system. 

As a verification of the computational 
procedure, numerical values of the friction 
factor represented by the suitable parame ter 
fRe were compared with the analytical 
predictions reported by Soliman and Feingold 
[3]. Additional results were determined for 
high temperature gas flows through finless 



tubes accounting for participating radiation. 
As rnay be observed in Fig. 2, the rnean bulk 
ternperature distribution agrees well with the 
classical solution of Pearce and Ernery [5] for 
a wide range of radiation pararneters 
considered. 

~: -- ::~c: ~ =~ .,r">,... - ê~i 

_......_.._ ?~ es~·'"' : NC '< 
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=n .............._ -.J.-
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z 

t , I t. ~ 1. s 
I N ~ Z S, 
2 ~~S J . 
J N ~ G ZS, 

lO 

T;' l 
T ; ~ 20 
T:' 1 

Fig. 2 Mean bulk ternperature distribution 
for plain tubes 

RESULTS ANO PISCUSSION 

Although the Nusselt nurnber is 
traditionally the dirnensionless pararneter 
ernployed in presenting resul ts for internal 
forced convection problerns, there is a good 
justification not to adopt this approach here. 
ln fact, for engineering purposes the rnost 
irnportant inforrnation is the heat transfer 
enhancernent in a certain tube length due to 
the addition of fins with respect to a finless 
tube. Correspondingly; this rnay be readily 
accornplished, via an overall energy balance, 
by cornbining the rnean bulk ternperature 
distribution and eq.(10). 

An exarnination of the conservation 
equations reveals the presence of six 
prescribable pararneters. However, in the 
presentation of results sorne of them will 
remain fixed; for instance the fin angle 
28 = 6", the dimensionless fin height H= J . 5, 
the number of fins NF = o, 3 and 5, and ~he 
entrance-to wall-ternperature ratio t. = O. J . 

Figs. 3 and 4 have been prepared to 
illustrate the influence of the radiative 
rnechanism in a gas flow through the finned 
pipe. This influence will be represented by 
various cornbinations of the optical thickness 
r and the radiation-conduction pararneter N. 
First, considering r = 1 and N = 1, it is seen 
in Fig. 3 that the bulk ternperatures increase 
slowly with Z'. This is an expected behavior 
due to the fact that thermal radiation is 
rather weak. 

Conversely, when therrnal radiation is 
stronger r = 5 and N = 5, the aforernentioned 
trends are rnodified as evidenced in Fig. 4. 
Accordingly, the rnean bulk ternperature for 
each group of fins rise more rapidly than 
before and the region of therrnal saturation 
for each NF occurs ata shorter value of z•. 
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Fig. 3 Mean bulk temperature distribution 
for finned tubes 1 = 1 and N = 1 
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tb 
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Fig. 4 Mean bulk ternperature distribution 
for finned tubes r = 5 and N = 5 

As a conc1 uding remark i t Jli.J.Y be said 
that the exclusion of radiation rn1y 1ead to 
1arge errors in the thermal a,\alysis of 
participating gases flowing a: elevated 
temperatures through longitudi r.al finned 
tubes. 
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NOKENCLATQRE 

cp specific heat at constant pressure 
(J/kg-K) 

f friction factor 
G total irradiation (W/m2 ) 

G" dimensionless total irradiation, eq.(l) 
H dimensionless fin height, h/ro 
h fin height (m) 
k thermal conductivity (W/m-K) 
m mass flow rate (kgjs) 
N radiation-conduction parameter, eq.(l) 
NF number of fins 
p pressure ( N/m,) 
QT total heat transfer (W) 
Q~ ideal heat transfer (W) 
Re Reynolds number for finned tube, eq.(l) 
Re. Reynolds number for smooth tube 
r radial coordinate (m) 
ro pipe radius (m) 
T absolute temperature (K) 
Tre< reference temperature ( K), Tr•< = Tw 
Tb mean bulk temperature (K) 
T. entrance temperature (K) 
Tw wall temperature (K) 
t dimensionless temperature, eq.(l) 
U dimensionless velocity, eq.(l) 
U dimensionless mean velocity 
u mean velocity (m/s) 
Z dimensionless axial coordinate, eq.(l) 
z• dimensionless axial coordinate, ZRejRe. 
z axial coordinate (m) 

Greek Letters 

2B angle subtended by one fin 
B extinction coefficient (m-') 
a Stefan-Boltzmann constant (W/m2 -K4 ) 

r optical thickness, eq.(l) 
n heat transfer efficiency, eq.(l2) 
~ dimensionless radial coordinate, eq.(l) 
e angular coordinate 
v kinematic viscosity (m2 js) 
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rt ;"tp!J(·;u~ :; t .h ;.lt. : ; p;ll''!''()1~o.• ;~ n d Jo' ; IT'i i i :) [ l l ' \'JC'r'C Ut f~ 

fir ' ;~L invc:~;t.i.1.~: 1t u r·~; \ (l ; Jf'!;l l y t. ic;!lly ~; \.:1riy : 1 pl·'Db 1cm n f' 

th i ~--; l..yp(· . TfH.."!: J'.' :H Jt.hor·~; ~>t11d i ed t i re I T:nt~;iC'n t 

conjuf.!,;ll .. f'd p r·nb .l f·lll fo r ~> 11 1}'. Clnt~ b rtween Jlilrnl lf• l 

p l :1 1 .. t':i , :1 r1(! nbt .; ,in( ' (l :1 ';t_• r · i c~ ; ·;<)11 t l . i ( l f l . Tf 1,-' ~i<l ]\ J t. i <Jn 

prc:';( ·n tr'(l b_y ~ ;!('f:l , le:!r!~ ; t.o : 1 conpl r·x l'i ;•,t~ llV :l l.tw 

pt'ob1Pm whieh dr· : J( ' n d:-: ; ( Jil ttH~ t..r~ dl <. n u l Clu í d p hy:; _i c;d 

proper'tic:-; : lll rl ()f) Uv• c):~r· i 'l l:J tj( \1) I' I'C'(pJI'ncy of l.hC' 

t c rr.p e t'i"l t.u r• ~ . A I. r· i :1l ; 1nd c·rTn r· prn l''c rl u r(' Wd ~> 

Crlpl nyed b_v : ip.:tr'r't l',\: :1nd F <t t'i ~ l~: t 'o r· U l(' nume r'ic~ ll 

eva luntion or· l fH· r't';J J .:-üld im~ l J-"'.iii< l i ',Y par'L:; (Jf' t:hc 

e i r,cnv;tll lC::; . Cott;J 0 L ;1l. [;J l, .:l.dv:tncL.·d t.h(' : rn;Jly :; i::.; 

forcf'd cunvcct. i on in b ()t.lt p;__n·;dl c l pL1t.c:; cf1;m rH·l 

;jind circ tJl a r duct , and : ·t~ l np l.ed t.IH" ~;ip_ t ;- oX.n l l. me tJ tod 

t.o ob t a j n l he r-omp lc•x <"i,,~ cnva ll JP~; . 

Tile d i C l'i cu l ty a:;c:o ci: \\ .c d wi t.l t UI(' :m:tlyt.ic: ll 

~--;oluti on o f th ir:; pr-oblt•rn hu.s bc(·n r·c ] ~Jt. cd 1JJ i t.h t.he 

so l ution o f lhe r·csu l t ing compl cx e i gen va llH' r r oblem. 

Therefore , TrGvcl h o :md S:-tnlc,; r3 J P I'('S Cn f;c d a n 

:.Jl ternn ti vc w: ty o r o; ol ving t hú; pn>b l e m by 

considering tr.:ln:lif•nL f'or'ced conv ec t i on in pnr•nllel 

pl<:~tes c h a nncl wi th the :; a mf' phyc; i cn l conrli tions 

pret>cnLed by ~)p;t r·row ~tnd F.:1 ri ;1s ;1 nd Co LL 1 c L n l . , 

wit.hou t t hc n ccd o f 1k ·t c: r·min in g, Lh e~ cump l f'X 
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(' iP< 'JJV:J l ues . Thcsr c j gcnv;tl u es wct-e ;""]Voi d ed by ;-1pp l ying 

t.he L:tp I .-:ctee Lr3n:-'; form Lo ihe ~qlla Lion ;::-md l.o Lhe 

bot lfH.lí.!t '.Y cond i t.l on:-; oi.' thc p r ob l c: m. Th e inve r~:;e 

Lt' <: l n ~ ;fo t Tl ~·,.n~l obt.:li n ed numé!r i cally . l n [4 1, Tr:1ve i ho 

;1nd Sant.o:; fu r UH~ r <.Hiv:tnc:cd th c annlys i s o f' Rcf . [ Jj 
by i ll'1;Jlytic:1 lly obLdnú\f; t.hc invcr'f:;c L;:lpl;:lcc: tran~:;f(J rrn . 

J,. <'.( jJ ~-:: ; piÇy' .. ic.-d ~_:;i l u: lti { Xl ;i:11 .il .: •; ' t, th:·. t 

t' . i' :• , ;-! >i : :; i:·: ;I~ r.J ! ('I i;! :I .r. ( '>ii !: ,! ; , ,, ;~, ;1; IC; ~X III: ](;; ~ i y {' ( ,!~:; t.~. ;j c; ! ) !' U Je 

pnJl")[ (n, c ] i~:lin;~l i1 t111' (\ .llif>l(':•. ~·_i ppnVó!ll lt pn.t) lrr:: . 

/\NAL YS LS 

ln th c p h_y~·;j :;iLl!:It i on , <.1 f l uid, jn l: ;; n:in:u' flo,; 

rlc'V (~loped li ydru dyn .:-1~.i C<Jlly , wi t h t h c i nl t~ t t·r ~1 np c1 ·n l .. u.i."'t.· 

v:t:·y .in .~~ p{'r·iod.ic~l l ly in tim<' , i s mov 1ng t-: i t.hi n a 

c i J'C' tJLJ r duc;. uf r·;~t liu ~_; <l ~u 1 d lhickn c:-__;s Q. . The ;·,r c:~l] 

I! H l f'lui d LJ'<.tt·l~)pCH ' t !li.'Opcl'tie:.; are ;: : ts~:;um erl to b c 

con~;Lntt ~md thc~ ~Jxi ~ ll condu ction ~u1 cl V Ú:l~O l l · 

di~; ~ ; i pnL i on ure ne.r:. l e:c Lt"~cl . The \~J<.Jll Lemperntu r e 

vari;·d.ion i !=; not. :> IY'C i ricd in <.HJvance, but. is 

din nm:í c.:-tlly l l l• t.CJ ' r~ J in .-~~ ~ b.v t! Ju b ;1ltutc e b~~tv.Jf'en t !1c~ he;.l. t 

t. r· ;.ms ft.:r · r:tt·.<· :tnd I hv ~·rü ·!')_',.Y ~;tcH'ed f cn' i:llc: condi t:io n~:; 

:~Lal.cd . The e n ('l',f''J <~qtt : ,t . jon, under· ~~uch cond i l.ion:.; , ,~ ... 

I'. Í VC'fl by 

:l 

:JT ( r , c: . 

)L 

';l' 
r, 
L 

,, ,., 
( )õ ' ' 

t- 11 

=T(y , z , I) l 
,q· 

j n O < r < ;1 , z > O, t. > O 

1.' 

(lll ) 

~vh t·t'C o. i ~:, Lllc lht'rmt.ll diffu~·;"iv :i ty of f'luid . Tlic ]nlrt 

:1nd bou ncl :lt''Y CrHH li t"i nn~i : 1:> 

T(1· , o , 1. ) ·~ T 
o 

2.:1'lr , z , t.) l 
ar 

r---=0 

j lJ t. 
• 6'1' c 

() 

o 

O ...: r < ~~ , t >O ( l b) 

" > o. t > o (lc) 

- k illr',Y , t) I 
a r· 

.'!.!la , z , t) 
p!._/ ' (!J Q.. ;) t 1'. > o, t. > o ( 1 d) 

wher't:' T 
() 

r· =- :1 

is L h(' cyc J <' mcrm h"r:p<::n:rhwc , .6'1' i:·; :_JJf-' 
(J 



ampl itud e of i n l et oscilla t ions , w is t he fr rq u c ncy o f 

osc illations, k is th c t h e r ma l conrlu cti vy o f fl uirl , 

p i s the wall densi ty and c i s Uw wall spec .i flc 
w "' heat . 

ln the present wo r·k, it i.s not neccs~;;:u·y to :; t n t e 

t h e init ial conditi on (t=O) , s ince onc only seek s a 

p e riodic solution to prob l c· ~• (1) . 

The utilizati on of t h e slug f l ow mode l (u = U 
constant ) and thc in troduction or t.he follml ing 

dimensionlt~~.;s gr o up s 

r 
R 

a 
z CIZ 

Ua' 

at 
1--' 2 

a 
Q 

2 wa 

u 
Q*= PCpa 

p c t 
!l) {ll 

in 

n 
b* 

a* 
6 (R , 7. , T) 

_I_(r· , z , t) - T 

t,T 
u 

eq uation c; ( ;J-l d ) -<"<Hb to: 

J G ( R ,z , r I 

dT 

;) ou-~ ' : .. ' 1) 

<JZ 11 [ 
. ;IO(R , i: , 1) ] ( , ) 

[\ ~- ,.-1(\ 

:I R JH 

i n O < R < 1, Z > 0, 

8 (R ,O,T) 

' 
J() ( H ' I ' I) I 

i fi-: 
c 

I 
3[1 '11 -- 0 

;j{ ( 
' T) I :JM 

dn 

c o 

H" l 

> " 

() < 11 1 , T > (1 

Z > U, T > () 

JO ( l, '/, , 

JT 
- (l '(~ , T-, Ü 

The dimcnsi. o n l e:-;::: p.::t r <1r.1vl.c r- ~-:> a* and b • wiJ ich 

(:O b ) 

(?r) 

(;> ti ) 

~lf)pca r· i n til c (h me n s i o n lr!'"::::; J.~rn u p, chru·c:tc ter i Z(· tltf' 

e f fccts o f Wélll cupac i tnnce Lo he<lt- t.r·an~~ rc,· . 

ln ord Pr to obta in ~J p c r·lod i c ~~o l u L ilHi ror t.IH ' 

probl f'm (?) , n peri od i c LemrH:r (-lt u r'c :;c, 1 1~: i(_)/) , 

w :.1 ~> ~: :: , -; u rn (, i l . T h i ~; su l ulinn t JU:.i ~. ~ I ( ~ 

fo rm , 

O (R,/., 1 j ~ w(R, Z ) ei \l ( r-7,) 

:·:qu~"d.ions ( 2 a- ?d ) togeU10r' wi Lh t '' !lZtt i ort (-_1) , giv(· 

_;;_t(_fi , Z) 

;)'' ~ --}- a"l1 [ ii 

in O < R < l , Z > O 

\)J( f1, rl) 

_;;_t(_H' 7.) I 
;~n 

n 
l? c (l 

~~R , í'. j J 
a H 

~f1,i: ) l + i b * ljJ ( l, ;'.) c() ;) f1 R -~ l 

1,1f:T I10 1l OF SOLUTIOI~ 

I 3 J 

(4 ;, ) 

( llb ) 

(ll c) 

( ll d) 

A fcJr· tn~ll ~~cJ l tJ t.ion L<l p r·ob 1 crn \ 4) i» u bL rincd 

Lhro u F, h Lhe 

tech niqur· [ 

p r-ob lem. To 

u:~;c o f Lh e c l :-. t :-;~;j c; 1 l i n L\: [ ;r·r1l LJ' é Hl ~; f o n n 

], which r c~-; ult. s .in tJH:' complex ci gcnvu l ll C 

c:lirninaL c thf~ cl .i f!' :i.cu lt i c~-; Lu ubt;1jn Ut c 

cornplc~x e_ig(·nv;dtH~s , t.h e p r~(Jt·lc• nt. i.•JCH'k '~olv c·:; Lhe· 

f.H'Oblern (4 ) by w_ ; .in r~ tl 1c-~ LapL.tc:C' Lr · ~ al; ; f'onn Lo L)) (' 

vaci ab 1 c I. , Ulcn t.l tc· f'qu<J Li o n ( t1 :t - !ld) tJC·co ;:oc 

150 

I 
:;~( H, :;)- l ~ R ;)11 

él~( R', ;) I 
J R Rcll 

() 

.I :! ~o( 11 ' '; ) ] 
jR 

;)~(f1,c;)l • ib• ~(l , c;) ~O 
CIR f1~1 

wl•e •·e 1jJ ( R, s) i s d e f incd as 

~(R , s) Ji•(H ·;J .- "7. ' .. . (~ J.. j m •Hn . ~~) 

Z-+ ~ 

nnd 1:-; t.IH' L;tp] :t(~t.' t.r'tHt: ; f"orm par~;unctC'l'. 

d~~ 

Til(' :; olutlCHl t1.) prc~h1r'rr: (~_)) {' i\ ll h _v 

•)!( H ' , ;; 
ib* [ ("-1~(1;+ ~;t~:~:-~ ~i :-; : ~ 

15a ) 

( 5b) 

(Se) 

(61 

{7) 

'.·} ~ . ·r·p r and :t!'t' Iili' rtud i ficd ! h·~-;:;c·l f"IJr:rt inn <·· f" :. l~t· 
() 

~ >_'\"o r hi k ind . 

;\:; ncnt ii)n<:d h c·f"o J'I' , t.!Jt' :n:iiJ ; <-·b . i~ ~ c: i v<' pf til i:; 

vJork i: t.o d c·Lt•J · n:in< ~ 11~1.· qu;m t i t j( :; ,)!' i lllr.·J'I':-;t ;·._:;uch :1:.:; 

\1/ :.:-111 t .-_•rnJ'CT:t tUt't ' , ',\l~lll ht'·::~ t fl•.Jx :n 1d f l uid buli<: 

tcmpc-t·:lttn·c· 1:~ U1r· tlH ·:·:-: t: t.l C' tllt :ttH't· t-c-t•,i ,~ n. TiJ P 1'C'f<H 't: 

U:i~ ; i Lu:ti inn OCC \Jl ':·; f'rn · ~; p:;tll v.:tl\J(•:; ut 

CUJ 'I'(':-;pond i nr t .o 1 : tr'r.(' Vil I u cs n r i n t. l, e 

t.I·:tn~; r(l :·m cd p.l <lll r · 

f\c:1tT: u w. i tlf~ t li c· <'~Jt J ;t ti on ( ·; l 

llbi.:.J -i n~ ; 

: trtd :;ct t .ir w, H - I , í..) t:e 

~( l ,o;) 
r, 1 f i] F [ yr,- r i IJ' -~~ ('1 

(ti I 

,\f'tc-;· ir t\ I 'O ihH' Í tl;l, l.\1C· ]; l l 'l ' i ' :t l' !'_t ); Jll-'rl\ t ':•:P~·trJ:-.;1(1!1:~ (lf' 

t.l l i' run ct. inn ~; ( l·,~'(l I r~t' c-qtJ : il, .i on lHl : l ~; 

; 1\j;Ji li1blt' in [: l ]' ( ll'ld 1.\') c xp:trl(l u~r· ]'('~;ttll inp, 

( ' Xfll'C' ,,~;iun Írt l .(• t ' l-:l~ -; C• !' \.li t ' ('( JTJVr•nti on:tl mt ' f.h o d o f' 

p:t r·ti:-tl l'r·;wti nn~; , Llt• ' i t tVl" l' . !1':m::fnnn i: : n bt :-dnC'd 

[Cj ;r:; 

~· ( l ' z) [ 
y' 7. ( ,J, ) 

V c-' 1 
('J'f'(' - - V I V .-, · -. r • 

. Y I -y') 

- ,V;, <' ' ' l ' fC -.Y;· V /,_1 
_v:: :: ' ( ,/. ' J (91 

·._ .. ;hc•t'l ' ,\'1 :md y') ;n·(~ () h\ ;t :ir tc•d , - 1~ } r( l '\lo•,,nc; 

y~ 
ib * 

[ i J~" ( _i ~, _ l ) J 
1 

/' (10) 

'1'! 1(' l"un~·t.ion ~·J(x ) , t , tL>t t l ,t ll ·d in nc r·. [~;] , i ~ .; oftcn 

l l:;< ·cl i_n~~t.(":l d or l i)(• (' I TOt' f't m cl. ion \-v'lw n t lic> L tt .t.c:· h.::t..'.~ 

;-1 CCHflp1<'.": ~~~ - .:~ li PJC'!l 1 . Tlti: ; f'u n ct.ion i ~; dt>f i nccl <J ~> f"o l lo~·~~; 

~·J ( ~-: ) (' 

- X 
l ' l 'i'C (-i X ) 11 I i 

ll_y ll~;in ,l', Lh i :-; f'll tH'I.ion t hc equ ~-tl.i on (]()) , <Htr: 
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i;-1-; , v0 :JJ (-i_v
1 

"f7.) - Y2 
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e (Z , T) 
w 

o ( 1. z . 1 ) ~ 
; nl ,_~, J 

c 

wh ere the peri od i c part, equa t ion ( 12) , l s def ined 

here as 

~ (Z) 
w 

( -j y 1 Vl ! -~( 1, z) ~ 
Y,-Y, 

- y ' w ( -iy 2 v'7 )] 
The wa l l heat f lu x eh IZ , 1 ) is obta in ed as 

_ <l_(lj_R , Z, l) l ; 
a R 

R=l 

i íl I 1-Z) 
e 

(13) 

( 14) 

( 15) 

the periodic part oi' the Wi1ll hea L rlux i " obtained by 
us ing equation (4d) l.ogeth el' witl1 cqu c,t.ion ( 12). Thus, 

one ha s 

<li iz) = - ~R . z ) l c ib*1)! ( 1 , 7.) 
h a R 

!L l 

I 16) 

The dimcns ion l e ,;c; fl uid bu lk tempcr;.> Lure ob(Z,T ) 
is detcrmi ned f~rom i t ~ -; de fini t .i on ;,s bPing 

::: 2 

1 

J RO(Il,!.,r ) dR 

i (lI r-/.) 
e ( 1'1) 

where t.hc per·iodic p;tt'L o C thc- I' Ju id bul k lemperalu r·e 

is def ined as 

l)Jb (Z) õ? J Rq,( R, Z) dR 

(l 

( 1(3) 

The Lap l ac: ' \.r; _ul sl'o r'nl w1 th l"' (~~:;pect to /. , give~::. 

( 19 ) 

by inser·t ing ~(ri , c;) Crorn <Oqu;lt. ion ('1) i nto ;,quul i on 
( 1 9 ) , t t1e tr·an~;fo n:1 cd f l ui d bu l!--, t empcra t.ucc i ~ > 

o b tGi n e d n f tc r a d i t~f'Ct . i ni cg r ;.it"ion ns 

- 1 2ib* 
lU (s ) = -- - 77' 

b " s 

By usi ng ;:1 ~=;i. mi lar p! '(JC f:'du rc l!~·_;c"! d tCJ o bLJin Lllf: 

inverse trun ~:;fonn;ltion of U1€: wa ll \ : c' mp c~ r · · ; Jt.tlrc , <me 

()btains t.h e inv~~r~;c · Lt'an~-;f(Jf'rncd o f' c quution (?O) .Thu:-.-;, 

th e p e riodic part or dirnl ' tl: )ion lc :n; f'lu ·id bulk 

tcmperature bcccJmcs 

vb(Z ) = -3 -
? ib ' 

Y,- Y2 

[ -
1
-: w 1- i y ,yZ ) 

.Y 1 

Y, 
W ( -i y, f/. J ] (? l ) 

1 -" r~om 1.1 pr;wtica1 pnint. 11 1" vir ~ ·,.; t 111 d for 

i.ippl:i r.~nt i o n· · i L ·.,•Jou Ld bc vc~r·y u ~ ·.r /'u l Lo pttt t.hc 

( j\l;Jnt·.) \ .ii .'~ <; f. in1.r •t'l'~-;t. fTH~n\.i iJn C~ (J b c: for' (: , i_n h:rrn;; or 

:n:1plil,t1dr", !\(!,, :,nrJ ph;1:;r· ldF. ~ · : , <tJ('/.) . Thi : -; w~1y, t-JI( : 

· nr:p lit t Jd r ; ~: !\,~('/, ), /\
11

('/. ) :md /\h(~'.) ; n·Jd pha~;c~ L1r:,:; 
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<l>w (Z) , \ (Z ) and <l>b (Z ) a r e ob ta ined as fo llows 

1/2 
A I Z ) 11)! ( Z) I ; I [R e ( 1jJ) 1 2 + [ I m ( 11>) 12 

} 

<I>(Z) tg -1 [ Im( 1jJ ) J -- - nz 
Hei v ) 

(22) 

(23) 

wh ere Re (l!>) amd Im(v) are tbe r eal and imaginary parts 

of the ll>w' 1jJh and vb giv en by equations (14), (16) and 
(21 ) . 

RESULTS ANO CONCLUSIONS 

The resu l ts obtained t brough the use o f the 
equati ons (14) , ( 16) und (21) a r e sbown in Figures 
(a ) to 3( b ) . Comparison is made between the present 
solution and t he solution obtained by Cotta et ~.[21. 
2~ eige nvalues wer e used as listerl in 

Re fe re n c e [ 2 1 , for e a c h v a 1 u e o f b*. The 
major discrepanoes ucurred for the phase 1ag of the 
wa l l temperature . The phase l ags are the ones more 
prone t o generate errors beoause in t he thermal 

e ntra nc e t hey are very s ma l1 qua nt i ties , and a small 
e r ra r in t he complex tempe r ature would produce 

not i oeuble ohanges i n th c ir va l ues . However , thc 

agr eement .is very good i n t he who l e i n terva l of 
in teres t . One should notic e tha t th e e igenvalues 
so l ut i on will give better resu lts for large values of 

Z , becau,;e the errar introduced by taking a finitc 
numb e r of ~igenvalucs decreases i n t hi s case. On lhe 
othe t' hand , the so1ution prcsented here will give 
be tte r so1ution for smal1 va lues of Z . This happens 
because in thc transform ed pl a ne th0 c xpansion of 

Hesse l funct i ons was made in arder to obtain good 

prcc i s i on i n the usyrnp tot i <O r egion . 

Therefore, t he d i sagreeme nt between t hc s o lu t i ons 
f or the 1ar g e valu<es o f Z ocours bac a use th e presen t 
so l uti on start to lucEc orecis ion . However , t he 
d i sagr eemen t wh ich happens for smal l val u~s uf Z is 

due to th e r e lativo small number o f eigenvalues used 
in t he eigenval ue soluti on. Thi s s mall numbe r is th c 
r esponsi ble for the Hlight overshoot ing which occurs 

for thc amplitude of th e wa1l temperature for small 
valu ~s of Z. The read~r shou ld a l sn notice that the 
rn·r~ !:;f'nL ~)Dlut i on i~~ ve:-·y c.:J.;-:;y to t. e u ~·;e:d br·cause o:;ly 

Lhe r ,<J s' : ~ :~J(•l t~r~~ y 
1 

and y 
2 

t:C!-~rl Lo b c c.:t l c u l a led, and 

Lh ü; ca l c ul a ti on is " t r·aigh l:fo r ward . 
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DESENVOLVIMENTO HIDRODI~ÂMICO E PERDA DE 
CARGA EM CONFIGURAÇOES CIRCULARES 

LISAS E ALETADAS 

Philemon Melo Cunha 
Francisco Eduardo Mourão Saboya 

Departamento de Engenharia Mecânica . 
Pontifícia Universidade Católica do R10 de Janetro 

RESUMO 

Foram determinados cm levantamento experimental os coeficientes de perda de c~rga 
para o escoamento turbulento em tubc~ de se_ç~o circular com alet~ - na forma de pmos 
- colocados in ternamente. Foram colocadas vanas tomadas de pressao ao longo dos tubos 
para ava lia r os comprimcrJt,os de desenvolvimento, que são mostrados graficamente. 

INTRODU CÃO 

No estudo dos trocadores de calor compactos ou aletados 
to rna-se necessário um bom conhec imento do impacto de se 
colocar a le tas para a;Hw;nto da troca de calor. Sabe-se que 
com a colocação de a letas ou pinos aumenta-se també m a área 
de troca de calor e por vezes provoca urna melhor mistura do 
flu ido de escoamento . 

Perigoso se torna porém, conclu ir que por haver urna maior 
troca de calor também haveria uma melhor performance do tro
cador. Sabe-se que a colocação de qualquer e lemento pertur
bador no escoamento, aumenta também a potência necessária 
para provoc á-lo. Daí a necess idade de um con hecimento da 
perda de carga ern cada seção a ser adotada, c quanto maior 
for o número c ar ranjos disponíve is dessas scções, mais dados 
se terá para a olirnizaçii.o de determinada configuração que se 
queira. 

As seções estudadas neste trabalho sii.o ci rcu lares com a le
t as (pinos) var i a 1~do ~cu comprimento (a ltu ra), conseg uindo
se daí, a infonru çi .. do desenvo lvime nto do escoamento , assim 
como as correlaç._;, ,,_, co m número de H.cynolds c comparação com 
tubo liso. 

onde 

Fig. 1 - Seções estudadas 

K, = L'>P,,j((MepV 2 )/2) 

Por substituição de (2) e (3) em (1) tem-se 

L'>Pt = (f,t(e j D) + MeK1,)pV 2 /2 

v = mjpA 

J,~ Coeficiente adimensional de perdas no tubo liso 

e Comprimen to do tubo 

M 1 Número de fileir as longitudinais dos pinos 

(3) 

(4) 

(s) 

Carnavos [ 1] estudou scçõcs circulctrcs com ale tas retan
gu larcs c helico id a is colocadas na parte externa c intern a de 
tuhos. Nicckclc [2[ fez experi mentos, c obteve corre lações para 
a co locac;âo de pinos tarnbém na parle externa de tubos. Draga 
[3] estudou a colocação de alet<LS retangulares e seg mentadas 
defasadas longitudinalmente, t.<lmbórn na parte externa de tu
bos. Draga [4] obteve correlações para scçõcs triangulares com 
urna parede adiabática c pinos nos lados in ternos do triângulo, 
var iando o ângu lo dos lados pinados de 60-º , 90-º c 12oº. Todos 
os trabalhos c itados apontam para trocadores que passam, de 
preferência, o fluido com menor coeficiente de troca de calor na 
parte externa, com exccção do p ri mei ro para aletas retangularcs 
e do último p ara pinos. Justifica-se daí, o estudo de scções cir
cu lares com alctamcnto interno cm forma de pinos, objeto dest e 
t ra balho. K, Coeficiente adimensional de perda de carga localizada 

por fi leira de pinos 
PRESENTE TRA llAUlO 

Optou-se pe las seções circul ares com pinos, colocados inter
namente pela necess idade de m ais esta configuração à disposição 
de p rojetistas de trocadores de calor compactos [5]. 

A scção escolhida foi a de tubos circulares com 6 (seis) pinos 
co locados rad ia lmente de diâmetro d cm d is pos ição defasada 
long itudinalme nte para dois comprimentos de pinos: ll= :ld e 
H= 2d conforme a Figura 1. 

A perda de carga L'> l'1 foi <'Xprcss a como a sorna da perda de 
carga no tubo liso L'> !'.1 com a perda de carga ern conscq uência 
à presença dos pinos L'>P

1
,. 

( 1) 

(2) 
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p Densidade do fluido 

m Fluxo de massa do fluido 

V Velocidade média do fluido na seção A 

A Área transversal elo t ubo liso. 

Por outro lado pode-se definir coeficiente de perda de carga 
total ft corno: 

ft = L'>Pt/((f-J D)pV 2 /2) 

onde se tem de (4) e (6) 

(6) 

(7) 



O objct ivo e n tão, será determinar: 

!.1 = f(Re) pard c;dibraçcio do sistema 

ft2 =~ f(Rc) 

!t3 = f(Rc) 

Kl'z e K,3 

METODOLOGIA EXPERIMENTAL 

H= 2d 

H= 3d 

O fluido de trabalho foi o ar de uma sala, mantido sob con
trole de temperatura, prcssiio c urnid<tde relativa. Para a colct<t 
de dados, construiu-se urn <L bancada de testes . A mesm<t era 
composta de um Bocal, p<Lra a medida de Vazão , acoplad<t a 
um manômetro difere nc ial onde se li a u rna a ltura h . A segu ir 
h avia um tubo de latão (Je bom acabamento interno) que após 
o desenvolvimento hidrodin itrnico, t inha pinos internos c, dis
posição defasada longitudinalmente, e terminava com um com
primento de scção lisa para propiciar o rcdcsenvolvirnento. A 
seguir vinha uma válvula (tipo "borboleta") que possi bili tava 
o controle da vazão e consequentemente de Re (Reynolds) . O 
escoamento entrava então em um exaustor, que bombeava o a r 
para fora da sala. Ver o esquema na Figura 2. 

Manõmetro 

Fig. 2 - Esqucnm do sistema montado 

O Boc<tl (medidor de vazão) foi constru ido cm resin a. e 
comparado com urna placa de Orifício cali brada, ass im corno 
veril·icados os resultados p ara a perda de carga cm tu bos- de 
conhecime nto na li terat ura afim - obtendo-se boa. conflabilidadc 
nas leitu ras de vazão, c velocidade média. A <'scolha do !loca l se 
deu pela não necessidade de comprimento rle desenvolvimento 
<ln tcs rlo mesmo, j <i que se tratava. de " Bocal de en trada" . 

O tubo que continha <t scção de testes (2m de con1primcrrlo 
c di iimel ro de 28,5 mm) foi usi nado nas cx t r<'rnidades pa ra o 
acoplamento, e a furação para a montagem dos pinos foi rcali
Z<ld a cm um a freza equ ipad a com cabeçot e d iv isor para a p<'r
fcita d ist ribuição dos pinos , e colocação por inlerf<>r('nc ia. l·: m 
seguida, os pinos foram soldados c 1r sina dos cxt.enlar n<' rrte para. 
rrwllio r ved aç<io e obj<'tivos futuros. 

A vitlvula "borbole ta" era dr~ concepçiío simples, lll<ls 
garan ti a. urn con t role de vaz;io dentro da faixa de ltr 'y no ld s qr rc 
se d'~s ejava . 

O ventilador (exaustor, para t.rabalh a.r na s ucçiío) Na 

centrífugo e rnant. iu ha boa es tab ilidade para garanti r urn rcg irne 
rwr rnanente. As tornadas de pressão (para perda de carga) 
fora m distribu ídas longitudinalment e ao tubo , (tanto no li so 
q Ltanlo nos pinados) tendo como referência u m ponto Q colo
cados no início da scção de testes; daí os va.lores negativos e 
pos itivos que se observa no gráfico de desenvolvimento. O s is
te ma par a estas m ed idas de pressão foi o DA H.ATHO!'\ (cquip<l
m e nto com s inal e lét rico) cuja so nd a perrnit.i ;t uma reso luçii.o de 
10- '3 mmTig, necessária para o caso de ar nes tas con fi gu rações, 
medindo perda de carga. 

Os instrumentos para medir a temperat ura c umicbclc re
lat iva para o cálculo das propriedades era m s imples, com r<!S O

luç ão de 0,5 ºC e 1% respectivamente. 

DESENVOLVIMENTO DO ESCOAMENT_Q 

l'rocurou-sc dete rminar o comprimento de dcsenvolvinH'Ilto 
do escoarnento (no tubo liso is to serv iu corno cali bração do s is
lC!ll<l, visto que já existem resu ltados na li teratur<l), que pode 
ser observado nos próx imos g ráfic os. Observa-se que o dese n
volvimento na regiiio pinada é muito r{cpido, ou seja, pequeno 
cornprimcrrlo de dese nvo lvi rne nto (<' JJJ torno de 3 di tunct.ros ). 
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Este gráfi co rcprcs<' JJLt <1 difc~ rcnça de pressii.o entre o ponlo 
a ser medido c a pres~;-,o no ponto Q (início da scção pinada) , 
para altura de pinos li Íl-\IJ<d <1 ;~ vezes o se u diâmetro d. 
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r·:st<' gráfico represe nta" d ifcrenr;a de press~o entre o pon to 
<1 s.·r llll!did o c a p rcssfw 110 ponto Q (irrício d;1 scr;ão pinada), 
para. altura de pinos II Íg1utl a :2 vezes o di tundro d. 

.ÇOI<;.fJ~~mNTES ])_~_r_t.;lU)_A D~_ç_All_GA [ f, 1\1, 

o~ coefic ientes de ]><'rela de car·ga !.1 f 1 e J\1' foram dctermi
rrados pr ' l~s <''tllilÇÕ<'s (:Z), (G) c (7) quando s1 rbs tit.u idos os d ados 
co lhidos du rallt. e as <'XI H'ri<~ nci <ls. ]-'or am J"f'alizadas cm torno de 
:;oo ··conidas" para c;Hi<l sc<Jl o, para g<:r<nll.ir <l r('pet.iLilid<Jdc. 
<' 11111<1 boa i'a i ~;r. de lley no ld s nros t. rada ;r. segu ir. 
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Fig. 6 - Variação do coeficiente de pe rda f com Reynolds 

Procurou-se correlacionar o fator de fricção f e o coefi
ciente de perda localizada /{1, com o número de Reynolds do 
escoamento. Nos gráficos elaborados foram feitos ajustes de 
curvas para a correlação dos dois adimensionais. Os resultados 
e correlações estão no próximo item. 

RESULTADOS E CONCLUSÕES 

As correlações para o fator de perda de carga como fun ção 
de Reynolds para tubulações circu lares a letadas internamente 
(252 pinos por tubo) foram determinadas para dois comprimen
tos de pinos dife rentes I H= 2d e H = 3d J. 

O gráfico para /{1, mostra uma pequena variação do coefi
ciente de perda de carga com Reynolds devido à presença dos 
pinos. As correlações obtidas pelo ajus te de curvas são: 

H= 2d 
H= 3d 

!t2 = 0,36 Re - 0
•
04 4 

!t3 = 0,78 Re- 0 · 0~ 0 
K,2 = 0,095 
Kp3= 0,20 

Estas correlações foram determinad as através de progra
mas de computador na sua forma global e localizada. 

Verifica-se que a variação de f e K, com Reynolds é bas
tante pequena, justificando-se cons iderá-los corno constantes 
para cada compr imento de pino, em escoamento turbulento. 

Também se observa que, com o aumento de 50% no com
primento dos pinos a perda de carga dobra, o que parece de
saconselhar a configuração de H= 3d. 
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ABSTRAC T 

Pressure drop data have been obtained experimentally for 
the turbulent flow in circular tubes internally finned with pin 
fins . Pressure taps have been installed axially along the tubes to 
evaluate the lengths for flow development, which are presented 
graph ically. 
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Passive Heat Transfer Enhancement by 
Surfaces with Spanwise Riblets 
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Numerical investigations of lhe flow pattern and forced convective heat transfer in channels 
containing V-grooved riblets on one wall, are presented. The riblet surface profile is designed to 
excite Tollmien-Schlichting instabilities in the channel flow. As a result , traveling waves are 
observed at moderately low Reynolds numbers inducing oscillatory separated flows which 
enhance mixing, and hence, augment convective heat transport. Direct numerical simulations 
by a spectral element-Fourier method are performed in the laminar and transitional flow 
regimes, at Reynolds numbers encountered in compact heat exchanger applications. This 
geometry is found to offer a significant improvement in heat transfer/pumping power 
performance relative to a flat channel and it is comparable to other augmentation schemes. 

INTRODUCTION 

The need for lightweight , space saving, and 
economical heat exchangers has driven the development of 
compact surfaces which has received a great deal of 
attention in the research community . 

Compact heat transfer surfaces are found in many 
important technological applications such as in heat 
exchanger devices encountered in automobiles, air 
conditioning, electronic cooling, waste and heat recovery, 
cryogenics, spacecraft. and aircraft . Recently , their 
application has been extended to ocean-, solar-, and geo
thermal energy conversion systems due to the interest for 
energy conservation and alternativa energy resources (1) . 

The effort to understand the convection mechanisms 
and to predict heat transfer coefficients and pressure drops 
in compact heat exchangers has generated different 
investigation approaches . As pointed out by Joshi and 
Webb (2) , these approaches include data acquisition for 
actual cores or scaled-up models , empirical correlations, 
flow visual izations , mass transfer data for scaled-up 
models, and numerical solutions. Basically, three broad 
approaches can be adopted, namely acquisition and 
correlation of empirical date, qualitativa observations of 
the convection process, and numerical solutions with 
analytical modeling. ln this work, numerical simulations are 
performed using the spectral element-Fourier method 
(SEFM) (3) which combines the advantages of both globally 
unstructured and locally structured spatial discretizations, 
where the global decomposition in macro-elements allows 
geometric fle xibility and the local structure permits an 
etficient high-order approximation by spectral techniques 
with rapid convergence and high accuracy . The spectral 
element-Fourier method is a domain-decomposition 
technique in which the interface continuity constraints are 
imposed only via a variational formulat ion as in the p-type 
finite element method. A three-step splitting scheme is 
used for the semi-discrete temporal discretization, reducing 
the governing equations to hyperbolic and elliptic partial 
differential equations. For lhe Navier-Stokes equations, 
the nonlinear convective term is treated explicitly with 
collocation operators, while the pressure and viscous 
contributions are handled implicitly with variational 
projection operators. 

Traditionally, the increase in heat transfer in compact 
heat exchangers has been achieved by adding either 
extended surfaces to increase the surface-area-to-volume 
ratios or louvers to interrupt thermal boundary layers. Of the 
many enhanced plate-fin or tube-fin geometries, the offset 
strip fins are the most common configurations. 
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Recently , attention has been focused on innovative 
heat transfer enhancement techniques which are based on 
flow destabilization mechanisms that promote large-scale 
convecting mixing, and therefore increase heat transport. 
These mechanisms require a separated flow region and 
flow unsteadiness obtained by active flow modulation (4,5) 
o r passive supercritical flow destabilization (6 , 7,8]. 

ln the present work , we study numerically the heat 
transfer enhancement in compact heat exchanger 
geometries which is induced by passive flow 
destabilization. This is achieved by designing the heat 
exchanger surface to excite normally damped Tollmien
Schlichting modes in order to enhance convective mixing 
and induce self-sustained oscillatory flows. The geometry, 
shown in Figure 1, consists of parallel channels with one 
surface containing spanwise al igned riblets of triangular 
shape. Two different channel heights or wall-to-wall 
spacing are employed (geometries G1 and G2) to study the 
effect of the relative dimensions on the flow pattern and 
heat transfer characteristics. 

Experimental work on this wall shape was performed 
by Greiner et ai. (9]. This paper compares numerical and 
experimental results for geometry G1 and extends previous 
experimental results including a detailed study of the flow 
patterns and a parametric study to determine the frequency 
of the self-sustained oscillatory flow as well as the traveling 
wave structures. 

PROBLEM DESCRIPTION ANO NUMERICAL 
TECHNIQUE 

The physical problem · We consider internal flow in lhe two
dimensional channel shown in Figure 1. The channel 
consists of a flat wall and a corrugated wall containing 
spanwise aligned riblets. The flow configuration is 

Figure 1. Schematic of the compact heat exchanger 
geomelrf. 



Nomenclature 

H time- and space-averaged 
Subscrlpts 

d riblet depth (Figure 1) 
h ha~-channel height temperatura difference B bonomwall 
h i Lagrangian interpolants u,v velocity components in the x- c criticai 
k thermal conductivity and y-directions TS Tollmien-Schlichting 
K element number v vector velocity ( u x + v y ) T topwall 
I riblet length (Figure 1) 
n periodicity index v channel-averaged velocity 

a streamwise wavenumber, o r 
Nu thermal diffusivity Nussen number, q"h/kó T 
p pressure Pq Adams-Bashforth coefficients Superscrlpts 
Pr ao boundary of lhe Prandtl number, v/a 

computational domain n time step 
q" heatflux 
R e Reynolds number, (3/2) v kinematic viscosity 

V h/v n pressure head 
r,s local ele mental coordinates cr growth o r decay rate 
I time -
T temperatura ú) vorticity 
T period of self-sustained 

oscillatory velocity 

geometrically described by the riblet transversa spacing or 
geometric periodicity length I, channel height 2h, and riblet 
depth d (Figure 2) . The corrugated wall is maintained 
isothermal while the flat wall is exposed to a uniform heat 
flux. 
The computational oroblem: The geometry shown in Figure 
1 consists of a large number of transversa riblets in the 
x-direction. We are interesting in studying the flow pattern 
and heat transfer characteristics in the region where the 
flow becomes periodically fully developed. Because of the 
periodicity in the flow conditions in the x-direction and the 
homogeneity in the z-direction, the computational domain is 
restricted to lhe region between the dotted lines shown in 
Figure 2. 
Goyernjng eguatjons· 

We consider here Newtonian, incompressible two
dimensional flows with constant properties, which are 
governed by the Navier-Stokes and energy equations 
written in the following form , 

av - - - 2 at = v x m - v n + ( 1 /R e) v v ( 1 ) 

()T 

at 
- 2 - V• (v T) + (1 /Re .Pr) V T (2) 

where v (x, t) = u x +v y is the velocity ; x and t are space 

and time, respectively; m is the vorticity ~ = V x v; n is the 

pressure head n = P+ I vl 2 / 2 with p the pressure; T is the 

temperatura; Re is the Reynolds number and Pr is the 
Prandlt number. ln addition , to satisfy equation 1, the 

velocity field has to be divergence free (i.e., V • v =0) in 
order to satisfy lhe incompressibility condition. 

=>Q 

ao LT 

YLX,U 

ao
8 

Figure 2. Domain of study (2h-channel height, d-riblet 
depth, 1-riblet transversa spacing). 
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The velocity boundary conditions are Dirichlet on 
rigid walls , Neumann on outflow, and periodicity on 
homogeneous or fully developed directions . The thermal 
boundary conditions are uniform heat flux on lhe top flat 
wall and constant temperatura on the bottom wall . 

For the geometry shown in Figure 2, parameters and 
variables are non-dimensionalized by scaling the velocities 
by (3/2)V where V is lhe cross-channel time-average 
velocity, the lengths by half-channel height h, and the 
temperatura by q"h/k where q" is the uniform flux imposed 
at the wall and k is the thermal conductivity of the fluid . 

To solve numerically lhe above system of equations, 
we first proceed with the temporal discretization of the 
equations. Different approaches can be followed which 
would lead to a different reduced system of equations ; 
several of the most frequently schemes are discussed in 
[1 O). An attractive time-discretization scheme , due to its 
ease of implementation in complex geometrias, is the multi
fractional step method, followed first by Orszag and Kells 
[jfm). This fractional step leads conveniently to a decoupled 
system of Helmholtz operators for the pressure and viscous 
contributions. We can therefore write the three main 
substeps as follows : 

~n-+1 - n 2 ( - n~) v -v 
I ~q V n ~ X úl = 

ót q=O 
(3) 

:::;: n+T 
::::;: n+ l _ :::;:: n +1 

v -v - v·v =Ü = -v 11 (4a) 
t.t 

( 4 b) 

1} 

:;::::: n +1 

v2 n = 
v·v 
- -

L\t 
( 4c) 

-+ n + 1 - n+ T 

v -v 1 v2 v" 'l --- = 
ót R e (5) 

Equation (3) represents explicit treatment of the convective 

term, where ~q is the third-order Adams-Bashforth 

coefficients ~o= 23/12, ~~ = -16/12 and ~2 = 5/12. We 
choose Adams-Bashforth third-order method due to its low 
dispersion errors and the relatively large portion of the 
imaginary axis included within the absolute stability n'lgion 
of the scheme . Equation (4a) accounts for the pressure 
contribution . lt is converted to an elliptic equation (4c) when 



the incompressibility condition is ensured by equation (4b) . 
8oth , the pressure and viscous terms (4c and 5) are 
handled implicitly by Euler 8ackward and Crank-Nicolson 
schemes, respectively. These steps are unconditionally 
stables and result in an efficient inversion of the global 
matrix. The time-step size is therefore dictated by equation 
(3) and time-accuracy considerations. 

The spatial discretization proceeds using collocation 
for the nonlinear convective term (3) and variational 
spectral element formulation for the pressure (4c) and 
viscous (5) terms. The spectral element method is a high
order weighted-residual technique {11, 12] that combines 
the flexibility of the finite element schemes with the good 
resolution and convergency properties of spectral methods. 
ln the isoparametric spectral element method, the two
dimensional computational domain is first partitioned into 
four-sided , non-overlapping subdomains or elements. A 
typical subdomain decomposition is shown in Figure 3A. 
Each subdomain is then isoparametrically mapped from the 
physical (x,y) space to the local (r,s) coord inate system 
(Figure 38). Note that complex geometrias can be easily 
handled by combining mapping techniques with element 
domain decomposition. 

Within each element, the unknowns (i .e., velocity , 
pressure, and temperatura) and the data (i .e., geometry) are 
represented as a tensor-product of high-order Lagrangian 
interpolants through Gauss-Lobatto Chebyshev collocation 
points, defined as 

N 
(x , v, n) ~ (r, s) = I 

j; Q 

N ( _ _ )k 
I x,v, n ,;h 1 (r)h 1 (s) 
j; O 

where h;(r) and hj(S) are Nth-order interpolants that satisfy 
h;(Çj)=Oij at the local (r,s) coordinates. A typical spectral 
element mesh with interpolants of seventh order (N=7), 
is shown in Figure 4. ln order to guarantee rapid 
convergence of the resulting expansions, the local and 
physical col location points are chosen to be the Gauss-

Lobatto Chebyshev points, defined as x j = cos nj/Ni. 
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Figure 3. (A) Subdomain decomposition of the physical 
computational domain (x,y) . (8) lsoparametric mapping 
of a typical element K. 
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Figure 4. Computational domain and spectral element 
mesh. 

RESUL TS ANO DISCUSSION 

ln this section, numerical results are presented 
describing the flow field and heat transfer in channels with 
V-grooved riblets for two different geometrias. The 
geometry G1 corresponds to non-dimensional riblet length 
l/h=2.4 and riblet depth d/h=1 .2, and G2 corresponds to 
l/h=4.8 and d/h=2.4. The computational domain and a 
typical spectral element mesh for G1 are shown in Figure 4. 
The flow visualizations obtained by numerical simulations 
are compared with the experimental results (9] for the G1 
geometry. 

The steady-state subcritical flow field for G1 is shown 
in Figure 5 where the flow is from left to right. Figure 5A 
shows the numerical results for the velocity field which is 
obtained by integrating the unsteady governing equations 
starting from arbitrary initial conditions, until convergency 
to a stable steady state is achieved. Figure 58 shows the 
streaklines for the experimental flow visualization captured 
by injecting colored dye at the leading edge of the 

=-~';:. ~~~- ~..,.~~-+~,';:, ~.~.';:, ~.~.~' ~ +-+" 
-++~~~+4--7--+-7-·' ·~ ~ 

?'--~ )))))) )))) ))) ): )?' ~ 

--~ ) ) ) ) ) >-r~4 ~ 

(B) 

Figure 5. Steady-state flow visualizations for G1 . 
(A) Velocity vectors numerically computed. 
(8) Streaklines experimentally obtained. 
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thirty-eighth riblet. Both, the experimental and numerical 
results indicate the existence of a separated flow region 
with a large-scale, slowly recirculating vortex and almost 
no communication between the riblet and channel flows. 
This is clearly seen from the channel velocity profile in 
Figure 5A which is very close to a parabolic plane
Poiseuille-flow profile . lt is also corroborated by the 
experimental flow visualization (Figure 5B) where the 
channel streaklines do not mix with the recirculating riblet 
flow. 

Above a criticai Reynolds number Rec this flow 
becomes exponentially unstable to small disturbances until 
nonlinear effects stabilize the velocity at some fixed 
amplitude. A time-asymptotic result for the convergence 
of the streamwise velocity to its steady-periodic state for 
G1 is shown in Figure 6. lt is seen that the least stable 
mode is oscillatory with a linear growth rate and period 
of cr=0.0232 and T1=9.84, respectively. Notice that for 
a plane channel wave corresponding to the same 
wavenumber and Reynolds number, the decay rate and 
period are crrs=-0.01436 and Trs=9.768, verifying the flow 
destabilizing effect of the riblets. The frequency of the 
growing mode and ensuing oscillatory velocity is very close 
to the Tollmien-Schlichting [13] frequency corresponding to 
the same spatial structure (i.e. wavelength )of one wave per 
two riblets. The selection of one wave per two riblets as the 
most unstable flow configuration is clearly depicted in the 
instantaneous velocity vectors plotted in Figure 7 A, and it is 
corroborated by the experimental flow visualization shown 
in Figure 78. 

0.8428 

u-Vel 

0.4335 
2154 Ti me 23 95 

Figure 6. Streamwise velocity as a function of time, 
converging to its steady periodic regime. The period 
of oscillation is T1 = 9.84. 

The evolution of the flow structure during one period 
of the self-sustained oscillation is shown in Figure ?A by 
instantaneous velocity vectors in a sequence of three time 
trames within one flow cycle. The flow is supercritical and 
the traveling waves indicate that the flow has undergone a 
bifurcation from a steady, time-independent state of Figure 
5 to a time-periodic self-sustained oscillatory flow. Free 
shear layers span the riblet openings and separate the 
mainstream from recirculating flow regions in the riblet 
cavities. Periodic interruptions of the shear layers cause 
their instabil ities to project energy onto the normally 
damped Tollmien-Schlichting modes in order to sustain 
them. The waviness of the channel flow induces the 
ejection of the vortices from the riblet cavities when the low 
pressure region associated with the crest of the wave 
passes over it. Subsequently, mainstream fluid fills the riblet 
cavity and a new vortex grows and protrudes into the 
mainstream, thus, enhanci;,g mainstream and riblet flow 
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m1xmg. As the Reynolds number is increased further, 
similar flow patterns are obtained with larger amplitude 
waves and stronger mixing. For higher Reynolds numbers 
the flow becomes three-dimensional, leading to early 
transition to turbulence [14]. 

An important aspect in our numerical simulation is 
the selection of the computational domain and the 
imposit ion of periodic fully-developed flow boundary 
conditions over a region comprising 'n ' geometrically 
periodic riblets of length 'I' (Figure 2). For example, in the 
G1 geometry analyzed above, the system chooses the least 
stable solution that corresponds to one wave per two riblets 
(n=2) which is the physically realizable solution also 
corroborated by experimental flow visualizations (Figure 
7B). However, numerical simulations in computational 
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Figure 7. Visualization of the self-sustained oscillatory 
flow for G1 depicting a one-wave solution per two riblets. 
(A) lnstantaneous velocity vectors at 3 times during one 
cycle T1. (B) Experimental str'3aklines. 



domains which impose flow periodicity over one or three 
riblets (n=1 ,3) for G1 , yield more stable flows (i.e., higher 
criticai Reynolds number) than the ones physically 
attainable. This indicates lhe importance of selecting lhe 
valid computational domain. Therefore, to establish lhe 
required computational domain in the absence of 
experimental information, we either simulate the flow in 
multi-periodic domains or solve the linearized Orr
Sommerteld equations [13) to determine the least stable 
channel mode usually referred to as Tollmien-Schlichting 
waves . For a given Reynolds number and wave number 
(a=21th/nl), we obtain a discrete spectrum of complex 
eigenvalues yielding nontrivial solutions, where lhe real 
part is the phase speed and the imaginary part is the 
growth rate of lhe corresponding eigenfunctions. The least 
channel stable mode, triggered by the riblets, corresponds 
to lhe eigenfunction associated with the maximum growth 
rate. 

ln lhe second geometry, G2, the channel height has 
been reduced by a factor of two, relative to G1, so that the 
riblets are larger compared to the channel dimension. 
The instantaneous supercritical flow fields at Re=800 are 
presented in Figure 8 at three times during one period 
(T2=2.79) of self-sustained oscillation . The propagation of 
the wave at the Tollmien-Schlichting wave speed can be 
followed up in time through the flow cycle . These figures 
clearly indicate a one-wave solution per geometric 
periodicity length I and the same flow pattern in each riblet, 
with ali the riblet vortices ejected simultaneously to the 
mainstream. Therefore, for these flow conditions, it suffices 
to utilize a computational domain comprising only one 
riblet. Note that the traveling wave number a for this 
geometry G2 is the same as in G1, which is not surprising 
since Orr-Sommerfeld solution depends weakly on Re. 

~ ~ .. ·_
' ' . · . . _ ~ : 

Figure 8. lnstantaneous velocity vectors during one cycle 
T2 of the self-sustained oscillatory flow for G2. A two-wave 
solution is obtained in the n=2 domain. 
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The instantaneous isotherms corresponding to the 
flow field of Figure 8 at 1=2T2/3 are presented in Figure 9. 
The relatively uniform temperatura in the riblet regions 
indicates the effect of the convective mixing between the 
riblet and channel flows due to the self-sustained 
oscillations. Also, note lhe creation of thin thermal boundary 
layers on the channel top wall induced by the thermal 
traveling wave. These results suggest that at moderate 
Reynolds numbers, the riblet surfaces should provide a 
better performance than flat-walled passages. This is, 
indeed, the case. The channel with riblets offers 
significantly higher heat transfer for a given pumping power, 
by a factor of approximately 3.5, compared to a flat channel 
in the laminar-transitional regime. 

The performance of these surfaces is comparable 
with other augmentation schemes based on flow 
destabilization mechanisms which induce self-sustained 
oscillatory flows either by placement of cylindrical 
promoters [6,8] or by interruption of surfaces (7]. However, 
lhe geometric configuration presented in this paper is 
simpler to manufacture since it does not require the addition 
of cylinders or the construction of interrupted surfaces. 

Tmax 

Figure 9. lnstantaneous isotherm plot for ( .2, 
corresponding to the flowfield of FigurP 8 at 
t = 2 T2/3. 

Tmin 

CONCLUSION 

The passive flow destabilization, induced ~y the 
spatially periodic disturbances introducJd. by the :1bl~ts, 
sustains the oscillatory flow, the Tollm1en-Schlicht1ng 
traveling waves and the vortex ejections which are th~ f_low 
mechanisms responsible for enhancing the overall m1x1ng, 
and hence, improving the heat transfer performance. 
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Th SUMMARY 
e computation of the ftow fietd and heat transfer between two pLate fins of a 

~om~t ~s ftow heat exchanger with staggered tubes has been carried out in 
deno . 5 er range of 40 to 2000. Thee NusseLt nummber pLots on the fin show 

etertuboratdueion of heat transfer by 50%, ar more in the stagnation zone of the 
rear t e the wah.e f the d" 
th tub 0 prece tng tube. The Nussett number distr·ibution on 
the t ed~ar ithe, jun-c:ure of the tube and the fin deuiates substantiaLLy from 

e wo tmens naL predtction. 

Nomenclature 

a = thermal diffusivity 
B breadth of the channel 
D tube diameter 
H a channel height(fin spacing) 
L = channel length 
L1 a axial distance of the first tube from the 

channel entrance 
p pressure nondimensionalized with pu 2 .v 

S1 = Tube spacing 
T nondimensional tempratur, O at inlet, on the 

wall 
t time nondimensionalized with H/Uav 
u nondimensioal axial velocity 
u.v= average axial velocity 
v - nondimensional spanweise velocity 
w - nondimensional normal velocity 
X; x ,y , z cartesian coordinates 

(nondimensionalized with H) 
Pr - Prandtl number 

Re = Reynolds number ---11 

Nu - Nusselt number based on the difference between 
the wall and the inlet temperatures 

11 = dynamic viscosity 

INTRODUCTION 

Compact cross flow fin- tube heat exchangers, where a 
bank of tubes share a number of common p 1 ate fins, 
find applications in many industrial plants and appa
ratus. Typically a liquid flows throughthe tubes and 
a gas (often air) flows through the channel formed by 
the neighboring fin plates, see fig . 1. 
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The gas flow between two neighboring fins can be 
modeled as a nonisothermal flow in a rectangular 
channel with a built-in array of cylindrical 
obstacles. 

Depending on the design criterion and applicaton, the 
tubes in the array can be arranged in different ways. 
The selecton of the optimum design of a heat 
exchanger for a given applicaton will therefore need 
a large data base of the heat exchanger performance 
dependi ng on geometrica 1 and fl ow parameters. Such 
data base can be obtained from a large number of 
experimental measurements. The experiments, however, 
are expensive and time-consuming. Moreover, they give 
only global information. The alternative to the 
experiments is the development of a computer code 
that can numerically simulate the velocity and 
temperature fields in a rectangular channel with a 
built-in array of tubes. A parametric study of heat 
exchanger performance wi th the h e 1 p of the compute r 
code will be less expensive and faster than with the 
experiments. Furthermore, a computer simulation will 
give detailed velocity and temperature fields. This 
will enable the designer to pinpoint the location of 
are as ( and poss i b ly the causes) of heat transfer 
degradat i on so that h e can take remedi a 1 measures 
against them. 

Gas= 

Fig. 1: Schematic of a compact fin-tube heat 
exchanger 



lhe purpose of the present work is the development of 
a computer code and numerical investigations of three 
dimensional flow and temperature fields in a rectan

gular channel with a built-in bank of cylindrical 

obstacles in staggered arrangment. 

lwo dimensional simulations of flow past a tube 
bundle have been reported by Le Feuvre (1973), 
Launder and Massey (1978), Chen (1984), Fujii et al. 
(1984) and wung and Chen (1989). lhe simulation of 
the tube bank in all the above works has been 
achieved by sellcting as the computional domain a 
rectangle with two (~.t mcst three) tubes. lhe 
implicit assumption here is that the (two dimensioal) 
tube bank can be divid~d n such rectangular elements 
and the flow f ield of o.le element will be repeated 
(spatially periodic) i :1 all the elements. lhe compu

tational resul ~s give the Nusselt number (Nu) dis
tri but i ons on the tLbes. lhe v a 1 ues of Nu depend on 
the flow Rey· rold.; r umber Re and the tube spacing. 
Staggered ar angement of tubes give larger Nu and 
flow loss (p•es sJre drop) than in-line arrangments. 
Because of t : e tt~o dimensional modeling, these compu
tations can rJt show the heat transfer to the fin and 
hence not us.;ful for the fin-tube heat exchangers. 
Numerical simulations of three dimensional flows past 
a cylinder bank in a channel have not yet been 
reported. Mitra et al . (1986) reported prel i mi -nary 
studies of the flow field and heat transfer in a 
rectangular channel with only one built-in cylinder. 
lhe results of one cylinder can not be extrapolated 
to a bank of cylinders since the effect of the 
i nterference of the tubes can not be deduced. lhe 
present work wi 11 concentra te its attent i on on thi s 
inter-ference and its effects on the flow field. 
Periodic boundary conditons at the inlet and exit are 
not used. 

MAlHEMATICAL FORMULAliON 

Computational Domain 

lhe cross flow heat exchanger is modeled by a rectan

gular channe 1 of 1 enght L and breadth B wi t four 
tubes of diameter O in three staggered rows. see fig 
2. lhe top and the bottom walls of the channel are 
the fins and the channel height (fin spacing) is H. 
lhe symmetry condition can be assumed at the midplane 
(z = H/2) as well as on the side walls. lhis model 
heat exchanger configurat i on represents the comput
ational domain. 
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lhe geometrical parameters LI, SI and B have been 
selscted from lierature and are typical in many 

applications. lheir influence on heat transfer will 
be studied in future work. lhe large channel length 
in the wake of the last tube is selected in order to 
contain any passible back flow in the wake in the 
computational domain. 

L /1- Symmetry 
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Fi~ . 2: Computational domain. For the present case: 
L/0 = 12, Ll / 0 = 2, Sl/0 = 2, H/0 = 1, 
B/0 = 3. Computation is performed in z
direction form z=O to H/2 

Flow model 

Because of the geometrical copmplexity, folw field in 
the channel may contain separation bubbles, recircu -
1 ati ng zones and vortex street i n the wake of the 
tubes. Hence the flow should be described by complete 

nonsteady Navier-Stokes equations. lhe flow is 

assumed to be laminar since the characteristic 
Reynolds number, based on the channel height H or the 
tube diameter O, is often small (around 1000) in many 
practical applications. Furthermore, in arder to 
reduce the computational effort, the flow medium is 
assumed to be incompressible with constant 
properties. 

Governing equations 

lhe governing equations can be written in cartesian 
coordinates for the flow in the channel and in cylin
drical polar coordinates for the flow in the neig
hborhood of a tube. Alternatively, the flow can be 
described with bodyfitted coordinates.lhe compu
tational scheme for the last alternative will require 
large computer memory. ln the present work, the flow 
is described in overlapping cartesian and cylindrical 
polar coordinates (Launder and Masse_v, 1978). lhe 
basic equations only in cartesian coordinates in 

nondimensional form are given below 



---·· 

au; 
--=o ax; 

au; 
m--- + 

a(u;uj) ap v2u; 
ax; + ~ = re;-

aT a(u;T) 
~+ ax; 

( 1) 

(2) 

(3) 

A11 length coordinates have been nondimensionalized 
with the channel height H. lhe velocity components U; 

have been nondimensionalized with Uav• the average 
velocity at the inlet, the pressure with pu 2 a v and 
the temperature with the wa 11 and the i n 1 et temper
ature. lhe Reynolds number ReH is Uav H/v and Prandtl 
number Pr is v/a. lhe other symbols have usual 

meanings. lhe dissipation terms in the energy equa
tion have been neglected. 

lhe boundary conditions are given below: 
x = 0: u = parabolic in x-z plane, v= w =O, T O 

x l/H: ~x (u, v, w, T) - O 

z =O : No-slip condition, T 

Symmetry condition 

On the tube surface: U; O, T 

COMPUTATIONAL SCHEME 
The basic equations have been solved by SOLA 

a 1 gori thm, a modJ fi ed vers i on of the marker and c e 11 
(MAC) technique ( Hirt et al.; 1975) . To this purpose 
the computational domain is first discretized into 
grids in form of rectangular para11elopipeds. lhe 
cylinder is simulated by Cartesian grids. When a 
converged so 1 ut i on i n these grids is obta i ned, a 
second step of computations with polar grids in the 
neighborhood of the tube followed. 

lhe SOLA uses staggered grids i .e. the dependent 
variables are not defined at the sarne point. lhe 
pressure and the temperature are defined in the 
center of a c e 11, the v e 1 o c ity components on the 
midpoint of the cell faces on which they are normal. 
lhe computat i on proceeds i n two steps. ln the fi rst 
step the momentum equation are solved explicitly from 
known velocity and pressure fields in order to obtain 
these field values ar the time (t + ót). ln the 
second step a pressure-velocity updating is performed 
in a way that corresponds to the solution of Poissen 
equation for pressure. This updating is continued 
until the continuity equation is locally satisfied on 
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each cell. Then the solution for the next time step 
is performed. The procedure is continued until a 
steady or periodic solution is obtained. Since the 
momentum equations are uncoupled from the energy 

equation, the latter can be solved whenever required. 
The details of the computational scheme along with a 
flow chart is given by Hirt et al. (1975). 

RESULTS ANO DISCUSSION 

Computational results have been obtained for Reynolds 
numbers ReH of 40, 100, 200, 400, 800, 2000 in a heat 
exchanger with D/H = 1, l1/H = 2, S1/H = 2, B/H • 3 
and l/H = 12, see fig. 2. The nondimensional length, 
breadth and height of the computational domain are 12 
* 3 * 0.5. The number of grids that has been used for 
coputation in this domain is 96 * 36 * 8. 
Figure 3 shows vector plots of the cartesian velocity 
components on the midplane (z = 1/2) of the channel 
for Re = 200, 800 and 2000. all the computations give 
steady fl ows. Hence any asymmetry i n the v e 1 oci ty 
vectors in the wake of the tube is absent. A boundary 
layer separation, indicated by the vanishing radial 
gradient of the azimuthal velocity on the tube 
surface appears only close to the channel wall 
(z = 0.0625) on the first tube with the Re - 40. With 
Re = 200, the radial gradient of azimuthal velocity 
v a ri shes on fi rst tube surface an the angular 1 oca
tions of 130°, 138° and 141° at heights from the 
bottom fin of 0.0625, 0.25 and 0.5 respectively. 
With the Re = 800 and 2000, the corresponding angles 
are 117° , 137° and 120°, 143°, at z = 0.0625 and 
0.25 respectively. At midplane (z = 0.5), the flow 
remains attached to the tube. lhe symmetry conditions 
on the two si de boundari es and the b 1 ockage due to 
the second row of tubes cause an increase in velocity 

in the wake of the first tube and hinder separation. 
I n the wake of the tube of the th i rd row, boundary 
1 ayer separat ion appears at a 11 Reyno 1 ds number and 
at a11 heights. The separation angles increase with 
the distance from the bottom fin,and are equal to 
108°, 124° and 156° for Re = 800 and 108°, 126° and 
160° for Re = 2000 at hights 0.0625, 0.25 and 0.5 
respectively. 
Figures 4a and 4b compare the Nusselt number dis
tributions at the midplane of the tube in the first 
and last row. The Nusselt number Nu is definded with 
the difierence of the inlet and the wall temperatuer, 
hence Nu is equal to the nondimensional temperature 
gradient on the tube. As expected, Nu is larger on 
the stagnat i on poi nt of the fi rst tube and is equa 1 
to 4.5, 14.5 and 18.5 for Re = 40, 200, and 400 



respectively. Experiments in unbounded medium give 

Nu= 6 and 14 forRe= 40 and 200 (Zukauskas, 1987). 
Two dimensional computational results for Re = 200 
presented i n Zukauskas, 1987, agree qui te we 11 wi th 

the corresponding Nu distribution in fig. 4a. On the 
third tube, the Nu distributions are even quantita
tively different from that on the first tube for 

Re ~ 40. The wake of the fi rst tube reduces the 
velocity of the fluid particles coming to stagnation 

point of the third tube and thereby reduces the Nu at 
the stagnation point. The blockage due to the second 

column of the tubes increases the azimuthal velocity 
at the angular location of approximately 50° in the 
neighborhood of third tube. Here Nu reaches the peak 
values. 

Figures 5a and 5b compare Nu on the first and third 

tubes at a height of z = 0.0625. Qual itatively, the 
Nu distributions in figs 4a and 5a are similar. The 
quantitative reduction (nearly 80% at Re = 40 )is due 

to the smaller velotities close to the fin. At low Re 
the heat tra•1sfer characteristic worsens more for the 
thi rd tube t han for the fi rst. The sharp drop to a 
minimum in Nu at heigh Re in figs. 4 and 5 

corresponds to the boundray layer separation. 

The Nu contoures on the plate for Re = 800 and 2000 
are shown on figs. 6a. One notices large Nu (isolines 
7-8) due to the formation of the horse shoe vortex in 
front of the first tube. lhe second row of the tubes 
reduces the area with low Nu in the wake of the first 
tube. The heat transfer deterioration in the wake of 
the first cylinder covers a much larger area (isoline 
1) for Re = 800 than for Re = 2000. Because of the 
reduction of the velocity, Nu in the stagnation point 
of the third tube is smaller than the corresponding 
Nu for the fi rst tube. However, the bockage due to 

the second row of tubes enhances Nu near the th i rd 
tube at angular locations betwee" 20° to 90° for 
Re = 2000. 

Fig. 7 compares the distributions of the spanwise 
average Nusselt numbers Nu(x) on the fin for Reynolds 
numbers of 40, 200, 800, 2000. Nu here is de fi ned 
with the difference of the bulk temperature and the 
wa ll temperature. Hence far downsteam ( x = 12) Nu 
tends to be constant. Up to x = 1, Nu goes down as 

typical of a thermally developing flow, then it 
reaches a peak in front of the first tube because of 
the horse shoe vortex. A second smaller peak appears 
due to the blockage. Nu falls down in the space 
between the first and the second rows of tubes. lhis 
distribution of Nu is qualitatively repeated farther 
downsteam. lhe peak v alues of Nu i n the stagnat i on 
points of consecutive rows diminish. lhe peak value 
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of Nu in front of the first tube is 26. lhe corres
ponding value in front of the third tube is only 18. 

CONCLUSION 
The present work shows that the Nusselt numbers on 
the tubes near the juncture of fi n i n a fi n-tube 
compact heat exchanger can be much smaller (by 80% at 
Re = 40) than the Nusselt number predicted by the two 
dimesoinal flows. lhe Nusselt numbers on the fin can 
widely vary depending on the Reynolds number. At Re = 
2000, the local Nusselt number on the fin at the 
stagnation zone ef the tube can become nine times 
l arger than that i n the wake. Present investi gat i ons 
show where the modification of the fin surface or the 
po~itioning of turbulators should be useful. 
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Fig.3 Velocity vectors at the midplane (z = 1/2) for 

Re = 200, 800, and 2000. lhe flow field in the 
wake is steady. No vortex street is observed. 
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SUMMARY 

The.flow strucrure and local heat transfer characteristics of two-dimensional s/otjets impinging on heated 
protrusions has han investigated. The spent ai r was constrained to exit at one end of the channel, .fárming a 
cros.1jlow. The ejfects of three parameters on the heat tran.~fer were examined for an array of fi v e protruding 
heat sources. They include the jet slot width, distance hetween the jet exit and the protrusion, and the average 
jet Reynolds numher. Laser-Doppler ve/ocimeter measurements were made to detail the mean and turhulent 
.flow strucwre in the channe/. 

NOMENCLATURE 
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prorrusion height , Fig. I 
heat transfer coefficient 
he ight of the channel, h+z 
rherrnal conductivity (W/mK) 
streamwise lcngth of, and spacing between each protrusion, 
local Nussclt numhcr, Nu_= lJconvL!k(Ts- 'Ij) _____ _ 
avcrage Nussclt numhcr tora protrus1on , lJconvUCr s - T 1) 

total volume llow rate through alljets · 
protrusion convcctive heat tlux 
protrusion hcat !lux duc to Ohrnis; dissipation 
avcrage jct Reynold s numbn, p V jW/~ 
spanwise dcpth of the llow channd 
lluid inlet tempcrature of the jets 
surface temperature of the protrusion 
local crossllow mean velocity 
local RMS of the strcamwisc turhulent fluctuation 
local channcl mcan velocity 
averagc jct vclocity. QtoJ5sw 
width of slot jt:t. h!.! . 1 
srreamwisc dlstanc~ in channd heginning at leadinn edge of 
protrusion 1, Fig. 1 "' 
coordinate direc tion normal to channcllloor 
disrance fromjet to pwtrusion, rig. 1 
dynamic viscositv 
density ' 

INTRODUCriON 

lmpinging jet s have long hcen recognizcd for their superior 
tran spt•n characrcrisrics. Much of rhe gas jct impingcment heat trans
fer research has heen motivated hy rhe necd for enhanced cooling of 
gas turhme hlades. Rcce nti y, impinging jets h ave found application 
111 rhe elccrronics industry. lncreasing miniaturization of electronic 
components and resultant risc in heat flux at the chip levei has 
spawned rescarch aimed at improvcd understanding of rhe fundamen
tais of heat transfer in discrete heating situations. Cooling mcthod
oiogies are sought which featurc decrcasing pressure drop and in
creasing hear transfer cocfficient. ln applications where channel flow 
alone is inadequate, irnpinging jets provide a viable method of in
crcasing the heat transfer cocfficicnt. This sllldy has as objective the 
characrerization of heat transfcr frorn a rwo-dirnensional array of 
heated prorrus1ons cooled hy planar air jers wirh crossflow of the 
spcnt lluid. Such a configurarion has been proposed for use in the 
elccrronics industry. 

A significant hody of litcrature dealing with jet impingement 
he ar transfer exisrs, and reccnr rcviews are availahle (Downs and 
James, 1987). lmpinging jer heat transfer wirh crossllow of the 
spent fluid is notas wellunderstood. This prohlem has been srudied 
primarily with high velocity jers airned at smooth surfaces under a 
variety of geornetric jer configurations (Merzger et ai., 1979; 
Fiorschuetz et a/. , 1980; Florschuet z et ai., 19X 1; Florschuerz et ai. , 
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1984; Florschuetz and Su, 1987). 
Oniy recently have studies treating hear transfer characreristics 

of a ir jcrs irnpinging on arrays of heated protrusions appeared in the 
literalllrc. Hamadah ( 19X9) exarmned hear transfer characreristics of 
arrays of circular air jers impinging on an array of blocks mounred on 
a 11ar surface. lt was detem1ined that impingement heat transfer co
efficienrs are 60 - XO% higher than those of the channel 11ow for the 
sarne mass flow rate, but the heat transfer coefficients are identical 
for thc same pumping power. Hollworth and Durbin (1989) investi
garcd arrays of round air jets impinging on a unifonn array of rectan
gular eiements. The spent air formed a crossflow rhat was con
strained to exir atone end of rhe channel. Heat transfer coefficients 
for various protrusions in the array were reported along with the 
system pressurc drop. Heat transfer was found to be highest for 
prorrusions at the end of the channel. Additionally, the highesr pres
sure drop was found to occur across the orifices. 

The re~iew of literature presenred in rhe foregoing paragraphs 
rcveals very iutle research dealing with impingement heat transfer 
with crossflow, wirh vinually no study of rwo-dimensional jets. 
Additionally, investigations of the flow structure has gone unad
dressed. This paper reports on a srudy designed to investigare the 
mechani sms of tlow and heat transfer in such a system. ln particu
lar, rhe effects of jct Reynolds number, jcr widrh, and spacing be
twcen lhe jet and heared protrusion are studied. 

EXPERIMENTAL J\PPARATUS 

A channcl and hearer assembly were designed and con
srructcd to permit velociry and hear transfer measurements over a 
hroad range of experimental parameters. As shown in Fig. I, rhe 
appararus consisred generally of a channel conraining five heated 
protrusions, a jer piare, plenum, centrifugai blower, and instrumenta
rion ;.111d metering equipment. The regenerative blower was operated 
in suction mode to draw air into the plenum, past the llow-straighten
ing screens, through the five planar nozzles and into the channel. 
The spent air formed a crossflow which was constrained to exil at 
one end of the rwo-dimensional channel. Flow meters were placed 
between the channel and the blower to monitor the <otal mass flow in 
rhe system. 

The plenum was constructed of plywood, forming a large 
cross-sec:ional -area duct. Ambient air was drawn into the plenum, 
through the screens, a nd subsequently through the jet plate. The 
purpose of the screens was 10 establish as nearly uniform flow as 
possible, and to isolate rhc channel llow from disturbances in rhe 
ambient conditions. 

Jet piares were fabricated from 19.5 mm thick Plexiglass 
piare, and were attached to one end of the the plenum. The jer pia te 
also acted as onc wall of the channel. Five slots were milled imo the 
Plexiglass on 25.4 mm centers spanning the full width of the chan
nel, forming the jets. The jers were contoured with a smooth con
traction as shown in Fig. l hy milling the slot from an initial width of 
2w at the iniet to the nozzle width w halfway through rhe thickness of 
rhe platc, ar a 45' angle. The jets were positioned so that impinge
ment occurred perpendicular to the surface at the exact center of each 
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Fig. 1. Schematic of experimental apparatus. 

protrusion. Two sets of jet plates were fabricated permitting the 
study of two jet widths, w = 6.35 and 12.7 mm. 

The channel contained five protrusions which spanned the 
full channel width, s = 24.4 cm. Each protrusion consisted of a strip 
of stainless steel foi I 0.0254 mm thick, epoxied to a section of phe
nolic fiberboard of the same length and width . The fiberboard and 
stainless steel strip were then epoxied to a similar section of 
Styrofoam which formed the bulk of the protrusion. Five identical 
such heater assemblies were inserted into slots in a section of 3.8 1 
cm thick Styrofoam which formed the remainder of the thermally ac
tive wall. The heater protrusion into the channel was held fixed in 
this study at b = 6.35 mm. Additionally, the heated protrusion width 
and spacing were constam at L= 12.7 mm. 

The metallic foi I was heated by passing direct current from a 
DC power supply with voltage and current stable to 0.01 %. Each of 
the five heater foils was sandwiched between large aluminum bus
bars running the length of the channel. The Ohmic dissipation in 
each of the five heaters was determined from the voltage-current 
product measured at the heated surface. The total current was dis
played by the power supply to 0 .01 A, while the voltage drop was 
measured wilh voltage taps attached to the foi! heaters. The Ohmic 
dissipation was thus measured to an estimated accuracy of 2%, and 
was found to be the sarne in each of the five heaters to within 3%. 

The local temperature was measured at five equally-spaced 
locations along each protrusion, as shown in Fig. 2(a) . Copper
constantan thermocouples made of 0.0127 cm diameter wire were 
epoxied in holes drilled in the phenolic substrate with the beads 
against the underside of the metallic foil. One thermocouple was 
p1aced at the leading and trailing edges of the heater, one in the cen
ter, and the remaining two were placed between the center and each 
edge. Ali thermocouple arrays were in the spanwise center of the 
channel, as illustrated in Fig. 2(b). Thermocouple leads were passed 
through holes drilled into the Styrofoam. The ambient air tempera
ture was measured with a single thermocouple in the plenum up
stream of the flow straightening screens. Thermocouple voltages 
were read to I 11 V. Raw temperature data were recorded with an HP 
3497A data acquisition system for later data reduction. 

As explained previously, air was drawn through the plenum 
by a rcgenerative blower placed downstream of the channel. 
Rotameter type air flow meters with calibrated accuracy of 5% were 
placed just upstream of the blower, enabling the total air flow rate to 
be measured. Three flow meters of different measurement ranges 
were connected in a para! lei flow circuit. 

The walls at the spanwise extremities of the channel were 
fabricated of Plexiglass to permit optical access. A laser-Doppler 
velocimeter (LDV) system was used to obtain local mean velocities 
and RMS turbulent fluctuations of the component aligned parallel to 
the channel (crossflow velocity component). A TSI Model 19808 
LDV system, coupled with a 5W Spectra-Physics Model2016 Argon 
ion laser were used. The flow was seeded with a Fairchild six-jet at
omizer with manufacturer-reported mean droplet size of just under 1 
IJ.m. Frequency shifting was used to enable detection of flow rever
sa is. 

The Reynolds number characterizing each flow experiment 
was based on the average jet velocity and jet width: 

Re = pYjw/IJ. (1) 

lmpingement Flow 

~ t .. 
Crossll~ 

(a) 

(b) 

Flow (Crossflow normal 
to figure) 

Fig. 2. Detail of the hpHer modules, a) cross-section at the horizon
tal midplane qf the channel, b) spanwise cross-section of 
heater module. \ 

The averagc jet ve locity was _Qetennined from the total ai r flow rate 
measured at the flow meters, V j = OtoJ5sw. Since it will be shown 
subsequently that the mass flow through each of the five jets was dif
fcrent, this Reynold s number thus represents the avcrage Reynolds 
nurnber for each of the five jets . The radiative heat flux dissipated 
from each protrusion was determined using a gray-surface enclosure 
analysis with the measured temperatures and surface emissivities 
taken from the literature (lncropera and DeWitt, 1990). The maxi
mum radiation loss was less than 6% of the Ohmic heat !lux in ali 
experiments (Whidden, 1990). The local Nusselt number, defined as 

Nu= 4convL!k(Ts- Tj) (2) 

was based on the protrusion length L as the characteristic length . 
The average Nusselt number was based appropriately on the average 
temperature difference for the isoflux heating surfaces, and was de
tennined by integrating the local tcrnperature data 
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Nu= qconvL!k(T s - Tj ) (3) 

ln practice, the discrete temperature data were weighted by an appro
priate heater surface arca element in performing the surface tempera
ture integration. 

Not ali energy generated Ohmically in the metallic foi1 was 
convected away from the top surface of the protrusions. Some of the 
energy was redistributed through the underlying substrate. ln order 
to quantify the magnitude of the tosses, a two-dimensional ana1ysis 
of conduction in the heater module was performed. The differential 
equation governing conduction in the composite heater module was 
solved numerically . The analysis revealed that the maximum total 
energy loss through the sides of the heater protrusions was less than 
10% of the total Ohmic dissipation in the heater foil for ali experi
rnents. However, the fraction of the Ohmic flux that enters the con
vective a ir locally along the exposed surface of the foi! was predicted 
to fali rapidly in a small region near the edges, with values as low as 
70% there. Details of the conjugare heat transfer analysis may be 
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Fig. 3. Profiles of the normalized mean crossflow velocity at various channel locations forRe= 
300 and 1000, z/w = 2.0, w = 6.35 mm. 
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Fig. 4. Pro files of the normalized crossflow RMS velocity fluctuation at various channellocations 
forRe= 300 and 1000, z/w = 2.0, w = 6.35 mm. 

found elsewhere (Whidden, 1990). 
An analysis using the method of Kline and McClintock 

(1953) was perforrned to quantify the potential error in the experi
mental data. The uncertainty in Nusselt number was found to be 
dominated by the uncertainty in the convec'five heat flux, due to the 
conjugate effects in the substrate. llence, the local heat transfer data 
should be viewed with some caution particularly near the edges due 
to the high uncertainty in qconv there. However, the averagc Nusselt 
numbers are valid to within 12%. The uncertainty in Reynolds num
ber was found to be 7%. 

EXPERIMENTAL RESULTS 

As stated previously, the parameters investigated in the heat 
transfer study were th~ jet Reynolds number, nozzle-to-heater spac-
111g, and the nozz1e wtdth. The average jet Reynolds number was 
vari~d in the range 200 :::; Re :::; 1200 and the jet-to-heater spacings 
srudted were m the range 3.2:::; z:::; 12.7 mm. Both jet widths (w = 
6.35 and 12.7 mm) were investigated for these parameters. ln addi
tion , the flow strucrure was characterized for a more restricted set of 
the geometric and flow parametcrs. Laser-Dopplcr velocimeter mea
surements were made for R e = 300 and I 000, z/w = 2.0, w = 6.35 
rnm, and for R e = 300, z/w = 0.5, w = 12.7 mrn. The parameters for 
the convective heat transkr from the protrusions were characterized 
in non -dimensional forrn by the local and avcrage Nusselt number 
and the channel Reynolds number. The strcamwise lcngth of the 
protrus1on was chosen as the characteristic length in the local and av
erage Nusselt numbcr, while thc jet width was used in defining the 
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Reynolds number. The nozzle-to-protrusion spacing was normalized 
as z/w. Note then, that a change in z also changed the channel 
height, H. This will become significam in the composite correlation 
for the average Nusselt number to be presented. The experimental 
results will be presented first as a discussion of the flow structure 
drawn from the LDV measurements. The heat transfer from the pro
trusions will then be presented and discussed. 

.E!Qw Structure 
Figure 3 illustrates profiles of the crossflow velocity compo

nent (parallel to the channel axis) normalized by the local channel av
erage velocity, u/U, for Re = 300 and 1000, z/w = 2.0 for the 
smaller nozzle width, w = 6.35 mm. The profiles were measured at 
the leading edge of the last four protrusions with a final profile lo
cated one repeating module (protrusion length plus protrusion spac
ing) downstream of heater five as seen on the superimposed channel 
schematic shown in the figure. The local mean velocity profiles, 
u(y), at each channel axial location were integrated to determine the 
local channel average velocity, U. All profiles were measured at the 
spanwise center of the channel. The velocity scale for each profile is 
shown with the zero-velocity reference located at the channel mea
surement location. Additionally, the respective heater locations and 
channel axial dimensions are drawn to scale. The airflow enters the 
channel through each of the five jets and impinges on the five pro
trusions. The spent air forms a channel crossflow that is constrained 
to exit to the right in the figure. The first (leftmost) protrusion expe
riences virtually no crossflow effects, while the fifth (rightmost) 
protrusion experiences crossflow comprised of the full cumulative 
mass flow through the first four jets. Figure 3 illustrates a hydrody-
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namic development region near the first protrusion module for both 
Reynolds numbers studied. The crossflow velocities are observed to 
he as high as four times the local channel average velocity at the 
leading cdge of th~: second heater. The crossflow that exists above 
heaters 2 through 5 is confined to a zone roughly half the effective 
channel area, z/2, as seen by th e high velocities in the region just 
atxwe each protrusion. The crossflow velocities are seen to be nearl y 
twi ce thc local channel average in this reg ion for both Reynolds 
numbers. 

figure 3 reveals that there is very little change in the normal
ized velocity profiles, u/U, between locations at the final three pro
trusions. lt may be suggested that the profiles are nearly periodically 
fully-dcveloped , with only one or two repeating modules of lc:-~gth 
required to achicve this fully-developed condition. Recirculation 
zones are found next to the nozzle plate immediately downstream of 
each jet at nearly <:ll measurement locations. Yelocities in these 
zones of reverse tlow approach u/U ~ 1.5 for both Reynolds num
bers. The zones of recirculating flow are caused by the interaction of 
the jet tlow and the crossflow in the channel. As the jet enters thc 
channel it is detlccted downstrcam. The deflection causes a general 
counter-clockwise rotation of the fluid downstream of each jet and 
adjacent to the jet plate, resulting in the recirculation zone there. The 
reverse tlow is less pronounccd forRe= 1000, and effectively van
ishcs between the third and fifth protrusion. This may be due to thc 
incrcased strength of the crossflow in the channel at the higher 
Reynolds number, damping the fluid rotation. A recirculation zone 
in the region near the jet plate, away from the protrusion, may influ
ence heat transfer at the protrusion only as it promotes the general 
levei of turbulence in the flow. This will be illustrated in the RMS 
velocity data to follow. 

The turbulence intensity corresponding to the rnean velocity 
measurements of Fig. 3 are shown in Fig. 4. This turbulence inten
sity is defined as the ratio of the RMS fluctuation about the local 
mean velocity, to the local channel average at that channel axialloca
tion , u'/U. Again, the channel axis and relative protrusion dimen
sions are drawn to scale, with the nom1alized RMS velocity scale 
being shown below each u'/U profile. Figure 4 shows that the turbu 
Jence intensity for the Re = 300 data ranges from approximately 15% 
in the center of the channel to a maximum of 80% in the recirculation 
zone adjacent to the nozzle plate downstream of the last protrusion. 
The mean levei of turbulence intensity is roughly 20%. By contras!, 
the levei of turbulence for the R e = I 000 data ranges from 20% near 
the channel center to nearly I 00% near the recirculation zones with a 
mean value of about 40%. The turbulence intensity profiles of Fig. 4 
reveal more clearly a development length of two or three repeating 
modules before a nearly fully -dcve loped condition is reached; therc 
is very little change in the u'/U profiles between the founh and fifth 
protrusions for a given Reynolds number. Additionally, the u'/U 
protiles are nearly the same at the founh and fifth heaters for the Re = 
300 and Re = 1000 data . 

lt is interesting to note that even for such low average jct 
Reynolds numbers, turbulent fluid motion is seen to prevail. A local 
channel Reynolds nurnber based on the effective channel flow arca , 
z, may be cakulated as Rez = NRe(z/w), where N is the nurnber of 
jets upstream of the location wh ere Rez is to be determined. Note 
that this definition still assumes equal distribution of the total flow 
rate between all five jets. As will be quantified I ater, the flow rate is 
in reality nonuniforrn, with most of the mass flow rate entering the 
channel through the downstream nozzles. For the Re = 300 data 
seen in Fig. 4 , the local channel Reynolds number lies in the laminar 
channel tlow range (Rez:::; I 000) wcll past thc second jet. It may be 
suggested that the intcraction between jet flow and crossflow, cou
plcd with the presence of the protruding heaters, causes early transi
tion to turbulent flow as evidenced by the high turbulence intensity 
observcd in Fig . 4. It is primarily the locations of the jet 
flow/crossflow interaction where the turbulence intensity is the high
est. The strong turbulent motion is a more effective transport mecha
nism than its laminar flow counterpan. This will be demonstrated by 
a comparison of the experimental local Nusselt number data with 
laminar flow predictions in a section to follow. Regions of high tur
bulence also occur near the surfaces of the heated protrusions. 

A pressure gradient exists inside the channel with the highest 
pressurc located at the closed end, and the lowest pressure at the 
open end. The pressure inside the plenurn is constant, resulting in a 
nonunifom1 di stribution of airf1ow through the five nozzles. As are
sult, the fifth jet was seen to have the highest flow rate, and the first 
nozzlc th e lowest. This is consistent with previous impingement 
studics involving crossflow (Hamadah , 1989; Hollwonh and 
Durbin, 19X9). The local mean velocity profiles were integrated 
across the channel in order to determine the flow rate through each 
jet. This is cxprcssed as a cumulative percentage of the total volu-
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Fig. 5. Cumulative fraction of volume tlow rate through thc five 
planar jets for the llow and geometric configurations shown. 

mctric llow rate in Fig . 5. The figure illustrates the cumulative flow 
fraction immediately downstream of cach jet. For example, it rnay be 
observed that for Re = 300, zJw = 2.0, the percentage of total flow 
cntering tbe channelthrough jets one through five (detemlined from 
the differcnce in successive values of Q/Q101) was 7, 9, 11, 19. and 
52 'Yo , respectively. If the llow rate were unifonnly distributed he
twccn jets the Q/Q1m profile would be a straight line between 0.2 at 
jct I and 1.0 at jet 5, as illustrated in the figure . Hence, the nonuni
fonnity of the f1ow rate distriburion among the jets may be gaged by 
the degree of nonlinearity of thc Q/Q101 profile. The nonunifom1 di s
tribution of rnass flow rate is more severe for the planar, relatively 
low velocity jets studied ht:re than the higher velocity jets studied 
previously (lbmadah, 1989; llollworth and Durbin, 1989). Thc 
data show that alrnost XO % of the total llow rate may enter the last 
nozzle (for the Re :c 300, 7)w = 0.5 configuration). The difference in 
nonuniformity of tlow distributie 1 among jets is seen to be only 
moderate for increasing Reynolds numbers ata given nozzle size, as 
scen by a comparison of thc Re = 300 and 1000 data for z/w = 2.0, 
w = 6.35 mm. By contrast, thc large jt:t widths with smallnozzle-to
protrusion spacing rcsult in significantly more nonunifomlity than the 
smaller jet widths, seen by comparing the Re = 300 data. The higher 
constriction of thc channel flow for decreasing z/w undoubtcdly re
sults in more severe maldistribution of the rnass flow rate in the jets. 

Heat Transfer 
The ex perimentally-detcrmincd local Nussclt number along 

t:ach of the five heater surfaccs is shown in Fig. 6 for the Re = 300. 
z/w = 2.0, w = 6. 35 configuration. The figure also illustrates the re
sult s of a laminar flow and heat transfer prcdiction for the sarne tlow 
rate and geometric configuration. Thc coupled partia! differential 
cquations governing conservation of mass, ll1<)rl1enlllm, and energy 
wt:re solvcd with a finite diffcrcnce technique using a 30 x 99 grid. 
The SIMPU: R algorithm was employcd to trc:at thc coupling bctwcen 
momentum and continuity (Patankar, 19!Hl). The experimcntally
measurt:d mass flow rate was imposed at each jet exit, thus account
ing for the nonuniformity in total flow distribution among nozzl es 
obse rved in Fig. 5. Two scts of pn:dictions are shown , with and 
without conjugate t:ffens included in the hcater assernblies. The 
simulation including conjugate dfects accounts for the composite, 
finitc-conductivity nature of the metallic foil/phenolic 
board/Styrofoam hcater asst:mbly . Details of the simulation and so
luti on methodology may be found t:lsewherc (Whidden, 1990). 
While it should be remembered that the experimental Nusselt number 
data at the edges of the heaters are subject to considerable uncer
tainty , defini te trends are evident. The local heat transfer data indi
cate that the Nusselt number profile is cup-shaped with a minimum in 
thc center of the heated surface. The shape of the local heat transfer 
coc fficient profiles agree qualitatively with the laminar flow predic
tions. This unusual cup-shapcd local heat transfer behavior is be
lieved due to the complex interaction between impinging flow and 
crossflow. The initial decrease in Nu scen for the second and sub
sequent heaters is a result of the formation of a thermal boundary 
layer from the crossflow in thc channel. The rise in Nu toward the 
trailing cdge of thc heaters arises dueto the injection of the impinging 
jct , which has the cffect of thinning the thermal boundary laye r with 
the associated incn.:ase in h~:at transft:r cocfficient there. 
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Fig. 6 . Experimentally-detcnnin..:d and laminar tlow predictions for 
the hx<li Nusselt number along each of the fi ve heater su r
faces for Re = :100, 1/w = 2.0 , w = 6.35. 

The cup-shaped local Nusse lt number profile is radically dif
fcrent from that found for impinging planar jets without crossflow, 
where the maximum local heat transfer coefficient occurs at the stag
nation point (Gardon and Akfirat, 1966). A maximum in the local 
heat trans fe r near the stagnation centerline of the jet is seen only for 
the first protrusion without conjugatc effeets. It may be seen that the 
laminar flow predictio ns are consistcntly 50- 100% below the exper
imental data. As expected , the analysis including eonjugate effects 
predict s loca l Nusselt numbcrs higher th an the adiabatic substrate 
prcdictions. Howeve r, the difference in the adiabatic and conjugate 
substrate predictions is only slight, and is unable to explain the large 
discrepancy between prediction and experimental data . lt can only be 
concluded that , despite the low Reynolds number c haracterizing the 
experimental data , the t1ow and transportare prcdominantly turbu · 
lent. Thi s was corroboratcd by thc local RMS velocity data of F ig. 
4, where u'/U avera ge values were rou gh ly 20% for the Rc = 300 
data. Despite the obvious inadcquacy of the laminar tlow mode l, the 
predicted mean velocity profiles agreed quitt! well with the experi 
mental LDY velocity data; the gcncral recirculating tlow and imping
inl! flow/crossflow imcraction was capturcd in thc laminar !1ow anal 
vs-is ( Whiddcn , 19'.)0). 
· The dependence of the averagc Nussclt number on nozzle -to
protrusion spacing, z/w, is illustratcd in Fig. 7 for the first, third, 
and fifth hcatcrs. The data are shown for both nozzle widths , w = 
6.-':1 and 12.7 mm , and for two Reynolds numbers , Re = 400 and 
I 000. lt may be obserwd tha t thc· large nozzle widrh shows a gen
eral i v dccn:asi nl! trend with z/w for both R e = 400 and I 000 at ali 
hcat~rs. On the cJthcr hand, thc average Nusselt number for thc small 
nozzlc wiclth incrca ses with z/w for heater I , tends to a local max i
mum for heater 3. and delTe<t ses with z/w for heater 5. This is ob
served for both Re ynolds mnnbers shown. To explain the ave ragc 
1\ussclt numbcr behavior it mu st be rcrne rnbcrcd that there are two 
basic tlow mechani sms contributing to the heat transfe r from each of 
thc protru sions. Thcse twn mechanisms are crosstlow and impin ge
mcnt fl ow. The avcrage Nusse lt numbcr behavior may then be ex· 
plai ncd in tenns of the sc two m..:chanisms for the two nozzle widths 
studicd . r:or a give n Reynolds num hcr thc total tlow ra te is con stant 
t<>r buth nozzle widths, hut thc avnagc vclocity through the srnall jets 
i> doublc that in thc largcr jets. Thc largn jcts thu s y ield lcss in tense 
JCt impingement flow and heat transkr. An increase in dw ca uses an 
assPL"ia tcd incrcase in the chan nél cross-sec tional arca. with a resul
tant dccn: ase in the cross flow v..:locitv. lle nce, in the largc jet con 
fi guration. whcre the impingement flt;w is rtlativcly weak, thc avL~ r
a l!e :'\: usse lt numhcr is cxpectcd to drop for inncas ing dw dueto thc 
r~duL·cd inten si ty of the primary transpon mcchanism, the channcl 
nusstlow heat tran sfc r. 

For tlw sm;ill JCts, the .iet impin gemc nt flow influcnces thc 
hea t transfer morc -,ign ifi L';IIltly duc to thc h igher jet veloci tics. Whe n 
;Jw is largc, thc crossflow velnci ty is ata minimum duc to the largc 
,Toss-scct ional are;t of thc channcl. llem·e, at large z/w thc hi gher 
, ckKitv and momentum of the small jets allows grcater penetratio n 
thmugl; thc weakencd nossflow to th~ heatcd surface. Sincc jct im -
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h g. 7. Dependence of the average Nusselt number on nozzle-to
protrusion spacing for the fir st, third , and fifth hea te rs: Re = 
400 and 1000, w = 6.35 and 12.7 mm. 

pingement heat transferis generally more effective than c~annel tlow, 
th t.: resulting higher values of average Nusselt number for large -zlw 
arc scen. Additionally , it is expected that the effec ts wlll be more 
pronounced for higher R e, which is the case in Fig. 7. By contras!, 
when z/w is small the channel cross-sec!lonal area 1s constderably 
lcss, in c reas in g the crosstlow velocity. The je t impingement flow 
momentum is now smalle r relative to the crossflow, and its e ffective
ness in penetrating the crosstlow is reduced. It can then be argued 
that for small z/w thc predof!!i_nant heat transfer mechanism is channel 
flow, and hence the lower Nu values are observed . A local rnaxi
mum near z/w = 1.0 forRe = 400 with the large jets, and near -z)w = 
2.0 for Re = l(KJO with the small jets is observed on heate r 3. The 
crosstlow and jet interaction experience some trade-off, where at low 
t./w channel crosstlow heat transferis dominam, whereas at high z/w 
je t impingement transpon dominates. It may be suggested that the 
point of maximum Nu is the value of 7)w where both mechamsms act 
lll UlllSOn. 

The fifth protrusion did not ex hibit the same behavior as its 
up stream nei ghbors . It was the only protrusion where the average 
ts: usse lt number depende nce on nozzle- to-protruswn spactng was 
identical; Nu is seen to decrease with z/w in Fig. 7 for both nozzle 
widths at both Reynolds numbers. The last protrusion causes a large 
rec irculation zone and hi gh leve is of turbul cnce as the channel 
Reynolds nurnber, Rez , becomes largc due to the cumula tive e ffect of 
th<.: spent air from the upstream nozzles. The tlow here 1s very turbu
lcnt and th e noss flow ve loc ities are high. Ali of these effects in
cr.:asc as z/w dccreases, tending to dominate any jet impingement ef
kns that may cxist. Hencc, the fifth protrusion is intluenced pre
dn minantly hy channel crosstlow effec ts for bo th nozzle w1dths. 

C.\>rrdation of 1\vera~e Nussclt Numbs:r 
Ali of the experimental ave rage Nusse lt nurnber data were 

cmrélated us ing a multiplc li near regress ion tn quantify the impor
tan l·c of thc para metcrs di scussed in thi s study. Thc corrl'iatton uscd 
is of thL· fonn 
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Nu;= A; Rem' (L/w)n' (L/z)O< (b/H)P< (4) 

where Nu; is the average Nusselt for heater i, and the flow and geo
metric parameters are as defined in the Nomenclature. Table I lists 
the coefficient and exponents, A;, m;, n;, o;, and Pi determined from 
the least-squares regression for each of the heaters, along with the 
average and maximum error for each data set. The correlation is il
lustrated in Fig. 8 for ali of the experimental data. The correlation is 
valid in the range 200 ~ Re ~ 1200, 0.25 ~ z/w ~ 1.0 for the 12.7 
mm nozzle width, and 0.5 ~ z/w ~ 2.0 for the 6.35 mm nozzle 
width. The correlation shows some interesting trends. The average 
Nusselt number is seen to depend roughly on Re0.6. However, the 
cumulative effect of crosstlow is evident by the increasing exponent 
on Re, m;; lf the flow through each jet is increased by a given 
amount, the crossflow at the end of the channel is increased by 
roughly 4 - 5 times that amount. The result is that the successive 
downstream heaters approach a Reynolds number relationship more 
nearly that of conventional channel flow, for which the Nusselt num
ber dependence is given by the Dittus-Boelter relation for fully-de
veloped turbulent channel tlow, Nu= ReO.H. A correlation in terms 
of the dimensionless nozzle-to-protrusion spacing, z/w, was not 
possible. This is evidenced by the variation in exponents of L/w and 
L/z. lf a correlation in terms of z/w was possible, these two parame
ters would exhibit the sarne relationship, and n; and o; would be 
identical since z/w can be built from the ratio (L/w)/(L/z). Note also 

that the ratio of protrusion height to channel height, b/H, was neces
sary in developing the correlation. 

CONCLUSIONS 

The flow structure and heat transfer characteristics of a two
dimcnsional array of heated protrusions cooled by planar jet im
pingement with crossflow of the spent air have been investigated ex
perimenta.lly. The parameters varied experimentally included average 
jet Reynolds number, nozzle-to-protrusion spacing, and nozzle 
width. Laser-Doppler velocimetry was used to map mean flow and 

Table I. Coefficient, exponents, and average and maximum error for the average 
Nusselt number correlation, & n. (4) 

Heater jj A; I m; n; o; Pi Avg. Err. Max. Err. 
(%) (% 

0.668 0.520 0.458 -0.125 0.132 7.7 19.3 

0.540 0.578 0.428 -0.081 0.202 6.6 15.7 

1.092 0.652 0.494 -0.580 1.188 9.1 21.2 

4 H 1.767 0.723 0.554 -0.848 1.878 6.3 16.0 

1.036 0.783 0.486 -0.316 1.372 7.2 21.6 
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turbulem tluctuations of the crossflow velocity component. The 
LDV results show the presence of recirculation zones and highly tur
bulent flow even for low jet Reynolds numbers. High turbulence 
intensity was observed in regions of significant interaction of the jet 
impingement flow with the channel crossflow. Significam nonuni
formity in the distribution of mass tlow delivered to each jet was ob
served, and was found to he dependem on the jet width and nozzle
to-protrusion spacing. 

Two mechanisms were observed which affected the heat 
transfer. The first was jet impingement, and the second was cross
tlow of the spent air. The average Nusselt number experienced some 
trade-off where at low 7)w with large jets the heat transfer was domi
nated by the crosstlow, whereas at high z/w with small jets the heat 
transfer was dominated by jet irnpingement. A maximum in average 
Nusselt number with z/w was observed when the jet irnpingernent 
tlow and ,crossflow acted with near-equal intensity. A correlation for 
the average Nusselt numher for each heater was developed in terms 
of the average jet Reynolds number and the geometric pararneters of 
the prohlem. 
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SUM~IARY 

Th e developmen t of a thre~:-dimcn.•ionnl tmn,wnic fiow .•olvcr bo .. •cd on thc j1Lll potential for
nmlation i.s dco~crib ul. The HolBi and B nllhnu . .< artificinl den.,ity .•chcme is uscd for the spntial 
diiJcretizatwn of the _go vernin_g cquation. Convergcnce to sieady ,<tate i.~ achieved through iteratio n 
in p.<e·ado-time 1L,Úng th c AF2 implicit approximnt e fact orization algorithm. Th e irnplementation of 
circulntion b~unda ry cunditions, which nre cs .<entia l in ordcr to obtain nccurate lifting .< olutio ns, is 
dt:.<c-rib~:d in dctail. Th c: code was applir.d to wmg-likc configumtions, and the rcs1Llts are in good 
a._gT'cement with th e availnblc data. 

lN T RODliCTIO N 

Th<' d(•vdoprn!'nt of nwd<'rll computationa.l 1.ouls 1.lrat ca.n aid in 
l he a<• rody nami c dPsign o f cnrr<• rrt ve hicl<-s is a co ns l.all1. r·o nct' r ll in 
m a ny acrospace-r<' la.1. <'d o rf!:a ni zation s now ad ays. Thi s is qui i.<' j11 s t ifi 
ablc considering th e p otcntia.l savings that ran IH• rea.liz!'d if th <• typ 
icall y wind lllnnp] oriPntPd apros pac<' vP hi rl<- design is dir<'clcd nro r<· 
towa.rd s conrp nt.a.tion. lt has IH'!'Il s lr ow n in m a ny inst.a.nn •s t.h at. 1.11!' 
cost of computa t. ion has bcPn constantly rcdlln•d nvp r th <• y<'ars, ;uul 
tire t rPnd Ir as 11 0t show n any signs o f c ha.nge. Mor<'0\'<'1" , til!' a.d<i<-d 
f!exibility provid<•d bv t i!!' compn ter a.llows for <t fa s t.<•r d<'v<' lopll !!' ll l. 
stage of ll l' W confi f!: llr ;tl. ions , a.nd thi s translat.<•s dirPrtly i11 a s lw rtn 
t illl!'-lO- nl a.rkPt. of n<'W d<•s ig ns. 'J'I !!' rl' fO r<', th (' <H'I'OS J><IH' il!dl! s l.rV, <1nd 
research inst.itutions, are bein g forcl'd into <lPvdopillf!: th<'ir conrpl!ta.
tiunal codes for <le rod y n;unic ana lyses in ord <' r to rcm a in co rnp rt iti w•. 

ln thi s context, the prPsent work desrri hes th<• dev<'lo pme nt o f a 
tlm~c dim e nsion a l flow solver lr a sed 0 11 tire full p nt<• nt.ial fornrnl<tt.ion 
for t he analysis of t ranso nic flow a bo u t wing-lik<' con fi gura.tions. Tire 
mat lwmat. ica.l for rnn i<Lt ion considers the is<·n tropi c fl ow hy pot. lr Psis to
gethPr wi t h thc rnass a nd 11\ 0 ill<'nlnm ron st• rvatio n <•qn at ions. Tlris 
allows t ir e derivat.ion o f the fnll pot!'nt ial <'q rmtio n a.nd an expn•ss io n 

for t hc de nsity. ll o lst a. nd Thon ras111 tlrree dimens io na.! ;ulapt ati o 11 of 
the A F2 a.pp rox im ate factorization algo rithm is usPd for th<' sol11tion 
of t he s tea.dy fnll pot.enti a l eqnation in conse rv;tti v<' forrr1. Tl!l' sta
bility of th e calrl!la.tion procPsS in supersoni c flow rcgions is achi e ved 

thro ugh t he use of llolst <tnd Ballhausl21 a rtificial cl<'nsity ,c h<'ll l!'. 

An a.l g<' lnaic rncsh ge ncral.o r13! was dev!'loped in or<kr. lu prov id" 
the a.eroclynami c sol v!' r with hody ronforrning 0- J[ type nws ll!·s i r 
the chord wise a nd spa.nwise pl anes, r<'spcctiVI'Iy. Th!' gr id g<' H<' r;!lu r 
allows for the control o f wak<' and extPrn a.l hound a.ry p os itinrr , 1 ~'" 
smoothn ('SS o f iHtl'rior point d istribu tio n , a.nd grid st retrhing. I e

su lt s are prese nteei for wi ngs nrountl'd hetwccn two wa.ll s , a nd r"o r 
wings rnounled a.g<tinst a wall with thc otlwr e nd fr<'('. lJ11 swcpt wi ,,gs 
mo 11nted bctweer. two infinitc w;tll s in a po l<' Htia.l flo w <•sscnt ia ll y rcp
rcsent 2-D flow co nditions . T he lat ter ca.sl'S are th(' count:npart., in 
thi s simplified nurncrica l simul at ion , of a win g nHlnl! ted in a fu sdage. 

TH EORETICAL FORMULATION 

The full potcn tia.l cq11ation ca.n b t• written in ronscrvative fonn for 
3-D cartcs ia.n coordina.tcs a s 

( I ) 

where <P is the complete velocity po tential , a.nd thc subsc ripts indi
ca.te pa rti a ! deri va.tives with respect to ea.ch coordinate di rcc tion. lf 
vclocities a re made dimcnsionlcss with respcc t to t he critiral s peed o f 
sound a., a.nd de nsity is nondimcnsion a lized by th e stag11a.tioll d <' ll sity 
Pto o ne ca.n obta.in a.n ex prcssio n for the dens ity as 

[ 
1-1 ]'/h-1) 

p = 1 - -- (<P' + q,2 + "'2) I+ I L Y 'l'z (2) 
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!l e re, wc lr a.ve nscd t hc continuity equation in stcady form , a nd t he 
momeHtunl coHscrvation cqu;itions together with t he p o te ntial fl ow 
hy pot hcsis. 

lt is usually convenient tu rewritc the above cqua.tions in general 
curvilincar coordinatcs t h a.t con form to thc body of intcres t. llesides 
making t hc rode implcmcntation much more gene ra l, thi s rna.kes t he 
mcsh spacing uniform in romputational space a.nd facilitates the im
plcmentation of ho undary condition s . The tra.nsformation is typica.ll y 
kn ow n only nnmcrirall y, a.nd it is of the forrn 

~ ~(x , y, z) 

T/ 11(:r, y , z) (3) 

( (( x , y, z) 

Th e f111l potcntia.l cquation can be rewritten in th c new coordinatc 
sys tc m , st ill in conservat io n-law fo rm , a.s 

- + - + - _() (pU) (p \i) (pW) _ 
J ç J ,, ./ ( 

Th e cxprcssion for dc11sity beconH'S 

Th e rontravaria111 velocity com ponents are given by 

u 
\" 

IV 

A r1>ç + rLt </J., + A ~·<i-'< 

,L, qç + i \ 21>,1 + Ac,~( 
!l,&ç + ,-1 6"'~ + ,h </Jc 

Th e various m!' tric tcrms are d<'fined as 

2 2 L ~ Ç,. + E,y · , E, , 

2 '2 2 
1}_,. + IJy + IJ, 

(} + ;; + (; 
~x l)x + E, y 1)y +E,, I/: 
~l-(x + MY + ~ , (z 

A6 1/r(r. + 1/y(y + 1),(, 

and thc .l aco bian of the transformation is given by 

J (l:ot.,zc + xcyçzry + x,1yczç 

-:1"( .1/ ,12>; - x 0 yçz( - X(Y(Zo) -l 

( 1) 

(5) 

(6) 

(7) 

(8) 

A sr h<'n!itl ir descr iption of llt<.' t ransformai ion from p hysical to com
put at. ion a l domain is shnw n in Fig. I . 

FlNITE Dli'FEHENC E I:QUATIO\ S 

Fo r transoni c flow , Eq . l is of rnixed elliptic-hypcrbolic type. ln 
ph ys ical terms , t hi s uwa ns that t he field ha.s hoth subsonic a.nd su1wr-
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Figure 1: Physical space to computational space mapping. 

sonic regions. An appropriate spatial differencing algorithm, which is 
capable of capturing this mixed character of the ~overning equation, is 
the Holst and Ballhaus artificial density scheme[ ·4,51. This difference 
scheme applied to the 3-D full potential equation in conservation-law 
form for general curvilinear coordinates yields[l] 

- (iíU) - (pV) - (,ôW) li{ - + li'l - +li< - = o (9) 
J i+~.j,k J i,i+ ~ . k J i,j,k+ ~ 

where the lJç( ), lJ
11

( ) and lJ(( ) are standard 1st order backward dif
ference operators in the (, 11 and (-directions, respectively. 

We observe that the scheme is essentially a centrally differenced 
algorithm, in which stability in supersonic regions of f\ow is achieved 
by an upwind bias of the density coefficients p, p and ,ô. These density 
coefficients are defined by 

.ô;+t.i,k 

hi+~,k 

Pi,i ,k+ ~ 

[(1- v)p]i+~.j,k + Vi+~,j,kPi+r+~,j,k 

[(1- v) P]i,j+ p + vi,J+t,kPi,j+•+ i·k 

[(1- v)p]i ,j,k+! + vi,j,k+}Pi,j,k+t+t 

(lO) 

Here, the v coefficient, and the r, s and t índices are responsible for 
providing the upwind influence. The índi ces are defined such that 

r = {- +1 , for ui+t.j,k <o 
-1 , for ui+t.j,k > o 

{ +1 , for vi,j+p <o 
s = -1 , for vi,j+t.k >o 

{ +1 , for wi,j,k+ t < o 
-1 , for wi,j,k+! > o 

a,nd the switching function vi+} .j,k is given by 

_ { max [~Mi~i.k -1) C,o] 
vi+~.J,k - max M 2 . - 1) C o] 

t+l,],k ' 

, for ui+! .j,k > o 
, for ui+t.j,k < o 

( 11 ) 

(12) 

Similar expressions are used for vi ,i+t.k and vi,j,k+t· The local Mach 
number, M, can be obtained from 

M2 = 2M; 
(I + 1) - ( 1 - 1) M3 ( 13) 

where M? = U </>e+ V 4>11 + W 4><· The C constant is use r specified, and 
the suggested range is 1.0 ::; C ~ 2.0. 

The density here is always calculated at the mesh half points where 
it is needed. This is more expensive than computing the density at 
the mesh point themselves and then obtaining the densi ty at half 
points by averaging. However, our computations showcd that it does 
produce much better shock resolution and it is, thcrefore, adopted 

178 

in the present work. We emphasize that this proccd ure will require 
the cornputation, and storage, of thrce sets of density coefficients per 

mesh point throughont the entire mesh. For instancc, at (i+ ~ , j,k) 
points , the U velocity component is given by 

ui+t.i.k A I . <l>f. + A4 </>ry •+!.J.k ·+~ .J, k •+t .J.k ;+t,,,k 

+As 4>< 1 t+ ~ ,J ,k t+ 2 ,j,k 
(14) 

and similar expressions can be written for thc other contravariant 
velocity components V and W. Hcrc, 

<l>e•+t·'·· 

</>"'i+! ,], k 

4><;+ t ,j,k 

<l>i+l,j,k - <l>i,j,k 

(</>i+I,j+l,k- </>i+l ,j -l,k + </>i,j+l,k- </>i,j-I,k) 

4 

('Í>i+l,j,k+l- <l>i+l,j,k-1 + <l>i ,j,k+l- <l>i,j,k-tl 
4 

(15) 

With the above quantities, thc densi ty P;+t.j,k can be calculatcd by 

Eq. 5. A similar procedure is used for the (i,j + ~, k) and (i,j, k + ~) 
points in the present irnplementation. 

Similarly, the metric tcrms are also cmnputed at lhe half points by 
2nd order finite difference formulas , instead of using averages. Again , 
this is more expensive and reqnires the cvaluation of threc sets of met
ric terms per mesh point. As above, this addition al work is more than 
justified by the increased accuracy that can be achieved, especially 
for meshes with high leveis of stretching which a re typical of many 
aerodynamic computations. 

THE AF2 ALGORITIIM 

Relaxation schcmes for thc conservative, steady full potential equa· 
tion can be written in general delta forml6] as 

N C~i.k + w L<P?,J,k = O ( 16) 

Here, n is the itcration index, w is a relaxation parameter, and Lrp?,j,k 
is the residue, i. e. , it is a measure of how wcll we are satisfying the 
governing equation. Hence, 

n - (iíU)n - (pV)" - (pW) n L.P k = líe - + li - + li< -
t , ] , J i+~ ,j,k ~ J i,J + ~ ,k J i,j,k+ & 

( 17) 

c~j,k is the n-th iteration correction 

c~j.k = <P~j,! - <t>?,j,k (18) 

and the N operator is chosen to approximate L as closely as pos· 
sible. Obviously, the solution of such an irnpli cit three dimensional 
opcrator would bc quite expensive. Hcnce, the mcthod goes on to 
approximatcly factor this N = L operator in order to obtain an ef
fici ent solution algorithrn. The standard ADI-type algorithm would 
factor this 3-D operator into a sequcnce of three completely decou
pled 1-D operators. The AF2 algorithm still factors the left-hand side 
into three operators. However , one of the direction s is split in two of 
the operators, which automatically adds time-like dissipation in thi s 
particular direc tion and also sirnplifies the inversion work by avoiding 
one tridiagonal solution [6J. 

The AF2 algorithm for the :l-D case can be exprcssed in the fol
lowing sequence of steps. 

• Step 1 : 

(a - ~k ~Ajb11 ) g?,j = o:w L</>?,j,k + n Ak+ 1 f;~j.k+I 
• Step 2 : 

( 
= 1- -) Ak 'f /h li{ - ;:;li{ A;lí{ JJ:i.k = g~i 

• Step 3 : 

(a + 7J<) c~j,k = !;~j,k 

(19) 

(20) 

(21) 

As before, the lJç, lJ11 and 7J< are standard 1st order backward diffcrence 
operators, and the lt, and if~ are 1st order forward difference opera
tor. The (-~irection derivatives are the ones split arnong tbe various 

stcps. The lJç denotes a backward or forward operator, whatever gives 
an upwind inftuence, and the sign of the corrcsponding terrn should 
be chosen snch thal the magnitude of tbe main diagonal c!!'ment is 



increased. The (3çhç term is adding temporal darnping to thc centrally 
differenced Ç-direction. ln the present implemcntation, the (3{ coef
ficient wa.s varied between 0.10 and 0.40 for supersonic flow regions. 
This coefficicnt was set to zero in subsonic regions. Thc A;, Aj and 
Ak cocfficients are defincd by 

A; (
PAI)" 

J i - t,j,k 

(
PA2)n 

J •.i-P 
(22) 

( PA3)" 
J i,j,k- t 

The a parameter can be intcrprctcd as the inversc of a time step 
in thc pscudo-tim<' marrh represcntcd by the iterativc process. For 
cffic iency reasons , it is a.ctually impor tan t to cyde ovcr an a -sequence, 
instead of using a consta.nt valuc for this parameter. A di scussion of 

a-sequences is prescnted by Holsti6J , Ballhaus et aJ.I'lJ and Sankar 

and Malone181, among others. A detailed comparison of the use of 
o-scquences versus constant o is given in Ref. [9] for a simple test 
problcm. The following sequcnce was adopted in thc present work. 

( )

i/(nb-1) 
O[ow 

Ü( = Qhigh -
ahigh 

(23) 

where nb is the numbcr of eJements in thc sequencc, il.IId e= 0, 1, ... , 
( nb- 1 ). The va.lucs of thc various paramcters typically used for most 
of the computa.tions pcrformed here were nb = 5, OJow = 0.82 and 
ahig h = 23. The OJow and ahigh values wcre adjustcd in a trial-and
error basis for fastcr convergcncc of thc initial computations, and it 
was observed t!tat t.hcy yielded efficicnt convPrgencc for ali cases con
sidered. 

Stcps 1 and 2 are solvcd concurrcntly for eaC-h k- plane, starting 
at k = N J(, which mea.ns the wing surfa.cc in t.hc present case, and 
marching backwards in k. Step 1 rcquires the solution of a standard 
tridiagona.l opcr<1.tor in the 1)-direction. A pcriodic tridiagonal solntion 
in thc ( -direction is pc rformcd in stcp 2, sincc 0-typc rneshcs are used 
iii chordwisc plaues. After thc interm cd iate variable Jtj,k is found for 

the enti re mesh, stcp :.l can be performcd by sweeping forward in the 
(-direction. 

BOU NDARY CONDITJONS 

The condition of flow tangcncy at solid surfaces is obtained by sct
ting the normal vdocity cornponent to zero at the wing surfacc. ln 
computational spacc, this can be interpreted a.s having the contravari · 
ant velocity component W = O. The implementation of this condition 
in the residue computation yields 

(pW) (iiW) 
T i,_i,NJ\"+t =- T i,;,NI\-~ 

(21) 

Moreover, the condition of zero }V contravariant velocity compo!Pnt 
allows us to write (sf'e Eq. 6) 

( . ~5) 

This expression avoids the use of a non-ceutered diffcreucc operator 
in the (-direction at k = N K. ln a similar fashion , the tangency 
condition at the symmctry plane is obtained by sctting V = O. The 
proccdureis exactly similar to the onc describeJ a.bove a nd, again, the 
dellnition of the contravariant velocity compone:~ts can be invoked to 
avoid the cornputation of non-centercd 1)-difl'crences at the boundary. 
Periodic boundary conditions are used in the Ç-direction . 

An extremely important aspect of potential flow computations 
is the implementation of circulation boundary conditions. Potential 
flows require the enforcement of some form of Kutta condition in or
der to obtain lifting solutions. A considcrable amount of effort in the 
present work was spent in finding out efficient ways of implemcnting 
the Kutta condition . The authors werc able to identify at least three 
differen t ways for computing the circulation. Ali of them yielded, 
however, comparable results. Here, duc to space limitations, we wiH 
restrict ourselves in describing the form of Kutta condition implemen
tation used for the rnajority of the :J-D computations. 

The approach implemented hcrc follows the work of Jameson110] 
and Holst l6] in which the potential is broken as the surnmation of two 
parts as 
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(26) 

Here, J> will take care of ali the nonlinear contributions to the velocity 
potential. The second term represents a vortex of strength 21rr, and 
it will be used to enforce the Kutta condition. The interesting point in 
this approach is that the potential J> is a continuous function through
out the whole lield, and the jump in the velocity potential across the 
wake is taken care by the second term. Moreover, derivatives of <P are 
identical to derivatives of J;, except for the Ç-derivatives. These are 
givcn by 

(27) 

The Kutta condition is enforced by setting <Pe to zero at thc trailing 
edge. This is equivalent to state that the flow is not allowed to "make 
the turn" around the trailing edge. Hence, the circulation can be 
calculated from 

r= J> . = 4>2,j,NK- J>NI-l ,j,NK 
(I ,],NK 2 (28) 

We remark that both i = 1 and i = N I correspond to points along 
the wake. ln other words, there are two computational points for each 
position in physical space along the wake. Moreover, the potential 
that is actually stored in the computer is J;. The complete velocity 
potential can always be recovered using Eq. 26, if it is needed. 

The velocity potential jump across the wake must be explicitly 
enforccd. This is done here by solving for <P from i = 2 to i = N I. 
The potcntial values at i = 1 are obtained from 

<P'i,i,k = <P'Ju,;,k + rj (29) 

A circulation boundary condition must also be enforced in the far-field. 
The rational here is that the circulation computed by a line integration 
along the far-field boundary must be exactly equal to that obtained 
by integration along the airfoil surface. Hence, the freestream values 
attributed to the potential in the far-field are modified to take into 
account the existence of a vortex of strength 21rr located at the airfoil 
quarter chord point. 

The implicit implementation of boundary conditions is also very 
important in arder to develop a robust and efficient algorithm. Of 
particular concern is, again, the correct treatrnent of the circulation 
in the implicit operators. Hence, in the tridiagonal solution in step 2, 
one must t ake into account the periodicity in the Ç-direction as well 
as the jump in the potential along the wake. The system of equations 
to be solved in step 2 can be schematically represented bylll] 

adi-l,j,k + b;/; ,j,k + cdi+t ,j,k = d; (30) 

where i = 2, ... , N I. Observing that cr.i,k - CíV I,i,k = Llf'J , one can 
obtain from stcp 3 that 

Tfence, 

f{~i.k = !Pn ,j,k + a Lll''J (32) 

If we, then, take i = 2 in Eq. 30 and use the :esult abovc, we can write 
for the first equation in thc tridiagonal sys· •. em in t h e Ç-direction that 

With a similar development , we can nl>tc.in fo r th<: trailing edge point 
in the lower surface of the wake, i. e. , foi i= NI, that 

It is clear, however, that at this point in th• ' computation we can
not simply compute Llfj = q+l - r'J, becaube fj+1 is not known 
yet. This quantity can be computed only after the update of the so

lution 4?'+ 1 
for the mesh interior points. The procedure adopted here 

consists, then, in cornputing t>rj using an estimated value of f'J+1. 
This estimated value is used only for this cornputation, and never for 
the explicit update of the circu\ation boundary conditions previously 
described . Hence, we have that 

Llf~ = (rn+l) -r" 
J J e6timated J 

(35) 
,. 

where 

(rn+t) = 2 r" - r~-! 
J e3timated J J 

(36) 

lt was observed that the convergence rate for the correct circulation 
value was still not satisfactory with the above procedure. Therefore, 

following suggestions in the literature15J, we decided to underrelax 



the circulation computation. The procedure finally implemented here 
consisted in calling f''J the value of r computed by Eq. 28. This valuc 
is underrelaxed such that 

r = R f'>! + ( 1 - R ) rn-J 
J 9 J 9 J (37) 

and we, then, compute 

rn = ~ [r + (rn) l ) 2 1 J estimated 
(38) 

The estimated values of r at the new time levei n + 1, required for the 
implicit computations , are obtained from Eq. 36, and ôfj can then be 
calculated from Eq. 35. The underrelaxation parameter R9 is specified 
by the user. For the present computations, the value R9 = 0.50 was 
used for ali cases. 

For the initialization of step 1 with k = N J(, see Eq. 19, the 
value of fi~j,NK+J is required. This value cannot be usually calculated, 
since it is the value of a property "inside" the wing. The procedurc 
adopted here was to assume fi~j,NK+J =O, and we remark that this 
is consistent with the steady-state solution. Further discussion of the 
implicit numerical boundary conditions can be found in de Mattosll2]_ 

RESULTS 

The meshes used in the computations to be presentcd here were ali 
generated algebraically. The interested reader is referred to the work 
of de Mattosi12J for the details of the grid generation algorithm used. 
It suffices now to say that O-H meshes were used in the chordwise and 
spanwise planes, respectively, and that care was exercised in order 
to ensure orthogonality at the wing surface. A detailed view of the 
grid dose to the airfoi l for the case of the CBA-123 root section is 
shown in Fig. 2. lt is clear from the figure that the present mesh 
generator does not provide an extremely good resolution in the wake 
region. This is a consequence of imposing orthogonali ty at the wing 
surface with an 0-type mesh. ln sectors of high curvature of the 
airfoi l surface, the resultant grid is rather coarse away from the airfoil. 
Nevertheless, we did not observe any inaccuracy in the solutions that 
could be attributed to this Jack of resolution in the wake region. 

The initial computations performed here considered a rectangular 
wing mounted between two infinite walls. As di scussed before, this 
actually represents 2-D fiow, and it was used mainly with the purposc 
of validating the code developed. Many subcritical cases for this con
figuration are also presented by de Mattosl12]_ Here, we will describe 
only the most interesting results. The pressure coefficient distribution 
for a wing of aspect ratio 10, with a NACA 0012 airfoil, is shown in 
Fig. 3 for the case of M00 = 0.40 and a = 4°. The computational 
mesh used in this calculation has 89 x 11 x 22 grid points in the ~. 1) 

and (-directions, respectively. The present computational results are 
compared with those obtained with the TRANSEP programll3]_ It is 
clear that the results are in good agreement. We observe, however, 
that the suction peak at the airfoil leading edge, especially for this 
high angle of attack case, is very sensitivc to the grid st retching uscd. 

Another subcritical case run for the rectangular wing between two 
infinite walls considers a 16% thick, cambered airfoil. Actually, thi s is 
the airfoil used at the wing root section of thc CBA-123. Thc prcssure 
coefficient distribution for this case is shown in Fig. 4. The computa
tional results are compared with those obtained with the TRANSEP 
code and with experimental results measured at the CTA/PAR-L wind 
tunnel. The two computational results agree well among thernselves, 
except dose to the trailing edge. The agreement with the experirnen-

Figure 2: Detail of the mesh for the CBA-123 root airfoil. 

180 

Cp 

- 1.67 

-- 1.33 

- 1.00 

-- 0 .6 7 

-- 0.3.l 

0 .00 

0 . 18 

0 .37 

0.55 

O.lJ 

0 .9 2 

,, 
' 

rJ--

,, 
' 

fRANSLP 

-- Pl~lSI:Nl 

. -O. &a----· ... -- -~ 1.00 

x/c 

Figure 3: Rectangul ar wing between two infinite walls (Moo 
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Figure 4: Pressure di st ribution for a rectangular wing with a 16 
thick, carnbered airfoil (Moo = 0 .20 and n = 0°) . 

tal data. is not as good. Ncvertheless, the com pari son scems to fav 
the computations obtained with the present code . 

Supercritical results for the unswept wing between two walls a 
presented for the e<tsc of a constant NACA 0012 air foil scct ion alm 
the span. Fig . 5 shows the pressure coefficient di strib•1tion for 
freestrcam Mach nurnber Moo = 0.85 ando= 0°. The prcsent comp 
tations are compared with TRANSEP results anel with Euler calcul 
tions prcsen tcd by Pulliam114l. The conservative full potential resu 
obtaincd with thc present formulation presenta shock which lies ft 
ther down st rP<Wl , and that is strongcr, than the shock obtained wi 
tloe Euler formul at ion. Thc nonconservative TRANS EP results giv< 
shock upst ream of the corrcct position. Both hehav iors a re typical 
full potcut.ial ronlJllll;ttions without. houndary la y<• r rorn•rtion. \lê 
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Figure 5: Supercritical results for unswept wing between walls (Moo = 
0.85 a.nd a = O"). 

Figure 6: Mach number contours for rectangular wing with' NACA 
0012 airfoil (Moo = 0.80 and a= O"). 

number contours in a chordwise plane for this wing at Moo ,; 0.80 and 
a = o• are shown in Fig. 6. The pressure coefficient distribution for the 
sarne freestream Mach number anda = 1.25" is shown in Fig. 7. This 
latter result is compared with those obtained with TRANSEP. The 
agreement is good , except for the position of the lower surface shock . 
Again we remember that a non-conservative formulation has a ten
dency of causing a shock further upstream. lt is intriguing, however, 
that the upper surface pressure distribution did not present the sarne 
behav!or. Both Moo = 0.80 cases were also wesented by Pulliam!14J, 
and the qualitative comparison of our computations indicates good 
agreement with his results. 

Pressure coefficient distributions along severa! spanwise sections 
for a 30" swept wing mounted between two infinite walls are shown in 
Fig. 8. The wing aspect ratio is 1.9 and the wing sections use a NACA 
0015 airfoil. The flow is supercritical with a freestream Mach number 
M 00 = 0.86 and zero degrees angle of attack. Pressure contours on the 
wing surface for this case are shown in Fig. 9. Although we do not have 
any independent result with which to compare this computation, it is 
interesting to observe tha.t it does somewhat reproduce the expected 
qualita.tive behavior. However, it is also importa.nt to point out that 
the "inboard" shock, thinking in terms of a sweptba.ck wing, is a bit 
too fa.r aft , and the shock is rather smeared over a few grid points 
especially towards the "outboard" sections. 

Finally, we considered the flow over a.n untapered, 30° sweptback 
wing with a.n aspect ratio of 10. The NACA 0012 airfoil is used for ali 
spanwise sections. The wing is mounted at an infinite wall at the root 
and the tip is free. A freestrea.m Mach number M= = 0.86 and zero 
angle of attack were considered. Pressure coefficient distributions over 
various wing sections are shown in Fig. 10. The pressure coefficient 
distribution at the root section obtained with the present code is com
pa.red with that obtained with Ja.meson's FL022 codel15) in Fig. 11. 
The comparison for the tip section is shown in Fig. 12. The agree
ment is still reasonably good , although certainly not perfect. At this 
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Figure 7: Pressure coefficient for rectangular wing with NACA 0012 
airfoil (Moo = 0.80 a.nd a = 1.25°). 

Figure 8: Cp distributions for a 30° swept wing with a NACA 0015 
airfoil (Moo = 0.86 a.nd a= 0°). 

Figure 9: Pressure coefficient contours on the wing upper surfa.ce 
(Moo = 0.86 and a = o•). 

point, however, it is difficult to assess the accuracy of the FL022 com
putations themselves. Hence, it is also difficult to make any definite 
statement about the accuracy of the present computations. The ideal 
situation would involve the compa.rison of these computa.tions with ex
perimental data. Nevertheless, it is clear that the present calcula.tions 
are ca.pturing the correct trend of the results. 
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Figure 12: Comparison of pressure coefficient distribution for the tip 
section (Moo = 0.86 anda= 0°) . 

CONCLUSIONS 

The development of a three-dimensiona!o, conservative, full poten
tial solver was discussed, and results for wing-like configurations were 
presented. The implementation of circulation boundary conditions 
was one of the major hurdles for the accurate computation of lifting 
solutions, and the experience obtained was described in as rnuch detail 
as the space permitted. The results presented provide some val idation 
of the code , at least for wing alone configurations. 

The algorithm implemented is extremely efficient and convergence 
to plotting accuracy is usually achieved with the order of 20 to 30 
iterations, even for lifting cases. A typical run would require about 
8 CPU minutes in an IBM 3090 with only one CPU and without 
vectorization. This is about one-third of the cost usually required 
by a lifting solution with the nonconservative 3-D code FL022. We 
observe further that the cede could be still optimized by computing 
all rnetric terms at the start of the calculation and storing them. This 
was not done here because we were afraid of penalizing too much the 
storage required by the code. This turned out to be not trne, at 
least for the facility we have at hand, but the optimization was never 
irnplemented. 

As a continuation of the present effort, the authors feel that the 
next logical step would be the consideration of more realistic wing
fuselage combinations. The grid generation requirements in such cases 
would certainly be much more stringent, and whether the present irn-
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plementation of the algorithm will behave as well for such interference 
ftowfields is still a n open ques tion. Moreover, the present code showed 
small inaccuracies in the wing extension region in the computation of 
lifting cases. At the moment, these inaccuracies are being attributed 
to the singularities that occur in the metric terms computation in this 
region. This, however, must also be fully understood before we could 
claim that a production code is available. 
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SUMMARY 
The application of two-dimensional transonic flow solvers based on the conservative full potential 

formulation is described. The H olst and Ballhaus artificial density scheme is used for the spatial 
discretization of the governing equation. Convergence to steady state is achieved through iteration 
in pseudo-time using the AF2 implicit approximate factorization algorithm. R esults for lifting cases 
are presented, and compared to the available data. The effects of angle of attack, freestream Mach 
number, and overall grid .1moothness and orthogonality on th e accuracy of the computatzons are 
investigated. 

INTRODUCTION 

The rnetric coef!icients are defined as 

(3) 

Airfoil fows are of fundamental importance in many aerodynamic 
applications. Therefore, the interest in developing computational tools 
that are able to sirnulate such type of flows is rather obvious. More
over, since the problem is treated in a two dimensional fashion , com
putational requirements are rnuch less stringent. This accounts for 
much more freedom in trying out different concepts when developing 
a flow solver code. Despite the less severe cornputational require
ments, these fows can actually be quite complex. The combination 
of fast turnaround time and complex physics makes airfoil flows ideal 
candidates for algorithrn developrnent test cases. 

At = ~; + ~;, A2 = ~xTJx + ~yTJy, A3 = TJ; + TJ~ (4) 

The present work is aimed a t studying transonic potential flow s 
over two dimensional airfoils. The formulation used is based on the 
full potential equation written in steady, conservation-law form for a 
2-D, body-conforming, curvilinear coordinate system. The iteration 
scheme adopted here is the AF2 algorithm, or approximate factor
ization scheme 2. The spatial discretization employs the Holst and 
Ballhaus[ll artificial density scheme, which provides the appropriate 
upwind influence in regions of supersonic flow. Boundary cohditions 
are implemented implicitly which improves the robustness of the over
all algorithm. Lifting solutions are obtained by adding a compressible 
vortex correction to the freestream far-field boundary, and by impos
ing the potential jump across the wake. 

Two different automatic rnesh generators were implemented. The 
first was an elliptic12i grid generator which computes the mesh point 
positions as a solution of Laplace's equation. Dirichlet-type boundary 
conditions are used in this case in the normal direction by specifying 
the position of the grid points over the airfoil surface and on the ou ter 
boundary. The other grid generator uses an algebraic methodl3] that 
allows for the control of wake and external boundary positions, as well 
as orthogonality at computational domain boundaries. Results for 
lifting cases are presented, and compared to computations performed 
with available commercial codes . 

GOVERNING EQUATION 

The coordinate transforrnation is typically known only nurncrically, 
and it is of the form 

~ = ~(x,y) TJ = TJ(X, y) (5) 

This mapping frorn physical space to cornputational space is illustrated 
schernatically in Fig. 1. The Jacobian of the transformation can be 
cornputed from 

J = (x{y~- x~yd-1 

and the various rnetric terms are given by 
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The full potential equation can be written in conservative forrn for 
a 2-D, body-conforming, curvilinear coordinate system as / / / / b) Computational dornain 

( 1) 

If velocities are made dimensionless with respect to the criticai speed of 
sound a., and density is nondimensionalized by the stagnation density 
Pt. the expression for the density in the curvilinear coordinate systern 
can be written as 

(2) 

Here, tj> is the complete velocity potential, and the subscripts indi cate 
partia! derivatives with respect to each coordinate direction . The U 
and V are the contravariant velocity cornponents which are given by 
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Figure 1: Transforrnation frorn physical to cornputational dornain. 

GRID GENERATION 

The construction of suitable computational grids is an essen tial 
part of these finite difference calculations. ln the present work, 0-
type meshes were generated about arbitrary 2-D airfoils using two 
different grid generation schernes, an algebraic generator and an ellip
tic solver. These schernes produced rneshes that differ significantly in 
their interior point distribution, despite having the sarne point distri-



bution on the a.irfoil surface and on the externa! boundary. As we will 
also show, this can h ave sorne effect on the final result of the aerody
narnic calculations, regardless of rnesh refinernent. Both grid genera
tion schernes allow for the control of externa! boundary and surface 
rnesh distribution. However, the algebraic grid generator[3,4] perrnits 
control of wake position, srnoothness of interior point distribution and 
grid stretching. Moreover, i t generates a rnesh that h as the property 
of orthogonality at the airfoil surface andou ter boundary. The elliptic 
grid 'generator[2J computes the mesh point distribution as a solution 
of Laplace's equation, and places no requirernent on orthogonality at 
the airfoil surface. 

Elliptic Grid Generation. The elliptic grid generator ernployed 
in this work is an adaptation of the scherne presented by Thompson 
et a1J2J . lt establishes a regular and srnooth rnesh distribution around 
arbitrary bodies through nurnerically generated solutions of Laplace's 
equation. 

The equations are transforrned to a cornputational dornain where 
~ and 11 are the independent variables and x and y are the dependent 
variables. The transfo:rned equations are given by 

where 

Ax{{ - 2Bx{r; + Cx~~ 
Aya - 2By(, + Cy~~ 

o 
o (8) 

A = x; + y~, B = x{x~ + Y{Y~ · C = x~ + yf (9) 

The nurnerical solution is <.Lchieved by establishing a finite difference 
aproxirnation to E't· 8. Ali derivatives are replaced by standard second· 
order accurate tini te differences. Thus, a residual opera to r is given by 

L( ) ,i = [A;,j6{{ - 2B;,j6{~ + C;,j6~~J ( )i,i (10) 

where the indice: ( i,J) indicate the rnesh point position, and 

ó{. ( )i ,j 

ó{~( )i,j 

6~~( )i,j = 

( )i+I,j - 2( )i,j + ( )i-I,j 
1 
4 [( )i+I,j+I - ( )i+I,j-I + 

( )i-I,j+I - ( )i-I,j-I] 

( )i,j+ I - 2( )i,j + ( )i,j-I 

(11) 

The rnesh is assumed periodic in the ~-direction. Hence, given 
boundary values on the airfoil surface and on the outer boundary, and 
an initial solution for x;,j and Yi,j, the final interior values are corn
puted by relaxation. The relaxation scherne ernployed is the alternate 
direction irnplicit (ADI) algorithrn presented by Holstl51. This is an 
approxirnate factorization type scherne, and it can be expressed as 

N .ó( )~i + wL( )?,1 = O (12) 

ln this case, the N operator is such that 

a.N( )~ · = - (a- A" -óa) (a.- Cnó ) ( )" · (13) l,J l,) ...... l,) TJTj l,J 

Here, a. and w are relaxation pararneters and n is the iteration index. 
Moreover, one should observe that we are solving for the correction in 
the dependent variable, i. e. , .ó( )~j = ( )f,j1

- ( )~1 . An algorithm in 
this forrn is said to be in delta form. This has severa! advantages for 
the solution of steady-state finite difference problems. The solution 
for each iteration can be obtained in a two-step sequence as follows. 

• Step 1 : 

• Step 2 : 

(a.-A"&.)r 1 1} \.\. lJ 

(a- A~ ·Ó••) g~ · t,) ..... 1,) 

(a.- c~j6~~) llx~j 

(a. - c~1ó~~) llyf.i 

As mentioned above, we have that 

a.wLx~ -'·J 

a.wLy~i 

f~j 

g~j 

~x~j = x~j 1 
- X~j' Ó.y~j = y~j 1 

- Y~j 

(14) 

(15) 

(16) 

and f~i and g~i are interrnediate results. ln step 1, the f and g arrays 
are obtained by solving two periodic tridiagonal rnatrix equations for 
each TJ = constant line. The values of x and y, for the n + 1 iteration 
levei, are then obtained in the second step from the f and g arrays 
by solving two standard tridiagonal rnatrix equations for each ~ = 
constant line. 
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Algebraic Grid Generation. The algebraic grid generation 

scherne used in the present work was discussed by Fletcher13J. The 
actual implementation of the scherne, however, follows the work of de 
Mattosl41. The scherne generates a computational rnesh that is or
thogonal to the airfoil surface as well as to the outer boundary. The 
ou ter boundary used in the present work is defined as a circurnference 
of radius 5.5 times the airfoil chord. 

The concept involved in the present algebraic grid generator is 
one of defining interrnediate surfaces between the airfoil ana the ou ter 
boundary. For this reason, the rnethod is sometirnes called the rnulti
surface algorithrn. These surfaces will allow for greater control of the 
interior rnesh point distribution and not necessarily they will coincide 
with any final grid location. ln particular, if two interior surfaces are 
useã, which is the case here, one can obtain a mesh which is orthog
onal to both boundaries . The process of constructing these interior 
surfaces starts by linea•ly interpolating them between the two bound
ing surfaces. This yields two surfaces which are in the correct physical 
location, but that do not have the correct relation between the corre
sponding ~-points. This dependence is, then, modified such that lines 
going through corresponding points in the airfoil surface and the ad
jacent interior surface are orthogonal to the airfoil surface. Similarly, 
!ines going through corresponding points in the outer surface and its 
adja :ent interior surface must be orthogonal to the first. 

,;i ven the coordinates of ali four surfaces, the computation of the 
int• rior point distribution by the rnultisurface algorithm in this case 
can t.e implernented as 

4 4 

Xi,j - L:StXt,i Yi ,i LStYt,i (17) 
l=I l=I 

Here i and j are the coordinate position indices in the ~- and TJ
directions, respectively. The index l indicates one of the four basic 
curves previously described. ln the present nornenclature, l = 1 is 
the airfoil surface, and l = 4 is the ou ter boundary. Xt i and Yt; are 
the coordinates of i-points along each of the l-curves. ' Finaliy', the 
blending functions St are defined by 

S1- (1-s2)(1-ais) 

s2 - s(1- s)2 (ai + 2) 

s3 = s2 (1-s)(ad2) (18) 

s4 - s2 (1- a2(1- s)] 

where 
2 

aw = 0.64 (19) ai = (3aw- 1)' 

ln the above equations s is a normalized parameter in the 17-direction. 
lt is set equal to zero on the airfoil surface and equal to one at the ou ter 
boundary. The choice of the sequence of values for the parameter s 
will essentially determine the grid stretching in the normal direct;on . 

FINITE DIFFERENCE FORMULATION 

The spatial differencing scherne used in the present study is the 
Holst and Ballhaus11-6J artificial density scherne. By this scheme, arti
ficial viscosity is intrinsically added in supersonic regions through an 
upwind bias of the density coefficients . The difference scherne applied 
to the 2-D full potential equation in conservation-law form for general 
curvilinear coordinates yields[5, 7] 

7 (pU) 7 (W) o v{ - +v~ - = 
J i+~.j J i.j+~ 

(20) 

where li{ and li~ are standard 1st-order accurate backward difference 
operators in the ~ and 11 directions, respectively. Stability in super
sonic regions of flow is achieved by an upwind bias of the density coef
ficients. ln the present irnplernentation, it proved not to be necessary 
to perform any upwinding of the density coefficient in the rrdirection. 
Hence, we used Pi,i+ k = Pi,j+ k in the cornputations performed here. 
The Pi+t.i density coefficient is defined by 

Pi+t.j = (1- Vi+k,j)Pi+!.i + Vi+k,j Pi+2k-t.i (21) 

The v coefficient and the k index are responsi ble for providing the 
upwind influence, where 

k={~ when ui+!.i >o 
when ui+t.i <o 

and the switching function Vi+k,j is given by 

(22) 

l 



vi+k,i = max[O,(M?tk,j- l)C] (23) 

Here, C is a use r specified constant, and the suggested range is 1.0 ::; 
c< 2.0. 

-The contravariant velocity components in Eq. 20 are given by 

ui+~.i 

Vi.i+~ 

= Ati+!.i<Pe•+}.i + A2•+!.icP",+!.i 

= A2i.i+! <Peí,i+~ + A3í+t.i4>,i,i+! (24) 

The metric coefficients A1 , A2 and A3 , and the Jacobian J are calcu
lated at the mesh half-points. This is more expensive than computing 
them at the mesh integer points and then obtaining their values at 
half-points by averaging. However, our computations showed that the 
present procedure produces much better shock resolution and it was 
therefore, adopted in this work. The potential derivatives in Eq. 24 
are given by 

</>~•+! ,j 

<t>~,+!.J 

<t>~ •. J+ ~ 
<t>~ •. ,~t 

<l>i+!,j- </>i,j 

(<l>i+!,j+l- <l>i+I,j-1 + </>i,j+!- </>i,j-1) 
4 

(<l>i+l,j+I- <l>i-!,j+! + <l>i+I,j- </>i-l,j) 
4 

</>i,j+I - </>i,j 

(25) 

With the above quantities, the densities P;+~.j and Pi,i+! can be cal

culated by Eq. 2. 

ITERATION SCHEME 

Relaxation schemes for the conservative, steady fui! potential equa
tion can be written in general delta forml71 as 

(26) 

where n is the iteration index, and w is a relaxation parameter . Lcf>'i,j 
is the nth iteration residue, and it is defined by Eq. 20. C;~i is the nth 
i teration correction gi ven by 

(27) 

The N operator is chosen to approximate L as closely as possible. 
For the AF2 implicit approximate factorization scheme, the ~- or rr 
difference approximation is split between two steps to generate time
dependent dissipation important to the stability of the pseudo-time 
march convergence process. 

The N operator employed in this case splits the rroperator and , 
hence, generates a </>~1 -type term providing temporal damping in the 
rrdirection. ln order to provide time-dependent dissipation in the ~
direction, a </>~ 1 -type term is added explicitly to the ~-operator . This 
term is of the form 

=fa{36~ 

The parameter ~ is a user specified constant which can be adjusted 

as needed. The 6~ notation indicates that the ~-difference operator is 
always upwind. For a typical airfoil flowfield and with our convention 
of positive ~-direction, this operator will be a forward difference in the 
lower surface and a backward difference in the upper surface. The sign 
is chosen soas to increase the magnitude of the matrix main diagonal 
coefficient. The N operator can be expressed by 

aNC' •.; [ 
- (pA3) ] - a- ó~ -- .. 

J •.;-t 

(28) 

Here, a is a convergence acceleration parameter, and the 'te and 6~ are 
standard 1st-order forward difference operators. The proper choice of 
the a and w parameters affect significantly the convergence rate of the 
solution. A detailed discussion on suitable choices for these parame
ters is presented by Ballhaus et at.!81, Holst(7], and Morgenstern and 
Azevedol9J, among others. 

The AF2 algorithm can be implemented in a two step format as 
follows. 

• Step 1 : 
[a- 6 (pA3) ] J!' · = aw Lcf>'! · 

~ J i,j-t •.; •. , (29) 
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• Step 2 : (30) 

The solution of the simple bidiagonal matrix of step 1 for each ~ = 
constant line yields the intermediate result fi~j· The correction array 
c~j is then obtained by the solution of the tridiagonal matrix equation 
of step 2 for each 1J = éonstant line. 

BOUNDARY CONDITIONS 

The cond.ition of flow tangency on the airfoil surface requires tha.t 
the rrcomponent of the contravariant velocity should vanish at the 
surface. The implementation of this condition in the residual compu
tation requires that 

(p;) i,NJ-~ := - (p;) i,NJ+~ (31) 

where N J is the j index at the airfoil surface. ln a similar fashion, to 
impose the tangency condition in equations in which </>~ is required at 
the airfoil surface, the V = O condition is used to obtain 

(32) 

Periodic boundary conditions are used in the ~-direction since 0-type 
meshes are employed. 

At the outer boundary, for lifting cases, the velocity potential is 
modified to take into a.ccount the circulation . This circulation bound
ary condition is applied by adding the usual vortex solution to the 
initial far-field velocity potential. Hence, the potential at the outer 
boundary can be written as 

</> = </>inilial + cf>vortex (33) 

where </>initial = </>00 and 

r _, (f3y) 
cf>vortex = - 211' tan -;; (34) 

Here, r is the circulation strength, {3 = v'1 - M 2 , and x and y are the 
coordinates of the ou ter boundary mesh point in a coordinate system 
which has the vortex core at its origin. ln the present work, the vortex 
core position was assumed to be at the airfoil quarter chord point. The 
circulation is computed by enforcing the Kutta condition at the airfoil 
trailing edge. This is acomplished by setting </>~ to zero at the airfoil 
trailing edge. Hence, the circulation can be calculated by 

fn = <f>'fa-!,NJ- <P'2,NJ (35) 

where i = 1 represents points along the wake lower surface, and i = N I 
denotes points on the wake upper surface. 

ln order to obtain an acceptable convergence rate, the value of 
circulation f'n obtained from the expression above must be either un
derrelaxed or overrelaxed. The procedure adopted here computes 

(36) 

where R9 is a relaxation parameter specified by the user. A suitable 
value used in the present work is R9 = 0.5. Finally, the value of 
circulation which is actually accepted as the circulation at time levei 
n is 

rn = ~ (r + r~.timated) (37) 

Here, r~•timated is the value of circulation at iteration levei n estimated 
at the end of the (n- 1)-th iteration cycle. This value is required 
for the implicit implementation of boundary conditions, as we will see 
shortly. The need for this averaging between the under- or overrelaxed 
value of circulation at the present time levei and the value estimated at 
the end of the previous time levei is discussed by Holst and Thomas! lO!. 
At the end of the n-th iteration, we must compute the estimated value 
r;:;lmated> which is done here using 

(38) 

Further discussion of the circulation computation procedure is pre
sented by de Mattos and AzevedolllJ. We observe, however, that 
the form of computing f'n in the present work is different from that 
adopted in Ref. [11]. 

The velocity potential jump across the wake must be explicitly 
enforced, and this is done here by making 



.P'Jn ,j = .P~.j + rn (39) 

along the entire vortex sheet. Moreover, in the tridiagonal solution in 
step 2, one must take into account the periodicity in the Ç-direction 
as wcll as the jump in the potential along the wake. ln differencing 
the correction across the wake, the jump condition becomes 

rn+l - rn = CRII,j- cr,j (40) 

Since rn+l is unknown at this point in the computation, its value must 
be es tirna ted as described above. Hence, for the implicit solution we 
obtain thc relation 

cn . - cn . + (rn+l - rn) 
N I ,J - • l,J , -· · e3ttmated ( 41) 

ln step 1, the value of fi,NJ+t is required as a special boundary con 
dition inhercnt to thc AF2 algorithm. The procedure adopted herc 
was to assume f~ = O at the airfoi] surface, which is also the impli cit 
bounda.ry condition used by Holst[5]_ We remark, however, that im 
posing f itself equal to zero at the airfoil surface[ll] also prod uces 
good results. 

COMPUTATIQNAL RESULTS 

As previously discussed, two different mesh generator concepts 
were implemented in the present work . ln order to be able to compare 
the results obta.ined with the different meshes, ali cases considered 
a grid with 99 X 24 points in the Ç- and 7)-directions, respectively. 
Moreover, ali grids use an 0 -type mesh topology, and the externa! 
boundary is a circumference of radius 5.5 times the airfoil chord. The 
distribution of mesh points along the a.irfoil surface and on the ou ter 
boundary is also the sarne for ali cases. A partia! view of the mesh 
generated by the elliptic solver for a NACA 0012 airfoil is shown in 
Fig. 2. We observe that the mesh point distribution is very smooth, 
but it is clear that 1) grid !ines are not orthogonal to the airfoil surface. 
An example of a grid generated by the algebraic process is shown in 
Fig. 3 for a NACA 64A410 airfoil. ln this case, the orthogonality a t 
the airfoil surface is evident. However, it also becomes clear that the 
mesh refinement in the regions upst ream of the leading edge and along 
the wake is not very good. This is a direct consequence of forcing the 1) 

grid !ines to leave the airfoil in the normal direction in regions of high 
surface curvature. A more direct comparison of the meshes generated 
by both a.lgorithms is shown in Fig. 4. ln this case, the geometry of 
a NACA 0012 section was used and ali grid parameters are the sarne, 
as previously discussed. The regularity of the elliptic generated mesh, 
as well as the orthogonality at the surface for the algebraic mesh, íJ-re 
quite evident from this figure. Nevertheless, the differences between 
the two resultant rneshes are remarkable. 

The pressure coefficient distribution on the airfoil for a N ACA 
0012 section at freestream Mach number M 00 = 0.63 and a = 2° is 
shown in Fig. 5. The computations performed with the present algo
rithm, and using both meshes, are compared with the results obtained 
with the non-conservative, commercial TRANSEP code[12I. We ob
serve that the results obtained with the mesh generated by the elliptic 
solver seem to have a better agreement with the TRANSEP resuls, 
except for the suction peak on the airfoilleading edge. Nevertheless, 
both results are very good in this case, which is not surprising for 
such a simple subcritical flow case. Resu]ts for a supercritical case for 

Figure 2: General view of the mesh obtained with the elliptic solver 
for a NACA 0012 airfoil. 
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Figure 3: Algebraically generated mesh for a NACA 64A410 airfoil. 

Elliptic 
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Figure 4: Comparison of the meshes generated by both processes for 
a NACA 0012 airfoil . 
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Figure 5: Pressure coefficient for a NACA 0012 airfoil for a subcritical 
case (Moo = 0.63, a = 2°). 

the sarne airfoil are shown in Fig. 6. The flow conditions in this case 
are Moo = 0.75 and a = 2°. The present computational results are 
again compared with those obtained with the TRANSEP code. The 
difference in the shock position for the calculations with the present 
algorithm is quite large. The shock obtained for the solution with the 
algebraic grid is located farther downstream than the one obtained 
with the elliptic grid. The former is at about 58% chord while the 
latter is at 53% chord. Both shocks have approximately the sarne 
strength. We remark that the TRANSEP shock is located upstream 
of both the previous results at about 45% of the chord, which is the 
expected behavior. Non-conservative codes allow for the creation of 
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Figure 6: Pressure coefficient for a NACA 0012 airfoil for a supercrit
ical ca.se (Moo== 0.75, a== 2°). 

ma.ss across the shock which manifests itself as if simulating a bound
ary layer. The result of this numerical process is a weakcr shock lo
cated further upstrearn, which actually turns out to be closer to what 
happens in practice. Although further validation would be nccessary, 
the authors believe at this point that the correct full potential solu
tion in this ca.se is the one obtained for the algebraic grid. Despi te the 
fact that the elliptic grid seems to be smoother, the fact that TJ !ines 
are not orthogonal to the airfoil surface may cause inaccuracies in the 
implementation of the flow tangency condition. We must emphasize, 
however, that V == O is the correct way of enforcing the zero normal 
velocity boundary condition, regardless whether the grid is orthogonal 
to the surface or not. Moreover, we also observe that the elliptic grid 
solution presents a pre-shock oscillation which may be an indication 
of too little artificial dissipation. 

Pressure coefficients for a NACA 64A410 at M= == 0.7 anda== o• 
are shown in Fig. 7. As before, computations with the present method 
using both algebraic and elliptic grids are compareci with results oh-
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Figure 7: Pressure coefficient for a NACA 64A410 airfoil (M= = 0.7, 
a == o•). 
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tained with lhe TRANSEP codc. ln general, the results are in good 
agreement. The shock obtained with the non-conservative formu
lation is weakcr than that produced by the conservative computa
tions, as should be expected . Pressure contours for the sarne airfoil at 
M= == 0.72 anda= 0° are shown in Fig. 8. This solution was obtained 
using the grid generated algebraically. The concentration of contours 
on the airfoil upper surface clearly indicates the shock location in this 
case. The pressure coefficient distribution for an EA153809 airfoil at 
M= == 0.5 and a == o• is shown in Fig. 9. The computations with the 
present algorithm used the algebraic grid, and the present results are 
compareci with those obtained with the TRANSEP and BIDJM[l3J 
codes. The latter is a subsonic, 2-D, panei code with boundary layer 
correction. Except for the suction peak on the lower surface of the 
airfoil Jeading edge, the results do agree reasonably. The results in 
the trailing edge region for both TRANSEP and BIDIM are not very 
good, and the present computations show a much better behavior. 

The last cases considered in the present work involve a BM170410 
airfoil, and ali the results computed with the present formulation used 
the algebraic grid. The pressure coeffici ent distribution for a M= == 
0.7 anda= 0° case is shown in Fig. 10. This is a slightly supercritical 
case in which c; == 0.78. We observe that the present method did 
capture a very weak shock terminating the supersonic flow region. 
This effect is not captured by the TRANSEP computation. Moreovcr, 
the solution at the airfoil trailing edge with the present method is 
also slightly better than the TRANSEP result. Along mos t of the 
airfoil surface, however, the results are in good agreement . The lift 

Figure 8: Pressure contours for a NACA 64A410 airfoil (M= == 0.72, 
Q == oo). 
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Figure 11: Pressure coefficient for a BM170410 airfoil for a supercrit
ical case (Moo = 0.63, o:= 2°). 

coefficient in the case of the solution with the present formulation is 
ct = 0.432. This value should be compared with Ct = 0.438 obtained 
by the TRANSEP solution. It is clear that the agreement is very good. 
Results for a truly supercritical case are shown in Fig. 11. Here, a flight 
condition of Moo = 0.63 and a = 2° is considered. Again, there is a 
good correspondence between the present results and those obtained 
with the TRANSEP code. The present formulation seems to produce 
a sharper shock, although the shock location is somewhat the sarne for 
both results. The present formulation, however, seems to underpredict 
the leading edge suction peak as compared to the TRANSEP result . 
Once more, the comparison of the lift coefficients obtained from both 
codes is extremely good. 
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CONCLUDING REMARKS 

The development of a finite difference algorithm for the solution 
of the conservative, transonic full potential equation in two dimen
sions was described. Severallifting airfoil flow cases were studied, and 
these provided for some validation of the computational procedure de
veloped. The quality of the results obtained with the present code is, 
at least, comparable with that which can be obtained with available 
commercial codes. ln some instances, we were able to show that the 
present algorithm does provide better accuracy in the results. 

The present work has also shown the importance of the grid genera
tion algorithm in the accurate computation of aerodynamic flowfields. 
Two different grid generation schemes were implemented, and the rel
ative merits of both were discussed. Despite producing a smoother 
mesh throughout the flowfield, the elliptic solver grid generator can
not ensure orthogonality at the airfoil surface. This can be a serious 
handicap for the computation of strong shocks over thicker airfoils. 
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SUMMARY 

[ 1 , this u>o r.~ the resu~ ts of a num.erica~ simu~at ion for a two 
dim.en.stona~ j~ow around a symm.etrica~ aero{oi.~ wi.th dilferen.t an15~es 

o f at tac,k? 15 pl"eser.ted. At the present staffe the fiou' is consi.dered 
in.v 1 sci.d an.d i ncom.pressible. The num.erica~ mode~ ts based on the 
t hroueh / 1 0 ,_,_,. t hê•ory used to so 1 v e a t. hree dt mens to na l. fl ow i n a 
t ur L-..ortu:J.c h t nt--:. <.:ase ude. 

In wind l~rbine theory lhe t orces acling 
on an elem<~nlal blade secl .ior , are delermirsed 
based on aerodvnamic char a clerislics of a 
single ael' Ofo il. The total f orce is given by 
integrating lhe whole length of lhe blade. 
For a mulll bl ade wi ;-,d t ur b1 ne C hor i zonl al 
axi s lurbu"Je HAWT) lhis Lheory may give 
erroneous res ul ts. Cascade calculalions at-e 
more appropriale because lhe inrluence or Lwo 
adJacenl blades is always Laken into accounL. 
On lhe ot her hand i n ver li c al axi s l ur bi ne 
CVAWT) an isolated aerofoi l theory is 
su1table bulas Lhe angle or alLack varies 
consl antly al each revolulion lhe li1' l «nd 
drag coefficienls get modi1' ied due to the 
rrequency or changing the blade posit ion. 

T.1.k i ny rl ll t t-·,i s. i nt. ~:::. rl.C • . .:.o :-u nt a numc::•r _i_ .-: a l 
r,·,et h r·.1 d b.::a .se-U 1. ~.•n c ,:lsc adE· 21 r1 .. -.J.1 .'/ S i s j_ s nc•\•.1 hei 1·,9 

studl.t:?d tl) S.l mul_:;t.::~ 1}-Jl'":· r.~r~~- '"!, 1.Jrt..:;, dl :~tr ibuti , _:.:-1 
al cn~,,-;t t.h t=c· b1ad ~:.- surf..:tL"E:> S .f,) J Vdl"l•.:) ll ::~ .ctl-,~lt-;;.·:_; 
.,:,f .::t:t ctc )._ .:~n ..J .:.=tt differ- ~nt. ~::.. l tL .la. t.ions. fl-1t3' 

dl m i ~ t .o de'.'0l r~·P .J more l.JE- l 'Jt;: r c1l pr L-_~gr-.:tm 1 01 
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"WelJ .a s ..::trJy ..:..ur~ved cdmber l1ne aerofoil 9 

1sol a ted or 11~ ~ cascade sit.ualion runnir1g at 
dirrer ~ r-ll angles nf attack. 

Th e present pa.per NACA 0012 «erofcul is 
s1mula.ted. I s ola.Led a.eroroil c.an be 
repr esenLed 1n the progra.m b y inc reasing the 
spac..tng Cpltc: h-tr:._1-chc·rd r·a lic.) between two 
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slt- eam surface. For an isolaled sLalic 
aerofoil lhe sLream surface S1 is used. 

The mathem.alical formulalion for t.his 
surface CS1) is pz-esent.ed in refs. (2J, [3], 
[4) and is modiried wilh special derivalives 
and geomelrical condilion lo define Lhe flow 
«long lhe sLream surface. ln cylindrical 
coordinales Lhe slream funcion is given by: 

where 

fC z, $) 

+ 

Wz 1 à B '! 7ãec P-

(1) 

TB,c· [ 1 àS . I" "·' T . 
~,2- r·df9 c ·y:z-'rlr .a.nA) - .f!f:.... ( W - w, Tanu) J {jz . ·~ ,... + 

1 lJWr 
Bp C t=d8 T<tnA. - àWr 

"bZ""T«n1-1 - Bpf ...Y!:; + 2 u:.J T.an ?<. 
r 

In this equalion, Wz., Wr, Wu are lhe 
components of lhe relative velocily W, À and 
1-1 angles defining lhe local geomelry or Lhe 
stream s urf.ace; B is the lhickness or slre.am 
surface, w Lhe angular velocily p is fluid 
densiL y , T is Lemperature. S is enlropy «nd I 
i s Lhe rolhalpy. 

F or lhe flow through a slationary blade 
r .. ,....._,' ~_ ,_, :-:: <). 

W h~·~: .. · ~rh -... _ .. V ( \/:z. . \/,- a.nd \',!). 
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A second condition 
velocity W at. inlet. 
dislribulion of slream 
by: 

slat.es thal Lhe flow 
i s s pec i fi ed . The 

funcli on is obt.ai ned 

lJJ = -r f BpWz de + CtCz) + C2 C3) 
l.ntet 

where Ct and C2 are determinaled knowing lhe 
s+,ream funct.ion al lhe firsl point: >pCeo,zo ) 

V' o . 

The lhir·d c o ndi lion a ss umes tha t at lhe 
exit., Lhe stream fu ncli o n l S calculated, 
according Lo Lhe f o ll o wing expressi o~: 

lp Q)(\l 
f BpWz de + VJE c 4) 

where VJE is l he val u~ o f lhe s tream fu nc t.ion 

al cerLai n p oi nL E C s~e Fig . 1 ). The value of 
VJE defines lhe fl u w ar.gl e a l lhe e xil . y;E ma y 

be known f1· o m e xperlm<?nlal dat a. If not, an 
iterali ve pr oc e ss mus t be us ed in vol v ing Lhe 
tra i ling edge c ondJ \.ion . The t railing e dge 
cond i t.i o n a ssumes l h.J. l there 1 s no loading on 
lhe trailinq e d ge . 

Flnallv lhe peri o di c iLy condition i s 
as s umed. that 1 s p o1 nl s siluat. ed o ne pitch 
apa rl sho uld have s arne l he properties . 

NUMERICAL ~OLUTI O~ 

The cl a s s ic s lep t o wards a n umer i cal 
solu t ion of partial dirferen t ia.l equalions 
CPDE) i s to replace the d e ri v a l ives b y 
algebrai c e x pressions . By solving Lhe 
equivalent s y stem of li ner equalions Lhe 
unknown variables were det.ermined al each 
poinl of Lhe grid. 

The numerical solut.ion sche me adopt.ed is 
a finite difference approximat.ion b y using a 
Taylor series expansion. 

The partial derivat.ives at. point. o are 
expressed in t.erms of n surrounding point.s, 
as: 
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where Lhe índices i and j C~~j) stand for Lhe 
independent variables and I for any unknown 
variable (VJ, W, etc ... ). The coefficients a,k 

and a 
·~ 

C wei ght.i ng coefficienls) 

cal c ulated by expanding Lhe variable I 
L 

Taylor ser i es . 

are 

in a 

For high accuracy Lhe number of 
sur rounding point.s n should be as great as 
possi ble . The compulat.ional lime imposes a 
1 i mi t because cost i ncreases wi th lhe 
increment of n. The compromise between a 
desired accuracy and Lhe Lime consumpt.ion are 
achieved for n = 9. The accuracy in this case 
is of Lhe fourt h arder (11. 
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The original cylindrical coordinate 
system is changed to Lhe cartesian one by Lhe 
transformat.ion róe = óx , Az = Az, 
The grid for Lhe numerical scheme is then a 
plane formed by i rows in x-direction and j 
columns in z-direction. Fig. 1 show Lhe grid 
used for different. angles of attack. 

OUTlET 

IN L[l--

~ 
c -- ...... ~ ----

c---~-

Fig. 1 Grid for different angles of at.tack 

SOLUTION OF THE EQUATIONS 

The stream function'is then represented 
by: 

2 "21Jl 
-- 2 

IJ X 
" lJl 2 

+ " z 
fCx,z) (7) 

Aft.er subsLit.ution, 
scheme present.ed , a 
equalion is obt.ained, as : 

( Al ( VJl [FJ 

for Lhe numerical 
linear syslem of 

(8) 

The matrix of Lhe coefficient.s [AJ has a 
banded form. The solut.ion of lhe system is 
a c hieved using a pivolal Gaussian elimination 
which lransforms lhe banded matrix to an upper 
t-riangular . By back subst.itut.ion Lhe values of 
[y;J are det.ermined . 

To st.art. Lhe process an initial value 
fori=5he dist.ribut.ion of t.he st.ream funct.ion 
(lfl) is assumed. Normally Lhe inilial value 
is obtained from Lhe boundary conditions. The 
following steps are taken: 

(a) A given velocit.y profile at t.he inlet. 
is assumed. 

C b) The lJl al Lhe i nl et. is: obt.ai ned by 
integrating Lhe axial component of Lhe inlet 
velocit.y C Eq . 3) The value of Lhe stream 
funct.ion at. st.agnat.ion point in t.he leading 
edge is given and Lhe st.ream function in 
t.he upper boundary is oblained The 
st.ream funct.ion in t.he lower boundary is 
det.ermined by Lhe periodicit.y condit.ion. 

i=o 
C c) The i ni Li al di str i buLi on of ( lp'l , 

all over Lhe domain is obtained from Lhe 
boundary condilions given in it.em Cb) . 

Cd) The right hand side of Eq. ~=Js then 
calcula ted based on the val ue of ( >pl . 

(e) The left hand side of Eq. 8 is 
solrJ!fl · New value for the stream funct.ion 
(VJ) is calculated based on Lhe item Cd). 

Cf) The new value of 
wi t.,h Lhe i ni Li al · one. 
crit.erion is c 

i=t 
[IJl) is compared 

The convergence 



I [ .. ] ' [ .. ] i-t I 
I [ "'1 ~-t I 

(9) 

where lhe super ser i pl "i" 
ileralion. 

is lhe arder ot: 

Cg) Not. salisfied wi t.h t.he convergence 
crilerion a new it.eralion is slarled . wilh 
a new value ~or ~. The ne~ valu• [~1 1 =• is 
calculat.ed according Eq. 10: 

C10) 

where "a" is lhe relaxat.ion fat.or here used 
as O. 5. 

Ch) Back t.o 
repeat.ed unt.il t.he 
sat.isfied. 

it.em (d) t.he process is 
convergence crit.erion is 

Ci) When t.he solut.ion is considered 
converged t.he Kut.t.a condit.ion [1J is verified 
at. t.he t.railing edge. If t.he difference in 
st.at.ic pressure at. bot.h sides, t.he upper CPa) 
and 1 olo'er C Pp) si des of t.he t.r ai 1 i ng edge 
exceeds a cert.ain specified t.olerance, 6 C 
. 01, in t.his case) 

p. Pp > 6 (11) 

a nelo' val ue of t.he st.ream funct.i on at. a 
st.agna t.i on poi nt. is sel ect.ed and t.he 
lo'hole process st.art.s again from it.em Cd) . 

Cj) Finally t.he solut.ion for t.he st.ream 
funct.ion (~J defines t.he st.reamline pat.t.ern . 
By di fferent.i at.i ng t.he st.ream funct.i on lo'i t.h 
respect. t.o x and z it. is possible t.o 
calculat.e Vz and Vx at. each grid point.. 

RESULTS 

A NACA 0012 pr o file at 0° ,4° ,8° and 12° 
angle of attack i s si mulated. The result.s are 
compared with t.he e x perime ntal ones of Michos 
et al. [ ôJ. 

Fig. 2 shows a compari s on of the pressure 
coefficient. for b o t.h sides Cpressure and 
suct.ion) at. zer o angle o f at.t.ack . The 
following figures CFig . 3 , 4 and 5 ) show 
result.s for t.he pressure coeficient.s at. ot.her 
angles of at.t.ack 4°, 8°and 1 2 ° . 
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-0.50 

Experimental Ref.(6) 
0 Pressure Slde 
A Suction Slde 
Present calculatlonll 

Prenure Slde 
: Suctlon Slde 

Angle of attack .. O 

NACA 0012 

Fig . a Pressure Dist.ribut.ion a 
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0.00 

Cp 

-o.50 

-1.00 
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0 PreliS'-Ire Slde 
A Suctlon Slde 

Pre:sent calculatlons 
Prusure Slde 

" Suctlon Slde 
• .l.ngle of attack .. 4 

NACA 0012 

Fig. 3 Pressure Dist.ribut.ion a z 4° 
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Fig. 4 Pressure Dist.ribut.ion a z 9° 
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CONCLUSIONS 

The d1stribution of pressure on blade 
surfaces obtained by this model approximates 
lhe experimental results. The discrepancy 
exists more near the leading edge where exact 
value of lhe stream function is difficult to 
find due to finit e grid mesh size. 

In lhe region of the leading edge special 
consideration should be given due to lhe 
developement of a very high velocity gradient . 
There, lhe mesh size limits lhe calculation 
accuracy. Near this region lhe initial stream 
function value dictates lhe iteration rate for 
t.he calcul tat-ion. In t.his work lhe ini t.ial 
value is considered to be proport.ional to lhe 
angle of att.ack. 

Uniform mesh sizes are adopt.ed in t.his 
""ork. Ho,.,ever non uniform and more dense 
mesh near lhe boundaries are being developed. 

A PC-AT, ""ith 1 . 2Mb memory on board is 
utilised for these simulations. It.s use 
1 i mi ts t h e number of pL~1 nts up to 990. For 
better result.s finer and larger mesh numbers 
would be necessary an~ this ""ill need a 
mainframe computer. 

The model is still restricted to angles 
of attack below s t .:d l. The model 's 
non - viscous analysi s does not take into 
acc ount the boundar y l ayer deve! opment.. and 
consequent flow s eparation 

The data from this wo rk may be use!ul for 
stead y state operation of HAWT where angle of 
at..tack remain constant at ea c h blade element. 
Ho ,.,ever, in VAWT, where lhe at1gle of att.ack is 
5ubjected to variation ~t lhe sarne blade 
e lement o n each revolut.i on and in HAWT 
o pE>I'a.ted on 'Yaw' lhe pr esenl. dat..a may not 
"i•'e t i:c·>? s ui I. abl e. 
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AERODINÂMICA SUBSÔNICA COMPRESSÍVEL - MOVIMENTO OSCILATÕRIO: 

FORMULAÇÃO PELO POTENCIAL DE VELOCIDADE 
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SUMÁRIO 
A partir de uma formulação pelo potencial de velocidade do escoamento potencial 

linearizado e com a hipÓtese ·de movimento oscilatório, chega-se ã equaçãodeHelmholtz. 
ütilizando-se o método das singularidades, a solução para essa equação e estruturada 
a partir de uma solução elementar do operador de Helmholtz e da análise de algumas de 
suas propriedades sobre uma superfície de descontinuidade, A estruturação desenvolvi
da permite a aplicação-em configuração complexas, Elementos da teoria de distribuiçÕes 
são ainda utilizadas neGte método. 

INTRODUÇÃO 
A determinação da distribuição de pressao em 

corpos aerodinámicos em movimento oscilatório e um im 
port~nte problema nas teorias de estabilidade e aero~ 
elasticidade, Devido ãs dificuldades na realização de 
mediçÕes, os métodos numêricos(caso mais comum) ou 
teóricos representam, mais ainda, soluçÕes ,de grande 
interesse para o problema, 

No caso do escoamento subsônico compressível, di 
versos métodos têm sido desenvolvidos a partir de KÜs 
sner [1] e podem ·ser divididos em duas categorias: 
1) Método de funções modais e 2) Metodo de elementos 
discretos. Watkins et alii [2] desenvolveram o primei_ 
ro para aplicaçÕes práticas e Rowe et alii [3] utili
zaram esse método para determinação de carregamentos 
provocados por superfÍcies de controle em movimento, 
Um exemplo de método de elementos discretos utilizado 
com freqÜência e o desenvolvido po~ Albano e Rodden 
[3]' que e uma extensão do método de "vortex lattiae" 
(vide, por exemplo, referência [5]), empregado no cál 
culo de asas em escoamento permanente. Os métodos de 
Ueda e Dowell [6] e o de Haviland e Yoo [7] são, tam
bem,exemplos interessantes do método de elementos di~ 
cretos. 

A maior parte dos métodos encontrados se aplicam 
somente ao caso de asas, como o de Albano e Rodden [4 ], 
o de KÜssner [1] e o de Ueda e Dowell [6]. Outros, como 
o de Morino e Kuo [8] e o de Giesing ~t ali i [9], são !: 
tilizados para cálculo de configuraçoes complexas. O 
primeiro utiliza uma formulação pelo potencial de ··e
locidade e o Último uma formulação pelo potencial rle 
aceleração, 

No presente trabalho o método das singularidad"s 
é aplicado ao caso subsÔnico compressível, a partir le 
uma formulação pelo potencial de velocidade. Com o m~ 
todo das singularidades o problema ê estruturado de 
forma a permiti r aplicaçÕes em configuraçÕes complexas 
e tem a vantagem de trabalhar, na sua essência, come
lementos familiares ao aerodinamicista. Alem disso, a 
formulação pelo potencial de velocid~de feita a exem
plo de Morino e Kuo [8] e de Haviland e Yoo [7] leva a 
nÚcleos de equaçÕes integrais mais simples que no caso 
da formulação pelo potencial de aceleração, casos de 
KÜssner[l], Albano e Rodden[4] e outros, 

O potencial de velocidade, no caso de aerodiná
mica subsÔnica compressível linearizada não-permanen
te, satisfaz ã equação da Onda. Utilizando a hipÓtese 
de movimento harmônico e introduzindo as transforma
çÕes generalizadas de Prandtl-Glauert chega-se ao op~ 
rador de Helmholtz, A aplicação do método das singula 
ridades consiste em encontrar uma solução elementar 
desse operador, analisar suas propriedades para deter 
minar singularidades pertinentes, e gerar a solução ã 
partir da superposição dessas singularidades. 
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MODELO MATEMÁTICO DO ESCOAMENTO 
O potenc~al de velocidade, quando a velocidade d0 

escoamento não-perturbado V
00 

está na direção x, satisfaz 
ã equação(vide, por exemplo, referência[lO]) 

1 
a2co o (1) 

sendo que ·ç é a diferença entre o potencial de velocida 
de do escoamento e o potencial de velocidade do escoa
mento não-perturbado e a

00 
a velocidade do som do escoa

mento não-perturbado. 
Supondo que o escoamento uniforme seja perturbado 

por um corpo vibrando harmonicamente, o potencial Ç po
de ser escrito na forma 

Ç (x,y,z,t) iwt -:t 
e "' (x,y,z) (2) 

e a equaçao (1) &e transforma em 

o (3) 

onde S2 = 1 - M2 e M é o numero de Mach io escoamento 
não-perturbado. 

Fazendo <P = 
transformaçÕes de 

X=~ y 
L 

(-iw v x/a2 S2 i e co co $ e utilizando 
Prandtl-Glauert 

+y; z s 
-- z 

L 

as 

(4) 

onde L é um comprimento característico, a equação(3) se 
reduz ã equação de Helmholtz. 

w L 
onde K = ãJ32 

00 

o (5) 

A dedução da equação(S) para o caso bidimensional 
pode ser encontrada em[lO]. 

Observando-se a equação(S), nota-se que essa se 
transforma na equação de Laplace, quando K tende a zero, 
ou seja, o problema a ser resolvido é o do cado oscila
tório incompressível, Semelhante análise pode ser en-



centrada em [ll] . Considere - se, agora, a freqUência re 
duzida Kr' definida pela expressão abaixo 

K 
r 

WL 
v= 

(6) 

A figura 1 mostra a variação da relação (K/K ) 
com o número de Mach . Observa-se que essa relação dê
cresce com o decréscimo de M. Para que se tenha valo
res suficientemente pequenos de K no caso de úÚmeros 
de Mach maiores (alto subsÔnico), é necessário que a 
freqUência reduzida seja sufici entemente pequena. Por 
outro lado, nota- se que para M < 0,62 (vide fig. 1) a 
relação (K/K ) é menor que um. Assi1n, para valores não 
muito pequenÕs de K , K pode ser suficientemente peque 

-r -
no dependendo do numero de Mach. Os valores de K de 
interesse pratico são, em geral, menores que um.r 

.li 
Kr 

4 

3 

2 

Ji_ M 
Kr- l-Mi 

0~~~--r---.--,--~--~---r---r--~ 
o 0.2 0.4 0.6 0 .8 M 

Fig. 1 Relação K/Kr em função do numero de Mach. 

APLICAÇÃO DO MÉTODO DAS SINGULARIDADES 

O potencial ~ definido anteriormente satisfaz 
equaçao de Helmhol tz. 

E (~) 17 2 ~ + K(j, o 

ã 

(5) 

onde E e o operador de Helmhol tz. De acordo com Bous
quet [ 12] , conhecendo-se uma solução elementar do ope
rador de Hel~1oltz, ou seja, urna função E que satisf a
ça a seguinte equação 

[ (E) ó (7) 

ond e 6 é o delta de Dirac, pode- se determinar q, a par 
tir da seguinte equação -

q, Tl: *E (8) 

onde o sinal * r epresenta o produto de convoluç~o e T, 
urna distribuição a supo rte limitado (vide refe rênci~ 
\ 13 1) tal que Tl: =E ( (j! ). O suporte de T. é exterior 
ao domÍnio fÍsi co de modo que [ (9) = O ~o don1Ínio fÍ-
sico. 

A distribuição Tl: é escolhida de manei ra que ~ 
sati sfaç a is condiç~es de contorno. Em geral, existe u 
ma grande variedade de distribui ç~es compondo TI: . A a= 
nalise de descon tinuidade s admi ss Íve is do potencial re 
gido pela equação de Helmholtz, sobre urna superf í cie-;
fornece s ubsÍdi os à es colha das di s tribuiç~es que vão 
compor T4. 

C>olu)ão LlemenlaL. !Jcrnonstra- se a s.:,guir que a funç ao 
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E 
iKr 

e 
4--:nr 

2 2 2 11 2 -onde r = (x + y · + z ) , e urna 
ope rador de He lrnholtz E. 

(9) 

solução e lementar do 

A distri buição TG associada a urna função G é dada 
por 

< G, f > = J C f dv 

Rl 

(lO) 

onde f é urna função do espaço D de funç ~es indefinida
mente deriváveis a suporte limitado. 

Sendo a função E localmente somãvcl, pode-se defi 
nir a distribuição TE. Assim, se E é uma solução elernen 
tarde E e corno < 6 , f > = f(o), tem-s e que 

< E(TE),f > f(o) ( 11) 

Uma distribuição é um funcional linear. Portanto, 

T f:(E) TV 2 E + TK 'E ( 12) 

A funç~o E apresenta urna singularidade na origem 
e a integração serã feita para r ~ E" Em seguida, cal
cula-se o limite quando l t ende a zero . A Distribuição 
TK 2E é então dada por 

Q.i rn f 
iKr 

< K~, 2 L' (13) f > = K -- f dv 
L-"'"o 4 1i r 

r >c 

pela definição da derivada de uma distri bu ição , T
17

2E se 
torna 

< V2 E, f ~ = <E, V2 f > 
Yim 
L-t-o 

-- '.72 J 
ciKt 
4 Tr ·, · fdv 

r>c 

Aplicando a segunda identidade de Cr een as 
çocs E e f, t em- se que 

J (E V
2 f - f V

2
E) 

r >~ 

dv=J ([ ~E ur 

mas 

\rLE 

r= c..:. 

iKr 
- K:' !;: __ .IJ. r > L 

4 i:r ' 

ass im, a equaçao (1 5 ) se t o rn a 

iKr 
l' 

iKr 

() f 
- E -) ds 

r) r 

I 4 'iír. 
ti v -I K' 

e . 
~ 1 dv- 4ií- I f(iK 

s iKr 
"-·) ds + 
r ' 

v 

4; l ~ ; iKr 
e 

r 
ds 

Como S C a superfÍc ie definida por r = c , 

(14) 

fun-

( 15) 

(16) 

iKr 
e 

r 

(1 7) 

v 

I "' 
iKr 

f .::_ _ _ Jv 
4 ·;; r J f ds+ r iKr .K iKc 

- K1 _c __ f dv -~-
4 ·11 r 4 -;;, 

J 
v v r= t. 

iKf.. J ('_ 

+ ·z;:i~_;· 

r= · 

iKI I c 
~ 

· · = t 

,'r 
lf [ ds + ds ( l s) 



Calculando o limite, quando c tende a zero, a e
quaçao (18) se r ed uz a 

iKr 
f _e __ dv 

4 11 r J 
iKr 

K2 e 
r 

f dv + r(o) (19) 

v v 

Somando as equaçoes (13) e (19) che ga-se 
çao (ll), como pretendido, ou seja, mostra- se 
de fato, é uma solução elementar de f. 

ã equa
que E, 

Estudo de Algumas Pro~riedades do Operador de Helmholtz 
Através de uma Superftcie de Descontinuidade, Supoe-:e 
que a soluçao ~ se ja uma funçao duas vezes diferencia
ve l, exce to sobre uma superfície S onde e la sofre uma 
descontinuidade . De acordo com a t eoria das distribui 
çoes (vide refcr~ncia [13]) , a distribuição J 2 ~ / J x 2 i é 
dada por 

.) 2 ~ 

~ 
l 

+ l . cos\ ! . '-\ 
l 1 s 

+ 

(20) 

- J~ onde -~ 0 e l i sao os ~s~ltos _de ~ e Jxi , respectivamen-
te , quando a superf tcte S e atravessada no sen ttdo da 
normal i\ ã su perficie; ll . ;: o ângulo entr e a normal e 
o e i xo O~i; e { J 2 ~ / 3xi 2 } 1 é a distribuiç~o baseada na 
fun ção .l _pJ:l xi 2 

Somando-s e as derivadas da distribuição ~ nas 
três di reçÕes, tpm-se 

i=l 

. ~ 1 ~ 
sI J 

J 

~1 
:)x2. 

1 

+ }'~ l--' - 'l cos o. \.>..; 
3 1 [ 

i=l ?Jx . 
0 1 

+ 

l 

(21) 

~\Uící.o n .Jndo-se K.' 't! aos doi s membros, a equaçao 
(21) se torna 

{ l (i) .i l t CDS i\ . 
' o 1 

\ 1 + 1 . costi . ,\ l! 
s J 1 1_ s..! 

+ 
i=l 

(22) 

elas como l.l ( : ) 1 (), en tau 

i'=l 
(LJ) 

lC) 

• . , r . i ~ ' 1 
Jndc _,;. J C.' L---:-;n- -J rl•prL'~ent am a~ Uesco !Jt. i.uuidadt-·<.; Je ;;; 

r_, ~ -.:/ ~·n , resp ... ,.ctiv.::Jnlentc, subre a ~:i; : ~lerfíc.: ie S 
Por t antd , o operadur Jt ~ He.l.mllol tz a Jmi li.:.' dS mcs

~:..J.s ca ra c terÍsticas dL' Jcscontinuidi.ld t.~ quL' o operador 
( i~ Lap~ac~, o~ s~j~ , ~gscoJ1tir1uÍd n~e ~o ~0le ncial.ass~ 
•.. t::du a <hstrLbuu;ao ·_:;L' dc· scun t1:1u · daue de der1vada 

;wn•·" tl du potencia l al~iL•ciada à distr ibui'ião ó • A a
n ~ l i se do ope rador dl' Lapla ce é feita em Ll2] _5 

A distribuição -' . pod e ser inte rpretada como uma 
di s tribui ção de fontes

5
de massa sobre uma s uperfÍcie e 

· ~ / "d n, conseq Uen t e mente, como uma distribuição super
fi~ial de dipolos normais . 

DlSTRlBUIC,:ÕES DE FONT!:S E IJll'OLOS NORMAI S 

Os procedimentos de c~lculos do potencial e da 
vclu ci dad~, devido a distribui ç~l'S superf iciais de fon 
tcs v dipolos normélis, são mostrados a segu ir. Para is
so , define - se· CU!HO Vl'locidadc 110 espaço transformado V~: 
u ;; radic•nl <-· do pot<·ncial •j , 

Ini c ia lmenlt· , para efeito de ex"mplifica<;ao, mos 
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tra-se o caso da fonte puntual. 
Fonte Puntual, O potencial num ponto M(x,y,z) qualquer 
devido a uma fonte de intensi dade s ituada num ponto 
P(x', y ', z') e dado por 

iKR 
e 

onde R - f (x-y •) 2 + ( y- y •) z + ( z- z •) z J 1 
I 

2 

de ê dad1 por 

. iKR 
~(K 1 e 

4rr R2 

(25) 

A ve.locida-

(26) 

A figura 2 mostra a variaçao da parte real de ~ 

em função de R devido a uma fonte s ituada na origem e 
de intensidade m; 4rr , para alguns valores de K. 

12 

fÍ 

8 

4 

o 

-4 
o 2 

Fig _ 2 Potencial devido a uma fonte puntual. 

DISTRIBUIÇÃO SUPE RFICI AL DE FONTES 

A partir da equação (7), tem-se que~ 
num ponto M(:'\ , ; ... . z) devido a tnHa d i~tríhui'.> 
lll.Lll\ ~1 .'-iliJH..' rflcil ' ~; (lllniqtl' r t : dado por 

~\ :;; l •\ *E 
s J r(l') 

PieS 

iKH 
Q 

R 3 

potencial 
dt.· r l'll r ~'s 

(2 7) 

v rH.l l' l é a densi d ade !':upprf.:i~:. Í .:.i! l: I~=[(>: ·y ') '. +( y - y ' ) ?+ 
+ (z-z ') :' ] 1 / L, senJo que (x', y' , z 1

) s ~~u ~ ~~ c•)ordenadas de 
um ponto P pe rtence nte ~ s upe rtf c i P S 

A integral acima n~o G de[ i~i~a se o ponto M es
tt ver sob re a superf Í cie S As ,; ü ,, (·;i d,• ref. [1 2]) o po 
tenci'-1 1 num ponto H da .s u ~ )t.' rfi c .'. e é d :~ f .~.nido da seguin= 
te manei ra: 

Seja Num ponto vizinh e~ de li :: ~-..~ tuado sobre a 
normal à superfÍcie S, que ra ::; :-;i..l pur H. A normal é ori 
entaclu no sentido de il para t·t. llc'i:.i.ne--;e o potencial em 
H como sendo o limite do pule!!CÍ,!l cm'·!, quando M t ende 
pa r a H. Seja i\ a parte da s uper l' Í c ie S interior a um 
cGculo de raio-c e BF ' a parte de S e~ terior a esse cG
culo . Se ndo assim, -

l r iKR 

J 
T(P) 

</> (M) r(P) e 
Tn J R 

ds+ Tn 
PE 6 PE G ' -: .. 

·-iKR ds (28) e 
-R--

o potencial em ~! na o depende de ,- , Entao, pod,~ - se 

escrever que 

:(J(H) ; <jl(U); Q.im [ 9.im <P (M)J 
r···>-o M->-H (29) 

ap~s alguns despnvolvimentos chega- se a 



l f iKR ~ (H) = ~ T(P) ~ ds (30) 

onde o s Ímbolo t significa Integral no valor principa l 
de Cauchy. A Fiiura 3 mostra a variação da parte real 
do potencial , dev ido ã distribui ção superficial de fon 
tes (1 = 4<T) num quadrado de lado unitário. O cãlcul~ 
ê feito num ponto H si tuado sobre o eixo norma l ao cen 
tro do quad rado. A integração f o i fei ta numeri camen te~ 

!64 

K:I.O 

2 

0~------------------.-------------------~ 
~ o H I 

Fi g . 3 Potencial devido a uma distribuição s up erficial 
de fontes. 

No caso da velocidade obtêm- se que 

VT(M) ~ J T(P) , ki 

PE S 

iKR iKR 
e e 
R"-RT 

-+ 
PM ds ( 31) 

para um ponto M fora da superfÍcie~ Para um ponto H da 
superf Ície 

VT(Il) r (H) ~ + 41T - 2 f 
K" iKR iK :~ -+ 

"[ (P)( 1 _e _ ___ _ e _ )PH ds 
R" Rl 

(32) 

onde ; ê a normal ã superfÍci e em H, no sentido 
para M. 

de H 

No caso de uma superf Íci e plana, 
normal de velocidade ê dada por 

a componente 

-+ 
VTn 

_ 1(H) -+ 
--2-· n (33) 

Ne sse caso a velocidade normal recebe uma descon 
tinuidade de [ - 1 (H)], sobre a s up e rfiÍci~ S em H A 
descontinuid~de apareç:e na kar:,e ~ e al de VT , poi s a 
par t e imaginaria de e 1 KR / 4 n nao e, na verdade , uma 
singularidade. Na f i gura 4 ê mo s trada a var i ação da 
componente normal da ve locidade devido a uma di s tribui 
ção superficial de fontes (1 = 2) num disco de raio u= 
nitãrio . A veloci dade ê calculada num ponto sob re o ei 
xo normal ao centro do disco. Ness e caso , a soluçao ê 
obtida analiticamente . 

DISTRIBUIÇÃO SUPERFI CIAL DE DI PO LOS NO RMAIS 

Repetindo- se o mesmo pro cedimento que foi feito 
no caso anterior, encontra-s e que o potencial para um 
ponto M fo ra da s upe rfÍcie ê dado por 

c/J( M) 
6 

v _ _ s_ '~ E 
n 

1 
!;TI J

v :; eiKR 
on (-R- lds (34) 

s 
ond e v é a densid ade supe rfi cial de dipolos normais 
Para um ponto da supe rfÍcie o calculo é formalme nte i 
dêntico ao feito no caso da ve l oc id ade devido ã d i s tri 
buição s uperficial de fontes. As s i m, 
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VTn -1.0 

-0.8 

-0.4 

0 .4 

0 .8 

cj> (ll) - 1 2- v (H) + 

K:0.2 

F(P) iKR 
-+ e 
n.grad(-R-)ds (35) 

Porte imoginÓrlo (x !S) 

Porte R•ol 

1.0-1,-----,~--.---.--~--l-~--.---~----.----.-' 
-!5 -3 -I o 3 H5 

Fi g , 4 Componente normal de ve l ocidade devido a uma di s 
tribui ção s uperfic ial de fonte s . 

Percebe-s e , portanto , uma descontinuidade no po
t encial de [-v(ll)], sob r e a superf Í cie S • No caso da 
figura 4, s ub s tituindo VT por c)> , t em-se o po ten cial de 
v ido a uma dist ribuição d~ dipolos normais ( \! (H) = 2) 
para a mesma s ituaçao. 

Para a ve locidade, ob t êm- se que, se ndo M um ponto 
fora da sup e rfÍ c ie 

1 
VT(M)= 4Ti 

iKR J g r~d[vn. grad(~K)] 
PES 

d s (3 6) 

onde g~aJ é o gradiente em re laç~o as coordenadas (x , y , 
z) do ponto M. 

No cas o de um ponto H sobre a s upe rfÍ c ie 

1 -· [ 1 f iKR v (H) L' 
= - - - grad v + n lim - - V(ki --2 - 4 r: R' 

x ,y t --+o 

iKR 
cos Kc J - -"-) ds + ----:--- v (3 7) R3 2L 

onde g r 3 d v é o orad ien te de v no plano x y 
X. V M ' 

em H · 
cal c ul ado 

Se a superf fcie S ê pl ana, a cxpr ess~o (grad e) r~ 
x,y 

presen ta o sa ldo de velocidade tangenci al , s obre a su
perf Ície em H. 

Na fi gura 5 , t em-se a ve l oc i dade norma l (parte r e 
a l) induzid a por uma di s tribuição superficial de d i po::: 
lo s normais num disco de raio unit~ri o Nesse caso, tarn 
bêm, a velo cidade é calcul ada num pon to situado no e ixo 
no rmal ao di sco . 

CONC:USÕES ·----
No caso da aerodir,;m ica suhs~ni ca compress r ve l os 

ci l a tÔria, o potcnc i al sati sfaz 3 c•qu a.,; ão de Hc•ln;h ol tz-;
Para va.lore s s u [ i.cientcmcnte peque nos J e K, cs:-;a L ~ qu a

ç"iío se reduz 3 equação de i. <lplacc. ~il obtt•nção da solu
ção dil eq uação de Hclmhol tz {' .-lo Nêtodo das Sin ,;u l a r i 
dad cs utili za- se s ingulari d<Jd ,·" do tipo font e e / ou dipo 
l o n n rmal, como n o c a so d a t'q i.lação de J. ap l. a ce . A l'SCü-:_ 

lh a das singularidades dl' p<.' lldc das cor.ciçr)es de conL pr
no do prohl t•ma em qucst~to . llc modo ger a l, es colhe- s e a
quela ou aqu l' l as singular.idad'-'S que poss ue m maior a ção 
sobrl' as cor1di~~es de cont~Jrrto (vitl~ r(• fer~rlcia ~1 2~ ) . 
Como vi s t o , a di s tribuiç ão s uperfi c i a l de fo nte s " , -. ;-~ vo 
ca descont i nuidade na V<' l oc i dade normal e a de d i po l os 
n<'rmal s d csl'Ul ltinuidades 11<.) potenc ial e ILI v e l n c id adt' 



tange ncia l. No caso rJ p asas , p. c..~x ., utiliza-se a dis
tribuição de fontes no probl ema da es pessura e a dis
tribuição de dipolos normais na dete rminação da susten 
tação. O método das singularidade s pe rmite aplicaçÕe-s 
cm configuraçÕes complexas. No momento, o cálculo de a 
sas em movimento oscilatório esta sendo desenvolvido. 

VTn,---------------------------------------, 

[ 11] Krasnov, N.F., "Aerodynamics", Vol. l, Editora 
Mir Publishers, Mo scou, 1985. 

[12] Bousquet, J., "Méthode des Singularités", Cours 
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He lmholtz's equation is obtained from a formula
tion of the linearized potential flow and the potenti
al velocity, considering th e oscillatory movement hy
pothesis. The Singularities Method is used to obtain 
th~ solution for this equation, This solution origina
res from the analysi s of some properties of Helmhol
tz's operator on a discontinous surface and one of its 
elementary solutions, The deve loped formulation ena
bles its application in complex configurations. Con
cepts of the theory of distributions are also employed 
in this method, 
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UM M[TODO NUM[RICO PARA RESOLVER O ESCOAMENTO 
SOBRE CORPOS ROMBUDOS PLANOS 
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RESUMO 
O ucoamc11to méri-to Mbftc wn co!tpo ftombudo pia11o pode f.>Cft abo~tdado ~vú da chama 

da tcofÚJ.l da ti11ha de coMci'ltc f_[vftc. Ncóta te_o~a, admdc-f.>c que 11a Jtcg-tao cx;t~ofL a 
utwa e_ ao cMpo o ucoamci'lto é potc11Ual. A 6~tol1twa da utwa méri-ta c_ moddad~ 
at!tavÚ daf.> ti~tl-taf.J de coMci'ltc f_[vftc c 110 _[11t~o1t duta cf.>twa o u~oamcl'lto _c ducoM~ 
de~tado. Nu te tJtabatlw, a teM~ aúma é Jt~ofv_[da 11wn~camc11tc ~avcf.> do meto do dM 
p~11~. ApÕó uma d~cuf.>J.>ão do Cf.>ouema 11um~co, obtcm-f.>c af.J J.>otuçou dof.> Cf.>coame_~f.> 
d~ócoeadoó Mblte. wm pf.aca p.fa11a · rwflmat e_ Mb~te. um ~11d1to 110 Jte_g~e_ ,óubcfl2.t.i.co. VeJt.i.6~ 
ca-óe_ e.xce . .fc11te_ ac.oltdo entlte. oó nv.,uUadof.> mmJê!Uco, a11ai2.:U.co e. expCJt~c11tat. 

INTRODUÇÃO 

Devido ao continuo desprendimento de vórtices, o 
escoamento sobre um corpo rombudo varia com o tempo, de 
uma forma quase periódica, para altos números de 
Reynolds. Considerando-se uma média temporal, 
verifica-se que o escoamento médio próximo a base do 
obstáculo é constituido por uma "regiâo de água morta" 
(onde a velocidade é muito baixa) limitada pelas 
camadas de cisalhamento 1 ivre que se or1g1nam nos 
pontos de separaçâo. Esta configuração foi observada 
por Fage & Johansen [ 5], que estudaram vá r i os corpos 
rombudos e verificaram que a pressão média ao longo da 
base dos mesmos é praticamente constante. 

No mode 1 o da 1 i nha de corrente 1 i vre [ 11 ] , as 
camadas de cisalhamento livre, do escoamento médio 
descri to a c i ma, são representadas por superf f c i es de 
descontinuidade, chamadas de linhas de corrente livre, 
nas quais a pressão é especificada. Fora da este i r a 
admite-se escoamento potencial, enquanto dentro da 
mesma tem-se uma região de água morta. 

O modelo descrito acima foi estabelecido pela 
primeira vez por Kirchhoff [11 ], para o escoamento 
médio sobre a p 1 aca p 1 a na norma 1 ao escoamento não 
perturbado, cuja velocidade é V

00
• Neste modelo foi 

admitido que a pressão na base e nas 1 inhas de corrente 
livre é igual à do escoamento não perturbado (p

00
). Com 

esta abordagem foi obtido um coeficiente de arrasto 
i gua 1 a O, 88, que é aproximadamente a metade do v a 1 or 
determinado experimentalmente. Resultados análogos 
foram determinados por Rayleigh [11] para o escoamento 
sobre a placa plana inclinada. 

O estudo experimental do escoamento sobre a placa 
plana inclinada foi realizado por Fage & Johansen [5], 
onde foi verificado que a pressão média na base é 
sempre menor que p

00
. Este r~sultado indicou que as 

discrepâncias observadas nos coeficientes de arrasto, 
calculados por Kirchhoff e Rayleigh [11], são uma 
conseqüência da pressão na base ser feita igual a p

00
• 

Em 1954, Roshko [13] modificou o modelo da 
1 i nha de corrente 1 i vre, permitindo que a pressão na 
base (pb) fosse fixada de forma arbitrária (Pb é 
normalmente obtido da experiência). Para resolver este 
problema analiticamente, Roshko [13] utilizou o chamado 
plano do hodógrafo recortado ("notched hodograph"), que 
é compatfvel com uma configuração na qual as linhas de 
corrente 1 i vre são dividi das em duas partes: ( i ) Na 
primeira, caracterizada pelas curvas AB e A'B' ( vide 
figura-la), tem-se pressão constante igual a pb e (ii) 

na segunda parte, a pressão varia de pb até p
00 

ao longo 

das semi-retas paralelas a direção de V
00 

cujas 

origens são os pontos B e B'. 
A so 1 ução de Roshko [ 13] depende de um único 

parâmetro, que é o coeficiente de pressão na base 
( Cp b) . Fixando-se um v a 1 o r para ( Cpb) , obtem-se a 

distribuição de pressão na parte frontal do obstáculo e 
a forma e posição das 1 inhas de corrente 1 ivre. Este 
modelo produziu resultados analfticos que concordam 
muito bem com a experiência para os escoamentos sobre a 
placa plana normal e sobre uma cunha. 
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Em 1955, aparentemente de forma independente, 
Woods [ 14] formu 1 ou uma teor i a aná 1 oga a de Roshko 
[13], na qual os efeitos de compressibilidade são 
1 e v a dos em consideração. Sua so 1 ução para o c I 1 i ndro 
concorda muito bem com a experiência. 

Wu [ 15] e Abernathy [ 1 ] gene r a 1 i zaram o mode 1 o 
acima para o caso da placa plana em Incidência, 
verificando ótima correlação entre teoria e 
experiência. 

Parkinson & Janda 1 i [ 12] propuseram uma outra 
solução para o modelo da linha de corrente livre. 
Nesta, a esteira média é ocupada pelo jato gerado por 
duas fontes, colocadas na superffcie de um cilindro (em 
sua base) e as 1 i nhas de corrente 1 i vre constituem a 
fronte i r a entre este jato e o escoamento externo. Os 
resu 1 ta dos obtidos com esta abordagem concordam mui to 
bem com a experiência para vários corpos rombudos, como 
a placa plana normal, cunha e cilindro circular nos 
regimes subcrftico, supercrftico e transcrftico. 

Hayash i & Endô [ 7] genera 1 i zaram o esquema de 
Parkinson & Janda 1 i [ 12] para o caso de um perfi 1 
arbitrário, obtendo resultados muito bons para a 
distribuição de pressão. 

Br i stow & Grose [ 4] e Johnson [ 1 O] propuseram 
esquemas de cá 1 cu 1 o, baseados no método dos pai ne is, 
para obter a so 1 ução da teor i a da 1 i nha de corrente 
1 i vre, para o caso parti cu 1 ar do escoamento desco 1 ado 
sobre um perfil com alto ângulo de incidência . 

Com base no método acima, Henderson [8] estudou o 
escoamento descolado sobre perfis com multiplos 
elementos, obtendo resultados razoáveis para os 
coeficientes de sustentação, arrasto e momento. 

No presente trabalho, apresenta-se um método 
numérico, baseado no método dos paineis [11 ], para 
obter uma solução geral do modelo da linha de corrente 
1 i vre. Com isto é poss 1 ve 1 a na 1 i sar qua 1 quer corpo 
rombudo bidimensional e ainda, estudar diferentes 
condições de contorno sobre as linhas de corrente 
1 ivre . 

DESCRIÇÃO DO MtTODO NUMtRICO 

O escoamento incompressfvel e potencial, externo 
ao obstáculo e sua esteira média, é descrito pela 
equação de Lap 1 ace, com condições de contorno mistas, 
isto é, em parte da fronteira tem-se velocidade normal 
nula e no restante a velocidade tangente é 
especificada, como mostrado na figura- 1a. 

Para resolver este problema é conveniente 
utilizar o métoao dos paineis [9], devido a sua 
simplicidade e flexibi 1 idade, permitindo o estudo de 
geometrias complexas, assim como a fácil alteração da 
distribuição de pressão ao longo dos trechos AB e A'B' 

No método dos pai ne is, é necessária apenas uma 
discretização da fronte i r a do escoamento, que no caso 
particular esquematizado na figura- 1a, é constituida 
pela parte frontal do obstáculo e pelas 1 inhas de 
corrente 1 ivre . 

No caso bidimensional, o elemento básico da 
discretização é um segmento de curva (painel), no qual 
é feita uma repartição de singularidades [3]. 
Utilizando-se uma discretização com NT elementos e 
satisfazendo- se as condições de contorno impostas na 



fronteira, obtem-se um sistema de equações lineares, do 
tipo 

[A] [x] = [s] (1) 

onde [A] é a matriz dos coeficientes de influência, que 
depende apenas da geometria da fronteira, [8] é o vetor 
dos termos Independentes e [X] é o vetor das 
Incógnitas, que são as Intensidades das repartições de 
singularidade de cada painel . Com a solução do sistema 
(1), tem-se os campos de velocidade e pressão do 
escoamento estudado. 
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Condições de contorno sobre o obstácu 1 o e 
suas linhas de corrente livre 

Para o problema não linear analisado neste 
trabalho. surgem algumas dificuldades para a aplicação 
do método acima. Inicialmente, observa-se na figura-la, 
que uma parte da fronteira a ser discretizada é 
constItui da pe 1 as 1 i nhas de corrente 1 i vre, que são 
InfInitas. Um segundo prob 1 ema aparece devi do ao fato 
das condições de contorno serem mistas. Como será visto 
adiante, isto implica em uma di fiei 1 escolha do tipo 
de singularidade a ser repartida no painel. Por fim, 
deve ser salientado que a forma e posição da fronteira 
da esteira média , compatlveis com as condições de 
contorno Impostas, não são conheci das "a prior i " . Sua 
determinação é feita através de um processo iterativo, 
onde uma forma, inicialmente dada, é modificada até que 
ocorra compatibilidade com as condições de contorno . 

Análise da Singularidade O elemento principal do 
método numérico usado neste traba 1 h o é um segmento de 
reta ou curva, onde é feita uma repartição de 
singularidades, que pode ser dos tipos fonte, dipólo e 
vórtice [ 9] . Teoricamente, qua 1 quer uma destas 
si ngu 1 aridades pode ser usada, desde que as condIções 
de contorno sobre o obstáculo sejam satisfeitas 
Entretanto, do ponto de v i sta numérico, a esc o 1 h a do 
tipo de si ngu 1 ar i da de tem grande i mportanc i a para se 
evitar problemas de imprecisão e instabilidade numérica 
[9] . 

Segundo 8ousquet (3], a escolha do tipo de 
singularidade depende das condições de contorno do 
prob 1 ema ana 1 i sado . A configuração ut i 1 i zada neste 
traba 1 ho, assim como suas condições de contorno são 
mostradas na figura- 1 a . Trata-se de um prob 1 ema de 
Poincaré da equação de Laplace [9], onde a velocidade 
norma 1 (V n) é especificada em uma parte da fronte i r a, 
enquanto a velocidade tangente (Vt) é dada no restante 
da mesma . 

Levando em conta a regra da eficácia [ 3], a 
esc o 1 ha natura 1 da si ngu 1 ar i da de recai sobre o paI ne 1 
tipo fonte, na região da fronteira onde Vn é dada, e no 
painel tipo vórtice, onde Vt é especificada. Neste caso 
a matriz dos coeficientes de influência possue os 
e 1 ementes da di agona 1 pr i nc i pa 1 dominantes em r e 1 ação 
aos demais, fato que garante o bom condicionamento da 
mesma. 
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A so 1 ução deste esquema numérico fornece 
resultados muito imprecisos nas vizinhanças dos pontos 
A,8,C,A', 8' e c• , que são causados pela utilização de 
paineis de tipos diferentes . Neste caso, na interface 
de cada trecho da fronteira, observam-se grandes 
variações de intensidade de cada tipo de singularidade. 

Problemas semelhantes aos relatados acima ocorrem 
na solução numérica do escoamento incompresslvel e 
potencial sobre um perfi 1 fino com grande carregamento, 
onde a imprecisão dos cá 1 cu 1 os é assoe i ada ao 
aparecI menta de gradientes e 1 evades da i ntens I da de de 
fonte [10] . 

Outras combinações de singularidades como fonte e 
di pólo tangente, vórtice e di po I o norma I acarretam o 
mesmo tipo de problema discutido acima . 

A partir das experiências relatadas acima, 
procurou-se montar um esquema numérico que ut i I i zasse 
apenas um tipo de singularidade em toda a fronteira . 

Uma das poss i b i I idades é a ut i 1 i zação do pai ne I 
com intensidade d~ fonte constante Neste caso , 
alguns elementos da matriz dos coeficientes de 
influência são zer~s entretanto a matriz não é 
singular Este esquema fornece resultados muito 
interessantes nos paineis localizados na primeira parte 
das linhas de corrente livre, onde a velocidade 
tangente é especificada Este tipo de condição de 
contnrno é responsáve I por uma di str i bu i ção de fontes 
altErnada, isto é, uma fonte seguida de um sumidouro e 
assi n sucessivamente, que causam instabilidade numérica 
no ">recesso iterati vo , necess ário para a obtenção da 
for · .a final da fronteira da esteira média . 

Os resultados precedentes indicam que a 
si nyul ar i da de adequada para a so I ução deste prob I ema é 
o pa; ne 1 com repartição constante de di po 1 o tangente, 
po is o campo de v e 1 oc idades, induz i do pe 1 o mesmo, é 
idêntico ao produz i do por uma f ante e um sumi douro , 
l ocalizados nas extremidades do painel [6] . Outro 
deta 1 h e importante é o fato da ve 1 oc idade norma 1 ser 
nu 1 a no centro do pai ne 1 ( ponto de centro 1 e ) e a 
função corrente ( ~ ) sofrer um salto, quando o mesmo é 
atravessado de um lado para outro . 

Nos trechos onde a v e 1 oc i da de norma 1 é nu 1 a, 
tem-se função corrente constante . Teoricamente estas 
condições de contorno são equivalentes, entretanto , 
recorrendo-se a regra da eficácia [3] ,verifica-se 
que, do ponto de vista numérico, a função corrente é 
mais adequada para um pai ne 1 com as caracter 1st i c as 
acima . 

Tendo em vista as considerações feitas 
anteriormente, i mp 1 ementou-se um esquema numérico que 
utiliza um único tipo de singu laridade , o painel com 
repartição constante de dipolo tangente, e condições de 
contorno mistas, com v e 1 o c i da de tangente especificada 
na primeira parte das linhas de corrente livre e função 
corrente constante no restante da fronteira, como 
mostrado na figura-1b . As equações necessárias para a 
confecção do presente método numérico são apresentadas 
no apêndice - A. 

Determina5ão da Forma das Linhas de Corrente 
L i vre A fronte i r a do escoamento potencial e 
incompresslvel, constituída pela parte frontal do 
obstáculo e linhas de corrente livre, é discretizada em 
NT paineis retos ( v ide figura-1b). Os segmentos de reta 
AA 1 e A'Ai chamados, neste trabalho, de paineis de 
controle, são tangentes ao obstáculo nos pontos de 
separação A e A' . Embora pertençam às 1 I nhas de 
corrente livre, são tratados como parte do obstáculo. A 
condição de contorno imposta nestes paineis é ~ =O e a 
posição dos mesmos permanece inalterada durante o 
processo iterativo Como será mostrado a seguir, estes 
paineis tem grande importancia na determinação das 
distâncias d 1 e d 1 , que são desconhecidas "a priori". 

I S 
A solução numérica do modelo descrito acima é alcançada 
quando se encontra a for ma e posição das 1 i nhas de 
corrente livre , compatíveis com as condições de 
contorno especificadas Para tanto utiliza-se o 
processo iterativo, descrito abaixo . 

Inicialmente são dadas , de maneira arbitrária, 
uma forma e posição para as 1 inhas de corrente 1 ivre. 
Sal i sfazendo-se as condIções de contorno no centro de 
cada um dos NT paineis ( pontos de co'ntrole ), obtem-se 
um sistema com NT equações 1 ineares, cuja solução 
fornece as NT intensidades de dipolo tangente. Com isto 
é possível se calcular a velocidade e a pressão em 
qualquer ponto do escoamento. 

Em geral, a fronteira dada Inicialmente não é uma 
linha de corrente do escoamento calculado . Neste caso , 
tem-se velocidade normal ( Vn ) diferente de zero sobre 
os segmentos A

1
8 e Ai8 ' . Movimentando-se os paineis 

que pertencem a estes segmentos, de modo a alinha-los à 
di reção do escoamento 1 oca 1 , obtem-se uma nova 
fronteira da esteira média. 

l 

I 
I 
I 
I 

I 
( 

l 



Considerando-se a nova geometria, reso 1 ve-se o 
sistema (1) e obtem-se o campo de velocidades do 
escoamento em estudo. No caso das velocidades normais , 
sobre os segmentos A1B e AÍ B • não terem v a 1 ores 
suficientemente bai xos, o processo iterativo continua . 
Caso contrario, a convergencia foi alcançada e a 
fronteira da esteira média é uma linha de corrente do 
escoamento. 

RESULTADOS DO PRESENTE MtTODO 

O método numérico desenvo 1 v i do neste traba 1 h o é 
usado para obter os parâmetros dos escoamentos médios 
sobre a placa plana normal e sobre o cilindro circular. 
Estas geometrias possuem solução anal itica, propiciando 
uma comparação dos resu 1 ta dos numéricos com os 
a na I i ti c os. 

Placa Plana Normal O escoamento descolado médio 
sobre a placa plana normal à direção do escoamento não 
perturbado ( V 

00 
) é a na 1 i sado numér i camente com dup 1 o 

objetivo: ( ;) mostrar a !orma de operação do método 
numérico exposto na seçao anterior, com particular 
atenção na determ i nação das distânc i as ct

1 
e ct

1 
e 

S I 
( i i l v a 1 i dar o esquema numérico, comparando seus 
res ultados c om os analíticos obtidos por Roshko [13] . 

Inicialmente é es pecificado um valor para o 
coeficiente médio de pressão na base . Em seguida, são 
dadas , de mane i r a arbitrária, a forma e posição das 
I inhas de corrente 1 ivre , que normalmente são segmentos 
de reta para 1 e I os a di reç ão de V 

00 
• como mostrado na 

figura-2a A primeira parte deste segmento , com 
comprimento d 1= d = ct 1 se deforma durante o 

1 
I S 

processo iterativo, como pode ser visto na figura-2 . A 
s egunda parte, com comprimento d = d = ct

2 
, não tem 

2 2 I S 

sua forma modifi cada e s e mantem paralela a direção de 
voo 

No presente método numérico, ct 1 e ct
2 

devem ser 
especificados no início do cálculo. O comprimento ct

2 
é 

feito bem ma ior que a distância caracterfstica do 
obstácu 1 o ( d) , de modo a ga ranti r que o truncamento 
das linhas de corrente li vre não tenham influência no 
escoamento próx imo ao corpo O valor de ct

1 
ini c ialmente dado de f orma arb i trária , é posteriormente 
~orrig i do atravé s de um segundo processo iterativo . 

] I I :1 2 3 4 5 6 B 

lo l PASSO INICIAL 

'f I 
2 3 4 5 6 7 B 

opll 

- 1,0 
APÓS l. ITERAÇÃO I bl 

'"t I I I I I I 
1 2 3 4 5 6 7 B 

op I 

-1, 

I c} APÓS 2 ITERAÇÕES 

2 3 4 6 7 11 

I d} APÓS 3 ITERAÇÕES 

Figura-2 : Forma e pos1çao das linhas de corrente 
1 ivre, ct 1/d; 1,5; ct

2
/d; 30; Cpb; -1,372. 
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A discretização da parte frontal do obstáculo e 
da fronteira da esteira média é feita de modo que não 
existam diferenças acentuadas no tamanho de paineis 
vizinhos . 

Na fi gura-2 , são mostrados todos os passos do 
esquema iterativo, necessário para a determinação da 
forma e posição das 1 inhas de corrente livre . Obtida a 
convergência, que neste caso é a 1 cançada após quatro 
iterações , calcula-se a velocidade e pressão nos 
paineis de controle, que desempenham papel fundamental 
no presente esquema de cálculo. 

Como definido anteriormente , os paineis "de 
centro 1 e pertencem à fronte i r a da este i r a média e são 
adjacentes aos pontos de separação . Uma vez que o 
campo de pressões do escoamento é continuo, conclue-se 
que as pressões na base do obstáculo e nos paineis de 
controle devem ser aproximadamente iguais. 

No caso particular relativo a figura-2 , o 
coeficiente de pressão na base foi fixado, no inicio do 
cá 1 cu 1 o, com o v a 1 or de Cpb = -1 , 372 , entretanto nos 
paineis de controle tem-se Cpc= 0,98 Esta 
discrepância é uma conseqüência da arb i trar i e da de do 
valor de d 1 , fixado no inicio do cálculo. Na solução 
analítica do mesmo problema [13], tem-se um comprimento 
ct 1 para cada coeficiente de pressão na base, mostrando 
que existe uma r e 1 ação de compat i b i I i da de entre estes 
parâmetros. 

A determinação do valor de d 1 compat\vel com 
Cpb fixado no inicio do cálculo, é feita através de um 
segundo processo iterativo, cujos resultados estão 
apresentados na figura-3 Variando-se o valor de d 1 
tem-se diferentes valores para o coeficiente de pressão 
nos pai ne is de centro 1 e ( Cp c) . A convergenc i a deste 
segundo processo iterati vo é alcançada quando Cpc= Cpb. 

Terminada a e xecução dos dois processos 
iterativos, tem-se o campo de pressões do escoamento 
assim como a configuração da esteira média . . 
Observa-se na figura-4 que os resultados numér1co, 
analítico e experimental, para a distribuição 9e 
pressão na parte frontal da placa plana, sao 
praticamente coincidentes , garantindo um cálculo 
preciso para o coeficiente médio de arrasto . 

y 
T 

2 

d,zl,O 

d,•l,3 

d,z1,5 

• 4 6 T 

1 Cpc•-1,36} 

I CPc• -0,47} 

ICPc' 0,!1111 

Figura-3: Forma e pos1çao da fronteira da esteira 
média em função do comprimento ct 1 . 
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Figura -4: Distribuição de pressão na parte frontal da 
placa plana , para Cpb= -1,372 
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Cilindro Circular no Regime Subcrftico No obstáculo 
analisado anteriormente, os pontos de separação da 
camada 1 imite são fixados pela geometria dos mesmos. No 
caso do c i 1 i ndro c i r cu 1 ar o ponto de separação v ar i a 
com o número de Reynolds [21. No regime subcrftico, o 
escoamento na camada limite é laminar e o descolamento 
da mesma ocorre a aproximadamente 82°, do ponto de 
estagnação a montante. 

O prob 1 ema da determinação dos pontos de 
separação foi abordado por Henderson [81 e Hayashi & 
Endô [71, para o escoamento sobre perfis em alto àngulo 
de incidência. Nestes trabalhos foi utilizado um 
processo iterativo, onde um cálculo do escoamento 
potencial sobre o corpo e sua esteira média era 
alternado com um cálculo de camada limite. 

No presente trabalho, os pontos de separação são 
considerados conhecidos e normalmente obtidos da 
experiência. (através da distribuição média de pressão 
ou da tensão de cisa 1 hamento na superf f c i e do corpo 
[2]). 

Após os do is processos iterativos descri tos na 
seção precedente, obtem-se a forma e posição das linhas 
de corrente livre e também a distribuição de pressão na 
parte frontal do ci lindo circular 

A solução anal ftica de Roshko [131 é obtida 
admitindo- se que a 1 i nha de corrente 1 i vre possui a 
mesma curvatura que o c i 1 i ndro c i r cu 1 ar no ponto de 
separação. Esta hipótese acarreta uma di str i bu i ção de 
pressão sem gradiente adverso (figura-S), o que, 
entretanto, é essencial para que haja descolamento em 
obstáculos como este . 

Como observado por Parkinson & Janda 1 i [ 121, a 
curvatura da fronte i r a da este i r a média, no ponto de 
separação, deve ser côncava, quando vista de fora da 
esteira. Este detalhe importante resulta naturalmente 
da presente solução numérica, como mostrado na figura-
6, fornecendo uma distribuição de pressão que concorda 
muito bem com a experiência (vide figura- 5). 

1.2 ~s 

~ 
z 

"' º ... 
"' o 
o 

-SOL. ANALITICA 
o 50 L. NJMÉRICA 

o EX PERIENCIA 

-1,20 """ -- ·- """ • "- ~"- '""" •• 

Figura-S: Distribuição média de pressão no ci 1 indro. 
Re = 14.500 ; ss = 82°; Cpb= -0,96. 

~ 

Figura-6: Forma e posição das linhas de corrente livre 
para o cilindro Ss = 82°; Cpb= -0,96 

CONCLUSÃO 

Com o mo de 1 o da 1 i nha de corrente 1 i vre [ 11 1, 
pode-se obter excelentes resultados para a distribuição 
de pressão na parte frontal de um corpo rombudo, desde 
que a pressão na base do mesmo seja conhecida. 

As so 1 uções a na 1 f ti c as obtidas anteriormente se 
restringem a geometrias particulares e as soluçães 
numéricas de Br i stow & Grose [ 41 e Johnson [ 1 O 1 são 
especificas para perfis en alto àngulo de incidência. 
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No presente trabalho apresentou-se um método 
numérico gera 1 para a so 1 ução do mo de 1 o da 1 i nha de 
corrente 1 i vre, isto é, pode- se ana 1 i sar formas 
comp 1 ex as de corpos b i dimensiona is e a i nda, v ar i ar as 
condições de contorno aplicadas à fronteira da esteira 
média. 

Para o escoamento sobre o c i 1 i ndro c i r cu 1 ar no 
regime subcrftico e para a placa plana normal ao 
escoamento nãó perturbado, o presente método forneceu 
resultados que concordam muito bem com as soluções 
analfticas e também com a experiência. 

Neste trabalho as condições de contorno sobre as 
linhas de corrente livre não foram variadas. Na 
referência [61 foi mostrado que a variação destas 
condições de contorno é muito importante para se 
modelar o comprimento da região de formação da esteira 
de corpos rombudos. 
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APtNDICE - A 

Neste apêndice, são apresentadas as equações que 
descrevem o potencial complexo e a velocidade complexa 
conjugada para um painel com distribuição constante de 
dipolo tangente . 

Seja u~_palnel reto genérico j, definido por suas 
extremidades 2i+ 1 e Zi .Sobre este painel é feita uma 
repartição de dipolo tangente com densidade constante 
v . = _gg_ . O potencial complexo F(Z) e a velocidade 

J as • 
complexa conjugada V (Z) em um ponto 2 são dados 
respectivamente por [6] 

v. 
( z-zi•,) 

F(Z) = ~ l og 2 - 2 . 
(2) 

J 

• v. ( 1 -~) (3) V (Z) =~ 2-zi., 
J 

A equação (3) é válida para um ponto Z qualquer, 
mas a equação (2) só pode ser usada para um ponto Z que 
não pertence ao pai ne 1 . Os potencia Is comp 1 ex os em 
pontos v I z i nhos ao ponto de contro 1 e (ponto médio do 
painel j) são dados por [6] 

v . 
F < z~ .> J (4) 

~ 
J 

v . 
F(Z. ) - i J (5) 

c. -z-
J 

onde z+ é um ponto v i z i nho ao ponto de contro 1 e a c. 
J 

esquerda do painel (lado do painel onde o versor normal 
é positivo) e Zc é um ponto vizinho a direita . 

J 
Uma vez que F(Z) = </> + 11/1 , observa-se que o 

potencIa 1 de v e 1 o c i da de ( </>) é contInuo, mas a função 
corrente (1/J) sofre um salto, quando o painel é 
atravessado, tal que 

[ 1/1 ]= 1/1 (Z~ _) -1/1 (Z~_l= v. 
J J J 

(6) 

ABSTRACT 

The mean 6-tow ovVt a piane biu66 body c.an be. 
analyl>ed by the ./lo ccaUed 6Jtee l>tlteamline theo~ty . 1n 
tw theo~ty, d .U., Ml>urned potentia.l 6low út the Jteg-i.on 
ou:t-6-i.de the body and -i.t-6 ~Re. The 6low -i.n-6-i.de ;th.ú., 
Jte.g-i.on .U., d.{.J.,JtegMded and the boundMy o 6 the mean waRe 
.U., modeled by the 6~tee l>t!teamline. In ;tlúJ., woJtR, the 
abov e theOJt y .U., Mlved numeJL-i.c.aliy by the panei method. 
Ab;tVt an anaiyl>.U., o 6 the numVL-i.cca.t pMcceduJte, the 
l>OWUoM o6 the l>epMated 6WW-6 ove.Jt a noJtmai 6fut 
pfute and a c.-i.!tw.tM c.ylindVL -i.n the ôub~cca.t 
Jteg-i.me Me obta-i.ne.d. Ex.ccelent ag~teement between 
numeJL-i.cca.t, ana.tyticcal and ex.peJL-i.menta.e Jte.l>u.tt-6 M e 
obl>Vtved -i.n both c.Me.-6. 
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III ENCIT - ltapema, SC (Dezembro 1990) 

SINGULAR INTEGRALS lN THEORETICAL AERODYNAMICS 

THEIR ORIGIN AND COMPUTATION 

Maurício Pazini Brandão 
Instituto Tecnológico de Aeronáutica 

São José dos Campos, SP, 12225, Brazil 

SUMMARY 

Singular integrais appear in theoretical aerodynamics whenever one attempts to integrate a govern
ing equation of lhe Laplacian or wave type. Depending on lhe nature of lhe sources or the geometry 
of th e boundary conditions, stronger singularities are revealed. Here we prove lhe usefulness of the 
concept of finit e-part of singular integrais in their computation. Int egrais with multiple singularities 
within lhe integration domain ar·e also discusscd. F'inally, postulat es for the finite-part of singular 
integrais in .multi-dimensional dornain are introduccd. 

INTRODUCTION 

Modern computational analyses of fluid flows are based on 
the solution of the Euler or Navier-Stokes' equations by means of 
finite-difference, finite-volume or finite-element techniques. The 
largest segment of the aerodynamic community is devoted to 
these techniques by employing powerful computational resources. 
However, there is still room for traditional tools of aerodynamic 
analysis , as well as for emerging methods, provided they show 
some usefulness for special applications. 

There is no doubt that homogeneous or inhomogeneous form s 
of the Laplacian and wave equations play important roles in aero
dynamics. Problems of incompressible flow require the solution 
of a Laplacian equation for variables of interest, like the velocity 
potcntial for cxample. Problems of steady compressible flow can 
be modeled by a Poisson equation after a suitable transformation 
of variables . Yet problems of unsteady compressible flow demand 
the solution of a wave equation , the sarne happeni ng for problems 
of linear acoustics. 

The special importance of these two cquations for aerodynam
ics can also be extcnded to other branches of thcoretical physics. 
Electrodynamics, magnetism, elasticity, and fracture mcchanics 
are just examples of areas of rescarch where these equations ap
pear, usually associated to a contcxt involving some potential 
theory. 

A modero branch of non-lincar acoustics, namely, thc Acous
tic Analogy of Lighthill [1] , makes also use of the wave equation 
and Laplace's equation . But this time thcre is no potcntial as
su mption presupposed. lnstead, there is just a dever rcarrangc
ment of first conservation principies. The cquation of Lighthill is 
a concise statement of the Navier-Stokes' equation in a wave-l ike 
form. lt is valid for free flows without boundaries. Its sequei , 
the equation devcloped by Ffowcs Williams and Hawkings [2], 
includes the effect of moving boundaries. These two forced wave 
equations yield Poisson equations in thei r incompressihle limits. 
Thercfore, this line of research also leads to forms of the tradi
tional equations of aerodynamics . 

Logic rccommends that thesc differential equations be solved 
hy foll owing integration paths . The transformation of the gov
erning equations via Grcen 's fun ctions into integra l equation~ is 
currently cons idercd as a form of the Boundary Elemcnt Mcthod 
if houndary sourccs a re in volvcd. This is thc case with thc prescnt. 
research, which includc~s houndMy a.nd volume sourccs . 

205 

lt happens that the basic integral solution of the eqnation of 
Laplace is singular when source and observer coincide. The sarne 
can be conduded with respect to the wave equation. Therefore, 
the singularity of the integral solution is established from the 
very beginning of the solution proccss. 

Stronger singularities are introduced when derivatives of sin
gular integrais are required. Furthermore, integrable singularities 
may be revealed simultaneously in other places of the integration 
domain by the geometry of the boundary. This combination of 
singularities forces the analyst to handle complicate integration 
algorithms. 

Here we discuss the efficiency of some of these intcgration 
techniques. The computation of the derivative of a first-order 
singular integral is performed by following threc differcnts paths 
and the most efficient one is indicated. The d iscussion is com
pleted with some considerations about multi-singular integrais 
and singular integrais in unbounded domains. 

This study is geared towards a solution of the Ffowcs Williams 
and Hawkings equation. However, since for compressible flows 
the equation is of the wave type anel for incompressible problems 
it is of the Laplacian typc, the prescnt considerations may apply 
to other contexts as well. Therefore, thc contributions herc are 
of theoretical and computational nature and are not restri ctcd to 
the particular field of aerodynamics. 

SINGULAR INTEGRALS - ORIGIN 

The equation of Ffowcs Williams and Hawkings [2] describes 
the pressure perturbations p crcated in a quicscent fluid of undis
turbcd density Po dueto t hc motion of a body of surface dcscribed 
by thc equation f = O. For compressiblc flows , the equation reads 
as follows: 

(1) 

_2 
Hcre, O is the gcneralizcd wave operator applíed to c2(p - p0 ), 

wh ich cq uals the perturba tion pressure p to first ordcr. T he forc
ing tcrms of t.his wave equation are of two typcs: thc monopole 
and dipole are boundary contributors, indicatcd by the Dirac 
delta function of t.he body surfacc; anel the quadrupole is a vol
ume cffcct , valid for thc unboundcd dornain of fluid outs idc t.he 
su r face . 



For incompressible flows, equation (1) reduces to 

- 2 [) [ à f ] [) [ à j ] [)
2 

T;j ( ) V p = - - p0U;- 6(!) + - . 'P;j-_ 6(!) - - . - . 2 
àt àx; àx, àxJ àx,àxJ 

This time V2 is the generalized Laplacian operator applied di
rectly to the perturbation pressure p. P;j is the compressive stress 
t ensor and 'T;j is another stress tensor which has been named af

ter Lighthill [1]. For more information on this , the reader may 

consult Fa rassat [3] or Brandão [4]. 
Equations (1) and (2) are our prototypes for the discussion 

that follows concerning flow problems in compressible and in
compressible mediums. As prototypes, they are very convincing, 
for they are general representatives of inhomogen~ous wave and 
La placian equations. Furthermore, they are exact representa

tions of the conservation laws of mass a nd momcntum and incor
porate boundary conditions as source terms. 

Integration is the best solution path for thesc equations be
cause integration is the mathematical operation for invertiug dif

ferentiations and the boundary terms (monopole and dipole) ac

quire workable meaning only after being integrated . 
The impulsi vely excited thrce-dimcnsional equations 

1 a2c à2c 
~àt2 - àx;àx; = 8 (i(t) -iJ(r)) 8(t-r) 

à:::r; = 8 (x(t) - iJ(t)) 

have solutions given respectively by 

ln solut ion (3) 

C(~ ~ 8( ) x,y,t,r) = _ g 
471'1' 

1 
I(.i, iJ, t) = - 4rrr 

r 
g=r -- t + - = 0 

c 

(3) 

( 4) 

is a sphcrc of signa.b emitted a.t the so urce point y a.t retarded 
time r a.nd 

r= li(t)- y(r) l 

is the distance traveled by the information frorn th e source to
wards thc observer i a.t actual t ime t. Jn the incom pressible 

so lu tion ( 4 ) , r becomcs equal to t and r becomes equa l to the 
inst.antaneous di ~ t.ancc betwecn a sourcc a.nd the obscrver. 

Equations (3) a.nd ( 4) are the basic solutions for thc wave and 
La.p lac ian equations. For solid backgrou nd on this , thf! read cr 
rnay look into Morse and Feshbach [5]. Due to t hc fact that 

equa.tinn> (1) and (2) are linear fo r t.he vari a blcs o f intcrcst , th<~ 

principie of ~uperposition is form ally a pplicable. Th us, full in
tegra l transformat.ions of these equa tions are allowcd . T hc com
prcssible cquation (L) t. hcn lcads to 

1 [J jt j PoUi {) f 
47l'c (p- pJ = -a --a 8(!) 8(g) dV dr 

i -ao V 1' X; 

_ __?___ jt r P;j àj 8(!) 8(g) dV dr 
ax; _00 fv r axj 

+-- i.i8 
[}2 jt T: 

àx;f)xj _
00 

fv--;:- (g ) dV dr 

Sirni la rly, t he incompressible equat ion (2) yields 

_ fJ r Pau; âj 8(!) dV 
4rrp - at fv r Ô:r; 

_ () r P; j à J 8(!) dV + ~ r T;i dV 
ax, fv r a:r j Ü:z:;àx j fv r 

(5) 

(6) 

206 

Here, dV stands for an element of volume of the unbounded do
main of fluid outside the surfacc f = O. From these results we 
observe t hat 

• if a solution is possible, it can be used for the near field and 

boundary (aerodynamics) or thc far field (aeroacoustics); 

• the right hand side leads to surface integrais on the bound
ary f = O and to volume integrais in the outside domain; 

• the integra is involved are si ngular because r goes to zero. 
within the integration rcgion; and 

• singlc and double derivatives of singular integrais are re

quired to yield the pressure perturbation. 

Rcscarchcrs a rgue on how integrais like those appearing m 

equations (5) and (6) should be evaluated. Some defenà the idea 
that derivativcs should be performed only after t he computat ion 
of t he assoc!ated integrais. O thers believe that derivatives should 

be performcd first anel integrais !ater. We shall cla rify this issue 
in this papc r with the objective of obtaining bet ter computationa l 

efficiency. 
The georne try of the bounda.ry may introd uce further sin 

gula rities . The derivative of the shape of a irfoil s with rounded 
leading cdges usua lly brings in terms weakly singular there. For 
cxamplc, if t he leading edge is placed at. x -= a, t he equati0n de

scribing t he airfo il scct. ion has a term proport ional to (x-a)7. A 
first deriva.tive of this functi on with respcct to x produces a tcrm 

proportiona l t o (.r -a)-!. Bo(lics with roundcd leading and trail~
ing edges havc geomet. r ical singula rities at both edges . Although 
t. hcse a re in t.eg rab lt ~ singularit ics, they help in compli cating th <" 
pradica.l computa.t ion of t hc associated integrais. This fact i~ 

disrusscd la. te r in t h is pa.pcr. 
Finally, therc is another aspcct of singular integrais appcari ng 

in aerodyna.mics which is not explored here, but is quoted for th<, 
sa.kc of completencss. lt refc rs lo vort ica l flows in incompressihle 
fluids. lt is wcll -known thal the velocity ficld indu ced by a vortex 
filament may bc desnibed in t hi s ca.~ e hy thc Biot -Sava.rt law, 
w!Jich is singul ar in the imrned ia.te vicinity of t.h e vortex. This 
t lwory introdur<·s singubritics nca.r t.he edgcs of a. t hin wi ng, for 

cxample, at an aBgle of in r id t'ncc with the oncomi ng flow. Thi~ 

as pect is linked to t he cla$s i c<~ l downwash in tegr<~ l , which reilds 
as follows in two-di nwnsionil.l domo.in : 

1 1.& .F(x)( :ro -1:) d. 
. • . c~ lim -- 2 2 . ./ 

w(.r ,, U) y-·0 27f " (:r , --:r) +y 

!lere, w is thc indu cl'd ,-clocit.y on the pla.ne of t he wing duc t o 

a vort. icity dist.ribution of ínt.cnsily .F(:r ). TI! is integral clcarly 
leads to a Cauchy Principal Valuc problcm . l!owcvcr, wc should 
nok that no new mcchanism is int.roduccd in this a.nalysis bcyond 
t.hosc alrcady d isc usscd, sine<' Biot-Savart 's la.w comes from t.hc 

formal solu t. ion of a l'o isson equa t io n. 
ln surnmary, ~ ill J!, III a r ill f.<'g ra. ls ;t.pJwa.r in tlwordical aerody

narnícs from t.wo nwchani .-; nJs. Thc first is thc own solution pro

ccdure for t.hc govcming cqtJ a.t ions, wbich is ba.sically singular. 

The sccond is t.he gcomdry of t.he body surface. Couplings bc
twecn t hese two processes are also possible if one is intercsted ITl 

investigat ing fluid prop<'rtics ncar t he edges of an a irfoi l. 

SINGULAR INTEG RALS - COMPUTATIQN 

Due to co rnputat.ional díffi cult.ics, th e trea.tmcnt of singu larí 

tit :s is usua.lly avoidcd. lt. is our intcrcst to discuss how sin gu lar 
integrais shou ld bc comput.ed for bct.ter cffi cicncy. By bett.cr e f

fic icncy wc imply bctter accura.cy with the lca.st comput<~t io n al 

cffort. 



The solution of the Ffowcs Williams and Hawkings equation 
requires surface and volume integrais for three-dimensional prob
lems, and line and surface integrais for two-dimensional problems. 
For the sake of simplicit.y, most of the discussion here is limited 
to integrais with one integration variable. However, the prin
cipies exarnined with the aid of these integrais are general and 
very clarifying. Some extensions to two and three-dimensional 
domains of integration are presented !ater. 

According to Carslaw (6], an integral of the type 

~ = fb F(x) dx 
la (x 0 -x)" 

(7a) 

with a ~ x 0 ~ b has meaning in the sense of Riemann only if 
a < l. ln this case, ordinary integration schemes may be used , 
as long as the weak singularit.y is approached adequately. For 
an algorithm that works well, see Stoer and Bulirsch [7]. When 
a = 1, the integral h as a sense established as the Principal V alue 
of Cauchy, i.e. 

~ = lim dx + dx {1xo-< F(x) 1b F(x) } 
<~0 a (x 0 - x) Xo+< (Xo- x) 

(7b) 

Finally, when a > 1 the integral diverges in the Riemann sense, 
but acquires a special meaning introduced by lladamard [8] as 

~ = hm + + ,. t: . {l:ro-< F(x) dx 1b F(x) dx '1..1( )} 
e--o a (xo- x) 0 xo+t" (xo- x) 0 

(7c) 

Here, 1-l(t:) is the function of t: which cancels out exactly the 
explosive parts of the diverging integrais. This function can be 
obtained from the analysis of the integral in the neighborhood 
of the singularity, i.e. in the domain X0 - t: ~ x ~ Xo + t: in 
the case above. Anyway, the outcome of the lirniting process (7 c) 
is finite and unique. To t.his meaning of the integral Hadamard 
gave the name finil e-parl. 

There are physical reasons for interpreting singular integrais 
which appear in aerodyuamics in their finite-part . These reasons 
are based on the fact that fluid properties have finite and contin
uous descriptions in most ordinary circumstances. Hence, every 
link in a mathematical description of these physical processes 
should have a well-defined, finite, and continuous representation. 
The concept of finite-part was established wit.hout ambiguities 
and yield the expected behavior for the fluid properties in a flow . 
Therefore, it should be adopted as a standard procedure in anal 
yses like the ones discussed in this paper. 

ln the fifties there was considerable amount of research in 
aerodynamics by making use of this idea. To quote an example, 
Lomax, Heaslet , and Fuller [9] studied the fundamental equations 
for s.ubsonic and supersonic wing theory by considering source, 
doublet and vortex distributions in potential flow s. Thc concept 
of finite-part is used throughout this work to interpreted the aris
ing singularities . The reader rnay look at this referencc and at 
the papers cited therein for further information. 

Mangler [lO] h as given severa! formulas for the numcrical corn
putation of the finite-part of singular integrais which appear rou
tinely in aerodynamics. These formulas are based on the defini
tion (7c). However, the computation in this form is not efficient 
because 

• it requires the evaluation of two integrais whose integrands 
explode near the integrat.ion limits; 

• it also requires the not so easy analytical dctermination of 
thc regularizing function 1-l(t:); and finally 

• it demands thc cvaluation of a nurncrical lirnit. as é goes to 
zero. 
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To improve the efficicncy of computations of this kind, the 
author has proposed [11] first the cancelation of the singularities 
inside the integrand , and second the evaluation of the remaining 
finite-part integrais by means of analytical, exact formulas. We 
shall see here how this proposition works in practice. 

To illustrate the discussion, let us consider the following prob
lem which is basic for the computation of the contribution of 
monopole and dipole sources in two-dimensional flows: 

~ = .!!.._ fb F(x) dx 
dx 0 la X 0 - X 

(8) 

where a ~ X 0 ~ b. Since the integral has sense in the meaning 
defined by Cauchy, a first answer may be written formally as 

~= lim lim- + { 
1 [1xo+h-< F(x) dx 1b F(x) dx 

•~o h~o h a . X0 + h - X x0 +h+• X0 + h - X 

l
xo-< F(x) dx -1b F(x) dx] + 2 F(xo)} (Sa) 

a X 0 - X :r0 +~ X 0 - X é 

This answer evaluates first the integral and !ater the deriva
tive. The integral is computed by following the traditional (Man
gler's) way. Note that the process involves a double numerical 
Iimit (in t: and h) and that integrands are singular near the lim
its of integration. The last term in the answer gives the function 
1-l(t:) for the case under consideration. 

To overcome some of the numerical difficulties posed by the 
answer (Sa), let us first regularize the integrand at Xo· This 
widely used "trick" for the evaluation of first-order singular in
tegrais seems to have been proposed first by Carleman [12]. Al
though some researchers still call this technique a "trick", it forms 
the basis for a modem interpretation of the finite-part of singular 
integrais [11] . The second possible answer, therefore, is given by 

~ = hm- X- X 
. 1 [1b F(x)- F( x0 +h) d lb F(x)- F(xo) d 
h~o h a X0 + h - X a X0 - X 

X 0 + h - a X 0 - a] 
+ F(x 0 +h) log b _ Xo _h - F(xo) log b _ Xo (8b) 

This time the numericallimit is simple (in h on ly). Besides, the 
integrands are well-behaved at the singularity (provided the first 
derivative of F(x) .exists and is finite near x0 ). Thus, no special 
problems are posed for the computation of the integrais. ln con
clusion, the answer (Sb) is more efficient than (Sa). However, it 
still evaluates first the integral and !ater the derivative. 

Let us now first perform the deriva tive. The result is a second
order singular integral which should be interpreted according to 
t.he concept of finite-part , i.e. 

~ = - FP fb F( x) dx 
la (x 0 -x)2 

By following the rules expressed in reference [11], the third answer 
reads 

X 0 - a F(xo)(b- a) 
+ F'(xo) log b - X

0 
+ (xo- a)(b- Xo) (Se) 

Note that this answer involves no numcrical limits and that the 
integrand is continuous at x 0 , provided the second derivative of 
F( x) exists and is finite there. Except for the regularized inte
gral, which can be evaluated very accurately, the remaining terms 
are given in closed form . Therefore, there should be no doubts 
about t.he advantages of the answer (8c) in t.erms of accuracy and 
programming over the two previous ones. 



Although the discussion above is centered on second-order 
singular integrais, there is no limitation in the order of the sin
gularity. ln other words, there is no limit on how many times we 
can carry out differentiations of a first-order singular integral, as 
long as the result is interpreted in its finite-part. 

The technique of regularization used in the interpretation of 
strongly singular integrais is also useful in the computation of 
weakly singular integrais. For example, the simple problem 

8' = {b F(x) dx 
J.~ 

may be easily solved by integration by parts, provided the func
tion F(x) is sufficiently well-behaved. However, this requires the 
analytical or numerical evaluation of the first deri·•ative of F(x) . 
lnstead, it is more efficient to use the formula below 

8' = {b F(x)- F(a) 
la ~ dx+2~F(a) 

This time no derivative of F(x) is necessary and the integral can 
be computed with high accuracy by using ordinary integration 
schemes. 

The integral above does not require the use of the concept of 
finite-part and does not appear directly in aerodynamic problems. 
However, it helps us in developing efficient integration routines 
for the computation of integrais which do appear in aerodyn am
ics. For example, in the an alysis of airfoils with rounded leading 
edge and chord placed in the domain -1 :::; x :::; 1 we need to 
evaluate the integral 

(9) 

One answcr for this problem may be obtained with regularization 
of the root at X 0 only and by making use of Gauss-Jacobi inte
gration rules [13] to handle the weak singularity at the leading 
edge. This answer is given by 

8' = 11 F(x)- F(x 0 ) dx + F(xo) log J2 + JX:"+T (9a) 
-I JX+T ( X 0 - X) vx:-+1 y'2 - vx:-+1 

An alternative answer may be devcloped with simultaneous reg

ularization of the root at the observer and at the leading edge. 
ln this case we may use symmetric Gauss-Legendre integration 
rules [13] because the integrand poses no special problems . This 
answer reads 

d 1 Xo - X X+ 1] ::t 
8' = j_l [F(x)- F( -1) Xo + 1 - F(xo) Xo + 1 JX+T (xo - x) 

+ F(xo) [-2 v'2 + JX:"+T log y'2 + JX:"+T] 
X 0 + 1 y'2- JX:"+T 

+ F( -1) 
2 y'2 (9b) 

X 0 + 1 

The answers (9a) and (9b) are equivalent. However, for accuracy 
better than w-6 formula (9a) require quadrature rules of order 
96 or greater, whereas formula (9b) attains the sarne performance 
with order 32. Therefore, although the answer (9b) with Gauss
Legendre quadrature looks more extensive, it is about three times 
more efficient than the answer (9a) with quadrature of the Gauss
Jacobian type. 

The above results seem to suggest that for optimized compu
tation of integrais we should regularize not only strong singulari
ties, but also weak singularities of the polynomial type which may 
appear in the integration domain. This uniqueness of procedure 
yields additional savings in code development and programming 
techniques. 
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Singularities of fractional order are also common in aerody
namics . If in problem (9) the observer is placed at the leading 
edge of the airfoil, there results a singularity of order 3/2 

8' = - FP1
1 

F(x), dx 
-1(x+1)> 

(10) 

This problem may be regarded as the coalescence between a first
order solution singularity at the observer and a half-order geo
metrical singularity at the leading edge. It is obvious that this 
merging process should be interpreted under the concept of finite
part. Mangler [10] hM prescnted a discussion and formulas ap
plicable to this case. These formulas follow the idea exprcssed in 
the definition (7c), i. e. 

8' =- lim [J1 
F(x) 3 dx + H(c)] (10a) 

•-o -!+< (x + 1)> 

ln contrast, we propose the following answer: 

! 1 dx 
8' = - [F(x)- F( -1)- (x + l)F'( -1)] l 

-t (x+ 1)> 

- 2 Ji F (- 1) ( 1 Ob) 

This result presents a regular int.cgrand in the whole interval and 
avoids the detcrrnination of the function H( t: ), as well as the 
numerical limit of formul a (lOa). 

PRACTICAL EXAMPLES 

Consider the following funclion: 

F(x) = 0.12 (2 .0994 Jl+;- 1.2170625- 1.575625 x 

- 0.1935 x 2 + 0.101625 x 3 
- 0.0634375 x 4

) ( 1 I ) 

This function is continuous, with continuous derivati ves in thc 
serni-open intcrval -L < x :::; 1 and rcprescnts the upp cr surface 

of a NACA 0012 airfoil [14]. Our purpose here is to use this 
function to test the three possible answers to the problem (8) 
discussed in the previous section. These answers, for an observer 
placed at the quarter chord (x 0 = -0.5), are given by 

• Derivativc of the Cauchy Principal Value 

8'1 = lim lim -{ 
1 [1-o.>+h-• F( x )dx 

•-o h-o h -1 -0.5 + h - x 

11 F(x) dx 1 - 0.5- • F( x) dx 
+ -0 .5+h+< -0.5 + h -X + -1 0.5 +X 

+ 11 
F(x) dx] + 2 F( -0.5) } (lla) 

-0.5+< 0.5 + X é 

• Derivative of the regularized first order singular integral 

"" -l· 1[1 1 F(x)-F(-0 .5+h)d 
~2- 1ITl - X 

h-O h - 1 -0.5 + h - X 

1
1 F(x) - F( -0.5) + dx 

-1 0.5 +X 

0.5 +h ] +F( -0.5 +h) log --h+ F( -0.5) log 3 
1.5-

• Finite-part of the second order singular integral 

(llb) 

8'
3 

= -11 F(x)- F( -0.5)- (0.5 + x)F'( -0.5) dx 
-1 (0.5 + x) 2 

8 
- F'(-0.5)log3 + 3 F(-0.5) (ll c) 



Figure 1 shows the convergence of the limit in answer (lla) 
towards the direct result given by (llc) (0.5303572 to seven dec
imal places). The double limit presents a slight overshoot of the 
correct result and takes a lot of computing time as é goes to zero. 
Figure 2 depicts similar behavior for the answer (llb). However, 
there is no overshoot in this case. 
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Figure 1: The convergence of answer (lla) for h= 10-8
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Figure 2: The single limit for answer (llb) of the test integral. 

The three answers yield the sarne number as result for the 
derivative of a first-order singular integral. Resides, there are 
increasing computational savings and improvements in accuracy 
by going from answers a to c. Thercfore, we should admit that 
the concept of finite-part is not only correct, but also provides a 
more efficient manner of computing singular integrais. 

SOME EXTENSIONS AND DISCUSSION 

The Ffowcs Williams anel Hawkings equation has source term:, 
on the boundary of a moving body (monopole and dipole), d.'ld 

in the flow outside the body ( quadrupole). Here we discuss .n 
general terms how these source contributions can be integra~ ed 
and introduce ideas about the finite-part of singular integrais in 
multi-dimensional domains. 

For two-dimensional problems, we may use a combination 
of Cartesian and cylindrical coordinatc systems to handle the 
boundary and volume sources respcctively. Both systems have a 
z coordinate which runs from -oo to +oo. I~ is interesting to in
tegrate along this direction first. Then, boundary terms become 
line integrais and volume terms tum into surface integrais. For 
problems of unsteady compressible flow, it is useful to consider 
a hypothetical fluid which is compressible on the plane (x, y) or 
(r, li), but incompressible in the z direction, otherwise this first 
integration becomes terribly difficult. Furthcrmore, it should be 
noted that integrands inversely proportional to r give no contri
bution to two-dimensional problems [4]. 

Once the z integration has been pcrformed, line integrais can 
be computed by using Cartesian coordinates because most airfoil 
shapes are described analytically in tha.t way. The integration 
rules necessary for this job have been given in reference [11]. 
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However, quadrupole sources pose new problems because their 
domain of integration is infinite. The natural system of coordi
nates for this case is a polar system with origin on the observer. 
The major problem resides in the computation of integrais of the 
following type: 

~ = r :F( r, li) dS 
ls r 2 

where :F( r, li) vanishes if r goes to infinity. Since the element 
of surface dS may be written as rdrdli, there results an inte
gral inversely proportional to r on an unbounded plane. To this 
author's knowledge, there is no discussion of the concept of finite
part for this case in the literature. So, by similarity of procedure, 
we introduce the following interpretation of the integral: 

:FP r :F(r, li) dS = r :F(r, li)- :F(O, li) dS 
Js r 2 ls r 2 

This interpretation indicates that near the observer the inte
grand behaves like the omni-directional derivative of the function 
:F(r, li) with respect to r. A consequence of this postulate is that 

if :F(r, li) would be a constant, say A, then 

:FP r~ dS =O ls r 

For three-dimensional problems boundary terms yield surface 
integrais and volume terms produce volume integrais. The nat
ural systems of coordinates to be used now are body-conformed 
systems for the boundary sources and the spherical system with 
origin coinciding with the observer for the quadrupole. The nov
elty in both cases is that now integrais inversely proportional to r 
should not be discarded because for the monopole and dipole the 
surface domain is finite, e.g. a finite wing; and for the quadrupole, 
although the integration domain is infinite, pressure and velocity 
perturbations vanish at infinity. 

The surface integrais present no special problems for their 
computation. However, quadrupole sources require the evalua
tion of the following integral: 

,, = r :F(r,O,</;) dV 
:s lv r3 

Since the element of volume dV may be writt ~n a; r 2 sin OdrdOd</;, 
we obtain an integral inversely proportiona.l1o r i·1 an unbounded 

olume. To this author's knowledge, th"s is ais<> new in the lit
erature. Therefore, we introduce the foJ!owing interpretation of 
the integral: 

:FP r :F(r,O,<j;) dV= r :F(r,O,<j;) -:F\0,0,</;) dV 
lv r3 lv r·3 

Likewise, in the neighborhood of 'h e observcr the integrand h c
haves as the omni-directional derivative of :F(r, O,</;) with respect 
to r. A consequence of this second postulate is that if :F(r, O, ,P) 
would be a constant, say B, then 

:FP r ~ dV =O lv r 

When performing actual computations, the integration do
main for the quadrupole will be finite, i.e. we will consider only 
the region of fluid where substantial a.ctivity occurs in terms of 
pressure and velocity perturbations. ln addition, the surface and 
volume domains will be discretized in some way. Surfaces may 
become a collection of curved paneis and volumes may be repre
sented by a group of body-conformed cells. Here it is important 
to cal! the attention for the fact that discretization should happen 
only after regularization. Otherwise, with the refinement of the 
computational grid, strongly singular paneis or cells will appea.r 
to spoil the efficiency we are trying to rea.ch with this discussion. 



Therefore, the above postulates may open the road to an 
em~rging computational method for problems of ftuid ftow . There 
are reasons to believe that this method may be more effi cient 
than existing ones, but considerable amount of research is still 
necessary to support this statement. 

CONCLUSIONS 

Singular integrais in theoretical aerodynamics originate from 
two sources. First, they result from the application of a basic 
integral solution by superposition to an equation of the Lapla
cian or wave type. Derivatives of this solution help in yielding 
even stronger singularities. Second, they stem naturally from the 
geometrical singularity introduced by boundaries with roundcd 
edges. Since these entities, equations and bodies, are certainly 
object of studies in aerodynamic applications, aerodynamicists 
should be prepared to deal with this problem in their work. 

Singular integrais should be interpreted under the concept 
of finite-part. The present interpretation of the idea is clearly 
superior than other concepts regarding singular integrais for the 
following reasons: 

• it provides a finite interpretation for impropcr integrais 
with internal singularities of any order grcater than onc; 

• it reproduces with clear improvements the Cauchy Principal 
Value of first-order singular integrais; 

• it yields more efficient integration schemes for weak singu
larities ( with order less than one); and 

• it avoids the creation of "holes" around singularities and 
subsequent lirrúts to red uce their size to zero. 

Some researchers consider the idea of finite-part of singular 
integrais as an ad-hoc concept, deprived of substantial basis and 
confirmation. Here we hope to have proved, first, that th e con
cept is correct and well-establi shed. Second, that the idea yields 
the most efficient algorithms for the computation of singular in
tegrais. With these contributions we try to unveil the suspicion 
with which the concept has been considered before. 

This discussion may help in the understanding of integral 
equations of the singular type and improve their solution pro
cedure. Efficient integration techniques have been prescnted for 
the computation of strong singular integrais in one-dimensional 
domain and postulates have been introduced for the interpreta
tion of first order singularities in unbounded mul t i-dimensional 
domains. With these results , a mixed boundary-volume elemcnt 
method [15] may become feasible with the application of the 
Ffowcs Williams and Hawkings equation to problems of aero
dynamics and aeroacoustics. 
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Force and pressure measurements have been carried out on 1:40 and 1:15 smooth 
models of the VLS Launch Vehicle in low and high speed wind tunnels . The test 
programme included simultaneous measurements on the complete vehicle as well 
on one booster at Hach numbers from 0.5 to 4 . 0 to establish the basic aerody
namic coefficients . Schlieren photographs were taken for detailled anal ysis of 
the flow pattern in the region between booster and central body. Also the lift 
-off conditions were simulated. The test results and comparisons of theoret i 
cal drag and press ure predic tions with experimental data are shown . 

INTRODUCTION 

The first Brazl 1 lan Satell i te Launch Vehlcle, 
shortly VLS, is of the cluster type with four strap-on 
boosters around the central core, as shown in Fig.1 . 

MECB - Seomento VetCulo Lançador de Sot61ites ( VLS l 

Fig 1 V L S - Configuration 

The hammer-head type fa i r 1 ng and the para 11 e 1 
staged boosters, bullding the first stage, represent 3 

very complex configurat l on for theoretlcal or numer . 
cal predlction of its aerodynamic characteristic>. 
None of the existing semi-empirical calculation prece
dures can be sucessfully used for such a conflguration 
and, the application of numerical cedes make necessary 
a strong modelling of the geometry, three-dimensional 
Nav ler-Stokes formulatlon and of course high perfor
mance computers. So severa! wind tu~nel tests have to 
be done ln order to get accurate and detailed informa
tion on the VLS global and local aerodynamlc characte
ristics . 

Wi th th 1 s purpose a genera 1 wl nd tunne 1 test 
programme was establlshed whlch covers a wide range of 
conf 1 gurat 1 ons and test parameters, as for 1 nstance 
Ma c h number, ang 1 e of 1 nc 1 dence and Reyno 1 ds number, 
simulating in thls way the expected fllght trajectory 
of the vehicle . 

The maln aspect of such tests lles ln the deter
mi nat i on of the gl oba 1 aerodynaml c character i st 1 cs, 
forces and moments, in the simulation of the lift-off 
conditions, and finally in the estimation of load 
di str i but i ons by means of pressure measurements ove r 
the central body and booster surface for all speed 
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regimes . Because of the Jack of high speed wlnd 
tunne 1 s 1 n Braz i 1 the most part of these tests h as 
been made outslde the country. 

One lmportant approach of the experimental 
investi gat i on concerns the s 1 mu 1 ati on of the f 1 i ght 
cond 1 ti ons dur 1 ng the booster separat 1 on . After burn 
out of the first stage motors , aprox. 65 s of fltght 
(Mach = 4.0, altitude= 32 km), the four boosters wtll 
separate simultaneously from the central core . Thls ts 
a very deltcate operation since the separatlon of the 
boosters could lntroduce aerodynamtc lnterference 
prob 1 ems, so that a de ta i 1 ed ana 1 ys is of the event 
will be required in order to prevent and avold collt
ston of the bodles and, consequent misston fatlure. 

For thts reason , and because of the difficulty 
in obtatntng analyttcal and numertcal results for the 
aerodynamtc coefflcients, speclfic wind tunnel tests 
were performed. 

The present paper brtefly descrlbes the test 
models and facll lt l es used and, shows and dlscusses 
the most signlficant results . Also comparisons of the 
ex per t menta 1 data wi th theoret i c a 1/numer c a 1 resu 1 ts 
are presented. 

lliNDTUNNEL TEST PRDGRAMHE, CONFICURATIONS & PARAMETERS 

The genera 1 w i nd tunne 1 tes ~ . 1 ng pr ogramme com
prlsed three different series : 

1. Acquisi tion of global char·acteriatics : 

- measurement of force and moments ln a trt
sonlc wlnd tunnel ; 

2 . Siaallation of the lift-off condi tions: 

- force measurement .> 1 n a 1 arge sca 1 e sub
sonlc wlnd tunne l and, 

3 . Acquisition of local characteriatics: 

- measurement of local pressures tn htgh 
speed wind tunnels 

A fourth test sertes is also planned and wtll be 
performed later to conftrm the global aerodynamtc 
charactertsttcs of the fltght conftguratton . 

Global Aerodynaaic Characteriatica : 

A ftrst test sertes was performed tn a trlsonlc, 
0 . 5 < MACH < 4.5, blow - down t~e wtnd tunnel wtth a 
test sectton stze of 60 x 60 cm, and comprtsed force 
and moment measurements wtth a stx component Internal 
stratn-gauge balance. The test results, tn the form of 
aerodynamlc coefftctents, were then used for perfor
mance evaluatton, to stmulate the dynamlcs of the 
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bod i es, and so to character I ze and we 11 defIne the 
first stage separation. These derivatives are also 
required for estimation of vehicle loads and analysls 
of the vehicle control system. 

The test configurations used in the wind tunnel 
are shown schematically in Fig. 2. 
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b) flve-stlng configuration 

Fig. 2: Wind Tunnel Testing Configurations 

The test mode 1 s were se a 1 ed 1 : 40 and presented 
smooth surfaces. By these tests no attempt has been 
made to represent stringers and aerials. Although the 
booster/core clearance has been varied, its effect is 
relatively small and wi 11 not be discussed here. 

ln the first testing configuration, Fig. 2a, the 
boosters were at tached to the centra 1 body and on 1 y 
one balance, mounted inside the core vehicle, was used 
to measure the characteristics of the complete co~fl
gurat i on. La ter, i n order to si mu 1 ate the separat I on 
of the boosters, a fi ve-sti ng conf I gurat i on h as been 
used, Fig 2b, in which two six-component balances ~ere 
placed one inside the central body and another ihslde 
one of the boosters. The data were then measured and 
recorded simultaneously. 

The following parameters have been measured as a 
function of free-stream Mach number, 0.5 < Mach < 4.0, 
and angle of incidence, 0° < a < 6° : 

e normal, axial and side force coefflcients ; 

• pitching, rolling and yawing moment coeffici
.ents ; 

e centre of pressure position. 

A sketch of the axes system defInI ng force and 
moment orientatlon is given in Fig. 3. 

c@e-. r~ M·~ ~~ ~ ·- 1 HcJ'~ '1. 
back vfew 

Fig.3: Wind Tunnel Testing Axes System 

Simulation of the Lift-Off Conditions: 

The aim of these tests lies in the simulation of 
the condi ti ons estab 1 i shed dur i ng pre 1 a une h and 
1 aunch i ng of the v eh i c 1 e wh i eh is exposed to surf ace 
steady winds and gusts and to the turbulent wake due 
to the complex environment: umbilical mast, gantry and 
other nearby structures. The structura 1 response of 
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I 
the vehlcle to wind excltatlon and turbulence produces 
unsteady loads which must be consldered ln lts design. 

While for conventional conflguratlons the steady 
drag loads can be calculated using drag coefflcients 
for two-dlmenslonal cyllnders or cone-cyllnders combl
nations, for cluster conflgurations, such as the VLS, 
wlth external condults and protuberances, lnfluenced 
by the presence of adjacent tower and jet def 1 ector 
structures, the steady loads have to be estlmated from 
wlnd tunnel tests. 

The tests were performed ln a subsonlc wlnd tun
nel, V< 45 m/s, wlth a 2 x 3 sq . meters test sectlon. 
The tests lncluded forces and moment measurements wlth 
a three-component external balance for the conflgura
tions shown ln Fig. 4. The test model, ln 1:15 scale, 
was conflgurated wlth simpllfled protuberances. 
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Flg.4: Slmulatlon of the Llft-Off Condltlons 

The following parameters were slmulated: 

• wlnd veloclty V= 30.6, 36.2, 43.1 m/s 

• wlnd dlrectlon ~ = 0°, 45°, 90°, 135°, 180°; 

• angle of lncldence a = 0°, 60°, 90° ; 

by measurlng: drag, normal force, pltch/yaw moment and 
center of pressure. 

Local Aerodynamic Characteristics: 

ln a thlrd testlng serles, pressure measurements 
were performed for conf i gurat I ons si mil ar to that of 
the flrst testlng serles ~Fig.2), in contlnuous (0.5 < 
MACH < 2.5, 1.75 x 1.~7 m) and blow-down ( 2.5 < MACH 
< 3.75, 0.78 x 0.76 m) wlnd tunnels. The test model, 
1: 15 se a 1 ed, was conf I gurated wi th 320 pressure taps 
distributed axlally and radially over the central body 
and boosters surfaces. The t.est parameters I nc 1 uded 



Mach numbers fr om 0 . 5 up to 3 . 75 , Reyno lds number fr om 
9 up to 30 mtllion per meter and angle of i ncldence up 
to 6 degrees . Aiso here the booster separat i on were 
sI mu 1 ated I n order to ver I fy I ts I nf 1 uence on the 
aerodynamlcs of the central body . The Reynolds number 
has been varled for the sarne Mach number to Investiga
te lts lnfluence on the flow behavlour around the fal
rlng. 

The resu 1 ts of these tests are ver y usefu 1 to 
get more de ta I 1 ed I nformat I on about the f 1 owf i e 1 d i n 
the reglon between the bodles. Moreover , pressure mea
surements wlll be extremely useful for the va1ldation 
of numerlca1 cedes being developed by CTA/ lAE ln coo
peratlon wlth the SlNMEC Group at the Universidade 
Federal de Santa Catarina [1) . 

ln order to allow a good analysls of the test 
results , Schlleren photographs were taken for the 
tests wlth transonlc and supersonic speeds, whlch show 
the shock wave pat tern around the mode 1 at v ar i ous 
lncldence and Mach numbers, as well as some flow dela
i 1s . 

RESULTS 

Vehicle Aerodynamics : 

The sl x-component measur ement deti vers three 
for ces ( ax I a 1, norma 1 and 1 atera 1) and three moments 
(pltch, yaw and roll) . 

ln the Flgs . 5 and 6 , global aerodynami c charac
terlstlcs : slope of the normal for ce coefflclent Cna 
center of pressure locatlon Xcp/ L (L : Vehic1e totai 
1ength) and axial force coefficient Cx, are presented 
for the complete model (flrst stage) and for the con
figuratlon without boosters (second stage ) . 
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8oth conf i gurat i ons ar e aerodynami c a 11 y unsta
ble , Fig . 5b . ln order to reduce the static margin and 
so to a 1 1 e v i ate the at ti tude centro 1 system of the 
f i rst stage (by secondar y inject l on), stabilizing fins 
will be p l aced on the boosters aftbody. For the second 
stage f l ns are not adequa te sI nce the separat I on of 
the boosters already occurs l n very hlgh altitude, by 
high Mach number and low dynam i c pressure. 

The axial force coefficient presented in Fig. 6 
agrees well wlth previous calculatlons. Nevertheless 
lt Is expected that the incluslons of stringers, aeri
a 1 s and some others protuberances wi 11 i ncrease the 
drag coefflclent by aprox imatell y 25%. 

MACH 

Fig. 6 : VLS - Drag vs Mach Number 

Booster Separation Aerodynamics : 

A very c r i ti c a 1 event dur I ng ascent f 1 i ght of 
the VLS is the separatlon of its first stage. 

For analysls of this problem the most important 
par~meter is the lateral (slde) force coefficient Cy, 
act1ng on the boosters . The resultant side force on 
the booster is originated from the lnterference flow
field between this and the central body, Fig. 7 . 

Moch <1 ____.--:::::;:=-------, 
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\_: Bow shock wove 

Fig . 7 : lnterference Flowfield 

For free stream Mach numbers less then the unity , 
subsonic fl ight, the flow ln the lnfluence region of 
booster-centra 1 body wlll most 1 y acce 1 era te so that 
the pressure decreases cons I derab 1 y. The I ntegrat i on 
of these pressures around the booster surface will gi
ve a resultant side force directed towards the central 
body , F i g . 8 . For superson l c Mach numbers an opposite 
effec t occurs. Because of the bow shock wave in front 
of the booster nose, the flow wlll decelerate dueto 
the compressicn through the reflected shock waves from 
the adjacent surfaces . The integratlon of the pressure 
di str l but I on over the booster shows, i n th Is case , a 
resultant slde force from the booster outwards . 

For the above menti oried r e a sons, the booster 
mechan I c a 1 at tachment system wl 11 be. compressed dur I ng 
subscnlc fllght and later, tensloned ln the supersontc 
fllght regime. 

Unfortunately force measurements furnish as 
result at all, a resultant force and of course lts 
acting location. An analysls of F i g . 9 shows moreover 
that the slde force, determined here from local pres
sures , is di str i buted a 1 ong the booster surface by 
different orientatlon . lt means for the supersontc 
case, Fig . 9a, that whlle the aft part of the body has 
a smatl resultant towards the core , the forebody wlll 



try to leave lt. For subsonlc speeds, Fig. 9b, the 
lo.cal force dlstrlbutlon indlcates an opposite effect. 
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Durlng the separatlon manoeuvre the boosters 
descrI be a 1 I near, by use of spr l ngs or pneumat I c 
actuators and , an angular motlon, due .to the aerodyna
mlc moment . If lt Is assumed that the relative veloci
ty between boos:ter and central body Is almost zero, 
the aerodynamlc ' behavlour of each body wll l be of 
course lnfluenced by the proximlty of the other one. 
Pressure dlstrlbutlons over the surface of the central 
body show clearly the lnfluence of the booster proxl
mlty, Fig. 10 . 
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Experi-nt vs Coqputation: 

The pressure measurements are a 1 so ver y usefu 1 
for valldatlon of numerlcal codes . 

Fig . 11 presents a comparison between numer l cal 
and experimental results for the pressure coefficlent 
Cp over the VLS falrlng for two Mach numbers. The 
numerlcal results .are ~lgtnated from Euler calculatl
ons and cons I dered zero ang 1 e of I nc i dence [ 2]. The 
agreement between computatlon and experlment is qu i te 
good and shows the ablllty of the numerlcal procedure 
ln predictlng the flowfleld over non-conventlonal 
conflguratlons . 
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Fig . 12 shows pressure distributions for Mach = 
3 . 0 with variatlon of the Reynolds number. These re
sults are now belng analysed and will allow the 
predlctlon of local flow separatlons as well the vall
datlon of numerlcal codes wlth Navler-Stokes formula
tlon, al8ó ~nder development by CTA/IAE 
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Lift-Off Aerodynamics: 

X/L o .. 

The test resu 1 ts are summar I zed I n FIgures 13 
and 14 . 

ln Fig . 13 the steady drag coefflclent of the 
vehlcle Is shown as functlon of the wlnd orlentatlon 
for varlous wlnd velocltles . Whlle the wlnd veloclty 
and the presence of the umbilical tower practlca11y do 
not affect the resultlng force coefflclent for wlnd 
orlentatlons up to 135°, the lnfluence Is conslderably 
when the umb I 1 I c a 1 tower Is p 1 aced I n the wl nd mean 
dlrection (' = 180°). 
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The first fllght phase lmmedlatelly after launch 
Is character I zed by 1 ow ve 1 oc I ty and h I gh angl e of 
attack . Fig. 14 shows the correspondlng drag and 
normal force coefflclents. 
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ÇONCLUSIONS 

100 

Several wlnd tunnel tests have been performed ln 
h I gh speed fac 111 tI es for the VLS, because of the 
dlfflculty ln estlmatlng lts aerodynamlc characterls-
tlcs by theoretlcal or numerlcal calculatlons. The 
test results show that the flrst stage conflguratlon 
Is aerodynamlcally unstable, so that stablllzlng sur
faces wlll be necessary to allevlate the attltude con
trol system. Oesplte the complexlty of the conflgura
tlon , theoretlcal drag predlctlons are ln good accor
dance wlth experimental data . Also numerlcal predlctl
ons of the pressure dlstrlbutlon over the falrlng 
agrees well wlth experimental results. The Mach number 
has a marked lnfluence on the booster slde forée orl
entatlon and the booster proxlmlty affects consldera
bly the aerodynamcls of the central body. The llft-off 
conditlons are lnfluenced speclally by the envlronment 
around the vehlcle and the surface wl nd orlentat l on. 

[ 1) 

[2) 
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INTRODUCAO 

A partir da década de 40, houve necessidade de 
ensaios aerodinâmicos de aeronaves coa velocidade 
próxima à do som. Nos túneis de vento da época, cujas 
paredes eram sólidas, os ensaios de aviões ea núaero de 
Mach (M) prox1mo de 1, só eram realizados para 
modelos muito pequenos. Além disto, ensaios com M = 1,0 
não podiam ser executados devido ao fenôaeno do 
entupimento ("shocking") [1]. 

Para resolver o probleaa aencionado aciaa, as 
paredes laterais da seção de testes, de ua túnel de 
vento, são perfuradas ou eslotadas e o ar é succionado 
parcialaente para fora desta seção . Esta reti~ada de 
fluido peraite a utilização de aodelos aaiores, evita o 
fenômeno de entupiaento paraM= 1,0 e também, eliaina 
ou, pelo aenos, ainiaiza a reflexão de ondas de cho~ue 
e de expansão, que são geradas ea modelos ensaiados nos 
regimes transônico e supersónico [2]. 

Esta sucção de fluido provoca variações 
indesejáve i s nos parâmetros do escoamento que podem ser 
minimizados através da inclinação das paredes·. laterais 
[3]. A combinação acima tem como vantagem adicional a 
diminuição da espessura da camada lim i te, que acarreta 
melhor deseapenho das paredes perfuradas no 
cance lamento de ondas de choque e de expansão [2]. 

No presente trabalho é feita uma estudo 
paramétrico da inclinação das paredes laterais, da 
vazão retirada e da razão de bloqueio de modelos 
colocados no interior de um túnel de vento trasõnico. O 
objetivo desta análise é fornecer dados para o 
dimensionamento da seção de teste e para a calibração 
do escoamento no interior da mesaa. 

A análise precedente será realizada com base na 
teoria unidimensional do escoamento compressivel [1], 
que foi escolhida por sua simpl i cidade. Por outro 
lado, pode-se esperar resultados bastante razoáveis 
porque a vazão retirada do escoamento principal é muito 
pequena (da ordem de 2% ) e porque a inclinação das 
paredes laterais é da ordea de ainutos. 

Dentro da teoria unidimensional, a presença de um 
modelo no i nterior da seção de teste é considerada 
através da variação da área transversal do mesmo. Não é 
possível um estudo de modelos e• incidência e ondas de 
choque obliqulls não podem ser consideradas. Por outro 
lado, a presença de um modelo acarreta variações 
localizadas nos parâmetros do escoamento, que provocam 
uma resposta das paredes perfuradas, a qual será 
analisada no presente trabalho. 

Para finalizar, deve-se notar que as poucas 
informações encontradas na literatura aberta resolvia• 
as equações linearizadas do escoaaento unidiaensional. 
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Neste trabalho, além de se considerar as equações 
coapletas do escoamento unidiaensional, verifica-se as· 
alterações acarretadas devido a inclusão de ua aodel01 
no interior do escoamento. 

MODELO MATEMATICO 

Para estudar o escoaaento unidimensional no 
interior de uaa seção de ensaio, recorre-se ao voluae 
de controle diferencial aostrado na figura 1. 

d~ 
: I 

AI I I A! .. dlfl ____ , ----- ------ ·1 ~· 

: I 
L.._.._ , I 

l ;> ~7~ 
Fig. 1 Esqueaa de ua eleaento diferencial da seção de 

testes 

Devido à variação de área transversal (dA) e da 
vazão e• aassa {da) que entra pelas paredes laterais, 
cuja área é AL, ocorre variação da pressão estática 

(p), da densidade (p), da velocidade (V) e da entralpia 
(h) . 

' As propriedades aciaa estão vinculadas pelas 
equações de conservação da aassa, da quantidade de 
aovimento e da energia, asai• coao pelas equações 
constitutivas que descreve• um gás perfeito. 

Para o escoaaento considerado neste trabalho, as 
equações aciaa são dadas por, [1] : 
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Co•o pode ser observado, o siste•a constituído 

pelas equações (1) e (2) pode fornecer as variações de 
Mach (M) e da pressão estática (p) ao longo do 
co•pri•ento dx. Para tanto é necessário conhecer a 
variação da área transversal (dA) e o fluxo da massa 
injetada na seção de testes (dm). As equações (1) e (2) 
são gerais e consideram o atrito nas paredes laterais 
da seção de testes ( f), o arrasto do modelo ( D), a 
velocidade (V

1
) e o ângulo (e

1
) do escoamento que entra 

na seção de testes através dos furos ou eslotes das 
paredes laterais. Outros parã•etros encontrados nas 
equações ( 1) e ( 2) são a razão entre calores 
especificos ()') e o diâ•etro hidraúlico da seção de 
testes (Dh). 

A variação da área da seção transversal (dA) 
ocorrre devido a inclinação das paredes laterais 
superior e inferior e ta•bé• devido a presença de um 
modelo no interior da seção de testes. 

A vazão e• massa ( dÍI) que atavessa as paredes 
laterais (perfuradas ou eslotadas) é descrita pela 
relação empírica, [2], 

dÍI 
dA L 

= 
2(p - pc) 

vro k 
(3) 

onde pc é a pressão estática no plenu•, V
00 

é u•a 

velocidade característica do escoa•ento e k é u• 
coeficiente de perda de carga. É i•portante se observar 
que o parâ•etro k é obtido empirica•ente e depende do 
nú•ero de Mach do escoa•ento e das características das 
paredes laterais (porosidade, espessura e inclinação 
dos furos). 

Levando-se e• consideração que os parâ•etros dA, 
dAL, k, f e D são conhecidos ao longo do co•pri•ento da 

seção de testes, verifica-se que as equações (1), (2) e 
(3) for•u u• siste•a de equações diferenciais 
ordinárias não-lineares, cujas incógnitas são o nú•ero 
de Mach, a pressão estática e a vazão e• •assa que 
atravessa as paredes laterais. 

SOLUÇÃO NUMÉRICA 

O siste•a consti tu ido pelas equações (1), ( 2) e 
(3) é resolvido nu•ericuente. O objetivo desta solução 
é obter as distribuições de pressão estática (p), de 
nú•ero de Mach (M) e da vazão e• •assa (dÍI) ao longo da 
seção de testes, cujo co•pri•ento é L. 

Para controlar a var;ão e• •assa que atravessa as 
paredes laterais, é necessário se especificar u• valor 
para a pressão no plenu• (pc). 

Co• u• valor fixado de pc e especificando-se as 

condições iniciais, o siste•a de equações (1), (2) e 
{3) é resolvido usando-se o método de Runge-Kutta 
Fehlberg 7/8 orde• [4), onde u•a integração é efetuada 
de X = 0 até X = L. 

Co• isto, é possível se calcular a vazão em •assa 
total (ÍI

7
), definida pela equção (4), que atravessa as 

paredes laterais e é retirada pelo siste•a de exaustão 
do plenu•. 
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ÍIT 

L L dàt(x) (4) 

No presente trabalho, deseja-se obter a 
distribuição dos parâmetros do escoa•ento ao longo da 
seção de testes, para um valor especificado da razão 
entre m

7 
e à. Este vínculo é satisfeito através de u• 

processo iterativo, onde a pressão no plenu• p
0 

é 

variada até que o valor especificado para a razão Íl I Íl 
seja alcançado. r 

E•bora o esque•a iterativo proposto seja siJiples, 
sua convergência é difícil de ser alcançada. Isto 
ocorre porque o parâmetro ÍIT sofre grandes variações 

quando se faz u•a pequena alteração na pressão no 
plenum !P)· 

RESULTADOS 

Neste trabalho, analisa-se o escouento na seção 
de testes de u• túnel de vento co• transpiração nas 
paredes laterais, considerando-se a presença de u• 
modelo. 

O •odelo utilizado é o AGARD-B, [5), que é 
11ostrado na figura 2 e cujo contorno da ogiva é 
descrito pela equação (5). 

~ \{): 
o" 

6 ,5 DM 

Fig. 2 Modelo de calibração AGARD-B co• ~iâ•etro D". 

r = .! [ 1 - ! ( .!._) 2 
+ __! (.!._)a] (5) 

3 9 D" 54 DK 

A razão de bloqueio é definida como a razão entre 
a área frontal do •odelo e a área transversal da seção 
de testes do túnel de vento. 

U•a análise paramétrica do escouento no interior 
da seção de testes é feita, to•ando-se co•o exe•plo o 
túnel de vento transõnico piloto do Centro Técnico 
Aeroespacial (CTA), cuja a seção de testes te• as 
seguintes di•ensões: altura de 0,25 •• largura de 0,30 
• e compri11ento de 1,00 •· Neste exe11plo, o coeficiente 
de arrasto do 11odelo estudado é Cd = 0,02, o 

coeficiente de atrito nas paredes laterais (f) é nulo e 
a pressão estática no i~cio da seção de testes 
se•pre igual a 0,6625 x 10 Pa. 

Variação da Rar;ão de Bloqueio do Modelo. Nas figu

ras 3, 4 e 5 são apresentadas as distribuições de 
nú•ero de Mach (M), pressão estática (p) e velocidade 
adi•ensional nos furos das paredes laterais (V

1
/V

00
) ao 

longo do co•pri•ento da seção de testes, 
respectiva•ente 

Estes resultados foru obtidos para M = O, 80 no 
inicio da seção de testes e vazão e• •assa total 
retirada através das paredes laterais ( il

7
) igual a 2% 

da vazão e• •assa do escoa•ento principal. As paredes 
superior e inferior desta seção são inclinadas de 20,0 
11inutos cada u•a e for•a• u• duto ligeiramente 
convergente. O valor desta inclinação é tal que a 
distribuição de velocidade nos furos, se• a presença de 



11odelo, é aproxi11adaaente unifor.e. Este resultado pode 
ser observado na figura 5, para o caso onde a razão de 
bloqueio é nula. 

Ainda para seção de testes vazia (bloqueio nulo) 
verifica-se nas figuras 3 e 4, que o nú•ero de Mach 
varia linear•ente e que a pressão estática é 
aproxi11adaaente constante ao longo do co11pri11ento desta 
seção. 

A colocação de u• 11odelo no interior da seção de 
testes provoca alterações no escoamento a ~ntante do 
Jles~. Isto ocorre porque o escouento é subsõnico e 
portanto, perturbações a jusante se propagaa para 
~ntante. 

Na região a ~ntante do modelo observa-se u•a 
di•inuição no nú•ero de Mach (figura 3), u• au•ento da 
pressão estática (figura 4) e portanto u• auaento da 
vazão e• •assa retirada nesta região (figura 5). Estes 
resultados são u•a conseqüência da transpiração de 
massa através das paredes laterais. 

Na região da ogiva do •odelo ocorre u•a 
aceleração do escoamento devido à presença do •es•o no 
interior do túnel de vento. Isto acarreta a di11inuição 
da pressão estática e da vazão em •assa retirada. 

Na região a jusante da ogiva (corpo do modelo), 
não ocorre mais variação de área devido a presença do 
~delo, poré•, o escoamento continua acelerando devido 
a u11a retirada de massa insuficiente. Como conseqüên
cia, observa-se u11a di•inuição da pressão estática até 
um valor igual ao da pressão estabelecida no plenu11. 
Neste ponto, a vazão que atravessa a parede perfurada é 
nula e a partir dele observa-se •assa entrando na seção 
de testes. 

Esta injeção de 11assa no escoamento produz um 
efeito de bocal convergente, resultando no aumento 
acentuado do nú11ero de Mach. 

Na interface. entre a base do modelo e o suporte do 
•es~, verifica-se u•a variação brusca dos parâmetros 
do escoamento, causada pelo au11ento brusco da área 
ocupada pelo fluido. É interessante notar que, após a 
base do 11odelo, o escoamento se comporta como se o 
bloqueio fosse nulo. 

O escoamento analisado acima 11antém seu 
co11portamento quando a razão de bloqueio é alterada. 
Obse!"va-se apenas •aiores variações dos parâmetros do 
escoamento devido ao incre11ento do gradiente da área da 
seção transversal, quando o diâ•etro do modelo é 
&UIIEl.lJtado, 

Deve-se notar que o esquema do modelo, apresentado 
nas figuras 3, 4 e 5, corresponde a uma razão de 
bloqueio de 1,0%. O outro modelo é mais curto como pode 
ser visto pelos resultados 11ostrados nas figuras 
citadas acima. 
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Fig. 3 Variação da distribuição do número de Mach com 
relação à razão de bloqueio do modelo. (regi•e 
subsõnico) 
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Fig. 5 Variação da distribuição da velocidade 
adimensional com relação à razão de bloqueio 
do modelo. (regime subsônico) 

E11 um túnel de vento pode-se obter escoa11em.o 
supersônico de duas mane iras: (i) fazendo-se u•a 
expansão em um bocal convergente-divergente ou (ii) 
através de uma expansão produzida por uma retirada de 
•assa do escoamento no 'interior da seção de testes. A 
segunda alterna ti v a funciona bem para número de Mach 
até 1,20 aproximadamente, [2]. 

Neste trabalho, adota-se a segunda alternativa, 
considerando-se que no inicio da seção de ,:testes o 
número de Mach é igual a u11. Admite-se, ta•bêm, que o 
escoamento é livre de ondas de choques. A variação de 
área, devido a presença do modelo, é equivalente a uma 
contração suave das paredes laterais da seção de 
testes. 

Nas figuras 6, 7 e 8 estão apresentadas as 
variações dos parã11etros do escoamento, para o caso 
onde a vazão em massa retirada através das paredes 
laterais é 2% e o ângulo de inclinação das paredes 
superior e inferior é de 21,5 minutos. 

Como no caso subsônico, para este ângulo a 
distribuição de velocidade adimensional é constante ao 
longo da seção de testes (vide figura 8), quando não se 
considera a presença de 11odelo (bloqueio nulo). 

Ainda para o caso de bloqueio nulo, verifica-se 
que a pressão estática é constante ao longo da seção de 
testes (figura 7) e que o número de Mach aumenta 
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linearmente (figura 6). Pode-se observar que o nú11ero 
de Mach no inicio desta seção é igual a 1,02. 
Experiências numéricas mostrara• que este é o 111n1110 
valor possível para o número de Mach, pois abaixo deste 
valor, ocorre• problemas nu•éricos porque M=l, O é u• 
ponto singular das equações (1) e {2). 

Como pode ser visto na figura 6, o au•ento da 
razão de bloqueio do •odeio provoca u•a di•inuição do 
número de Mach do ensaio e u• au•ento da "pressão 
estática (figura 7). Isto ocorr·e porque a vazão e• 
•assa retirada através das paredes laterais é fixa e a 
presença do modelo provoca u•a •odificação na 
distribuição de velocidade adi11ensional ao longo do 
coapri11ento da seção de testes (figura 8). 

Para a seção de ensaio analisada neste trabalho e 
para a configuração especificada acima, aodelos co• 
razão de bloqueio um pouco •aior que 1,0 provocariam o 
fenômeno do entupimento. 

Nas figuras 6, 7 e 8 pode-se observar que não 
existe perturbação do escoamento a montante do modelo . 
Isto ocorre porque o escoamento na seção de testes é 
supersônico. 

Na região da ogiva do 110delo, ocorre u11a 
diminuição da área da seção transversal que acarreta 
uma redução do número de Mach do escoamento (figura 6). 
Devido a isto, te•-se u• au11ento da pressão estática 
(figura 7) e da vazão e• •assa retirada (figura 8). 

Na região seguinte, não há variação da área 
transversal devido à presença do aodelo. No entanto, o 
aumento da vazão e• •assa retirada, provoca u•a 
expansão do escoamento e um au•ento do nú•ero de Mach 
(figura 6). Esta variação dos parâ11etros do escoamento 
termina quando a pressão estática volta a ter u• valor 
igual ao da pressão a montante do •odeio (figura 7). 

Na interface entre o 110delo e seu suporte, 
obse rva- se uma expansão do escoa11ento devido a u• 
aumento bru»co da área da seção trasnsversal. Nesta 
região, ocorre u• fluxo de •assa para o interior da 
seção de testes (figura 8). Isto causa um efeito 
equi valentee a uma contração da área da seção 
transversal, que ocasiona u•a di11inuição do nú•ero de 
Mach (figura 6). 

Variação da Inclinação das Paredes. Para verificar 

o efeito da inclinação das paredes superior e inferior 
sobre os parã11etros do escoa•ento, fixou-se o nú•ero de 
Mach inicial, o bloqueio do modelo e a vazão e• •assa 
retirada. 

Para inclinação nula, verifica-se u11a intensa 
variação do número de Mach (figura 9) e da velocidade 
adi•ensional nos furos (figura 10) no final da seção de 
testes. ~ nesta região que, praticaaente, toda a vazão 
em massa retirada atravessa as paredes laterais. A 
camada li11ite no inicio desta seção praticaaente não é 
succ ionada, sendo isto indesejável quando se considera 
o problema do cancelamento de ondas de choque e de 
expansão nas paredes do túnel de vento. 

Como pode ser verificado na figura 10, a distri
buição de velocidade, ao longo do co11primento do túnel 
de vento, vai se unifor•izando a •edida que as paredes 
inferior e superior da seção de testes são inclinadas, 
tansformando esta seção e• u• bocal ligeiraaente 
convergente. ( O ângulo de inclinação é da ordem de 
•inutos de grau). 

Este ângulo de inclinação das paredes te• u• 
li11ite superior, que depende do valor da vazão e• •assa 
retirada do escoaaento principal. No caso particular da 
figura 9, para ângulos um pouco •aiores que 20 •inutos, 
ocorre uma aceleração do escoaaento ao longo da secão 
de testes que tende para nú11ero de Mach igual a u•. 

No caso do escoa11ento supersõnico, toda a vazão e11 
massa retirada do escoamento principal atravessa as 
paredes laterais, na região inicial da seção de testes, 
quando a inclinação das paredes é nula [ 2). Au•en
tando-se esta inclinação (convergência das paredes), 
observa-se que a vazão e• •assa é retirada de •aneira 
mais uniforme, [2]. 

Na figura 11, pode-se observar que o nú•ero de 
Mach, a •ontante do 11odelo, di11inue confor•e se aumenta 
a inclinação das paredes. Esta inclinação possui u11 
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limite superior, que é alcançado quando ocorre o 
fenômeno do entupimento. 

Com relação ao modelo, verifica-se um aumento da 
perturbação causada pelo mes110 conforme a inclinação 
das paredes é aumentada (figura 11). 

Variação da Vazão Retirada. Mantendo-se todos os 

demais parâmetros fixos, foi feita uma variação do 
valor da vazão em massa retirada pelas paredes 
laterais. Para o caso do escoa.ento supersõnico, 
verifica-se que um incre11ento na vazão retirada 
acarreta um aumento do número de Mach a montante do 
modelo (figura 12). Isto já era esperado, pois quanto 
maior for a vazão retirada, tanto maior será a expansão 
do escoamento no interior da seção de testes. 

Os resultados apresentados na figura 12 foram 
obtidos para uma inclinação de 20 minutos das paredes 
superior e inferior. Neste caso, a velocidade nos furos 
das paredes tem um valor praticamente constante ao 
longo do comprimento da seção de testes. Esta é uma ca
racterística desejável quando se quer minimizar o pro
blema da reflexão de ondas de choque e de expansão [2]. 

Por fim, verificou-se que a variação da vazão 
retirada não altera de forma significativa os 
parâmetros do escoamento no regi11e subsônico. 

.s::::. 
u 
o 

1.25 

:::::< 1.15 
Q) 

-o 
o 
L. 
Q) 

E 
i 1.05 

0.95 

Bloqueio do Modelo 1,00 • 
Numero de Mach Inicial - 1,02 
lnclinocoo dos Parede!! - 20.0' 

I 
I 
I I 

_____............_...-----~ 

Vozoo em Massa Retirada (•) 

o 
o 
A 

2,0 
2,5 
3,0 

I 
I 
I 

I 

ooc:::=:~zJF:+~: =!!!i!:;O 

0.00 0.20 0.40 0.60 0.80 1 .00 
Comprimento da Secao de Ensaio (m) 
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CONCLUSAO 

Neste trabalho foi realizada uma análise 
paramétrica das propriedades do escoamento no interior 
da seção de testes de um túnel transônico com paredes 
porosas, considerando-se a presença de um modelo. 

É importante ressaltar aqui, que a solução 
numenca das equações descri ti v as do modelo do 
escoamento é difícil de ser alcançada pois, variações 
extremamente pequenas da pressão no plenum acarretam 
alterações consideráveis na vazão em massa retirada. 

Sem o modelo, obtem-se uma distribuição uniforme 
da vazão em massa retirada ao longo da seção de testes, 
através da inclinação das paredes laterais. Neste caso, 
a distribuição do número de Mach é linear, enquanto que 
a pressão estática permanece praticamente constante. 

A inclusão de um modelo no interior da seção de 
testes provoca uma alteração na distribuição da vazão 
retirada, sendo esta a causa da mudança dos demais 
parâmetros do escoamento. No caso do regime 
supersônico, as paredes perfuradas atuam no sentido de 
minimizar as pertubações causadas pela presença do 
modelo. 



..___ 

Com relação à variação da razão de bloqueio do 
11odelo, observa-se que apenas a intensidade das 
propriedades do escoamento é alter ada. Além disto, no 
regi•e supersônico, verifica-se uma variação do número 
de Mach a montante do 11odelo, que é inversaaente pro
porcional à razão de bloqueio. 

Aumentando-se a inclinação das paredes laterais, a 
distribuição da vazão retirada tende a se unifor11izar. 
Esta inclinação é li•itada pela ocorrência do fenô•eno 
do entupi11ento. Deve-se notar ainda que, no regime 
supersônico, esta inclinação das paredes modifica o 
número de Mach a montante do modelo. 

Quanto à variação do valor total da vazão em massa 
retirada pelo siste11a de exaustão do plenu11, não se 
observa11 variações significativas das propriedaes do 
escoamento no regime subsônico. Por outro lado, no 
regi•e supersônico' um au•ento desta vazão retirada 
acarreta um acrésci•o no nú11ero de Mach a •ontante do 
11odelo, sendo que isto é utilizado para controlar o 
número de Mach desejado para um ensaio. 

Por fim, deve-se enfatizar que na teoria unidimen
sional, usada neste trabalho, os parâ11etros do 
escoaaento nas paredes da seção de testes possuem 
valores maiores que os reais. 
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RESUMO 
E apresentada justificativa para a utilização do Sistema de Extração Forçada em 

t~neis transônicos, relacionando os principais parâmetros para a definição deste 
sistema, sendo dada especial atenção ao parâmetro umidade presente no escoamento sob 
aspectos técnicos e de custos e analisadas as principais implicações em t~neis 
pressurizados, onde a presença de vazamentos pelas paredes estruturais do t~nel, 

causados pela diferença de pressão, requer um sistema de secagem do ar. Para isto foi 
desenvolvida rotina numérica em diferenças finitas para càlculo da evolução da 
umidade na seção de testes durante um ensaio. 

A existência da evacuação da seção de 
testes està estreitamente relacionada com as 
grandes dificuldades encontradas na obtenção 
do regime transônico durante o desenvolvimento 
dos t~neis de alta velocidade. 

As primeiras dificuldades encontradas 
foram em alto subsônico, onde, na tentativa 
de estabelecimento do regime transônico, 
ocorriam reflexões de ondas nas paredes do 
t~nel, que incidiam sobre o modelo. Além 
disso, mesmo sendo nYma faixa estreita, o 
fenômeno do "entupimento" da seção de testes 
causava um pulo entre o alto subsônico e o 
baixo supersônico, não se podendo atingir a 
faixa transônica propriamente dita 
(0,75<Mach<l,20). Mesmo sendo possivel 
contornar esses problemas com um projeto de um 
t~nel de seção aberta, o aumento da potência 
requerida torna a solução inviàvel, recaindo 
a solução de paredes semi-abertas (com 
presença de fendas ou de perfurações) com 
evacuação da seção de testes, que apresenta 
uma redução da potência total não só na faixa 
transônica, mas em todo o regime de 
velocidade, como solução indiscutivel do 
estado da arte. 

Este trabalho apresenta os principais 
fatores na justificativa de utilização e 
definição deste sistema, dando atenção 
especial ao critério de umidade em t~neis 
pressurizados, através de desenvolvimento de 
rotina numérica para càlculo da umidade no 
t~nel durante o ensaio. 

Aspectos tecnológicos e de custos 
estarão sempre presentes nas anàlises aqui 
apresentadas. 

Adicionalmente uma variação continua do 
n~mero de Mach na faixa transônica pode ser 
obtida usando-se uma garganta sônica e 
controlando-se a extração do ar pelas paredes 
semi-abertas. Esse controle pode ser feito por 
meio do controle da pressão na câmara que 
circunda a seção de testes (câmara "Plenum") 
através da posição de flape ou extensão das 
fendas para readmissão do fluxo ao circuito do 
t~nel na entrada do difusor. Muitos tüneis 
usam esta solução. 
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Entretanto, é bem conhecido hoje o 
processo tecnológico da evacuação forçada que 
permite, adicionalmente a esta solução: 
1) grande economia de potência, 2) atingir 
Mach > 1,2 com garganta sônica, 3) incorporar 
controle de umidade no tünel e 4) simplificar 
o processo de pressurização do t~nel. 

A figura 1 mostra o esquema fisico da 
utilização dupla da evacuação forçada e da 
sucção com readmissão pelo flape. 

---

EXlRACAO 
FORCADA 

SECAO 0[ TESTE 

C0tr.4PRESSOR 

DIFUSOR 

figura 1: esquema da evacuação 

A figura 2 apresenta dados de 
experiências realizadas no t~nel piloto do 
AEDC de 1 pé 2 (O, 0 929m2 ) de àrea da seção de 
testes com paredes perfuradas com 22.5 % de 
àrea aberta e 1/4 pol (0,00635m) de diâmetro 
de perfurações para diferentes combinações de 
extração forçada e posicionamento do flape 
para readmissão do escoamento na entrada do 
difusor (referência[1]). 

Mesmo sendo para Mach=l,O na seção de 
testes, as curvas de potência apresentam a 
mesma tendência para qualquer velocidade, onde 
vemos que o ganho de potência é muito mais 
sensivel utilizando-se a extração forçada, 
restando à extração com readmissão pelo flape 
um recurso para melhor distribuição do Mach ao 
longo da seção de testes (referência [1]). 

Assim, na pràtica, o valor inicial para 
determinar a porcentagem de extração forçada é 
o valor minimo necessàrio para se evitar o 
entupimento com flapes de readmissão fechados 
(extração forçada pura). 



Pelo gràfico da figura 2, extração de 
2,4% do fluxo principal. 
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figura 2: tónel piloto do AEDC, Mach = 1,0 

Outros parâmetros atuam no sentido de 
diminuir a porcentagem de extração necessària, 
flexibilizando, assim, a utilização do sistema 
de evacuação. São eles: 1) abertura do flape 
de readmissão, 2) extensão do comprimento das 
fendas, 3) divergência das paredes, 
4) porcentagem de àrea aberta das paredes, 
5) tamanho e inclinação das perfurações e 
6) garganta supersônica. 

A partir disso, concluímos que um valor 
menor de extração forçada pode ser utilizado, 
se o projeto do t~nel incorpora essas 
caracteristicas. No nosso caso do t~nel 
transônico do projeto TTS, pelas 
caracteristicas presentes (ver tabela 1), foi 
escolhido o valor de 2% do fluxo principal de 
extração forçada a Mach 1,0 (referência [2)). 

tabela 1: caracteristicas do t~nel transônico 

Pressurização . . .... 50000 Pa a 300000 Pa 
Mach S. Testes. . . . . . O, 2 a 1, 3 
Seção de Testes .... 2,4 x 2,0 x 6,5 m· m·m 
Extração forçada de 2% e readmissão _por flapes 
Convergência/Divergência das parede~ 0,5 graus 
S.T. Semi-Aberta (5%), 12 fendas longitudinais 
inserções de aluminio para variação de O a 11% 

UMIDADE NO T~NEL 

Em t~neis pressurizados, a umidade no 
escoamento torna-se ainda mais critica, sendo 
sua definição e controle essenciais para uma 
boa qualidade no escoamento e, portanto, na 
confiabilidade da aquisição de dados, conforme 
analisado a seguir. 

A umidade absoluta no tünel deve se 
manter abaixo de um valor que não venha a 
provocar condensação de vapor d'àgua no 
modelo. Para isto é necessàrio que a 
temperatura estàtica na seção de testes seja 
maior que a temperatura do ponto de orvalho, e 
atribuindo empiricamente um valor de 5K como 
margem de segurança, temos T = Torv + 5 . 

A partir da definição da umidade 
especifica e com a consideração de que a 
pressão de vapor Pv (obtida a partir das 
tabelas usuais) é bem menor que a pressão 
estàtica na seção de testes, ou seja, a 
umidade especifica no t~nel Wt << 1 , obtemos 
uma expressão para o càlculo da umidade 
especifica requerida no tónel para que não 
haja condensação 
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Wt 0,622 Pv (1+0,2M2)3,s (1) 

M (Mach na seção de testes), 1,4 (razão 
entre os calores . especificos a pressão 
constante e a volume constante), 0,622 (razão 
entre os pesos moleculares do vapor d'àgua e 
do ar seco). 

Assim, obtemos a figura 3 que 
apresenta as curvas da umidade especifica 
para cada valor de pressurização do tünel. 

0.1 

UMIDADE ESPECIFICA NO TUNEL 
TEMP. ESTAGNACAO 300 K 

kg H20 / kg AR SECO x 1000 

UMIDADE INICIAL 
DO TUi--IEL 

-·---------~---, 

0.01 L._. ! ___ ... __ j_~ __ j 

0.2 0.3 o... 0.5 0.6 0.7 0.8 0.9 1.0 1. 1 1.2 1.~ 

MACH SECAO DE TESTE 

figura 3: curvas do tünel do projeto TTS 

Na condição mais critica, pressão de 
estagnação de Po = 300000 Pa e Mach na seção 
de testes M = 1,3 quando aplicado o critério 
de 5K acima do ponto de orvalho, uma umidade 
no tónel de Wt = 0,000015 kg H20 I kg ar seco 
seria necessària, que é impraticàvel pelos 
recursos tecnológicos e de custo. 

Considerando que: 1) na busca de um 
projeto economicamente viàvel, constatamos que 
a frequência tipica de solicitação de ensaios 
a Mach > 0 , 9 é de cerca de 15% do tempo total 
de utilização, analisados vàrios tóneis no 
mundo (referência [5]); 2) os custos 
envolvidos e a complexidade de um secador que 
atenda efetivamente aos requisitos de umidade 
para Mach > 0,9 são excessivos; 3) em regimes 
de alta velocidade é possivel conviver com 
certo grau de saturação no escoamento, sem 
afetar significativamente a confiabilidade dos 
dados obtidos no ensaio, pelo fato do 
escoamento só concluir o processo de 
condensação após a região na qual serà 
colocado o modelo, e mesmo em caso do 
processo de condensação ocorrer na região do 
modelo, a quantidade de àgua condensada ser 
muito pequena para que venha a mascarar os 
dados lidos (referência [3]). Chegamos, assim, 
num valor pràtico baseado na experiência de 
operação em outros tóneis de 
w1=0,001 kg H20 I kg ar seco, que chamamos de 
umidade limite (referência [2] e figura 4). 

O critério de custo levou também a 
operar o t~nel num processo não continuo, 
fazendo-se uma secagem do ar no tónel antes da 
realização do ensaio durante um tempo 
conveniente com o tünel despressurizado 
(vazamento nulo pelas paredes do tünel) até 
que a umidade no tónel atinja o valor de 
wt=0,0001 kg H20/kg ar seco, depois iniciando
se o processo de pressurização do tünel e 
depois o ensaio. O valor de Wi foi determinado 
após a anàlise dos resultados da figura 6. 

Através dos vazamentos externos pelas 
paredes do tünel este valor atingirA o valor 
limite de Wt = 0,001 kg H20 I kg ar seco num 
tempo suficiente para a realização do ensaio. 

i 



A figura 4 compara o critério de umidade 
empregado no projeto do tdnel transônico TTS 
com outros tdneis ~referência [~]). 

COMPARACAO DE CRITERIOS DE UMIDADE 

GRAU K DE SUPERSATURACAO 

~~~..----.-.... -.. -... -. ·. · ·· ·~ .·---- . - ~ ~-' ····l•. 
. -~·· 

-~~---~i-____ -:·-~---.-_.-;-~~ - =-j 
0.9 1.1 1.2 

IAACH NA SECAO DE TESTES 

0 40x40"' S.T. (.U.DC} A .Cx-4' e 11ht11'(AEDC} 

o ....., - l.TRANSONICO TTS 

figura 4: umidade em outros tdneis 

Para a determinação da evolução da 
umidade no tOnel foi desenvolvido modelamento 
matemàtico considerando extração forçada de 2% 
do fluxo de massa mâximo pela seção de testes 
através de compressores centrifugas, conforme 
esquema mostrado na figura 5. O fluxo extraido 
pelos compressores é readmitido no tOnel após 
passar por secadores, na tentativa de manter a 
umidade absoluta no tónel em limites 
apropriados por um tempo suficiente para a 
coleta de dados do ensaio. Os vazamentos 
inevitàveis pela paredes do tOnel, devido à 
diferença de pressão, causam a entrada de ar 
dmido do ambiente para dentro do tdnel em 
caso de ensaio com o tdnel subpressurizado e, 
no caso oposto, o tdnel sobrepressurizado 
perde ar seco para o ambiente, tendo que ser 
readmitida a mesma quantidade para manter a 
pressão no tdnel constante. Em ambos os casos 
foi considerado que, apenas parte do ar passa 
pelos compressores, por uma limitação 
econômica, tornando o sistema mais flexivel 
(fAcil ajuste de secagem). A consideração 
bâsica é de que seja secado 50% do ar pelo! 
compressores, ou seja, (1-e)=0,5 . A figur~ j 

ilustra o balanço de massa no tdnel nos dcts 
casos (sobrepressurizado e subpressurizado). 

I 
CIRCUITO DO TUNEL 

J.tv wa 

t---........ --+ 

" VALVULAS 
DE CONTROLE 

VAz.utENTOS 

... IAv Wr 

4}=1Ay w. 
L---=-==-,__, 
... SOBREPRESSURIZADO ~ SUBPRESSURIZADO 

figura 5: esquema do sistema a ser modelado 
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W2 ,WJ variâveis auxiliares 
wa=umid.espec.atmosférica(kgH20/kg ar seco) 
wa=umid.espec.sai do secador(kgH20/kg ar seco) 
mc=fluxo de massa de extração forçada (kg/s) 
mv=fluxo de massa de vazamento (kg/s) 
(1-e)=razão de ar efetivamente secado 

A partir das relações gerais da mistura 
de gases e vapor d'âgua, 

Wg a s 1 mu a s 1 + Wg a s 2 rnu a s 2 

Wm 1 s t u r o '(2) 
+ rnv as 2 

e aplicando o principio da conservação de 
massa ao modelo descrito na figura 5, cuja 
equação geral na forma diferencial é 

mn 2 o c n t r a - mn 2 o s o 1 

d · WT dt ' (3) 
Mar 

obtemos como equação de evolução da umidade no 
tOnel, em diferenças finitas, nos dois casos: 

Sobrepressurizado: 

/_\t(mv+me) A1me+A2mv 
Wt ( N • 1 ) =W1 ( N ) + ( 4) 

Ma [1+WI(Nl] Aomc+A.mv 

Subpressurizado: 

/__\t me A1 me -A~ mv 
Wl ( N + 1 ) =W1 ( N ) + ( 5) 

Ma [ 1 +w 1 ( N > ] AJ me -As mv 

onde, At (1 - e> (ws - Wt ( N)) 

A2 e Wa + (1 - e) Ws - Wl ( N) 

ÀJ 1 + (1 - el Ws + e Wl ( N) 

A• 1 + (1 - e) Ws + e Wo 
A~ (1 - el Ws - Wa - e Wt < • > 
As - (1 - e) Ws - Wa + e w · <" > 
Mo 1· = massa total de ar no cürel 

me é calculado a partir da razã) 
de 2% do fluxo principal (pela 
1 ~stesl, obtido pela equação da 
na seção de testes: 

de extração 
.;eção de 

continuidade 

As I Po M 1,1832 
me 0,02 (6) 

(1+0,2L12) 3 (RTo)O.~ 

onde As1, Po, M e To, respectivamente, são a 
àrea, a pressão de es ~ agnação, o Mach e a 
temperatura de estagnação na seçao de testes e 
R a constante do ar. 

Como o tamanho e a forma dos furos são 
totalmente não previsiveis numa fase de 
projeto, o fluxo de vazamento externo através 
das paredes do tdnel, mv, foi obtido 
aproximando-se o escoamento pela àrea de 
vazamento, Av, em isentrópico e com bocal 
convergente. Assim, temos a seguinte relação 
que nos dà o fluxo em função da relação entre 
as pressões nos dois lados da parede, obtida a 
partir da equação de "St. Venant e Wantzel" 
(referência [6]): 

P1 ·Av 1,429 0,286 O,, 

mv [9, BK (1-K ) ] 
(1,4ToR) 0 •~ 

... (7) 



onde K é a razão de pressões totais dos dois 
lados da parede do tónel (K=P./Pt), Pt a 
pressão maior, To a temperatura de estagnação 
no tónel. A equação é vàlida para K > 0,5283. 
Abaixo desse valor o fluxo permanece constante 
pelo estabelecimento da velocidade sônica nos 
furos de vazamento. 

A tabela 2 apresenta os parâmetros 
principais requeridos para a determinação das 
curvas de e~ol~ção da umidade no tónel: 

tabela 2 : Principais Parâmetros do Sistema 

Volume do tónel 6300 rr.a 
Area da Seção de Teste 4,8 m2 

Porcentagem de ar pelo secador 50 % 
Porcentagem de extração forçada 2 % 
Pressão Ambiente 101300 Pa 
Temperatura de Estagnação da S.T. 300 K 
Area de Vazamento 3,23x10- 3 m2 

Umidade sai do secador: 2x10-~kgH20/kg ar seco 
Umidade ambiente 1,8x10-•kgH.O/kg ar seco 
Umidade inic.no tónel lxl0- 4 kgH.O/kg ar seco 

R§_~.!!_k_TADQS 

A figura 6, obtida a partir do 
modelamento descrito, mostra a evolução da 
umidade para Mach=1,0 na seção de testes. o 
aspecto do gràfico é o mesmo para outros 
valores de Mach. Observamos que a condição 
critica é quando temos o tónel sub
pressurizado. Assim as figuras 3 e 6 resumem 
os principais fatores para a solução, sendo a 
sobrepressão, critica para a definição do 
critério de umidade (determinação de wt) e a 
subpressão, critica quanto à duração do 
ensaio. 

2.0 

1.5 

1.0 

EVOLUCAO DE UMIDADE 
MACH = 1,0 

ka H2-º._L kg AR ~(;Q__ x 1 000 ---~------ _ 

50 kP ~
------------] VAS OE PRESSAO 
ESTAGNACAO CTE I 
-------I 

200 

120 

100 

10 15 20 25 50 55 •o 45 50 55 60 65 

TEMPO (mln) 

figura 6: umidade variando com P estagnação 

Mesmo apresentando-se a curva de 
pressão de estagnação de 50000 Pa mais 
critica, o valor utilizado para a extração 
forçada foi de 2% do fluxo principal, que 
representou neste caso 10 kg/s enquanto que a 
capacidade do sistema de evacuação é de 2% do 
fluxo principal màximo, ou seja, cerca de 
60 kg/s, e a capacidade de secagem 50% deste 
valor. Assim, pode-se empregar o recurso de 
se fazer uma extração maior que 2% e/ou fazer 
passar um fluxo efetivo maior pelo secador 
(1-e) > 50%. A figura 7 mostra como a evolução 
da umidade no tónel é afetada pelo parâmetro 
(1-e). A pressão de estagnação é constante e 
igual a 50000 Pa. Vemos que utilizando 100% 
pelo secador o acréscimo do tempo de ensaio é 
de 5 para 7,5 minutos. 
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EVOLUCAO DE UMIDADE VARIANDO 
A PORCENTAGEM DE SECAGEM 

kg H20 I kg AR SECO X 1000 ::r --if'~-50% ----

1.5 80% 

100% 

1.0 

0.5 P .EST AGNACAO = 50 KPa 

O.OL---L--L--~--~--L---L--~-~ 

10 15 20 25 30 35 40 
TEMPO (mln) 

figura 7: umidade variando fluxo _pelo secador 

O sistema concebido apresenta grande 
flexibilidade operacional, permitindo 
contornar vàrios problemas que possam surgir, 
por exemplo, a àrea de vazamento ser maior, ou 
a necessidade de testes especificas pelo 
emprego de soluções que incorporem variação 
dos parâmetros: 

umidade inicial no tónel (Wtl) 

. porcentagem do fluxo pelo trocador (1-e) 

. fluxo de extração forçada , 
para se atingir a umidade limite no tónel (WI) 

num tempo de ensaio conveniente em condições 
de pressão de estagnação e Mach na seção de 
testes. 
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.AI!STR_ACT 

It is presented a justification for the 
Forced Mass Extraction System used in 
Transonic Wind Tunnels, showing the System 
main parameters. Special attention is given to 
the humidity in the tunnel, considering 
technical and cost aspects. Yet it is analized 
the main impacts in pressurized tunnels, where 
normal leakage through the tunnel structural 
walls caused by pressure differential requires 
a Dryer System. Then it is developed numerical 
routine based in finite differences for 
determining the Test Section humidity 
variation during the test. 
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SUMMARY 

Tha pariodic change of angla of at-t-ack of Lha blada alamant-s on aach 
ravolut-ion of vert-ical axis wind t-urbina laads t-o Lha davalopmant- of 
dynamic stall. The unsteady aerodynamic blade forces are evaluated 
by analyLical Lima dalay indicia! mathod and comparad wit-h 
experimental data. Tha complax f"low fiald around tha rotor so..,..pt 
area is defined through momentum theory and the results are 
incorporatad in analytical modal . 

I NTRODUCTI ON 

In vertical axis wind t-urbina CVAWD Lhe 
blade element-s experience a periodic change of 
angle of attaclc CoO in each revol ut-ion . At 
low t-ip speed ratio ()..), 01 exceeds static 
stall angle C01 ) and t-he blade worlcs in 

a e 
dynamic st-all condition which overdrives t-he 
aerodynamic 1ift- CC

1
/ when á is positive and 

underdrives it- when á is negat-ive. The 
abrupt change in lift- forca.- incraasa 
unsteady blade loads that can be damaging to 
wind t-urbina structure and lhe· di ve t-rains. 
During st-arling, st-opping and opeart-ion at
occasi onal sudden gust, the rotor al so 
experience the abrupl load variat-ion. On the 
other hand as Lhe compart-ively high 
aerodynamic forces available due to the 
dynami c stall behavi our, i t is possi bl e to 
operat-e lha VAWT at À as low as 1. 6 and 
produce power at high wind when the 
aerogenerator is connected ~it.h mains grid 
runni ng at constant speed . Thus, Lh<õ> usa of 
st.all regul ati on has 1 ed to controll ed power 
output in all wind speeds without reefing Cl) . 
The ability to pr<õ>dict dynamic stall is 
t.herefore of crucial importance for 
deter mini ng the bl ade forces of VAWT 1 eadi r.g 
t-o it-s design optimizaLion . 

Experimental data of pressw·e 
dist-ribuLions on VAWT blades aL field tes \.. s 
and that of oscillating aerofoils in wind 
tunnel si mul ated t-o VAWT hl 'IriA npP.rr "t. i nn 
along wit-h an anlyLical model for t-he unsLeady 
aerodynamic. blade loading are present-ed. 

DYNAMIC STALL MODELS 

The static airfoil characterist-ics for 
difarent angla of aLtack ara ralat-ad with Lha 
lifl coefficient CC

1
) and the drag coefficient-

CCd) and is wall dafinad for mosL of Lha 

airfoils. But. when the sarne airfoil suffers 
a dynamic change in angle of attaclc Cou the 
corrasponding valuas of C

1
and Cd gat modifiad. 

t-his 
dynamic 

over it.s 

Well alaborat-ad st-udies (2) 

subject- axplains that- whan 01 of a 
airfoil exceeds 01

88 
it. experiences 

on 

lifting surfacas t-he shadding and passaga of 
vort.ex lilce disturbances and consequent.ly 
i t.s charact.erist.ics get. modified as shown in 
fig. 1. The paramet.ers t.hat i nfl uence the 
modificat-ions are reduced frequency, airfoil 
shape, amplitude of oscillat.ion, Mach number, 
Reynolds number, type of mot-ion, thr
dimansional and t-urbulanca laval affacL. 

22.7 

4 

•••• STATIC 

1.0 

1.0 

lO 

Fig. 1. Dynamic st.all Effect. on VR-7 Airfoil 
at. 01 = 16° + Sin wt (2). 

There exist. severa! emperical and 
analyLical modals for pradicting dynamic stall 
development. on scillat.ing airfoils such as . 

(a) Boaing-Vart-ol gamma funct-ion mathod (3,4) 
Cb) UTRC o,A,B. met.hod C5,6J 
Cc) MIT method (7) 

Cd) Lockhead mathod CB,O) 
(e) Time delay method (10,11) 

Other emparical modal that can be noted 
Clê) is based on t.he st.udy of vort.ex shedding 
from t.he airfoil during dynamic st.all and 
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anot.her model C 13) 
and 1 eadi ng edge 
semi emper i cal model 
t.he dynamic st.all 
forward flight. 

involes t.he t.railing edge 
vor tex sheddi ng. and a 

C 14) is used t.o descri be 
o~ helicopt.er rot.or in 

ln some o~ t.he analysis C15,16) o~ VAWT 
aerodynamic foreces t.he dynamic stall 
charact.erist.ics had been approximat.ed using 
t.he Boeing Vert.ol model. ln t.hese analyses a 
modified angle of att.ack ~ is used to find 

m 

t.he val ues o~ c
1 

and Cd , and is relat.ed as : 

()( 01 - r.A [ a C/2W J 1
/

2 S 
eff eff 

where, 

A 
r 

0.75 + 0.25 S, and 
1.40- 5 . 0.(0.06- t/C ), and ~.rr 

(1) 

is 

.. ~~ect.ive angle o~ at.t.ack o~ t.he wind 
C is the airfoil chord, W is the 

inflow . 
relati ve 

wind speed, t. is maximum t.hickness o~ t.he 
air~oil and S is t.he sign + or - o~ a. 
C

1 
and Cd are determined as : 

c. [ 01ef r / C01m - 01er r) JC 1Cw C2) 
m 

and, 
cd c d( C< ) 

(3) 

m 

The i mport.ant. par amet.er assoei at.ed wi t.h 
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Variat.ion o~ 01 along Azimuth of VAWT 

model. ln addition the oscillatory motion is 
not a simple sine wave particularly when the À 

is small as shown in ~ig.2. 

MOMENTUM MODEL OF VAWT 

The flow ~ield around the swept. area of 
t.he VAWT rotor is de~ined using a quasisteady 
analyt.ical approach based on t.he momentum 
principle and blade element theory ~or each 
st.reamt.ube passing through the roror. The 
aerodynamic ~orces as t..hey act. on t..he blade 
element.s are shown in fig. 3. The blade 
component. ~orces along t.he chord CF~) and 

along it.s normal CFn) exert ~orces along the 

o, 

., 
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Fig. 3. Schematic Diagram of Velocity and Forces in a Streamtube 
of a VAWT Rotor. 

unsteady ~lows about. airfoils, t.he reduced 
frequency k is in fact an angle derived from 
re~erring rat.e o~ change o~ angle t.o t.he t.ime 
base t. Hence, in VAWT this dynamic st.all 
parameter is given as 

k= ~C/W 

{[(~/w)Cos8-ÀSín8+À2 J/(W/wR) 9 C/R (4) 

It may be noted that the equat.ion 
[4Jholds good only when t.he wind flow plane is 
parallel to the vertical axis plane of the 
t.urbine Any ~low curvatura or wind flow 
deviat.ion would modify t.he 01 and in consquence 
lhe~- ln reality with heavy rotor loading the 
fluid flow around the swept area t.ends t.o be 
curved due t..o t.he reactions of t.he blade 
aerodynamic forces Hence, it is necessary 
t.o de~ine t.he exact. value of 01 at. each azimut.h 
p0coi ti'"'"' ,-,f' t .he blade element t..o apply t.his 
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X and Y axes . ln all t.he four sect.ors of t.he 
swept area I t.o IV the component forces ~ong 
X remain in t.he sarne direct.ion and are used t.o 
find t.he axial interference fact.or (a) . 
Whereas t.he component. forces along Y in sect.or 
I and II are opposing and similarly t.hey are 
in sect-or III and IV. ln most. of t.he 
aerodynamic analysis of VAWT their eff'ect on 
t.he st.ream tubes were i gnored underst.andi ng 
t.hat. t.hey cancel each ot.her or t.he effect. was 
consídered negligible. ln the act.uator 
cyl i nder model C 1 7) i t. is found to h ave 
subst.ant.ial ef'fect.. on t.he st.reamt.ubes. In 
the present analysis the forces along Y are 
i ncorporat.ed t.o fi nd each st.reamtube 
deflect.i on Y'· 

The theoretícal analysis proceeds with 
step by st.ep improvements of the calculations 
transportíng new constrains as they are 
found. ln t.he rirst. st.ep t.he analysis 
i ni ti ates wi th the c

1 
and Cd val ues 

l 



corresponding lo st.at.ic airf'oil dat.a and lhe 
stream flow parallel t o each olher . Ca) in lhe 
upwind sector is det.armined from lha equat.ion 
( 6J. 

K.K / 
o 

r e + t:.e/ 2 
K.K

0
+ J f'C9) d9 

e - t:.ea 
(6) 

where,K = BnR/BC,K = SinC9+A9/2)-SinC9-A9/2) 
o 

B=Number of bladas , V=Local wind spaed 
C V = a . V"'· I"n lhe upwi nd sector) 

e Azimut.h angle,t:.e = azimut.h angular 
varialion in slep, 

c Normal force coefficient 
n 

c, Tangenlial f'orce coef'f'icient. 

In lhe downwind lhe axial inlerf'erance {'actor 
(a') f'ollows t.he sarne equat.ion (6] wilh t.h, 
modificalion of local velocily which is 
V= a'.C2.a-1).V. 

"' 
Once lhe Ca) and Ca') of each streamlubes 

convargad,lhe blada forces F ,and F are found 

al corresponding azimulh e wilh the converged 
value of W by lha following relalion. 

F = 1/êpW2 . C .c and F = 1/2 p ~.c .c 
t t n n 

Once t.he blade f'orces are f'ound lhe 
streamtube defleclion caused by these forces 
and ils curvalure dua lo flow expansion are 
f'ound by t.he f'ollowing procedures. 

St.reamt.ube Def'lect.ion (~) 

The compenent forca along Y is calculated 
at. each azimut.h posit.ion as : 

F 
y 

lF Sine+ F CoseJ.Bt:.e/2n 
l n 

(6) 

This force tends to deflecl lhe flow 
perpendicular to lhe mainstream wind 
direction. The azimuth position whare lhis 
{'orce is near zero t.he slreamt.ube becomes 
parallel to the original flow and this point 
is called null poinl '0

1
' in t.ha upstream 

and 'O ' in lha downst.ream shown in 
z 

fig. 3. 

Once t.hese point.s are f'ound lhe value of' ~ for 
each streamlube on e i lher si de is found from 
lhe following equation . 

Upst.ream - Tan ~ F /C 2mVC 1 -2a) 
y 

(7) 

Downst.ream- Tan~ ' =F /(2m ' VC1-2a)C1-2a') (8) 
y 

where, m is the mass flow in lha upst.ream and 
m' is lhe mass flow in t.he downst.ream. It. is 
assumed thal ~ would develop lwice lhe val ue 
at. lhe rotor whan lhay ara f'ar down straam 
wake, f'ollowing t.he moment.um t.heory. 

St.ream Tuba Expansion C~) 

The flow expansion near the rotor tal<:es 
pl ace on bolh si das of' lha nu11 poi nt.. The 
t.heor y der i ved by Dur and C 18) is ut.i 1 i sed t.o 
find ~ of each streamt.ube . ln VAWT as t.he 
flow retards near t.ha swept. area due to energy 
ext.ract.ion each slream t.ube t.ends t.o t.ake t.he 
form shown in fig . 4. Thus, The axial 
int.erferenc fac t or varies along lhe X axis, 

229 

h r'h.ZJ h 

Fig.4. Streamtube Expansion near Rotor Surface 

which is relat.ed t.o t.he Ca::. at. 
surface by the following equation . 

H 
m+l X. dR.dH 

t.he r ot.or 

(9) a = a 
X 

R 
H [X 2 +CR- r) 2 +CH-h) 2

)
3

/ Z 

m 

The aqualion [9) 

for discret.e values of 
equat.ion the sectional 
along X is found by lhe 

is sol ved numer i call y 
X. From lhe cont.inuily 
area of each streamt.ube 
following equation . 

a Cr - r )(h - h ) 
x n+l n m+1 m 

a CR - R )( H -H ) C lO) 
n+i m~t 

At fixed height of lhe turbina lhe 
expansion angle is calculat.ed along lhe radius 
only. From the equation llOJ the variat.ion of 
t.he slraamrube dimensions along X are found 
and t.he expansion angle 4> .;.t. t.h"" rvt.vr surf'ace 
i ~ f',-, .. ~..1 f' ~.-.m the sl ope of lhe curve where 
X=0. 

--

o 
-20 

Fig. 5. St.reamtube Curvat.ure at Rotor Surface 

St.reamt.ube Curvat.ure (~+~) 

ln subsequent. st.ep of t.he calculat.ion 
each st.reamt.ube is assigned wit.h curvat.ure 
equal to t.he summat.i on of i t.s ~ and ~- The 
local velocity of lhe wind at. lhe rotor 
surface t.hus could be def'ined by it.s direct.ion 
and magnitude. The velocit.y diagram is 
modiried accordingly in t.his st.ep or 
calc•üat..ion and t..he result.s get.. modiried 
slightly but. only a few cycles are required 
ror t.he convergence. The variat..ion or 
st.reamt.ube curvat..ure at. t..he rotor surrace 
along lhe azimut.h posit.ions in lhe upwind and 
downwind side derived art.er lhe unst..eady blade 
f'orce5 incorporat.ed in lhe analytai& i& &hown 
in fig. 5 . 

Once t.he slreamt..ubes around t.he rotor 
surf'ace are defined lhe angle of at.t.aclc for 
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t.he discret.e azimut.h posit.ion of' t.he blade 
elements are found as: 

Tan 
-a ex 

Si n( 9-..,--t/>) 

À + Cos( 9-..,-t/>) 

streamtubes curving provide 

(11) 

the The 
blades tn the upwi nd

0 
to cover 1 ess 

circumf'erent.ial area C190 - 9 - 9 ) wit.h a a 

downwind side as the blade ~ind zero angle o~ 
incidence at. 9 and 190°- 9 azimut.h a a 
positions. The ~low also becomes slcewed by 
9 - 9 t.owards sect.or I. The variat.ion of 9 

a a a 

~ ·-· 

and 9
2 

wi th Ãis compared wi th experimental 

dat.a (1Q) in ~ig. 6. Maximum curvat.ure 
9

1 
beco- asy:npt.ot.i c t.owards >.. - 5. O i n t.he 

t.heoret.i cal ar.al ysi s. 

1liEORETI CAL AERODYl>I.Alot'l C FORCES 

I n t.he final ~; t.age of t.he anal ysi s t.he 
unsteady aerodynamic forces of the blade 
elements ar ·3 est.J.mated and incorporated in 
equat.ion [1). T~e t.ime delay indicial met.hod 
C110,ê0) i~ ; sel~ted for this estimation. ln 
t.hi s met.hoc:-: t.he "c>t.at.i c ~1 ow charact.er 1 sti cs c ' 
an aerofo! l ar~ used in combinat.ion wit.h 
empericallJ determined time constants that 
produce ap>ro;>riate lags in t.he format.ion of 
circulat.ic .l :md t.he creat.ion and growt.h o~ 

seperat.ion The dynamic st.all event. is 
assumed t.r' be dependent. on a di mensi onl ess 
const.ant. t' = W.t.t./C, where 'l' is ident.i~ied 
wit.h t.he paramet.er s = 2Wt./C which is 
fundament.al t.o expressi ons for t.he i ndi c i al 
aerodynamic response in t.he at.t.ached flow 
regime. At. t.ime t. when ~ is reached t.he 

o •• 

moment.um st.all begins at. t.ime t..=t.
0

+'t'aC/W and 

C 1m..,. occurs at. t
2

= t 
0
+ 'l' f/W. For t \ t<t ,

2 

c
1 

cont.inue t.his t.rend. 

cent.er of' 
increases 

pressure moves 
t.he moment.um 

during t.he t.ime int.erval. 
st.all at. t. = t.

2 
, C 

1 

The aerodynamic 

reerward and also 
coeff'icient. CC ) 

m 

Af't.er t.he lift. 
decreases by an 

emperical exponent.ial law wit.h 
t.ime. Values 'l' =2.6 and 'l' =6.0 

respect. t.o 
a.re assumed 

1 2 

here for t.ime const.ant. inaccordance wit.h 
Sirkosky C13). Also is considered a simple 
drag relat.ionship, Cd= c 1 .Tan~. t.hat obt.ains 

once t.he leading edge suct.ion is lost. at. r
1

. 

Following the time hist.ory o~ 
azimut.h or corresponding t. and .t.t., 

are est.i mated. 

EXPERIMENTAL WORK 

~ at. each 
cn and ct. 

In t.his st.udy four experiment-al works are 
consul t.ed. Two o~ t.hem are in wind t.unnel 
t.est. and t.wo are on wind t.urbines in 
at.mospheric wind measuring t.he pressure 
distribut.ions on t.he blade surfaces. 

The Glasgow Universit.y performed tests on 
NACA 0012, 0015, 0015,0018,0021,0025 and 0030 
sect.ions oscillat.ing wit.h simulat.ed Q of VAWT. 
30 pressure transducers were fixed inside the 
airfoils to measure the pressure distribut.ions 

3 o", J1 0 I X P' E 11 I M f N TA L 
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Fig. 6. Maximum st.reamt.ube inclinat.ion in t.he 
upwind o~ VAWT rotor surface 
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along t.he chord on bot.h surfaces. The blade 
chord was 0.55m and span 1.61m provided upto 2 
million Reynolds number C21). 

At the University College of London NACA 
0)15 and 0020 sections were t.ested in wind 
t -.~nnel. There t.he ai rf'oi 1 remai ns r i gi dl y 
f l xed to a rot.at.i ng di se t.o c reate a VAWT 
a.- alog effect. on t.he airfoil . 50 t.ransducers 
~~e,-e ~ixed inside each airfoil, though only 46 
were effect.ively used t.o record t.he pressures. 
The blade chord was O. SOm and span 0.60m 
privided upto 1 million Reynolds number (22). 

The 25m VAWT at. Camart.han Bay, S. Wales 
has t. wo 18m 1 ong str ai ght h i nged bl ades wi t.h 
1. 25m chord of NACA 0015 sect.i on prives wi t.h 
mean Reynolds number of' t.he bl ades upt.o 2. 4 
million and wit.h a maximum above 4 million. 
17 pressure transducers were fixed inside the 
bl ades al ong t.he chord and 1 ocat.ed 1. 39m above 
t.he centre hinge. 

In t.he RAL 6m t.wo st.raight. fixed bladed 
t.i r bi ne, t.est.s wer e c ar r i ed out. on NACA 0015 
sect.ion in one blade and NACA 0020 sect.ion in 
ot.her blade. Bot.h had O. 30m chord and 3. Om 
span and provided Reynolds number upt.o O. 7 
million. There were 32 pressure t.ransducers 
ínside each blade t.o provida pressure 
dist.ribut.ions on bot.h surfaces on each 
revolution, which means in every 1 . 4°int.erval 
azimut.h posit.ion dat.a were collect.ed. On each 
set. up data for 80 revolut.ions were recorded. 
The wi nd speed was recorded at. 3 di amet.er 
dist.ance in t.he predominent. wind direct.ion and 
5 point. anemomet.er proba fixed at t.he leading 
edge of t.he blade regist.er real wind velocit.y 
it. enco~nt.ered. Load cella on t.he blade hinge 
at t.he cross arms measured t.he net. t.angent.ial 
forces on t.he blades. All t.he dat.a were 
normal i sed wi t.h t.he st.agnant. pressure of t.he 
leading edge. Unfortunat.ely the data are 
st.ill in t.he st.age of' processing and could not. 
be compared wit.h ot.her result.s 

COMPARISON OF THEORY ANO EXPERIMENTAL DATA 

In wind t.unnel test t.he flow remain 
par all el and coul d not be ideal y simula t.ed 
wit.h t.he real VAWT operat.ion. The dat.a of t.he 
Glasgow windt.unnel t.est. for t.est. for ~=2.5 is 
compared wit.h t.he 25m VAWT for >..=2.0 in fig.7 
and 8. ln t.he upwind pass t.he correlat.ion is 
good, while exist. di~~erence in t.he downwind 
pass, which may be at.tribut.ed t.o t.he 
difficult.ies in est.imat.ing t.he ~ in field t.est. 
where t.he flow becomes very disturbed by t.he 
upwind walce compared to t.he very symetrical ~ 

scedule of t.he wind t.unnel t.est.. 

The UCL t.est.s were mainly for hiQh 
reduced ~requency though ~ could be as !ow as 
2.0. Hence, t.hey are not. suit.able f'or 

l 
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comparison with 25m VAWT.Howver they are 
compared wit.h theory as shown in Fig.9 &10ror 
~=2.0 at. reduced rrequency 0.26. 
Comparison wi t.h t.heory for normal force is 
encouraging , while exist. discrepanci8$ in 
tangent..i al r orce. Thi s may be due t..o' wi nd 
t.unnel correct.ions needed , but. t.he excessi ve 
heaving rorce in t..his t.est. may deform t..he rlow 
around ~he ~es~ area which is no~ considered 
in theory of VAWT. 
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Fig . 10. Variation of Normal Force Coerficient. 
with Angle of Attack 

The varia~ion of nor mal and tangen~ial 

:forces are shown in :fig.11 to 1~ comparing 
t..heory wi~h t.he 26m V~WT. A~ ~=2 in VAWT, a 
a~tends value up~o 20

0 
in upwind whereas in 

downwind it. at.t.ends 23 . It. demonstrat.es t.hat. 
a complete . coll apse o:f leadi ng edge suct.i on, 
ho-ver in t.he downwind ~he reat.~achlnen~ of 
t.he flow takes place sooner. At. gorresponding 
high ~=4 . 1, a remains wit.hin 16 . ln mos~ 
or ~he ~ ~he ~heory and experimental 
aerodynamic loading is in good agreement.. 
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Fig. 11 . Tangen~ial Force Coefricien~ at.. ~=2.0 
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Fig . 12. Normal Force Coefficient at. ~=2.0. 
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COHCLUSI OHS 

Bet..t..er underst..anging of ~he aerodynamic 
forceis applied t..o VAWt.. is necassary for i~ 
opt..imum design. The experiment..al dat..a 
collec~lild so far helps ~o provida dat..a on 
various blade sect..ions. It.. is expec~ed t..hat.. 

't.hv recent.. dat.a recorded on ~he RAL 6m VAWT 
would provida furt.her insight.. of t..he blade 
forces and t..he flow field 

ACKNOWLEDGEMENTS 

This work was support.ed by CNPq gran~ no. 
206676-88. 6/RS and was real i sed a~ ~ha 

Rut.herfprd Apple~on Laborat..ory, U.K. The 
aut.hor is gra~eful t..o Prof. N.H.Lipman a~ RAL 
for the invit.at.ion ~o work on ~his projec~ 
there and all the helps given during his s~ay 
~hera. 

REFENCES 

C1) S.J.R. Po-ls,"Analysis of Result..s f'rom 
the U.K. Ver~ical Axis Wind Turbina Tast. 
Pr ogr amme", Pr oc. ECWEC, H ar ni ng, O.nmar k , 
6-10, June, 10BB, pp.66-6Q. 

C2) Mc:Croskey, W. J. , "The Phenomenon of Dynami c 
~all ", NASA Techni cal Memorendum 81264, TR 
C1Q81). 

(3) Haris, F. D. e~. al., "Rot..or High - Speed 
Performance, Theory Vs Test..", AHS, 16(3), 
C1Q70). 

(4) Gormon~,R. E, "A Hat..hema~ical Modal 
Uns~eady Aerodynamics and Radial Flow 
Applicat.ion t..o Helicop~er Rotors", 
NROL, TR-72-67, C1Q73). 

of 
for 

u.s. 

232 

(6) Car~a.F.O.at..al. "Inves~iga~ion of airfoil 
Dynamic St..all and it..s Influence on 
Helicopter Central Loads: ", US Army, AMROL 
TR-72-61, C1Q72). 

(6) Bielaw;a,R. L, "Syn~h;asized Uns~eady Airfoill 
Da~a wit..h Applica~ions ~o St..all-Flut.ter 
Calculat..ions", AHS Report.. No. Q36 C1Q76). 

(7) Johnson, W, "The Effec~ of Dyn;amic ~all on 
~he Response and Airloading of Helicop~er 
Ro~or Blades",AHS, 14(2), 68-7Q, C1Q6Q). 

C 8) Er i csson, L. E. and Readi ng, J. P, "Dynami c 
~all Anal ysi s i n t.ha Li gh~ of Recant. 
Numerical and Experiment.al Resul~s", J. 
Ai rcraft.. ,1 :3< 4), 248-66, C1976). 

(Q) Ericsson,L. E. and Re;ading,J. P, "Dyn;amic 
St..all at. High Frequency and Larga 
Ampli~uda",J. Aircraft..,17C3) ,136-142,(1980) 

CtO)Beddo .. s,T.S,"A Qualit..it..ive Discussion of 
Dynamic St.all Predict.ion Met.hods for 
Unsteady Seperat.ed Flows", Papar No. 3&16, 
AGARD R-670,(1QQO) 

< 11) Car 1 son, R. G. et.. al , "Dynami c St.all Modell i ng 
and Correlat..ion wit..h Experiment-al Dat..a on 
Airfoils and Rot.ors', Paper No. 2, NASA, 
SP-362, C1Q74). 

C12)Gangeani ,S. T, "Pradic~ion of Dynamic S~all 
and Unst..eady Airloads for Rot.or Blades", 
Pras .. nt..ed at.. t..h .. 37t..h Anual Forum of' AHS, 
N.Orlaans ,LA, May 1981. 

C13)Beddoes, T . S, "Represent.ation of Airfoil 
Bahaviour", Var~ica, Vol.7,No.2,pp.183-1Q7 
1983. 

C14)Tran,C.Tand Falcharo,D,"Applica~ion of t.ha 
ONERA Dynamic S~all Modal ~o a Helicoptar 
Blada in Forward Flight..", Vart..ica, Vol.6, 
PP· 21Q-23Q,C1QS2). 

C16)Raad,S and Sharp,D. J,"An Ext.ended Mult..iple 
St..reamt..ube Theory for Vert..ical Axis Wind 
Turbinas", 2nd. BWEA Workshop,66-72,C1Q80) . 

C16)Paraschivolu,I,"Predict..ed and Experiment..al 
Aer odynami c For c as on t..he Dar r i eus Rot..or ", 
J.of Energy, 7(6),610-615, C1Q83). 

C17)Madsan,H. A,"On the Ideal and Real Energy 
Conversion in a St..raight.. Bladed Vart..ical 
Axis Wind Turbina", Aalborg Universit..y 
Cent..ra -9220, C1 Q83). 

C18)Durand, W. F, ad. "Aerodynamic Theory", 
Vol. IV, California Inst..it..ut..e of 
Technology Publicat..ions, C1Q43). 

C 11<0 H<'>t" t" is, A, ''Re~ \. t>n ~ VA"f/T a\. C..~r U·,;,;m 
Bay, VAWT,McAlpine Lt..d. ,U.K. C109Ç). 

C20)Leishman,J.G. and Beddoes, T. S, "A 
Genaralised Modal for Airfoil Unst..eady 
Aarodynamic Behaviour and Dynamic St..all 
Using t..he Indicia! Met..hod", 42nd. Annual 
Forum of t..he AHS, Washingt..on,D. C. ,(1986). 

C21)R.K.Angall et...al,"Collect..ad Data for Test..s 
on a NACA 0018 Aerofoil", Universit..y of 
Glasgow, O.pt... of Aeronaut..ics & Fluid 
Mechanics, G.U. Aero Report.. 8816, C1Q88) . 

C22)Clõl~on, B. R. õlnd Filby, P, "VAWT Blada 
Aerodynamics Simulat..ion wit..h Refarence t..o 
NACA 0016 Profile",Proc-dings of EWEC'SQ, 
Glasgow, pp.106-111. 

io. 



III ENCIT - ltapema, SC (Dezembro 1990) 

NUMERICAL SIMULATION OF HIGH SPEED FLOWS 
OVER COMPLEX SATELLITE LAUNCHERS 

FRANZ ZDRAVISTCH 
Centro Técnico Aeroespacial 

Instituto Tecnológico de Aeronáutica 
12225 - São José dos Campos - SP 

JOÃO LUIZ F. AZEVEDO 
Centro Técnico Aeroespacial 

Instituto de Atividades Espaciais 
12225 - São José dos Campos - SP 

SUMMARY 
The fiowfield over an axisymmetric vehicle configuration is simulated using the Euler and the thin 

layer Navier-Stokes equations. These sets of equations are implemented ma fimte di.fference context 
using the Beam and Warming implicit approximate factorization algorithm. Turbulence closure 
i.'l obtained with the two-layer Baldwin and Lomax algebraic eddy visco.'ltty model. Computatwnal 
results are compared with experimental data and the agreement is good. A n interesting n ew approach 
for handling the implicit artificial dissipation terms is suggested. Considerations about extenston 
and further validation of the pre.'lent work are also di.'ICU.'Ised. 

INTRODUCTION 

The progress recently achieved in the field of Computational 
Fluid Dynamics, togcther with the massive increase in perfor
mance of present computers has allowcd the simulation of fl.ow
fields of practical interes t. The lack of adcquate compntat.ional 
resources has hindered part of the devclopment of CFD codcs at 
both ITA and IAE. Nevertheless, the work has proceeded con
sidering mostly two-dimensional anel axisymmetric cases. The 
need for reliable computational tools is ever more evident con
sidering the increasing complexity of aerospace vehicles and the 
always increasing costs of wind tunnel tests. 

The work at IAE considering more complcx formulations , 
such as those based on the Euler or the Navier-Stokes equations, 
started almost half a decade ago. It was primarily conccrned 
with explicit schemes and there was great emphasis on thc su
personic regime. The latter would allow the use of the parab
olizeel Navier-Stokes equations for many geometries of interest, 
anel the corresponding increase in computational efficiency. The 
former would account for the easiness of programming anel thc 
Jack of powerful enough computers that coulel efficiently eleal 
with implicit methods. More recently, it becamc evident tha t 
it was necessary to develop more powcrful computational tools 
that could handle more complex f!ow regimes and/or geornetries. 

The present work elescribes, then, part of this effort in elcvcl
oping two dimensional, axisymmetric solvcrs based on the Euler 
and Navier-Stokes formulations. We chose to work with tlw 
Beam and Warming algorithm[l,2J . The actual implementation , 
however, is closer to that presented by Pulliam anel Steger13.4J, 
anel Deiwerti5J. The two-layer algebraic Baldwin and Lomax!GJ 
turbulence moelel was useel. The applications presenteel hcre 
consider externa! vehicle aerodynamics and the results incluele 
both invisciel anel turbulent thin-layer Navier-Stokes cases. The 
computations show good agreement with the experimental data. 

GOVERNING EQUATIONS 

The two dimensional azimuthal-invariant form of the thin
layer Navier-Stokes cquations was used here. Derivation of these 
equations can be founel in Nietubicz, Pulliam anel Steger [7), anel 
applications in Deiwcrt15J and SahulõJ_ The thin layer azimuthal 
invariant ( or generalized axisymmetric) N avier-Stokes equations 
can be written in conservation-law forrn for a body-conforming 
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curvilinear coordinate system as 

(1) 

where Ç = Ç(x, y , t) is the body oriented coordinate in the 
streamwise elirection, T) = ry(x, y, t) is the coordinate normal to 
the body surface, anel T = t is the time. The vector of conserved 
quatities is 

(2) 

The inviscid fl.ux vectors are given by 

E~r·{ 
pU 

l puU + pÇx 
pvU + pÇy 

(e+p)U-pÇt 

(3) 

P~r·{ 
pV 

l pu V+ PT)x 
pvV + PTJy 

(e + p) V - PTJt 

(4) 

anel the source term is given by 

(5) 

where R = R( ç, ry , T) is the radius in the natural inertial cylin
elrical coordinates. The viscous flux vector S can be written 
as 

s = rl l Jl.ffiJ~ ~ ~T/xffi2 l (6) 
JJ.m1 a;j + ~T)y m2 

J1.m1m3 + ~m2 (ryxu + T)yv) 

where m1 = T); + 77; , m2 = T/xUry + T)yVry , anel m3 = ~ (u2 + v2)ry + 
if;:(ei)ry . 

The usual nomenclature is being used here, such that p is 
the density, u and v are cartesian velocity components, e is the 
total energy per unit of volume, Re is the Reynolds number, 
anel P1· is the Prandtl number. Moreover, it is assumeel in the 
above that a suitable nonelimensionalization of the governing 



equations was performed. ln the present case, these variables 
were made dimensionless wi th respect to freestream quantities, 
exactly as done by Pulliam and Stegert3J and Pulliamt9J. 

The pressure, p, is obtained from the equation of state for 
perfect gases 

p =(I- 1) pe; (7) 

where e; is the specific internal energy. The total energy per 
unit of volume is defined as 

e= p [e;+~ ( u2 + v2)] (8) 

The contravariant velocity components can be written as 

U = ~~ + ~xU + ~yV 
V == TJt + T)xU + T)yV (9) 

The Jacobian of the transformation, J, can be calculated con
sidering that 

r 1 = R(x{y~- X~Yd 

and the various metric terms can be expressed as 

~x = JRy~ 
~Y = -JRx~ 
~~ = -XT~X- YT~y 

T)x = -JRy{ 
T)y == JRx{ 
TJt = -XTT)x - YTT)y 

(10) 

(11) 

We observe that the Euler equations can be recovered simply by 
neglecting the right-hand side of Eq. 1. 

TURBULENCE MODELING 

The turbulence model adopted in the present work is that 
dueto Baldwin and Lomax!6J. For wall-bounded shear layers, a 
two-layer formulation is used such that 

{ 
(J.Lthnner 

J.Lt = (J.Ltlouter 
, T) S T)crossover 
, T) > T)crossover 

(12) 

where T/ is the normal distance from the wall, and T)crossover is 
the smallest value of T/ at which values from the inner and ou ter 
formulas are equal. 

The formulation used in the inner region is 

(J.Lt)inner = pl
2 lwl (13) 

Here, p is the density, and the length scale i is given by 

/ T)+ ) ] 
p_ = KT) [ 1 - exp \-A"~- (14) 

where ry+ = T/)PwTw/J.Lw, K = 0.4 and A+ = 26. The veloc
ity scale is given by llwl, where lwl is the magnitude of the 
local vorticity vector. For an axisymmetric formulation , and a 
non-spinning body, this can be written in general curvilinear 
coordinates as 

lwl =I (â~ âv + ÔT) âv) _ (â~ âu + âry âu) I 
âx â~ âx âry ây â~ ây âry 

(15) 

The formulation for the outer region is given by 

(J.Lt)outer == KCcpFwakeFKleb(T/) (16) 

where Fwake is defined as 

all ( 
T/max Fmax ) 

F wake = the sm er of C u2 /'"' 
wk T)max · dif rmax 

(17) 

Here, Fmax is the maximum value of the function 
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F(ry) = rylwl [1- exp (- ~:)] (18) 

and T/max is the value of T/ at which this maximum occurs. U dif 
is the difference between the maximum and minimum total ve
locities in the profile along the ry-coordinate line. Hence, 

ud2·r=(u2+v2) -(u2+v2) . 
1 max mm (19) 

For boundary layers, this minimum velocity is obviously defined 
as zero. Finally, the Klebanoff intermittency factor is given by 

FKleb( T/) = [ 1 + 5.5 (~::TI rr 1 

(20) 

The various parameters that appear in the formulation have 
the following values: Ccp = 1.6, K = 0.0168, Cwk = 0.25 and 
CKleb = 0.3. 

BOUNDARY CONDITIONS 

At the body wall, the condition of flow tangency for the Eu
ler formulation is enforced by imposing that the V contravariant 
velocity component is equal to zero. Hence, the cartesian veloc
ity components at the wall can be obtained from 

{ ~ } = j-1 [ ~~X ~:y ] { ~ } (21) 

For the Navier-Stokes formulation , the no-slip condition is im
posed at the wall. This can be accomplished by also setting the 
other contravariant velocity, U, to zero. Moreover, zero normal 
pressure gradient is imposed at the wall for both formulations, 
and -the wall is assumed to be adiabatic for the viscous compu
ta tions . 

ln the Euler case, one cannot say much about the tempera
ture boundary condition at the wall . This is because the formu
la.'tion does not allow for the development of a thermal boundary 
layer. Nevertheless, the assumption of zero normal temperature 
gradient at the wall is completely consistent with an inviscid 
formulation and, hence, this is the condition used at the wall. 
Actually, the numerical implementation of this boundary condi
tion turns out to be exactly equal to that of an adiabatic wall , 
which is the condition being used in the viscous case, as men
tioned above. 

Freestream conditions are imposed at the upstream and lat
eral far-field boundaries. Syinmetry boundary conditions are 
used at the upstream centerline, and ali quantities are obtained 
by extrapolation of interior data at the downstream boundary. 
Zero-th order extrapolation is used in this latter case, in order to 
simplify the code implementation. It must be pointed out that, 
for a subsonic outflow case, this procedure is not completely con
sistent with a characteristic-type analysis!10J at the downstream 
boundary. Nevertheless, it did not seem to cause any trouble 
for the subsonic freestream cases studied in the present work. 
This is probably due to the fact that the geometries considered 
here have a very long cylindrical afterbody section. Hence, the 
pressure does invariably return to its freestream value before 
reaching the downstream boundary. 

NUMERICAL IMPLEMENTATION 

The governing equations were discretized in a finite differ
ence context according to the Beam and Warmingl1·2l implicit 
approximate factorization scheme. The implicit Euler method 
is used for the time march, and central differences are used to 
approximate the spatial derivatives. The resulting scheme is 



second order accurate in space, but only first order accurate in 
time. The algorithm can be written in operator formas 

LeL~t:.cr = Re +R~- 6t Jin (22) 

Here, 

L e I+ 6t5ek- Die 

L~ I+ 6t5~Ên- 6tRe- 1 6~r 1 J(;rJ- Di~ 

R e = -6t 5eEn + DeeQn (23) 

~ -6t 5~Fn + 6t Re- 1 6~sn + De~Qn 

ln the above formulation, Â, Ê and M are the fl.ux Jacobian 
matrices. The reader is referred to Pulliam and Steger14l for the 
form of these matrices in the two dimensional case. The 5e and 
5~ are three-point central difference operators. The Ó.ç, ó.~ and 
V' ç, V'~ are standard forward and backward difference 9perato_:s, 
respectively. The n-th iteration correction is t:.Qn = Qn+l - Qn. 
Moreover, standard central difference midpoint operators are 
used to discretize the viscous derivatives . This allows for an 
uniform treatment of the viscous terms on both right and left
hand sides, while maintaining the t.ridiagonal structure of the 
left-hand side matrices. 

Since the spatial derivatives are being approximated by cen
tral difference operators, artificial dissipation terms must bc ex
plicitly added to the algorithm. These terms are represented by 
the De and Di operators in the expressions above. A simple 
constant coefficicnt numcrical dissipation model was primarily 
adopted in the present work. ln this case, the artificial dissipa
tion operators are givcn by 

De e -EE6t r 1 (V'et:.d J 

De~ -EE6t r 1 (V' ~t;,.~)2 J 

Di e []6t r 1V'eó.el (24) 

Di~ é16t r 1 V',,t:.~.J 

Herc , fourth difference operators are being used in the right
hand side, and sccond differcnce oncs are being addcd to thc 
left-hand side. This, again, has the objective of maintaining the 
tridiagonal nature of the implicit opcra{ors. 

Some tests werc also carricd out using Pulliam's nonlinear 
artificial dissipation moddl11l. ln the present implement.at.ion, 
howcver , ouly the right-hand siclc, or explicit, operators D ee 
and De~ werc replaced by the nonlincar ones. l<or thc cases 
treatecl here, thc nonlinear model did not. yield remarkahle im
provcments over the simpler constant coefficient moclel. Ou the 
other hand, it dicl cause a considerable increasc in thc computa
tional time per iteration. Hence, we did stay with the constant 
coefficient modcl for thc majority of the simulat.ions performed 
here. For more infonnation in the nonlinear artificial dissipa
tion .rnodel the reader is referred to Pulliam!lll, Pulliam and , . 1? 
Steger141, anel Chanssee and Pulliaml -1. 

Thê sourcc term was trcated explicitly in the present imple
mentation. As a general rule, ali bounclary conditions were also 

implemented explicitly. lmplicit boundary conditions were only 
used for the Navier-Stokes case at the body wall. Zero normal 
pressure gradient, adiahatic wall and no-slip conditions at the 
body surface were enforced using 

5p;,l 5p; ,2 

5u;,l o 
li v;,! o (25) 

5p;,l 5p;,2 

which yields 
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[

1000] 
- -1 o o o o -1 -

ó.Q;,, = l;,1 M;,l O O O O M;,2 l;,2 ó.Q;,2 

o o o 1 

(26) 

Here, j = 1 represents the point at the body wall and j = 2 the 
next point in the normal direction . Moreover, M = âQjâV is 
the transforrilation rnatrix that relates variations in the uncon
servative variables, V= (p,u,v,p)T, with those in the conser
vative ones. Finally, it is important to mention that the code 
was implemented in standard Fortran, anel the results to be pre
senteei here were all obtained in IBM PC-like microcomputers 
with Definicon DSl-020 coprocessor boards. 

GRID GENERATlON 

The mesh point distribution over the geometrical space in 
which the fl.ow is to be computed is always a criticai aspect for 
a successful calculation. It must be balanced enough to cover 
the entire fl.owfield avoiding regions with excessive lackness of 
points. On the other hand, points must be clustered in regions 
in which phenomena such as boundary layers, expansions and 
shock waves occur, without exceeding our available computa
tional capabilities. 

ln this case the grid was generated algebraically, using expo
nential stretching to cluster points near the body wall and ex
pansion corners. ln the forebody region, point coordinates are 
calculated by intersecting 3rd degree polynomials (y = a1 x 3 + 
b1 x 2 + c1 x + dt) in the longitudinal direction with fraction ex
ponent polynomials (y = a 2xh + b2xh + c2x + d2) in the normal 
direction. The values of polynornial coefficients and exponents 
are calculated to fit appropriate point distribution, normality at 
the body wall anel externa! boundary, anel rnesh orthogonality. 
The freestream boundary is located at 20 body base diameters 
normal to the body wall. A typical grid has 85 x 50 points in 
the longitudinal anel normal directions, respectively. A complete 
mesh can be seen in Fig. 1 anel a detailed view of the forebody 
region is shown in Fig. 2. 

Figure 1: Complete configuration. 

Figure 2: Forebody detrul. 



LAUNCH VEHICLE RESULTS 

Results for a typical axisymmetric launch vehicle config
uration were obtained for subsonic, transonic and supersonic 
freestream conditions . The particular configuration used here 
is that of the Brazilian satellite launcher (VLS) during 2nd 
stage flight. The details of the experimental investigation which 
yielded the wind tunnel results used for comparison with the 
present computations are reported by Moraes and Neto!13l. The 
pressure coefficient distribution over the body for a freestream 
Mach number of 0.5 is shown in Fig. 3, and compareci with ex
perimental data. The Reynolds number for this computation 
is 25.4 X 106 , based on the cylindrical afterbody diameter. We 
observe a reasonably good agreement between computation and 
experiment, especially considering that the grid is still rather 
coarse for such a complex configuration. For the results ob
tained with the inviscid formulation, an over-expansion is ob
served in the computed pressures at the forebody cone-cylinder 
junction. ln the viscous turbulent case, this effect is not present 
and results are improved. 
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Figure 3: Subsonic freestream case (Moo = 0.5). 

The pressure coefficient distribution on the body for a tran
sonic freestream Mach number Moo = 0.9, and Re = 25 x 106 

based on the afterbody diameter, is shown in Fig. 4. Only Euler 
results are presented in this case. Although agreement between 
experimental and computed data is not as good as for the sub
sonic case, results are still satisfactory. At transonic speeds the 
shock wave interacting with the body wall would require a lo-
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calized mesh refincment, which is not achieved with the present 
grid. 

The results for a freestream Mach number Moo = 3.0 , and 
Re = 28.7 x 106 based on the afterbody diameter, are shown in 
Fig. 5. The agreement.between computation and experiment is 
quite good. The pressure distribution along the upstream cen
terline is shown in Fig. 6. The pressure rise across the detached 
bow shock has the correct magnitude, but the shock is a littlc 
smeared over a few grid points. This is to be expected with the 
Beam and Warming algorithm using a 4th-order constant cocf
ficient artificial dissipation model. Velocity vector plots are also 
shown in Figs. 7 for this supersonic flow case at the forebody 
cone-cylinder intersection and at the boattail region. These vis
cous computational results reproduce the physical behavior that 
should be expected in this case. 

We also found out in the course of the present investigat ion 
an interesting inexpensive way of achieving good spatial gradi
ent resolution at the sarne time that maintaining a robust time 
march process. We observed that the amount of artificial dis
sipation required to stabilize the numerical computations was 
causing some small deterioration in the quality of the solutions. 
The procedure adopted to overcome the problem consisted in us
ing the standard constant coefficient artificial dissipation rnodel 
previously described with é:E chosen to be of order one, as typ
ically recornmended in the literature. On the other hand , é i is 
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Figure 5: Supersonic case (Moo = 3.0). 
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Figure 7: Velocity vectors for the viscous supersonic case. 

chosen to be much greater than the usual relation éf = 2ée, also 
typically found in the literature. Hence, by keeping loW'levels of 
numerical dissipation in the right-hand side, better spatial reso
lution is achieved without compromising the numerical stability 
of the sche~e. A. comparisoi::t between the results obtai~ed with 
this new way of setting f:J and the standard one is shown in Fig. 
8 for the subsonic computations previously reported . The im
provement in spatial resolution is quite evident from this figure. 
Of course, this is good only for steady state computations, and 
we also observed that it has a somewhat detrimental effect on 
the convergence rate. 

CONCLUDING REMARKS 

Euler and thin layer Navier-Stokes computations for axisym
metric launch vehicle flows were presented. The results show 
good agreement with the available experimental data, and the 
discrepancies observed have been discussed. It is clear that sorne 
work is still needed in order to improve the quality of the compu
tations. Adaptive meshing would certainly improve the results 
obtained for the transonic case. 

ln the longer run, we would be very much interested in ex
tending the current capability in order to be able to treat three 
dimensional problems. At the moment , however, the computa
tional hardware avaílable to us does not allow the consideration 
of any practical 3-D configuration. The computational time for 
the axisymmetric vehicle cases presented here is of the order 
of 3.5 minutes in the DSI-020 board per iteration. Considering 
that it typically takes of the order of some 3500 iterat.ions to 
obtain convergence, one can easily realize that we are dealing 
with a problemas cornplex as we probably will be able to handle 
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Figure 8: Effect of modified artificial dissipation implementation 
on the pressure distribution for subsonic case. 

with the present hardware. 
FUrthermore, as the complexity of the flowfields increase, 

there is more need for easy-to-use graphics post-processing soft
ware. These tools are presently belng developed by the group at 
IAE and associated co-workers. They will be required in order 
to accomplish a more thorough understanding of the details of 
the various flowfields being computed. 
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This artícle analyses high temperature effects in inviscid flows through normal and oblique shock 
waves in equilibrium air. The thermodynamic properties are calculated from scratch using TERMO, a 
computational code developed by the authors, which is based on statistical mechanics methods. Results 
from 1 up to 1 O km/s freestream velocities are presented and discussed from a molecular point of view, 
and comparisons are made with the thermally and calorically perfect gas model. 

INTRODUCTION 

ln hypersonic flows, we have to deal with high tempera
tures and enthalpies . These are favorable conditions for the ap

pearance of the so-called high temperature effects. They are the 

dissociation and the ionization phenomena, vibrational and elec
tronic excitation of the molecules of the gas etc. (See Anderson, 

1989, Ref. [1] . ) 

The high temperature effects are very important in the 
reentry, and currently a new application h as. entered in the acene: 

the design of hypersonic transportation vehicl~ . 
Many works were developed in the 50's and 60's, modeling 

these effects in equilibrium air. These resulta have then been 
used in the analysis of high energetic flows through shock waves 

and nozzles. Nevertheless, none of them determines the flow 

parameters using the thermodynamic properties calculated from 

scratch (using the concepts of statistical mechanics - see Ko

reeda, 1990, Ref. [2]) . ln fact, tables and interpolated functions 
are used instead. 

ln the following we will see results and discussions for in

viscid flows through normal and oblique shock waves, w~~e the 

high temperature effects in equilibrium air ar.e -calculated from 

scratch by the use of the computational code presented in Ref. 

[2]. This code calculates the equilihrium air properties through 

statistical mechanics and uses recent spectroscopic data of the 

atoms and molecules (see Koreeda & Hinckel, 1989, Ref. [3] and 

Ref. [2]). 

SHOCK EQUATIONS 

Fundamental equations. The equations for mass, momen

tum, energy, the equation of state and the shock inclination angle 

are: 

~u = 1- Pt 
P2 

(1) 

(2) 
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(3) 

(4) 

f3 = arctan [-
1 (~ (p2 

- 1) ± 
tan O 2 p1 

- --1 -tan0-1(P2 )2 

P2 
4 Pi Pi l 

(5) 

The subscripts "1" and "2" are assigned respectively to the 

conditions ahead and behind the shock. The velocity normal 

to the shock is represented by u. The relative variation of the 
normal velocities ~u is defined as (u1 - u2)/u1 • f3 is the a.cute 

angle between the shock and the original direction of the flow 

before it, and O is the flow deflection angle also relative to its 

original direction. 

The Eqs. (1) to (5) are general and ca.n be applied to a. 

mixture of chemically rea.cting gases in equilibrium 1. The high 

tempera.ture effects in air are included by the use of the pro

cedure TERMO, presented in Ref. [2]. lt is important to note 

that the properties are not those of a therma.lly and calorically 

perfect ga.s (TCPG) but they are calculated as function of the 

(pressure, temperature) pair. 

Computational algorithm. The equations for ma.ss, mo

mentum and energy can be reduced by using the equation of 

state to a system of two nonlinear algebraic equations to deter

mine the (p, T) pair downstream the shock, given the upstream 

conditions and the geometry of the problem (the flow deflection 

angle O is a.ssumed known): 

1In the presence of strong externa! electromagnetic fields or when the 
Debye length (page 342, Ref. [4]) has the sarne magnitude of the mean free 
path of the particles, these equations no longer hold. 



ft(Xt,Xl) 

h(Xt,X2) 

p u1 
= 1 + -1

-
1 ó.u(Xt. X 1 )- exp (XI) = O 

Pt 
ul 

1 + 2~1 6u{Xt,X2) [2- 6u(X~,X2 )] 

_ hl(X~,X1) =O 
ht 

where X1 =ln (Pl/Pt) a.nd X2 = ln (T1/TI). 

(6) 

(7) 

ln the case of the oblique shock, Eq. (5) must be used as a.n 

a.uxiliary equation to Eqs. (6) a.nd (7), since Ut a.nd u1 depend 

on the inclina.tion a.ngle f:J. 
The system composed by Eqs. (6) a.nd (7) was solved using 

the Newton-Ra.phson's method. The computa.tional code was 

written a.nd compiled in Borla.nd's Thrbo Pascal 5.0 a.nd imple

mented in a.n 10 Mhz PC-XT clone with ma.th-coprocessor. The 

ca.lculation of ea.ch (Pl, Tl) pai r took from 30 to 90 seconds. (The 

procedure TERMO takes approxima.tely 2 seconds to calculate 

the thermodynamic properties for a given (p, T) pa.ir). 

ln the case of the normal shock, the flow para.meters were 

calculated for freestrea.m velocities from 1 to 10 km/s with a.n 

interval of 0.2 km/s. In the case of the oblique shock, a.fter the 

determination of the maximum flow deflection a.ngle Omax the 

post-shock conditions were calcula.ted for O = O to O = Omax with 

interva.ls of 2 degrees. · 

AIR COMPOSITION 

At room temperature,it is assumed the air composition of 

the standard atmosphere up to 86 km of altitude: 78.084% of 
nitrogen, 20.948% of oxygen and 0.968% of argon (see Ref. [2)). 

This region is specia.lly important because it is there tha.t oc

curs m.ost of the reentry deceleration, and also includes the shut
tle and rocket ascent paths and the flight corridors of the a.ir
breathing hypersonic vehicles. 

At high tempera.tures, the code TERMO considera the fol

lowing species: N2, 0 2 , NO, N, O, Ar, N:f, Ot, No+, N+, o+, 
Ar+ and free electrons. 

NORMALSHOCK 

The flow tempera.ture varia.tion a.cross the normal shock is 
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Figure 1: Temperature across the normal shock. (T1 = 273 K) 
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Figure 2: Molar mass across the normal shock. (T1 = 273 K) 

shown in Fig. 1. As a consequence of a. higher velocity there is a.n 

increase in the temperature after the shock. This makes pos~ible 

the processes of dissociation and ionization. The behavior of the 

molar mass, which depends directly on the chemical composition, 

is shown in Fig. 2. 

The kinetic energy of the incoming flow is first converted 

. into thermal translational energy behind the shock. However a 

consid~rable amount is absorbed by the chemical reactions and 

the internal modes of energy of the atoms and molecules , there

fore making the temperature lower than the case of a mixture of 

chemically inert gases . 

The variations in the slopes of the curves in Figs. 1 and 2, 
notably at lower pressures before the shock, are related with the 

dissociation of oxygen, the dissociation of nitrogen and the ion
izations (ma.inly of atomic nitrogen), respectively with increasing 

velocity. 

Low values of pressure favor the processes of dissociation 

and ionization (see Ref. [2] or [3]) . Hence at lower pressur~s , 

before and after the shock, the reactions are more active resulting 
in lower values of T2/T1 and mol2fmol 1 • 
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With the increasing nurnber of species due to the dissoci· 

ation and ionization processes, the ratio of densities after and 

before the shock (Fig. 3) is higher than the value predicted by 

the TCPG rnodel. Arnong the curves shown in Fig. 3, the one 

associated with p1 = 0.0001 atrn is the most affected by the high 

temperature effects. Let us examine this curve closely. 

At M1 = 6, dissociation rates of oxygen becornes impor

tant, causing a greater slope of the pd p1 's curve. However, com

peting with lhe growing temperature after the shock, there is 

also a growing pressure. The pressure ratio aftcr and before 

tbe shock is not very much different frorn that predicted by thc 

TCPG model (see Fig. 4), but the growing pressure has the 

effect of making difficult the dissociation (and ionization) pro· 

cesses. Then, the oxygen dissociation continues, but not as fast 

as if the pressure wa.~ constant. ln particular, at M1 between ll 

and 13, the growing pressure is effectively more important than 

the growing ternperature on the oxygen dissociation. As a canse· 

quence, there is a "hump" in the p1 / p1 's curve. At higher Mach 

numbers, the temperature becomes again more important than 

the pressure and p2/ P1 grows. At M1 = 25 the pressure starl.s 

again to be more impor Lant than the temperature , but 11ow tit" 

nitrogen dissociation is affcctcd. 

If we consider a sphere of radius r in an hypersonic flvv , 
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the distance 8 of the detached shock to the sphere is proportional 

to lhe inverse of the densities ratio p2 / p1 • Therefore, accordingly 

to the results shown in Fig. 3, the shock is closer to the sphere, 

or in general to a blunt-body, when high temperature effects are 

taken into account. For example, for the upstream conditions 

T1 = 273 K, P1 = 0.001 atrn and Mt = 26 (u1 = 8.7 km/s), we 

h ave p2 / p1 = 16.3 and then 8 /r = 0.0613. On the other hand the 

TCPG model predicts p2/ P1 = 6, in the limit of high velocities 

for 1 = 1.4, and we have 8/r = 0.167 , which is equal to 2.7 times 

lhe value calculated for high temperature effects. 

The entropy behavior is shown in Fig. 5. As we have seen, 

low pressures favor chemical reactions, so the curve associated 

with p1 = 0.0001 atm departs more from the TCPG curve than 

the one associated with p1 = 10 atm departs from its respective 

TCPG curve. 

OBLIQ UE SHOCK 

ln the TCPG rnodcl there is a well-known relation among 

lhe Mach nurnber before the shock, the shock angle fJ and the de

f!ection angle O, generating an unique M·-/3-0 diagram for a given 

gas . . But at high velocities, as a consequence of the high tem

perature effects, we no longer have a unique diagram. lnstead, 

we h ave a U - fl-0 diagram ( U stands for the velocity before the 

shock) for each (pJ, TJ) pair, or alternatively, for a given altitude 

in the atrnosphere. An U··fJ -0 diagrarn is shown in Fig. 6. 

Some important characteristics of an hypersonic flow can 

be seen in the U-fl-0 diagrams. The limit for the maximum de

flection angle is much higher when we consider high temperature 

elfects. And for the sarne deflection angle the associated week 

shock has a srnaller shock angle in cornparison with lhe TCPG 
model. Hence, if we consider an attached week si ock in a wedge, 

then the shock is closer to lhe body than we wo1 .d expect using 

a TCPG model. 

The flow temperature variatiou across drt ,blique shock is 

shown in Fig. 7. It is also shown a compariso.t w·th a simulation 

.,resented in Rcf. [5] . 
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FINAL REMARKS 

For a better understanding of the results presented in this 

article, it is important to know the physical phenomena that oc
cur at high velocities. Many important characteristics for equi

librium air are presented in Ref. (2] and (3]. 

One of these phenomena is that, due to the high tempera

ture effects, the specific heats are much higher than the predic

tion of a TCPG model. So, in the reentry, the temperature is 

in fact much lower than we would expect using a TCPO model. 

The energy that in a TCPG is due to the thermal translational 

energy only, in a mixture of chemically rea.cting gases it is ?is

tributed among the contribution of the chemical rea.ctions and 
the excitation of the internal modes of energy of the. molecules 

(rotation , vibration, electronic) and consequently the thermal 
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translational energy, and therefore the temperature, ia lower. If 
this was not true, tremendously high temperatures could occur. 

A possible application of the resulta presented here is the 

analysis of fiows in shock tubes operating ou hypersonic veloc
ities, which are the most powerful apparatus for studying high 
temperature effects. With the growing interest in hypersonic 
applications, such as the reentry a.nd the design of hypersonic 

transportation vehicles, the hypersonic shock tube becomes ao 

indispensable experimental instrument, but a theoretical model
ing is also important to understa.nd the phenomena and because 
of the inherent difficulties in dealing with high temperatures con

ditions. 
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SUMMARY 

The fiowfi eld on two dimen~ional nozzle~ is simulated using th e Euler equation~. Thi~ set of 
equation~ is implemented in a finit e difference context using the Beam and Warming implicit ap
proximate fact orization scheme. The implicit Euler method is used for the time march, and .!patial 
derivatives are centrally differenced. Special attention is dedicated to the implementation of numer
ical boundary condition~ through the use of one dimensional characteristic relation~ . Agreement 
between computational and experimental results i~ quite good. Existing di~crepancie~ are discus~ ed, 
and Jugge~tion.! for continuation of the pre~ent work are presented. 

INTRODUCTION 

Nozzle fiows play an important role in many aerospace ap
plications. Of particular interest to us at IAE are rocket engine 
nozzles . It is clear, however, that before one can venture into 
solving such flowfields with ali their actual cornplexit ies, it is nec
essary to develop the required computatioriá.l tools. Moreover, 
for their somewhat simple geometry, nozzles provide a good test 
case for the development of flow simulation codes. The present 
work is concerned with investigating the flowfield in a two dimen
sional , transonic, convergent-divergent nozzle. The emphasis is 
placed, however, in terms of code development and validation, 
and proper boundary condition implementation, since the flow 
itself is quite simple for the case considered here. 

Thc flowfield is simulated using the 2-D Euler equations. 

a{J ae aP 
-+-+-=0 aT a~ a,., 

The vector of conserved quatities is 

The inviscid flux vectors are given by 

E~r' ~ 
pU 

puU + p(z: 

pvU + p~~ 
(e+ p) U- P~t 

pl/ 

pu V+ P'7x 

pvV + P'7v 

) 

l F~r'( 
(e+ p) V- P'7t ) 

(1) 

(2) 

(3) 

(4) 

It is clea r that viscous effects can be important in many noz
zle flow applications. Here, however, an inviscid formulation is 
used as an evolutionary step toward~ the development of the 
complete capability of simulating such flowfields. The present 
work uses the Beam and Warming implicit approximate fac
torization algorithm[1.2J, and it follows much of the implemen
tat ion prescnted by Pulliam and Stcger[3,4J , Pulliam[5,6J, and 

Deiwert[7J. The implicit Euler method is used for thé time
march, and standard 2nd-order central diff~rences ar~ used to 
approximate the spatial dcrivatives. Standard 4th--order artificial 
dissipation terms are added to the explicit operators , and 2nd 
order ones are used in the left-hand side operators. Boun<' •.r:,r 
condition implementation was based on the concept of the c.r ·e
dimensional characteristic relations of the inviscid gasdynan 1c 
equations. The meshes used in the present investigat.ion w·;re 
generated by algebraic methods, and exponential grid strct.d>~ :1g 
was employed where appropriate. 

The usual nomenclature is being used here, 3U C.· l that p is the 
density, u and v are cartesian velocity compm ents, and e is 
~ .• e total energy per unit of volume. Mo· em er, ;, is assumed in 
the above that a suitable nondimensional :zat ion ' ,f the governing 
equations was performed. For instance, fc-r the internal flow 
cases considered here, the density is referred to the reservoir 
stagnation density (p1), velocity components IU'e normalized by 
the reservoir criticai speed of sound (a.), ano the total energy 
per unit of volume is referred to p,._.; _ 

The study consisted basically in applying the methodology 
developed to the sarne nozzle problem using different grids, both 
in terms of mesh refinement and conditions at the entrance. The 
objective was to assess the accuracy of the present solutions 
as compareci with other computational resdts and experimen
tal data. The grid refinement study was also performed aiming 
at achieving grid independent solutions. The governing equa
tions are presented next, followed by a discussion of the bound
ary condition implementation using characteristic relations. The 
numerical implementation is, then, presented and the computa
tional results obtained in this investigation are discussed. 

GOVERNING EQUATIONS 

The Euler equations can be written in conservation-law form 
for a body-conforming, 2-D, curvilinear coordinate system as 
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The pressure, p, is obtained f1 om the equation of state for 
perfect gases 

p = (!- 1) pe; (5) 

where e; is the specific internal energy. The i otal energy per unit 
of volume is defined as 

The contravariant velocity components can be written as 

u ~~ + f,u +e, v 

V = '71 + '7zU + '711 V 

The Jacobian of the transformation is given by 

(6) 

(7) 

(8) 



and the various metric terms can be expressed as 

f.x = Jy~ 
Çy = -Jx~ 
f.t = -xTÇX- yTÇy 

BOUNDARY CONDITIONS 

TJx = -Jye 
!J y = Jxe 
!Jt = -XT!Jx- YT!Jy 

(9) 

The subject of enforcing numerical boundary conditions has 
received special attention in the present work. It has been shown 
in the literature [8] that improper "extrapolation rules" can even 
lead to numerical instability of the overall scheme. Here, the im
plementation of numerical boundary conditions was based on 
the one-dimensional characteristic relations of the inviscid gas
dynamic equations. The basic concept is that the Euler equa
tions can be diagonalized by a similarity transformation [91. With 
this diagonalization, one-dimensional characteristic relations can 
be derived which represent the propagation of flow information 
along the characteristic !ines (see, for example, MacCormackllO] 
and Roellll). 

From the local slope of the characteristics, it is possible to 
determine how many conditions should be specified at a given 
boundary and how many should be extrapolated from interior 
information. This is important to guarantee the well-posedness 
of the initial boundary value problem18J . For those conditions 
that must be extrapolated, the suggestion!l0] is again to use the 
characteristic relations instead of some arbitrary extrapolation 
rule. The former carries some physics of the phenomena into 
the extrapolation process and, therefore, should provide for a 
more robust way of enforcing the numerical boundary conditions . 
The particular characteristic relation that should be used in each 
case is the one associated with the characteristic speed that is 
carrying information from the interior to the boundary. 

The one-dimensional characteristic relations could be derived 
for a general curvilinear coordinate system. However, they are 
usually found in the literature for a cartesian system. It must 
be emphasized that, at the boundaries we might be interest in 
using these relations, the curvilinear and cartesian coordinates 
are essentially aligned. Moreover, the use here of the relations 
in cartesian coordinates has the objective of simplifying their 
num~rical implementation. The formulation used here can be 
found in MacCormack[10J, and the one-dimensional characteris
tic relations associated with "operation" in the x-direction for a 
two-dimensional flow can be written as 

Ôp 1 Ôp 
ât - a 2 ât 

âv 
ât 

Ôp âu 
-+pa-
ât ât 

Ôp âu 
ât-paât 

-u (Ôp _ _.!._ âp) 
ôx a2 ôx 

ôv 
-u-

ôx 

(
Ôp ôu) 

. - ( u + a) ôx + pa ôx (10) 

(
âp âu) = -(u-a) --pa-
âx ôx 

Here, a is the speed of sound, and it is interesting to observe 
that u, u, u +a and u -a are the eigenvalues of thc inviscid 
flux Jacobian matrix associated with the cartesian flux vector 
E . Similar expressions could be derived for "operation" in thc 
y-direction, but those will not be necessary in our case. 

NUMERICAL IMPLEMENTATION 

The governing equations were discretized in a finite differ
ence context according to the Beam and Warming11.2J implicit 
approximate factorization schemc. The implicit Euler method 
is used for the time rnarch , and central differences are used to 
approximate the spatial derivativcs . The resulting scheme is sec
ond order accurate in space, but only first order accurate in time. 
The algorithm can be written in operator form as 
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Here, 

L r. 
L,, 

R e 
R~ 

LeL~t:..C;n = Re +R~ 

I+ !::.t 8eÂ"- e1l::.t r 1'Vet:..eJ 

I+ !::.t 8~Ê"- Erl::.t J- 1\l,,t:..,,J 

-/::.t 8çE" - EE !::.t J- 1 ('Vr.t:..d J(J" 

- !::. t 8~F" - tf; !::.t J- 1 ('V ~t:..~) 2 J(J" 

(11 ) 

(12) 

ln the above forrnulation , Â and Ê1 are the inviscid flux J acobian 
matrices . The reader is referred to Pulliam and Steger14l and 
Pulliam[5,6] for the form of these rnatrices in the two dimensional 
case. The 8e and 8~ are three-point central difference operators. 
The t:..e, t:..~ and 'V e, 'V ,1 are standard forward and backward 
difference ~erator_!l, respcctively. The n-th iteration correction 
is t:..Q" = Q"+l- Q". 

Higher order artificial dissipa tion terms are also added, as 
one can see from the expressions above, in order to control non
linear instabilities. A simple constant cocfficient numerical dis
sipation rnodel was adopted here. Fourth diffcrcnce operators 
are used in the right-hand side. Second differcnce operators are 
added to the left -hand side. Ideally, one would like to use in 
the left-hand side the sarne artificiiil dissipation operators that 
are added to the right-hand side of thc cquations141. However , 
the use of fourth difference operators in the left-hand side would 
spoil the tridiagonal nature of these operators. It is, therefore , 
avoided on the grounds of cornputational efficiency. Moreover. 
for more complex flowfields such as those with shock waves or 
other discontinuities, the use of more robust nonlinear artificial 
dissipation models is strongly recornmended (see, for instance, 
Pulliarn and Stcgerl4J and Pulliarn15,12J). 

The code was implemcnted in standard Fortran , and it is 
currently running in microcomputer environments. To be more 
exact , all the results that will bc presented here were obtained 
in IBM PC-like microcomputcrs with Definicon DSI-020 copro
cessor boards. It is clear that thc run time for any practical 
configura tion in this type of equipment will bc rather large, and 
this has been a severe limitation oa t.hc size of the grids we have 
been able to use even for a simple geomdry as thc present one. 

RESULTS 

The numerical solutions to be presented here consider a two 
dimensional , transonic convergent-divergent nozzle. The throat 
is located half way between the entrance of the convergcnt sec
tion and exit planes. The total lenght of the nozzle is 0.38 ft 
(0. 116 m ), and the throat. half-height is 0.045 ft (0.014 m). The 
wall dimensionless radius of curvature at the throat is 2, referred 
to the throat half-height., the convergent angle is 22.33°, and the 
divergent angle is 1.21 o. More details on the nozzle geometric 
definition can be found in MacCormack113J. The stagnation con
ditions at the entrance station are T; = 531.2 °R (294.8 K) and 
P1 = 2117.0 lb/ft2 (1.0136 x 105 N/m2

) , but since all flow vari
ables are nondimensionalized these particular values do not come 
into play for an inviscid computation. 

An initial grid used in this investigation can be seen in Fig. 
1, and this is what we will be rcferring hcre as the eoarse grid . 
It has 21 points in the strearnwise dircction and 12 points in 
the other direction. Due to the symrnetry of the flow, only the 
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Figure 1: Coarse aozzlc grid (21 x 12 points ). 
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lower half of the computation domain was used. Nevertheless, 
the grid has one point "above" the centerline in order to make 
it easier to enforce the symmetry boundary condition. The grid 
was generated with algebraic methods, and exponential stretch
ing was used in order to cluster grid points at the nozzle wall 
and at the throat . Ali the computations that will be presented 
are Euler results, which explains that there was no need for a 
better clustering of grid points at the wall. 

Zero normal pressure gradient is assumed at the wall, and 
the flow is considered tangent to the wall. Symmetry boundary 
condihons are used at the nozzle centerline, as discussed above. 
Total temperature and total pressure, as well as the flow entrance 
angle, are givl'=n and assumed constant at the entrance station. 
For all simulations performed here, the flow entrance angle was 
assumed to be zero. The ;[àgnation conditions are used as initial 
conditions throughout the nozzle. At the exit station, while the 
flow remains subsonic, the exit pressure is fixed at one-third of 
the initial total pressure. After the flow becomes supersonic at 
the exit, all quantities are extrapolated from interior values . 

We observe that at any boundary we need to know four flow 
quantities in a two dimensional case. At the entrance station, 
since the flow is always subsonic, the characteristics-type anal
ysis previously presented states that three conditions must be 
specified and one should be extrapolated from interior informa
tion. Since the ( u - a) characteristic speed is the one that is 
carrying information from the interior to the boundary in this 
case, the fourth equation in the set of Eqs. 10 is used to obtain 
the u velocity component at the entrance. Note that, since total 
pressure and the flow angle are fixed at the entrance, the static 
pressure can be written simply as a function of the u velocity 
component . While the flow remains subsonic at the exit station, 
static pressure is considered known and the first three equations 
in set 10 are used to extrapolate the other three quantities. Aí
ter the exit fl.ow becomes supersonic, the characteristics-based 
analysis tells that no property can be specified there, since the 
state at the exit must be completely determined by Interior in
formation. Hence, all four relations in Eqs. 10 are used in order 
to determine the flow properties at the exit station. 

The evolution of the pressure distribution along the nozzle 
wall as the iterations progress can be seen in Fig. 2. A consl.ant 
dimensionless time step of 0.01 was used in ali computations. We 
observe from Fig. 2 that the solution has converged to plotting 
accuracy after 5500 iterations. Nevertheless, it took all the 7500 · 
iterations for which the computation has been run to drop the 
maximum residue in the field about 5 to 6 orders of mag11itude, 
as we can see in Fig. 3. The present computational results are 
compared with experimental results by Mason et al.!14] in Fig. 2 

and are compared with MacCormack's results!13] and th~ sarne 
experimental results in Fig. 4. 

A grid refinement study was performed by doubling the grid 
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Figure 2: Evolution of the nozzle wall pressure distribution. 
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Figure 4: Comparison of coarse grid results with other compu
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size in both coordinate directions. This new refined grid is 
shown in Fig. 5. The wall pressure distributions for both fine 
(41 x 22) and coarse (21 x 12) grids are compared in Fig. 6 with 
MacCormack's[13] and experimentalll4J results. We observe that 
we do need the finer grid in order to capture the correct slope of 
pressure distrlbution in the rapid expansion region right before 
the throat. Moreover, the wall pressure behavior through the 
throat is correctly captured by the fine grid computation, but 
it is missed by both the coarse grid results and MacCormack's. 
We further observe that the agreemént with the experimental 
data for the region downstream of the throat seems to favor the 
present computations. A possible explanation for this behavior 
can be also found in Ref. [13] and it is associated with the order of 
accuracy of the methods. The present computations, although 

Figure 5: Refined nozzle grid (41 x 22 points). 



using only an Euler formulation, are second order accurate in 
space. MacCormack's results are based on the Navier-Stokes 
equations, but are only first order accurate in space. Finally, 
Fig. 7 shows the wall pressure distribution evolution, as itera
tions progress, for this refined grid case. We notice that the 
solution has converged to plotting accuracy at about 5000 iter
ations. 

We observe, however, that the behavior of the wall pressures 
near the entrance are not very smooth in the present computa
tions. This is associated with the fact that it is rather artificial 
to start the computation already at the convergent wall while as
suming a zero inflow angle, as clone here. The correct approach 
would have been to add a constant area duct upstream of the 
current entrance station in order to impose the correct entrance 
boundary conditions. This observation is corroborated by notic
ing that the centerline pressure distribution is much smoother, as 
we can see from Fig 8, and by recent nozzle flow computations 
by Silva[15J. 

ln order to prore o·.1r poin~, and to make sure that these 
wall pressure oscillations near the entrance were not due to our 
proposed numerical boundar: condition scheme, one more test 
case was considered. Here, a,. mentioned above, a constant. area 
dtict was added upstream o: the previous entrance station. The 
refined grid was used a,::,d 8 more equally spaced grid points 
were added upstream of the convergent section. The x-grid 
spacing was chosen equal to the x-spacing of the next two grid 
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Figure 7: Evolution of wall pressure distribution for fine grid 
case. 
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Fi•,ure 8: Comparison of centerline and wall pressure distribu
tir ns for the coarse grid computation. 

1 •oints in the previous grid. This new grid is shown in Fig. 9, 
and the present computational results are compareci with the 
experiment[14l in Fig. 10. This figure also shows the pres
sure distribution at different leveis along the iteration process. 
It was observed that the addition of the straight entrance sec
tion seemed to slow down the convergence process, at least in 
terms of the drop in the original residue. This is shown in Fig. 
11, in which the convergence history for the refined grid without 
the straight entrance is compared with that for the current case. 
One can observe that, for the sarne levei of residue drop, more 
than twice as many iterations were required for the case with the 
straight entrance. 

The behavior of the pressure distribution at the centerline 
is presented in Fig. 12, and a summary of ali wall pressure re
sults obtained in the present investigation, with comparison with 
other data, is shown in Fig. 13. Finally, Fig. 14 presents pres
sure and Mach number contours in the nozzle for the refined grid 

Figure 9: Refined grid with added straight duct upstream of 
convergent section ( 49 x 22 grid points ). 
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Figure 10: Comparison of wall pressure distribution for refined 
grid with straight entrance section. 
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Figure 11: Comparison of convergence history for fine grid with 
and without straight entrance section. 
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Figure 12: Comparison of the pressure distribution at the nozzle 
centerline. 
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Figure 13: Summary of results obtained for the wall pressure 
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with added straight entrance section. These results show that 
the use of characteristic relations is a very robust way of enforc
ing entrance and exit numerical boundary conditions. The pres
sure distributions at the entrance, for the case with the added 
straight section, do not present any oscillations, as one can see 
from Figs. 10, 12 and 13. Moreover, it is quite clear from these 
figures that the pressure oscillation at the wall at the beginning 

(a) Pr.essure contours. 

(b) Mach number contours. 

Figure 14: Flowfield visualization for transonic convergent
divergent nozzle. 

of the convergent section, which is still present in these latter 
results, is a local effect. ln other words, the sudden curvature 
in the wall causes a local pressure rise which is what the present 
results are capturing. As one moves away from the wall, this 
effect obviously fades away and this is, again, being correctly 
represented in the present computations. 

We would like to dose this discussion of the present results 
by emphasizing that, so far, no attempt was made to improve 
the computational effi.ciency of the method. Ali cases were run 
using the sarne constant dimensionless time step of 0.01, and 
the sarne level of artificial dissipation was added for all compu
tations. This allows for a more uniform comparison of results 
presented here. Moreover, another reason for requiring so many 
iterations before we accepted convergence in these computations 
is because we insisted in at least 5 to 6 orders of magnitude drop 
in the residue. It is clear from the figures shown that conver
gence to plotting accuracy was achieved much before that. For 
the sake of computational cost statistics, it may be interesting 
to observe that the coarse grid computations use approximately 
2.1 CPU seconds per iteration in the Definicon DSI-020 board. 
The fine grid calculations, without straight entrance section, use 
about 9.0 CPU seconds per iteration in the sarne equipment, and 
the computations with the fine grid and straight entrance sec
tion take about 10.3 CPU seconds per iteration. For the 14000 
iterations ran in this last case, this means a total cost of about 
40 CPU hours. 

CONCLUDING REMARKS 

Numerical flow simulations on a two-dimensional convergent
divergent transonic nozzle were presented using an Euler formu
lation. The emphasis of the present work has been in terms of 
code development and validation, and no attempt was made to 
achieve faster convergence rates. Of special interest was the de
velopment of a robust way of implementing numerical boundary 
conditions through the use of the one dimensional characteristic 
relations for the inviscid gasdynamic equations. 

The results obtained do provide a validation of the code de
veloped, as well as of the procedure for entrance and exit bound
ary condition implementation. They also suggest many interest
ing areas for the continuation of the current effort. For instance, 
the discrepancies observed between the present results and Mac
Cormack's in the initial portion of the convergent section may be 



due to a poor treatment of the pressure boundary condition at 
the wall in the present case. This difference could be worsened 
if more realistic rocket engine nozzles were considered, and it 
should be investigated. More realistic rocket engine nozzle flows 
themselves are an interesting extension of the present work. By 
"more realistic" we mean nozzles with steeper convergent and 
divergent sections, with smaller throat radius of curvature, and 
with higher stagnation temperatures and pressures. It is still 
an open question whether the present implementation of the 
method would behave as well under such more stringent con
ditions. Moreover, the convergence history results indicate some 
oscillation of the residue as we approach convergence on both 
fine grid studies. This should also be further investigated. 

Finally, as a conclusion, it is interesting to observe that the 
Beam and Warming algorithm is extremely simple to implement 
since it is based on central differences and, obviously, structured 
grids. Hence, it may never achieve the computational efficiency 
of other more complex, usually upwind, schemes. However, on 
the point of view of the user, this loss in terms of efficiency must 
always be weighted agains•; th·~ easiness of programming and the 
overall time it tales, startinP, from scratch, to come up with a 
working code that can prm ice the answers the project needs. 
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INTRODUÇAO Para transformar o do•ínio físico (x,y) no do11ínio 
computac ional (1;,1']), utiliza-se [2) : 

Este trabalho, extraído de 111, s urgiu da 
necessidade de um melhor conhecimento da regi~o 
transônica de bocais convergente-divergente, com a 
finalidade de encontrar uma linha inicial de Mach 
constante a jusante da garganta geométrica, a qual 
servirá de partida para o método das características. 
Este método possibilitará a obtenç~o da geometria ótima 
da parte divergente do bocal. Compreende-se como 
condiç~o ótima aquela que fornece o empuxo máximo de um 
motor a jato. 

A alternativa escolhida para a determinaç~o desta 
linha foi resolver o sistema de equações que descreve o 
escoamento através do bocal pelo mé todo de MacCo rmack 
[2 1. 

FORMULAÇAO DO PROBLEMA 

Admitindo-se que as forças de volume podem ser 
negligenc iadas, bem como a influência da viscosidade, 
para um escoamento com simetria axial, sem turbulência 
e adiabático, as equações de Euler s~o escritas em 
coordenada generalizadas [ 31 sob a forma da lei de 
conservação como 

.. 
t t H o ( 1) 

onde 

L : t ~(x,y) '1 T](x,y) 

.. - 1 [~u] .. -1 [~~u + ~ pl 
Q=J Pv ' E=J pvU t ~xp ' 

e (e t p)YU 

.. _ -1[~ l H-J p/'1 
o 

u = I; u t ~ v v = '1 u t '1 v 
X y X y 

I; = JT]y'1 t;Y = -JT]x'1 '1 
X 

= -J11Yç 11 J1']x~ X y 

- 1 
J • 11(xe,., - x1']yÇ) 
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onde 

B t 
1 
L 

T] = y/S(x) 

B 
1 

"""2i 

S(x) - função que dá for•a do contorno do bocal 
x - co•primento do bocal 

e 

- comprimento até a garganta 

- fator de elongamento da •alha (O<a<ro) 

Solução do Sistema de Equações 

( 2) 

Conforme mencionado acima, o siste•a de diferenças 
finita utilizado foi o proposto por MacCormack (tipo 
"predictor-corrector"(2]) 

Aplicando-se este 11étodo á equação (1), obtém-se : 

Predictor : 

(3) 

Corrector 

1 [ n+1 n llt( n+1 n+1 ) 
--2-- QI , J + QI,J - 61; EI,J - EI-1,J 

p p p 

llt( n+t _ Fn+1 ) _ llt H ] 
-liTJFI,j l,j-1 l,j 

p p 

(4) 

Parte-se de uma condição inicial, faz-se suces
sivas aplicações das equações (2) e (4) para os pontos 
do domínio computacional e considerando-se as condi
ções de contorno, chega-se à convergência do processo, 
desde que respeitado o limite de estabilidade abaixo, 
[ 2]. 



6 3 
4-t- ( I uI t I v I + 2a) 

4 ~ 1 
ô.x 4 

onde a é a velocidade do som. 

( 5) 

Para garantir a estabilidade do método , foi 
adicionada uma dissipação artifi c ial [5] às equações: 

D Qn . = ô.t E ( Qn . _ 2Qn + Qn . ) 
ç l,j 61;2 1+1,J l,j l -1,j 

(6) 

n llt n n n 
DnQ1 · = -2E:(Q . j 1 - 2Q . · + Ql · -1) 

., ,J ÓTj • • + l,J ,J 
(7) 

O parâmetro E é de ordem 1 para as direções Ç e TJ, 
resultado este obtido de cálculos numéricos. 

Condições de Contorno 

As soluções do sistema acima deverão respeitar as 
seguintes condições : 

a) Eixo de Simetria 

u = u 
I, M i, M-1 

(8) 

v = - v 
i, M i, M- t 

( 9) 

b) Contorno do Bocal 

-~ = { 
O, parede plana 

2 2 
u + v P. i,M-1 i,M-1 1, 11-1 

(10) 

, parede curva 
R 

A componente contravariante V é igual a zero (pelo 
paralelismo do escoamento) e a outra U é igual nos 
pontos (i,M) e (i,M-1) 

c ) Entrada e Saída do Bocal 

Embora as deduções abaixo sejam apresentadas para 
um sistema de coordenadas cartesianas, a extensão para 
coordenadas generalizadas é feita pe la substituição das 
componentes das velocidades cartesianas pelas 
contravariantes e das coordenadas cartesianas pelas 
generalizadas. Considera-se conhecidas três grandezas 
independentes : p

0 
e T

0 
(pressão e temperatura de 

estagnação), {1 (ângulo entre o vetor velocidade e o 
eixo de simetria). As equações caracteristicas do 
escoamento unidimensíonal na direção x são dados, (6] e 
[7], por : 

élp - _1_ ~ - - (~ - _1_ ~) ( 11) élt 2 élt - u élx 2 élx 
a a 

élv élv 
élt = -u élx ( 12) 

- Pa - = - (u - a) - Pa -~ élu [~ élu] 
élt élt élx élx ( 13) 

~ élu [~ élu] + Pa - = - (u + a) + pa -élt élt élx élx (14) 

c1) Entrada do Bocal 

Neste. caso, a velocidade é obtida através da 
equação (13) em conjunto com as seguintes equações 

v = u tan {1 

.l 
p = Po(A)l-1 T 

(15) 

T
0

A ( 16) 
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onde 

~ 
élt 

A 

élu ~ 
élt àu 

1 _ r-1 < 2 ( ) 2 1+T 1 + tan {1 l ~ * . ( 17) 

{j n 

-~~ 
- àu llt 

( 18) 

Transformando a equação (13) em diferenças fini
tas e utilizando-se as relações acima, encontra-se , : 

onde 

R3 

ou7.J = 2L)" 
du 2 , J 

(Pal;,J 

R = 3 

).3 

__ ).....:3::.__) [ n n n n 
p

2 
.-p

1 
.-(pa) 2 J(u 2 . -

- ). 'J ' J ' ' J 
3 

2' J 

llt 
-(u - a) 7»: ô.x xi+1,J- xi,J 

c2) Saída do Bocal 

(19) 

u~ >] 
' J 

De maneira análoga ao item anterior, transfor
mando as equações (11) a (14) em diferenças finitas, em 
conjunto com as equações (15) a (18), obtém-se, para 
condições de saída supersõni cas, as seguintes relações 
a serem utilizadas (como extrapolações) : 

onde 

op" • 
R3 + R4 

(20) 
N,j 

2 

0 n _ + 0 n / 2 
p N, j - R 1 PN, j aN - 1 , j ( 21) 

8v" = R 
N, j 2 

( 22) 

R - R 
ou" = 4 3 

(23) 
"' j 2 (pa)~-1,J 

Rt - 1).: ). ) [p~ . j 2 Ô.p~.J 
n 

PH-1,j 

1 N- I, j a"- t, J 

R2 
À ) 1 n n 

---- v - v 
1 +). (N , j N-1,J 

1 N- 1 , j 

). J 3 n n n 
-- [t~p .-(pa) . !lu .] 

N,J N,J N,J 

3 N-1 , j 

RJ 

R4 ).4 ) [t~p~ . J-(pa)~-1 , J 
- ).4 N-1,j 

. n ] 
ô.uN,J 

). • - u 
1 

ô.t 
Tx 

). 
4 

ô.t 
-(u+a) f»: 

n 
ô.aN, j 

n 
• a . 

N ' J 

n 
- aK-1 , J ; a • p, u 

Para a atualização no tempo (instante 'n + 1') dos 
valores das fronteiras, usa- se : 

n+l n 
0 

n 
Pi,J • Pi,J + Pi , J (24al 

n+l 
P . . 

1 • J 

n 0 n 
• PI . J + Pi,J (24b) 



n+t n Õvn (24c) v i. j . 
V I • j + 

I • j 

n+t n <'5 n (24d) 
UI. j UI • j + ui • J 

d) Condição Inicial 

Coeo condição de partida para o cálculo, supõe-se 
o fluido e• repouso co• pressão igual à de estagnação 
no do•inio, à exceção da seção de saída, cuja pressão 
é arbitrada co•o u•a fração da pressão de estagnação. 

RESULTADOS E SUA ANALISE 

Inicial•ente, avalia-se a capacidade do presente 
•étodo e• reproduzir resultados experi•entais para 
geo•etrias de bocais convergente-divergente coa 
si•etria axial. Os valores experimentais ao longo da 
parede do bocal obtidos na literatura [B],são 
apresentados sob foraa de gráficos de pressão 
estática,adiaensionalizada pelo valor da pressão 
reservatório. As geometrias analisadas são 
representadas esque•aticamente ·nas Fig.1 (casos 1, 2, 3 
e 5) e Fig.4 (caso 4), · enquanto que os valores 
característicos dos ensaios encontra•-se na Tab . 1. 

Para a siaulação nu•érica, utilizou-se uaa aalha 
de 20 x 10 (nas · direções I; e 11 respectivamente), 
concentrada na região da garganta (a = 5, O). Esta 
escolha foi •otivada por considerações de precisão 
(aaior quanto mais refin~da for a •alba) e velocidade 
de processaaento (menor quanto mais refinada for a 
malha). Os coeficientes de dissipação artificial (E) 
foram iguais a 1,4 nas direções I; e 11. Estes foram 
ajustados com base em tentativas numer1cas e 
permaneceram constantes ·para todos os casos. 

" c 

~ 
c .. 
E 
'Õ 
..: 

>: . 
n:. 1. R'-"'presC"nta.ç1ro osquc:"mt.tJ C A d o bocal 

convorgenle-dJ.vv r oanl c c~r.icc 

Tah. l. Dimcn~õcs dos hoc:ais c c;, r :tc tt' r Í stiCas 
do c.sco;utl("nt o ( rC'lat h ·o 3 fll.!. 1.) 

coso 1 caso 2 co so 3 ceso 4 c o·so 5 

P
0 

(MPo) 1,723 1,034 1,723 20,00 1,723 
---- ------

T0 (K) 833,3 289,0 8 3 3,3 3036,0 633,3 

y 1,4 1,4 1,4 1,23 1,4. 

R
9 

(J/Kg.K) 287,0 287 ,O 287,0 866,7 !~ 
Y1 (cm) 9,02 7,75 8,00 12,7 1,0 

x, 6,2 6,5 5,7 7.,83 2 .o 

R, 2,0 2 ,0 0 ,625 1,5 f>ivtrs!)S 

X . 2 ,2 2,6 i .s 0 ,79 0,5 

x, 8,9 9,0 11,6 5,67 3,0 

ct ( . ) 15,0 15,0 15, 0 -- 15,0 
--

ll ( •) 30,0 30,0 45 ,0 -- 3b,o 

Os resultados correspondentes aos casos 2 e 3 são 
•estrados nas Fig.2 e Fig.3 respectiva•ente. 
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5. 

Observa-se a excelente correlação entre os 
resultados téóricos e experimentais, inclusive para o 
bocal de menor raio de curvatura o qual apresenta uma 
queda brusca de pressão na região da garganta (caso 3). 

A Fig.4 representa um projeto de bocal que produz 
o e•puxo max1110 e cujo contorno foi determinado pelo 
•é todo das características [ 9}. As dimensões deste 
bocal fora• obtidas considerando o número de Mach na 
seção de saída igual a 2,5 e as condições de 
reservatório indicadas na Tab.l (caso 4) 
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Na Fig. 5 é mostrada a comparação da razão entre 
pr es sões estática e de reservatório ao longo da parede 
e do eixo de simetria do bocal. Nota-se que os valores 
calculados pelo •étodo das características ao longo do 
d i vergente do bocal e aqueles calculados pelo presente 
método apresentam uma concordância muito satisfatória. 
Deve-se notar aqui, que o método das características 
possui um tempo de execução consideravelmente menor que 
o mé todo utilizado neste trabalho. 

Após a validação do método pela comparação dos 
seus resultados com aqueles experi~~entais obtidos na 
r e ferência [8}, e com valores teóricos provenientes do 
mé todo das características segundo a referênc ia [9}, 
foram feitos uma série de cálculos para se poder 
avaliar a região transôni ca em bocais convergente
divergente. 

Nesta avaliação, foram traçadas linhas de número 
de Mach constante ao longo dos bocais, os quais 
apresentam raios de curvatura adimensionais iguais a 
2, 5, 2, O, 1, 5, 1, 25, 1, O e O, 625, conforme most ram as 
figuras abaixo. Estes valores, asim como os números de 
Mach 0,8, 1,0 e 1,2, foram selecionados visando a 
comparação das linhas de Mach constante com aquelas 
de terminadas através da utilização das séries de Sauer 
[10], Kliegel-Levine [11] e Hall [12]. 

Todas as figuras aqui mostradas correspondem à 
geometria de bocais e condições de reservatório segundo 
o caso 5 da Tab.1. 

Das figuras 6 a 13, vê-se que as linhas de Mach 
constante obtidas pelas séries de Sauer e de Hall 
aproximam- se daquelas calculadas pelo presente mé todo, 
apenas para os raios de curvatura superiores a 2, O e 
1,5 respectivamente. A série de Kliegel-Levine mantém
s e em boa concordância com relação ao método aqui 
utilizado, mesmo para raios de curvatura bem pequenos 
(R = 0,625) 

Em virtude da série de Kliegel-Levine abranger uma 
maior faixa de raios de curvatura, ela foi utilizada na 
investigação da região transônica no bocal. Esta 
investigação consistiu em "estabelecer comparações entre 
os resultados deste trabalho e aqueles obtidos através 
desta série, para as linhas de número de Mach constante 
iguais a 0,6, 0,8, 1,0, 1,2 e 1,4, e os raios de 
curvatura acima menc ionados. Algumas desta comparações 
estão mostradas nas figuras 14 a 17. 
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Observa-se que para todos os valores de raio de 
curvatura, existe correspondência entre o presente 
método e a série de Kliegel-Levine numa faixa de número 
de Mach entre O, 8 e 1, 2. Para números de Mach fora 
desta faixa, a discrepância entre estes dois métodos 
aumenta sensivelmente, como pode ser vista nas figuras 
acima, para as linhas de Mach 0,6 e 1,4. Desta forma, 
sob o ponto de vista de soluções idênticas entre o 
presente método e aquele que utiliza a série de 
Kliegel-Levine, pode-se delimitar a região transônica 
como a faixa entre os números de Mach 0,8 e 1,2 • 

CONCLUSÕES 

Em virtude da validação do método por comparação 
com valores experimentais da pressão estática ao longo 
da parede do bocal em todos os regimes de escoamento, 
[81, e com aqueles valores teóricos obtidos pelo método 
das características na região supersôníca, 
considerou-se que o presente método é adequado para 
descrever a região transônica no interior de bocais 
convergente-divergente. Isto permitiu encontrar a 
faixa de raios de curvatura onde as séries de Sauer, 
Hall e Kliegel-Levine podem ser utilizadas para a 
determinação deste regime. 

A import3ncia do resultado acima prende-se ao fato 
de que os cálculos, utilizando-se estes tipos de séries 
de potência, são extremamente simples e rápidos em 
comparação com aqueles obtidos pelo presente método . 
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DETERMINACÃO DO FLUXO DE CALOR EM ESCOAMENTO SUPERSONICO 

UTILIZANDO A TEORIA DE AQUECIMENTO CINETICO DE VAN DRIEST 
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CENTRO TECNICO AEROESPACIAL - INSTITUTO DE ATIVIDADES ESPACIAIS 
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RESUMO 

O conhecimento preciso do fluxo de calor (aquecimento cinético) é muito 
Importante para projeto estrutural e para especificações das proteções térmi
cas de velculos supersônicos e hipersônicos . Aquecimento cinético é o aqueci
mento da superflcie de um corpo como resultado de ar escoando à alta velocida
de sobre a mesma. Há numerosas Investigações a cerca de aquecimento cinético . 
Resultados deste estudo Indicam que a teoria de Van Driest prediz com precisão 
o fluxo de calor . Avalia-se o aquecimento cinético para a ogiva principal do 
VLS, onde cargas úteis estarão alojadas e protegidas termicamente . 

INTRODOCÃO 

Projetes preliminares e estudos de otimização de 
velculos espaciais requerem técnicas que determinem a 
taxa de fluxo de calor de maneira rápida e precisa, de 
forma que não comprometam o desampenho do veiculo 
quanto à sua função estrutural e possibilite 
especificar proteções térmicas que visem proteger, de 
elevadas temperaturas, os equipamentos eletrônicos e 
as cargas úteis , alojadas no interior do mesmo . 

A superf 1 c 1 e externa de taIs ve 1 cu 1 os recebe 
energia térmica proveniente tanto da radiação quanto. 
da convecção de calor, elevando sua temperatura. 

Na plataforma de lançamento, os gases de 
exaustão à a 1 tas temperaturas, orIundas da que i ma do 
combustlvel, aquecem por radiação e convecção de 
calor, tanto a plataforma quanto a superflcie externa 
do veiculo. Durante o vôo ascendente, parte da 
energia cinética, contida no escoamento do ar, é 
convertida em energia térmica que será absorvida, por 
condução de calor pela estrutura do veiculo. 
Durante o vôo propulsado, a superf1cle externa do 
veiculo fica exposta à radiação térmica emitida pela 
p 1 uma, formada pe 1 os produtos de combustão dos 
propulsores . · 

Faz parte do projeto do Veiculo Lançador de 
Satélites (VLS), desenvolvido pelo IAE/CTA, um estudo 
de análise térmica desses fenômenos de aquecimento em 
regiões criticas, tais como ogiva e base do veiculo. 

Um modelo conservativo que permite aval lar o 
aquecimento durante a partida do veiculo, na 
plataforma de lançamento, é apresentado na ref. [1]. 
A teoria, bem como o modelo desenvolvido para o 
cálculo do fluxo de calor emitido pela pluma, durante 
o vôo propulsado, é apresentado pela ref . [2). 

Este trabalho trata do aquecimento, proveniente 
do escoamento do ar, sobre a superf 1 c i e externa da 
ogiva principal do VLS, dentro da qual estará alojado 
o Satélite. A ogiva representa um dos segmentos mais 
delicados, visto as exigências Impostas quanto às 
condições ambientais térmicas externas e internas 
desta. São considerados como parametros 1 imitantes, 
para a análise térmica da ogiva principal, a constante 
solar, para o alijamento da coifa, e a temperatura de 
60 •C para o ambiente onde estará alojado o Satélite. 

Em trajetór I a ascendente de vôo, o VLS 
desenvo 1 verá di versos reg i mes de ve 1 oc idades em um 
melo considerado continuo. 

Cálculos preliminares de fluxo térmico, 
considerando que toda a energia cinética é convertida 
em energia térmica, indicam que o alijamento da coifa 
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deve ocorrer a cerca de 140 s do lançamento do 
veiculo . 

Em a 1 ti tudes baixas, o campo de escoamento do 
ar atmosférico pode ser considerado continuo e de 
eq~i11brlo qulmico, não ocorrendo os fenômenos de 
dissociação e ionização do ar. 

A Figura 1 ilustra os regimes de velocidades do 
VLS, durante o vôo ascendente, e o tipo de formulação 
a ser utilizada para a determinação do escoamento 
ao redor do veiculo, considerando os cálculos prelimi
nares sobre a abertura da ogiva . A literatura relata 
que entre Mach 3 e 4 . ocorrem as maiores taxas de fluxo 
de calor e conforme Figura 1 cerca de 74Y. do tempo de 
vôo ascendente, o VLS estará em velocidade supersônica 
(Mach entre 1,2 e 5) e hlpersônica (Mach ~ 5), 
portanto esta análise mostra a lmportãncia de se 
quantificar o aquecimento cinético . A Figura 1 também 
mostra que 81Y. do tempo, o VLS estará voando no meio 
considerado continuo . 

Através de pesquisa b i b 1 i ográf i c a constatou-se 
que i numéras investigações teóricas e experimenta Is 
sobre cá 1 cu 1 o de aqueci mente cinético foram feitas. 
Spalding & Chi (3] e Hopkins & Inouye [4) anal i saram 
di versas teor i as existentes de aqueci mente cinético, 
comparando os resultados calculados com dados 
experimenta is e ambos cone 1 ui ram que a teor i a de Van 
Drlest [5) é a que melhor quantifica o fluxo de calor 
em escoamento supersônlco. 

AQUECIMENTO CINETICO 

O aqueci mente cinético ocorre quando um f 1 ui do 
escoa em a I ta ve 1 oc idade sobre a superf I c i e de um 
corpo. O aquecimento cinético, conforme é mostrado na 
Figura 2, é o resultado de dois processos, que 
transformam energia cinética de movimento em energia 
térmica. Esses processos são : 

• atrito 

Devido aos efeitos viscosos, o fluido (ar) ao 
interagI r com a superf I c I e do ve I cu 1 o é desace 1 era do 
gerando c a 1 or. Considerando-se as a 1 tas ve 1 oc idades 
desenvolvidas por tais velculos, deve-se analisar 
cuidadosamente a energia térmica resultante do atrito 
viscoso. 

• compressão 

O escoamento supersônlco resulta na formação de 
uma onda de choque, a qua 1 é destacada da superf I c i e 



do corpo. Ao atravessar a onda . de choque o fluido 
sofre uma forte compressão gerando, portanto,calor . 
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Nem toda a energia cinética convertida em 
energia térmica é transferida para a superflcle do 
veiculo. Parte desta energia é consumida pelos 
fenômenos da dissociação, Ionização e da recombinação, 
fenômenos estes ocorridos em escoamento alto 
supersónico e hlpersOnlco. Outra parte da energia é 
transferida para o escoamento não perturbado, pelo 
fato deste estar a uma temperatura mais baixa . 

As condições de escoamento sobre corpos rombudos 
são caracterIzados pe 1 a baIxa v e 1 o c I da de , de v I do à 
brusca desaceleração do escoamento através da onda de 
choque. Na maioria dos casos práticos, a camada 
1 imite na região de estagnação é laminar e a 
transferência de calor é deflnada pelo processo de 
camada limite laminar. O regime é conslderad~ laminar 
para número de Reyno 1 ds menor que 5 , O x 1 O ; a c I ma 
desde valor o regime é turbulento. 

O atrito entre as camadas de fluido geram calor 
sendo transferI do para a superf I c I e externa da ogIva 
principal do VLS, provocando um aquecimento· sobre 
esta. Portanto haverá uma transferência de c a 1 or, 
prime i ramente por convecção, do ar para a superf I c i e 
do veiculo, e em seguida por condução, através de sua 
estrutura . 

Nos instantes iniciais, esta transferência de 
calor dar-se-à da estrutura do veiculo para a 
atmosfera, isto porque, a temperatura ambiente diminui 
com a a 1 t ltude. Porém devi do ao atrito viscoso, a 
temperatura do escoamento externo à camada limite 
tornar-se-à superIor à temperatura da superf I c I e do 
veiculo, mudando então a dlreção do fluxo de calor, do 
escoamento do ar para a parede do veiculo. 

Para números de Mach maiores de 0,3 o regl~e de 
vóo passa de I ncompress I ve 1 para compress I v e 1 , 
causando um aumento sI gn I fI catIvo na temperatura do 
escoamento externo à camada limite, portanto 
aumentando o fluxo térm i co e consequentemente 
aumentando a temperatura da parede do veiculo . 

Para números de Mach maior que a unidade ocorre 
as maiores taxas de fluxo de calor para a superffcie 
do veiculo, i sto porque, quando este atinge velocidade 
supersón i ca aparece uma onda de choque comprimindo o 
ar sobre a superf fcie do veiculo, aumentando 
drast i camente a temperatura do escoamento entre a onda 
de choque e a superflcie do veiculo e consequentemente 
a temperatura de parede . 

Em qualquer dessas fases de vOo , a energia 
térmIca do escoamento será transferi da ao 1 ongo do 
tempo através da parede do veiculo , aumentando a 
temperatura da mesma e consequentemente a temperatura 
do ambiente interno do veiculo, ambiente este que 
aloja equipamentos eletrônicos com temperaturas 
máx imas de operação especificadas. A rapidez do 
aumento da temperatura da parede e a do ambiente 
interno é função do tipo de material e da espessura da 
parede . 

Existem , portanto , dois problemas distintos , a 

convecção de c a 1 or ( aqueci menta cInético) entre a 
camada limite e a superflcle externa do veiculo, e a 
condução de calor dentro da estrutura do veiculo . 

O objetfvo deste trabalho, é determinar o fluxo 
de calor, ou seja, coeficiente de convecção e a 
temperatura de referência (recuperação) para o 
escoamento supersónico. Este passo é feito utilizando 
a teoria de aquecimento cinético de Van Drlest [5). A 
condução de calor é tratada separadamente, pois 
depende não só dos materIaIs a serem ut i 1 I zados mas 
também das espessuras dos materiais envolvidos . 

Van Driest [5] recomenda que os coeficientes de 
convecção para os escoamentos laminar e turbulento em 

torno de um cone sejam respectivamente ~e ~dos 
coeficientes de convecção da placa plana, 
considerando-se o mesmo número de Mach, o mesmo número 
de Reyno 1 ds e a mesma razão de temperaturas entre a 
temperatura da parede e a temperatura externa à 
camada limite. O coeficiente de convecção para 
escoamento laminar e turbulento sobre um cilindro 
longitutinal, são considerados idênticos aos da placa 
plana nas mesmas condições citadas anteriormente . 

......... 



EQUACIONAMENTO DO AQUECIMENTO CINETICO 

O fI uxo de c a I or por convecção, em escoamento 
supersOnlco, pode ser determinado utilizando a lei de 
resfriamento modificada de Newton : 

q h (Tr-Tw) ( 1 ) 

2 sendo q o fluxo de ct,lor em (W/m ) . O coeficiente de 
convecção, h em (W/m Kl, pode ser calculado por : 

h (2) 

onde, p, V, cp e CH são respectivamente a massa 

especifica, velocidade do escoamento, calor especifico 
a pressão constante e o número de Stanton. O lndice oo, 
IndIca a condIção de escoamento não perturbado pe I a 
onda de choque. 

Van Drlest (5] cálcula o número de Stanton 
através de: 

CHoo __ P_r_c_3 c--'-[R_e_o_oo_x_/_0_]...,.1---c-2-(~v: :: r[~: rc2 (3) 

onde : ~0/V 
00 

é o gradiente de ve I oc i da de na camada 

limite, assumindo para o escoamento supersónico , 
M

00 
~ 1, no ponto de estagnação: 

=I 
r f3 D 

<r-1lM 2+2 [,_, ,,_11M!. 2 fi.] (4) 00 

8 1+--
,,_1) j v (r-1) M2 2 2rM 2-

"" 00 00 

l 

e fora do ponto de estagnação tem-s e: 

f3 D 
-v--

"" 

onde M é o número de Mach. 

(5) 

Os números de Reynolds Re
0 

e o Prandtl Pr são calculados considerando as 
propriedades dos escoamento não perturbado. o 
comprimento caracteristlco é o diametro D da ogiva. 
cp é o calor especifico e r a razão entre os calores 

especfflcos . A viscosidade dinamica J.l é calculada 
através da lei de Sutherland. O fndice ô indica as 
condições fora da camada I i mi te e a v ar i á ve 1 x é a 
coordenada natural, medida do ponto de estagnação até 
o ponto desejado, acompanhando a curvatura da 
superflcie. Para ser consistente com a equação (3), a 
coordenada x no ponto de estagnação deve ser igual a 
D. As constantes c , c e c são apresentadas na 

1 2 3 
Tabela I. 
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Tabela I . Valores das constantes c 1, c 2 e c3. 

TIPO DE ESCOAMENTO 

LAMINAR TURBULENTO 

GEOMETRIA c 1 c2 c 1 c2 c3 

POrrTO DE 

ESTAGNAÇÃO 0,763 0,5 - - 0,6 

ESFERA 0,763 0,5 0,042 0,8 0,6 

CONE hx0,332 0,5 hx0,030 0,8 2/3 

CILINDRO 0,332 0,5 0,030 0,8 2/3 

A temperatura de recuperação, Tr em Kelvin, 
calculada por : 

Tr Tô [ 1 + r _r--=2=--- M ~ ] 

sendo r o fator de recuperação dado por: 

r=Pr 112 , escoamento laminar 

r=Pr 113 , escoamento turbulento 

é 

(6) 

(7) 

O aquecimento cinético, conform< equação (1), 
é função : 

• da trajetór i a ( ve I oc i da de e p ·op1 i edades termo
flsicas do escoamento não pertu·bado pela onda 
de choque); 

• do escoamento aerodinamic? (prop·iedades termo
ffs i cas do escoamento extJrno à camada limite); 

• da temperatura da parede- (pro~ r I edades termo
ffsicas do material) ; 

• da geometria do veiculo : rcmbudo, cone) e 
*do tipo de escoamento ~o flu · do (laminar ou 

turbu 1 ento). 

As propriedades do .:::secament e não perturbado 
pe 1 a onda de choque são o ;ti das da atmosfera padrão 
[6]. As propriedades do escoamunto aerodinâmico 
(campo de velocidade e de pr~ssão) s~o obtidas da ref . 
[7]. A temperatura e a massa especifica sobre o corpo 
são calculadas respectivamente pela relação de 
isoentropia e pela lei do gás perfeito. 

RESULTADOS E COMENTARIOS 

As Figuras 5, 6 e 7 apresentam o aqueci mente 
cinético considerando: 

* conceito de parede fria, especificando-se as 
temperaturas de parede de 30 •C , 130 •C e 230 •C; 

• geometria da ogiva principal do VLS, Figura 3; 
• trajetória de vôo ascendente até 150 s, Figura 4; 



• escoamento aerodinãmico para os números de Mach 
1 . 5, 2 . 0, 3.0 e 4 . 0, ref . (7]. 

lO li 12 / 13 

'" 
14 

0/2 

g2 

Figura 3. Geometria da ogiva principal do VLS. 
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Observa-se da Fi 9. 5, para números de Ma eh de 
1.5, 2 . 0 e 3 . 0, que o fluxo de calor no ponto de 
estagnação (escoamento laminar, Tab . I) é inferior ao· 
c a 1 cu 1 ado para os pontos sItuados em sua v I z I nhança 
ImedIata (escoamento turbu 1 ento) . Para Mach 4 , o 
escoamento sobre .a ogIva é 1 amInar, tendo-se então no 
ponto de estagnação o máximo fluxo de c~lor. 

A Fig. 7 mostra que o fluxo de calor, para Mach 
1 . 5 e 2 . O, é negativo . Isto indIca que o f 1 uxo de 
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Figura 5. Fluxo de calor sobre a ogiva do VLS. 

calor está dI rec i o nado da estrutura do ve I cu 1 o para o 
escoamento, Tw > Tr . Sabendo-se que Isto nlo ocorre, 
para v e 1 o cIdades supersOn i c as, cone 1 u l-se que a 
temperatura de parede, para estes números de Mach, 
deverá ser Inferior a 230 •C. Analogamente, da Fig. 6 
tem-se a lnformaçlo, da curva de Mach 2, que a 
temperatura dos pontos 1 (estagnaçlo) e 2 deverlo aer 
superiores a 130 •C, porém para o restante dos pontos, 
deveria ser Inferiores a esta temperatura. Da Fig. 5, 
observa-se que para qualquer número de Mach e para 
qualquer ponto sobre a ogiva, a temperatura será 
sempre superior a 30 •C . 
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Figura 6. Fluxo de calor sobre a OKiva do VLS. 

Em qualquer fase de vOo , a energia térmica, do 
escoamento, será transferida , ao longo do teMpO, 
através da parede do veiculo aumentando a t~atura 
da mesma e consequentemente a temperatura do ambiente 
Interno do veiculo . Da análIse real lzacla sobre os 
nlvels de temperatura da parede ela ogiva, nota-se a 
Importância de considerar o tipo de material e a 
espessura da parede , a ser utilizada na construçlo de 
tal ogiva . 

Uma vez que a geometr I a ela og I v a pr I nc I pa 1 do 
VLS possui simetria axial, o escoamento aerodinâmico e 
consequentemente o fluxo térmico também slo simétricos 
ax I a 1 mente. A 1 ém disso o prob 1 ema é trans I ente por 
natureza, Já que o vefculo estará com velocidade e 
altitude diferentes a cada instante , Fig . 4 . Devido a 

~ 



coq:~le1Cidade do problema no que se refere 
vOo (subsOnlco, transOnlco, supersónico, 
e a geometria do veiculo (esférica, 

ao regime de 
hlpersOnlco) 
cl I lndrlca, 

cOn I c a) , torna-se Ar duo a determInação do escoamento 
aerodln&.mlco, do fluiCO térmico e por conseguinte a 
determlnaçlo da temperatura da parede. 

ACOPLAMENTO COOVECÇÂO CONDUÇÃO 

O ponto de estagnaçlo, a I ém de fazer parte da 
regllo de maior fluiCO térmico durante o vOo, permite 
um model&Mento simples e preciso quanto a determinação 
do e.eoa-nto aerodln&.mlco e do fluxo térmico . 
Portanto, para este ponto determinou-se, através do 
acopla..nto da convecçlo com a condução de calor, os 
nlvels de temperatura da parede, ao longo do tempo de 
vOo ascendente, considerando uma espessura de 12 mm de 
fibra de vidro com resina fenóllca . 

A temperatura da parede é obtIda através da 
anAlise de transferencla de calor por condução em 
coordenadas esféricas, considerando que a transferên
cia é unldlmenslonal (geometria simétrica axlalmente) 
e translente. Portanto a temperatura é da forma: 
T • T(r,t), logo: 

a a r 
p Cp --

a t 
(8) 

onde: r é a coordenada radial, k p, cp são 
respectivamente a condutividade térmica , a massa 
especifica e calor especifico do material da parede. 

Para a so 1 uçlo desta equaçlo dIferencIa 1 são 
necessArlas a condlçlo Inicial e as condições de 
contornos . A ~ondlçlo Inicial é dada por: 

onde: TI é 
lançamento. 

T(r,Ol TI (9) 

a temperatura do ar no Instante do 
As condições de contornos slo dadas por: 

a r 
( 10) 

- lt (ri, t) o 
a r 

onde: h é o coeficiente de convecçllo ·(2), Tr a 
temperatura de recuperaçllo ( 6) . a, c slo 
respectIvamente a absort I vi dade e em I ss I •i1 dade do 
ma ter I a 1 . v a constante de · Stefah-Bo 1 tzmann e C a 
radlaçlo solar Incidente. 

1t utilizada· a técnica numérlc~ de volumes de 
controle para a soluçlo deste problema. A técnica é 
apresentada por Patankar [8), e consiste em Integrar a 
equaçlo dlfer~lal em cada um doa volumes de 
controles existente na dlscretlzaçlo do problema. 

O coe fi c I ente de convecçlo ( 2 J ou o número de 
Stanton (3) slo funç6es tanto das propriedades 
SICternas i c-da ll111lte, quanto das propriedades do 
escoamento nlo perturbado pe 1 a onda de choque. As 
propriedades do escoamento nlo perturbado silo obtidas 
da atmosfera pacrlo, ref. [6), e as propriedades do 
escoamento eiCterno • camada 1 I mi te silo obtIdas 
utilizando a teoria de choque frontal, para o cAlculo 
das . propriedades após o choque [9], e escoamento 
lsoentróplco, desde o choque até a superffcle externa 
do veiculo. 
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A FIgura 8 apresenta, para o ponto 
estagnação, o fluxo de calor , ao longo do tempo. 
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Figura 8 . Fluxo de calor. 

de 

Da Fig. 8, podem ser obtidas duas informações . 
Primeiro, o fluxo térmico máximo ocorre, como 
esperado, em torno de 65 s, ou seja, entre Mach 3 e 4. 
Segundo, a coifa pode ser alijada em torno de 145 s de 
vOo, pois neste inst~nte tem-se, praticamente, o fluxo 
térml co de 1, 2 kW/m sobre o ponto de estagnação da 
ogiva principal do VLS. Após o alijamento da coifa, o 
Satélite estará exposto a radiação solar incidente. 

Finalmente, a Fig. 9 apresenta a temperaturas 
das superf f c I es externa e Interna, para o ponto de 
estagnação. 

A temperatura da superf 1c I e Interna é um pará
metro Importante para a especIficação da temperatura 
do ambiente Interno da ogiva . O Satélite estará 
alojado, durante o vOo, dentro da c <ifa, até a 
abertura da mesma, que deverá ser alijad< em torno de 
145 s, conforme Fig. 9. Verifica-se que ,pós 145 s de 
vOo, a temperatura da superffcie interna i inferior a 
60 •C . 

A temperatura da superflcíe ~xt~rna permite 
especificar a espessura e/ou mate.- i a 1 da parede, 
,r opore i onando temperatura i nte! ·na a< 'equada. A 
temperatura da superf f c i e externa máximo..~ é de 37 O •C, 
em torno de 65 s de vOo, coinc ; der,temente ao fluxo 
térmico máximo. 
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As referêncIas [ 1 O] e [ 11] apresentam em 
de ta 1 hes as f ormu 1 ações, respectivamente, do 
aquecimento cinético, sobre a ogiva principal do VLS, 
e da conduç~o de calor, para a determinação dos niveis 
de temperatura da parede . 

COt«:LUSÕES 

A teoria de aquecimento cinético de Van Drlest é 
ut I 11 zada para o cá 1 cu 1 o do f 1 uxo de c a 1 or sobre a 
ogiva principal do VLS, durante a fase de vôo 
ascendente até 150 s, considerando parede fria, com 
temperaturas de parede de 30 •C, 130 •C e 230 •C. 
Esta formulaç~o. parede fria , não permite o 
conhecI mente dos n i veIs reaIs de f 1 uxo térmico e das 
temperaturas das superf I c i es externa e interna, pois 
não leva em conta a espessura e o tipo de material a 
ser ut I 1 I zada na confecção de ta 1 ogiva. O 
acoplamento do aquecimento cinético com a condução de 
calor proporciona não só o conhecimento dos niveis de 
temperatura da parede, como também possibi llta 
especificar proteções térmicas que visem proteger, de 
elevadas temperaturas, os equipamentos eletrônlcos e 
as cargas úteis, alojadas no Interior dos veicules 
espaciais. 

Foi considerado a condução de calor, para o 
ponto de estagnaç~o, com 12 mm de espessura de fIbra 
de vidro com resina fenóllca. Os resultados obtidos, 
Indicam que o fluxo térmico máximo ocorre entre Mach 3 
e 4, como esperado, e que após 145 s de vôo 
ascendente, o fluxo térmico, no ponto de estagnação, é 
Inferior à constante solar podendo a coifa ser 
alijada. No final de 145 s a temperatura do ambiente 
interno, onde está alojado o SatélIte, é Inferior a 
60 •C, de forma a não comprometer o desempenho tanto 
do Saté I I te quanto dos equipamentos e I etrôn i c os 
colocados no seu interior. 
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ABSTRACT 

Accurate knowl edge of heat f 1 ux, due to aerodynami c 
heatlng, is very important for the structural deslgn 
and speciflcatlon of thermal protections for super5onlc 
and hyper5on i c v eh i c 1 es. Aerodynam i c heat i ng i 5 
originated from high velocity flows over a 50lid 
5urface. Several inve5tigation5 have already been made 
about th i 5 prob 1 em. Re5u 1 ts from the5e i nve5t i gat i on5 
indicate that Van Drie5t'5 theory predict5 accurately 
the heat flux. The pre5ent paper evaluates the 
aerodynamlc heating for the VLS fairing, where the 
payl oad i 5 I ocated and wh i eh must be therma 11 y 
protected . 
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INTEGRAL METHOD APPLIED TO THE CALCULATION OF' 
SEPARA TI ON POI NT AND BASE PRESSURE OF' I NCLI NED WEDGES 
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SUMMARY 

A method is presented based on the for~ulation proposed by 
J<.U.nebere and Kubota for prediction of the exhaust plume/ boundary layer 
i nterac t ions at supersonic speeds. ln this -work. the oriei.nal equat i.ons 
are adapted to calculate the flow over i.ncli.ned wedees. The pressure 
di.stri.buti.on over the body is obtai.ned, as well as the separati.on point 
and wedee base pressure. Co~putat ional resul ts are presented showi.ne 
some features of this type of flow. 
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oo f'reestream 
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INTRODUCTION 

A method is presented in this work 
which concerns a typical problem involving 
the strong interaction between an 
under -expanded r-ocket exhaust pl ume and the 
boundary layer f'low along the surf'ace of' a 
vehicle at supersonic speeds. As can be seen 
in Fig. 1, when a supersonic jet expands at 
the nozzle exit, it produces a rise in 
pressure that is partially comunicated 
upstream through the viscous layer. For a 
suf'f'iciently .. arge r-a-io of' the jet exit 
pressure Cpj) to th<c· undisturbed pressure 
C poo), separa ti on occ urs somewhere f'orward 
the base. The r-egion of separated f'low can 
be quite extensiva, particularly for laminar 
f'lows, and lhe stability and control of the 
vehicle may ~e se-iously affected. This type 
of f'low is a typical strong-interaction 
problem whe•·e thr~ location of' the separation 
point depends on the initial jet deflection, 
whi eh i n t Jrn depends on the extent of the 
regi on of' se~_,ar a ted f' 1 ow. Because of thi s 
complexity, a way to simplify the f'low 
anal ysi s i_; t he uti 1 i zati on of an integral 
or moment ."le'-hod, as dane previ ousl y by many 
authors ·n str-ong-interaction problems 
[1)[2). 

The vi scous 1 ayer at the edge of' the 
pl ume is di vi ded i nto two parts and the 
boundary-layer equations are integrated 
across each part and transf'ormed into an 
equivalent incompressible form. Similarity 
solutions are used to relate the profile 
quantities to a single parameter, which 
all ows the f 1 owf i el d to be compl etel y 
described in terms of six quantities. A 
system of' nonlinear ordinary differential 
equations with the appropriate boundary 
conditions determines their distribution. 

PLLIME 

R. 2. : RECI RCULA TI ON 20NE 

Fig.l: Rocket exhaust plume/boundary 
----- layer interaction 

To obtain the complete solution for the 
exhaust pl ume/boundar y 1 ayer i nter acti ons, 
the pl ume must be joi ned to the separated 
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flow region on t.he body, and t.o accomplish 
this mat.ching, cert.ain joining relat.ions 
must. be specified. As originally shown by 
Crocco and Lees [3], an int-egral formulation 
leads t.o t.he conclusion t.hat. near-wake flow 
is subcr i t.i cal and must. pass smoot.hl y 
t.hrough a crit.ical point. downst.ream t.he 
reversed flow region. The same t.ype of 
behavior is exhibit.ed by t.he pluma edge 
mixing region, which is similar t.6 an 
asymmet.ric wake, and the uniqueness of 
init.ial condit.ions f'or any problem is 
assured by t.he requeriment. f'or t.he correct. 
t.rajectory to pass t.hrough t.he crit.ical 
point.. An it.erat.ive procedure is t.hen 
required t.o j,:>in lhe lwo branches of' lhe 
solulion: one coming f'rom lhe body in 
downslream direct.ion, and lhe ot.her obt.ained 
inlegraling away f'rom lhe crilical poinl in 
eilher upslream and downslream direclions. 

In arder lo develop t.he f'ormulalion for 
th .. s lype of problem, a simpler 
l>o-dimensional model was chosen. The 
s, ·per soni c f' 1 ow ove r a wedge a l angl e of' 
a -lack represenls a si mi 1 ar probl em, where 
th> leeward flow simulales lhe external body 
~-1.__,...,, while t.he windward f'low expansion al 
~railing edge simulat.es lhe exhausl jet._ The 
wake behi nd t.he wedge is si mi 1 ar lo t.he 
pluma edge mi xi ng 1 ayer _ 

LAMINAR FLOW THEORY 

The Wedge flow_ To calculale lhe flow 
over lhe wedge i( is assumed lhal lhe 
boundary layer inleraclion upstream of the 
lrailing edge is equivalent lo lhe f'ree 
inleraclion t.hal occurs upslream of' a 
compression corner or f'orward facing slep. 
The analysis f'or lhe leeward separaling 
boundary layer f'low is t.herefore ident.ical 
wit.h lhe one described in [2). Assuming a 
1 oca li on f'or lhe begi ni ng of' lhe 
inleraclion, a depart.ure integral is 
obt.ained leaving t.he equilibrium solulion 
f'or undislurbed f'lal plale f'low loward 
separalion. Inlegralion of' lhe equalions 
proceeds smoolhly lhrough lhe separalion 
poinl lo lhe specif'ied location of' lhe 
lrailing edge, where inilial condilions f'or 
lhe wake flow compulalion are det.ermined. 

The Mixing Flow Region CWake)_ The sel 
of' equalions used in lhe solulion of' lhe 
wake f'low are essenlially lhe sarne as lhose 
der i ved by Kl i neber g and Kubola [ 4] . 

However, small dif'erences were delect.ed in 
some equations coef'f'icients, and lhe 
equations here oblained are: 

&:quati.ona for upper flov: 

dó~ 1 • d.lle1 • dLnH• .llei--- + 6'-1--- + C2.1l'•+1)Ói.i--- -
ds d..- d..-

{31H1-Uo) u. o (1) 

• 
J 1d6i.1 + 6~1dJ1 + 3J•ó~1dLnH• _ 

d..- d..- d..-

{3•À[ 1-CUo)z] u. 
(3zR1 
Re6• 

'1 

(2) 

...__ 



• 
F dôi.t + ... r,~~!. + 1 .,• dtnHt '"""""dS u • d 5 tu' t----as- + 

~. C3) 
ffii 

EquCll ione for lover flov: 

C4) 

• 
J dô i. t + .._'!'

1
dJ2 + 31 2.,'!'dLnHt 

2"""""dS v • ds 201 u, '----as- + 

There is an addi~ional parame~er ~ ~haL 

is no~ presen~ in ~he previous for mula~ion . 

Never Lhel ess, Lhe f 1 nal compu~ a Li on is 
1 i LLl e affecLed, si nce lhe val ue of Lhi s 
parame~er is always close lo ~he unity 
C~~). This parameLer is simply given by 

1/--/Ci C7) 

To solve Lhe sysLem of differenlial 
equaLions oblained from eqs 1-6 it.. is 
necessary to express Lhe derivaLives of Lhe 
profiles quan~iLies in Lerms of derivaLives 
of Lhe dependenL variables. In Lhis work one 
of Lhe derivaLives was found LO be differenL 
from former derivaLions . We obLain 

where 

and 

da'2 
ds-

dat + ....,
2

m dtnHt 
~2" ds ..... ----as-

C ~~~) - élat ~·caz:> " 

[ Uo ~Cru.) / Uo; C az) ] 

~2m:= C c)~!_) = 01 >< 
dtnHt C1 +mt) 

C8) 

CQ) 

C10) 

A difference exis~s be~ween relaLion 
C10) and ~he equivalenL in [4) . [)espi~e 

Lhis, no significanL discrepancies were 
observed in Lhe final compuLational resulls. 

Joining RelaLions . As said before , an 
assumptlon Is made tha~ Lhe boundary-layer 
inLeracLion upsLream of Lhe Lrailing edge is 
equivalenL LO Lhe free inLeracLion upsLream 
of a compression corner or a forward facing 
sLep. With Lhis procedure , lhe flow 
parameLers can be calculaLed at.. Lhe lrailing 
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edge, and Lhe i ni li al condi Li ons for Lhe 
wake can be delermined. 

There ar• e four i ni Li al val ues LO be 
fi xed: Ht ~ Ô'i.t, ru. and K . Ther ef o r e, f ou r 
joini ng conditions are nec essary lo 
deLe r mine t.. hen uni quel y . Thr ee j o i ni ng 
condiLions requir·e conLinui Ly of Lhe edge 
Mach number Ht, of Lhe veloc i ~y raLio of Lhe 
upper flow dividing s~reamline u•, and ~he 

boundar y 1 ayer mais f 1 ow m, whi e h is 
propor ~ i onal LO Htôt Zt . The 1 as L c ondi Li on 

Fig.2 : GeomeLric joining relaLion [4) 

is a geome~ric relaLion, and aL Lhis poinL a 
small modificati on is introduc ed t..o c onsider 
lhe base influence , which was not.. considered 
in [4) CFig. 2) . The fourt..h joining relation 
is: 

C6t+y2• -b)cosf:> = ôo C11) 

SYSfEM SOLUTI ON 

The soluLion of lhe system of equations 
ob~ained for Lhe flow over Lhe wedge and 
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Fig . 3: FLOW OVER A FLAT PLATE 
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Pressure DisLribuLion along Lhe 
Streamline Direct..ion ~ 



wake flow follows the sarne procedure used 
for the calculation of the flow over a flat 
plate at angle of attaclc [4]. For checlcing 
the computar program developed for this 
worlc, results for these cases were 
successfuly reproduced CFig. 3 and 4). 
Unfortunately, no experimental data were 
available for lhe wedge flows calculated 
here. The only experimental result obtained 
covers a situation were the assumptions made 
are no 1 onger vali d . However, these data 
provi de some i nformati on about the 
qualitativa behavior of wedge flows. 

. 11::5.46 
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Visualisation 

The calculation program used was 
developed on a PC-XT computer using the 
Borland's Turbo Pascal Compilar Version 5.5. 

RESULTS 

Fig . 5 shows the pressure distribution 
over an lnclined wedge and its wake . The 
pressure plateau observed after flow 
separation at the leeward side is consistent 
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with previous experimental results, where 
the plateau pressure was measured to be 
virtually the sarne as lhe base pressure [5]. 
A small pressure overshoot is initially 
observed in lhe wake at certain dislance 
downslream of the base, which is followed by 
a gradual decay to lhe freestream 
condilions . The present model does not 
predict this wake pressure decay since lhe 
second family of characteristics is not 
considered in lhe calculation of lhe edge 
inviscid flow. 

Experimental data for thick wedges [5], 
obtai ned for Reynolds numbers rangi ng from 
14000 to 55000 and laminar flow, show that 
lhe pressure overshoot.. i ncreases wi th lhe 
angle of atlack. It was also observed that 
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the pressure overshoot. The Reynolds number 
effect is much small er than that of the 
angl e of a t ta c k . Thi s t ype of beha vi or is 
partially shown in Fig.6, where the flow 
over a 5 degree wedg~s calculated . The 
Reynolds number influence has an inverse 
behavior in this case, but other 
computational results not presented here for 
higher wedge angles and Mach numbers confirm 
the tendency ·s'hown in [ 61 . The pressure 
overshoot can be explained by the difference 
between the compression strength of the flow 
i n the 1 eewar d and wi ndwar d si des, whi eh 
causes an upwash di rectl y behi nd the 
trailing edge . The separation point and base 
pressure ratio variations are also shown is 
thi s figure. 

Finally, in Fig . ? is presented an 
approximated visuallsation of the flow over 
an inclined wedge . The separation point and 
wake stagnation section are shown. The edges 
of the boundary and mixing layers are also 
outlined. 

CONCLUSIONS 

The integral method applied to the 
calculation of separation point and base 
f 1 ow o ver wedges showed r easonabl e 
qual i ta tive resul ts, al though no speci fi c 
experimental data were available for 
comparison. The merit of this formulation is 
the rela tive si mpl i c i t y i n the anal ysi s of 
this type of inviscid-viscous 
strong-interaction flow. The equations can 
be adapted to calculate the axisymmetric 
case, and turbulent flow can also be 
included with some modifications in the 
formul ati on . 

The model must i ncl ude the method of 
characteristics to calculate the i~viscid 

flow field if it is intended to calculate an 
a x isymmetric flow. For the two-dimensional 
case, the simple Prandtl-Meyer r·elation is 
s ufficient to determine the inviscid edge 
vel oci ti es. 
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MODELAGEM DA EQUAÇÃO DE TRANSPORTE EM ESCOAMENTOS TURBULENTOS 

PARA A VARIÂNCIA GA FLUTUAÇÃO DE TEMPERATURA 
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RESUMO 

O presente artigo tem como objetivo a modelagem da equação relativa a variância 
da flutuação de temperatura em escoamentos turbulentos , dentro da hipÓtese de grandes 
valores do nÚmero de Reynolds e Peclet. Apresenta-se uma análise da sensibilidade do 
fator R utilizado para obter a taxa de dissipação da flutuação de temperatura . O mode 
lo é testado sobre dois tipos de configuração: escoamento atrás de grelha e jato axi= 
simétrico de ar aquecido . 

INTRODUÇÃO 

A predição do campo de temperatura e de suas ca
racteristicas flutuantes é importante para numerosas 
instalaçÕes industriais e em part icular para os reata
res nucleares. As zonas de mistura entre escoamentos de 
temperatura muito dife rentes dão lugar a fortes gradien 
tes de temperatura e de flutuaçÕes, se o escoamento ê 
turbulento. É o caso na salda de um reator nuclear ou 
em algumas regiÕes, onde o escoamento apresenta tempera 
turas diferentes do meio em questão . Tais flutuações de 
temperatura solicitam as estruturas e podem criar uma 
fadiga térmica dos materiais. Logo, é importante conhe
cer tais flutuaçÕes térmicas na origem desse fenômeno. 

A fim de de terminar as flutuaçÕes de temperatura, 
construiu- se um modelo baseado na equa~ão diferencial 
exata de transporte para essas flutuaçoes . Para a mode
lagem dessa equação, a hipÓtese de grandes valores do 
nÚmero de Reynolds e Pecl et é utilizada: os efeitos mo
leculares são desprezados em relação aos efeitos de 
inércia. Dois termos devem ser modelados: termo de difu 
são devido à convecção turbulenta e o termo de dissipa= 
ção. Nesse mode lo a relação (R) entre os tempos de de
caimento das turbulências mecânica e térmica é emprega
do para obter a taxa de dissipação da flutuação de t em
peratura . 

O modelo é validado inicialmente sobre uma conf.i
guração que corresponde a um escoamento atrás de uma 
grelha . Os resultados do cálculo são comparados com as 
medidas de [ 5] e [ 9 ] . Apresenta-se também uma análise 
da sensibilidade do fator R sobre as flutuações de tem
peratura, para o caso de lill jato axi-simétrico turbulen 
to de ar aquecido. Os resultados são compa rados com as 
medidas fornecidas em [ 10] . 

EQUAÇÕES DE TRANSPORTE DAS GRANDEZAS MÉDIAS 

HipÓteses. O fluido é considerado incompressive l 
e newtoniano. As propriedades fisicas viscosidade, con
dutividade térmica e calor especifico são consideradas 
constantes. Quanto à densidade prevê-se sua dependência 
da temperatura a partir do desenvolvimento de primeira 
ordem: 

p(T) P(To) + ap (T-To) 
aT 

(1) 

As variaçÕes da densidade são levadas em conta SÓ 
mente no termo de forças de volume da equação de quantT 
dade de movimento . O conjunto dessas hipÓteses consti= 
tui a aproximação de Boussinesq. 

Para o tratamento do escoamento turbulento 
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utiliza-se a decomposição de Reynolds, gue iguala as v~ 
riáveis aleatÓrias à soma de um valor medio e um valor 
flutuante em tomo dessa média: 

4> = ~ + <P' (2) 

Essa decomposição é aplicada para as variáveis velocida 
de, pressão e temperatura nas equaçÕes locais instantâ= 
neas . Obtêm-se assim as seguintes equaçÕes de conserva
ção para as grandezas médias. 

au. 
l 

-- + 
at 

Conservação da massa: 

ax. 
l 

o 

Conservação da quantidade de movimento : 

ax. 
,1 

(UjUi) 

-g.BT 
l 

ap* 
--- + 

ax. 
l 

au. 
(v --1 uiu} 

ax. ax. 
J J 

(3) 

+ 

(4) 

onde: P* g d4 ( ST0 
+ 1) e M e o ponto corrente do 

pO 

aT 
- + 
at 

dominio estudado. 

Conservação de Energia: 

ax. 
l 

(U.T) 
l ax. 

l 

(5) 

Esse sistema de equações apresenta duas novas in
cÓgnitas, que são os momentos de segunda ordem, o ten
sor de Reynolds (u. u.) e o fluxo de calor turbulento 
(-) l J uie . 

MODELO DE TURBULÊNCIA 

Hidrodinâmica. Para a determinação do 
Reynolds, utiliza-se a hipÓtese da 

tensor de 
viscosidade 



turbulenta (vt) . 

- u.u. 
l J 

v D- ~ k 
t 3 

ô .. 
lJ 

(6) 

onde D é o tensor de deformação. A viscosidade turbulen 
ta é determinada a partir do modelo k-E : 

"t c 
IJ. 

k
2 

, onde CIJ. 0.09 (7) 

As equaçÕes para k (energia cinética de turbulên
cia e E (taxa de disspação da energia cinética de turbu 
lência) podem ser encontradas em [1]. -

Térmica . O fluxo de calor turbulento é determina
do utilizando-se a hipÓtese de uma difusividade térmica 
turbulenta (at): 

ui a 
aT "t 

- at -- , onde at = -
axi Prt 

(8) 

A difusividade térmica turbulenta fica determinada com 
a escolha de ur, número de Prandtl turbul ento constan
te . Geralmente Prt=0 .9 é empregado. 

Equação da flutuação de temperatura: 

A equação para a variância da flutuação de tempe
ratura é obtida a partir da equação da energia, com a 
decomposição de Reynolds, pela diferença entre as for
mas instantânea e média: 

De2 a ae2 --2 - aT ae-a8 (9) 
-=-(a-- u .e ) - 2u.e -- 2a- -

J J ax. Dt axj ax j ax j axj 
J 

-1- -2- -3- -Pe- - E e-

Significado fÍsico dos termos: 

-1- Termo transiente e convectivo do çampo de veloci
dade média 

- 2-
- 3-
- Pe-
- Ee-

Difusão molecular 
Difusão devida à convecção turbulenta 
Produção pelo gradiente de temperatura média 
Dissipação das flutuaçÕes de temperatura 

Como a hipÓtese de grandes valores de nÚmeros de 
Reynolds é utilizado, o termo de difusão mol ecular pode 
s~r desprezado (2]. O termo de difusão devida a convec
çao turbulenta e modelado a partir da lei do tipo pri
meiro gradiente: 

u .e2 

J 

c . k2 a e2 
a -

E a xj 

Os valores de C e empregados sao: 

AUTORES 

Spal ding [ 3 ] 
Lemos [4] 

c a 
0 .13 
0 .10 

Com as hipÓteses ac i ma, a equação para a 
cia da flutuação de temperatura se reduz a : 

De2 a k2 a 2 -
-=- (C

8
- - ) - 2u.a 

Dt ax. E ax . J 
J J 

a T 

axj 
E e 

(10) 

varian-

(11) 
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O termo de dissipação e geralmente modelado a par
tir da relação entre o tempo de decaimento da turbulên
cia térmica e o tempo de decaimento da turbulência hidro 
dinâmica . Por definição essa re l ação se exprime por: 

R 
'e e' 

(12) 
T 2Ee k 

Vários autores trabalham na determinação do fator 
R a partir de experiências de gre lha. Em [5] encontra-se 
uma revisão das medidas existentes para uma turbulência 
de grelha aquecida, e alguns valores medidos pelos pro
prios autores . Eles mostram que os valores de R podem va 
riar de 0.4 a 1.6 para os casos estudados. -

Nos trabalhos de modelagem da equação da flutuação 
de temperatura, a fim de determinar a taxa de dissipa
ção, encontra-se os seguintes valores utilizados para R: 

Ljuboja & Rodi [6] util izam R=0 .8 para calcular um ja
to turbulento sobre uma parede . 
Pimont [7) trabalha com R=0.5 para o cálculo de um es
coamento de sÓdio liquido dentro de um tubo aquecido 
com fluxo de calor constante . 

TRATAMENTO NUMÉRICO 

_o método dos volumes_finitos e empre~ado_na disc~ 
tizaçao espacial . As equaçoes de conservaçao sao integra 
das sobre um vol une de controle, depois o teorema de 
Gauss é utilizado para a transformação das integrais de 
volume em integrais de superfÍcie . Todas as grandezas es 
cal ares são tratadas no centro dos volumes, as grandezaS" 
vetoriais são localizadas no centro das faces do volume, 
essa escolha constitui a abordagem da malha entrelaçada. 
As equações são discretizadas no tempo na forma semi- im
pÜci ta. Esse método é derivado do método SOLA desenvol
vido por HIRT, NICHOLS e ROMERO [8). 

RESULTADOS E Ccw:NTÁRIOS 

_O modelo desenvol vido e utilizado para três confi
guraçoes : 
a) escoamento de ar isotérmico atrás de uma grelha; 
b) escoamento de ar atrás de uma grelha com gradiente de 

temperatura; 
c) jato axi-simétrico turbulento de ar. 

A primeira configuração, utiliza uma grelha com 
passo B=2,54 cm col ocada no interior de um túnel de ven
to verti cal. A secção de teste tem um comprimento de 
167B e uma área de 16Bxl6B. A velocidade média do ar é 
de 6 1 5 m/ s. O nÚmero de Reynolds base?-do no passo da >;;~ 
lha e 10 .000. A porosidade da grelha e 0,66, constituída 
de barras quadradas de 0,476 x 0,476 cm . Entre as vári as 
medidas apresentadas em (5], dois casos são utilizados 
para comparação com o modelo. O primei ro caso com uma 
média do ar de 300 K e o segundo com uma temperatura de 
308 K. 

Essa configuração permitiu validar o modelo para 
uma situação isotérmica (temperatura média constante).Os 
resultados dos cálculos são comparados com as medidas de 
flutuação de temperatura na figural. A ausência de gra
diente de temperatura, permite validar o model o para o 
caso onde somente os termos de transporte e dissipação 
são considerados na equação (ll) da variância de flutua
ção de temperatura. Os valores do fator R utilizados no 
modelo são fornecidos pelas medidas experimentais. 

Para a segunda configuração (b), Siri vat & ·Warhaft 
[ 9) util izaram a mesma geometria da experiência ante
rior. Para efeito de comparação entre o cálcul o e as me
didas, foi selecionado o ensaio com velocidade do ar de 
3,4 m/s (nÚmero de Reynolds de 5200) e gradiente de 
temperatura de 8 ,1 ° C/m . 
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Fig. 1 . Compara~ão entre cálcul o e medidas da evolução 
da vari cmcia de flutuação de temperatura. Gre
lha isotérmica. 

A figura 2 mostra os rcsul tados obt .idos com a 
equaçao ( 11 ) , utilizando o f ator R=0,8 e o nÚmero de 
Prandtl t urbul ento P~t=0, 35 , ob tidos ex12e rimentalmente 
para essa configuraçao [ C) ]. Nessa experienc i a todos os 
te rmos da equação (J l) da flutuação de temperatura, con 
vecção, difusão, dissipação e produção devido ao gradi-::
ente de tempe ratur a são importan tC>s . 

4 .00 

3 .50 - MODELO lt • 0,8 

3.00 

n 2 .50 

"'f: 
.. 2 .00 
,2 

, .. ~ 1.110 

1.00 

0 .50 

+ MEDIDAS 

Z/8 
o.oo+--,---r--.--.--,--,,--r--.--.--.--.,-~ 

40 50 80 70 80 110 100 I lO 120 lliO l.ftl 180 180 

Fig . 2 Comparação entre cálculo e medidas da flutuação 
de temperatura . Grelha com gradiente térmico . 

A f i gura 3 i lustra a terce ira configuração estuda 
d~, jato axi -s~métrioo turbul ento de ar. E~sa configur~ 
çao e consti t uida por um jato anul ar de di ametro interno 

Fig . .3 Jato axi-simPt t'i co Ltwbu l<'nLo de ar . Dominio de 
ci11ru lo . 
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d=l8,3mm e diâmetro externo D=25,3mm . O jato sai do con
duto anular com uma vazão de 15 m3 / h (núnero de 
ReynoldS=8 .200). O conduto é ligeiramente aquecido atra
vés de resistências elétricas, a fim de aquecer o jato. 
A diferença máxima de temperatura entre o jato e o ambi
ente é de 22K . esta experiência, relatada em [10], fome 
ce medidas de perfil de velocidade, temperatura e flutuã 
çÕes de temperatura em várias secçÕes transversais. -

O dominio de cálculo é situado entre uma distância 
de Z/0=4 15 e Z/~12 . A largura do dominio é de L/D=7, 9 . 
Esse domínio esta mostrado na figura 3. 

0."' resultados mostrados nas figuras 4 e 5 são refe 
rentes às comparações entre cálcul o e medidas dos perfis 
de fl utuação de temperatura, em duas secções Z/D=S e 
Z/D=ll respectivamente . Nessas figuras mostra-se a influ 
ência do fator R sobre o nive l de flutuação de temperatu 
ra. Nota-se que a medida que os val ores de R aumentam~ 
mais os valores calcul ados se di stanciam dos valores me
didos para a flutuação de temperatura. Os valores de 8' 
aumentam quando R aumenta, pois R é i nversamente propor 
cional à taxa de disêip~ão da flutuação de temperatura . 
Para essa configuraçao nao existem valores de R medidos 
para comparação com os val ores utilizados no cálculo. Os 
resul tados do modelo utilizado mostram que o valor de 
R=0, 3 fornece um acordo satisfatÓrio com as medidas de 
f lut uação de temperatura. 

Fig . 4 

~ 
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0 .075 rl•l 

Comparação entre cálculo e medi das para o per
fil de f l utuação de temperatura e influência do 
fator R. 
Jato axi-simétrico t urbulent o de ar (Z/D=S) . 

0 .1100 

-·-- ".O, I 
- ·- 11• 0,11 

O. li - "" o,lJ + •o~DM 
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::: 

Fig . 5 Comparação entr~ cálculo e medidas para o pe r
f il de flutuação de temperatura e influência do 
f a tor R . 
Jato axi - s i mt'tri co turbulento de ar (Z/ D=ll ) . 

Os va.l ores das condiçÕes 1 i mi. tes empregadas, as 
ma lhas utilizadas, bem como uma comparação com outros 
pe rfis para velocidade, temper aturas e diversas grande
zas turbul entas são fornecidos em detalhes em [ 11]. 

CONCUISÕES 

Os r'C'sul t:ados apresC'ntados pPnn i lem li r ar· as 



conclusões seguintes: 
O bom acordo entre os cálculos e as medidas, para 

a flutuação de temperatura, obtidos com esse modelo de
pende essencialmente dos valores utilizados para o fa
tor R. 

No caso de jato de ar turbulento, o valor de R ob 
tido numericamente (0,3) não foi ainda verificado expe~ 
rimentalmente. 

Nas duas configurações de grelha estudadas, os va 
lores de R utilizados são fornecidos pelas experiên~ 
cias. O emprego desses valores no modelo fornecem un 
bom resul tacto, validando assim o modelo para aplicaçÕes 
em turbulência de grelha isotérmica e com gradiente de 
temperatura. 
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ABSTRACT 

A model for the variance temperature fluctuation 
equation is presented for turbulent flows with Reynolds 
and Peclet numbers ranging from 5000 to 10000. 

The dissipation rate of temperature fluctuation 
is obtained by using the ratio of time scales of 
turbulent temperature and velocity fields (factor R). 

The model is tested against experimental data 
from turbulent flaw below a grid. A sensibility 
analysis of the factor R is performed for fairly hot 
axismrnetrical ai r jets. 
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RESUMO 
Equações são desenvoLvidas com base em modeLos f{sic os (ou conceituais) que cons i 

deram o movimento de um turb iLhão no meio L{quido.Obteve-se uma formuLação para a trans
ferência de grandezas f{sicas em escoamentos turbuLentos que reproduz resuLtados observ~ 
dos experimentaLmente . As equaçÕes são apresentadas na forma de um conjunto de duas equ~ 
çÕes diferenciais , sendo que o desenvo Lvimento das mesmas segue os padrÕes usua Lmente en 
centrados em abordagens termodinâmicas de processos f{sicos. 

INTRODUÇÃO 

A quantificação da transferência de grandezas fi 
sicas em escoamentos turbulentos, como massa, calor, ou 
quantidade de movimento (grandezas comumente estudadas 
em fenÔmenos de t r ansporte) segue, usualmente, procedi
mentos de análise dimensional nos quais algumas grande
zas convenientemente definidas (coeficientes de trans:~ 

rência, escala de velocidade , escalas geométricas) sao 
agrupadas em nÚmeros adimensionais que são poster iorme~ 
te relacionados entre si. Es ta forma de análise produz 
excelentes resul tados , os quais são utilizados nas mais 
diferentes aplicaçÕes. 

Surgem, contudo , diferentes análises para difere~ 
tes experimentos (por exemplo, formas distintas de ge
rar turbulência podem ser utilizadas) e percebe-se que 
a mera correl ação entre adimensionais não produz neces
sariamente um aprofundamento do conhecimento fisico dos 
processos de troca em mei os turbulentos. Não se possui, 
ainda, um Único equacionamento básico que possa ser a
plicad; às diferentes condi çÕes experimentais e que for 
neça informaçÕes acerca da transferência de massa, ca
l or e quantidade de movimento em meios turbul entos. 

O presente artigo apresenta uma primeira proposta 
de formul ação que visa reun i r as informaçÕes menciona
das acima. A análise, apresentada em deta l hes, conduz a 
um conjunto de equaçÕes que resume algumas observaçÕes 
sobre troca de grandezas fÍ: s icas encontradas na litera
tura, A transferência de massa é inicialmente abordada 
(dissolução de sÓlido) , sendo posteriormente associada 
à transferência de ca l or . Utiliza-se um modelo concei
tua! de escoamento em tubo (ligado ,à troca de quantida-
de de movimento) que leva a relaçÕes que envolvem os 
três mecanismos de troca. A análise segue aquelas de 
Schulz ( 1985, 1989 , 1990a, 1990b) nas quais a dissipa
ção de energia foi considerado o parâmetro fluidodinâmi 
co fun damental. 

DESENVOLVIMENTOS ANALÍTICOS 

ConsideraçÕes Gerais. As expressoes que quantifi
cavam a transferência de grandezas fisicas em escoamen
tos turbulentos utilizam, usualmente, uma forma do nÚm~ 
ro de Reyno lds convenientemente definida e dois ou mais 
adimensionais assoc iados à g randez a fis ica propr iamente 
dita. Observa- se que situaçÕes geométricas semelhantes 
conduzem também a expressÕes adimensionais s eme lhantes , 
o que sugere o uso de anal og ias entre processos de tro-

ca para determinar um parâmetro desconhecido ou cuja me
dida seja dificil. Analogias como as de Reynolds,von Kar 
man e de Prandtl-Taylor podem ser encontradas na litera
tura (ver Arpaci & Larsen (1984 ) , por exemp l o) sendo seu 
uso bastante generali zado . 
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O fato de as expressÕes menc ionadas estarem vincu
ladas a geometrias consideradas estabelecidas "a priori" 
(placa plana, esfera, tubo) limita a sua aplicação e le
vanta a questão da possibilidade de haver um equaciona
mento mais geral , no qual as condiçÕes geométricas nao 
são re levantes para a análise dos fenÔmenos de transfe
rência . Uma análise neste sentido é apresentada a segui~ 
na qual sugere-se que as informaçÕes acerca da geometria 
se'jam inseridas apenas apÓs o desenvolvimento das equa

çoes . 
Análise da Dissolução de um SÓlido SolÚvel . Parte

- se de um caso de transporte de massa no qual não são de 
finidos nem a direção preferencial do e scoamento turbu
lento nem a f orma geométrica do volume que contém o flu~ 
do escoando. Considera-se o processo de dissolução unid~ 
mensional de um sÓlido , sugerido por Schulz & Giorgetti 
(1987). Neste caso tem- se: 

dh/dt 

M/Mo 

-v 

1 - vt/ho 

( 1 ) 

(2) 

h e M sao a espessura e a massa instantâneas do ,s~ 
lido, sendo ho e Mo as espessura e mass a iniciais, v e o 
parâmetro que descreve a dissolução do sÓlido, denomina
do de vel ocidade de desgaste (v é uma forma de exp r1m1r 
a velocidade da reação de dissolução), t é a variáve l te~ 
po.A figura 1 mostra o processo de dissolução cons iderado. 

TURBILHÕES 

ESQUEMA DO SOLIDO . 
DISSOLVIDO 

~ rho 
IEOLID~ SOLÚVEL 

IMPERMEABILI ZANTE 

FIGUftA I OISSOLUÇA"O lMIOIMENSIONAL OE UM SÓLIDO, OBTIDA 

A PARTIR D€ IMPERMEABILIZAÇÃO DE ALGUMAS 

SUPERFÍCIES DO SÓ..IDO SOLÚVEL 



Não havendo l imites geomé t ri cos estabelec i dos , nao 
e pos sivel def inir escalas de velocidades a partir des-
ses lim i tes. Trabalhou-se , então, com os elementos de 
fluid o que apresentam movimentos relativos e ntre si e 
que atuam no processo de dissolução . Considerou- se um 
turbilhão de v olume~ e es tabeleceu- se uma primeira re
lação entre este volume e g randezas mensurávei s ex tern~ 
mente a todo o sistema . Estudos anteriores na área de 
absorção de gases por liquidas (Schu l z (1985 ,1989,1990a» 
que s e basearam nos de senvol vimentos de Corrsin (1964) 
para misturadores isotrÓpicos , most raram que a potência 
consumida por unidade de volume pode ser cons iderada um 
parâmetro fundam ental na quantificação da t axa de abso~ 
ção do gás . Est e parâmetro foi u tilizado juntamente com 
o volume do turbi l hão na forma: 

ú u • ~ (3) 

dÚ = {,d 'V + 'V d{, ( 4 ) 

Ü e a potênc ia total d iss ipada no turbi l hão . 
O problema fundamental e r e l aci onar o parâme tro 

que qua ntifica a dissolução do sÓlido v, com as grand~ 
zas ~ e 'V. Sugeriu- se que é possi vel estabelecer 
função do tipo 

6' = 6' (v, u, 'V) 

uma 

(5) 

que relac i ona de forma conveniente as variave i s 
em questão . A função~· não possui, evident emente, senti 
do fi sico estabe l ecido. Como introdução a o equacioname~ 

to seguido , arbitrou- se a forma 

d~' ( a v B ) u d 'V + ( y y"i ) 'V d~ (6) 

As razoes que levaram a este arb i tr i.o fo ram: 
- A expressão 6 é s uf ic i enteme nte prÓx i ma de ou

ra com sign ifi ca~o fis ico claro {equação 4). 
- A exp r e ssão 6 per mite, atra vés de variaç~ es nas 

cons tan tes a, B, y e ó, arbitrar dife ren tes pesos par a 
c ada parcela e diferentes influências da veloc idade de 
desgas t e nessas p arcel as . 

Evidentemente outras fo rmas para~· podem ser s u
geridas . 

Si mp l ificaç~e s algébricas conduzem r apidamente a : 

d~ = ( 1 VB) ~ d'V + v ó 'V dÜ (7) 

Onde d~ = d~/y e T = a/y 

Dav ies (1972) rel ata resultados de diferentes fo~ 

tes e aprese nt a um des envo l v imento adimensiona l no qual 
se admite que a escala de turbilh~es importante pa ra a 
descr ição do fen~me no deve ser da ordem de g randez a do 
sÓl ido em d issolução . Poste riormente , a par t ir dos re
sultados expe rimen tais , ver i fica que a di ssol ução inde
pend e da d imensão do sÓ lido . Es ta observação é aqui i n
troduzida considerando uma relação bi-uni voca entre u e 
v. 

V=V(U) e u ~ (v) 

d~ = (dÜ/dv) dv (8) 

Unindo 7 e 8 tem- se 

dd = (1 v
8

) ~ d'V + } 'V (du/dv) dv (9) 

A variável~ . s em significado f is ico estabel ec id~ 
represen ta um problema na a nálise objetiva do fenÔm eno . 
Para transpor esta difi cu l dade efe tuou-se a aná lise da 
deri vada s egunda da expressão 9, obtendo : 
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[ a~/ a'V] 
v 

1v8ü, [ a~;av ] = v&v(dÜ/ dv) 
'V 

[ a' ~;ava'V] Ü1Bv
8
-' + T v 8 (a~;av) 

ó • 
[ a'~;arvav] = v (a u/av) 

As var iavei s colocadas e m indice sao mantidas cons 
t a ntes na o peraçã o i ndi cada entre colc hete. I gualando as 
duas derivadas segundas e l embrando que Ü = Ü(v), tem-s~ 
apÓs algumas manipul aç~ es: 

dü; ü 
B-t ó B 

( [ TBv ] / [ v -Tv ] Jdv ( l O) 

A expressao 10 nao produz uma r elação u ti lizáve l 
e ntre u e v , uma vez que trê s constantes , remanescentes 
da e xp r essão ini cial arbitrada , são desconhecidas . Proc!:! 
r ou-se, então , dim inuir o numero de g r aus de l i berdade 
at r avés de consideraç~es fi sicas acerca do esc oamento de 
um t urbilhão no me i o liquido . Admitiu-s e, neste es tágio 
do desenvo lvimento, que a o r dem de grandeza do turbilhão 
seja tal que c ontenha a mai or parte do espectr o de ener
gia correspondente ãs e scalas de di ssipação. Desta for
ma , ao h aver um deslocamento des te turbilhão no me io l i
quido , há tam bi,m uma dissipação de energ ia em seu inte 
rior , a qua l foi equaci onada , de forma aprox imada , a p~ 
tir de uma a na l ogi a com escoamento em tubos. Ao longo do 
tempo em que um turbi lh~o se des l oca sem perde r a s ua i~ 

dividuali dade , pode- se estab e lecer um per:fil de velocid~ 
de que evolui em s eu in ter i or a par tir das frontei ras do 
me s mo. Essas front e iras sao e ntendidas como 
de velocidade nul a que separam movimentos em 
opos tas. Portanto durante um cer to intervalo 

superfi ci es 
d ireçces 

de tempo e 
poss ivel e ntender o movimento t urbilhonar como o movim en 
to no inter i or de um "tubo" cuja area varia. Frisa-se 
que e ste e um model o flsi co a proximado . O esquema da Fi
g ura 2 e lucida a analog ia. 

SITUAÇÃO CONSDEIIA~ 

MOVIMENTO DO TURBILHÃO 

FIGURA 2 : HIPÓTESE DO ESCOAMENTO EM TUBO DO TURBILHÃo 

COM PAREDES DO"TUSO" CORRESPONDENDO ÀS 

SUPERFÍCIES OE VELOCIDADE NULA 

Util izando a f~rmula de Darcy-Weisbach para e scoa
mentos em tubos, t em- se : 

dhp = :f\f dL /2gD dÚ ~ og Q dhp 

hp é a perda de carga ( m) , :fé o fator de at r ito , 
L e o comprimento do tubo ( m) e D é o seu di âmetro ( m), 
V e n velocidnde na seção (m/ s ) Q é a vaz ã o escoando 
(rn3 / s) p é a massa especi :fi co do liquido (kg/m3

) , g é 
a aceler açi.o da gra vida de (m/ s2

) e Ü é a potência dissi 
pada (W) . 

Para o turb ilhão pod e- se fa zer: 

Ú = JdÜ = f(pgV3 f A dL )/ (2gD ) = (of/ 2)!'\T(v'/D)d 'V 
( 11 ) 

d'V = AdL, ond e A e a á r ea da seção conside rada. 

Nes ta pr i meira a nálise considerou- s e a ag itação 



turbulenta s ufi cientemente intensa para que f seja cons
t ante . O diâmetro D do turbi l hão não é conhecido , mas re 
l aci onou-se este diâmetro com o vol ume 'V na forma: 

D a "V •I' ou seja 

A uniao de 11 e 12 produz: 

ú ( x; 'V • I• l f v' d 'V 
'V 

D ( 12) 

(13) 

w e X sao constante s (X envolve a massa especifi
ca do llqu ido .Desta fo rma, a rigor , X é consta nte em se 
mantand o constan te a tempe r atura). 

Obtém- se Ü di v i_ç!Jndo 13 pelo volume 'V . Extraindo 
o logar itmo da expres são resultante , diferenc i a ndo- a, e 
mul tipli c ando-a por Ú = Ü.V tem-se: 

ú d { t n [ !'V v' d 'V ] l ( 4 I 3 l u d 'V + 'V dÜ (14a) 

Ou 

d'l! ú d { t n [!'V v' d 'V] l 

(413) ú d'V +'V dÚ 

(14b) 

(14c) 

As expressoes 14 estão relaci onadas com a dissipa
çao de energia que ocorre e m um turb ilhão e são "seme
l hantes" à equação 9. Para que esta Última "englobe" a 
i nformaçã o gerada com as equaçÕes 14, sem perder os pe
sos rela tivos das parcelas que aparecem na expressão 14c, 
é preci so que os expoentes da velocidade de desgaste v 
sejam os mesmos (B=ô) e que t = 4/3. Ass im : 

d ç6 = ( 4 I 3 l v
6 

u d 'V + v
6 

'V d ü ( 15) 

8 
Evide ntemente di 

ç ao d(iÍ é definida por 
v d 'li • Na expressao 14b a fun-

di = } Ú d { tn [ f'V v' d 'V]) 

Verifica- se que todas as grandezas 
de fi nição 16 têm senti do fisico cl aro. A 
portanto , perm i tiu r e l acionar a f unção i 

( 16) 

envolvidas na 
análi.se fe ita , 
com pa ;âme t ros 

conhecidos e diminui u sensive lmente os graus de liberda 
de ex i stentes na equação original. 

Com os graus de liberdade ini ciais até o momento 

j a aval iados é possivel simp li ficar a expressao 10 e i~
tegrá- la. Tem- se , então: 

u 
-•8 

a .v e ( 17 e 18) 

a e b sao constan t es de integração. B e o uni r:_, p~ 
râmErtro i nicialmente arbitrado que .w ermanece sem avali a
ção numéri ca . Conc lui-se, contudo, que a vel oci dade de 
de sgaste (velocidade de reação) pode ser expressa como 
uma potênc ia da taxa de dissipação d~ energia , indepen
dente do valor de B. 

Unificação das InformaçÕes Acerca de Trans ferência 
As expres sÕes 1 e 2 foram desenvolvidas considerando a 
evol uç ão da fase sÓlida no processo de dissolução . Se a 
fase liqui da for cons iderada , pode-se utiliza r a expres 
sao usua l de transferência, na f orma: 

( 19) 

M e a descarga de massa-~e entra no mei o liquido , 
Ac e a área de contato entf; sÓlido e liquido , C é a co~ 
cent ração de sÓl ido di sso lvido no mei o liquido , se nd o Cs 
a sua concentração de saturação. Km é o coefi ciente de 
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transferênc i a de massa . 
A expressão 2, quando rearranjada para exprimir a 

descarga de massa produz: 

M = v .Ac.pm (20) 

pm e a massa especifica do sÓlido . 
Em processos de dissolução nos quais o volume de 

agua é grande em relação à massa a ser dissolvida, pod~ 
- se admiti r C constante e igual a zero. Desta forma, de 
19 e 20 obt ém- se: 

viKm = CsiPm ( 21) 

Como nem Cs e nem pm dependem da agitação no meio 
(dependem apenas da temperatura de trabalho) , pode-se dl 
zer que, mantida a temperatura constante, v é sempre prE 
porc i onal a Km , Proporcionalidades similares podem ser 
obtidas entre os coeficientes de transferência de massa 
(Km) e de calor (Kc) em geometri as semelhantes. Pbr e
xemplo, para escoamentos e m camadas limites laminares, 
tem-se: 

•1, •I• 
Nu = 0 , 664 ReL Pr e 

.;, •h 
Sh = 0,664 Re Se 

L (22) 

Nu, Pr, Sh, Se e ReL são, respectivamente, os nÚ
meros de Nusselt , Prandt l, Sherwood, Schmidt e Reynolds, 
este Último a ssociado à d imensão L do escoamento. A prl 
meira equação está relacionada com o transporte de ca
l or enquanto a segunda está relacionada com o transpor
t e de massa. Percebe-se , dada a semelhança das expres
soes, que Km a Kc para transferências ocorrendo em um 
mesmo meio , sob as mesmas cond i çÕes de agitação e man
tendo a temperatura constante. (Km = Sh.Dm/L eK c=Nu .K/L, 
onde Dm é a difusividade molecul ar do soluto no solven
te e K é a condutividade térmi ca do meio). Como conc lu
sao, Km a Kc a v . 

Schul z (1990a) ana lisou a dissolução para as si
tu açqes de turbil hÕes mai ores e t urbilhÕe s menores que 
a dimensão L do sÓlido imerso no meio liquido . Na pre
sente a nál ise está - se consider ando apenas o caso de tu~ 
bilhÕe s menores que a dimensão L. 

A situação de escoamen to j unto a,, sé li do foi ana

l i sada conside r a ndo a escala dos turbi . hÕ~ s (D) envo l v! 
dos no pr ocesso e a s ua veloc idade car >ct,r isti ca . Uma 
medida dest a vel ocidade é a intensi daJ e t1rbulenta u' .A 
Fi gura 3 apresenta um esquema do E •co~me ~ to nao prefe
rencia l exi stente e a s ituação de estudo. 

SITUAÇÃO REAL 

o, 

L 

TKIIP'O I 
L 

TI:III'O a 

SITUAÇÃO ADMITIDA 

D 

FIGURA 3 SITUAÇ.l"O DE ESCOAMENTO S08RE O SÓLIDO 

(O< L) 

Admitind o que a camada limite que se f orma duran
te a evoluç ão de um turbilhão sobre o sÓlido sej a de n~ 
t ure za viscos a (mu i to embora o escoamento como um todo 
seja turbul ento) e utilizando o equacionamento para ca
madas limites laminares ao l ongo de cada evo lução (equ~ 

çÕes 22) , a quantificação de Km pode ser fe ita: 



Km= 0 , 664 . ( u' . D/v ) 1
/

2 S c 1
/

3 Dm/0 (23) 

Hinz e (1 959) apresenta conclusÕes, baseadas em a

nál i ses dimensionais , relac ionando as escalas de veloci 

dade e de comprimento dos turbi l hÕes em faixas distin

tas do espec tro de turbulênci a com a tax a de dissipação 

de energia no me i o . Essas re lações são forneci das n a Fi 

gu r a LI para uma situação de agitação na qual se es tabe

leceu uma r e gião de equi l Íbrio un iversal. 

lll•s,.a, 

1111.110 liA 
lllo VALIIIII 

VIILOCIOADII e u lf4 
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FIGURA 4 : ESPECTRO ~ ENERGIA ( EM RELACliO AO NUMERO DE 

~ ONDAS K ) . MOSTRANDO AS PROPORCIONALIDADES 

EXISTENTES PARA VELOCIDADE E ESCALA DOS TUR

BILHÕES 

Verif i ca-se que a maior parte do espectro aprese~ 

t a as propo r cionalidades: 

.-•/ • 
O a u e 

• I I . 
u ' a u (24 ) 

Estas p roporc ionalida de s produzem uma dependência 

par a Km em r elação a Ü na forma (equação 23) : 

• I I· 
Kmau (25) 

llma vez que se conc luiu que Km a Kc a v, t em- se 

. •I " . I I ' 
Kc a u e v a u ( 26) 

A i nformação 26, qua ndo lanç a da na equaçao 18, co~ 
duz a o resu l tado B = - 1, o que imp lica que as equaçÕes 

15 e 16 a dquirem a forma: 

d0 (4 /3v) Ü d '\! + ( Ü/v) '\! d Ú (27) 

d0 ( Ü/v ) d ( ~n [ fcy v' d '\! ]l ( 28 ) 

As e quaçoes 2 7 e 28 podem ser desenvolvi da s fac i~ 

mente para a situação i s o0 (isto~. d~ = 0) . Utili zando 

a equação 17 com 8 = -1 na eq uação 27 obt~m-se : 

d0 = (4av3 /3 ) d 'V + (4 'V v' a) dv 

Para d~ = O resulta: 

d'V / 'V = - 3 dv/ v 

Ou seja , integrando a expressao acima : 

'Vv" = Cons tante. ( 29 ) 

A equaçao 28 conduz imediata me nte a 

!'V V
3 d 'V = Cons tante (30) 

De 29 e 30 tem- se: 

v3 a ( 1 I 'V ) • !'V v' d 'V ( 31) 

I s to e , a ve locidade de desgaste e sta re l a c i o nada 

com a velocidade m~dia do turbilhão . ~ de esperar , por

tan to, que a in t e ns idade turbulenta e a v eloc i dade de 

desgaste apresentem comportamentos s emelhan tes , prod u-
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z i ndo vau ' . Consid e rando esta proporciona l ida de e lem

brando que 'V a 0 3 obtém- se, a partir da equação 29: 

u' 3 03 = Constante , o u u ' D = Constante ; ou 

Re
0 

= Constante. 

Isto e , situaçÕes iso~ c o r responde m a 

nas quais o nÚmero de Reynolds associado ao 

s i tuaçÕes 

t u rbilhão 

nao varia . Es ta concl usão levou em cont a que a viscosi 

dade c in emá tica d o fluid o man t~m-s e constante pa ra tem

peraturas ma ntidas tamb~m constantes. Ev identemente ob

tém- s e d esta situação q ue 

• - I !• 
Dau ou 'V a ú- '/ " (33) 

DiscussÕe s Acerca dos Desenvolvime ntos. As anál i 

ses fe itas mos trar a m que a s segu in te s grandez as as s oe i! 

das a es coamen tos turbulentos ap resen tam re laç;es d e 

p roporc i ona l i dade e ntre si: 

Km a Kc a v a u ' ( 34) 

Uma e quação que e nvolva uma dessas variaveis pod e 

tamb~m ser e xpre ss a a partir de qualquer uma das r e ma

nescentes . Dest a form a po d e - s e fa zer : 

d~ ( 4Ú/3x) d "V -+ ("V/x ) dÚ 

d0 = (Ü/x) d{~n [!v' d'V ] l 
"V 

(35a) 

(35b ) 

x e qualquer das vari a ve is apresentadas nas rela

çoe s 34. Segun do a s e quaç Ões 3 5 , todas a pres enta m c om

po r tamento ~emelhan te e da f orma x a ti •/ • . Pat'a ob ter as 

equaçÕe s 35 foram utiliza dos r esulta dos das mil i s di ver

sas formas de abordar o problema da turbul~nci a , desde 

expre s s oes semi -emp lrica s, como as eq uaçÕ e s de Da r cy 

- Wei sbach e de transferênc ia de calor e massa em cama

das- lim ite , a t~ r esul tados r elac ionados com as esca la s 

de ve locidade e c omprime nto dos diferentes t amanhos de 

tur·bi l hÕe s que c ompÕe o es pect ro da turbul ~n ci a . As ex

pressÕes 35 resumem essas info r maçÕes e permitem resga

tá- l as a pa rtir de ope r açÕes re la t i vamen t e simp l es . Co

mo um exem plo , caso se desej e obter a ex pressão de per

da de c arga cm um escoame nto , a seq iiênc i a inv e r sa d o s 

passos q ue conduzira m às expressÕe s 1 ':> , com 6 = - 1, per

mitem cheg~r a 

hp = Cons t an te . V2 
• L/D 

Ve r ifica- se que e sta expressao va l e para fatores 

de a trito constante s , u ma decorrênci a das simplific aç Ões 

f e itas quando do desenvolvi me nto das expre s sÕes 35 . 

A f orma d e abo rda r o pro b l ema d e d i ssoluçio nao 

consi dero u a geometri il do escoamento . Sendo vá lida a 
conc lusão d e que B = -1 , a e xpressao 18 c ont~m a pena s um 

par;me t ro que pode e nvol ver es ta geome tria , o u sej a , a 

constante de integ r açio b. Como conclusio , alteraçÕes 

geom~ tri cas devem po d e r ser l evadas e m con ta a pa rtir 

de uma fun çio mu lt ip li c a dora conveni e n te . T amb~m nao f~ 
ram conside rados efeitos da t e mpe r atu ra . Sch ul z (19 90a ) 

mo s t r ou, a partir d o f a t o d e que a ve loc idade de desga~ 

t e ~ uma medi da da ve l oc idade de r eação de d issol ução , 

qu e o e fe ito da t e mpe ratu r a p ode s er desc ri to at r a vé s 

da função rl e Arrh e n i us . Evidentemente a in f luênc ia da 

temperatur-a e m parâmetr o s como Kc e u ' devem ser melh or 

estudados . O fa t o de haver uma semelh a nça de compOJ'ta

me nto para com a a gitaçi o turbule n ta do me i o não impl i

ca em scmcl tt ança pnrn com va r·i aç~es de tempf!r ntura . 

..... 



ComprovaçÕes Experimentais d'e Diferentes Fontes. 
A Figura 5, adaptada de Davies (1972), 'mostra que dados 
de diferentes experimentos de transferência de calor e 
massa podem ser expressos como fun ção da potência diss~ 
pada e levada ao expoente 1/4 . Os desenvolvimentos des
critos por Davies se baseiam em análises dimensionais e 
os dados estudados são lançados em gráfico na forma adi 
mensional. 

CE DAVIES ( 1972) 
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FIGURA 5 - VERIFICACJI"O DE Km oc Kc cc u ~ 
A F1gura b, extra1da de Sc hulz (1990a), mostrare 

sultados de dissolução de ácido oxálico em água obtidos 
em um tanque no qual a agitação era produzida pela rot~ 
ção de uma hé l ice. Verifica-se que o comportamento 
va~ 1 /' surge como uma tendência a ser seguida para as 
maiores agitaçÕes . A Figura 7 , também extraida de Schulz 
(1990a), mostra resultados de dissolução de ácido oxál~ 
co em agua para experimentos realizados em um canal de 
recircu l ação de água de 20,0 m de comprimento. Verific~ 
-se, novamente , o comportamento seguindo o expoente 1/4 
da potência dissipada . Neste canal a rugosidade do fun
do foi variada para observar a influênc ia de a lteraçÕes 
geométricas nas expressÕes em ques t ão. Verificou- se que 
o seu efeito pode ser incluido na aná l i s e a partir de 
uma f unção multiplicadora que o expresse convenienteme~ 
te, o que co incide com as sugestÕes anteriormente fei
tas. No presente caso utilizou-se uma potência do diâme 
tro da rugosidade artificial introduzida. 
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FIGURA 6 , V PARA O ÁCIDO OXÁLICO DIHIORATAD0 COMO FUNCÃO CE u 

CONCLUSÕES 

Obteve-se um conjunto de duas equaçoes diferen-
ciais que reproduz comportamentos de coeficientes de 
transferência de massa e ca lor obse rvados experimental
mente (equaçÕes 35) . A análise feita permitiu mostrar que t:arbÉm a 
evolução das esca las de velocidade e comprimento dos 
turbilhÕes em relação à potência dis s ipada no meio é ob 
tida através dessas equaçÕes (as previ sÕes coincidem 
com aquelas obtidas por razÕes dimens ionais para dife
rentes regiÕes do espectro de turbul ênc ia). Como o mode 
l o fisi co de escoamento dos turbilhÕes utilizou a ex-
pressão de Darcy -Weisbach para quantifi car a potencia 
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diss ipada, também a avaliação da perda de carga em um es 
coamen to está embutida nas e xpressÕes finais. É interes
sante notar que a formulação fornece, portanto, informa
çÕes concernentes a detalhes intrinsecos da turbulência 
(as escalas mencionadas) e informaçÕes "macroscÓpicas"r!:_ 
lacionadas com as conseqüências de haver uma agitação 
turbulenta no meio (os coeficientes de transferência e a 
perda de carga) . 
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ABSTRACT 

Studies based on conceptual models considering 
the movement of an eddy in a liquid medium led to a 
formulation for the transfer of physical properties in 
turbulent flow. Th is formulation is presented in the 
form of a set of two differential equations. The ap
proach follows the usual procedures found in t he ther
modynamics treatments of physical processes. The theo
retical resu1ts reproduce well the experimental behav
ior. 
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WALL PRESSURE FLUCTUATIONS lN ROD BUNDLES 

Sergio Viçosa Móller *) 

Programa de Pós-Graduação em Engenharia Mecânica da UFRGS 
Rua Sarmento Leite, 425 - 90050 Porto Alegre RS - Brazil 

SUMMARY 
Microphones and hot wires were appl ied for the measurement of wall 

pressure fluctuations and ve l oc ity fluctuations in rod bundles with 
several aspect ratios. By means of auto and cross spectral density 
functions their interdependence was investigated. Results show that the 
pressure fluctuations in rod bundl es are main ly associated with the 
phenomenon of quasi-periodic flow pulsations between subchannels. 

IN'I'RODUCTION 

Pressure fluctuations of the turbulent 
flow on a channe l wall have considarable 
practical interest, since they influence the 
boundary layer, produce noise and can induce 
v ibrat ions on the channel. The fluctuating 
pressure field in a turbulent flow is a 
summat ion of cont ributi ons from the turbulent 
velocity fluctuations. ln incompressible 
fl ows, the pressure fluctuations are related 
to the velocity fluctuations through Poisson's 
equation , obtaine d from the divergence of the 
momentum equation [1] 

2 o2 

'7P ~(u.u.) (1) 
x1 xj 1 J 

At a given point of the flow field and its 
boundaries, the pressure fluctuations 
produced by momentum fluctuations at 
other points of its surrondings. 

are 
many 

The 
amp litude of the pressure fluctuations is 
influenced by ve l ocity fluctuations whithin a 
distance comparable with the wav~lenght of the 
respective component of the turbulent 
ve l ocity. 

In r od bundles the turbulent flow is 
governed by the presence of large-scale 
coherent structures, producing quasi 
flow pulsations across the gaps 
resulting strongly anisotropic 
intensities, which distribution 

periodic 
[2. 3]. 

turbulence 
differs 

considerably from their distr ibuti on in pipe 
flow [ 4] . This phenomenon of "flow pulsations" 
between two neighbouring subchannels has a 
charac teri stic frequency, which depends on the 
bundle geometry (P/D, W/D) and the flow 
velocity , generating a dynamic pressure 
on the rods and on the channe l wall with 
sarne characteristic frequency of the 
pulsat ions. 

*) Formerly at the 
CNEN - Instituto de Engenharia Nuclear 
Rio de Janeiro, Brazil 

field 
the 

flow 
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The determinat i on of the pressure field 
by means of Eq. (1) seems to be very 
difficult, or even impossible, as the most of 
the turbulence problems are, due to the 
stochatic nature of the turbulent flow. 
Therefore , experimental studies on the 
pressure and velocity fluctuations in 
turbulen t fl ows are necessary to obtain 
Gdditional informations to help the 
comprehension of these phenomena. Some of the 
~ost important experimental works in flat 
plate, channe l and rod bundle flow are listed 
bel.ow. 

Measurements of wall 
fluctuations in a boundary-layer wind 
were performed by Bull [5) , by means 

pre ssure 
tunnel 

of 
piezoelectric pressure transducers and using 
hot wire anemometry for the measurements of 
velocity fluctuations. His results show that 
there are two "families " of pressure 
which differently influence the 
field. The first one is associated 

sources 
pressure 

wi th the 
turbulent motion in the constant stress l ayer; 
the other one comprises components which 
wavelenght is greater than about twice the 
boundary-layer thickness. 

Langeheinecken [6] measured 
interdependence betweeen wall-pressure 
velocity fluctuations in a p ipe flow. 
measurements showed that the occurence of 
amplitude peaks in the wall pressure 
closely connected to the veloc ity field. 
behaviour of the pressure fluctuations 
found to be associated with horse 
turbulence structures on the walls. 

the 
and 
H is 

high 
are 
The 

were 
shoe 

ln annul ar channels with three different 
hydraulical diameters and water as the working 
fluid, Hulcahy et al. [7] found that the 
dominant source of excitation pressures were 
different for the largest and the smallest 
diam~ters. ln the narrowest channel they were 
due to developing boundary-layer turbulence 
created by the transition from a pipe to an 
anular region, while inthe channel with the 
l argest hydraulical diameter they were more 
c losel y associated with fully developed 



boundary- layer t urbul e nce. 
Wall pressure fluctuations of t he 

turbulent flow o f water in a 7-rod bundle were 
measured by Lin et al . [8]. The test section 
had a hydraulical diameter De= 8.6 mm, but no 
information about P/D - ratio was given. The 
measurements were performed on the central rod 
and on one of the outer rods. On the inner rod 
they found an homo geneous pressure field which 
was independent of the circumferencial 
position , this not being the case for the 
outer rods of the test section. There, the 
pressure field was found to be a function o f 
the hydrauli cal diameter and o f the geometry 
of the channel 

The purpose of th is paper i s to present 
results of meas uremen ts of veloc ity and wa ll 
pressure fluctu a t' ona in r od bundles, t he ir 
mutual. relati onship ard their charact e ristics 
as a function of the r l ow a nd of the geometry 
of the bundle. 

APPARA'fUS ANT:~ ~ XPUiU1EN'í;AL TECHNI QUE 

Th e ex r e rjmeJ t al se t up con s ists o f a 7 m 
long r ectnn;ular c hanne l with four aluminiur .. 
tube s which s J tnulate d the rods . Th e 2e ome t ry 
of the bund. e coul d be c hanged by displ acin ~ 

one o f the sh•.rt wa lls o r by using tubes wi th 
diffe rent c i a meters . The measureme nts were 
performe d õ t about 20 mm before the outl e t. 
Air was the working fluid. A s chematic of t he 
cross sec tion of the channe l is shown in Fi g . 
1 together with the locat i ons of th~ 

measurements described. A list of t he 
geometries inve s ti gated is given in Table ~ 

together with r od and hydrau lical diameter , 
where "a" stands for asymmetrical a rra n gement 
of the rods . The experiments were c on trol led 
by a PDP 11/23 computer [9], which positioned 
the probes, p erformed measurements and kept 
the Reynolds number constant during an 
experiment by adjusting th e speed of the 
blower . Velocity and wall shear stresses we re 
measured by means of Pitot and Preston tubes. 
Turbulent fluctuating v e loci ties were measured 
by DISA constant tempe rature aner.~oue ters. 

The probes had one wire pe rpendi cular to the 
main flow anda 45 ° slant wire . Brüel & Kjaer 
capacitive microphones, with 4 . 5 mm diameter, 
flush mounted with the wa l ~ , were applied for 
the measurements 
fluctuations. 

of wall pressure 

Table 1 . Main dimensions of the c r oss sect i on . 

W/D P/D D (mm) D (mm) 
1.045 1.149 47.29 139 .0 
1.071 1.007 44.67 157.5 
1 .07 1 1.017 45.92 157 . 5 
1 . 071 1.036 48.11 157 . 5 
1.07 2 1 . 072 52 . 65 157 . 5 
1.071 1.100 55 . 57 157.5 
1.071 1.148 60 . 85 157 . 5 
1.147 1.03 7 59 . 22 139.0 
1.147 1.147 71 .58 139.0 
1.183 1.224 76.10 139 .0 
1.072 1. 036 42.56 139.0 a 
1.223 1. 036 76 . 10 139.0 a 
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F1 g , 1 : Sch e ma ti c of th e c r os s secti on. 

During an e xp c~ri111e nL tl te ou ':p u t s i gnals 
of the h o t wi res a nd of t he mi c r oph u ne s we re 
rsc: orded s i mul ti.lneously wi th an anal o g "Fíl " 
tape rec o r de r for s p e ct ra ond c o rre l a ti on 
me a sureme n ts . Afterwards they we r e digi t ized 
and s t o re d on a d i ni t al tape fo r the 
evaluation of t h e r e sults on a large I BM 
c omp ute r. The FTFPS subrout i ne of the INSL 
Library [1 0] was used for the ca l c ul a ti on o f 
th e sp e ct r al f unc ti on s . 

EXPERIMENTAL RESULTS 

Ve loci ty f'le ~; sureue n ts . Figu r e 2- a and b 
s h ow t he l ogaritmic velocity profile me asured 
at the channe l wa ll and at the r o d wall , 
re s pe c tively, of one subchannel of th e r od 
bundl e with P / D= W/ D=l.07. Th e ex perimental 
va lues a re cor.1pared to Nikura dsc ' s l aw o f the 
wall .for· the pipe flow [11] . 

Aut o Spe c tra l Den s i ties. Th e spec t ra o .f 
two comp on e nt e o f the f luc t uating vel o c ity in 
t h e gap be t we e n rod and c hannel wa ll are s hown 
i n Fi g . 3 . th e spectrum o f th e axial c omp o nent 
is sütil a r to th o se ob s e rve d in pi pe s [ 12] , 
howeve r, the az i muthal c omp onent s hows a very 
p r onoun ced pe a k a t 62 .5 Hz. At a l oc a t i on 20 
uu fr om the g ap , a pe a k appears a lso in the 
sp e ctrum of the axi a l c omponen t at the sarne 
frequ e ncy o f the az imuth a l compone n t . This 
peak frequency c o r responds to the 
freque ncy of the flow pu l sation 
geometry and Reynolds nur.1ber . 

do r.~ i nant 

f o r this 

The spect ra of the pressu re fluctua t ions 
on bo t h s ide s oi th e gap betwe e n r o d and 
ch a n ne l wall a re sh own in Fig. 4 . Th e sp e ctra 
exhibit not on l y the c haracteristic pe a ks o f 
th e flow n ear th e gaps , but also s e ve r a ! 
narrow peaks whi c h d i sap pear in the s pe c trum 
of p -p since they h ave the sarne phase and 
inte~s i ~y a nd are supposed to be produce d by 
re s on a n ce s o f the test s ec t ion. ln the 
sp e ctrum of the pres sure differenc e, th e pe a k 
corre s ponding to the flow pulsation is 
mag n if i ed , a nd l i e s at the sarne frequency as 

.lo.. 
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Fig. 2: Logaritmic ve1ocity profi1e at the 
channel wa11 (a) and at the rod wa11 (b). 
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Fig. 3: Spectra of the axial (a) and the 
azimutha1 (b) components of the f1uctuating 
ve1ocity at the center of the gap between rod 
and channe1 wa11. 

in the spectra of the f1uctuating ve 1ocities. 
auto spectral densities of the wa11 pressure 
f1uctuations at the subcha nne1 center 1ine 
have a1so peaks which are sma1ler than near 
the gaps, with the sarne dominant frequency. 

The peak-frequency in spectra depends on 
the gap spacing and the flow velocity. It 
can be expressed in for~ of a Strouha1 number, 
defined with the friction ve1ocity, u*, and 
the rod diameter as a function of the gap 
width [ 2,3 ] as 

-1 -1 
Str = (f 0/u*) = 0.808 S/0 + 0 . 056 . (2) 
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Fig. 4: Spectra of the wall 
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Cross Spectral Densities. Figure 5 
the cross spectral density function $ 
azimuthal fluctuating velocity in the 
betwee n the rods and at location 1 (See 

shows 
of the 

gap 
Fig.1) 

and their coherence function C. The former is 
represented by its modulus and phase angle. 
The cross spectrum has a peak at 62.5 Hz, 
similarly to the power spactra of these 
functions . The phase ang1es from 10 to about 
200 Hz are a1most constant, s1ightly below 
360° , actually below 0°, showing that this 
component propagate from the center of the 
subchanne l toward the gap. After 200 Hz the 
phase angle has a random distribution, 
demonstrating that the eddies are small and 
that the turbulent motion tends to isotropy . 
Within this frequency range, the coherence 
function rises until a maximum of 0.96 (96 % 
coherence) and decays to a lmost zero at 200 
Hz, where the random distribution of the phase 
angle begins. The behaviour of the coherence 
function demonstrate that although the flow 
pulsations have a central peak- frequency, they 
influence a wide range of frequencies, for the 
flow conditions shown, from 10 to 200Hz , that 
means, a wide range of eddy sizes. 
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Fig. 5: Cross spectral density $ and coherence 
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velocities at l ocations O and 1. 
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The sarne functions are shown in Fi g . 6 
for the pressure fluctuations at locations on 
b oth sides of the gap . The cross spectral 
density has a region between 30 and 100 Hz 
forming a flat peak, which central frequency 
cannot be identified, due to the resonance 
peaks, which appear also in this glot . The 
phase angle is slightly be l ow 180 . This is 
due to th~ :(ªct that the microphones are not 
symmetrical ly placed with respect to the gap . 
apart of the resonance peaks, which have very 
h igh coh erence, the coherenc e functi ons define 
two frequency ranges: the first one, up to 30 
Hz, c orresponds to the plane waves (sound, fan 
effects, etc.); the second one, from 30 to 100 
Hz, corre spond~ ng to the flow pulsations. ln 
this range, in spite of the re l ative 
distance betwP-en the microphones, 

lare;e 
the 

coherence fun c tion ha3 values of almos t 0 .5 
(5 0 % coherer,ce) . 
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Fig. 6: Cross spectral density ~ and coherence 
fu~ction C of the wall pressure 
fluctuations at location a and b. 

The cross spectrum and coh e r enc e 
function of the pressure fluctuation p and 
the azimuthal component w0 is shown in ~ig . 7. 
Both functions have peaks at 62.5 Hz. The 
cogerence 5unction h as o on zero values from 
20 to 150 w1th peak values at 62.5 Hz o f 
about 0 . 88 (88% coherence) . The discontinuity 
at 50 Hz is due to the presence of the narrow 
resonance peak in th e spec trum of the pressure 
fluctuation which do not corre l ate with the 
fluctuating velocities . 

CONCLUSIONS 

Results of the spectra of the turbulent 
fluctu a ting velocities and pressure 
fluctu a ti ons show that the flow pu l sat i ons 
generate a dynamic pressure field near the 
gaps, with the sarne characteristic peak
frequency of the pul sations. The effects of 
this phenomenon propagate throughout the 
subchannel and influence the pressure field in 
the form given by Eq . (1), but the regions 
near the gaps, where the flow pulsations 
occur, are the ones which are the most 
affected by the flow pulsations. Coherence 
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functions of the pressure and velocity 
f l uctuations near the gaps have very hi gh 
values . By means of these functions the 
frequency range affected by the flow pulsation 
i s determined to be a bou t one decade centered 
at the peak frequency for this geometry and 
flow ve l ocity. 

The measJrements of pressure fluctuations 
were performed only at the ch annel wall, 
nevertheless, the dynamic pressure field on 
the rod walls munt h a ve the sarne b ehaviour 
near the gaps as on the channel wall. 

The influence of tipical turbulence 
structures , like the horse shoe st ructures, 
observed in pipe flow b y Langeheinecken was 
not observed , since they happen in a range of 
dimensionless distance to the wall up to 
y+~1 2 5, in the law of the wall, and the 
measurements closest to the walls where 

+ -
performed at a bout y =100 . It is also not 
expected that thé 4.5 mm diameter microphones 
used in this work would be ab l e to resolve the 
influence of eddies smaller than this size 
(about 1.5 mm), which i s slightly larger than 
the resolution for transverse components of 
the fluctuating velocities measured with the 
double-wire probes [1 3] . 

The c omparison of the spectra of the wall 
pressure fluctuation at locations near the 
gaps and at the subchannel center line 
confirms the results of Lin et a l. that on 
the rods near the wall the pressure field is a 
functicn of the position. This should be 
expected also on the inner rod, but no 
information was given in Ref. [ 8] about the 
P/D-ratio, so that its influence could not be 
estimated. 

The analysis of the spectral functions 
show that the pressure fluctuatio n s in rod 
bundles are stron g l y associated with the flow 
pulsations, so that, they 
important driving force 
vibrations in rod bundles 

can be the 
of f l ow 
[1 4 J . 

the most 
inducect 

Áo.. 



Results presented in this paper 
related only to one geometry rod bundle 
W/D = !.072) and one Reynolds number 
8.5·10 ), but they are similar in 

are 
(P/D = 

(Re = 

all 
geometries investigated. The characteristic 
frequency of the flow pulsations and the 
pressure fluctuations is the sarne. 
frequency is a function of the fl ow 
and the gap width, as demonstrated 
[2,3], and is given by Equation 
Strouhal number form as a function 
dimensionless gap width S/D. 

This 
velocity 

in Refs. 
( 2) in 
of the 
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MODELO DE MISTURA TURBULENTA TRANSVERSAL EM 

ESCOAMENTO AXIAL EM FEIXES DE VARETAS 

PEDRO CARAJILESCOV 
Departamento de Engenharia Mecânica 

Pontifícia Universidade Católica do Rio de Janeiro 

RESUMO 

O presente trabalho consiste no desenvolvimento de um m.odelo p~ra ~ obtenção da dif~s!vidade 
transversal turbulenta a ser utilizada no cálculo do efeito da m1stura term1ca turbulenta (m1xmf) ~m 
escoamentos axiais em feixes de varetas. Os resultados obtidos foram comparados com corre,açoes 
existentes e utilizadas em programas de análise termohidráuJica de combustíveis nucleares, podendo 
ser considerados satisfatórios. 

INTRODU CÃO 

Geralmente, elementos combustíveis de reatares nucleares 
consistem de feixes de varetas dispostas em arranjos triangulares 
ou quadrados, com o refrigerante escoando axialmente através 
desta rede de subcanais interconectados. Um dos principais li
mites de projeto é aquele em que o fluxo de calor crítico não deva 
ser excedido em qualquer ponto do núcleo. Em caso contrário, a 
temperatura da vareta subiria rapidamente, resultando em oxi
dação ou fusão do revestimento do combustível e consequente 
liberação de material radioativo para o refrigerante. 

O método usual de se calcular o fluxo crítico de calor con
siste em se obter as condições locais do refrigerante, em cada 
subcanal, e aplica-las em alguma correlação adequada de fluxo 
crítico de calor. Normalmente, este procedimento é realizado 
através de programas computacionais do tipo COBRA [1] ou 
THINC [2], que resolvem as equações da continuidade, quanti
dade de movimento c energia para todos os subcanais, de forma 
acoplada. Uma descrição adequada do mecanismo de mistura 
turbulenta (mixing) entre os subcanais é essencial para que re
sultados confiáveis sejam obtidos. 

Figura 1 apresenta dois subcanais interligados em um ar
ranjo quadrado. A troca líquida de entalpia devido à mistura 
turbulenta, que ocorre na fronteira dos dois subc.anais, é re
presentada por um hipotético fluxo de massa transversal por 
unidade de comprimento, m;3 , produzindo: 

(1) 

Fig. 1 - Subcanais interligados em um arranjo quadrado. 
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Aproximando o gradiente de entalpia médio por: 

(2) 

obtemos: 

* pb€ 
ffl··=-

'3 Z;i 
(3) 

Inúmeros trabalhos foram realizados objetivando à obten
ção da difusividade turbulenta transversal. Uma clássica revisão 
dos trabalhos é fornecida por Rogers e Todreas [3]. Observa
se que a maioria dos trabalhos executados até aquela época e 
outros mais recentes representam correlações de dados experi
mentais, utilizando a relação de Reichardt [4], válida para o 
núcleo de escoamentos turbulentos em tubos: 

~ ~ Re {[_ 
v V2 (4) 

Desta forma, até o momento, existe controvérsia sobre a 
influência do tipo de arranjo e dos parâmetros geométricos na 
mistura turbulenta. 

O presente trabalho consiste no desenvolvimento de um 
modelo teórico para a difusividade turbulenta transversal, onde 
a influência dos parâmetros geométricos e operacionais é clara
mente estabelecida. 

MODELO PROPOSTO 

A vazão em massa instantânea, por unidade de compri
mento, que atravessa o espaço entre duas varetas, do subcanal 
i para o canal J·, pode ser escrita na forma: 

m' = 1 pw'dy (5) 

onde w' representa a velocidade transversal instantânea do flu
ido. Considerando-se que a velocidade transversal média é nula, 
w' representa a flutuação turbulenta da velocidade. 

Assumindo densidade constante, a média temporal de m' 
será obtida integrando-se m' sobre um tempo T, longo com
parado com o tempo de difusão turbulenta, isto é: 

---, 1 1T , 1 1T [ f , ] 
m = T 

0 
m dt = T 

0 
dt p jb w dy =O (6) 



Definindo-se: 

W;i = { :·,, 
se 

se 

segue: 

w ~o 

' w <0 
e W 

.. _ { w', se w < O ,. -
O, se w ~O 

m' = P 1 dy [ ~ 1T w' dt] = p 1 dy [ ~ 1T w;,.dt] + 

-,-
m.ij 

P 1 [~ 1T Wi;dt] =0 (7) 

-,-m,, 

Desta expressão, observa-se que o primeiro termo da di
reita representa a vazão em massa de fluido, por unidade de 
comprimento, que atravessa do subcanal i para o subcanal j, 
enquanto o segundo termo representa o que vai do subcanal j 
para o subcanal i . 

Obviamente, 

I m;,. 1=1 m~-; I= m;i 

Assim:, 

m;,. = ~ (1m;,. I + I m~ .• 1] = ~ 1 dy [ ~ 1T I w' I dt] 

Ainda: 

onde 

m;,. = P f dy I ;; I 
Jb/2 

- 11T ' I w' I= r o I w I dt 

(8) 

(9) 

(10) 

(11) 

Considerando a distribuição de w' como sendo aproximada
mente normal, observa-se que: 

lw'l={;w 
Desta forma, de (10) e (12), vem: 

mii = · fi p 1 W dy v; b/2 

(12) 

(13) 

A intensidade de turbulência W, obtida experimental
mente para diversos tipos de geometria, incluindo feixes de vare
tas, foi correlacionada por Bobkov e outros [5] na forma: 

W = U (1-~) Ce-B(y/(b/2)) (14) 
Urn.ax 

onde u, Ub e Umao: são as velocidades axiais local, média e 
máxima, ao longo da normal à parede. B e C são constantes 
empíricas, iguais a 1,17 e 0,60, respectivamente. 

Observando-se que o perfil de velocidade axial, ao longo 
de uma linha normal à parede, pode ser aproximado pelo perfil 
logarítmico, na região do núcleo turbulento, vem: 

onde: 

u~ ( * ) u=klnETJ 

y 
TJ = (b/2) 

E*= Eu~b 
2ll 

(15) 
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Substituindo (14) e (15) na equação (13) e efetuando-se a 
integração, obtém-se: 

C ( Ub ) mii = -- (pbu~) 1--- I 
$k Umao: 

(16) 

onde: 

I= 11 

ln(E*TJ)e-B"dTJ (17) 

Pode-se demonstrar que: 

1--- I~ ln4 
( 

Ub ) ( 1 - e-B) 
Umax B 

(18) 

de onde vem: 

m; . _ C ln4 (1 _ e-B) 
' - $k B (pbu~) (19) 

A vazão m;i transporta entalpia do subcanal i para o sub
canal j e vice-versa, provocando a mistura turbulenta. Esta 
vazão, no entanto, não transporta massa com a entalpia média 
dos subcanais i e j, mas massa com a entalpia das proximi
dades da fronteira entre os subcanais. Assim, pode-se escrever 
o transporte de entalpia na forma: 

m;,.(lii - hi) = m,,.(h;,m - hi,m) (20) 

Os subscritos m indicam propriedades nas proximidades da 
fronteira entre os subcanais i e j. 

Fazendo: 

h·- h· ~ -h· _• __ J r-v 1m J1m 

Z;i - 2l 
(21) 

onde l representa o comprimento de mistura turbulenta de 
Prandtl, na região do gap, e fazendo 

vem: 

l~kG) 

* kb 
m;i = -z .. m;i ., 

Combinando as equações (3) e (23), 

f k - = -m,i 
li pll 

(22) 

(23) 

(24) 

Substituindo, nesta expressão, o valor de m;,., dado pela 
equação (19), vem: 

f b UT 
- =4>-
ll li 

(25) 

com 

4>= Cln4 (1-e-B) $ B = 0,196 (26) 

Esta equação pode ser reescrita na forma: 

!.. =·'·R [{ li 'P e -2 
(27) 

Nesta expressão: 

Re = (Dhüb/ll} =número de Reynolds do escoamento; 

/"f = ( ü~ / üb) com f = fator de atrito; 

t/J = <t>{; (~J (28) 

com r = tensão de cisalhamento na parade. 
A barra, sobre as variáveis, indica valor médio sobre o sub

canal e Dh é o diâmetro hidráulico de um subcanal. 

f:·~ 



Comparandcrse a equação (28) com a equação (4), observa
se que o parâmetro t/J representa a constante de proporcionalida
de da relação de Reichardt, fornecendo a influência da geometria 
e das condições operacionais. 

RESULTADOS 

A aplicação da equação (27) exige o conhecimento da 
relação r /f, calculada na região entre as varetas . No presente 
caso, foi utilizada a relação de lbragimov [6]: 

-= = G 1- exp ----.-T • • -·[ ( 7, 7 y ) ] 
r 1°·8 Yav 

(29) 

onde: 

com A c = área de uma região típica do subcanal, representada 
na Figura 2. 

Fig 2- Região típica de um subcanal 

A constante G representa um parâmetro de normalização 
da relação (29). 

Diversos autores, entre os quais pode se mencionar Moyer 
[7], sugerem um valor constante para t/J igual a 0,05, o qual tem 
sido amplamente utilizado. Figura 3 apresenta os valores de 
t/J em função de b/ D, para arranjos quadrado e triangular das 
varetas, obtidos através do modelo proposto. 

Observa-se que, para o mesmo b/ D, a difusividade turbu
lenta transversal é maior para arranjos triangulares ào que para 
arranjos quadrados, devido à maior contribuição do mixing, na 
região do gap destes arranjos, para a variação da entalpia média 
dos su bcanais. 

o. 08 

~r,;,,,., 
06 v r Moyer
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..-' Q 
/ 

/ 

/ 
/ 

.02 
// 

/ o 

.00 o 
0.20 030 0.40 0.00 0.10 

b/0 

Fig. 3 - Comparação entre a correlação de Moyer e o 
presente modelo 

Ainda, para baixos valores de b/ D, a difusividade obtida 
tende a decrescer devido à redução da intensidade de tur
bulência na região do gap. 
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Estes fatos são claramente observados pelo presente mode
lo. Obviamente, o modelo proposto deverá. ser amplamente va
lidado através de comparações com dados experimentais. 

Por simplicidade de utilização, sugerem-se as seguintes ex
pressões para t/J: 

Ar:anjo quadrado: 

( 
b )0,5 

t/J = 0,09 D (30) 

Arranjo triangular: 

( 
b )0,25 

t/J = 0,09 D (31} 

Estas expressões foram obtidas através de ajustes dos re
sultados apresentados na Figura 3. 
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ABSTRACT 

The present work consists in the development of a model 
for the transversal eddy diffusivity to account for the effect of 
turbulent thermal mixing in axial flows in rod bundles. The 
results were compared to existing correlations that are currently 
being Usf}d in reactor thermalhydraulic analysis and considered 
satisfactory. 
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ABSTRACT 

Mass transfer experiments were performed to determine local heat and mass transfer coefficients 
for the turbulent flow in a duct with elliptical cross section. The naphthalene sublimation technique 
was employed to obtain the experimental results. Both entrance-region and fully-developed results 
were obtained. The Reynolds number was varied in the overall range of 7000-60,000, whereas values 
of 0.1 2, 0.25 and 0.5 for the aspect ratio were investigated. The fully developed transport coefficients 
obtained were compared with the ones available in the open literature for parallel plates and circular 
tubes, and it was found that the coefficients are quite insensitive to aspect ratio variations. 

INTRODUCTION 

Ducts with elliptic cross section have a definite niche in 
the heat exchanger industry. This is chiefly dueto the low form 
drag observed in the externa! transverse fiow past either one or 
a bundle of these ducts. 

Consequently, a great number of investigations about the 
various flow and heat transfer situations involving this geometry 
are reported in the open literature. Both internal and externa! 
flows have been studied, and a broad view of the information 
available on the subject can be obtained in [1]. 

Heat transfer in the fully developed region of laminar fiows 
in elliptical ducts has been studied analitically by a number of 
authors, e.g., Dunwoody [2], Bathy [3] and Ebadian et ai. [4]. 
Experimental results for the sarne problem are reported by 
Oliver and Rao [5]. 

Entrance region results for this problem are also avail
able . The hydrodynamic problem has been studied via an in
tegral method by Bathy [6], via finite differences by Garg and 
Velusarny [7], and experimentally by Abdel-Wahed et ai. [8] . 
The related heat transfer problem has been studied theoreti
cally by Dunwoody [2] and by Schenk and Han [9] . 

Results for turbulent fiows in elliptical ducts are more in
frequent. Ali investigations reported were focused on the fully 
developed region of the flow. Velocity distributions and.friction 
fac tors have been obtained experimentally by Cain and Duffy 
[10]. Friction factors for another range of the cross-section as
pect ratio have been determined by Barrow and Roberts [11], 
and a useful correlation is available in [1]. 

Nusselt numbers for the turbulent fully developed fiow in 
elliptical ducts are presented by Barrow and Roberts [11] for 
water (Pr ,;, 6.5), and by Cain et ai. [12] for air (Pr = 0.7) 
and water (Pr = 6.5) . The Nusselt number results of both pa
pers agree within 5% with the Gnielinski correlation for circular 
tubes [1]. 

The experimental investigation reported in the present pa
per was focused on the entrance region of the turbulent fiow in 
elliptical ducts. The main objective of the study was the deter
mination of the axial distribution of the Nusselt number for the 
inlet condition of simultaneous hydrodinamic and thermal de
velopment . The thermal boundary condition investigated was 
uniform wall temperature. The Reynolds number Re was var
ied in the range 7000-60,000, and three different aspect ratios 
have been investigated, namely, 0.12, 0.25 and 0.5. The results 
obtained pertain to a Prandtl number equal to Pr = 2.5. 
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EXPERIMENTAL APPARATUS AND PROCEDURE 

The heat transfer coefficients have been determined experi
mentally with the aid of the naphthalene sublimation technique. 
ln reality, only mass transfer data were measured in the labora
tory, and then the corresponding heat transfer coefficients were 
calculated with basis in the analogy between the heat- and mass
transfer mechanisms. A detailed description of this technique 
is available in [13]. 

The test section. The test section is described with the aid 
cf Fig. 1, where the assembly employed is illustrated. Further 
details can be found in [14]. Modules were assembled together 
to form an elliptical duct. A module was basically a brass ring 
(48 .0mm ID, 63.0mm OD, 20mm long) with its inner surface 
coated with solid naphthalene. 

MOOJLE 
--1 ~ 

NAPHTHALENE 

Fig. 1 - An elliptical duct assembly. 

The naphthalene was cast inside the ring to form the inner 
surface, as illustrated in Fig. 2. The test section consisted of 25 
modules assembled in sequence. A piece of elastic hose involved 
tightly the whole ou ter surface of the assembly during the runs, 
to eliminate air leaks between adjacent modules. 

The naphthalene coating procedure is now described. The 
first step was to remove from all modules, by melting and evap
oration, the coating remaining from the preceding data run. 
Then, a mold was assembled as suggested in Fig. 2. The com
ponents of the mold included the ring, end caps which mated 
with the recesses at the respective ends of the ring, and an el
liptical shaft. The shaft served as the centerbody of the mold, 
and its surface had been polished to a mirrorlike finish. The 
shaft was positioned in the mold such that the major axis direc
tion was at a 25· degree angle with the radial direction toward 



(a) 
I 

K/ 
11 / 

..--

(b) 

Fig. 2 - The casting set, with ring, caps and shaft. 

the pouring hole in the ring (Fig. 2). This angle provided the 
highest surface quality. 

The cavity between the ring and the shaft was filled with 
molten naphthalene. Once the naphthalene had solidified, the 
shaft and end cap~ were removed, and an excellent finish of the 
resulting naphthalene surface was obtained. Finally, the pour

ing hole in the ring was sealed with tape to prevent undesirable 
sublimation. A thermocouple was cast into the naphthalene 
layer of one of the modules, flush with its inner surface. 

Three different types of test section were employed in the 
experimenta, each one cha.racterized by a different aspect ratio 
of the elliptic cross section. For each of these test sections, a 
different elliptic shaft was ca.refully machined with a mil!, as 
described in [14]. 

Air loop. Air was drawn from the laboratory into the test 
section, whose inlet was centered in a la.rge baffie plate. Down
stream of the test section, which was oriented horizontally, a 
transition piece conveyed the fiow to a length of fieodble tub
ing. This tubing was connected at its downstream en4 to the 
fiow metering section. Then followed a plenum chamb~r, and, 
further downstream, two valves. One of the valves was used to 
select the flow rate, whereas the second was a cut-off valve. A 
small length of pipe bridged across the laboratory wall to con
nect the flow circuit to blowers. These blowers were installed in 
a contiguous room, where the air was finally exhausted. There-
fore, the air loop was open, and was operated in the suction 
mo de. 

Instrumentatjon. The mass of the modules was measured 
immediately before and after each data run, to allow the de-
termination of the transport coefficients at each module. An 
a.nalytical balance with a resolving power of 0.1 mg and a capac
ity of 200 g was employed in the mass measurements. Typical 
changes in mass during a data run were in the range of 0.1 g. 

The air fiow rate in the test section was determined with an 
orifice--type fiowmeter, fabricated in accordance with the ASME 
standa.rds and calibrated to ensure its accuracy. 

Temperature measurements were made with the aid of two 
different instrumenta. The temperature of the naphthalene sur-

face was measured with a copper-constantan thermocouple. A 
calibration using a platinum-resistance thermometer indicated 
a maximum deviation of 0.080C. The temperature of the air
flow aproaching .the duct inlet was determined with an ASTM 
63C mercury thermometer, whose smallest division was 0.10C. 
Thermocouple emfs were read during the course of a data run 
from a voltmeter having a 1 JLV resolution. 

Procedure. Inasmuch as severa! aspects of the experimental 
procedure have already been mentioned, only a few additional 
details need to be discussed. The naphthalene--coated modules 
were left in the air-conditioned laboratory room overnight in ar
der to attain thermal equilibrium with the room air. To avoid 
sublimation and to guarantee an ambient air free from naph
thalene vapor in the laboratory, the modules were wrapped in 
aluminum foi! at all times during the equilibration period. 
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Just before the beginning of a data run, the modules were 
individually weighed and then assembled to form the test sec
tion. The blower had been warme!l up in advance to provide a 
steady fiow from the moment of activation. After the period of 
duration of the run, the test section was disassembled and the 
modules reweighed. During all of these operations, the modules 
were manipulated using pincers. 

To obtain a correction for possible extraneous sublimation 
which might have ocurred between the two weighings, a so
called after-run was performed. During the after-run, the whole 
procedure of the actual data run was repeated, except for the 
fact that the blower was never activated. The mass measure-
ments following the after-run provided the sought-for correction, 
which was of the arder of 4%. 

Data reduction. The modules are numbered from 1 to 25, 
the first one (i = 1) being located at the section inlet, and i 
increasing in the fiow direction. 

The net amount of mass sublimed during a data run from 
the ith module, M;, was employed to determine its per-module 
average mass transfer coefficient K; , which is defined as 

M, 
K; = A, ó.p,..,; (1) 

M; is the mass transfer rate at the i.ili module, A, is its surface 
area of mass transfer, D.p,.. ,; is the naphthalene--vapor density 
difference which drives mass transfer, tq be discussed shortly. 

The mass transfer rale M; is determined by taking the ratio 
between the (corrected) amount of mass sublimed from module 
i and the time duration r of the data run,· i.e., M; = M; I r. 

The difference in naphthalene vapor densities that appears 
in eq. (1) is the log-mean density difference corresponding to 
the ith module, defined as 

Ó. . = (Pnw - Pnb,i-1}- (Pnw - Pnb,;} (2} 
Pn,•- ln [(Pnw- Pnb,i-d I (Pnw- Pnb,;}] 

The quantity Pnw is the density of naphthalene vapor at 
the duct wall, and is evaluated with the aid of the perfect-gas 
law. Therefore, Pnw = MnPnwl RTw, where M,.. is the molecular 
weight of naphthalene vapor, equal to 128.17 [15], and R is the 
universal perfect gas constant. The duct wall temperature Tw is 
measured with the thermocouple embedded in the naphthalene 
layer. The vapor pressure of naphthalene vapor Pnw is evaluated 
at the wall temperature according to Sogin's [13] expression 

lnp,..w = 31.23252- 8587.36 
~ 

(3) 

The other quantities that appear in eq. (2} are Pnb,i-l and Pnb,i · 
They represent respectively the bulk vapor density at the inlet 



and exit of the ith module. Clearly, 

M, 
Pnb,i = Pnb,i-1 + ~~ 

mp 
( 4) 

where m is the air mass fiow rate and p is the air density, eval
uated at the inlet conditions. Assuming that the air at the test 
section inlet is free from naphthalene vapor, i.e., Pnb,O =O, then 

i . 
~M· 

Pnb,i = ~~~J 
i=l m p 

The Reynolds number is defined as 

4m 
Re:=

J-LP 

(5) 

(6), 

where J-L is the air viscosity, evaluated at the inlet conditions. P 
is the perimeter of the elliptic cross section, which is a function 
of its aspect r a tio a* = b/ a, a and b being respectively the 
major and minor axis lengths of the cross section (please see 
insertion of Fig. 3). This dependence on the aspect ratio is such 
that it appears the complete elliptic integral of second kind of 
(1- a* 2

). The following expression avoids the evaluation of the 
elliptic integral and gives a very good approximation for P: 

( 
1 ) 64- 3>.4 

p = 1rb 1 + a• 64 - 16>.2 ' 
(7) 

where .À= (1- a*)j(1 +a*). 

The Sherwood number corresponding to the ith module is 
given by 

Sh, = pDhSeK,, 
J-L 

(8) 

where Dh = 47rabf P is the hydraulic diameter and Se is the 
Schmidt number, equal to 2.5 for naphthalene diffusion in air. 

Uncertainty analysis. The measurement uncertainties have 
been estimated according to [16] . The Reynolds number uncer
tainty obtained was 2.7%. The Sherwood number displayed an 
uncertainty of 8.9%, mainly due to a temperature depression 
observed, which was caused by the absorption of latent heat of 
sublimation. 

6CX) . . . 

• 2b 
a = 

... 1 
I 

. I 
2a 

• Re = 6U,CXXJ 
o Re= 45,000 
• Re = ?IJ,CXXJ 
e:. Re=17,CXXJ 
• Re = 6.8,CXXJ 

a*=0.50 " 

Sh 

~-........................................... . 
~u-.,(1-t:......l'...b-l'.....l;..,c......,_.,....; .-~ 

Fig. 3 - Axial distribution of S h. a* = 0.5. 

RESULTS AND DISCUSSION 

The experimental results presented in this section have 
been obtained from mass transfer experiments. Therefore, they 
appear in the form of dimensionless mass transfer coefficients, 
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Fig. 4 - Axial distribution of Sh. a* = 0.25. 

Sh «*=0.12 
• Re = ?IJ,CXXJ 
"Re =20,CXXJ 
• Re =10,CXXJ 

=~:~:~; 
Fig. 5 - Axial distribution of Sh. a* = 0.12. 
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i.e., Sherwood numbers. Since the mass transfer involved was of 
naphthalene vapor diffusing in air, the data pertain to a Schmidt 
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"' 

Fig. 6- Axial distributions of Sh/Shc. Re = 10,000. 

number Se of 2.5. However, as mentioned earlier, the analogy 
between heat and mass transfer implies that ali Sherwood num
bers obtained for Se= 2.5 are also Nusselt numbers for Prandtl 
number Pr = 2.5 (and for a boundary condition of uniform wall 
temperature). 

Entrance region results. Figs. 3-5 illustrate the axial dis
tribution of the cross-section average Sherwood number for dif
ferent values of the Reynolds number. The axial coordinate x 
is equal to zero at the duct inlet, and increases in the ftow di-
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Fig. 7- Axial distributions of Sh/Shc. Re = 20,000. 

rection. The data points in these figures correspond to the S hi 
values calculated with eq. {8), which were plotted at the xf Dr. 
locations of the respective module midpoints. 

For a*= 0.5 (Fig. 3), the Sherwood number increases with 
the axial coordinate near the duct inlet, reaches a maximum, 
and then decreases monotonically to its fully developed value. 
This trend is repeated for the five Reynolds numbers investi
gated, and is due to the well known vena contracta effect. 

For a* = 0.25 and 0.12 (Figs. 4 and 5 respectively), no 
maximum is observed. The Sherwood number decreases mono-
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Fig. 8 - Axial distributions of Sh/ Shc. Re = 30,000. 

tonically from the duct inlet to the fully developed region, for ali 
Re studied. The main shortcoming of the experimental strat
egy adopted in the present research was that the module length 
could not be shorter than about 20 mm, due to praticai limi
tations. Close to the duct inlet, where the Sherwood number 
varies very fast with the axial coordinate, the resolution ob
tained with this technique was poor, especially for the lower val
ues ofthe aspect ratio (or hydraulic diameter). Therefore, vena 
contracta effects might have passed unnoticed for a* = 0.25 and 
0.12. 

290 

Sh 
Shc 

2 
o 

o 

O o 

-1-,-,.~--

Re = 45,c:x::D 
o ex.*= 0.50 
o ex*= o.25 

o o 
o o o o o o o o o o o 

o o o o o o 

I I I I _ _l_ __ L ____ .l_ _ _i_____L 

4 x/Oh 8 12 

Fig. 9- Axial distributions of Shf Shc. Re = 45,000. 

It can also be seen from Figs. 3-5 that the length of the 
entrance region is about 6 to 8 hydraulic diameters, being a very 
weak function of the Reynolds number and also of the aspect 
ratio. It is worth noting, however, that the axially-averaged 
Sherwood number {not shown), averaged from x =O to x = x, 
may need 70 or more hydraulic diameters to attain avalue which 
is nearly the sarne as the fully developed local S h. 

A direct comparison among the results for the three dif
ferent aspect ratios is also illustrative. Figs. 6-10 show axial 
distributions of the ratio S h/ S h c between the local Sherwood 
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Fig. 10- Axial distributions of Sh/Shc. Re = 60,000. 

number for the elliptical duct Sh and the fully developed Sher
wood number for the circular tube Shc. The values of Shc were 
obtained from the Gnielinski correlation [1]. 

It can be seen from these figures that, for low Reynolds 
numbers (Figs. 6-8), the aspect ratio a* affects very little the 
local Sherwood number in the entrance region of the fiow. For 
higher Reynolds numbers (Figs. 9 and 10), a mild dependence 
on a* is observed, the S h for a* = 0.5 displaying values slightly 
higher than the ones for a* = 0.25. 

...lo... 
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Fig. 11 - Fully developed Sh versus a*. 

Fully developed region results. Fig. 11 illustrates the de
pendence of the fully developed value of the Sherwood number, 
Shfd, on the aspect ratio a•. ln this figure, some of the points 
shown were read from a Jog-Jog plot of Sh1d x Re for each of 
the aspect ratios a* (graph shown in Fig. 12), in arder to allow 
the construction of the curves for fixed Re's. 

For Re = 10,000, 20,000 and 30,000, there is essentially no 
dependence of Sh1.1 on the cross section aspect ratio, except 
for small aspect ratios (a* = 0.12 and 0.25). For a= 0.12, the 
fully developed Sherwood number is about 10% lower than for 
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Fig. 12- Fully developed Sh versus Re. 

a• = 1 (circular tube), whereas for a• = 0.25, it is about 5.5% 
lower. 

For Re = 45,000 and 60,000, however, the trend changes 
qualitatively, and a maximum occurs at a• slightly beyond 0.5. 
For both values of Re, the Sh1d value is about 9% higher than 
the one for the circular tube (a* = 1). 

This comparison with circular tube results is better illus
trated in Fig. 12, where the Shfd values for the three aspect 
ratios investigated are plotted as a function of the Reynolds 
number, together with the prediction of the Gnielinski [1] cor
relation for the circular tube. Firstly it is observed that the 
fully developed results for the flow in elliptical ducts is close 
to the ones for the circular tube, although not as close as the 
results of [11] and [12] for other Prandtl numbers. 
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lt is also seen that, for a• = 0.12 and 0.25, the slopes of 
the curves are about the sarne as the one for the circular tube. 
The Shfd values for both aspect ratios are lower than Shc, the 
ones for a• = 0.12 being lowest. For a• = 0.5, however, the 
slope of the curve is clearly steeper than the Gnielinski curve, 
and the ShJd values for this aspect ratio become higher than 
S hc for R e >~ 30,000. 

FINAL REMARKS 

Experiments have been performed to measure transport ccr 
efficients for the turbulent flow in elliptical ducts. Both entrance 
region and fully developed results were obtained. 

It was observed that the ratio betwen the entrance region 
Sherwood number and the fully developed Sherwood number 
for the circular duct (Sh/Shc) is not very sensitive to the cross 
section aspect ratio, especially for lower Reynolds numbers. 

The fully developed Sherwood number Shfd obtained (for 
Pr = 2.5) is smallest for low aspect ratios a•, and, for low 
Reynolds numbers, tends to the fully developed Sherwood num
ber for the circular tube (Shc) as the aspect ratio increases. For 
higher values of Re, however, a maximum value of Shfd is ob
served at a• slightly above 0.5. 

For Re = 10,000, 20,000 and 30,000, the Gnielinski correla
tion for circular tubes overpredicts Shfd in 11% for a* = 0.12, 
in 7.5% for a= 0.25, and underpredicts Shfd in 3% for a= 0.5. 
For Re = 45,000 and 60,000, it overpredicts Shfd in 6% for 
a= 0.25 and underpredicts Shfd in 9% for a= 0.5. 

The results available in the literature for other Prandtl 
numbers [11], [12] are much better correlated (within 5%) by 
the Gnielinski correlation [1]. 
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SUMMARY 

The paper reports calculations of heat transfer in a separated
reattaching turbulent shear flow. The plane, two-dimensional, 
backward-facing step flow is studled with emphasis on the turbulent 
thermal field. An algebraic second-moment closure is employed for 
the modelling of turbulent fluxes. A transport equation for the 
dissipation rate of temperature fluctuations variance is also 
incorporated. The reported results show that the model provides an 
acceptable description of the general behaviour of the flow. 

INTRODUCTION 

Current lnterest in the computation of convective 
heat transfer in separated-reattachlng turbulent shear 
flows is strongly motivated by the great number of 
practical engineering devices in which combined 
phenomena of separation-reattachment and heat 
transfer occur. ln these conditions, the thermal field 
is known to be greatly influenced by the mechanical 
characteristics of the flow. promoting an 
augmentation in the heat transfer rates within the 
recirculation zone compared with an attached flow. A 
number of studies 11. 2. 3) have attempt to compute 
heat transfer rates in separated shear layers, with 
special emphasis in the reattachment zone. Almost ali 
of these computations have incorporated a first
moment turbulence closure (the k-E eddy 
viscosity/diffusivity model, EVM), and log-laws for the 
numerical modelling of the near-wall flow. The partial 
sucess ln the computations seems to be motivated by 
the limitations of the models employed in the 
representation of the near wall flow. Considerably less 
attention has been given to the calculation of 
turbulerice characteristics as velocity-temperature 
correlations and the scalar-varlance and to the 
examination of the performance of existing 
turbulence models in the simulation of scalar
dispersion in recirculating flows . 

The objective of the present study is to test an 
algebralc second-moment closure (ASM) in a 
separated-reattaching flow with heat transfer. The 
model inc9rporates simplified algebralc transport 
equations for the turbulent fluxes. An important 
feature is that additionally to the transport equations 
for the turbulence parameters k, E and ternperature 
fluctuations vartance <92>. the model also comprises 
a transport equation for the dissipation rate of <92 >. 
This paper attempts to provide an examination of the 
performance of the model compared with the results 
of the k-E eddy-viscosity I diffusivity closure and with 
experimental measurements. The already known 
difficulties in the wall flow treatment are not attempt 
to be solved. More ove r, the difficulties expertenced in 
previous studies to reduce numerical errors in the 
computation of recirculating flows [4) are avoided by 
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the use of a low-order convection-discretization 
scheme. considering that the aim of the study is to 
compare two closure leveis and the m.imerical errors 
whlch arise are of the sarne magnitude for both. The 
next section of the paper presents the mathematical 
model adopted; next, results are reported and 
discussed. Conclusions are drawn at the end of the 
paper. 

MATHEMATICAL MODEL 

The Reynolds-averaged form of the governing 
equations for a turbulent, steady, high Reynolds 
number flow of an incompressible fluid read, ln 
cartesian tensor notation, 

( l) 

(2) 

(3) 

U 1 and u 1 represent the x1-component of mean and 
fluctuating velocity, respectively: P is the pressure 
and p the fluid density: e represents the mean
temperature excess above ambient, T - Tref. where 
T ref is the freestream temperature; 9 is the 
temperature fluctuation . < > stands for the temporal 
average of the quantity. 

An Algebraic Second-Moment closure is employed to 
calculate the turbulent fluxes <u1up and <u18>. The 
transport equations for these quantities can be 
wrttten symbollicaly as 

(4) 

(5) 



where 

( 
au. au) p .. =- <u· u k>--J +<u· uk>--' ' 

IJ ' a J a 
xk xk 

( 
au; ae) pie=- <uj 9> - - +<u; u ?-
a xi a xi 

P;e,J P;e ,2 

where C1J and C1e represent convection terms and Dtj 
and D1e the diffusive terms. ln the equations (4, 5) 
apart from the production terms P !J, P 19 which 
require no mode11ing, ali the remaining terms in the 
RHS representing redistribntion and dissipation rates 
of <u1up and :::u 18> mu ;; t be approximated . The 
models of [5, fi. 7, 8J a1 e adopted to represent the 
pressure-redistribution p rocesses as 

E( 2 \ ( 2 ) R ·· =- C1 - <L u >- - k õ. ·) - r_ p. - - P õ .. lJ k I J 3 lJ '-'2 lJ 3 lJ ' 

1 ~ ij, I 

E 
R;e=-~lk<u , e>-CB2Pio,2, 

~ i9 , 1 

where 

au 
p = - <u; u ?--' 

a xi 

R ;e,2 

R ij,2 
(6) 

(7) 

The model proposed in [9, 101 is adopted to account 
for pressure wall-reflection effects in the Reynolds 
stress tensor components yielding a term which is 
additive to (6) as 

w w E ( 3 
R;j=Cl k <ukuifnknmõij- 2<ukui>nknj 

- ~ <uk Ufnk n;) f (..On; ri) 

w 

R i i . I 

w( 3 +C2 Rkm,2nknmõij- 2Rik,2nknj 

-iR jk,2 nk n;) f (1
L/n; r;) 

w 

R;i,2 

and in the sarne way for model (7) , 

R~=- c;'1 ~(uk e) n; nk f (L /n; r;) 
k 

w 

:R i8. I 

(8) 
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+ C:2 Ce2 Pke n; n k f (L / n; r;) 

w 

R ;e, 2 

(9) 

where L is the characteristic turbulent local length 
scale and r1 the coordinates of position vector. The 
magnitude of these corrections is controlled by the 
function f . which reads 

3/2 
f = k I E 

Cw n; r; (lO) 

where the ronstant Cw is fixed so that f takes on a 
valu e of unity in local equilibrium near wall 
turbulenee, Cw = 2.5. It was assumed likewise [lll 
th'lt the re fl ection effects of the two walls can be 
superimposed . 

' he dissipation ra tes are modelled assuming local 
>otropy at the small-scale motions as 

2 
'IJ = 3 E OIJ. eJO =O ( 11) 

The convection-diffusion terms in equations (4. 5) 
are approximated in the framework of an ASM 
closure [12, 13) by 

<u; Uf( ) C.- D·= - -- - P- E lJ lJ k ' 
( 12) 

<u · 9> ( ) C 0 - D 0 = -' - P - E . 
I 1 2 k 

(13) 

To obtain the turbulence scales , transport equations 
for E and <82> are solved, 

a Uj E E r 2 a ( k a E \ - - - = C c! -P- C 2- +--- C - <uj Uk> - - - , 
axJ k k dXj E dXk) 

au<e> a k a<e> 2 ( 2 ) 
J = 2 P 9 - 2 E8 +- Ce-<ui uk>--

axi dXj E dXk 

where 

Pe = - <u; e;, ~e 
a x; 

( 14) 

( 15) 

The closure of turbulent thermal field is completed 
providing the model to calculate the dissipation rate 
of temperature fluctuations variance. The majority of 
the previous studies have adopted the similarity 
hypothesis between mechanical and thermal fields. 
From the definition of the time-scale ratio R, 

I E 2 
2 Ee = -- <8 > 

R k ( 16) 

E9 can be computed prescribing a value to R, usually 
equal to 0.5. A more general route adopts a transport 
equation for the quantity . Extending the modelled 
equation proposed by Newman et al. [14) to non
homogeneous flows it can be written as 

i... 



2 
a U j Ee E e E e Ee 
---= Cp 1 -- Pe + Cp 2- p - Cot --ax - 2 k 2 

J <9> <9> 

( 1 7) 

Computations were also performed with the k-E eddy
viscosity turbulence model 115) incorporating the 
generalized gradient hypothesis I 16) to represent the 
turbulent diffusivity tensor . The constants which 
appear in the models above are presented in Table 1 
and 2 and are the sarne as proposed in previous 
studies. 

Table 1 - V alue of Turbulence Model Constants. 

c~ Ce1 

1.8 0.55 0.5 0.3 2.8 0.55 0.75 o 0.15 1.44 

Table 2 - V alue of Ee-equation Constants 

Cm 

0.15 1.7 0.71 0.88 2.0 

NUMERICAL MODEL 

The numerical model is based on a finite-volume 
discretization of the governing equations, employing a 
staggered grid for the mean-velocity components 
relatively to scalar properties. ln addition to this usual 
practice, the incorporation of an algebraic second
moment closure model in the numerical code has 
required additional stability-promoting numerical 
measures. The practices suggested in I 11 I were 
adopted, which can be summarized in the following: 
i) A staggered grid arrangement for the second
moments ; ii) The insurance of positiveness of normal 
stresses by special matrix solution arrangement; iii) 
Treatment of source/ sink terms in momentum 
equations via a "pseudo-viscosity" device. These and 
other measures have secured that the convergence of 
the iterative solution process would not be damaged 
by temporary computation of physically meaningless 
values of the variables. 

Despite the inclusion of the above referred numerical 
devices to insure a stable iterative solution process, 
the algebraic form of Reynolds stresses and heat 
fluxes equations leads to serious difficulties in the 
convergence and accuracy of solution process. These 
difficulties, also experienced by Huang and 
Leschziner I 11 I in isothermal flows calculations, 
could be overcame by the use of strong 
underrelaxation factors. 

The hybrtd central upwind differencing scheme is 
used to approximate the convective terms in all 
differential transport equations. The SIMPLE 
Algorithm ( 1 7) was chosen for the pressure-velocity 
coupling correction and the Strong Implicit 
Procedure 118) is employed for the solution of the set 
of the algebraic equatlons. 

The computatlons to be presented relate to the flow 
studied expertmentally by Vogel and Eaton 119). The 

solution domain was chosen so that the measured 
inlet conditions could be specified, at - 3.8 step 
heights . The length of the test section was extended 
up to 18 step heights. see Figure 1. The boundary 
conditions at the walls for velocity components. k and 
E are specified using wall functions I 15 I. At the lowest 
wall a constant flux condition is imposed for 
temperature; zero wall flux is prescribed for <92> and 
Ee. At the first computational node located at y+ = 30 
the Reynolds stresses and turbulent heat fluxes are 
computed with EVM formulae, yielding non-zero 
boundary conditions for the quantities. 

/ //J/ ////flJ//flfl/// ////// 
: -- - ------- -- -1 

I 

4H ~-------~ 
CE2 Ce 

1.92 0.25 
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Figure 1. - Flow Configuration Considered: Plane 
Single-Sided Backward Step. 

The computations were performed using a 50 x 32 
control volumes grid. Grid-dependence tests were 
made indicaung that the differences between the 
results in this grid and a 100 x 64 control volumes 
grid are not significant. The sums of the absolute 
residuais of mean field variables were used for 
monitoring convergence. The iterative process was 
terminated after the normalized residuais fell below 
1%. The computations were performed in a V AX -
6000/440 computer. 

RESULTS AND DISCUSSION 

The computed streamwise mean velocity profiles 
upstream and downstream of the reattachment point 
are presented in Figure 2 (a. b). Upstream of 
reattachment, the growth of the upper shear layer, 
due to entrainment of non-vortical fluid , and the 
intensity of the backflow in the recirculation zone are 
correctly simulated considering that the effect of the 
discrepancy in reattachement length is compensated 
by plotting the computations versus the non
dimensional coordinate x• = (x - XR)/xR as in 119). 
The developing boundary layer (Figure 2b) is 
somewhat less accuratly computed with some 
discrepancy in the near wall region, y /H < O. 75, as 
also observed in the calculations presented by 
McGuirk et al. 14). obtained with a differential 
Reynolds stress closure. No significant differences 
arise from the comparison between ASM and EVM 
results. Both models underpredict the reattachment 
length by about 20-25% with ASM leading to a longer 
value. It is a well known feature of both first and 
second-moment closures which does not depend on 
the grid refinement nor on the wall treatment 
adopted. 

Figure 3 (a, b) shows the profiles of mean-
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Figure 2. - Axial Velocity Profiles; (a) Upstream of 
Reattachment; (b) Downstream of Reattachment. 
Experiments: Symbols, (19); Computations: 
ASM, ----- EVM. 
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Figure 3. - Mean Temperature Excess: (a) Upstream 
of Reattachment: (b) Downstream of Reattachment. 
Experiments: Symbols, [19): Computations: 
ASM, ----- EVM. 
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temperature excess. The profiles are in dimensional 
coordinates due to the absence of a constant 
reference value for the temperature. Measurements 
show that the steepest gradients occur with 
exception to the streamwise locations close to the 
step face, in the region dose to the wall , which is 
conduction dominated. The first computational node 
is located at y+ = 30, which represents a distance 
from the wall considerably greater than the 
conduction-dominated layer thickness. Considering 
the grtd and boundary conditions adopted for the wall 
(prescribed heat flux). these steep gradients are not 
captured ln the computation. and consequently, nor 
their effects on turbulence quantities, as discussed 
!ater on in the paper. At x• = - 0.95, the 
computations reflect the effect of high vertical 
velocities transporting warmer air across the 
recirculatlon region yielding a steep gradtent near 
y/H = l. This indicates that the warmer, low speed 
recirculating air is not so rapidly transported across 
the bordering shear Iayer, as inferred also in [19). 
Further downstream, Figure 3 (a. b). convective 
mixing processes produce a temperature drop 
perdominantly in the viclnity of the wall and the 
temperature gradient across the shear layer rapidly 
vanishes. The computatlons reflect quite well this 
mechanism again with no significant advantage from 
any model, despite the inability of the models to 
capture temperature development at the near vicinlty 
of the wall. 

With regard to turbulence fleld quantities, Figure 4 
dlsplays the computation of streamwise Reynolds 
stress component <u2>. ASM correctly computes the 
peak value and lts location. The maximum value is 
approximatly 17% normalized by the freestream 
mean velocity. ln contrast. EVM underpredicts the 
experimental values. Figure 5 shows the crosswise 
Reynolds stress component <v2>. The anisotropy 
tnduced ln the Reynolds stress tensor due to the 
presence of the wall is correctly simulated by ASM 
which predicts (<u2>f<v2>Jl/2 = 1.4. EVM yields 
equal magnitudes for <u2> and <v2>, leading to an 
overprediction of the <v2> experimental values. The 
energy transfer mechanism among energy 
components due to the pressure wall-reflection 
effects on crosswise velocity fluctuations is not 
captured by thls model. This tendency was also 
observed in former computations [4). 

A number of studies [20-23) have reported numerical 
calculations using a transport equation for the 
dissipation rate of the scalar-variance. These studies 
performed on simple flow geometries without 
separated regions, established part of the four model 
constants which appear ln equation (17). while only a 
few studies (see e .g. [24)) have incorporated the 
transport equation in complex flows calculations. 
While consensus exists regarding the values of the 
constants Cp1. Cn 1. Cn2 (compare [20-23)) the 
constant Cp2 which affects the term representing 
production of Ee due to mechanical mean-turbulence 
fields interactions. has not yet a definite value. Jones 
and Musonge [21) and Nagano and Kim [22) used 
rather different values for Cp2. 1.44 and O. 7. 
respectively. ln the present study. computations were 
performed with several values of Cp2 ranging from 0.6 
to 1 .44. It was decided to retain Cp2 = O. 71 in accord 
with [22). which provlded the best general 
agreement. Figure 6 shows a comparison between 
computed and measure temperature variance profiles. 
ln the ASM model, the transport equation and a 
prescribed constant time-scale ratio R = 0.5 were 
incorporated in the calculation of Ee. At x• ::: - 0 .3 
both models predict a nearly constant levei of 
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temperature variance across the recirculation zone 
and the decrease in magnitude across the shear layer. 
in dose agreement with experiments. At separation, 
the primary transport mechanism in crosswise 
direction in the bordering shear layer is the turbulent 
transport, as the streamlines are nearly parallel to the 
surface and the magnitude of the production of <92> 
is dictated by the intensity of cross-correlation <v9> 
(see Figure 7). As a consequence of the failure of the 
model to capture the steep temperature gradients 
the production of <92> is strongly underpredicted, 
yielding a lower local levei. ln contrast, at the wall the 
low levei of <v9> indicates that the transport 
mechanism is other than turbulence. ln the vicinity of 
the wall, mean-field gradients control the heat 
transfer rates and the inaccurate description of the 
temperature profile by the model yields a strong 
underprediction of temperature fluctuation. ln 
addition, the levei of <92> in the adjacents layers near 
the wall is also too low affectlng the transport across 
the recirculation zone. 

ln the developing boundary layer the experimental 
profiles exhibit a monotonic decrease from the wall 
to the freestream . Nevertheless, even in the outer 
zone. y/H > 0 .5, the leveis of <92> are finite, which 
indicates that the significant contribution to 
production of <92> comes from turbulent transport of 
heat. since temperature gradients are small in this 
region. The computations reflect this variatlon in 
shape of the experimental profile. At this streamwise 
location, the inaccuracy of the model description of 
the near wall temperature evolution is also reflected 
in the discrepancy observed between computation 
and experimental values. 

1t is important to note that the constant time scale 
ratio model for calculating EO also produces a fairly 
good description of <92> development, possibly 
indicating that the departure from a similarity state 
between turbulent mechanical and thermal · fields is 
small. Presumably this flow is not a stringent test to 
the model. 

The cross component of the turbulent heat flux 
vector is shown in Figure 7 . Both models overpredict 
the peak levei at y/H- 0.7. 

The change in dominance between the bordering 
shear layer and the wall region is observed in 
streamwise location x• ::: - 0.3. Both models capture 
this change. Unfortunatly, the measurements are not 
detailed enough at the wall to provide a evaluation of 
the accuracy of the predictions. For streamwise 
distances greater than x* = - 0.3 the influence of the 
wall is domlnant and <v9> profile peaks at the wall. 
dropping to zero at the free shear layer. ASM 
captures quite well this development, while EVM 
responses slower to this change. Further downstream 
in the recirculation region the peak diminuishes in 
intensity and the levei inside the bubble increases. 
This evolution is captured by ASM. The profiles 
produced by EVM are strongly influenced by the wall 
and the inner zone is significantly overpredicted. 

CONCLUSIONS 

Numerlcal computations of convective heat 
dispersion in a backward-facing step turbulent flow 
were presented. The dosure of the mean-field 
equations was made incorporating an algebraic 
second-moment model for heat fluxes and four 
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Figure 4. - Streamwise Normal Component of 
Reynolds Stress Tensor; Experiments: Symbols. [19]; 
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Figure 7. - Crosswise Turbulent Heat Flux; 
Experiments: Symbols, I 19]; Computations: 
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transport equations for turbulence basic parameters. 
Comparisons of the results with experimental data 
including also k-E model computations, showed an 
acceptable agreement between both mean and 
turbulent fields provided by ASM, which can be 
considered within experimental errors for the 
mcyority of the comparisons. ln contrast some results 
computed with EVM model showed significantly 
greater discrepancies. Although not pursued in the 
present study an important issue in numerical 
research still continues to be the improvement of 
near wall treatment. 
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SUMMARY 

The influence of a longitudinal vortex generator, a delta ~inglet pair which 
can be produced by t~ different methods, on heat transfer and flow loss in turbu
lent channet ftows is investigated. No obvious difference in the total heat transfer 
enhancement and flow tosses increment connected wtth the t~ productton methods of 
delta winglets can be confirmed. For the two investigated cases, the ~an heat tr
ansfer enhancement over the entire channel reaches about 19% and the addidional flow 
tosses amounts to 310% compared to the channet flow without vortex generator. 

I Nl RODUC l ION 

lurbulent flows and heat transfer in a parallel 
wall channel occur frequently in many heating and cool
ing devices. A typical example is a plate fin heat 
exchanger. Fig'. 1 shows a configuration of a finned 
tube heat exchanger, which consists of flat channels 
built by parallel walls. Generally a liquid flows 
through the tubes and a gas flows through the channels 
formed by parallel plate fins. ln the channel boundary 
layers grow along the two opposite channel walls. lhe 
growth of the boundary layer increases the thermal 
resistance between the fluid and the channel walls. 

ln order to enhance heat transfer at the fin pla
tes, longitudinal vortices (LV) can be introduced into 
the channel flow[l,2,3,4]. LV promote mixing of the 
fluid between the near wall and the core region of the 
channel. lhis disturbs the growth of boundary layers on 
the fin plates and thus enables high rates of heat 
transfer at the plates. LV can be produced by placing 
vortex generating devices in form of wings or winglets 
at the channel wall. 

lhe vortex generators (VG), for example a pair of 
delta winglets, can be produced by means of two 
methods. For the first method, small triangular pieces 
of the fin can be punched out of the plate and bent in 
such a way that they, while remaining attached to the 
plate at their base, will stick out like a half wing 
(winglet) in the flow between two plates with a angle 

(a) without stamping 

//// Gas 

Fig. 1. Schematic of a compact gas-liquid heat 
exchanger with extended surfaces finned tube. 

of attack to the streamwise direction. ln the following 
text thi s manufacture method wi 11 be refered as "wi th 
stamping". ln stead of stamping the VG can also be 
mounted on the plate, which will be refered as "without 
stamping". lhe VG can in principle be of triangular 
(delta) or rectangular shape. ln this study only delta 
half wings (winglets) are considered. Fig. 2 illustra
tes a VG in the form of a delta winglet pair (DWP) pro
duced by the two methods. 

lhe purpose of the present work is to predict the 
effects of a DWP produced by the two methods on the 
heat transfer augmentation and flow loss increment in 
turbulent channel flows. 

(b) with stamping 

Fig. 2. Computational domain: A parallel wall channel with a delta winglet 
(a) mounted on or (b) punched out of the channel bottom wall. ln a fin-plate 
exchanger the element may be repeated in span and vertical directions. 
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HATHEHATICAL FORMULATION 

Computational domain . Details of the geometry 
chosen for the present analysis are shown in Fig. 2, 
where (a) and (b) illustrate parallel wall channels 
with a DWP mounted on or punched out of the channel 
bottom wa11 respectively. The thickness of the VG is 
ignored. All dimensions in Fig. 2 (a) and (b) are the 
sarne. The dimensions of the computational domain and 
the VG relative to the channel height H are taken as: 

B • 6 H, L • 10 H, 1 • 2 H, h • H 
a • 0.5 H, s • 0.5 H, ~ • 25° 

The height of the delta winglets is equal to the 
channel height, so that this VG can act also as fin
spacers in the heat exchanger. 

Because of the symmetry about the planes I and 
II, the computations are performed only for the region 
within these two planes in z - direction. 

Governing eguations. The Reynolds averaged Navier 
Stokes and energy equations in conjunction with the 
eddy viscosity concept are used to describe the incom
pressible flows in the computational domain. These 
equations are written in a Cartesian tensor form as 

Cont i nu ity: 

2.\L_. o 
8Xi 

Momentum: 

mLL z 
P Dt L a [ ( ) (2.\L_ Q!h) 

- 8Xj + ~ # + #t 8Xj + 8Xi 
2 - 3 p kcS d] 

Energy: 

p DT • ...1L [ (f + r ) 2LJ Uf 8X; t 8X; 

(1) 

(2) 

(3) 

where the turbulent viscosity ~t and the turbulent dy
namic thermal diffusivity ft are given by 

#t • C pk 2/l 
# 

rt a ....Jh._ 
Prt 

(4) 

(5) 

The turbulence kinetic energy k and its dissipa
tion rate l are computed from the standard k-l model of 
Launder and Spalding[5]: 

p Dk z ..iL (l!i.. Q.L) + G - Pl 
Dt ax 1 uk ax 1 

(6) 

DE • ..iL L!1.. 2f.._ f f z 
P Dt ax <u ax ) + c, -k G - CzP --k (7) 

i l i 

G denotes the production rate of k which is given by: 

G • # (Q!L_ + Q!h) ~ 
t 8Xj 8X; 8Xj 

The standard constants are employed: 

c~ • 0.09, c1 = 1.44, Cz • 1.92 
uk = 1.0, uf = 1.3, Prt• 0.9 

(8) 
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Boundary conditions. 

Entrance 
Hydrodynamically developed flow and a uniform 

temperature l 0 are assumed at the inlet of the channel 
in the present study. lhe inlet velocity, k and f pro
files are obtained from a calculation of 20 turbulent 
duct flow. 

Exit 
At the outlet the streamwise gradients of a11 

variables are set to zero: 

af _ o, 
ax 

Symmetry 

f • {U,V,W,k,E,T} 

At the symmetry planes (I and II) the 
velocity component and the normal derivatives 
other variables are set to zero: 

W = O; 

Walls 

af = o, a.z f = {U,V,k,f,l} 

(9) 

normal 
of a11 

(10) 

Wa11 functions given by launder and Spalding[5] 
are employed to prescribe the boundary conditions along 
the channe 1 wa 11 s. The wa 11 funct i ons are appl i ed i n 
terms of diffusive wall fluxes. For the wall-tangential 
moment these are the wall shear stresses: 

PU c l/4k 1/Z~~; 
- p ~ p 

1 w - ln(Ey+) ( 11) 

with the non-dimensional wall distance y+ defined as: 

PYpC 114k 11Z 
y+ = Jj p 

~ 
(12) 

and ,. ~ 0.42, E = 9.0. 
lhe subscript p refers to the grid point adjacent 

to the wall . lhe production rate of k and the averaged 
dissipation rates over the near-wall cell for the 
k-equation as well as the value of f at the point p are 
computed respectively from 

G !h_ P = 1w YP ( 13) 

y c 3/4k 3/2 1 p p p + 
(14) f = -- J f dy = 1 n ( Ey ) YP ,. YP 

o 

k 3/Z 
(15) f = c 3/4 ~ 

P # ~>Yp 

For the temperature boundary condition, the heat 
flux to the wall is derived from the thermal wall 
function[5] 

Qw 

(lw·Tp)pcpcpl/4kpl/Z 

Prt[kln(Ey+)+P] 

where the empirical P function is specified as: 

= 1r/4 ~ 11 z E.!:_ - ~ 114 
p sin(1r/4) (,.) <Prt 1)(pr ) 

(16) 

(17) 

and the wall temperature Tw is a constant in the 
present work, lw=2T 0 • 



Periodicity 
lhe stamping regions at the channel top and bot

tom walls are treated with periodic boundary conditions 
which are defined as follows: 

fr : f 8 , ~;Ir= ~;Is' f • {u,v,w,k,t:,l} (18) 

T- top wall, 8 - bottom wall 

NUMERICAL PROCEDURE 

A numerical procedure, based on the SOLA algori
thm[ 6], was mod i fi ed by the authors' group for the 
investigation of the velocity and temperature fields in 
3D laminar channel flows with longitudinal vortex 
generators[3]. ln the present work, this procedure has 
been extended to solve turbulent problems. 

lhe SOLA algorithm solves the time dependent 
Navier-Stokes equations directly for the primitive 
variables. lhe modification used here retains the solu
tion route of the SOLA algorithm; an explicit time step 
for the momentum equations is followed by an implicit, 
iterative pressure and velocity upgrading. 

ln order to vali date the modified computer pro
gram, the code has been used to simulate a well docu
mented 3D turbulent flow experiment of Pauley ad 
Eaton[4]. lhe comparison between the numerical simula
tion and experiment shows a reasonable agreement[7]. 

RESULlS AND DISCUSSION 

lhe governing equations are solved numerically 
for a Reynolds number ReH = 50000 and a Prandtl number 
Pr = 0.7 to predict the flow and temperature fields in 
the two ducts shown in Fig. 2. For the sake of compari-

(a) without stamping 

son, a hydrodynamically developed thermally developing 
turbulent channel flow (without VG) is calculated with 
the sarne flow and boundary conditions as described 
above. Henceforth this flow is referred to as the base 
flow. 

Effects of the two manufacture methods of DWP on 
the flow fields, heat transfer enhancement and flow 
lesses increase are compared in Figs. 3 - 7. ln Figs. 3 
- 5 the results without stamping are presented in (a) 
and the results with stamping are presented in (b) 
respectively. 

Fig. 3 shows the deve 1 opment of the cross fl ow 
and the divergence of the vortices along the streamwise 
direction in the two channels. At cross section 
x/H • 1.3 of (b) the inflow and outflow through the 
stamping holes of the top and botto• walls are evident. 
lhe cross section x/H • 9.3 reveals that the divergence 
of the vortices generated by the DWP without stamping 
is larger than with stamping. 

Similar distributions of the turbulent kinetic 
energy are found in Fig. 4 for the two cases. lhe dot
ted lines in Fig. 4 at the cross sections x/H • 4.3 and 
x/H - 9.3 indicate the position of the k-isoline 2 of 
the base flow. ln the undisturbed region of the cross 
section x/H • 1.3, a typical distribution of the turbu
lence energy in a 2D channel flow, where the turbulence 
energy increases with proximity to the wall, is observ
ed. Higher turbulence kinetic energy is produced around 
VG by the interaction between the main flow and VG. At 
the downstream locations (x/H • 4.3 and x/H • 9.3) the 
flows with VG contain larger k-values in almost all 
areas of the sections than the base flow. lhis could be 
an important contribution to the heat transfer enhance
ment in the channel, since it means a significant 
increase of the turbulent thermal diffusivity in the 
flows. ln the core region of the vortices at cross sec
ti on x/H • 4. 3 the 1 eve 1 of the turbul ence energy is 
one order of magnitude higher than that for the base 
f1ow. lhe influnce of the inflow through the stamping 
hole at the top wall on k~istribution can be seen at 
cross section x/H z 1.3 and is still recognizable at 

(b) with stamping 

Fig. 3. Cross sectional velocity vectors at axial locations x/H= 1.3, 2.3, 4.3 
9.3, showing the formation and extent of the longitudinal vortices. 
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-f 

~ 
2 -2 

~ 
(a) without starnping (b) with starnping 

Fig. 4. Contours of the turbulent kinetic energy at cross sections x/H • 1.3, 
4.3 and 9.3 

the downstrearn location of x/H = 4.3. 
Fig. 5 displays contours of Nusselt nurnber for 

the top and the bottorn wall of the two channels shown 
in Fig. 2. lhe dotted lines in Fig. 5 stand for Nusselt 
nurnber distribution on the channel walls in the base 
flow. Nusselt nurnber is evaluated by 

Re Pr g,. Nu 
Cp P U0 (lw-ls) 

Eq. (19) is derived frorn 

Nu z a Dh / À 

(19) 

(20) 

with the aid of qw = a(lw-l 8 ) and the definitions of Re 
and Pr. 

A piece of VG is plotted in Fig. S(a) to show its 
position on the bottom wa11. ln the vicinity of the 
base of VG a low Nusselt number region exists at the 
pressure side, where the rninimum value of Nu (line 2) 
is about 60% of that of the base flow (line 5). At suc
tion side the Nu nurnber increases rapidly in normal 
direction away from the VG (from line 2 to line 7). ln 
the are a between the vort ices, the downwash effect of 
the secondary flow(ref. Fig. 3) leads to a great heat 
transfer augmentation; here the rnaximum Nusselt number 
(line 9) is nearly 50% higher than the Nu value of the 
base flow (line 5). ln the wake of the VG a low-Nu-re
gion stretches downstrearn. 

As shown i n Fig. 2 the rear edges of the DWP 
touch just the top wa 11. Around the front of those 
edges the Nusselt nurnber reaches its maximurn value for 
the top wa11 (1 ine 9). Upstrearn of the contact point 
the values of Nu are everywhere greater than those of 
the base flow. ln the wake region of the contact point, 
boundary 1 ayer is thi ckened by the upwash fl ow (ref. 
Fig. 3), which gives rise to the low Nu values in this 
region. 

On the bottorn wall of the case with stamping(Fig. 
5 (b)), the Nu-distribution at suction side of the VG 
and downstrearn of it is very si mil ar to that of the 
case without stamping in the sarne region, what rnay be 
resulting frorn the sarne flow situation of the both 
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cases in this area. Near the short perpendicular side 
of the punched hole and downstream of it, due to deve
loping flow effects the heat transfer rates are quite 
high. On the top wall, owing to the influnce of inflow 
through the punched hole, Nu-distribution is rather 
different as in case (a). 

Fig. 6 shows the ratios of spanwise averaged Nus
selt number Nu. on the top and bottorn wall respectively 
to the Nusselt nurnber of the base flow Nuax along the 
streamwise direction, which indicates the streamwise 
heat transfer enhancement produced by the DWP i n the 
two cases. 

lhe spanwise averaged Nusselt number Nu. is 
defined as 

B/2 I Nu. • ------8
1 ·r Nu dz 

- 8~ 2 x 
(21) 

ln Fig. 6 the broken curves present results of 
the case with starnping. For the both cases, the spanwi
se averaged heat transfer enhancement reaches a maximum 
value in a small distance behind the VG on the bottorn 
wall but in a large distance behind the VG on the top 
wall. 

lhe DWP produces 20% mean heat transfer enhance
rnent over the entire heat transfer surface on the top 
wa 11 and 17. 7% enhancement on the bot tom wa 11 i n the 
case without stamping; and produces 18.7% heat transfer 
enhancement on the top wa 11 and 18.3% enhancement on 
the bottom wa 11 i n the case wi th stampi ng. lhe mean 
v a 1 ue of top and bottom wa 11 s is 18.5% for the case 
with stampi ng and is 18.8% for the case without stam
ping. 

lhe flow lasses are evaluated by using the 
kinetic energy equation in [8], which is simplified for 
the present problern as follows: 

+ I ( ) U 2 P1 - Pz 
12 - -2- <rt - <rz a + P (22) 

.......... 



(a) without stamping 

Nu 
i uo.o 
& tSO.O 
3 110.0 
4 &20.0 
5 2,0.0 
' 255.0 7 ao.o 
I 330.0 
I 350.0 
iO 350.0 

(b) with stamping 

Fig. 5. Local heat transfer coefficients: Contours of Nusselt number on the top 
bottom walls from leading edge to the downstream location x/H = 4 

where 

(23) 

is the specific dissipation. lhe variables a and P0 in 
eqs. (22) and (23) are kinetic energy correction factor 
and disspation reseectively, which are described in 
detail by Gersten[SJ. lhe dissipation P0 indicates the 
loss of mechanical energy due to friction and turbulent 
mixing. For the convenience of analysis, a dimension
less number, called dissipation number[9], is derived 
from eq. (22): 

1.2 

1. 1 

1.0 

0.9 
o. 2. 4. 

top wall 

' 
' ... ,, ..... ~ 

no stamping 
stamping 

6. e. 

bottom 

x/H 12. 

Fig. 6. Ratios of the spanwise averaged Nusselt number 
between the fl ows with and without VG, showi ng the 
local heat transfer augmentation on top and bottom 
walls by VG along streamwise direction. 
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+ H c =-f.lt-·-tp U0 Ax 

1 H I H 
= - 2-(al - a2 )t;X + -pp "1:X (24) 

where the index 1 means inlet, index 2 ml1ns an arbi
tary axial location at the downstream and Ax indicates 
the distance between the locations I an~ 2. 

Fig. 7 shows relative increase of tht dissipation 
numbers between the two investigated ca ;es and base 
flow (Ctp-Ctp 0 )/Crpo· Ctp0 is the Ctp value of the base 
f · ow. lhe broken curve presents he.·e aga ·. n the result 
of the case with stamping. lhe relative ircrease of the 
flow losses induced by the DWP over the entire channel 
are equal for the two investigated cas1~s and amounts 
310%. 

tO. 

C -C 
~ 

C(j)o 

6. 

4. 

2. 

o. 
o. 2. 4. 6. 

no stamping 

stamping 

8. X/H 12. 

Fig. 7. Relative increase of the dissipation number 
over the region from entrance to axial location x 
between the flows with and without VG, showing the ad
ditional flow losses caused by VG along streamwise 
direction. 



CONCLUSION 

The built-in delta winglet pair with or without stam
ping in a turbulent channel flow has different influnce 
on the local flow field and local heat transfer rate. 
But the total effects of the DWP with or without stam
ping on heat transfer and flow loss are almost the 
sarne. The mean heat transfer enhancement over the 
entire channel, induced by the DWP in the present 
cases, is about 19% for a wall area which is 30 times 
the area of the delta winglets. The additional flow 
losses of the present cases amounts to 310%. 
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ARRA:)TO EM CAMADAS LIMITE COMPRESS(VEIS 
COM ADIÇAO DE MASSA - UMA ABORDAGEM ASSINTOTICA 

CLÁUDIO. C. PELLEGRINI 
Laborat6rio de Meeiniea d08 Fluid08/ Aerodin&mica 
Pr~a de Eng. Mecânica (COPPE/UFRJ) 
C. P. 68i03 - Rio de Janeiro, Bruil- 21946 

Nf!lllte &raballao, o DJ\4Codo du e.rpauõer &IIIIÍDcóticu comb.iDadu juntamente com a tkniea 
du variáveill ia&ennediúiu ~ uilliRdo para obter uma fórmula para o cQculo do a.rrMo em 
~1108 ~a.rbuleai108, comptellllfveU, com ~ DOrmal de llWào atraYél de ama pwede 
adiabáCica. Novu exp.nwõe. são proJXJS'u para d~ver a dependêJJcia du 00118h.Dkll 11, A 
e n que ..,..-eoem na IIOlução oam o número de AfadJ e com • Cu:a de .iqjeção. o. .renhed~ 
&eóricaJ são comparados com dados experimeo&ais ~rendo boa COBCOJ'dâcia pana m«Jiu e 
baixu tuu de izUeçio. AMm disJo, a an~ fornece uma exp.re.io para o perfH de velocidades, 
que concorda melbor com os dadoe do que aa de Crabalbos anteriores. 

1 • INTRODUCÃO 

Os problemas de camada limite compr-{vel turbulenta 
com injeção de fluido vem sendo estudad08 ei~Rem'ticamente 
deade oe an08 60, quando pela primeira ves ae peuou na uti
lização deste método como uma maneira eficaa de ee prot&
ger auperflcies aerodinâmicaa d08 efeit08 du altu temperatu
ru. De.de então, motivado por esta entre 011tru aplicações 
de grande lmponlncia, a de~rmblaçlo d08 coeftclen~ de a.r
ruto e de troca térmica em escoamentos deste tipo ~ ee apre
M!Dtado como um íormid,vel problema de engenharia. Muitas 
teorias tem sido propostu, mas a eolução definitiYa de cerlu 
questões ainda est' por vir, em parte por conta de problemas na 
modelagem da pr6pria. turbulência, em parte por falta de con
cordância entre os dados experimentais doe diYereoe autores. 

Dentre todos oe reeuUadoe obtidos nestes últimos trinta 
anoe, a maioria é devida a Squire e eena alunos na Universi
dade de Cambridge [1-ó). Neste. trabalhoe; coatudo, o coefi
eiente de a.rruto (C/) é calculado através da equação integral 
do momento linet.r, dado o perfil de velocidade, ~odo que 
como apon(a a reC. {6J Cende a eer im~ilo. A própria re(. {6J 
propõe como método alternativo para o cálculo de C/ que a 
transformação de Van Driest ~a aplicada à equaçio do P :-

1'8ÃO dedusida na reC. [1) para o caeo compre.ím. Cont ;.do, 
a deçeito dae pre\'Í8Õe8 te6ricu de C/ apreeentarem boa ( )D

cordância com OB dad08 experimentais de Squire [2j, a teo~ .a é, 
matematicamente pouco rigorosa e não fornece boas predi;ões 
para o perfil de velocidades. 

O objetivo do presente trabalho é obter uma exprM!áo 
pt.ra o cálculo de C/ em escoamentos compresa{vei. com injeção 
que seja matemáticamente rigorC»a, o qt e no conhecimento do 
autor ainda não foi feito. Para ÍBIIO, utfiza-ae o mé$odo du 
expaneões 8118int6ticu combinadu de maneira ligeiramente die
ün'a da forma clúeica, empregando-se a ~a du vari'veia 
intermedimas [8,9] na escolha du funções que fazem o esti
eamento dae coordenadas. A concordância entre u previ8Õea 
te6ricu para C/ e os dados experimentaie da ref. (2) é boa, e 
a exp~ para o perfll de velocidades propo.ta COilconla me
lhor com 08 experimentos du rem. (2] e (6) do que a proposta 
pela ref. [6]. Além disao, o ~todo utilizado tem a ftllt~ de 
poder ser uaado na dedução de equações para o coeficiente de 
troca térmica e para o perfil de temperatura comprelllliveis com 
injeção, expreaaõee que até o momento são inéditu. 
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a • DETERMJNACÃO DAS PUNCÕES 
DE ESTICAMBNTO 

ConaideremOB, de inkio, um e1C0611lellto turbulento, com
presaível e bidimeoaional, de um fluido Newtoniano. O aiatema 
básico de equações que rege um .coamento de.ie tipo pode 
ser encontrado no trabalho de Van Drie.t (10). Cmuâde1111D08 
ainda que o fluido em estudo escoe eobre uma superflcie plana, 
~tica e porosa, atravét da qual ee eá4úa injeRDdo fluido 
de mesma espécie qufmiea, na direção normal ao escounento, 
com velocidade constante Vv, e que a temperatura ma.ntenha-~e 
cons&ante na direção do -=oamento, fora da camada limite. 

Colocado o problema, ana1Uem08 u equações que o gover
nam em primeira. ordem de aproximação, utillilando o o*odo 
du Yariáveia intermediáriaa. E.&a análiee, alén de l011lecer im
portantes informações sobre a flaica do probler .a, mostra quais 
OB esticamentos de coordenadas apropriadO!' à p .terior 10lução 
usint6tica das equações. Considerando a ord .m1 de grandes& 
máxima de todas as variáveis envolvidu, ~roJ.?mOB a adimen
sionalização das equações através das regujnCet , e~: 

,Pa~~ = (,P- 1/J.,)/(tPoc- "fJ.,) (2.1) 

U!, = U'/tJ.r (2.2) 

V~11 =V' lu~ (2.3) 

P~~~ = p'fp.,., (~/Uoo) (2.4) 

pld = fi' /PooV~ (2.5) 

#Jd = IJ/Poo (2.8) 

Xa~~ =X/X (2.7) 

Y., = Y/(6'1) (2.8) 

Nesta lista, bem como em tudo que 11e eesue, todae ae 
Y&Mveill ~ o aignifteado c"-ico. A Y&Mwl ,P pode uaumir 
oe valores U, V, P, p, (pU), e (pV); 08 índicea tul, oo e w 
repre.entam ret~pedivamente varmveJ adimeuioJJaJ, vaJors DO 

escoamento stemo à camada limite e na parede; 'I é a função 
de esticamenio du coordenadu; u~ é a velocidade de fricção, 
definida por u, = J T v/ p .. , com T .. sendo o atriio na parede. 

O motivo pelo qual o valor Ur foi utilizado na adimensio
nalização da flutuação turbulenta U' é que, como indica Aúal 



. [11), a ordem de grandes& de U' varia entre O e ..&e valor. M• 
elidas p«lMerioree de Kistler e Chen (12] e de Morkovin [13] 
moetraram que orl(U' /Uoo) = orl(V' /Uoo) = orl(p' / Poo) = 
orl(y'P'/p00U!J, (onde orl significa ordem de grandesa) de 
modo que ~ .. aa variáveis ~urbulen~• adimenaionais têm or
dem en~re O e 1. 

Aplicando àa equaçõea de Van Drieet o método daa vari
áveis inkrmediáriu de forma cléeaica, obtemo. o eeguinte con
junto de aproximações de primeira ordem para a equação do 
momen~o l!n~ .. na direção X: 

orl(1) ~ orl(rt) > onl(~ h): 

(pU)U. + b'7)-1(pV)U, = - 6~2 P111 

Paooo 

onl(rt) = oni(E2 h) : 
âP 

(pU}U111 + ('Y'1)- 1(pV)U, = --u;-P• 
Poo oo 

- [('â.p + P•) YTTVT] 
Poo Poo r 

onl(e2 h)> onl(I'J) > onl(Reoo'Yt:)-1 : 

( p, ) (VIVi) = o 
Poo r 

onl{rt) = oni(Re00 -yE)-1 : 

(;:) (UTV7), =(pU,), 

onl('l) < oni(Reoo'YE)-1 : 

(pU,),= o 

onde E= u.,./U00 , "( = 6/X e Re00 = p00U00 X/p00 • 

(2.9) 

(2.10) 

(2.11) 

{2.12) 

(2.1S) 

O. cosúunta. de equaçõea correspondente. u equaçôs da 
continuidade e do momento linear na direçio Y fomecem ree
pecliw.men~e onl(U) = oni(V/6'1), para ~o"' e P, =O, para 
on1(1) ~ onl(rJ) ~ orl(E2f'y) , P, = (VJV7), , para oN(rJ) < 
or.i(e2 f'y). Na dedução das aproximaçõea acima, uma conai
deraçio extra foi feita: baeeado na condição de contomo da 
parede, isto é, U = V = p = O, .. umimos que nu camadas 
maia próximas à esta, U, V e p Ão de ordem inferior a unitária. 
O. resultados já existentes para o cuo eem iDjeção mostram 
que esta hipótese é ~m 

De acordo com aa detiniçõe. de Lagentron e C..ten [9] 
eobre domínio de validade das equações aproximadaa, vemoB 

que é nficiente re110lver aa equaçõa (2.10) e (2.12) para de. 
crever toda a camada limite, poia ei.M são "suficientemente ri
cali' para conter ~odaa aa ou~raa. Aaim aendo, o eacoamen~ 
fica dividido em duu regiões, a mais próxima à parede, que 
chamaremos regiio fla ,.refie, e a maia diatante, que chamar~ 
mos região la uteirs. Os valores de '1 que levam a estaa duas 
regiões aão oe esticamen~os de COOI'denadaa apropriados para a 
análille .. intótica, ou eeja: 

"• = e2h (2.14) 

I'Jp = (RecoE'Y)-l (2.15} 

"' para a região da parede e '7c para a regiào da esteira. 
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3 - ANÁLISE ASSJNTÓTICA DAS EOUACÕE8 

Na an~ -.iDtMica du equaçõM do OIW1)NIM!nto, u duu 
repões em que .te .e divide, ddnidas pelo. ell&icameoto. (2.14) 
e (2.16), l!lelão eetudadu .eperad11111ente. Uma difenmte adi
menaionalilaçio eer& u~iliRda em cada ceeo, fuendo com que 
todas .. variáveia nio-dimenaiooaia tenhlllll ordem de snadesa 
unitl6ria em ambu u regiõe.. De fato, .e aa.im Dio to.e, IAlU 

orden• ~eriam que Mr consideradu durante a polterior colet& 
d08 tenDoe de meaoa ordem nu equaçõs esticadaa. 

Aleim, u duas sub-eeçõee aepin- coiDIIÇ8Dl com 1IJD& 

adimensionalilação de variáveia difcnnte da plopoe~a na eeçio 
anterior, e u~iliADdo aa funçõe. de MÜC&mento de coordeuadu 
encontradu nefia, ob~, a&ravá do mc§todo daa expeuõea 
81111Íntóticaa, soluções para u duu regiõee do eeooemento. 

U - Retriio da fvede, Pva adimeuaion.W.ar u equ&
çõee que govemam o problema. nftlta região, VIUI108 conaiderar 
a hip6tae apoiada nos renltados existentes para o cuo incom
preeeível, que orl(U) = onl(U') = onl(u..). Além diaeo, vamos 
considerar que hip6te.e eemelhante seja válida para aa outru 
..náwia mécliu do ~. iiMo é, q.e ...t(+ - ._) = 
oni(Y,.'), para Y,. = V, p, P, (pU) e (pV). Desie modo, con
mderando a ordem de pandesa du flutuaçóC!J8 turbulentu de 
acordo com • reta. (14) e [Ui), a eçl'M8io (2.1) fica Ab.titukla 
pela expreeaio geral t/td = (Y,.- t/1.)/Y,..,., onde Y,..,. é o iermo da 
ordem da flutuação de .;. Além di.o, na eçrmio (2.6) 'ftiDD8 

•uhetituir o valor de referência Poo por p., e na (2.8) fanmo. 
'I = 1, poilt nio exiiJte eB&icamento ainda. 'lbdu u outru ez
prseões de adimenaionalisaçio Ão i«uai8 u api'C!J8eDtadas na 
lleÇáo anterior. 

Adimenaionalisando então aa equações do C!J8COUDen~ na 
forma propo8ta, e procedendo o eá.icamento de coordenadu de 
acordo com (2.9} e (2.16), ob.erva-ee que a correçio ao tenoo 
de &&ri~ devido à injeçio na equação do mome&W lineu ~ 
ordem V. fu.,.. Alllrim, para que as equações aproximadas de 
eegunda ordem dêem conta dMte efeito, n088U expanaões eerio 
feitas no parâmetro 'i/e (= V./a.,.), pequeno por hip6WIIe. A 
e:r:preeeão geral dee.u e:r:panaões, vé.lida para ~ .. u variáwil, 
~então: 

Y,. = Y..u + (i/t}Y,.,l + eY,.u + 'it/'22 + (i/t)2f!at 
(3.1) 

+ e2 Y,.11 + (i/t)1 Y..,n + t 8Y..t4 + · · · 

A expansão (S.l) foi feita também em torno do parâmetro 
pequeno t, de modo a que as equações apro:rimadas de eegunda 
ordem poesam dar conta ele elt!itoe desta ordem, ee neceeaário. 
Substituindo a expreuio (lU} nu equaçõe. não dimewaionu 
esticadas, e coletando termos de mesma ordem de grandesa, 
temoe para as duu primeiras ordena de aproximação da equação 
do mouumt.o linea.r em X~ 

1A.orfkm: ( p+Uti. +) +- (V"V')it + =O (S.2} 

' ' ' 
Uft + = (p+U/t +) - (U'V'):1 (S.S) 

' ' r+ r+ 
2A. ordem: 

onde ,+ = 1JU.,./v. é a coordenada esticada, u+ = U(r+) 
e p+ = p(r+) . E.tas equaçõee, de acordo com a teoria daa 
variáveis intennediáriu, valem até a parede. 

L 



Bejan (14] apreeeniou eolução para a equação (3.2), mas 
verificou que a ooncotdbeia com dadoe experimenta.is, no cuo 
incompre.ível, nio é boa. Para contornar tal problema, ele 
propô. que ee reeolveaee a equação (3.2) desp:rezando-ee o termo 
laminar, de modo a adicionar maia um grau de liberdade à 
eolução, melhorando emaideravelmente a concordância. 

Para repetir o procedimento de Bejan, no eecopo da ~ 
ria que estamoe U8&Ddo, reeolvemoe as equações (3.2) e (3.3) 
numa repio mais pr6Iima ao eecoamento exteruo, aonde, como 
moeira a equação (2.11), nio apueee o ~rmo laminar. Neeia 
região, contudo, não ee dispõe de condições de contorno ade
quadas, de modo que algumas constantes a determinar apar~ 
cerão no resultado. Aarumindo válida a teoria do comprimento 
de mistura de Prandt) como modelo de turbulência, a eolução 
das equações (3.2) e (3.S) na região fica: 

Ui\= (imp+ +A) (3.4) 

1 (1 ) 2 

u.+ = - -Irar+ +A u 4 ~ 
(Ui) 

onde 11 e A Ão as conatantes a determinar. Subatituindo stas 
duas equações na eiJMULÃo (3.1}, deef'uendo o enicamento, e 
redimeulionali..ndo, iemoe finalmente: 

U (
1 u,. ) v.(1 u .. )

2 

= -ln r- +A +- -ln r- +A 
~ "• 4 k "• 

(3.6) 

3.2 - Recijo da f.tteira. Ne8ta região, todu u varibeis 
médias tem a ordem de grandes& de eeu re~pectivoe valors no 
eecoameoto externo. Com u relações de ordem de grandeza 
dadas nu refa. [H] e [16), a adimensionalisação de variáveis 
neeia região fica, então, dada pelu expre.õea (2.1H2.8) ta
sendo q = 1. Aaim, ee ibermoe o enicamento de coordenadas 
nu equações nio-dimeDsionaia, utiliaando a exp:ressio (2.14), 
em aeguida IAlbetituinnoe nu ex{)re~~Ôes remltants expan8Õe8 

Ulint6ticaa aemelhants à expreeaão (3.1), e coletarmoa termoe 
de primeira ordem, a equação do momento linear em X resul
tante aerá formalmente idêntica à equação (2.10). 

Como no caso da região da parede, esta equação não eer& 
rsolvida na forma em que aparece, também por caua das di
ficuldades matemáticas envolvidas, neste caso devido ao termo 
contendo flutuações turbulentas. Outroaaim, ela aerá rsolvida 
numa repão maia pr6Iima ao eecoamento externo aoode, como 
mostra a equação (2.10), o termo turbulento pode ser despr~ 
zado. Nesta região valem ainda as condições de contorno do 
eaco&mento exiemo, de modo que a eoluçio de primeira ordem, 
já colocada na forma n~icada, dimenaional, é: 

U=Uoo (3.7) 

Para a eegunda ordem de aproximação, não ~ poeshel en
contrar solução analítica llimples para a equação obtida nem na 
região maia pr6xima ao eecoameuto externo. O probJema é con
tornado propondo uma erlenaio à eoluçio dada por Coles [16), 
que ~ válida para o caso incompress(veleem iDjeção. Bueado 
na obeervação de um grande número de experimentos, Coles 
propô. a eeguinie expnBBio para o perfil de velocidades: 

U = u.. -ln r- +A+ -w(-) (
1 u.. n ., ) 
i v. k 6 

(3.8) 

onde B é uma co~ante a determinar, e w(11/6) é uma função de 
e&ráter univenal. A explellllio (3.8), de acordo com Coles, vale 
desde a limite inferior da regiio da parede até a extremidade da 
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camada limite. Se ~reverm011 esta expressão na forma 

veremoe que a correçio de eegunda ordem à expreeeão (3.7) é 
uma função de (r/6). Uma exieDÃo à idéia de Coles para o 
caso eompreaaível pode aer tentada de váriu formas. A rel. [6) 
apra~enta uma posa{vel. Neste trabalho propom011 a que n011 
parece mai. mnplea, ob.enando u expreBBÕell (ll.6) e (S.B), ou 
seja: 

U =[~ln~~:: +A+ ~w(~)] 
v.,{1 u.. n r )2 

+- -lnr-+A+-w(-) 
.f • "• • 6 

(3.10) 

EBBa expressão, como a de Coles, ee reduz à solução da 
região da parede quando 11 - O, poia w - O, eendo válida por
tanto para ambas as camadas. Deste modo, não há necearidade 
de passar-se pelo procetiiO de combinação das aoluções. De fato, 
ee tivé.emoe obtido a aproximação de segunda ordem para o 
perfil de velocidades, re110lvendo a equação aproximada corre&
pondente, ao invs de recorrer à eolução de Coles extendida, 
nio haveria combinação pollllvel, poia a análíae por varilveíB 
intermediárias da aeçio 2 deixa claro que u equações rsolvi
du são intermediárias, e não principa.is, como eeria p~ilo para 
que houveaee combinação. Além diaeo, a meama análiae deixa 
claro, através da equação (2.13), que a exp~ (3.10) não vale 
até a parede, região aonde predomina o termo laminar (por iaeo 
mesmo chamada sub-camada laminar). 

3.3 - Equoçjn do Arrasto. Para obter uma exprealáo para 
o cálculo do arrasto a partir do perfil de velocidades, basta co
nhecer algum par de valores (r, U) pertencente à função (3.10). 
1bmando o ponto (6, Uoo) temoe: 

(1 u.. n) v. (1 u.. n)' Uoo = iin6;:+A+2i +4 iin6;:+A+2i (3.11) 

No cuo que eeta.moe eetudando, u exprlliiÕee (3.10) e 
(3.11 ), juntamente com uma expreeeão para o cálculo de 6 (como 
o balanço inteçal do momento linear em X, por exemplo), per
mitem que .., calcule o arrasto ..aciado ao escoamento. Este é 
o resultado central deste trabalho. 

4 • DETERMINACÁO DAS CONSTANTES 

Como d.iaJemoe em seções anteriores, a. dependência de Ir, 
A e II com alguns parâmetroe do eecoamento precisa eer levan
tada experimentalmente. Seguindo o m~todo dáaico. utilisado 
por eumplo na ref. [7], os dados experimentais das rt>Ú. (16] e [2] 
foram representados em gráfico na forma+ x ln ttr "" como 
sut:ere a equação (3.6). onde 41 = (2ur/Vw)( 1 + UV,.,fu~ -1), 
se v .. 'I O, e+= Ufu, se V., =O. A flg.l ilustra o fato com os 

dadOB para Mach = 2.6 da ref. [2]. 
A análise realizada moetra que lc e rr ·variam com o número 

de Mach, e que .4 varia. além disso, com a taxa de injeção. Tais 
r~ultadoe são conhecidos na litc!ratura, e já foram publicados 
anteriormente por Ma.bey. ref. (17], e por Squire. ref. [1], entre 
outros. A variaçio de A com V., pode ser observada na fig. 1, 
onde f = p. V.,/ p00 U OQ é a taxa de inje.çio. Os 'll&lores exper
imentais ob1idos pela análi.ee para 1:, e A no Cll80 sem iujeçào, 
aparecem representados em gráfico nas figs. 2 e 3. No caso de 
II , observou-e que sua variaçio com Mach pode ser bem d~ 



scrita ee tomarmOB P = 2fi/k = 1.75, \'-alor menor do que o 
encontrado geralmente na literatura. NOB grá.fiooe das figs. 2 e 
S aparecem, além dO& valores experimentais. uma representação 
d011 polinômios que melhor se ajustam a es~. Uma ,,ez est.a
beledda a. depend~.ncia. de A com o número de Ma.ch, a teoria 
de Simpson, ref. [18] foi usada para descreve-r sua dependência 
simultâneamente com V.., e com Mach. Os polinômi011 ajusta
dos. o valor proposto para P. e a curva de Simpson para & A 
são mOfltradoe. abaixo: 

k = 0.398 + O.OliM- 0.028M2 + 0.013M3
- O.OOH.t• (4.1) 

P = 2II/It = 1.76 (4.21 

Ao = 8.959 + 0.6~2M -O. 742M2 + 0.35SA{s - 0.042M" ( 4.3) 

2ur(/utv"' ) 1Jnu+ A=- v--+1-1 __ .. v.. Ur i 
(4.4) 

onde U;t é obtido resolvencto ·se U;t = (1/k) ln U;[ +Ao. sendo 
Ao o \'alor de A par& o .-:uo sem injeção, dado na expre~Sào 
(4.3), eM é o m:mero d~ Mach. 
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Fig. 1 - Variação de A com o toxa 
de injeçõo, para Mach = 2.5 

ooooo Valores experimentais 
Melhor ajuste 

polinomial 
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NÚmero de Mach 
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Fig. 2 - Variação de K com o número de Mach 
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Fig. 3 - Variação de A com o nÚmero 
de Moch paro o coso sem injeção 

Predições. de CJ através das exprE'SSões. (3.11) e (4.1 )-{4.4) 
podem ser 'l-istas na fig. 4. A concordância com os dad011 e::rpe
rimt-.nhus da ref. [2] é butante boa nas ta.ru de injeçiio média 
e baixa. Predi~ões do perfil de velocidadt>S aparecem nas figs.5, 
6 e 7, mostrando melhor concordâ.nci& com 011 dados da mesma 
referênci& que a teoria da ref. [6). 
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Fig . 4 - Coeficiente de arrosto 

5 • CONCLUSÃO 

40 

O método das variáveis int~iárias, juntamente com 
a teoria das e.xpanSÕt>s assintót.icu combinadas. foi usado p&ra 
propor uma soluc;.ão ao t>SCO&mt-uto turbult'nto, compressível, 
com injeção de mll88a, de uma forma matematicamente rigoroM. 
O resultado c.ent.ral dE6te estudo sio as expressões do 81T&8to 
(3.11) e do perfil de vt-locidades (3.10), cuja análise conduf. a 
resultad011 be.sti\Dte inteml8alltes. 

Em primeiro lugar, c.hama a at.ençã.o o fato de qu('l as 
expressões propostas são idt>.nticas às do cl\80 incompressível, 
sendo o e~ito da compressibilidade levado em conta apenas 
pelas con&t.I\Dt.ES k, A ('\ P. C-omparação entre teoria e e:xp~ 

1.. 
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rimento IDOStrada na seção 4 ahavés dos dados das reis. (16] , 
[2] e [6). mostra que tal hipótese é de fato razoável. uma vez 
que os perfis de velocidade para o caso sem injeção concordam 
de maneira excele.nte com a t.eoria. A análise deixa clazo ainda 
que o formato do perfil de velocidades, na região mais afastada 
da parede. afast.a-se do previsto pela expressão (3.10) à medida 
que a injeção aumenta, sendo contudo a concordância com da.
dos experimentais melhor do que a enrontrada em trabalhos 
ant.eriores. 

Por outro lado, as constantes k, A e fi, obtidas como o 
foram, dependem fortemente dos \"&!ores medidos de Cf. Para 
o caso sem injeção, os dados utilizadoe. (ref. [16]) são conside-
rados por vários autores, até o momento, como o caso teste, 
de modo que 1\8 expressões propostas para 1!, Ao e P são. de 
fato, confiáveil-. A úniu. consideração a tt'li\peito, P. que P, e3:ibe 
valores menores dos que os geralmente encontrados na ütera
tuB, o que suge.re que os experiment.os não foram realilados 
com um número de Re)"Dolds em que P se encontre totalmente 
deeenvoh-ido. No caso com injeçào contudo, o pr6prio aut.or 

das exper~.ndas (ref. [2}) propõe correções 1\08 seus valores. que 
são os únicos disponíveYI, e que, como aponta a ref. [7], são 
tão menos confiá\--eis quanto mais alta é a injeção. Por este 
mot.h·o. a expressão pata A fica bem menos e.onfiável do que 
1\8 três anteriores, e fiea explicado porqul', de maneira geral, a 
concordância. na Fig. 4 piora. à medida que a. injeção aumenta. 

Pelo que foi dito, fica claro que as exp~ que descre
vem a. dependência das três constantes devem ser consideradas 
e.om bl\8t.ant.e cuidado. Ní\o é aconll(']hável t>.xt.rapolá.-las. pois 
sua "-alidade foi tel!tada apenas n011 limites estabelecidos pelos 
dados experimentais. 

A solução desenvolvida no presente trabalho pode II('I uti
lizada. pata propor expressões para o C"..Uculo do cot>.ficie.nt.e de 
troca térmica e do perfil de temperatura. Esse proced~nto 
est.á sendo le\'ado a cabo pelo autor no momento, e seua resul
tadoe. serão public3doe. em breve. 
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ABSTRACT 

The matched &Mymptotic exparurions medlOd togheter mtb tbe 
intermediaie YViab.le ie<-.bn.iques is used in ibiB 'worlr to obiain 
an e.xpressíon fo.r the calcula.tion of tbe slcin-f.riction coeficient 
in turbuknt compcetfi!Jible tlows wítb normal injection thcougb 
an adiabat.ic, po.rous wa.Jl. New exp.ressioss a.re proposed to 
describle the dependence of the constants Te, A and ll appearing 
on the skin-fciction eqttation on tbe Macb nttmber and injection 
.rate. Theoretical ret~ulis are compared with experimental data 
and show good agreement for medium and low injec.t.ion .ral.es. 
The analyses also pcol"ides an expression fur tbe velocity prolile 
tbat agrees better 'llritb the data considered than the ones found 
in the litecatuce. 
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ANAL YSIS DF THEAMAL TUABULENT BOUNOAAY LAYEAS OVEA AOUGH SUAFACES 
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LaboratÓrio de Mecânica dos Huldos/Aerodlnâmica, 

Programa de Engenharia Mecânlco(COPPE/UFRJ), 
C.P. 68503, 21945 Rio de Janeiro. BrasiL. 

The present work uses the Logarithmic distribution approach to study 
thermat turbuLent boundary tayers over rough surfaces. It is shown that 
the simiLarity parameter used to describe the dynamic boundary ltlyer. 
the disptacement in origln, can tllso be used to describe the thermfll 
boundary layer. The anatysls provldes expresslons for both the lnner and 
the outer ports of the boundary tayer. The theoreticat resutts ore 
successfutty tested agalnst four dlfferent sets of data. 

1. lNTROOUCTION 

The flow of a fluid over surfoces which are not 
aerodynamicatty smooth occurs in many situations of 
technotogical interest. As a resutt, many works have 
been publlshed which deat wlth thls subject. Baslcalty. 
two opprooches ore used by reseorchers: 1) the 
toganthmlc dlstnbutlon approach[l ,2,3,4,5,6) and 2) 
the discret element approach [7,8,9). The former 
approach assumes the existence of a togarithmic 
distnbution of mean velocity profile in a region near 
the watt. so that the probtem is reduced to the 
determination of appropriate tength scates and of 
universal parameters. The discrete etement approach 
on the other hand concentrates on anatys1ng the 
btockage effect of each individual roughness etement 
on the flow. The total force of the roughness 
elements on the flow can then be accounted for by 
inctuding o form drog term in the momentum equotion. 

The atm of the present work is to extend the 
togarithmic distribut1on approach to the case w1th heat 
tranfer. ln particular. we want to address the 
questlon of the chotce of the similority porometers. ln 
this connection we show that a single tength scale can 
be used to represent both the "k" and the "d" types of 
roughness. this scole belng the some os for the 
vetoclty dlstnbutlon. 

ln section two we briefly review previous 
anatyses devetoped for the dynamlcs of the ftow. 
lntroduclng the tow of the wotl ond the tow of the 
wake expresstons ln terms of the dlsplacement in 
origin[ 4 l ln sectton three some theoretical r e sul ts 
are lnvoked [ 13,14,15] so that universal Laws can be 
proposed for the thermat boundary layer for 
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comparison with the rough surface vetoclty proflles. 
Comparison of results with experimental data is also 
made in section three. 

2. TWO TYPES OF ROUGHNESS 

Two types of roughness are normally ctassified in 
Uterature depending on the roughness etements 
geometry (Figs. 1 and 2]. 

lf the elements are sufficiently set apart 
(Â.>4w] so that large eddies ore formed and shed into 
the flow behind and above the elements [Fig.1), we 
have a "k" type roughness. ln this case a futty 
turbutent tayer of tength scate proportional to the 
height of the etements, k, occurs which must match 
wlth the flow descnbed by the veloclty defect 
expression. The law of the wall can then be written as 
[1,2,3] 

JL - lln ~ + A - O 
1 

( 1) 
u't K € 

where K and A are universal COflStants with typical 
vaLues 0.41 and 5.0, € ts the dlsptacement in ongin' and 
O Is a parameter whlch depends on the type of 

roughness. The notatlon Is ctasslcat. Thus Llt denotes 
the friction velocity !~v''t'w/p). 

on a surface where on the other hand the 
elements are closely spaced [Â. <2wl. a recircutating 

'the displacement ln orlgin is the distance below the 
crest of the elements where the origin of the profiles 
must be tocated so that slmllarlty laws apply. 



Fig. 1. "k" type roughness. 

now deveLops in the cavities (Fig. 2). Thus in this 
situatlon the flow ln the grooves is separated from 
the m~in flow through ~ thin she~r l~yer which 
develops on the top of the cavitles. For thls 
configuration Little eddy shedding into the outer flow 
occurs. Rough walls wlth such features are called "d" 
type rough waLLs. 

Desplte slgnlflcant dlfferences fro:n the physlcs 
of "k" type walls, the fLow over "d" type rough waLLs 
can aLso be described by expression (1] if only 
parometer D Is ~dequotely corrected(4]. This 
expresslon can be extended to the defect region lf 
Coles' wake functlon Is consldered so that we have 
(1,4] 

J:!. - J. Ln~ + A-D + TT w(.Y.] , (2) 
u K E K ô 

't 

where TT[- 0.55) Is a universaL constant and W Is a 
universaL functlon. 

Fig. 2. "d" type roughness. 

Sine e equations [ 1) and [2) are now weLL 
estabLished, present research has concentrated on 
the deveLopment of means of evaLuatlng the error ln 
origin E and parameters D. The introduction of these 
two new parameters, however, makes the cLassicaL 
~ppro~ches for the determlnotlon of Ut ln~ccur~te. ln 
fact, experimentaL technlques whlch make use of 
Preston or Staton tubes cannot be used slnce they 
require the prevlous knowLedge of O. 
Momentum-integral methods cannot be used elther if 
pressure gradlents are present. Hence, we are Left 
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with the graphiG:aL method introduced by CLauser[10] 
for finding the friction velocity, Ut. Thls method is 
very imprecise for rough waLL fLows since many 
comblnatlons of parameters [u't,E,D) wiLL g1ve nearly 
straight Lines which can be interpreted as the correct 
velocity distribution[2). Clauser graphical procedure 
has then been reduced to a mere way of determlning 
parameters E and D, as Long as Ut can be found 
through any other method. Even so, determlnation of E 

is difflcult and requires an elaborated graph1caL 
procedure. 

3. THE TRANSFEB OF HEAT 

Bough surfaces have widely been used ln englneerlng 
appLicatlons as a means of enhanclng transfer of heat 
at waLLs. It is thus only reasonable to expect that 
many works presented ln Literature should deaL with 
thls type of appllcatlon. UnfortunateLy, thls Is not the 
case and we moy sofeLy soy thot our present 
understanding of the physics of the process of 

transfer of heat is weLL behlnd our present 
understanding of the physics of the process of 
transfer of momentum. ln fact, contrlbutlons to the 
heat transfer probLem basicaLLy resume to what Is 
typlcaLLy presented in Refs.(8,9, 11, 12]. Thus much 
remains to be done. 

ln the present onalysls we ~re lnterested ln 
studylng the two surface geometrles deplcted ln Figs. 
1,2. SpecificaLLy, we want to extend equations [1) and 
[2) to the case where transfer of heat takes ploce. 
This wiLl be done theoretlcally ln accordonce wlth 
some recently derlved results[Refs. 13, 14, 15). 

ln a recent analysis[13), we have shown that 
application of the lntermediate variable technique[ !6] 
to the probLem of ~ two-dimensionaL, incompressible, 
turbuLent boundary Layer, reveals that both the 
dynamic and thermaL boundary Layers have a cLasslcaL 
two-deck structure whose characteristic Length scaLes 
ln regions cLose to the w~LL are respectiveLy v/Ut and 
Pr v/u1: [Pr the PrandU number). More lmportantly, we 
have shown that the fuLLy turbulent region for both 
boundory Layers is ordered by the same scaLe, 
f

2
{ z non-dimensionaL frlctlon veLocityl. This resuLt 

cLearLy suggests that if the roughness eLements are 
such that they penetrate weLL into the turbulent 
region so that configurations similar to those shown in 
Figs.[1,2) are obtoined, then the Length sc~Le for the 
temperature profiLe for fLows over rough surfaces 
shouLd oLso be E, the dlspLacement in orig1n given by 
equatlon [1). This result foLLows from the fact thot in 
the fuLLy turbulent region heot ond momentum are 
tr~nsfered by simil~r processes[13). 

To flnd the choroctenstlc temperature we reter 



to [14, 15]. ln those references, it is shown that a 
straightforward chotce for the characterlsttc 
temperature is the friction temperature (t.t''<i./PCpUtl. 

so that we can write 

t-t 
__ w - ~ln ~ + 8- E (3) 

\ KT € ' 

where Kr and 8 are universal constants and E Is a 
function of the roughness. 

The above equatlon can be extended to the 
outer part of the boundary layer if we conslder Coles' 
equatton [ 14 ,15] and wrtte 

(4) 

where 1Tr- universal constant. 
Equation (4) evaluated at point (y,t)-(ôr,t00 ) can 

now be used to find t,; if the constants and the 
displacement in origin ( are known. Parameters u,; and 
t,; are then used to find directly the friction 
coefficient, C, ( -2(Ut1Uoot'l, and the Stanton number, St 
( -U,;t,;/((too-twlUooll. However, as polnted out ln [ 151. 
thls procedure has some lnconventences. Slnce St has 
U,; and t,; in its deflnition, uncertaint1es in the 
evaluation of these two quantities have an additive 
effect. ylelding targe inaccuracles ln the predlctlon of 

St. 
To avoid this difficulty, we propose the 

following alternative approach[lpl Replace t,; in 
Eq.(4) by (too-twJJSt to obtain 

t- t rr· uf I _ ____,w"'= - -~ ln ~ + B' + E' + -f J1 . (5) 
(t -t ) fS' K T ( K T ÔT . 

"" UJ " "'t 

Now St con be evaluoted directly from Eq.(5) if 
we make I:J·ôr. t-too. and the tnvolved constants are 
determined. 

The problem of a turbulent boundary layer 
flowing over a rough surface with addition of heat has 
then been reduced to the determination of parameter 
E' sine e the other constants are glven ln [ 15] and E is 
given by the dynamics of the flow. 

To verify our assumptions we consider the 
experimental data of Refs.[7, 11,17,18]. The flow 
conditions in these Refs. do not exactly reproduce 
those deslred here, ln particular, ln what concerns the 
roughness geometry. They yield, however, 
lndependent sets of data obtatned ln dlfferent 
experimental facilit ies which cover a wide range of 
conditlons. Hence, desptte the dtscrepanctes between 

some of our ossumptlons ond the experimental flow 
condlttons, we have declded to compare our 
predtctlons wlth the data of Refs.(?, 11, 17, 18]. 

Since values of ô, ôr and E are not given ln 
those Refs., comporison will be mode through terms 
ln(y+E)IE ln Eqs. (2) and (5). If these two terms are 
obout equal, ond we make the hypothesis thot S ond 
ôr have the sarne order of magnltude[131. then we 
moy conclude E Is the some for both the dynomlc ond 
the thermal boundary layers. 
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The results are presented in Table 1. To find 
these results we have considered constants O, K', B', 
TT' ond E' to ossume the volues 0.35, 0.43, 5.1, 0.4 7 ond 
2.5 respecttveli:J. 

Table 1. 

Author 

Gowen, 
Smith 

R-1 
R-2 
R-3 

Heotzer 
(X-1m) 

Ligrani 
(~-1cml 

TayLor 
(X=Im) 

0.0185 
0.0155 
0.0255 

0.005 

0.0019 

0.005 

0.0059 
0.0058 
0.0090 

0.0025 

0.002 

0.0023 

tn((y+()/€) 

Eq. 2 Eq. 5 

0.97 0.97 
1.22 1.01 
0.34 0.37 

4.91 4.39 

5.11 5.4 

4.90 4.75 

As can be seen, the ogreement Is good even for 
the data of Llgranl whose value of St Is t::~bove the 
expected trend. 

These prellmlnary results, although not 
conclusive, indicate that our assumptions are 
fundt::~mented ylelding reasonable resuLts lf adequate 
values of E' are chosen. Current research is now belng 
undertaken so that more approprlate values of E' can 
be found. 

4. CONCLUSION 

The present work has used asymptottc results ([13,16]) 
ond previous onaLyses deveLoped for flow over rough 
surfaces (Refs. 1,2,3,4,5,6), and for thermal boundary 
tayers (Refs. 14, 15], to suggest that Eq.5 can be used to 



descnbe the behaviour of thermal boundary layers 
over rough surfaces. This equatlon has the advantage 
of dlspenslng a evaluatlon of the error in orlgln for the 

thermal problem, thus greaUy simpLifying the analysis 
of the probLem. 
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ABSTRACT 

The objecl of the ~nt 1rorJc ia to etudy the early stagee of evolutiou 
of a 8p&tially·developing ahea.r la.yer Wling a diacrrie voriex method. The vortex 
sbee\ is subject \o tbnoe types of di.turbancee lcxated at ita origin: periodical, 
puble-type and random diat.urbanc:es. The calculation ia performed until nonlinear 
ef&.cts become imporUD.t and tlle vortex alleet swta to roll up. 

1. INTRODUCTION 

A ehear layer ia a rommon phenomenon in fl.uid mechanics which 
ia maniáeáed primarily iD t11ro forma: wall boundacy layft" ud 
free Ilhar layer. Theee two ty~ of layers ~ a.ociated 1fith a 
Yariety of appl.ícatiou of interest, ao that they have been eneo
.i~ly etucüed in the literature. 

Free ehear la,yere, iD pe.nicular, have received great at-
tention reeently in conaectioo with the etudy of coherent atruc
tun!lll in turbuleot tlowefl,2]. Theee layers are t.he eimplest case 
o{ ehear fl.ow that ca.n fx; produced, and heoce !Lave b«ome a 
bue leet ftow lo experimenl lheories developed lo describe fl.ow 
al high Reynolds number. 

Tbe ~~o~hranced theories have dealt wilh both laminar and 
turbulent shear lt\)'er&. usiq analytical methods. numerical 80-

lution of the full Na\'Íer-Stokee equation. \'OrleX methods and 
stability analysis. ln íad, great empllasis hu been pl.ced on the 
de-velopmrnt and on the formalimn of vort.ex dynamia methoda 
dne to their tlexibility(3-7). Vortex dynamics ~ltods can be 
dh-ided into two clauee: di.ecre&e methods and spectral mdhods. 
Discl'rie lllf!\hocb are a~Íel' \o implem~t than tpec\ral meth
oda, but. are eubject to st.ronr; numeric&l iut.ability, which lead 
to chaot.ic motiou a.fter a t\nite time if care is not. takt'n. They 
have , hoowever, been extenah-ely ueed in lile.rature to study the 
ewly phaae fi evolution of diaturbancee in ahEW layere(8-1S]. 

ln t.he cluaieal theory of hydrodynamic instability, pe-
riodic disturbaaca are impoeed on the linearised NM'it>J.Stokee 
equat.ion[IUõ). The prohlem of alability ia then reduced to 
an eigenvalue prob.lem •h<. aolulion yieJds the degree oC am
plilka1ion or dampins aa a fundion of the undiatnrbed D1ND 
tlow uad of tlte wa\-eln~h of tlte diaturbanoe. Moat of the 
etudiee conducted ou etability usinr; vort.ex methoda ha\-e aleo 
impoaed periodic dieturbancee on t.lle 8ow[8,10,11,12]. Furt.her
more, theae etudiee llaw simulated tempoRlly-developing sbear 
layere and s.he analogy bet.ween this type of ~r~ing layen and 
"real" meuured epat.ially-deveoloping onee ia •mperfectf5,9,16]. 

The study of temporal stability has been prelerred by 
resea.rchers for two reasoos: 1) the Orr-Somm.erfeld equation is 
better bandled. for high Re when the ~-avenumher is real, 2) 
temporal modes reau1t oaturally from the Fourit>.r traneform in 
space a.nd tbe Laplace trtu1sform in time of an initial \'&lue pro~ 
lem for lhe linearned equalion and boundl\l'Y conditions. Spa.
tial modee, however, do nol satisfy the boundary conditions for 
unbounded ftows al any instMt ud bence see.m to render the 
problem mathematicaJI.y ill-poeed. Guter[l7-19] rect~ tbat 
showing that the foroed 08Cillation of a boundary layer due to a 
.aurce of fixed írequt'Dey at a fixed point on the wall, tumed on 
at an initial instant, led to an initial value probll!m whoee un
boundneu of the di.turbance u ~ -+ oo arisee only alter t - oo 
for IU:ed ;e. 

The present worlc eimulates for the firet time the early 
etagee of e\-olution of a s_patially-developinr; ahear layer using a 
diacrete vortex method. This new approach allows for three dif-

ferent typee o( boundary conditione- t-o be impoeed at tb.e orit;ín 
of the shMr layer to simulate the extemal foK.inr;: periodical diiJ.. 
turbaneee, ~t.ype dist.urbanc:es and random disturban.eee. 
The evolution is fol.lowed unt.il nonlú;ear eff'ec\s come inlo pi~ 
a.nd lhe vortex layer siarle lo roO up. The convective nature of 
lhe free ahear 1&>-er instability for a velocity ralio of 1.0 is clearly 
obeen·ed. Reeuha are pree9.ted for dift'erent initial (orcing am
plitudes. 

2. THE DISCRETE VORTEX METHOD 

A bnef ckecription of til e diecre~ \'Orlex metllod ia ~h-en below. 
For a c.omplete accouot. of t.he met hod the reader is referred to 
re&.(20,21J. 
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For a t.wo-dimenaionlll. incomprt'Nihle ftow of a inv.iscid 
ftuid, the equatione of motion can be written u 

Dw 
-=0 
Dt ' 

(l.a) 

(l.b) 

where DI Dt indicales a totlll deriva&ive. "íl' is the Laplace oper
alor, and w and 9 denote respectively vorlicity and lhe stream 
function. Thua, the lltream function can be {OUDd from a simple 
integrat.ion over the vorticíty distributioo, t.hat ia 

where G(z, zo) is the ~reen fuuc.tion, del\ned ~ 

G(z.zo) =_!_ln I:- zol· 
211" 

(2) 

{S) 

The nonlinear problem defined by Eqs(l .a-b) is of diffi
cult treatment. with only a few timple analyt.íc&l so]utions beting 
a\--ailable. To etudy more general conft~rations 1n!! u. t.he fad 
that iD real fl.ows vort.icity ia normally concentrated in small re
gioos. Then, if the initial distribution of vorticity can be de-



ftned, f,qe(la-lb) ean be integrat.ed numerM:al.ly 811 an ínitial 
value problem. The evolutioa. of the vortidly 6eld with time can 
theu. be uaecl to ftnd t.he evolutioo of the velocity fteld tbrough 
Eq.(2). 

ln a ataudud procedure, tb~ ebnr III)'~ ia repr~t~ 
by muy ~ VOI'Wx marbre. Sine~ H~lmholb theorem 
puu~ t.hat. ~~ point vort.kea will not loeP ~m identi~y, 
the evolution of the Shev layer eao be traeed through tbe La
ll'aDIÍUL evolut.ioa. of the point markere. 

The method ean be eummarized 811 f'ollowe. 
At time t =O, th~ iniÜIIl vortf'X diBtribut.ion iB •pecified 

&t N nodal points 

ft(.r~) , f2(.r~), ... , f,(.r?), .. . , fN(z?v). 

The induced velodty caruJa~ from the dilltribution of 
the poiot marken is obtaioed from 

N N 

• = E •· = -L r, ln l.z- :o!. 
•·• l•l !hr 

The motioo of tM point ~-ortices iii giv~n by 

N 

U
. - dliS; - - ~ 89 
·-dt- Ln· 

j:al " 
jpí 

N 
u; = dr; = L 89. 

dt . 
1 

8z 
l• ;,.; 

10 that the MW position o( the vortices iii found (rom 

.;j+1 = .r; + (u.. t'i)Ãt . 

(4) 

(ó.a) 

(ó .b) 

(6) 

The induc~ ~-eloeüi.ee are upda~ aud th~ cakulatioo 
proc:eeda ÍD time. 

3. INSTABILITY OF THE FREE SHEAR LAYER 

Since compreheaai~-e revirws about ~ shear lay~ are availab~ 
in li~ure, e.s. - [2), ._ ~tion h~ juet tb~ buie fade 
aboat them. 

Fr~ ahear 1&)-en are formed &t the interfa.or ~~n hro 
pualld .treama mo\ins at dift'ft'ellt ~-elociti8. Es:~rimenta{22-
2-l] bave ehown tbat they are 6nearly unstabk, d~erating 
into regiane oC conceotrated vorlicity wbn snbjtd to diBtnr
buac8. The format.ioll of th.flll! vortical structuree, tb&t is, their 
~ geaeration from tM K~hrin-H~lmholtzeh~ar m.tability and 
thdr a.MOcia&n (vortes: peiriq ) prcx-eu, ha.ve pvea ~ to th~ 
colleept o( coh.ereàt struet.uree. · 

To audy tb~ inatability of ~eh~ l~ws, usiog vortex 
dyii&Diia, OH of tlw crucial pointe ia the dloi.=e o( t lw method 
ueed to dietribuw tH vorticity. Thill can be done buicallr in 
th.ftte waya: 1) to coMider the shear la.yer ia the uymptotic limit 
u Re __., oo u a ~·ortn ah.eet, 2) Wle muy vortex markfts, and 
3) to bound th.e vorticity aud dilltribute it o~-er flni~ regiona of 
th~ ftow. 

H«e we uee th~ vortex eheet app~h. Hence, our ftow 
fif!ld iB reopreeented by two streame witb difF~st vdociti" ~a.-

rated by a. eemi-infinite plate and by a semi-infiniw \'OrWX ahet-t 
(Fig.l ). 

The origin of the coordinaw sys~m ia locai~ aa sbown 
in Fi!. 1. 

Ul 
11 

~ 

U2 

Fig.l. Flow configun~.tion. 

To imple~nt tbe numerica.l cakulatiooa ._ diacr~t~ 
part of the vorlex eheet loca~ in inten"'ll (0, L) into N poiat 

vortic~ . The remaining part of t.he sheet retains its original 
continuous form. 

Each point ·mrtex is located at the m.id-poiat of the 
seetioo it represente and has the total circula~ion of ~bis eection. 
Then, if the inteosity of the shttet iii 

,. = llt- u,, (1) 

and the circulation of tb~ point '1--ortices is 

r= ·r tu, (8) 

the motion of ea.ch point ~-ortu is d8Cibed by 
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o 
de; I "Y f/í Jz 

Ui= Tt = 2ll' (z;- ~12 +11l 
-co 
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j~ 
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L 

(9.a) 

(9.6) 

To study th.e apatial nolution of ehear lay~n. - intra
doce th~ difl'ereot. types of disturbance &t the origin. 

The tiret ty~ of dieturbauce iB a ~c diaturbanc~ 
with futed frequenc:y at. the orígio of the aruxing layer. Thia can 
be ph.yeic:ally real.ised by an oeeill&tioo of the eplitter plate, or 
by a loud-speabr, or by a víbrating ribboo. At each time et.ep a 
new point \"'l'teX is generated and sbed into t:he flow at poeiüoo 



•= UAt, {lO.a) 

11 = Aain.A, (lo.6) 

where U = (C/2 + U1 )/2, A ia the amplitude of the dia\urbaoce 
ud w it. frequf'nc.y. 

The abo,.-e pe.rametera cu be rewritten in the t'ollowing 
uou-dimnai.ODal t'orm 

t• = tfT = i(.;/2fc, •• = .,;.t, 'll = rfuT, (11) 

80 t.hat equatioua (lO.o-b) become 

(12.a) 

t = 1.2 

t = 1.8 

1----------~~--------------1 

t = 2.25 

0.5 +----,.----,-----...oor------i 
t = 2.8 

-0.541--------,-------~~------~------~ 
0.0 4.0 

Fig.2. Spatial dt>velopmt>nt of a free sht>a.r layt>r subje.:1.ed 
to a si.nuaoídal disturbancE' with amplitude 0.001. 

(12.6) 

To pedorm oar cakuiUiou ~ Rprellellt a pari oC the 
vonex aheet by 80 poiut vorlice. dilrtribu~ in the intenal (0,4). 
After each ti..me atep new vonioee are added to our compu&. 
tiooal ecb.eme 80 that fl.ne ddaíla ol t.he toU-up proaas a.a be 
capturecl. 

4. RESULTS AND DISOUSSION 

Re.ulu for th~ ditferent. amplitwde ,..mea, nominally 0.001, 
0.01, and 0.05 are ahown in Fip.l,S,4. Bftf', it ia of inten~Ã to 
note tb.at. ac.cordin~ to Eqt~.(l2.c~·6), an increue ÍD t.he foreing 
frequeney, <JJ , willstmply shorten the pbyaical time Íll wb.icll the 
roll-up oecun. For the 1111161Jer amplitude, the initial amplifica
tion ia clear.ly -11. The larger amplitude induc:s the lhear layer 
roU-up alter a short time. 
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t =0.7 

t = 1.2 

t = 1.8 

0.5 +----.----,..-----r----~ 

t = 2.1 

-0.5 -+-----,-----,..-----,-----~ 
0.0 4.0 

Fig.3. Spatial devt>lopment of a. free sht>a.r la.yer subj~ted 
to a sinusoidal disturbance 'lllith amplitudt' 0.01. 



t = 0.7 

t = 1.2 

t = 1.8 

0 .5;--------,--------,--------,--------~ 

t = 2.0 

-0.5 ~---r-----.-----r---___j 
0.0 4.0 

FigA. Spatial development of a free shear layer subjeded 
to a sinu60idal di.sturbanc.e with amplitude 0.0&. 

The ~eeond type of diMurbance \o be impc»ed oa the 
flow ia the pulR-type penurbuion. The d.iaiurbuce iB im
poaed on the ftow just for a abort üme in~'&l, beins he~~c8ortb 
c~. For thia cue one value oC amplitude( =0.01) ia c:oaaid
~. The vorte:s: aheet. ia obeerved (Fi«. 6) to foim a sinsJe 
region oC concenbated vorticity aft.er a ahort time. Thua roll-up 
will occur with auy type of perlu1:bation. 

To aimula.te a more " real" type o( diat11rbance we have 
subjecl the ftow to random d.iaturbancee a.t the tip oC the IIJllit
ier pla.te. For thia cue, the amplitude o{ the disturbances ia 

t =0.7 

I I 

t = 1.2 

-. I I 

t = 1.7 

-

0.5 I I 

t = 2.1 

_/@___ 

-0.5 . 
0.0 4.0 

320 

Fig.5. Spaiial developmt'nt of a free shear layer subjected 
to a puls&-iype disturba.nce with amplitude 0.01. 

bounded. \o a apedfied value ( =0.01). Asain, ali \he diaturba.ncea 
are amplified and noalinear roU-up ooeun(Fíg.6). 

Fip.(2-6) dearly show tha.t m ihe ~e &tapa o( n-oln
tioa CuU nonlineal deda are ~ured.. ~ite the thrfe dift'ft'
ent types of diaturbanc.ee aubjec.t \o the ori«mal ftow, we obeerve 
that the periurbed free: ahNZ' la.yer eYOiwe in a similar W&J. lt 
is of inte.rest to note &ba&1 in Fig. 6, &he .eeond "wa\-e" of larxer 
amplitude o\oert.an. &he arat "waYe11 of amaller unpli&ude.. Traia 
.reaul&. which waa ob&ained bert~ for &he flrá time from a numer
ical a.nalyaia, C8DDO& bt' pre.ently explained by tbe authora. 



t = 1.2 

t = 1.8 

t = 2.26 

0.6 +-----,.-----r----"""T""---~ 

t = 2.66 

-0.5+--------,--------,---------.,-------~ 
0.0 4.0 

Fig.6. Spa.tial development. of a. free shea.r !ayer subjeded 
to a random disturbt\llce wíth maxímum amplitude 
0.01. 

6. OONCLUSION 

A procedu~ hu been pn!Wnt~ whidl!Jimula~ the apatia! evo
lutioa o{ the ~ aheu: l~er aubje..-t to ,liaturbaucea o{ varioua 
types. The resulta ahow good qualitatÍ\o"tl agreemeat with the ex
perimental work o[ other authora, thua auecediug ín predictíng 
eome aonllaear etfec:ta. The formation o{ conceatrated regioas 
of vorticily ia. ia particular, shown ia 10me detail. 

ACKNOWLEOOEl-IENT Oae of the authora, J.S.1 ia pte
fal to CAPES for the financial belp receiv~ duriag tlle prepa
ration o{ tbis work. 
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A CAMADA LIMITE TÉRMICA TURBULENTA 
COM TRANSPIRAÇAO 

MARCELLO A. fARACO MEDEIROS 
~. d• Mecian da. Fluidoe/ Aerodioâmica 

Propama d• EDs- Mec:êaica (COPPEfUFRJ) 
21Hi- Rio de l1111eiro, Bruíl- C.P. 68&0S 

O pl'eMICe trabaliJo a.ualia ~Ce a ~de calor •• camada Hmile Curbu~aáa 
com •J'IUI•pinçio. A .. ~ .re1'\!lla a eriltêacia de duuleil- uma para a ,.;io .Üik!raa e ovtra 
,.,. a alenta da nuuada Jimiee - que RICIIftD au CODbi!Cidu Lei da Parede< e Lei da Eetftra 
aplicada a probJ!ma ~ qaa.udo a eua de Craaapiração ~de a nro. A pariir deriu 
leia aio prop<)Mu uma er~ pan. o pedil de 'emperatura e ame equação para o arfmero <k 
SJufoll. -" comparacio oom datlo. exp«ÚDMtÚJ moetra ac.Neaie CODronfâacia. 

L INTRODUCÃ.O 

O. ~ioe larbaleakll J*ID&Ileclllll ainda como um 
ct..ao l easeaJaaria. A ltebilidade •• predição doe pui.met.~ 
de u ~mo. ~ de fúo, limitada. No l'QQilCo, dade 
• DUII&ade ~ .6culo, o coa.hecim•lo da. ptindpio. búicoe 
da tub.tlâcia, na cua.da limite, &em permitido a abordasem 
de proble .... apedftn. com IDiaçõ. aaalíticu aimpiN.. PN
manece ainda a 8perança de qui! problemu mais comp~x011 
poua.m 1er cootempladoa por tal eimpljcidede. e oa n.ulteda. 
ora apm~en\adoa podf'm alimf'ntar sa es))f'l'Uiça. 

FAte trabalho pOIIIU.i como objeti"-o entrai a anál.iae da 
tnaalerbei& de calor .na camada limite turbulenta t10bre uma 
pila poroa .ujeil& a ~ ou mcçi.o de fluido, collcetttran
do-ee aa buca de ex~ para o P«fil de tempera&IU'a ~ 
em equaç&. para o rQculo do calor troado ell\re o ftuido e 
a aupedlcie. A motivaçio eepecfika para eâe eetudo repoua 
DO r.to de que a t.naapiraçio -como aio releridu indiatin
tamea\4!1 a iqjeçio ou ~ dtt ftuido atrav& da auperfícif\ -
co.-itui-. nama forma efku de coutrole de ceri01 parimriro. 
do e.couauto [1.2]. de.tacando-ae <» eoeftcientft d• atrito ~ 
de troca t'rmic&. Com fll!:ito, a i.Jtieçio d~ tuido ~ couidKada 
pua aplicaçio em ~kll a aW.imu wmperaturu- por 
exemplo, 01 que ocorrem em turbi.nu a gú t~ veículoa espiO\\ iii 
- rom a il•atidade de prommer o iaolamen\o du auperfkit> ·, 
011 aiDda o rafciamnto MNo du mesmu. 

B~w, oa a'VaDÇOB em camada limito. t~x. la. 

têm lido fo.t1ea~f~Die apoiados em deda. exper~t.úa. Dt.•es 
avaaç01, a. eauda. em .c.-.amada limitP. com baupiraçio apare
«m como uma exce.io, visto que a. lrabalha. Wóric:oe Rmon
tam aoa ut011 50 e 60 [S,-4,5] eaqoan\o a maior gama d~ dedos 
~tu foi obtida u.o final da dkad' de 60 e ao louso 
dos anoa70 (1,6,7,8). lào ee dew. em part.e ao euceeeo da abor
d~ d.! SpaJdius (-4) - como aw.&a (2) - que de.eu,-olvn 
uma expre.io que determina o coeficiente de atri'o ( = Cf) e o 
número de SQ~ltou. ( = ~) para o euo com tl'&llapi.raçio a par
tir de wua reap«ÜVOI 'lo-aloree em eecoameata. aem traaepiraçio 
(C/o. Sto). Toda\i&. devido aos pequena. \'aloree de CJ e St noe 
. c:uos com iDjeção de fluido, e eouequeniemeate u graudee ia.
~em euu DMdidaa, para e~~w autM parece t.emerVio ,,w_ 
dar uma teoria apeou pela vf'rificaçio da. valorea preditos para 
~ doia p&rilnriro.. Uma W<Jria que fomeça outros aapeckll 
pera compwação eom dada. experimentaia- corno oe pN'fls de 
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velocidade e temp~tura - poet.ui, inegavt'bneuw, uma cODft
abilidade muito maior, &Um é claro, de permitir a predição d.! 
outros pwi.meb01 do eeooamento. 

O fato de que a. trabalhoe Ceóricoe em truepiraçio eon
cea.tram-~e num .,modo ao~ a.oa ~rimentoe de Staaford 
era DO inkio deáe projeto um iadício de que prasrMIOII re• 
\'&ll&ft pod«iam eer feikll nata W.. .A1gu•• date. PJ'OSI'"IIOI 
aio aqui apreRD.tadoa. 

IL A CAMADA Uytrt; TiRMICA TUB.BULINTA 

Aa bues do eetudo em camada limite turbulenta são aa 
famoau leia fundament.ait - Lei da Parede e Lei da Ifiaira. A 
p~ira, com validad.l! nu proximidades da pe ·~, pode eer 
deduida da equ-.çio 

8T 
-=0 

"' 
T(O) = T., = u~p = U'!,p9: 

(2.1a) 

(2.16) 

ua qual empregamos uma nomendatu;a dáaica 1!1 l!m l!tlpe

dal. u definições de u, e Cf são dec.orrente6 <1a Eq.(2.1b). Da 
Eq.(2.la) vem qup. Té c.ooatante e igur.l a T,. ao longo da região 
interna [9]. Nes1.a região u veloddr.des aic baixu devido à 
CODdição de não deslizamento e o.' g."'tld.iente'J na direção no~ 
mal à parede são altos. Este fat l sr;gere q•.le. na equação de 
Navier-StoL:es, deepre&emos OfJ •:.erm.011 de inércia face aos ter
moa vilc011011 ~~endo portauto a Eq.(?..la) obtida a partir de uma 
hipóteee. 

Na Eq.(2.1a). Trepresenta ttlll8Ões tanto t.urbulentu quau
to laminar8. Na vmnhança imedía'a da parede, u te.JliÕN 
laDlÍilares são preponderantes, logo substituindo 

8U 
T=p-

8, 
(2.2) 

na Eq.(2.1a) e aplkando a coudiç.ão de não deslizamento ua 
parede obtemoa que 

+ def (I + def JIUr 
u =-=JI =-

Ur v 
(2.3) 

Ainda na região ia tema, um pouco maia distante da parede 



--

o ftiCOIUDeDto é domin.OO pelM &eaeõea turbuleo&u. Ado&~ 
então o mode-lo de comprimeslto de miatura : 

!.. = ,, r2 (8l.T) 2 

P .. a, 
Aplicando Eq.(2.4) na Eq.(2.1) obtemae 

1 .,+ = -tnr+ +A ... 

(2.4) 

(2.5) 

A e lt,.. aio parâmrii'08 obtidos uperimentalmeate, 801 qug, 
JWp«:&i\'&IDellte, 6,5 e 0,41 Ião Y8loree comumeate a&ribuiclos. 
Aa e-xprNIÕell (2.S) e·{2.S) podem RI' •umariamenw Heri\811 

como 
.+ = /,..(,+_) (2.e) 

que' a Lei da Parede em sua forma seral, aendo. Eq.(2.6) a 
forma como ~ normalm!Dte ciillda. 

A Lft da &teira por eua "• ~ eiC"rita como 

U -Uoa ( f) = ... -.,. 6,.. 
(2.1) 

onde 6,. é a eiJMIISu.r& da c:am.da limi~ cinMica. De forma 
divena da Lei da Pwede. a Lei da &teira • obtida a partir de 
comprovação e-xpl'rim.en\al, e cle.aeve o pedll de Ydocidade na 
regiio externa da camada limite. Por tegiio externa da camada 
limite queremos na. referir a uma JeSiio aiada perteacea~ à. 
camada limiw e por iaao UAm<l8 a preposição df,. Nio ~ trata 
poia do f!IICO&Dinto lin·e que • uma Rgião n~a .I c:am.da 
limite. 

As leie fundamemai8 - Eq.(2.6) e Eq.(2. 7) - pa.uem 

~~au ~-- aplicadu ao . perfil de loemperatliTL Na 
aUIIência de sndientea de prc.io e de altM velocidad•. R f'o.. 
caliarmoe a região ÍD\ema da camada limite t~rmica turbu
lenta podemoe, de forma Rmelhante ao que fizemo. para obter 
a Eq.(Ua). deepresar os termos coavectiroa da equ~ da e
nergia e obwr 

tJi.l' -o --n, (2.8o) 

Q"(O) = Q:. = pc,-,.t.,. = pc,['.,.(T.,. -T..,)Sl 
' ' (2.86) 

onde t.,. e .sl wm auu definiçõa decorrellta da Eq.(2.8b). Na 
Eq.(2.8a), iJ" reune oe ef'eiioa de conchlçio e~ t.arbu
len~ Jogo. o calot é coastante e igual a q; ao longo da regiio 
interna (9}. Na região de dominâueia da condução o pertU de 
temperatura pode Rr obtido pela substituição de 

if' = -k8T 
8v 

nJl Eq.(2.8), fornecendo 

T(O) =T •. 

t+ ~ T- T.., = ,+ p,. 
tr 

(2.9) 

(2.10) 

O modelo de comprimento de mi.tura cl.úaico apl.indo a 
problemu iérmieos ~ : 

if' 2 1JT 8CT -=11,'•11 -pe, ,. o, (2.11) 

Subetit.uindo a Eq.(2.11) na Eq.(2.8) e empregandojun,ament.e 
a Eq.(2.6) resulta 

1 
t+ =Ire Jnr+ P,. + B (2.12) 

Oa experime-ntos atribuem a lo, pouca ou nenhuma dependftcia 
<".om Pr, no entanto B eoúe, de Pr, grt\llde influência (10,11]. 

Pua ar, os valo... medida. de 11, variam de 0,4 à 0,46, •q11aato 
B mtua-ee em torno de 6.0 (12]. No praeate traMDlo lio .... 
tadc. .t = O,-t5 e- B = 4, 51, FiJ-1. 
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ln(y+Pr) 

Fig. 1 - Lei do Parede 
(Re6 entre 170 e 3180) 

A. Eq.(2.10) e (2.12)1e8U1De11He a: 

t+ = ft(r+, Pro) 

6 8 

(2.13) 

Que o perlU de temperatura~ Cunçi.o do nlÚIIrro de P,. f'u pane 
do HD.O ccm~um. 

Pua a resiio enerna ela camada limite compi'Ofto-R n
perimeotalmeate qae : 

_T -_Too _ fh (.!) 
tr - 6, 

(2.14) 

onde 61 é a 8pftftl'& da ~ limite Uamica, Pi&.2. A Ht. 
Ja:lura em seml couaidera que o pertl de temperatura na nsiio 
enerua indepmde dr. Pr. A. Eq.(2.1S) e (2.14) lio n.pec\iva
mea~ .. Lei da Parede e Lti da .F.Mma aptic.du a problemM 
téruaicc» (10,11.14}. 

o 

-5 

~ -10 
~ 

I 
+_. -15 
-......... ' 

-20 

-25 
-7 -5 -3 

ln(y/ôt) 

Fig.2 - Lei do Esteiro 
(Re6 entre 1870 e 3180) 

-1 1 

Retornando Blora ao problf'ma dinâmico, u Eq.(2.e) e 
(2.7) podem eer rsumidu na e:mrrvio 

•+ =/,.(,+I+ la,. ( 6~) (2.16) 

onde la,. tende a anular-« para -valona pequena. de r recaiDdo 

I. 



na Eq.(2.6) DEI!Jta região. PeJa propriedade loga.rít.mica de/.,., 
a Eq.(2. 7) ta.mbé-m ~ d«orr~nda imedia\a. Despresando a sub
camada laminar, Cole. [15) propôs a aeguin~ expresaio: 

v+=-ln~++A+--w -1 n.,.(z) ( ~) 
k,. ... 6,. 

(2.16) 

oude 1U ' a função de Coles, dada por ponkle, e n .. ' um fator 
de eecala. eendo ent.io a Eq.(2.16) uma equeçio un.iver..J para 
o perfil de velocidade. Ora, du Eq.(2.13) e (2.1-4) podemOB 
dedusir uma equação timila.r à Eq.(2.16) para a ~mpera\ura e 
vni:&cv a validade da npmlllio 

t+ = ..!:.1n ,+p,. + B + n,(~) ..... (!.) ., ., 6, (2.17) 

No item IV, Fig.7, a Eq.(2.17) é comparada com oa dadoe expe
rimntait mo.trando ex~te roncotdância. Munu ~ 
un.ivenaia iêm sido p~tu para o perfil de temperalua [11). 
A Eq.(2.17) dea\aca-ae entre eetu por sua simplicidade, no en
tanto, somente recentemeot.e foi apr-tada (1S,14). 

lu Eq.(2. UI) e (2.17) ~uma ~a aplicaçio ime
diata. EmpR~ando-M para a extremidade da camada limite, 
obtemos expreeaõea para Ur e t~ - e indiretamente para C/ e 
St -, a saber : 

(2.18) 

Too- T. = .!_ln 6,u,. p,. + B + 2U,(:~:) (2.19) 
tr i, V Ir, 

Eetu expreuões c:omhinadu c:om oa perfis de velocid~ e t~ 
peral ura e com u equaçõe. de consenação na. forma íniergral 
fornecem valores de CJ e St. 

W. O ElEITO DA TRANSPIRACÁO 

Do ponto de vi.ta daa equações de coneen:açio, a tranepi
ração aignific.-.a uma alteração na condição d'e oontomo : 

\.'(0) = v ... i- o (S.l) 

onde l.' ~a componente da "-eloeidade perpendicular à superfi~. 
Torna-ee ilícito então d8t'onsidera.r oa tenDa~~ de inércia e cou~ 
vecçâo na direçà.o 11 preeentea nM equações que r~ oa frnô~ 
n<» de trauefer~.ia, no mt&Dto. dE.consideraremoa a variação 
de V ao longo da camada limi~ A Eq.(2.1) \om•se en\io 

fJT 8U 
8y = pV .. 8p (3.2) 

Integrando e aplicando a condiçio de contorno (2.1b) temos 

T 2 - =V.U+•r 
p 

(s.a) 

e uaando o modelo de comprimento de mia\ura, Eq.(2.4), re1111ka 

~ [v't + •+4- /1 + ut4] = i-m ~ (S.4) 
v,; -=m 1/c 

onde t<;t = !--· O par ( u;t, ~t't) .representa uma oond.içio de 
c:ontomo !enéric., e experimrn~te \o-eriflca._ que 11,. nio 
\"aria oom a t.raallpiraçio. Obeena-ee ainda que a JeSião c.-om
plMamente turbulenta do NCoamento com tJ'&D8.piração inici• 
.e para valores de u+ em tomo de 11 (16). Ado&ando ent.io 
•i = 11, Simpeon determinou experimentalmente que J't ...Je 
também 11, indepeo.dentemaate de v!. OutrM expreii!Õee pua 
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11'!' são encontradas na literatura. mu. ClOlDO ficará claro, para 
o perfil de temperatura de eecoamentoa de ar, não ~ nece.súia 
grude acurécia D8le ponto. 

A Eq.(S.4) mos&ra en&ão que existe uma traDIIformaçio F,. 
tal que 

(U) 

ou aqja, faz coincidir oa perfis oom traoepinçio 10bre o periU do 
NCONDento 80bre placa impenneá,-el. ua r~ in&erna da c• 
mada limite. Para a região externa, St.evenaon[11) deiDOillotrou 
que 

(U) 

Como DO item n, podemos sumariar u Lei da Parede e Lei da 
E.teira ap)icadu a eecoamentos com transpiração na equação 

(S.T) 

a qual recai na Eq.(2.16) no limite de v. tendendo a zero. 
Tendo deeenvol.vido no item II para cam..da limite tftmica 

uma teoria ainill.ar à apliceda ao problema dinâmico, podt'lllm 
ant.twt-.r que equações equi'VIIlentes à Eq.(S.7) resaltario para o 
peo.rfll e temperatura. Com efei~ ae V .. i- O, a Eq.(2.8a) deve 
eer subnituída por: 

tKl' fJT 
811 = PC, V .. 811 

que integrando e aplicando Qt'(O) = Q',:. ret~Ulta 

i/' . - = v.tT- T .. ) + Urtr 
JH!p 

(3.8) 

(S.9) 

Pelo modelo de comprimento de mi.tura- Eq.(2.11) -, da 
Eq.(3.9) obtemos 

(UO) 

A Eq.(S.4) fornece uma expreesão para Cl que é substituída na 
Eq.(UO.) a qual pela integração teSulta em 

~t ~ ,m 2 {(tj'Z +l)é,; [~ (..!...~n~) + 
Ir, ;;f, t ·'· +1 2 .... '•p,. 

Vl + t4'4]- Vl +ui ui}=~ la:;~ (Ul) 

Da an~ doa perfis de temperatura coutata-~~r que em 
eecONDentos com t.raaspiração, o "Valor de 1+ pua o qual a 
região comp .. ament.e \u.rbulent.a tem qem é aproximad• 
mente constante e igual ao cuo sem transpiraçio. r-e 'l-..lor 
pode ser obtido pela int.eneçio dM equações para a ftl&ião lami
nar e \urbul8ata, Eq.(2.10) e Eq.(2.12). O ftJor de t+ que ... 
tiefu ambas u equações é t+ = 10. O o qual unm.iremoa como 
tt. Sendo tt, por hipc)teee, peneacenle t.aato à resiio turbu
lenta quaato à .regiio laminar, podemos obter uma equação para 
vt P,. via uma expreiBio para o perfil desta última (18). A.im, 
nbni.tuindo Eq.(2.9) na Eq.(3.9) eepe 

_!_ ~ = l;,.(T- T.,) + u,.t,. 
pc, V1/ • 

(S.l2) 
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Integrando Eq.(3.12) e utilizando a condição de contorno na 
parede, T(O} = T., remlta 

...on 

t+ = 11!(e•!•+"' - 1) 

wt Pr = ln( &~!tp + 1 
VW 

(S.13) 

(U4) 

A Fig.S mostra a validade du Eq.(J.ll) e Eq.(U4). Note
er que o termo 

+ 
ln '· rfp,. 

~muito pequeno pt.n ~nk» de ar. Onido a isto, adie
cUii.o 80bre a melhor expreesão para ri torna--ee irreie\"aDte. 
ConcJui-tle ~tio que existe uma fun(io F1 tal que 

F1(ur, t, V..,, (T- T., _) = /r(r+, .Pr) 

15 

10 

5 
T 

cPt o 

-5 

-10 
-:-2 o 2 4 

ln(y+Pr /y!Pr) 

Fig . .3 - Lei da Parede para 
escoamentos com tronspiraçõo 
(v. entre -0.002 e 0.005) 

(Ui) 

6 

A Lei da~ eepe então analopmente como ~na Fis.4. 
A equaçio 

i,. 2 { (u!t+ + 1) ,t:. (u• (_!__la ri ) + v't + V:vt] 
'- 4" v! tf + 1 2 •m rf Pr 

-v't +t~.t} = .!.m~ + n,., (.!) 
•• ft Pr ., ~. 

(UT) 

dec<Jn'f! da Lei da .Pacede- Eq.(U6) -e da Lei da &teira
Eq.(_3.16_) -como no nem n, e uma equaçio para ir renlta da 
aplicação da Eq.(3.17) ao par (6,.T00) : 

T00 -T.. 1 + =-::r 
tr ti,; 

[
::\- (...L ln'!~ + 2f!) + v'1 + vl uf] (r 11+t+ ~ ~ ~~ - .. 

.L. (....L ln f..._) + v't + tt:ui &~! 
•• I;; •• rr 

. (U8) 
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ln(y / Ót) 

Fig.4 - Lei da Esteira poro 
escoamentos com transpiração 
(v., entre -0.002 e 0.005) 

IV. ANÁLISE DOS RESULTADOS 

Tendo sido este trabalho fortemente baseado em dados 
expt'.rimentais, uma questão <".EGtrtÜ que 11e coloca diz respeito 
à qualidade de tais dadoe... O. valores de i 1 e B foram obti
dos a partir doe dados de Blackwell (8] para eecoam.ento lll"m 
traDBpiraçio, oa quais conocndam muito bem com u já bem 
estabelecid1111 expre&IÕes para o perfil de velocidade. Os da
doe de \\"hitten (6] e Simpeon [7], empregadoe na aná.fuJe doa 
perfis com transpiração, apreeentam um eepa.lluunmto mnito 
~r. mesmo noe CUOII sem injeçio ou .ucção, e por esta 
ruio fonm preteridoe frente a ref'.(8) para determinação dos 
parâmet.l'OII báskoe. Os '-alo~ de Cf medidoe sio questiona
dali (1], atribuindo-« enoa na faixa de até 10%. &te~ inclusi\-e 
o motivo pelo qual Simpeon apre~enta k.,. = O, 44 como o valor 
que md.hor ckeel"fM! eeua ex~nt.oe, ea.quanto que para oe 
dados de Blackwell, 11m = O, 41. 

Quanto aoa -valores de &, as di!n6çu ailnem maa não 
sio aignificat.ivu diante do eepalhamenk» doe d.doe de Whi.iten, 
de forma que o valor de 1!, obtido atravéa da. d.OO. de Black
well ~reRDta bem llf\ua J,W"rfi& A meama análileo ae aplica aos 
valores de A e B. 

A pert.ir doe vabes de Ate e B, obtemo. ama expreuio 
para 11t que P. analilada a aeguir. Pelu Eq.(3.11) e ,Eq.(U4) 
podemos dizer que para ,+ P,. = 60 

++(50)- .!.ln 50t•! 
' - ,, lD(t•lth + 1 

(4.1) 

A Fig.5 compara oe ,-.~ores nperiment.ais de •tf.iO) com a 
Eq.(4.1). ApeAr do espalbameoto experiment.a. podemos no
tar que «8t.a nio dele'le\·e bem o eec:oameak» com ~. O& 
valores de &A (Reynold. ~ialpia) muito baixa. t.alves aejam 
a caUA desta diacord.Au.cia viato que nesta faixa u expreeeõee 
de temperat.a.ra é prová,-el tmbam de 111!1' rorrigidu tal qual 
u de velocidade (16). No entaato, a~ de dedo. exper
imentais nio pemúte uma aaálile ftdfdisna de.etu coneções. 
Na. ~ com iDjeçi.o exiat.e uma conccxdâada qualit.ath"L A. 
dilcordiadu Be juat.iflcam em puie pelu dilerençu eot.re a. 
trabalhos de Blackwell (8] e Wbitten [~]. Tendo em conta a 
Fig.6, a an'-lúle da Fig.T rnd& que 011 ftlm da Eq.(4.l) com
promdem ~~eriamenie apeou M prev.ieões doe c:aac» com &Ucçio 
(u! < 0), concordando melhor para eecoement.oe com injeçio 
(v! >O) que llio oe de maior intereaee prático. 

~ 
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Fig.5 - Análise do Eq.(4.1) 

O ~ado ponto fund~nlal na análiee de ~troe 
CÜI r~ito 80S Y1lloRs de fit. loÚIJI('SOS tJl\bftlbO. dio cont.a da 
variação de fi,. com&,, bem C:OIDO do RU valor ...in~ico, 
0.66. Pera n, era de R eep«ar um comportamento qualita
ti'nunent.f! RIDI!'Ihan\e com relação aRe.,.. 0.. ftlore8 de R~ . .,. 
da. cuoe 8eiD ~ di8pon{veia aio muito baixa.. A injeção 
tem como um de ~~eu& efeito.. o aumento do \'1\lor de Reli• que 
penniliu através da abordagem aqui apreRDtada, avaliar o com
portamento de R, em camada limite bem deeenvolvida. A Fig.6 
apnwenta 08 ftloree de B1 c.olet.OO. d08 dados de BlaàweU e 
Whitten. Verific.-se de fato uma variação para "-alores baixos 
de Re 6 e a seguir um comporla..!W!nto Mtrintótic:o. A cun•a sug
ere a variação e o valor da -íntota, no entanto, a quantidade 
da. dad08 experiuumtais não ~ suficiente pu:a apontar um "-.J.or 
definitivo para este c:omporta.Dmlto auint6tico. 

0.6 

0 .4 • 

0.2 

0.0 
o 12000 

Fig .6 - Variação de n1 com Re, 

Finalmente. a Fis.1 repre.enta uma comparaA.;ào entre a 
Eq.( 3.17) e C8 dada. experimf!'nhu de Whitte-n. 0.. valores de n, 
emprepdoe bnm obtido. daa curvu da Fig.6. Oberrvamoe que 
a Eq.(U7) deecreve bem o perfil de temperatura .meuno para 
alw taxu de ~.io. A. pn.viãe de .sl feitu pela Eq.(3.18) 
aio c:om.pa.radu com dado. experimrntU. na Tab.l mo.trando 
exceleow CODrordincia pe.ra a. cuoa de ilüeçio. 
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v,.=-.002 

v.,=-.001 

v,.= .000 

v .. = .001 

v .. = .002 

v .. = .004 

v.,= .005 ........ 

Fig. 7 - Comparação da Eq .(3.17) 
com os dados experimentais de [6} 

Tabela 1 

Vw Reli Stup. (6] Streo. Eq.(3.18) 

-2.6 to-a 9.6102 3.4610-1 s.n to-• 
-2.2 1.41ol 3.14 s.so 
-1.1 1.7 lo' 2.63 2.79 
0.0 3.6 1ol 1.96 1.96 
0.0 4.7 to' t.82 1.83 
0.9 5.7 toa 1.43 1.•17 
1.0 4.6 to' 1.62 1.57 
1.8 7.11ol 1.12 1.17 
1.9 6.5 lo' 1.23 1.24 
S.T 1.1 1fr O.M 0.86 
3.9 8.2 lo' 0.69 0.72 
4.8 1.210"' 0.60 0.48 
6.0 9.-tlo' 0.53 0.52 



y.CONCLUSÃO 

Eete trabalho abotda o problflna da camada limile tur
bulenta com trauspiração de modo a permitir uma análiM de
talhada da tl'&b.IÍeorência de c.-alor. A Lei da l'wede propm.~ é 
de fato eficaz para tranafonnar perfis de ca.. com traaepiraçio 
de forma que se poaa trat.á-Joe na região interna atravéa da 
metodologia deRnmlvida pwa plac.-u. impermeávies, oomo no
vela o paralelimlo1 na região complelunente lurbulenta, entre 
u curvu apreeentadaa na. Fi!.3. O pequeao espelhamento d011 
valorflt. de llt coletad<» atestam por sua ve:1 a validade da lAH da 
Esteira confl.rmaDdo assim a Lei da Parede que lhe deu qem. 

Fic.-a claro a.il'da que o ponto frágil desta análiae não ~ 
outro l!lellão a determinação de flt. Fig.ó. A expreuão proposta 
pou.ui a vantage-m .~e não depeo~deor de novoe. parâmetror. experi
mentais dependentes d11. ta:n d~ transpiração, mu nerie ponto 
poder-se-ia considerar ma.is t1 itquada a utilização de uma ror
relação eoxpe.rilnE'J<tal pt1n. y1 ~. Isto não ~ feito aqui poe.to que 
nio se trata apenas d*' deR( rever o fenômeno, r:n.u sim de com
preendê-lo, e net-'e ponto a Eq.(3.14.) cumpre um pape-l impor
tante. Uma anál\se <:Uiradoea das Fig.5 e 7 permite pereeber que 
u discotdâncian são eD. geral decorrentes de erto1 na obtenção 
de 11t, visto q11 ~ a · :.ur 11. propos~ e a descrita pelos dad011 e r 
perimentaia là , puralel.u na re~ externa da camada limite. 
Exceção é feitl> pua a tua mais alta de iJYeção: neste cuo o 
que se veriflc.-a ~ q•.e o perfil transformado ÚBIIhHJe do formato 
logarítmico. 

Pelo pre~~ mte m~todo a boa descrição dos perfis ~ determi
nante e suficie te part\ que Be obtenha precilio nos valoreede St 
preditOII. Digna de nota é a ac.-.urácia apresentada noe. c.--.- de 
injeçã.o alta quando os \-aloree de St são muito pequenoe. Enfim 
('OJlduímos que a abordagem ora aprellt'Gtada em geral prevê 
"-alares de St em boa c.-onc.-ordância c.-om os dadoe. experiJne.ntaia 
e, o que pode ser maia significath'O, quando não o faz re"-ela. a 
discordânc:-ja em sua origem p«mitindo fácil correção. 

A!'rac:fecim~nkl8: o autor agrad~ a A. P. Sil,.-a-Freire e C. 
C. Pellegrini pelaa frulUOIIU discuilaõe. que contribuiram .OOre
maneoira pwa a rea.lizaçio deste tr~o. O auxílio finuceiro 
durante a execução deste projeto foi pn!Slado pela CAPES. 
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ABSTRACT 

This work presenta a theoretical analyiÍII of the heat trana
fer in traaspired turbuleot thermal boundary layen. The uaal
yais reveala the f'XiNence al two laws - one for tbe innf'r region 
and other for the outer - whida reduce to lhe well-knotrm 
Thermal LA' of &be llaD a.nd Tber.mal LaR' of tN llüe when 
the traaepind "-elocity ie zero. From thie lawa ._ propoR an 
~n for the lemperat.ure proftle a.nd an equa.üon for tlle 
Stanton Number. The comparison with the f'Xperimental dM& 
showa exc*nt ~ment. 
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RESUMO 

O )Ywc.e,~M de abl ação como me.canúmo de ptto.tec;ão .têttm.{ca .tem J.>.{do mu.U:o u.tilúa 

do em nt<m~tto -~M apl.i.caç àc!.> na e.ngcnlratt.{a . 

O ptwb.i'cma -~e. caf!.ac..te.Jt.<:za não f..{neatt e. envofve. o movmen.to do con.tottno. 

A üan-~tíe'li?nc.{a de cn.€oJt ç; e6.tudada u.t..üüando a Têcn.<:ca de TttaM 6ottmada In.t.e

gtta€ Ge.ne.'r.af.{zada, btdc.ando como Jte.J.>uU.ado.6 a ptto6und.{dade e .taxa de ab.f.ação. 

INTRODUÇÃO 

Condução de ca lor atrav~s de s6lidos seguido 

uma superfíci e ablativa é de grande interesse em 

de 

mu1 

tas aplicaçÕes da engenharia, [1]. Este tipo de probl~ 

ma é essencialmente caso especial de ampla classe do 

e a outra sujeita a um fluxo de ca lor transiente. Após 

o per íodo de aquecimento pr~-ablativo , inicia-se a fase 

ablativa, onde o material fundido ~ desprendido da su

perfície do corpo . As equaçÕes que governam o problema 

são as seguintes: 

probl ema de mudança de fase revista por [2]. Estudos 

te6ricos e expe rimentais foram r ealizados utilizando hi 
p6 t eses de ablação permanente e transiente com solução 

aproximada ou puramente numérica. Prob l en~s envolvendo 

meios infinitos são frequentement e ana li zados e em 

pos finitos são totalmente limitados, [ 3, 4]. 

cor 

Um procedimento que vem sendo aplicado em 

de solução exata ~ a técnica de transformada 

busca 

integral 

ger,eralizada (TTIG), a qual tem sido aplicada em probl~ 

~~s comp l exos que não possam ser resolvidos pelas t~cni 

ca s de separaçÕes de variáveis, variáveis complexas, 

etc. Uma análise ampla no que se r efere à t~cnica da 

tran sfo rmada integral (TTI) para so lução de certa elas 

se de problema de difusão foi apresentada por [5). 

O presente trabalho baseou-se na r ef. [3). O moti-

vo dessa escolha ~ devido a introdução de várias solu

çÕes onde a taxa e a profundidáde de ablação são criti 

camente comparadas. As soluçÕes abrangem o M~todo Inte 

gral do Balanço de Calor, o M~todo Integral do Momento 

- 8 (Teta) e o M~todo Diferenças Finitas. Então este 

trabalho vem extender a solução [6), uma vez que a posi 

ção e a velocidade da fronteira em movimento sao desco 

nhecidas, e ainda dar continuidade ao trabalho [7]. 

Al~m da taxa e a profundidade ablativa apresenta-se tam 

bém o pe rfil de temperatura dependendo do tempo. 

ANÁLISE 

Considere-se a condução de calor em uma placa de 

espessura finita com propriedades físicas constantes e 

inicialmente a uma temperatura T
0

, com uma face isolana 
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- Período pré-ablativo: 

CIO (X,T) Cl 2 8(X,T) 

Cl T Cix' 

com condição inicial e de 

o <x .o) = o 

CI S Cx , r) I 
3x x=o 

Q( T) 

- Período Ab lativo 

o < T 

o < X 

contorno 

o ::; X 

CI 8(X , T) 

ax 

S(T) < X < 1 T > T 
m 

condição inicial e de contorno 

< Tm 

< 

:; 

ae <x. T) I 
Clx x=1 

o , ecx,T) 
1' X=S(T) 

condição de acoplamento 

-~(X , T ) +\JdS(T) Q(T) X S(T) 
Clx dT 

( 1) 

(2) 

o (3) 

(4) 

(5) 

(6) 

(7) 

onde 8 (X) é a distribuição de temperatura na placa 
m 

quando inicia a ablação, com T = Tm , obtido no perí~ 



do pré-ablativo. O parâmetro u do balanço de energia 

da face ablativa, é o inverso do nÜmero dé Stefan e 

S( T) é a posição dependente do tempo dentro da frontei 

ra móvel ablativa. 

O problema pré-ablat ivo, dado pela equação (1) é 

resolvido aplicando TTIG. Para isto um problema 

liar é adorado : 

).12 l)!C x l L l)! Cx l L 
() 2 

3x2 

com as seguintes condições de contorno 

él~~Cxl l =o 

élx x=o 

3l)!Cxl I 
élx x=o 

o 

auxi 

(8) 

(9) 

obtendo assim a seguinte par de transformada integral 

e .Ct ) = J
1 

l)!. <x> e cx , t ) dX 
1 o 1 

Trans. ( 10 ) 

l)! i <x> 
ecx , t> =I 1 e iC t ) 

i=O J l)!zCxldx 
o 1 

Inversa (11) 

Substituindo a equação (10) na equação (4), obte 

mos a seguinte equação diferencial de 1 ~ ordem: 

de . ( T) 2 e ( T) 1
- + ).l i i 

dt 
Q(t) ( 12) 

com a condição inicial 

- I e. c o) 
1 inicial 

o 

A solução da equação (12) nos leva a distribuição 

de temperatura da fase pré-ablativa . 

e cx ,t) e Ct)+2/: lf! .Cx ). 
a v i= 1 1 

J: Q(T) exp l -)Jf(t -T' ~dT' T < T 
m 

( 13) 

onde lj!i(X) = cos ÀiX e Ài = in são, respectivame~ 

te a auto função e auto valores. O potencial médio 

e Ct) 
a v r Q(T) dt 

o 
( 14) 

Assim, a distribuição de temperatura inicial para 

o período ablativo é 

em Cx) e (t ) + 2 L cos Cinx) 
av m . 

1=1 

J:m Q ( T') exp [-).I i ( T m- T')] dt' ( 15) 
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A solução do problema ablativo , por onde envo l ve a posi 

ção do contorno em moviment o , S( T) é deten1inado junt~ 

mente com a distribuição de temperatura. Solução anali 

tica para problema s de mudança de fase atravé s da (TTIG) 

já tem sido apresentado por [4]. Baseado em [6] a com 

pleta solução da equação (4) é considerada. Para facili 

dade analítica uma mudança de variável é feita nas equ~ 

çÕes (4 - 7). 

e "cx ,t) o cx , 1) -l S(t) < X < 1 , 

T < T 
m 

Também , envolvendo a coordenada espacia l 

notando a posição de fronteira com nb(t ) 

equaçoe s serão reescr i tas como : 

-)c 

3 2 6 ~·-()0 Cn , 1) = (Tl, T) o < T) < nb(r) 

()T an~ T < T 
m 

o*cn,t) I = o 
Tl= T)b(T) 

ao *cn , t ) I 
an n=o 

T) 

o 

o'''cn, 1 ) 
m 

8 ( 1 - n, 1m) - 1 T > 1 
m 

38 '' Cn, 1) 

d tl 

d T)~~ = Q( T ) T > Tm 

dT n=nb ( t ) 

( 16) 

- X e d.::_ 

S(T), as 

( 17) 

( 18) 

(19) 

(20) 

Para ar licação da técnica adotamos o seguinte problema 

auxiliar dependendo do t empo 

~cp(n) + À 2 c/l(n) 
3n 2 

o 0 < T) < f)b ( T) 

a cpa~n) I fl=o O e cp (n) l =0 
n=nb(T) 

Re solvendo esse prob l ema encontramos: 

} .. ( 1 ) 
1 

( 2 . - 1) TI 
1 

-----· e 
2nb(T) 

c/l .(n) 
1 

cos [\ (t) n] 

O par de transformada integral é 

_* Jnb(T) * 
8 . = K.(n, T) o (n,t) dn 

1 1 
o 

transf. 

,, 
e Cn, t) e ~( T ) 

l 
L K. (n, t ) 
. 1 

inversa 
1=1 

onde a auto função normalizada é 

Ki (T),T) 
cf,i(!l , T) 

--------~ - --------

[

rT) (T) 11/2 
· b ~os 2 [ À.( T )n]dn 
J l . 

o 

( 2 I) 

(22) 

(23) 

( 21+) 

(25) 

(26) 



J
llb(T) 

Aplicando o operador Ki (!l , T) d ll 
o 

na equaçao 

(17) e nas condições de contorno, equa çao (18), temos 

o (27) 

O termo nao transformado da eq. (27), aplicando a in

ve rsa eq. (25), e substituindo dentro da integral, te-

mos 

+ À';(T) 

dT 1 

A'.'. (T) 0 ~' 
1J J 

j=l 

o 

. (T) + 
l 

T > T 
m 

(28) 

A condição inicial eq. (19) operando com 

e com a condição de transformação, te-

mos: 

-* -~·-

I 
j=1 

(2.-1) Õ~'(r)(-1)j - Q( T) 
J J 

(33) 
v 

(34) 

As equaçoes (28) e (33) formam um sistema de equ~ 

çÕes diferenciais ordinárias de ordem infinita acopl~ 

dos. Para efeitos computacionais as equaçÕes sao trunca 

das para uma ordem N bastante grande e o potencial 

transformada é resolvido e aplicado na inversa eq. (25) 

para obter assim o perfil de temperatura, a qual mostra 

a profundidade e a taxa de ablação. 

RESULTADO E DISCUSSÃO 

As equaçoes diferenciais de finidas nas eqs. (32) e 

(33) com as condiçÕes iniciais eqs. (29) e (34) foram 

resolvidas numericamente usando a subrotina DGEAR, [8]. 

Os resultados numéricos foram a velocidade de ablação 

v( T) e a profundidade S(t), para fluxo de calor iguais 

a Q = 2; 10 t 2 da referência [3]. As figuras (1) e (2) 

apre sentam cada uma delas a comparação da espessura e 

EJ . (T) g. 
1 1 r Ki(ll, Tm) 

o 
[om ( ll - 1)] (29) velocidade para os seguintes métodos: (A) - Esquema de 

Dif e r ença Finita; (B) - Método Integral do Balanço de 

" _)( 

Os valores de A .. e g. r e solvidos sao: 

onde 

A . . ( T) 
lj 

~·< 

A .. ( r ) 
1J 

,, 
A .. (1) 

11 

1] 

2 

l 

(2.-1)(2.-1)(-1)i+j 
J l 

[ (i 2 
-i) - v-j)] 

d!lb(T) 
--A .. ( T ) 

' ( !. dr lJ ' 'b T 

o 

212 < _ 1) i+ 1 [o c 1 l] I· + 
(2.-1)n av T=Tm 

1 

4 / 2 . 1 
(2.-1)(-1)1+ /: 1 

k=1 

A equação de acoplamento e escrita na forma de 

formada, como segue; ll = nb(l). 

(30) 

(31) 

(32) 

trans 
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Ca lor; (C) - Método Integral do Momento - 8 e (D) - Téc 

nica da Transformada Integral Generalizada, presente 

trabalho. O M.B.I. C. apresenta um sensível desvio, qua~ 

to à velocidade v(T), da solução exata T.T.I.G., enqua~ 

to que o M.D.F. é aparentemente exato e suficiente para 

muit a s propostas práticas, exceto para pequenos tempos 

no início de ablação. O M.I.M. - 8 ê uma aproximação 

qu e consideravelmente melhora o M.B.I .. As tabelas (1) 

e ( 2) mostram alguns resultados dos valores adimensio 

nais da posição e da velocidade para os fluxos de calor 

indicados. 

O v a lo r de T . quando a ablação inicia, também é 
m 

apresentado e concorda com [3]. A figura (3) mostra o 

perfil de temperatura dentro da placa ablativa para o 

caso do fluxo de calor Q( T) = 2,0 e também para o p~ 

ríodo pré-ablativo, mostrando-se aceitável para a 

ção mõvel da fronteira. 

posi_ 



Tabela 1. Valo re s da esp e ssura e ve l ocidade de ablaçio 

para Q( T) = 2 e v = 1 

Q(T) = 2 

T- 1 
m 

. 0 183 

. 0549 

. 1098 

. 146 3 

.2012 

.2561 

. 31 10 

.34 76 

.4024 

.4573 

.51 22 

.5488 

.6037 

.6585 

. 7134 

. 7500 

T =0.197 
m 

S( T) 

.004 

. 020 

. 052 

.077 

. 120 

.168 

. 222 

.261 

.3 25 

. 395 

.4 72 

. 521:! 

.61 9 

.718 

.824 

.897 

\) = 1 

V(T) 

0.33 

0.50 

0.65 

o. 72 

0.83 

0.9 3 

1.03 

1. 11 

1. 22 

1.34 

1.48 

1. 57 

1.73 

1. 88 

1. 98 

1.99 

LO 

I 
--A 

/;,~·~ 2 .0 

/~7 
~~'/ 

B 

5~:1 -x-x-: 
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Fig . - Comparação de espessura e vel oc'idade de ablaç Oo 

dos varias mélodos poro Q (I ) ' 2 
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Tabela 2. Valores da profundidade e velocidade de abla

çio para Q( t ) = 10T7 

Q ( 1 ) = 1 Ü! 2 

T - 1 
m 

0.0085 

0 . 0512 

o. 1024 

o. 1537 

0.2049 

0.256 1 

0.3073 

0 . 3500 

1.0 

--A 

-·--- B 

S(t)j ---- c 
0 .8 -~r-.c- o 

06 

04 

02 

[ = 0.487 
m 

S(T) 

0.003 

0.040 

o. 113 

0.216 

o .34 7 

0.511 

0.719 

0.963 

v = 1 

V( T) 

0.49 

1. 15 

1. 72 

2 . 27 

2 . 86 

3 . 57 

4.67 

6 . 99 

8 .0 

,, 

" n I 
6 .0 

VIII 

4.0 

z.o 

0.0 t.___:_ 0.0 

e LO 

0.9 

0 .8 

o. r 

0 .6 

0.5 

04 

O.l 

0.2 

0.1 

0 .0 

o. o 0 .1 v.z O.l 
1-tm 

F ig. 2 - Comporocõo do espessura e velocidade de ablação 
de vários metodos paro Q(t) =·IOtZ 
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ABSTRACT 

Heat transfer followed by ablation in a slab 

sujected to a time-dependent boundary heat flux is 

analytically estudied, through application of the 

generalized integral transform technique. Results for 

the ablation depth and speed are reported for 

different boundary heat flux behaviors. 
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CONVERGENCE ENHANCEMENT OF EIGENFUNCTION EXPANSIONS FOR 

NONHOMOGENEOUS ELLIPTIC DIFFUSION PROBLEMS 
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ABSTRACT 

An a.LteJtnative pttoc.edWte V, pttopo~ ed to ac.c.cdeJta.te the c.onveJtgenc.e o6 MJÚU 
~o!utio~, 6ott e!i1ptic. di66uõ~on pttob!em~. obt~ned thttough the ~ntegtta! t!ta~óottm 
tec.h~que. The appttoac.h deve!oped V, ~c.a!!y c.ompatted to the ~ec.t Uóe oó the 
~nv~~on 6ottmu!a fiott nonhomogeneoUó pttobfem~. ~Yl a two-~e~~ona! app~c.ation, ~Yl 
ottdeJt to ~Uót!ta.te the ~pttoved c.onveJtgenc.e behav~ott. 

INTRODUCTION 

The exact solution of heat and mass diffusion 
problems has been recently revi ewed [1] and presented 
in a systematic and unified form, based on application 
of the integral transform techniqu e [1,2] to various 
diff e rent classes of problems. Although formal analyt
i ca l so lutions are readily obtainable as explicit 
inversion formula, the convergence of such eigenfuction 
expansions can be particularly affected by nonhomo
geneous source terms, specially at the boundary 
conditions, and make such an approach not so efficient 
for computacional purposes. However, a few procedures 
were deve loped within the last two decades [2-5] to 
overcome this difficulty by employing parcial inte
gration of the resulting invers ion f ormula [2], 
separation of quasi-steady contribution [3], or 
splitting-up of the original problem into simpler ones 
[4,5] , providing convergence acceleration with respect 
to the original inversion formula. The splitting-up 
procedure [1,4-5] is particularly elaborate and offers 
the best computacional performance possible for this 
type of approach. Nevertheless, the additional analyt
ical involvement is quite considerable, as required by 
the solution of the various separated problems, which 
might become prohibitive in multidimensional situations, 
even fro:n a computat ional point of view. Besides, the 
source function s are required to have s pecific func
tional forms, such as q-order polynomials and expo
nentials, which to some extent limits the application 
of such analysis. 

Quite recently [6], an alternative approach was 
proposed and utilized in the solution of transient cne
dimensional diffusion problems, aimed at offering a 
more efficient computacional tool for the development 
of au tomatic parabolic diffusion solvers [7]. This 
procedure is based simply in the integration, over the 
r eg ion, of the original parcial differential equation, 
yielding improved series solutions in terms of a 
correct ion to the inversion formula. Mo tiva ted by. an 
unde rgoing effort in the development of automatic 
solvers for multidimensional e lliptic problems through 
the generalized integral trans form technique [8,9], 
the pres ent note brings the ex tension of the ideas in 
[6 ] to steady-state diffusion problems. An applica
tion is then more closely considered dea ling with two
dimensional heat conduction in a plate with uniform 
surface dissi pation, and numeri cal r esults presented 
to illustrate the degrce of convergence enhancement 
atta ined. 
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ANALYSIS 

A sufficiently general two-dimensional elliptic 
diffusion problem is here considered, where t stands 
for the independent space variable that shall not be 
elliminated through the integral transformation process. 
The problem formulation is then written as [1 ,8]. 

[w(x)Lt + L]T(x,t) = P(x ,t) , in x 0 < x < x1 , 

with boundary conditions 

B kT(x,t) x, 

Bt kT(x,t) . 

t 0 < t < t 1 ( 1 • a) 

k=O, 1 

k=O, 1 

(l.b,c) 

(1.rl,e) 

where the related operators are defined by 

Lt -· -a(t) _i_ lt(t) ...D 
3t L 3t I 

L = ~ fcx) ~] + d(x ) 

- [~ - (-l)k f\ ~ 

= ro _ (-l)k y -D lk k ac I 

(1. f) 

( 1. g) 

( 1. h) 

( 1 • i) 

The exact formal solution of problem (1) above is 
readily obtained through the integral transform 
t echnique [1], in terms of the associaóed auxiliary 
e i genvalue problem: 

- k(x) --- + d ~ dlj!i (x1 
dx dx 

X o < X < X1 (2. a) 

wi th boundary conditions 

B klj! . (x ) = O x , 1 
k=O,l (2.b,c) 

which provides the following in t eg ral transform pair 

1'. (t) 
1 

1jJ. (x) 
-

1
-- T(x,t)dx 
1 12 

N. 
1 

, transform (3 .a) 



T(x, t) L l -
------ w.(x)T.(t) 

l /2 1 1 
inversion (3.b) 

i=l N. 
l 

where the normalization integral is defined as 

J

Xl 

N. = w(x) w~(x)dx 
1 1 

xo 

(3.c) 

Eq. (3.b) provides the explicit inversion 
formu la for the original potential , T(x,t), in terms 
of the transformed quantities, Ti(t), which are 
ob tained from so l ving the decoupled system of boundary 
va lue prob l ems below: 

L T. (t) + )l~T. (t) 
t 1 l 1 

gi (t) to < t < tlJ.. 

i=1,2 •... (4 . a) 

B kT. (t) 
t. 1 fk,i at t=tk , k=O,l (4.b,c) 

where, 

gi (t) 

ni (xk) 

l/ 2 
N. 

[kt <Pk (t) Sl i (xk) + 

1 

•)x' P(x,<). i (x)d,l 
xo 'I 

k
wi(xk) + (-1) k(xk) 

1\. + 13k 

dl/Ji (xk) 
_d_x_ 

(4 . d) 

(4.e) 

fk,i 
1 

l / 2 
N. I

Xl 
w(x) wi (x)fk(x)dx 

xo 

• k=0,1 (4.f,g) 

1 

The inversion formula (3.b) can be directly used 
for computat ional purposes whenever the source func 
tions, at both equation and boundar ies, P(x,t) and 
<Pk (t), are not present. However, for a ~on-vanishing 
nonhomogeneous transforrned source term, gi(t), the 
series defined by eq. (3.b) migh t converge quite too 
slowly for practical pu rposes , specially for nonhomo
geneous boundary conditions. Even worse, the flux 
defined through the deriva tive of T(x,t) with respect 
to x, might cease t o converge at all. The present 
approach is an attempt to overcome this difficulty, 
providing an alternative series which is uniforrnl y 
convergent wi thin the region and at the boundaries. It 
would be quite interes ting to obtain such convergence 
irnprovernent without recurring to additional solutions 
of separated problems, and making use only of the 
transformed potent ials already obtained . For this 
purpose, the steps in [6] are now followed and integral 
balances over any portion of the domain are employed, 
together with direc t use of the boundary equations 
thensclves , as sho1vn below . First, eq. (1 . a) is 

(X 
operated on with J dx, to yield, after substitution 
of the inve rs ion J x 0 formula (3. b) : 

't f. (x)L T.(t) + h.(x)T.(t) - g(t) = k(x) ~ 00 ~* - - - -, dT I 
Í.;l 1 t 1 1 l _ d X X 

ar i - k(xo) ax 
xo 

(5. a) 

where , 
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i:'(x) = -
1
- r w(x) w. (x)dx 

1 
1 I 2 

1 

Ni Xo 

(S.h) 

h. (x) = -
1
- r d(x)w. (x)dx 

1 1/ 2 l 

Ni Xo 

(S.c) 

g(x,t) = Jx P(x,t)dx 

"o 

(S.d) 

or, by re calling eq. (4.a) above for LtTi(t), the 
resu lting expression for the flux at any position x, 
in terrns of the flux at x=x 0 , becomes 

élTI k(x) Tx x = k(x 0 ) dT I ~ l-'' -ãX + .L fi (x)gi (t) + 
x 0 1=1 

+ ~i (x) - I~ Cx))lilr. (t)jl 
1 i I 1 

- g(x,t) 

Similarly, an expression relating the flux at 
position x to thc boundary flux at X=Xt, could be 
ob tained by operating on eq . ( 1. a) with 

(S.e) 

J
Xl 

dx, and is her e orni tted for the sake of conciseness. 
On the other hand, the potential at any pos1t1on 

x within the rnediurn i s deterrnined from integra tion 
of eq . (S.e) from x to x1, providing : 

T (x, t) - élT I T(x 1 , t) - k(x)k(xo) dx x + 

+ 
~ r~,, -
t_ 1f.(x)g .(t) 

i=l 1 1 

) 

+ ~i (x) -

"71< 20 - f. (x)\J. 
1 1 

T, '''i + g(x,t) (6. a) 

where, 

rXl 
k(x) = - 1- dx (6.b) 

J k (x) 
X 

rl ~·, -* fi (x) 
(6.c) f . (x) = -- clx 

1 k (x) 
X 

rl h. (x) - 1 
(6 . d) h. (x) = - - · dx 

1 k(x) 
X 

rl -c t) g (x,t) d (6. e) g x, = - - - X 

k(x) 
X 

or, alternatively, by integrating from x to x 0 the 
expression that would relate the flux at posit i on x to 
the boundary flux at Xl· 

Therefore, such express ions provide alternative 
formu las for both the potential and it s flux anywhere 
within the mediurn, provided the quantities at the 
bounclaries are accurately known . The two boundary 
condit ions, eqs. (l.b,c), together with eq. (S . e) 
eva luated at x=x 1 , and eq . (6 . a) evaluated at x=xo, 
provide four simultaneous algeb raic equations, wi t h 
as a parameter, for the four unknowns in th e most 
general situation of nonhomogeneous third kind boundary 



conditions, k(x 0 ) ~~ , k(xl) ~~~ , T(x 0 ,t) , and 
Xo Xl 

T(x1,t), which are solved to yield: 

aTI k(xo) ox 
X o 

aT I 8T I + A(t) k(xl) ax = k(xo) ax 
Xl X o 

T(x 0 , t) = 1> o(t)+ So/cxo 
ao fu_ + fu_ + k(xo) 

Cio Cil 

_ fh A(t) + 1> 1Ct) _ 1>o (t~ 
cx1 cx1 a o] 

TCx1,t) =bi!l_- Blia1 
Ctl S B1 --'::'..Q.. + - + k(x 0 ) 

ao CX1 

- fu_ A(t) 
Ci l 

+ 1> 1Ct) _ 1>o (t~ 
CX1 eto 

where, 

A(t) 

- g(x1,t) 

- ..êl_ A(t) + 
Ci l 

(7 .a) 

(7.b) 

~(t) 

(7. c) 

~(t) -

_ B1A(t) (7. d) 
Ctl 

(7. e) 

B(t) + ~i Cxo) -

- t,,.,,,,i] '''''!. ,,,,,,, (7.f) 

---········--·----...... _________ _ 

Simpler expressions are obtainable as special 
cases of the relations above, in the case of first/ 
second kind boundary conditions, when either the 
potentia1 or the flux is already prescribed at the 
boundary. 

APPLICATION 

A two-dimensional e11iptic problem related to heat 
conduction in a square plate subjected to an uniform 
linear surface dissipation is now more closely 
considered. The prob1em formulation is given by: 

o O<x< 1, O<t < 1 

(8 .a) 

with boundary conditions 

8T(O,t) o T(l,t) 1-t o ~ t ~ 1 ax e 

(8.b,c) 

3T(x 
1
0) 

ât o T(x, 1) 1 0 < X < 1 

(8.d,e) 

and correspondence to the general system (1) establishes 

a(t) b(t) 1 k(x) = w(x) = 1 

d(x) Bi Xo = to = O 

Xl = tl 1 P(x,t) = O 

1> o ( t) f 0 (x) =0 h (t) 1-t = e 

f1Cx) 1 ao óo = o 

Bo Yo 1 Ctl ó l = 1 

B1 Y1 o (9) 

After solving the associated eigenvalue problem, 
the final expressions for the potential anl flux, in 
terms of the transformed potentials are re . . dily obtained 
from eqs. (6.a) and (5. e ), respectively, s cnce both the 
flux at xo and the potential at x1, are kn'wn a priori. 

Table 1. Conve rgence of present a1ternative solution (e~ . 6.a) compared with the inverse f c·rmula (eq. 3.b) 
( 13 i = íO) 

-- -
x=O t=O X=0 t=O. 5 X=0 t=0 .9 x=0.5 ~ =0 x=0.5 t=0.5 x=0.5 t=0.9 x=0.9 t=O x~0.9 t=0.5 x=0.9 t=0.9 

N T - I 
ALT. INV. ALT. INV. ALT. INV . ALT . luv. ALT. I NV. ALT. I NV. ALT. INV . IALT. u :v. ALT. INV. 

-
3 .1669 .44821.2911 .4617 . 7435 .8578 . 4658 I. 5212 .4779 .5115 .7865 .8090 1.940 . 7768 11. 283 .5769 .9959 

i 
.5228 

6 .2260 .0828 .3074 .2206 .7513 .6 930 .47001.6701 .4816 .6030 .7875 .8689 1.806 l. 774! l. 249 l. 229 .9787 .9655 

9 . 2110 .3069 .3047 .3629 . 74% . 7886 .4852 .4778 .4845 .4801 .7892 .7862 l. 776 2.237 1.24311.522 .9755 1.163 

12 . 2177 .1457 .3056 . 2620 .7502 . 7209 .4877 . 3862 .4848 .4232 .7894 .7481 1. 778 2.173 1.244 1.483 .9757 1.136 

15 .2138 .2716 .3052 .3402 .7499 . 7734 .4843 .4870 .4844 .4860 . 7891 .7902 1.788 1.852 1. 245 1.284 .9763 1.003 

18 .2164 .1683 .3055 .2763 .7501 .7306 .4831 .5509 .4843 .5254 .7891 .8166 1.794 1.585 1. 245 i 1. 118 .9767 .8918 

21 .2147 .2559 .3053 .3303 .7500 .7667 .4845 .4831 .4844 .4836 .7891 .7886 1. 795 1. 543 1. 245 !1.092 1.9768 .8743 

24 .2159 .1799 .3054 .2835 .7501 .7354 .4852 . 4343 1 . 4844 .4536 .7892 . 7685 ' 1. 792 1.697 !1.245 1.187 ! . 9766 .9378 
I 

28 .2158 .1849 .3054 .2867 .7501 . 7375,. 4850 .4413,.4844 .4579 .7891 . 7714,1.789 l. 93311.245 l. 332,. 9765 1.035 

337 



ar 
"dx(x 't) 

T(x,t) 

2 0-t) (cos À. + 

i=1 
f N1. À~ 1 ~ ~ e ~ 

+ À. sen À.) sen À. x-
~ ~ ~ 

~ -À - ) - -- sen À.xT. (t) 
~ ~ 

Ni 1/2 

1 
(1-t) ~ 1 

e + L. )\ (c os À. -
i=l i ~ 

~1 1 0-t) 
- cos \x) "ir~ e (cos 

+ À. 
~ 

sen À. ) 
~ , , ,, ::~I + T. (t) 

~ 

RESULTS AN~ DISCUSSION 

( 1 o) 

À. + 
~ 

( 11) 

Problem (8) was solved exactly by· following the 
steps in the integral transform technique, and reaching 
an explicit expression for the potential T(x,t) as 
defined by the inverse formula, eq. (3.b). ln addition, 
the alternative solution r epresented by eq. (6. a ) wa s 
computationally implemented to allow for a c riticai 
analysis of convereence behavior f or both expressions. 
These two series were evaluated for different truncation 
orders N, i. e., by retaining different numb er of t e rms 
in the infinite sums. Table 1 shows numerica l r esults 
for N=3,6,9,12,15,18,21,24, and 28, from both eqs. (6.a) 
and (3.b). Clear l y , the alternative series here 
proposed considerably enhances the convergence of the 
analytical so lution, which wasn 't ye t attained, for 
different positions throughout the medium, by the 
formal ly exact inverse formula. The poor convergence of 
eq. (3.b) in r egions close to the nonhomogeneous 
boundary is represented by the columns for x=0,9, where 
the improvement is particularly noticeable. Repres enta
tive points at the midplane (x=0.5) and at t he leftmost 
boundary (x =O ) are also considered, wi th si mi l ar 
behavi or. 

In f ac t, the inverse formula exhibit s an oscil
latory behavior, as evident from fi gure 1 for the 
isotherms a t the pl a te surface, flu ctuating ove r the 
full y converged solution. The a lternative solution 
damps s uch oscillations, correc ting the inverse formula 
after every each additional t erm in the infinite sum. 

The present approach is particularly suitable for 
implementation in automatic solver s , since only a few 
numerical integrations a re eventually r equired to 
acco~plish this task, as oppos ed to a considerable 
analytical and computational involvement when employing 
splitting up procedures. 

NOMENCLATURF. 

a(t), b(t)- coefficients in Lt operator 

d (x) 

fk(x) 

k(x) 

N 

N. 
~ 

P(x, t) 

t 

tk 

coeff íc íent in dissipat i on t e r m of L 
operator 

- t-boundary source functions (k=l,2) 

- coef f i c ient in di ff usion term of L operator 

- numher of terms in truncat ed s eri es 

- norm of eigenvalue probl em (2) 

- equation source function 

- space coordinate 

- t-boundary coordinates (k=l, 2) 
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Fig . 1 Iso therms a t the pl a te surface from both 
alternative solution (eq . 6a) and inverse 
formula (eq. 3b) , for Bí = 10 
(28 t erms; tal. = 10- 6 ) 

T(x,t) - po tential (temperature, concentration, 
ve locity, e tc .) 

Ti (t) - integral transformed potential 

w(x) - equation coeffic i cnt 

x - space coord inate 

xk - x-boundary coordina t es (k=l,2) 

Greek symbols 

(\ - x-boundary coefficients (k=l '2) 

Bk - x-boundary coef fi cient s (k=l ,2) 

yk - t-boundary coe f fi cients (k=l ,2) 

'\ - t-boundary coefficicnts (k=l, 2) 

<jlk ( t) - x-bounda r y source functions 

~J. (x ) 
~ 

- eigenfunctions of problem (2) 

ll. 
~ 

- eigenvalues of problem (2) 
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SIMU LA ÇÃO DE TEMPERATURA NÃO ESTACIONÁRIA EM UM TROCADOR 

DE CALO R ATRAVES DE DERIVADA FR AC IONÁRIA 

RUB EM MÁR IO FIGUEIRÓ VARGAS 
MA RC O TÜ LLIO DE VILH ENA 
JULIO R. CLAEYSSEN 

Departamento d e Engenharia Nuclear da UFRGS 

SU MÁRIO 

Sob co ndiçÕe s d e regime tr ans iente, de um escoamento laminar bas
tante lent o no tubo interno de u m trocador de calor tipo tubo-carcaça, 
mediante um a muda~ça brusca de te mpe ratura no ambiente externo do tubo, 
ava lia-se a temperatu ra no lado i nt er no da parede do tubo co m o uso de 
t eo ria do cálculo fracionãrio. No modelo empregado leva- s e em consid e ra 
çã o a influência de capac idade t ér ~i ca da parede do tubo. 

IN TRODUÇ ÃO 

Nos projetas de trocadore s de calor, ge 
ralmente, deseja-se co nh ecer a t empera tura no 
lado intern o da par ede do t u bo no interior da 
carcaça, a partir de uma mudança na temperatu
ra do ambiente externo ao tubo. Assim que ocor
r e a mudan ça de tempe ra tura, estab e lece-se o 
regime tr a nsiente e é dentro do limite de v ali 
da de dest e reg ime qu e se rã mod e lado o proc ess o 
d e transf erê ncia de calor nest e trabalho. Al em 
disso, se rã levado e m co nta a influência d a pa 
r e de do t ubo no cálculo do flux o de ca lor que 
atravessa a parede. 

Krishan [1] analisa o caso de um tub o 
no regime transiente suje ito a variação de tem 
pera tura ou de fluxo de calo r na superfície ex 
te r na. Emprega ndo tr a n sfor mada de Laplace e n~ 
co ntra uma so lução para a temperatura no laó o 
interno do tubo. Chen e t. al. [2] empregando 
diferenças finitas so lu c iona um problema seme
lhante ao de Krishan. Suc ec [3] co nsiderand o 
uma mudan ça na temp era tura ext erna calcula a 
te mp eratura da parede int e rna do tubo, despr e 
zando a influ ê ncia da p are de, por transformada 
de Lapla ce, apresentando tamb é m um cr itério que 
indica quando a capacidade térmica da par e de 
do tubo pode ser n eglige nciada garan tindo re
sultados precisos . 

ANÁ LISE 

Se ja um fluido in compre ss ív e l escoa ndo 
no interior d e um tubo de raio interno R, numa 
de termin ada temperatura T ., em regime laminar 
hidrodin a mi camente desenvÕlvido. Quando, subi 
tamente, a t e mperatura interna ao tubo muda narã 
TL ' reti :a n~o! desta forma , o sist~ma do e s ta
do e stac1onar1o. Com esta mudança de tempera
tura sur ge um flux o de ca lor através da par ede 
do tubo de espe ssur a b· Ne ste regime tran s i e n 
te, o t empo estã dentro do domínio onde t < _x __ u . 

ma x 
~,5], sendo x uma p os i ça o ao lon go do eixo do 
ci lindro e U - , a v e l oci dade mã xima do fluido. 
Co n si d erando~a~ c aso e m que o escoamento sej~ 
r.1 uito l e nto ( " c re e pin g flow"), ou se ja , o nu 
me r o de Re ynolds é p e qu e n o (R ~ O) [2~ e faze~ 
do-se o balan ço de e n e r gia noefluido e na par e 
de do tubo, usando a co ntinuidad e da temperatu 
ra no lad o interno da parede, podemos escr eve r 
o problema de transf erê n c ia de calor da se guin 
t e forma adimensionalizada [7]: -

tubo 
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il 2<1> d<l> H 
--- + 
a z

2 
(1. a) 

H 

a z 

H 

il z 

o 

z il z dF 

o z o 
' 

F>O ( 1. b) 

S(l- <1> ) _ (l+ ~) _1_ !!._, z=l,F>O(l.c) 

2R â ilF 

F o (1. d) 

onde <I> 
T(x,r,t) -Ti 

T - T. 
t empe ratura adimensio 
nal. 

L 1 

at 

T F numero de Fouri e r 

k condutividade térm ic a do fluido 

a = difusividade térmi c a do fluido 

R raio interno do tubo 
r . . . 1 z = --R- = r a1 o ad1mens1ona 

b espe~sura da parede do tubo 
pC R 

â p 

c b pw 

razão entre as c apa c ida-
des térmi c as de armazena
mento de e nergia do flui
do e do material da pare
de. 

U coeficiente g lobal de transferência 
de calor. 

c c 
p' pw 

densidade d o flu id o e da parede, 
resp e ctivament e. 

calor específico à pressão cons 
tante do flui do e da parede re::_ 
p ec ti vamente. 

s UR 
~= coe fi c iente global de transfe-

rência de calor ad imensional. 

O perf il d e velocidade no interior do 
é dado por: 

u(z) (::) 



Aplicando transformada de Laplace 
equaçio (l .a) temos a seguinte soluçio: 

H z, s) = AI (IS z) + B K (IS z) 
o o 

na 

( 3) 

Sendo I 
de Bessel e s g 
Laplace . 

e K as funçÕes modificadas 
parSmetro de transformada de 

Como a função K não é limitada em 
z = O, a constante B dgve ser nula. Desta for 
ma, a solução fica restrita a seguinte forma: 

<l> (z,s) = A I U7'z) ( 4) 
o 

Derivando com relação a z a Equação 
( 4) obtemos 

-
~ <l> ( z' s )_ = Is A I

1
(/S z) ( 5) 

az 

Então a Equaçfio (5) pode ser escrita 
como 

Cl <l> (z,s) I (>'s z) 
IS - 1

---- <l> (z,s) (6) 
a z I (/S'z) 

o 

Com< é de int eresse calcular a tempera 
tura na par~de interna do tubo do trocador de 
calor (z = 1) particularizamos a Equaçio (6) 
para este Jalor de z . 

Ago -a, iremos usar alguns 
da teoria <o cálculo fr acio nário c 
com a Equação (6). 

resultados 
cone c tá-los 

A transformada de Laplace de derivada 
da ordem 1/2 de uma função <l>(F) é dada pela 
seguinte equação [8] . 

()1/21> ;;1/2 
L(~= IS L( <l> } - -=fTf <l>(O) 

aF ar 

A semi-inte g ral de 
a seguinte representação: 

d-1/2 

dF-1/2 C 
2C~ 

lif' 

uma constante [8] 

(7) 

tem 

( 8) 

No nosso problema a condição inicial é 
nula, e conseqUentemente a s ua semi-inte3ral, 
utilizando a Equa ção (8), é nula també<. Com 
isto a Equação (7) reduz- se a seguinte forma: 

l_ /2 <l> 
L(Sn-} 

ar 
IS<~> ( 9) 

Agora, comparando a Equação (6) com a 
Equação (9) verificamos que se a razão r 1 (/S) /I ( /S) 
for igual à unidade, obtemos: 

0 

L{ôl/Z<l>(l,F) }= ô ~(l,sl 
aF1 / 2 az 

L { a <l> (l,F) } 

az 
(10) 

ou 

H(l,F) 

az 
0 1/2 <J>(l,F) 

1/2 ar 

Como desejamo s conhecer a 
na parede interna do tubo, usamos 
de contorno l.c válida para z=l. 

(11} 

temperatura 
a condição 

S[l-<l>(l F)]-(l+b/2R) ()<l>(l F) . ' -~--- ' (12) 
a 3F 

A Equação (12) é uma equaçao semi-dife
rencial. Uma man e ira de solucioná-la é apli
cando transformada de Laplace em ambos os la
dos da equação, resultando a seguinte expres
são para ~(l,s). 
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onde 

s 
~(1 '5) 

s [IS + Qs +S] 

( l+b /2R) 
Q 

â 

(13) 

(14) 

A inversão da Eq uação (13) 2 feita uti
lizando uma fÓrmula [9:pp 173], resultando uma 
expressão inte gra l para a temperatura adimen
s ional <l>(l,F) 

<l> (l,F)= S 
F/11 [ ] L e rf c 21; -Qa 

-Sa 
e da 

Sendo a uma variável de inte g ra ção . 

(15) 

A Equação (15) é a expressão analítica 
para a temperatura a dim e n sio nal <l> na parede do 
tubo (z=l) em f unç ão do tempo adimension al F. 

No caso limit e , onde a influenci a da 
parede é desprezada no processo de transferiu 
cia de calor, o termo â, que representa a ra= 
zão entre as capacidades térmicas do fluido e 
da parede tende ao infinito. Em [3] encontr~ 
- se um critério que determina quanto â deve 
ser g rande para desprezar-se a influênci a da 
parede. A solução obtida para o caso geral, 
Equação (15), pod e ser particularizada para 
es te~caso tomando- se o limite da Equação (15) 
com a~oo. 

De acordo com a Equação ( 14), a -><<> equi
vale Q-+0. 

Então: 

lim S 
Q-+0 

erfc __ a _ 

J

F/Q 

o [,,_0,1 l
:rfc(~)e-Sa 

2/F da 

o 

-Sa 
e da=S 

(16) 

Usando-se equaçÕes integrais da função 
erro complementar presentes em [10], o l ini te 
da Equação (16) tem o seguinte final. 

s 2F 
<l> (1 , F) = 1 - e e rf c( S /F) · ( 1 7) 

Os resultado s expressos pelas EquaçÕes 
(15) e (17) contêm uma restrição quanto ao i n 
tervalo de tempo adimensional F onde possam 
se r aplicados. Esta restrição surge devido 
termos aproximado 1

1 
(/S)/I (/S) pela unidade. 

Para que esta aprox1mação ~eja verdadeira é 
necessário que IS' > 8, este resultado é obti
do mediante analise do g ráfico destas funçÕes 
(Fig. 98,pp 373) da referência [10]. De seja 
mos ter esta r estr ição em termos do adimensio 
nal F, para isto devemos aplicar a inversão 
de Laplace nesta restrição. 

s > 64 

s 2
> 64s 

L-1(_1_) , L-1(__!:._-) 

s 2 6 4 s' 

F < -h~ 0,015 (18) 

... 



A r es trição dada p ela E<]uação (l~) re pr~ 
se nt a ú int e rvalo d e validade das nquaçoes( 15) 
e (17). 

Os resultnJos obtidos, exp r ess os nas 
EquaçÕ es (15) e (17), são plotados para alzun s 
valores do coef iciente globa l de transfer~ncia 
de calor adime nsional S. Note que para utili
zar a Equação (15) preci samos do valor n. Para 
ava l iarmos 11 considera!'loS um c as_') onde a tu~2'
l aç ão s ~ j a a.ço Scheclule 40 (b=7 ,lxlO m, R= 7 ,6x10 m, 
p - 7800 __ g_ e C ~ 0,47kj/k g°C ) percorrido inte-

= 3 p o o kg 
riormen~e por água a 400 F(204,4 C , r ~ 859,4 --3-

1'1 
e c ~ 4,46kj/kg°C) Neste sistema ã ~ 10 e por 
co nR eguinte g ~ O,l. Utilizamos este valor para 
11 na Eouação (15). 

9 

<~=::·· 
0,98 

0,96 

0,94 

0,9 2 

0,90 

0,88 

' Resultados por dero•ada !racionaria 

....................... .. · ... 
······························ 

.... S=O, I 

····· 

... 
. .. 

··. ·. 

··. 

· .... s = 2,0 

0,8 6 

o 0,002 0,006 0,0 I 0,014 0,018 

F 

Fi g . Temperatura aàinensional (6•1- ~ ) em 
função do te!'lpo adimensional F levando 
en consideração a capacidade térmica 
da parede do tubo (11=0) 

0,95 

0,90 

e 

0,85 

0,80 

Resultados por deriYado fracionÓroa 

+ ResullodOI IUCIC 

.... :····+·····+······+······+······+·····-i" .. ····+······+····· 
~ .. •· ... "+ .. 5•0,1 
' ·· ·+ -t . "•+ ·· .. ··+ ...... +-... -+-

... . ...... + ...... + ..... + .... 
·. ·. "t.. 5=0,2 

····+ ...... + 
':t:... . .. 

···+-...... + ...... + ..•.. + .. .. 

·. 5=1,0 

····-+: 
···+.. 5• z,o .. ....... 

o 0,002 0,006 0,01 0,014 0,018 

F 

Fig. 2 - Temperatura adimensional (6=1-~) em 
função do temp o adimensional F sem con 
siderar os efeitos da parede (0-=0) em 
comparação com os resultados ele Sucec 
(1988). 

CONCLUSÕES 

Através do cálculo fracionár io chega-se 
a uma solução analítica do problema de transfe 
rência de calo r num tubo, onde não foi neeli= 
ge n ciada a capacidade térmica da parede do tu· 
bo fre nte à capacidade térmica do fluido, em 
função do tempo adimensional F . Com o uso des 
te método não fui nece ssário a resolução com
pleta do problema para o conhecimento de tempe 
ratura na parede interna do tubo. Contudo, ã 
so lu ção apresen ta um intervalo limitado para a 
validade da so lu ção encontrada. 

A partir desta so lução chega-se ao caso 
limite onde a parede é negli ge nciada. Sucec re 
solve o problema negligenciando a parede e con 
segue uma so lução em série do adimensional F~ 
No nosso trabalho, co n segue-se uma solução em 
forma fe chada que co in cide com os resultados de 
Sucec. O que é important e ressaltar é que nem 
se mpre pode-se negligenciar o efeit o da parede 
na transferência de calor, isto se vê claramen 
te n o gráfico anterior, e nestes casos temos 
uma expressão analíti ca, a Equação (15) para 
previsÕes teóricas de temperatura na parede in 
t er na do tubo. 
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ABSTRACT 
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For a heat exchanger under transient 
condition and slow laminar flow, the pipe inner 
wall surface temperature was calculated by 
fract ional calculus for a sudden external tempera
tu r e charge . The th ermal wall pipe capacity 
was taken into account in the model. 
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SUMÁRIO 
Previsões nu.meru;as lie escoamentos larntnares e tu.rbu.Centos siio apresentadas 

u.sando coordenadas cu.rvU:i.neas 9eneral:tzadas e malhas não desfasadas. O método de 
\.nterpolação e acoplamento Pressão-Vdoctdalie qu.e possihU:tta o u.so de matflas não 
desfasadas sem oscí!ações do campo de pressão é revisto e novas alterações são propostas. 
Às mod\.ftcações \.ntrodu.ztdas perm\.tem obter so[u.ções i-ndepenlientes do factor de 
rda?U~Ção assí.m como u.ma boa taxa lie convenJêncta asS&IJU.rando conservação de massa 
em coordenadas fortemente não ortoqonais. 

INTRODUCÃO 

O método de diferenças finitas/volume finito 
conjuntamente com o uso de malhas não ortogonais tem sido 
usado por vários autores para a previsão de escoamento de fluidos 
em geometrias ·arbltrárias, [1]-[3]. O uso de malhas não desfasadas 
reduz fortemente a complexidade geométrica e algébrica dos 
cá lculos, em especial em escoamentos tridimensionais [4]. As 
principais vantagens do uso de malhas não desfasadas são: !) 
permitir localizar todas as variáveis dependentes no centro 
geométrico ·de cada Volume de Controle e 11) usar componentes 
cartesianas do vector velocidade em vez das suas componentes 
covariantes ou contravariantes. [5(-[7] . 

O uso de malhas não desfasadas é recente e desde [8] vários 
problemas tem sido detectados, entre eles a lnflutncla do factor de 
relaxação nas soluções numéricas. [9] e [10] . Quando combtnadas 
com a não ortogonalldade da malha podem tnduzlr problemas de 
conservação de massa, [1 I] , se não houver cuidados especiais no 
acoplamento Pressão-Velocidade . 

O objectivo deste trabalho consiste em apresentar um 
a lgoritmo de cálculo cujos modelos numéricos permitem evitar os 
dois problemas acima mencionados. Várias soluções numéricas de 
problemas teste são apresentadas neste trabalho. Os casos teste 
consistem em problemas cuja solução analítica é conhecido e em 
escoamentos laminares e turbulentos onde existem medidas 
experimentais. 

EQUAC0ES FUNDAMENTAIS 

As equações que regem o escoamento de um fluido e o 
transporte de um escalar $ podem ser escritas em notação vectorial 
da seguinte forma : 

<lp + V. rpv) = O 
àt 

<lpv +(v . V) v = V.T + Sv 
àt 

Sc;. 

(1) 

(2) 

<lpcp + V. (pvq, - q) = 
àt (3) 

onde p é a densidade do fluido, v o vector velocidade, Sv e S$ o 
vector fonte de momentum e fonte de $, respectivamente, t é o 
tempo, T o tensor tensões, $ o escalar transportado (temperatura. 
energia ctnéctica. etc .) e q o vector fluxo difusivo de $. Para o 
escoamento de um fluido Newtoniano T relaciona-se com o campo 
de velocidade e pressão através da seguinte equação constitutiva: 

T =- (p + ~ J.!V.v)l + 2J.!D 
(4) 

onde p é a pressão estática, Jl a viscosidade dtnãmlca do fluido, I o 
tensor unitário de segunda ordem e D a taxa de deformação do 
fluido Igual à parte simétrica do tensor gradiente de velocidade. em 
símbolos: 
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D = l[vv + (vv)T] 
2 ~ 

onde o superscripto T denota o transposto de um tensor. O vector 
fluxo difusivo q relaciona-se com o escalar $ através de uma 
equação do tipo Lei de Flck como a segutr: 

q = rvq, (6) 
onde r representa a difusividade de $. 

COORDENADAS CVRVILINEAS NÃO-ORTQGONAIS 

Adoptou-se o sistema cartesiano como base vectorial para 
as grandezas vectoriais e tensorials. A forma compacta das 
equações fundamentais , eq's (1)-(3) para um escoamento 
estacionário de um fluido Newtoniano e Incompressível. em 
coordenadas curvllíneas generalizadas xl vêm expressas na forma 
das eq's (7) -(9) em termos das suas componentes cartestanas: 

~ _à [~{puk a kj}] = O 
'V g axj (7) 

1 a [ k'j I-- ~(puk Uj- Tki)a J - si 
'V g axj 

(8) 

~_a_ [~(puk q,- qk)aki] = se~> 
'V g axj (9) 

onde Ui é a componente cartesiana do vector velocidade.g é o 
determinante do tensor da métrica, g = J2. J é o jacobiano da 
transformação yl = yl(xl) e akj a matriz transformação 1k = akj ejo 
onde 1k é o vector unitário na dtrecção yk e ej o vector base natural 
na dtrecção xl . 

O tensor tensões e o vector fluxo nestas condições escrevem-
se: 

aq, t 
qj=f-(l. 

l 1 

(10) 

ax (11) 
onde Ó!j é o delta de Kronecker (igual a 1 se I = j e O se I I j) e 

I li 
aj = ÓJja . 

DISCRETIZACÃO DAS EQUACOES FUNDAMENTAIS 

No tntulto de obter-se equações em Diferenças Ftnltas a 
partir da eq.(9) utilizou -se o método das Diferenças 
Finitas/Volume Finito aplicados a coordenadas curvllíneas 



.........._ 

generalizadas usando malhas não-desfasadas. ou seja todas as 
va riáveis estão localizadas no centro geométrico de cada V.C. (ver 
Fig.(1)). 

x
2 

j -1 

i2 

i, x 1 Figura 1 

Inicialmente. o domínio fislco é subdividido num número 
finito de Volumes de Controle denominados por V.C .. A eq.(9) é 
Integrada sobre cada V.C . , que para o caso bidimensional. 
aplicando o teorema de Gauss e tomando o valor médio do fluxo 
total sobre as faces conduz â seguinte equação Integral: 

1~1: + 12l~ = s~ (12; 
onde Jt representa o fluxo total do escalar cjl que atravessa uma face 

do V. C. normal à coordenada xi constante, e 1'it> representa o termo 
de fonte Scjl Integrado e linearizado como~ 

S~ = Se + SP <l>p 031 
O fluxo total Jt consiste de duas contribuições distintas: uma 

Jf devido à convecção e outra J? devido à difusão. O termo 

difusivo é aproximado aplicando-se diferenças centrais às suas 
derivadas parciais o que resulta na seguinte expressão, por 
exemplo, para a face "este" do V.C.: 

]~ = J r) 0: c (<!>E- <Pr)- ~ r) O~ e (<!>n- <Ps)e \õVoJ e \õVoJ e 

onde ôVol é o volume do V. C. e q é definido como: 

2 2 o: = (b:) + (b~) 
I 

D2 

2 
02 

2 2 
DI = bl bl 

2 2 

(b ~) + (b ~) 

2 I 
+ b2b2 

(14) 

(15) 

e ~ é o correspondente em Diferenças Finitas ao cofactor ~ da 

transformação yl = yl(xl). 
O último termo da eq.(l4) é resultante da não-ortogonalidade 

n 
da malha. e é calculado por Interpolação linear de li$ Is avaliados 

em nós adjacentes. Neste trabalho optou-se pelo cálculo explicito 
do mesmo. Isto é, a partir dos valores prévios de cjl, por razões de 
simplicidade e, tendo em conta que tal procedimento não reduz a 
ordem do esquema. mas somente afecta a sua taxa de convergência. 

Para a discretização do termo convectlvo. também por 
simplicidade e robustez, utilizou-se o esquema Híbrido 
Central/"Upwind". Este método dá origem à seguinte equação, por 
exemplo, para a face 'este' do V. C.: 

c 
]e F1e<l>e 

onde F1e é definido como: 

(
I I 

F,e=PeUlbl + u 2 b~t 
e: 

<l>e=(Ulc+lulel)<!>p-(ule-lulei)<I>E sejPej>2 
zj u I el zj u I el 

(16) 

(17) 

(18) 
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<l>c = <l>r+<I>E 
2 

sejPcl ~2 

Aqui o número de Pêclet é definido como se segue: 

e. 

Fie p =
e D 

c 

r ' _e_ . DI c 

(19) 

(20) 

De = (õVol)c 
(21) 

De forma similar pode-se calcular J1 para as outras faces do V.C .. 
A forma final das equações discretizadas a serem resolvidas 

é então obtida Introduzindo-se equações do tipo eq.(l4) e eq.(l6) na 
eq.(l2). tendo em conta as eq.(l5). eq.(17)-(21), o que resulta na 
seguinte equação algébrica em cjl: 

ap <l>p = L anb<l>nb+ S (22) 
onde os coeficientes "a's" representam as contribuições 
convectlvas e difuslvas nas suas formas linearizadas dos pontos 
nodais, e S contêm todos os termos que não são calculados a partir 
dos valores nodais de cjl (eg. termos de fonte. valores conhecidos. o 
gradiente de pressão na equação de momentum, etc.) 

ACOPL!\MENTQ PRESSÃO-VELOCIDADE 

Para o cálculo do campo de pressões (o qual não possui uma 
equação diferencial explícita a ser dlscrellzada) utilizou-se uma 
versão modificada do algoritmo SIMPLE. que será chamada 
SIMPLES a qual é ligeiramente diferente daquele proposto por [8). 
Este último representou uma extensão para o seu uso em malhas 
não-desfasadas do "Seml Impliclt Method for Pressure Llnked 
Equatlons" proposto por [ 12) originalmente para malhas 
desfasadas. Neste trabalho, o algoritmo SIMPLES é Introduzido de 
maneira a garantir soluções Independentes do factor de relaxação 
utilizado nas equações de momentum e assegurar conservação de 
massa. 

As equações linearizadas de momentum são reescritas em 
uma forma mais conveniente para manipulações futuras. como se 
segue: 

(
11 22) p n 

ui p = Hp (ui J + Qi I) p + Qi I) p P +Si+ h - alui P 

onde o operador Hplutnl e g/ são definidos como: 

Hp (~iJ = L 

Q~ 
j 

bi 

n 

ui 

ain u in 
u 1 

aP 

(23) 

(24) 

ap ~~ 
ui p I 

onde ~ representa o coeficiente de utp. s1 é o termo de fonte e li p 

a diferença de pressão na dlreção xl calculada por diferenças 
centrais 2 - li. 

O algoritmo SIMPLES é um método ·de solução do tipo 
Predlctor/Corrector. O passo predlctor consiste da solução da 
equação linearizada de momentum (eq.(23)) utilizando-se o campo 
de pressão da iteração anterior pn (o superscrito denota o valor de 
um campo após a n-êslma iteração). O campo de velocidades . 
resultante. indicado por ui, é calculado como se segue: 

* { *\ ( I I 2 2 ) p • n 
uip=HP\uinJ+ Qõ p" +Qõ pn P +Si+ll- aluip 

(26) 
Esse campo de velocidades não satisfaz, em geral. a 

restrição de continuidade. e portanto. é necessário corrigi-lo de 
maneira a que sallsfaça simultaneamente as equações de 
momentum e continuidade. 

Inicialmente a equação de continuidade é integrada, 
resultando na seguinte equação para o balanço de massa: 

Fie - Flw + F2n - F2s = O (27) 
Quando se utilizam malhas desfasadas do tipo MAC [13), as 

células das velocidades estão deslocadas em relação aos outros 
escalares situando-se as velocidades nas faces dos V.C.'s destes 
últimos e, portanto Fi pode ser calculado directamente. Por outro 
lado, quando se utilizam malhas não desfasadas o fluxo Ft nas 
faces dos V.C.'s devem ser Interpolados, e no caso de malhas não 
orto,e:onais e componentes cartesianas, as duas componentes (2-D) 

I 



de velocidade são requeridas nas faces dos V.C.'s (ver eq.(l7)). 
O cálculo destas componentes nas faces dos V.C.'s é crucial 

para o sucesso do método pois deve manter a ordem das 
aproximações. assegurar conservação de massa e evitar o 
desacoplamento pressão-velocidade. A forma correcta de derivar o 
passo corrector é obtida das equações de continuidade e 
momentum como Indicado a seguir. 

As componentes de velocidade u1c nas faces dos V.C.'s são 
calculadas através da equação dlscretizada de momentum 
avaliada na face c(=e.w.n.s) do V. C .. em símbolos: 

Uic=Hc(uic)+(Q: o 1p)c+S~ +(1- a)u~c (28) 
onde a barra sobreposta Indica uma Interpolação linear entre 
valores de nós adjacentes. Nessa equação. o gradiente de pressão é 
calculado por diferenças centrais 1- õ e o último termo é calculado 
directamente, Isto é, sem Interpolação linear dos valores 
anteriores, este método é denominado PWIMC, ·em contraste com 
aquele proposto por [8] no qual o último termo é Interpolado 
linearmente, este último é denominado PWIMU. 

Calculada desta maneira a ordem do método é mantida 
(interpolação linear de 2• ordem). o acoplamento entre os campos 
de pressão e velocidade é assegurado (diferenças centrais 1- õ para o 

I 
cálculo de õ p) e finalmente o balanço de massa é garantido visto 

que nenhum termo é desprezado na equação de momentum. 
O campo de velocidade é então calculado como se segue: 

u ~: = HP{
1

u ~j +(Q:o 1p \ Q~o 2p *) -+Sf +(1- a) u ~P 
1291 .. 

onde u 1p e p são os campos corrigidos de velocidade e pressão, 

respectivamente. 
A subtração da eq.(26) da eq.(29) resulta na seguinte 

equação Incremental para o campo de velocidades: 

(30) 
de forma similar para as faces: 

* ( I I ' 2 2 ') 
uic = uic + Q o P + Qi o P c ** 

(31) 
onde o gradiente de pressão é calculado por diferenças centrais 2- õ 

na eq.(30) e 1- õ na eq.(31); p (correção de pressão) é definido como: 

* n 
p = p - p (32) 

A substituição da eq.(31) na equação ae Ftc e deste na 
equação de continuidade dá origem à seguinte equação implícita 

emp: 

ap P L anbPnb + Sm 
nb 

onde nb = W,E,N,S; 

Sm = F 1e- F lw + F 2n- F 2s 

e 

(33) 

(34) 

Após a solução deste sistema de equações obtem-se p a 

partir do qual corrige-se os campos de velocidade e pressão através 
das eq.(30) aeq.(32). Escrita ~esta forma a equação de correcção de 

pressão envolve a valor de p em nove pontos nodais vizinhos, e 

requer. portanto, algoritmos de solução para sistemas de equações 
cuja matriz de coeficientes é nona-diagonal e uma maior alocação 
de memória. Entretanto. quando a não-ortogonalidade das 
malhas não é multo severa, a contribuição devido as derivadas 
cruzadas na equação de correcção de pressão é pequena se 
comparada às derivadas na direcção do escoamento. Tendo isto em 
mente, aqueles termos relacionados às derivadas cruzadas na 
equação de correção de pressão são desprezados resultando num 
sistema de equações mais simples. penta-dlagonal. Este 
procedimento não afecta a precisão do método e, em adição. 
melhora suas propriedades de convergência, facilita a 
implementação de condições de fronteira e por fim. permite o uso 
do mesmo algoritmo de solução de sistemas de equações tanto para 
a equação de correção de pressão como para as outras equações (eg. 
momentum e outros escalares). 
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Em resumo o algoritmo SIMPLES consiste dos seguintes 
passos: 
1. Estima-se o campo de velocidades e pressões; 
2. Calcula-se os coeficientes da equação de momentum e resolve-a 

obtendo-se o novo campo de velocidades; 
3. Calcula-se os novos valores dos fluxos de massa Ftc utilizando

se equações do tipo, eq.(17) e eq.(28); 
4. Calcula-se os coeficientes da equação de correção de pressão e 

resolve-a obtendo-se o campo de correção de pressão; 
5. Corrige-se os campos de velocidade, pressão e fluxos com este 

campo de correção de pressão através das eq.(30) a eq.(32) 
(relaxada para acelerar a convergência); 

6. Resolve-se as equações discrettzadas de outros escalares, eg. k, E 

e temperatura. 
7. Repete-se este ciclo atê alcançar o critério de convergência. 

MODEW DE TURBULÊNCIA 

Para o cálculo de escoamentos turbulentos utilizou-se o 
modelo k-E de viscosidade turbilhonar. As tensões de Reynolds e os 
fluxos turbulentos são modelados usando a viscosidade e 
difusividade turbilhonar: 

au i n au m n 

( 
- - ) 

pu mui = llt --n am + --n- ai 
ax ax 

t 
em que Jlt e r<P são obtidos por: 

t 

r"' 

2 
k n 

c;,p-am 
E 

t 

ll 
t 

ll<l> 

2 - ko . 
3 ffil 

(35) 

(36) 

(37) 
onde k e E representam a energia cinética turbulenta e sua taxa de 
dissipação. CJ.1 é uma constante empírica. 

A tabela 1 lista os valores de <jl, r e S<jl para as equações de k e 
e. Nesta tabela, G representa a taxa de produção de energia cinética 

turbule:a.=de:~td(~~:m:~ + a~~ a~) (a~~ a~) 
ax ax ax (38) 

Tabela 1 

<I> r Sd> 
k R G-~ 

O'k 
E llt E 2 E'L. 

cre 
C1kG-C pk 

Foram utilizados os valores standard das constantes empíricas 
(Cil, C1. C2. O'k e cre) sugeridos por [14]. A Tabela 21ndica os valores 
das constantes. 

RESULTADOS 

Cálculo de Escoamentos Laminares É fundamental para 
teste de algoritmos ou esquemas numéricos já que não existem 
erros Inerentes à modelação da turbulência. Neste trabalho são 
apresentados cálculos de escoamentos laminares em geometria 
complexa no Intuito de: !)estudar a Influência do coeficiente de 
relaxação nas equações de momentum em malhas não desfasadas 
não ortogonais e ii)testar o algoritmo de cálculo, usando malhas 
curvilíneas não ortogonais, quanto a sua robustez, eficiência e 
precisão. 

Dependência da Solucão no Coeficiente de Belaxacão. O 
primeiro teste corresponde ao problema proposto por [15], do 
cálculo de escoamento numa cavidade submetida a um campo de 
forças. para o qual foi derivada uma solução analítica (ver detalhes 
na referência citada). Foram efetuados diversos cálculos usando 
diferentes malhas e vários números de Reynolds. A Fig. 2 apresenta 
uma malha não-ortogonal de 16x10 V.C.'s, usada para testar a 
robustez do método. A Tabela 3 lista o erro máximo absoluto para 
as duas componentes de velocidade e pressão função do coeficiente 
de relaxação a= aur = au2· Os resultados mostram que neste caso o 
esquema PWlMU é Insensível ao uso de diferentes valores de a, 
sendo os erros máximos das solucões numéricas em relação à 



solução analítica Idênticas para os esquemas PWIMU e PWIMC. 
Este facto é atrtbuldo à variação suave do gradiente de pressão. 

Tabela 3 

ERRO MAXIMO ABSOLUTO 
a.= Ul u2 p 
0.1 2.32 4.13 2.53 
0.5 3.51 4.52 2.63 
0.6 3.79 4.81 2.65 
0.7 4.02 5.06 2.67 
0.8 4 .20 5.27 2.69 
0.9 4.35 5.46 2.71 
1.0 4.47 5 .62 2.73 

Figura 2 
O segundo teste corresponde ao escoamento lar:llnar através 

de uma contracção súbita em um tubo. Medidas experimentais de 
velocidade podem ser encontradas em (161. Utilizou-se um número 
de Reynolds, baseado nas condições de entrada Igual a 196 e um 
perfil parabólico de velocidades à entrada. A Fig. (3) mostra uma 
malha não-ortogonal típica, contendo 80x52 V.C.'s. A Tabela 4 lista 
os resultados obtidos para a.= 0,1 ; 0.5; 0,8 e 1,0; (numa coordenada 
Y 1 /o = 0,03952), função de um paràmetro de erro definido por TI = 
U1a-1- U1a. 

~ref x 100. A última coluna lista os valores da componente 

axial obtida para a= 1. os quais são Iguais aos resultados obtidos 
com o esquema PWIMC. O valor y1 /o escolhido situa-se numa 
proximidade à jusante da contracção, em uma região de rápida 
variação do gradiente de pressão. Os resultados obtidos com PWIMU 
mostram uma forte dependência no coeficiente de relaxação, com o 
erro aumentando com a diminuição de a. (fi = 60% para a. = 0,1). É 
evidente a partir dos resultados que o esquema PWIMC deve ser 
usado em detrimento ao esquema PWlMU. 

O mesmo escoamento é utilizado para comparação entre 
resultados obtidos numa malha cilíndrica plana axissimétrica e 
outra curvllínea não-ortogonal. As Flg's (4a,c) apresentam as 
previsões numéricas e as medidas experimentais da componente 
axial de velocidade. 

A comparação mostra que os resultados obtidos utilizando-se 
uma malha não-ortogonal, com o mesmo número de V.C.'s da 
malha ortogonal, estão em melhor concordância com as medidas 
experimentais. A este facto atrtbulu-se o melhor alinhamento das 
linhas da malha com as linhas de corrente do escoamento. ver 
Flg's.(3-5). Nestas condições a falsa difusão induzida pelo esquema 
"Upwtnd" de 1• ordem usado na discretização do termo convectivo é 
muito menor que no caso da malha cllindrtca axissimétrtca. 

Figura 3 Malha 
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Tabela 4 
y2 a.= 0.1 a.= 0.5 a. = 0.8 a.=l 

TI TI TI Ua. =I 
o -4.12 -1.45 -0.52 4.1090 

1.805E-2 -4.10 -1.46 -0.52 4.1070 
5.233E-2 -3.78 -1.35 -0.49 4.0940 
8.293E-I -4.07 -1.44 -0.51 4.0830 
l.IOIE-1 -3.92 -1.45 -0.52 4.0750 
1.342E-I -3.85 -1.46 -0.50 4.0740 
l-553E-1 -3.49 -1.42 -0.53 4.0850 
1.739E-l -2.20 -1.31 -0.51 4.1070 
1.902E-l -1.89 -1.05 -0 .45 4.1360 
2.043E-I 0.07 -0 .50 -0.30 4 .1490 
2.166E-I 4.49 -0 .09 -0.09 4 .0930 
2.273E-1 13 .92 3.80 1.02 3.8760 
2.366E-I 29.87 9.43 2.85 3.4120 
2.447E-1 49.63 16.83 5.36 2.6970 
2.520E-1 60.44 22 .25 7.30 1.8290 
2.584E-1 55.85 21.50 7.20 0.9540 
2.642E-1 28.76 9 .56 3.83 0.2375 

0.50 
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Ftgura 4 
A taxa de convergência dos resíduos das equações de 

continuidade e momentum é apresentada na Ftg.(6). Os resíduos das 
várias quantidades obtidas usando o algoritmo SIMPLES diminui 
sempre com o número de Iterações até o critério de convergência, 
quando a soma dos valores ,normalizados e absolutos do resíduo em 
todos os pontos do domínio for menor ou tgual a 10-3. Nenhuma 
massa residual foi obsevada. como apontado por 1111. 

Figura 5 Linhas de Corrente 
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Figura 6 

V ÁLVl.JIA PROSTÉT!CA 

O escoamento de sangue em torno de uma válvula prostétlca 
tipo esférica é considerado. O sangue é assumido Newtoniano e o 
escoamento axlsslmétrtco. A geometria e as condições de fronteiras 
estão representadas na Fig. (7). 

Figura 8 

v,=o} 
V1aQ 
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Figura 7 

a -467 
b - 100 
c - 10 
d o 
e 10 
f 100 
g 400 

Figura 9 

fn =O 
v, =O 

Figura 10 

A entrada assumiu-se um escoamento totalmente 
deSenvolvido (perfil parabólico), nas paredes e na esfera adoptou-se 
condições de não escorregamento, e gradiente nulo para as 
velocidades à saída. O número de Reynolds baseado no dlametro, D 
(da artéria sem a presença da válvula) e na velocidade média é igual 
a 6000 (este valor é típico do escoamento em artérias). 

A Ftg.(S) apresenta as linhas de corrente previstas para uma 
malha contendo 160x30 V.C's., Fig. (9). Os resultados mostram tres 
wnas de recirculação, uma separada no anel de costura, outra atrás 
da esfera e a terceira na parede da artéria oposta à valvula. Estas 
zonas de baixa velocidade favorece!Jl a formação de trombus, que 
pode dar ongem a trombose ou bloquear a válvula. 

A Ftg.(lO) apresenta Iso-linhas de tensão de corte. Duas 
zonas, de elevada tensão de corte são aparentes, uma na região 
inferior do anel de costura e outra sobre a esfera. O valor máximo 

de tensão de corte encontrado foi 'tJz=483 dln/cm2 (4830 N/m2), o 
qual pode causar danos às paredes da artéria e às partículas 
agarradas às mesmas ou à esfera, tendo em conta efeitos não
estacionãrlos. Esses problemas. nomeadamente, a trombose e 
danos às paredes da artéria e hernáclas têm sido observados em 
pacientes transplantados, [ 1 7) . 

CANAL DNERQENIE 

O último caso considerado é o escoamento de água em regime 
turbulento num canal divergente com as seguintes geornetrta, Fig. 
(11). e condições de fronteira: !)valores medidos de velocidade e 
fluctuação à entrada, condição de não escorregamento e Lei da 
Parede à superficie sólida, simetria na linha central e gradiente 
nulo à saída. 

As Fig's.(l2a,b) mostram perfis da velocidade axial a jusante 
1DJe 10DJ, do difusor, respectivamente. O segundo perflllODJ está 
em excelente concordância com os resultados expertmentais. Por 
outro lado, a 1DJ. o perfil previsto é mais "cheio" que aquele medido 
expertmentalrnente. Este resultado, tal corno sugertdo por [18], 
deriva de insuficiénclas do modelo k -E de viscosidade turbilhonar. 
Não obstante, o perfil apresentado está em boa concordância com 
prevtções numéricas semelhantes obtidas por outros autores, [19). 

Figura 11 
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CONCWSÓES 

O algoritmo SIMPLES conjuntamente com dois métodos de 
acoplamento PWIMC e PWIMU foi aplicado a uma variedade de 
escoamentos. A comparação das soluções numéricas com soluções 
analíticas ou medidas expertmentals permite infertr as seguintes 
conclusões: 
1. O esquema SIMPLES assegura conservação de massa, boa taxa 

de converg~ncla e suprime qualquer oscilação no campo de 
pressão. 

2. O método PWIMC deve ser usado para evitar soluções que sejam 
dependentes do coeficiente de relaxação utilizado nas equações 
de momentum. 

3. O algoritmo apresentado neste trabalho é recomendado para o 
cálculo do escoamento laminar ou turbulento, com ou sem 
transferência de calor em geomentrias complexas, sendo as suas 
principais características. simplicidade, boas propriedades de 
convergência e capacidade de evitar o desacoplamento pressão
velocidade. 
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ABSTRACT 

Nul'l'lerU::oL predU::tínns of lamí.nar and turbu!ent fCows usí.nq generaL curvUí.near 
coordí.nates and non-staggered gríds are presenteá . lhe í.nterpolatínn mctfwd: and pressurc 
veCocí.ty that o([ow the use of non-staqgcred grí.d:s í.s reví.ewed and some mod:í.fU::atínns are 
suggested. lhe proposed mod:í.fU::atínns yí.eld: soLutwns that are í.ndcpendcnt of the undcr 
relaxatwn factor used í.n thc momcntum equatínns, cnsurc mass conscrvatínn even í.n 

hí.ghLy non-ortfwgonoL grí.d:s, prod:uced good: convergencc rates and prcvent prcssure
veCocí.ty d:ccoupLí.nq. 
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SUMMARY 
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(lte.>Ubility .ín handf-tng c.omp.fex. geo~1e.tJU u. Th e. UI.> e ofJ Mg!Lega.ted Mn.tte.-voR.wne. 
rne.thoM JLe.qtÚM!.> ópe.c..i.ai p!LOc.e.dUJie. to deaR. w.{):h the p!Le.MUJie.-vüocity c.oupung, 
Í.Vivu./'v{.llg, .Í.J'I 9enowf , -6tagge.~ ed g!L.íM 6oJt pJtomoung -i>tlie.nght to the. c.oupung. 
Un()uJt.tunate.Cij the. Me on -i>tagge 'l ed gJt..iM .tntfLOduc.e!.> .!leve'laR. d.tfJ6.tc.u.R.uu .{n the. 
c.omputeJt c ode .ín1pf e.me.ntat<on. I n th-i,~ Wotth a 3V nwne.M caR. rnodü ~ de.ve.Cape.d e.mpR.ay.{ng 
co - ./'oca.ted vaMabfe!.> 6(Jit the Mf!LÜo n a6 aU -i>pee.d 6ioW.6. 

INTRODUCTION 

The rnajority of the existíng nurnerícal rnethods 
and cornputer codes for solving high speed cornpressible 
fluid flow problerns belongs to the class of rnethods 
which ernploys the state equation for the pressure 
deterrnination a nd the rnass conservatíon equation for 
density calculation. lt is well reported, however, 
that for low Mach nurnber flows the se rnethod!'> are no 
longer suitable [l]. The other class of methods is the 
one where the density is deterrnined frorn the s tat e 
equation a nd pressure is found through an special 
equation derived using the rnass conserva tion 
constraint. These rnethods are su i table for solving 
incompressíble fluid flow problems or problerns where 
the density i s a function of temperature only . It is 
known that the development of the forrner class of 
rnethods occu red amo ng the ae rospace numerical analysts 
while the latter class develop amo ng the analysts 
involved wi th incompressíble fl ow. lt is íllustra tiv e 
to report some import a nt differences between the se two 
classes of methods. The former class of methods employ 
higher order finite-difference schemes using co
located variables, whíle the methods in the latter 
class employ the stagge red grid ar rangernent, to cope 
with the pressure-velocity coupling, and derive the 
algebraic equations involving the conserva tion 
principies at control volume level, being ca lled 
finite volume methods. 

Very rec e ntly, extensions of the methodologies 
ernployed fo r incornp ressible flows have been applied 
with success in the so lution of compres s ible fluid 
flow problerns in cartesian [ 2, 3] and general 
coordinate systems [4,5]. These methods form an 
equation for pres su re, replacing, in the rnass 
conservation equation, density by a linearized form of 
the state e quation a nd velocity components by their 
resp ec tiv e momentum equations. The drawback of these 
meth ods is that they require the use of staggered 
variables in order to provide the adequate coupling 
between pressure and velocity/density. As a 
consequence of the staggered arrangement the computer 
code implementation becomes cumbersome, s pecially if 
variable g rid spacing is us ed in three dimensions, 
because the di ffe rent control volume locations and the 
corresponding metric storaging. 

The alternative to this problern is t o ke ep all 
variables stored at the sarne point, that is, all of 
them s hare the sarne elemental control vo lume. The u se 
of co-located variables simplifies considerably the 
coeffi~ients calculation and storaging, and 
geometrical data storaging. The difficulty associated 
with the use o[ co-located variables is the poor 
coupling it provide s between pressure and 
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velocity/density. This difficulty can be rernoved 
taking care in nurnerically approximating the pressure 
gradients. 

Successful applications of finite volume rnethods 
for 2D problerns using nonorthogonal grids with co
located variables can be seen in [6,7] for 
incompressible flows, in [8], arnong others, for 
cartesian grids a nd 2D incompressible flows, in (3] 
for 2D compressible flows in cartesian g rids and in 
[4,5,9] for 2D compressible flows in general 
curvilinear coordinates . 

The very good results obtained in [3,4,5,9] 
encouraged the authors the development of a nurnerical 
scheme using co-locat e d variables for the solution of 
3D flows. The method can solve compressible flow with 
presence of strong shocks as well as incompressible 
fluid flow problems, due to the special linearization 
performed for the rnass flux in the rnass conservation 
equation. 

The deve lopment of such a method is the main 
purpose of the present paper. The rnodel advances the 
state of the art in the solution of 3D all speed flows 
using co-located variables in the context of finite 
volume methods. Preliminary results, which 
demonstrates the aplicability of the method are also 
presented. lt is belived that the developrnent here in 
presented is in the direction of obtaining powerful, 
easy to implement and general numerical methods for 
the solution of all speed flows. 

GOVERNING EQUATIONS 

The Euler equations written for a general 
coordinate system (~.n.y) for a generic scalar $are 

a 
a~;CpU<f>l + 

a 
a TJ(pV</J) + ~O"(pW</J) + ~</> o (l) 

The ~ variable represents the mass cõnservat ion 
equation, the three cartesian velocity components and 
the energy equation, being equal to l, u, v, w and T, 
respectively. A state equation, as below, closes the 
sys tem of equations which governs the three
dimensional flow of an inviscid fluid. 

p pRT (2) 

The Jacobian of the transforma tion a nd the 
contravariant velocity components appearing in Eq.(l) 



are given by 

J = [Xf.VllZã + XllVãZI:; + XãVI:;Zll 

-1 
- xçvazll - xllvf.z• - x.vllzf.] (3) 

u = u.f,X + v.ÇV + w.f,2 (4) 

-
V= U.l)X + V.l)V + W.l)z (5) 

-
W = U.aX + V.ãV + W.ãz (6) 

where 

llx = zçv - z v • • ç f, = z v - z v 
X ã 1l 1) • 

llv = z \ - z X • ç • f, = Z X - Z X 
v 1) • • 1) 

llz = Vf,X - V X (7) • • f, Ç = V X - V X 
z • 1) 1) • 

•x = Zl)VÇ - ZÇVl) ãz = V X - Y X 
1) ç f, 1) 

•v = ZI:;Xll - Zl)XÇ 

The source term, p~, in this case involving only 
the pressure field, for the three momentum 
conservation equations and for the energy equation 
are given below. For the mass conservation, of 
course, p~ 

Au 
p 

Av 
p 

Aw 
p 

AT 
p 

is equal to zero. 

[ap - ap - ap - ) 
a(f.x + a ll·llx + aa""x (8) 

[ap - ap - ap - ) aç · çv + 81) ·lly + aa" •v (9) 

(~~ -~ + ~~-~ + ~~·12) (lO) 

__ (8P + v· lpVl - p·vv) (ll) c J at 
p 

DISCRETIZATION OF THE MOMENTUM AND ENERGY EQUATlONS 

The algebraic equations are obtained employing 
the finite-volume method, that is , by integration of 
Eq.(l) over the elemental control volume shown in 
Fig.l and integration intime. The resulting equation 
has the form 

o o . . . 
(ML~p - M[~p)/àt + M ~ - M ~ + M ~ 
-~ -~ e e w w n n 

- M5~5 + Md~d - Mf~f + L[~~]Pàf,àl)àã = O (12) 

The subscripts e, w, n, s, d and f, appearing in 
the equations indicate the interface of the control 
volume of Fig. l, while the subscripts E, W, N, S, D 
and F indicate the P neighbouring control volumes . For 
simplicity the dimensions of the elemental control 
volume in the transformed space, 6(, ón and óy are 
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taken equal to unity. ln Eq.(l2) Mp and M~ represent 
the mass inside the control volume in the time t+ót 
and t, respectively. M is the mass flux at the 
interface indicated by the subscript. L[~~ 
represents the numerical approximation of the term ~~. 
ln this paper p~ is approximated by the Central 
Differencing Scheme (CDS) [10]. To illustrate L[~UJ is 
given by 

Au 
L[p 1p 

(pE-pW) - (pN-pS) - (pD-pF) -
~(ÇX)P+ 2An (l)X)P+ 2A• laXlP (13) 

E 
11 

l-g 

E 
Lg 

• w 
w 

• w 
w 

• N 

n 

• e • p E 

s 

• s 

~~ 

I • 
I 

D 

d 

• e • p E 

f 

• F 

-

~ {is .. 1 

Fig. 1 Elemental control volume for P. 

As the problem under consideration does not 
involve diffusive terms, evaluating the convective 
fluxes at the control volume interfaces through the 
Upstream Differencing Scheme (UDS) [10], the final 
discretized form of Eq. (l) is 

_ o o A"' 
ap<f>p - LXanbq,NB)P + Mp<f>p/àt - L[p ]PàÇàl)àã (14) 

where 

ap M~/àt + Eanb 

La ~ a + a + a + a + a + a nb e w n s d f 

E<anbq,NB)P aeq,E + aw<f>w + anq,N + as<f>s + adq,D + afq,F 



(15) 
a - (1/2- a )M a ( 1/2 + a lM 

e e e w w w 

a - (1/2- a lM a ( 112 + a lM 
n n n s s s 

ad - (1/2- ad) Md af ( 1/2 + ar lMr 

Of course, for the Euler equations , the 
parameter ã assumes the value +1/2 and - 1/2 
dependending on the s i gnal of the velocity at the 
interface under consideration. Since the impl i cit 
formulation is adopted, Eq.(14) originares a linear 
system for each dependent variable u, v, w and T. 
Reca l l that the coefficents of Eq.(14) are identical 
for u, v, w and T since the co-located arrangement of 
variables is employed. 

DlSCRETl ZATION OF THE MASS CONSERVATION EQUATION 

The rnethod used in this work for fi nding 
pressure is an extension of the methodologies used in 
the solution of incompressible flows, that is, the 
mass conservation equation is transforrned in an 
equation for pressvre or pressure correction. 

ln the solution of cornpre ss ible flows p and 
veloci t y are expressed in terrns at pressure and 
substituted into the rnass conservation equation 
forcing both densi t y and velocity be active in t his 
equation [2,10,11,12] . 

The discretized form of the mass conse r va t ion 
equation is obta i ned integrating this equation over 
space and time, giv ing 

M + M 
w n 

where Me, for example is expressed b y 

M 
e 

o (16) 

(17) 

lt is seen by Eq . (17) that the velocity 
componentes which enters the rna ss conservat ion 
equation are the contravariant ones. 

The key question now is t o replace the rnass 
fluxes as a function of pressure. Since in the mass 
flux calculation p and velocity are involved, both p 
and velocity need to be written as a function ., f 
pressure. Following the SlMPLEC [13] procedun to 
handle the pressure/velocity / densit y coupling the 
velocity and density are written as 

p p + p' v = v" + v· (18) 

where the corrections in p*and v* rnust be such that 
mass is conserved e The equation f o r V transforms i n 
three scalar equations for the U, V and W 
contravariant velocity cornponents. The star 
represents va l ues from the previous iteration l evei, 
and the prime va l ues need to be re l ated to a pressure 
correc t ion p ' re l ated t o pressure by p = p* + p'. 

Density as a Function of p' . To obtain the 
relation between density and p ' the state equation is 
linearized as 

p (19) 
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where 

cP 1/RT (20) 

for the special case of the fluid being a pe r fect gas . 

Velocity Components as a Function o f p'. The 
e xp ressions for the contravariant velocity cornponents 
as a f unction at p' are obtained from the momenturn 
conservation equa t ions. Consider that if a correct 
pressure field is introduced in the conservation 
equations it gives rise to correct u, v and w 
cartesian velocity cornponents, and if a guessed 
pressure field p* is introduced it gives rise to a 
es tirnated u*, v* and w* ve l ocities. Sub t racting the 
equations one obtains, for exemple, for the ue 
cartesian veloci t y cornponent 

u 
e 

(21) 

The parameter d~ changes according to the 
pressure/velocity coupling rnethod used . Using the 
above velocity cornponents the e xpression for the 
contravarian t component can be ob t ained as 

u 
e 

(22) 

Similar e quat ions can be written for the other 
five component s wh ich enters the rnass c onservation 
equation. ln o r der to avoid a 19-point equation for 
p' the pressure gradients in the direction o t her than 
that of the velocity in consideration are neglected. 
Fo r the SIMPLEC [ 13] method used here the expression 
for the d~ is 

(23) 

where 

(24) 

Since the above equa ti0n is a velocity 
correction equa t ion its form Joe s ~ot alter the 
converged resu l ts. Diff e rent equati ons influences 
only the convergence rate but no t the final results . 

Equation for p'. lntroiucing Eq . (19) and Eq . (22) 
for all densities and V• locities which en t er mass 
conservation in Eq . (16) wíth their mass flux terrns 
linearized by Eq. (l7), the rebult i ng equation is an 
equation for p ' in the forrn 

(25) 

where 



B _ o M!,IHII!.r 
- PP Jpl!.t 

mpp* 
p p 

mpp* 
e E m~: 

p * p * p * p * 
- mnpN - mspS - mdpD - mfpF 

E(AnbPtm> AepÉ + Awpw + AnpN + Asps + ActpD + ArPF 

(26) 

A = - mPcP + mUdU(a ) mPcP u-u 
A = mwdW(all)w e e E e P 11 e w w w 

A = - mPcP + mvdv(a ) mPcP v-v 
A = msdS(a22\ n n N n P 22 n s s s 

_ p p w-w 
Ad - - mdCD + mddP(a33)d 

p p w-w 
Af = - mfCF - mfdF(a33)f 

and 

- 2 - 2 - 2 
a11 = (Çx) + (Çv) + (Çz) 

- 2 - 2 - 2 
a22 = <~x> + <~v> + <~z) 

- 2 - 2 - 2 
a33 = <rx> + <rv> + <rz) 

P t.Çt.~t.r - * - * 
mp = ~- + (1/2 + ~ lU t.~t.r - (1/2 - ~ lU t.~t.r 

p e e w w 

* * + (1/2 + ~n)Vnt.Çt.r- (1/2- ~5 lV5t.Çt.r 

* * + (1/2 + ~d)Wdt.Çâ~- (1/2- ~f)Wft.Çâ~ 

mp = (1/2 - ~ )U·t.~t.r mp =- (1/2 + ~ )U·â~t.r 
e e e w w w 

mp = (1/2- ~ )V.t.Çt.r mp =- (1/2 + ~ JV*t.Çt.r 
n n n s s s 

m~ = (1/2 - ~d)W:t.Çâ~ mi=- (1/2 + ~f)w;t.Çt.~ 

(27) 
u - * - * 

me= [(1/2 + ~e)pp + (1/2- ~e)pE]â~âõ 

v ·- * - * 
mn = [(1/2 + ~nlpp + (1/2- ~nlpN]t.Çt.r 

w - * - * 
md = [(1/2 + ~d)pp + (1/2- ~d)pD]t.Çâ~ 

u - • - • 
mw =- [(1/2 + ~w)pw + (1/2- ~wlpp]t.~âõ 

v - • - • 
m

5 
=- [(1/2 + ~5 lp5 + (1/2- ~5 lpp]t.Çt.r 

w - * - * 
mf = - [( 1/2 + {3f)pF + ( 1/2 - ~f)pp]t.Çâ~ 

where the S coefficients are evaluated in the sarne way 
as the ~ coefficients of Eq. (15). 

THE STAR CONTRAVARIANT VELOClTlES AT THE INTERFACES 

As is known the dependent variables in the 
momentum ecjuations are the cartesian velocity 
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components u, v and w. Since one is using co-located 
variables the u, v and w velocities are all stored at 
the center of the control volumes. In order to obtain 
an adequate coupling between pressure and velocity the 
correction equations which enters the mass 
conservation equation need to be written using 
velocities at the interfaces. However, there is no 
velocities stored at the interfaces. It is necessary, 
then to compute the star contravariant velocities at 
the interfaces as a function of the star cartesian 
velocities located in the center of the control 
volumes. 

The PVF-A procedure to compute u*, v* and w* at 
the interfaces is discribed in [3] for cartesian grids 
and in [4] for general curvilinear grids and is akin 
to Peric's [8] procedure for incompressible flows. 

Taking as an example the calculation of U at the 
east face, one recognizes that u*, v* and w* are 
needed at the east face. Writing Eq.(l4) for the 
variable u for the control volume P for an estimated 
pressure field p*, one gets 

* o o 
• [I;CanbuNB)P + Mpup/l!.t] t.Çt.~l!.õ . L[~*u] (28) -u = 

(ap)p (ap)p p p 

and for the E control volume 

• o o 
* [LCanbuNB)E + Mf:uE/t.t] t.Çt.~l!.õ . L[~ *u] (29) u = 

(aP)E (aP)E E E 

The velocity u* at the east face using the PVF-A 
approach is obtained through the average of u~ and u~, 
with exception of the pressure term, resulting in 

• 
u 

e 

* n:c anb UNB) p 
* o o o o 

+ [(anbuNB)E + (Mpup + MEuE)/ât] 

[(ap)p + (aP)E] 

'*u 2l!.Çt.~l!.õ · L[p le 
[ (a l + (aP)E] p p 

(30) 

The L[$*ule appearing in Eq. (30) is the 
numerical approximation of -pu as if the control volume 
were centered in "e". The expression for L[p*ule is 

* * * • * * 
'*u 

L[p le 
(pE - Pp) - (pN + PNE - Ps - PsE) -
~--~~Ç ) + -~~·- -~--------{ ~ ) 

t.Ç X e 41!.~ X e 

• • * * P - PFE) -
(pD + PDE ____ _!"_~--~rX)e 

+ ---- - 4t.r 
(31) 

The cartesian velocity components v* and w* at 
the sarne interface are obtained in the sarne manner. 
Knowing u:, v: and w: the u: contravariant component 
can be calculated. The calculation of the remaining 
contravariant components follows the sarne procedure. 

Velocity Corrections Using p'. The contravariant 
components are corrected using Eq.(22), for U, and 
using similar equations for V and W. These corrected 
velocities will be used for computing the coefficients 
for the next iteration level. The cartesian velocity 
components are corrected using the p' field by 

L 



A u 
up up - dp. L[p' ]pt.E;t1T)à~ 

• A v (32) 
vp v - dp. L[p' lpt.Çt.T)à~ p 

A w 
wp wp - ctp L[p' lpt.Çt.T)t.r 

Recall that the resulting expressions for L[p'~] 
are the sarne as for L[p~] replacing p by p': 

SOLUTION PROCEDURE 

The significant 
procedure now follow: 

steps during the solution 

1. Domain discretization. 
2. Estimative of u, v, w, T, p and p in t+ôt. 
3. Computation of the coefficients and source term 

of the momentum equations. Solve for u*, v* and 
w* using MSI [14] technique. Computation of the 
contravariant velocities at the interfaces of 
the control volumes. 

4. Solve for p' using MSI. Compute p = p* + p'. 
5. Correction of u*, v* and w*, using Eq. (32), of 

u*, v* and w* using Eq. (22) and similar 
equations and correction of density using 
Eq. ( 19) . 

6. Solution of T using MSI. Computation of p using 
the state equa tion. 

7. It e ration is necessary until convergence for the 
time step under consideration is reached. 

PRELIM INARY RESULTS 

The preliminary tests of the numerical method 
was realized solving four high speed flow problems. 
The first one aimed to test the invariant 
characteristic of a 2D plane flow along the axis of 
the cylinder, by solving the flow problem ove r a 
circular cylinder. ln the direction of the cylinder 
axis three cell were used, with the total grid being 
26x20x3. The results (not present here) show 
excellent agreement when compareci with the 2D solution 
using 26x20 elemental volumes. 

The sec o nd problem, with the objective oi 
te s ting the symmetry characteristics of a 2D 
axisymmetric flow, was the fl ow over the nose tip o f 
the Braz i lian Launch Vehicle (VLS), with angle of 
att ack (o) equal to zero a nd Mach number equa l to 
3.7 5 . With a equal t o zero the solution can be 
compareci with the 2D a xi symmetr ic solution. ln t his 
case the number of volumes in the ax isyE.me~ ric 

direction can not be smaller as enough for ap~Lying 

boundary conditions, as in the 2D plane case, be :ause 
the number of volumes defines the shape of the 
revolution body. Two grids with 30x24xl0 and 30: 24x20 
were used. The results are shown in Fig. 2 where the 
triang les denote the experimental solution [15], curve 
1 shows the 2D axisymmetric re su lts (30x24) [5], curve 
2 the 3D solution with 30x24xlü a nd curve 3 the 
solution with 30x24x20 volumes. It can be seen that 
the results with a more refined grid in the angular 
direction tends to the experimen~al results. 

The third test was the solution of the VLS 
vehicle, again with a= O and Mach number 3.75 but 
extending the computational domain up to half of the 
third launching stage. Fig. 3 shows the results where 
the triangles are the experimental results [15] and 
the solid line the 3D numerical solution using 
60x24x20 volumes distributed in 180°, which is 
equivalent of using 60x24x40 volumes. 

The final test present he re is the solution of 
the sarne flow as in the third test but with a = 50, 
characterizing the flow as truly three-dimensional. 
The results of pressure coefficient (Cp) over the 
surface for 8 = 90°, 1600 and 230° a re presented in 
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Fig. 4, where the triangles represents the 
experimental results for a O. The numerical 
solutions were obtained uRing a convergence criterion 
in the pressure [4] of 10- 5, and 2xlo- s, for these 
second, third and last test, respectively. The fully 
3D problem was not solved to a tighter convergence due 
solely to computer limitations. 
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CONCLUDING REMARKS 

The development of a 3D numerical model for the 
solution of all speed flows using co- located variable 
was described. The model inc o rporares two importants 
fea tures, namely, the possibility of solving flows 
ranging from low speed incompressible flows to 
compressible supersonic flows, and the use of co
located variables wh ic h introduces a tremendous 
simplicity in the code implementation when compareci 
with the usual staggered grid. The model is also 
tailored to handle complex arbitrary geometries. The 
preliminary tests demonstrated that the method 
performs very well. 
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RESUMO 
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-!l~êt!Uc_M ob~e.JLvâveü at!Lavê.6 da eúM.êYJuct dr. mi:iU;{_p{M 60f.uç.ÕM da e.quaç.ão deNavie.JL
Stoize-6. 

INTRODUÇÃO 

O problema do escoamento radial entre discos para
l e los é de grande interesse cientÍfico e tecnológico. E 
xemplos de aplicaçÕes incluem mancais axiais, impacto~ 
res de aerosois, válvulas au t omáticas de compressores , 
etc . Inúmeros são os trabalhos que tratam dos diversos 
aspectos do escoamento em difusores radiais. Para rev i 
são de algun s destes trabalhos , referência é feita aos 
art igos de Ferreira et al. [1) e Raal [2) para escoarnen 
tos laminares, e Deschamps e t a l. [3), Tab3tabai e Pollard 
[4], e Ervin et al. [5) para escoamento s turbulentos. 

A despeito do grande número de trabalhos que foca
li zam os escoamentos laminar e turbulento, muito pouc os 
artigos inves tigaram a transição entre um regime e ou
tro. No escoamento entre discos paralelos , o fluido ao 
escoar radi a lmente experimenta um acréscimo na área dis 
ponÍvel de passagem. Na predominância de efe itos invís= 
cidos a diminuição da velocidade as sociada ao aumento 
da área causa uma elevação da pressão na direção ra
dial. Desta forma o fluido passa a escoar con tra um gra 
diente adver so de pressão. Dependendo do gradiente de 
pressão adverso, o fluiJo pod e se descolar das paredes do 
difusor dando o rigem a regiÕes de re c irculação. Aparen
temente a sepa ração do escoamento é o primeiro passo pa 
ra que o escoamen to se torne instável e posteriormente
turbulento. Existe ainda controvérsia na literatura em 
relação aos es tágios pelos quais o escoamento , em um di 
fusor radial, passa entre os regimes laminar e turbulen 
to, conforme discutido a seguir. 

Raal [2) investigou numericamen te o escoamento la
mi nar em diíusores radiai s e veri ficou a exi s tência de 
regiÕes de recirculação. Tais r egiÕes tendiam a crescer 
e moviam a montante à medid a em que a vazão de fluid o 
aumentava. Para sua anális e , Raal assumiu escoamento em 
regime permanente e usou condição de simetria em rel a
ção ao plano méd io que separa os dois discos . 

Mochizuki e co laboradores [6,7] i nv estigaram o es
coamento em difusores radiais tanto numérico como expe
rimentalment e. Diferentemente de Raal, tais autores a
firmam que o fenÕmeno da separação do escoamento é de 
natureza não estacionária. Segundo est es autores, a se
paração do escoamento em difusores radia is , ocorre pe
riodicamente e se alterna de ambas as paredes do difu
sor na mesma localização radial. Adicionalmente foi ob 
servado que o ponto de separação do escoamento move- se 
a montante com o aumento da vazão, e que a jusante do 
ponto de separação, as camadas viscosas se desenvolvem 
em esteiras de vórtices. Tais esteiras seriam similares 
àquelas observadas na ejeção periódica de vórtices que 
ocorre em escoamentos ao redor de cilindros. 

Como complemento às observaçÕes contraditórias en
tre Raal [2) e Mochizuki e co laboradores [6,7], é perti 
nen te citar o trabalho de Sobey e Drazin [8). Este tra~ 
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balho contém análise teor~ca, computação e experimentos 
em escoamentos em dut os simétricos na presença de uma ex 
pansão . À luz da teoria da bifurcação, com comprovaçãonu 
mérica e exper imental, tais autores ve rificaram a exis~ 
tência de múl t iplas configuraçÕes possíveis de serem en
contradas em regime permanente. Neste trabalho é verifi
cada a exis t ência de parâmetros críticos a partir dos 
quais o escoamento bi f urca em diferentes configurações es 
táveis. Em um primeiro estágio, tais configuraçõ es são 
possíveis de existir em re gime permanente, mas com aumen 
to do valor dos parâmetros que governam o escoament~ taíS 
configuraçÕes tendem a se tornar instáve is e o escoamen
to passa a osci lar periodicamente. 

O objetivo do pre sente trabalho é investigar numeri 
camente o escoamento radial entre dis cos paralelos consT 
derando a possibilidade de ocorrerem bifurcaçÕes, e des~ 
ta forma, contribuir para e lucidar os mecanismos associa 
dos à separação e estabilidade do escoamento em tai s ge~ 
me trias. 

FORMULAÇÃO DO PROBLEMA 

A geometr ia a s e r investigada é apresentada na Fig . 
l. Conforme observado na figura, os discos superior e 
inferior estão separados por um afastamento s. O escoa
mento se dá radialmente a partir de r= r1, e procedeaté 
a saída do difusor em r = r2. Mostrad os na figura es tão 
as coordenadas axial e radia l, x e r, r es pectivamente. O 
escoamento é axisimétrico e as propriedades, incluindo a 
densidade, são assumi das constantes. Na ausência de for
ças de campo, o mov imento é descrito pe las seguintes e
quaçoes, 

. Continuid ade: 

-+ v.u o 

Conservação da quantidade de movimento linear: 

(l) 

( 2 ) 

onde ~ ê o vetar veloc idad e c ujas componentes axial e ra 
dial sao u e v , respectivamente, p é a pressão, p é a 
densidade, 11 é a viscosidade, e 'V é o operador "nabla''em 
coordenadas cilÍndricas. 

Em termos adimensionais, as equaçÕ es anteriores po
dem ser reescritas como, 

- _,. 
'V .U O 



--

r --·h __ Is ~ -
I 

r 2 

Fig. 1- Geometria do difusor radial. 

dU/dT + u.vu = -VP + (l/Re)V 2U (2) 

onde as seguintes 1dimensionalizaçÕes foram adotadas, 

u =~/v , p p/(pv2l , T = vt/r
1 

(3) 

Re = pvr /~ 

e v e a velocidade radial média do fluido em r = r1. O 
operador V é o ~orresp0ndente de V adimensionalizado 
por r1. 

As condiç3es de contorno para o problema serão ago 
ra apresentadas. A fim de simular escoamento irrotacio:=
nal com um perfil de velocidade plano a montant~ do iní 
cio do difuso ,·, reproduzindo desta forma uma cascata in 
finita de dis<os Jaralelos, as condiçÕes para a entrada 
do difusor fcram prescritas em r 0 <r1. Desta forma, fez
se para R0 = r 0 /r1 , V(X) = l/R0 , e dU/dR = O, onde U e 
V são, respec-ivamente, as componentes axial e radial da 
velocidade a(imensionalizadas por v; X e R são, respec
tivamente, as coordenadas axial e radial adimensionali
zadas por r1. 

Tal condição de contorno é idêntica àquela utiliza 
da por Raal [2], que argumenta ser esta condição física 
mente mais realÍstica, uma vez que possibilita a difu:=
são de quantidade de movimento a montante da entradados 
discos. 

Computacionalmente R0 é escolhido de forma que nes 
ta posição os efeitos elÍpticos associados à presença 
dos discos não sejam sentidos. No presente trabalho fez
se R0 = 2/3 a exemplo do valor adotado por Raal [2]. 

Para X= O e X= S (S = s/r1l, fez-seU= V= O 
quando R>R1 e U = dV/dX = O quando Ro~~Rl. Note-se que 
não foi feito uso da condição de simetria do difusor em 
relação ao plano X = S/2. Neste sentido a presente for
mulação difere drasticamente da de Raal [2] que impÕe 
tal simetria. O uso da simetria em relação ao plano 
X = S/2 força o escoamento a ser simétrico mascarando 
assim a possibilidade de se obter soluçÕes assimétricas 
a exemplo do que foi verificado por Sobey e Drazin [8], 
em dutos simétricos na presença de expansão. 

Na saÍda do difusor, R = R2, utilizou-se a condi
ção de escoamento localmente parabÓlico, ou seja, 
U = d(RV)/dR = O. O valor de R2 foi cuidadosamente esco 
lhido de forma que na saÍda do difusor os efeitos visco 
sos predominassem em virtude das baixas velocidades as=
sociadas às grandes áreas transversais disponíveis para 
o escoamento. Para valores do nÜmero de Reynolds mais e 
levados, utilizou-se valores maiores para R2. Em geral~ 
R2 variou entre 20 e 30. 

Como condição inicial fez-se ~ = O para baixos va
lores do número de Reynolds (Re<lO). A medida que busca 
va-se soluçÕes para valores de Remais elevados, utilT 
zava-se como condição inicial as soluçÕes já conver3i::
das para aqueles valores de Re mais baixos. 

A formulação do problema está agora completada. Os 
dois parâmetros que governam o escoamento são Re e S. A 
seguir será apresentada a metodologia de solução das e
quaçÕes diferenciais que descrevem o problema. 

PROCEDIMENTO E DETALHES COMPUTACIONAIS 

As equaçÕes diferenciais do problema foram resolvi 
das numericamente pelo método dos volumes finitos cort::
forme esquema adotado por Patankar [9]. Tal metodologia 
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t~m sido amplamente utilizada em_problemas d: t~ansferê~ 
ela de calor e escoamento de flu1dos. Em essenc1a o dom1 
nio de solução é dividido em pequenos volumes de contro:=
le não sobrepostos e as equaçÕes do problema são integra 
das ao longo de cada um destes volumes fornecendo um con 
junto de equaçÕes algébricas. Na soluçãodas equações al:=
gébricas adotou-se o método linha-por-linha, que é urna 
combinação do algoritmo de Thomas com Gauss-Seidel [9]. 
Para acelerar a convergência do método fez-se uso do al
goritmo de correção em bloco de Settari e Aziz [10]. A 
integração no tempo foi feita adotando~se um esquema to
talmente implícito. 

Particular atenção foi dedicada à escolha da malha 
computacional para discretização do domínio de solução.A 
escolha apropriada da malha é de fundamental importância 
na captura das regiões de recirculação presentes no esco 
amento. A opção que se mostrou mais adequada foi urna ma:=
lha uniformemente espaçada em X e variando ao longo de R 
através de uma lei de potência com expoente igual a 1,5. 

A escolha do número de pontos nodais em cada dire
ção foi feita de acordo com critérios de insensibilidade 
em relação aos campos de velocidade e pressão, respeitan 
do o compromisso que há entre precisão e custo computacT 
onal Para valores do número de Reynolds menores do que 
300, utilizou-se uma malha de 70 x 70 pontos nodais nas 
dir· çÕes X e R, respectivamente. Para valores de Re maio 
res (o que 300, adotou-se uma malha com 70 x 105 pontos 
noda;s (direção X e R, respectivamente). 

Para o avanço no tempo, empregou-se um intervalo de 
~-, = O ,001, idêntico àquele adotado por !1ochizuki e Yang 
f7]. Em cada intervalo de tempo a solução numérica era 
convergida de forma que o maior erro na conservação da 
massa para cada um dos volumes de controle ficasse sem
pre menor do que 10- 11 . 

A fim de validar a solução numérica, esta foi compa 
rada com a solução analítica para a situação onde os e
feitos viscosos prevalecem sobre os efeitos inerciais 
(Re = 1) e a concordância entre ambas foi excelente. 

Em geral o tempo computacional requerido para se ob 
ter uma solução em regime permanente era extremanente de 
pendente do número de Reynolds investigado. Para valores 
de Re = 1000 este tempo chegou a 30 horas em um computa
dor IBM-4381. 

Maiores informaçÕes sobre a metodologia numérica e 
testes associados ao programa computacional podem ser en 
contrados em [11]. 

RESULTADOS E DISCUSS0ES 

Para todos os casos a serem reportados o espaçamen
to entre os discos, S, foi mantido constante e igual a 
2. O número de Reynolds do escoamento, Re, foi variado 
entre 10 e 1000. Para os valores de ReS300, o raio exter 
no do duto, R2, foi mantido igual a 20, ao passo que pa:=
ra Re>300 fez-se R2 = 30. 

As soluçÕes a serem apresentadas são todas estacio
nárias. A despeito da inclusão dos termBs temporais nas 
equaçÕes que descrevem o problema, as soluçÕes avançavam 
no tempo sempre em direção a um regime estacionário. Ne
nhuma oscilação do escoamento a exemplo daquelas mencio
nadas por Mochizuki e colaboradores [6,7] foi observada 
para a faixa de número de Reynolds investigada. 

Os primeiros resultados a serem explorados são os 
mapas das linhas de corrente do escoamento para diversos 
números de Reynolds. Com este fim a Fig. 2 fÓi preparada. 
Nesta figura são apresentadas as linhas de corrente para 
Re = 100, 113, 200, 300, 600 e 1000. Tais figuras repre 
sentam cortes transversais ao longo do diâmetro dos dis:=
cos, e perpendiculares ao plano destes; apenas urna meta
de destes cortes é apresentada urna vez que o escoamento 
é axisimétrico. Em todas as figuras o escoamento se dá 
da esquerda para a direita. 

Nas figuras associadas a Re = 100, 113, 200 e 300 , 
vê-se que a dimensão radial do domínio de solução é me
nor do que aquela associada às figuras de Re = 600 e 1000 
conforme discutido anteriormente. A mesma escala foi ado 
tada para as direçÕes axial e radial, e tal escala foi 
mantida em todas as figuras. 

Para baixos números de Reynolds, Re<62, as linhas 
de corrente do escoamento são paralelas entre si e às pa 
redes do difusor. Em Re = 62 surgem as primeiras regiões 
de recirculação, e o escoamento tem uma configuráção ti-

.. 



picamente represeiltada pela figura associada a Re = 100. 
Verifica-se que o escoamento é simétrico em relação ao 
plano médio que separa os dois discos. O valor de Re = 

62 como sendo aquele correspondente ao início do desco
lamento do fluido das paredes do difusor concorda com o 
valor de Re = 64 observado por Raal [2]. A pequena vari 
ação entre estes valores de Re associados ao início do 
descolamento do fluido das paredes deve estar relaciona 
da com imprecisões devidas ao uso de diferentes malhas 
computacionais. 

A simetria do escoamento conforme observado na fi
gura de Re = 100 sugere que o domínio computacional pos 
sa ser red~zido. Tal fato foi utilizado por Raal [2] ,
bem como seus antecessores. Ao assumir esta simetria, 
tais autores perderam a oportunidade de observar aspec
tos relevantes associados ao escoamento a serem discuti 
dos nos parágrafos subseqUentes. · . 

Para Re = 113, o escoamento bifurca em confi8ura
çÕes simétrica e assimétricas. A configuração simétri
ca é semelhante âquela observada para Re = 100. Na con
figuração assimétrica para Re = 113 mostrada na Fig. 2, 
verifica-se a existência de duas regiÕes de recircula
ção. Tais regiões surgem do aumento e da diminuição das 
regiões de recirculação observadas na configuração sim~ 
trica. 

A partir de Re = 113, o escoamento apresenta dife
rentes configuraçÕes, observáveis através da existência 
de mÚltiplas soluçÕes da equação de Navier-Stokes. Veri 
fica-se a ocorrência de uma configuração simétrica, que 
em geral é instável a pequenas perturbaçÕes, e de duas 
configurações assimétricas, de natureza estável. A con
figuração simétrica bem como uma das configurações assi 
métricas são mostradas na Fig. 2 para Re = 200, 300, 600 
e 1000. As outras configuraçÕes assimétricas foram omi
tidas, uma vez que são a imagem daquelas apresent~ na 
Fig. 2, em relação a um espelho colocado em qualquer um 
dos dois discos que compÕem as paredes do difusor. 

A natureza instável das soluçÕes simétricas é ob
servada através da dificuldade em obtê-las. Em geral, a 
solução numérica tende a convergir para as soluçÕes as
simétricas, e tal afirmação é tanto mais verdadeira quan 
to maior for o número de Reynolds. Para se obter uma so 
lução simétrica para valores elevados de Re, alguns cuT 
dados tiveram que ser tomados. No processo de solução 
das equaçÕes algébricas, as varreduras do algoritmo de 
Thomas ao longo das direçÕes axiais eram €liminadas, e 
fatores de subrelaxação eram utilizados. Convém notar 
que para valores de Re = 600 e 1000, os prÓprios erros 
de truncamento introduziam perturbaçÕes que tornavam as 
soluçÕes assimétricas. Tal fato era observado ao se avan
çar a solução simétrica no tempo além dos critérios de 
convergência estabelecidos, mesmo apÓs o regime estacio 
nário ter sido alcançado. -

Observa-se da Fig. 2, que ã medida em que o número 
de Reynolds aumenta diferentes regiÕes de recirculação 
surgem no escoamento assimétrico. Note-se que para a 
configuração assimétrica o escoamento flamba, e tal flam 
bagem além de se tornar mais acentuada, se propaga a ju 
sante do escoamento com o aumento do número de Reynolds 
Para o escoamento simétrico, independente do número de 
Reynolds, ocorrem sempre duas regiões de recirculação. 

Na Fig. 3 são apresentadas as isobáricas correspon 
dentes âs linhas de corrente da Fig. 2. Nos mapas das I 
sobáricas foram incluÍdas setas que apontam no sentido
de pressões crescentes, bem como as localizaçÕes de pon 
tos d: máximos e mínimos absolutos e locais no campo de 
pressao. 

Para as co~fig~r~ções simétricas observa-se que a 
região de pressao max~ma no escoamento se move a jusan
te com o aumento do número de Reynolds. Em geral, para 
o escoamento simétrico, a pressão cresce radialmente a 
partir da entrada do difusor, atinge um máximo e passa 
a decrescer. O crescimento radial da pressão é devido à 
diminuição da velocidade associada ao aumento da área 
disponível para o escoamento. Para o escoamento simétri 
co observa-se que na entrada do difusor a 
pressão é mais elevada na região central do escoamento, 
em virtude da presença das regiões de recirculação. Adi 
cionalmente, no interior das regiÕes de recirculação as 
pressões não variam na direção axial. 

Nas configuraçÕes assimétricas os campos de pres-

sao apresentam um comportamento bem mais irregülar do 
que nas configurações simétricas. Comparando as curv~ pa 
ra os escoamentos assimétricos das Figs. 2 e 3 observa~ 
se que os pontos de pressão máxima locais coincidem com 
os pontos de reatamento do escoamento após as regiões de 
recirculação. Nestes pontos de reatamento a corrente prin 
cipal do escoamento se choca com as paredes do difusor 
causando um aumento de pressão. 

A cada posição radial pode-se integrar a distribui
ção de pressão na direção axial obtendo-se desta forma 
pressões médias. A variação das pressões médias ao longo 
de R são mostradas nas Figs. 4a) e b). Em cada figurnfoi 
plotada a curva de pressão média tanto para o escoamento 
simétrico como assimétrico. Observa-se que enquanto no 
escoamento simétrico a pressão cresce, atinge um max~mo 
e decresce, no escoamento assimétrico tal fato não se ve 
rifica. Conforme já verificado pelas isobáricas da Fig.3, 
no escoamento assimétrico ocorrem regiões de máximos e 

.mínimos locais. Na entrada do difusor, a pressão médMpa 
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ra todos os casos está em torno de -0,5. -
Distribuições das tensões de cisalhamento nas pare

des do difusor são mostradas nas Figs. 5a) ~ d). A Fig. 5 
a) apresenta, para a configuração simétrica, a tensão de 
cisalhamento em função de R para cinco valores de Re 
investigados no presente trabalho. Nas Figs. 5b) ~ d) são 
mostradas para diferentes valores de Re as tensões 
de cisalhamento para as configuraçÕes simétricas e assi
métricas conjuntamente. Nestas figuras observam-seosefei 
tos das regiões de recirculação onde as tensões de cisa~ 
lhamento possuem valores negativos. Para valores de Re 
mais elevados verifica-se que a tensão de cisalhamenmpo 
de assumir valores negativos ao longo de uma grande ex~ 
tensão radial. 

CONCLUSÃO 

Neste trabalho investigou-se numericamente o escoa
mento radial entre discos paralelos concêntricos. Embora 
exista um grande nÚmero de trabalhos nesta ârea, poucos 
artigos focalizam o problema da separação do escoamento 
em tais configuraçÕes, Adicionalmente, os artigos sobre 
separação de escoamentos radiais são contraditórios e 
pouco conclusivos. Neste contexto a presente investip,a
ção mostra, pela primeira vez, que a separação em escoa 
mentos radiais ocorre inicialmente em regime permanente 
para Re = 62, e que a partir de Re = 113 o escoamento se 
bifurca em configuraçÕes simétrica e assimétricas obser
váveis através da existência de mÚltiplas soluçÕes da e
quação de Navier Stokes, 
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ABSTRACT 

This work deals with a ntQerical investigation of 
radial flows between parallel concentric disks. The 
distance between the disks was kept constant and tb.e 
flow ~eynolds number varied from 10 to 1000. It was 
found that for Re<62 the flow is parallel. At R.e-.62 
separation regions start to be observed, and for 
Re=ll3 the flow bifurcates in symmetric and asymmet~ic 
configurations. The bifurcation was detected through 
the existence of multiple solutions for the Navier
Stokes equation. 
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SUMMARY 
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INTRODUCTION 

Among the procedures for 
governing partial differentíal 
flow problem, two of them are 
numerical analysts. 

discretizing the 
e quations of a fluid 

l a r gely employed by 

ln the solution methods known as finíte volume 
or control volume methods the equations in their 
divergent form are integrated over finite volumes 
conveniently layed out over the solution domain. As a 
result of the integration procedure the value of the 
dependent variable and its spa ti a l derívatíve are 
required at the control volume interfaces. As the 
dependent variable is stored in the center of the 
control volume, interpolation function s are necessary 
to evaluate the interface va lues. The choíce of the 
interpolation functíons is of key importance in the 
solution methodology. Several are the existíng 
possibílities, and each one gives rise to a dífferent 
numerical so lutíon for the sarne physical p;oblem, 
since the interpolation function is intimately 
connec ted with the quality of the numerical method. 
Besides that, the stability of the method, normally of 
iterative nature, is strongly dependent of the 
interpolation function. 

The simplest choice, the linear interpolation, 
is not always recommended due t o several reasons . · 
Firs t of a ll, when the cell Reynolds number at the 
interface is grea ter than two, the coefficient which 
connects the dependent variable of the volume under 
conside r ation to the adjacent control volume result s 
negative. lf iterative methods of so lution, like 
poiny-by-point, line-by-line, etc. are employed, the 
negative coefficients may cause divergence of the 
iterative procedure. ln addition the central 
difference scheme (CDS), as is known the procedure 
where the interpolation is linear, is not dissipative, 
that is, it does not provide extra mechanisms for the 
dissipation of errors and perturbations that may occur 
during the solution, as can be demontrated through a 
linear s tabi lity analysis applied to algebraic 
operators. As a consequence the convergence rate of 
·thc CDS scheme is slow and the converged solutions may 
present undesirable wiggles. To avoid such a 
behaviour o ther differencing schemes are normally 
used. These schemes are designed in order to maintain 
the coeffic ients positive irrespect of the cell 
Reynolds number, thus allowing the solution to be 
obtained using the above cited iterative methods for 
t~e solution of the linear systems. Many of these 
schemes have the characteristics of recovering the CDS 
procedure when the cell Reynolds number is small and 
the UDS [1] when the cell Reynolds number is large. 
ln the latter case the solution is said to be first 
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arder accurate. For intermediate values of the cell 
Reynolds number the methods use to evaluate the 
dependent variable at the control volume interface 
through the exact solution of the cne-dimensional 
diffusion/convection problem. Due to this physical 
re a soning involving the evaluation of the flow 
properties at the interfaces these schemes are said to 
be more physically consistent than the CDS scheme. 

ln the solution of aerodynamic problems, 
specially the supersonic ones, the occurence of cell 
Reynolds number of order of 10000 is not uncommon. ln 
these cases, even if sophisticated interpolation 
functions, using the cell Reynolds number as the main 
parameter, are used, the results will be equivalent of 
using· the UDS scheme, 

Turning the attention now to the finite 
difference method, it is seen that the discretization 
process is conceptually quite different. ln these 
methods the derivatives of first and second arder 
present in the partial differential equation are 
replaced by their numerical counterpart, normally in 
cent ral form with the aim of minimizing the truncation 
e rrors of the approximation. To promote the stability 
of the solution, dissipative terms are added to the 
partial differential equations. Since these terms are 
chosen to be of fourth order the formal accuracy of 
the method remains of second arder. 

ln the present work some techniques for 
in troducing artificial dissipation are discussed. 
Solving the very well known lid-driven cavity problem, 
firstly it is demonstrated that the UDS scheme is 
analogous to the CDS scheme with a non-linear second 
order artificial dissipation. Following, the 
influences of the second and fourth arder dissipative 
terms with constant coefficients are compareci with the 
influences of the UDS scheme. Also, the results using 
the UDS scheme and using a fourth arder scheme in the 
solution of a supersonic flow problem are compareci. 
Fina lly , it is demontrated that the amount of 
artificial dissipation introduced by the uns scheme is 
far more than necessary to guarantee the stability of 
the solution. 

&QUIVALENCE BETWEEN UPWINDING AND ARTIFICIAL 
DISSIPATION 

Recently [2] a segregated formulation in delta 
form was implemented. The important characteristic of 
this formulation is the fact that the unknows are 
temporal variations of the conserved properties. This 
approach is usually employed in the solution of 
compressible flows using finite-difference techniques 
with the linear systems originated from each 
conservation equation solved simultaneously. The 



-. 

delta form has several advantages and no 
when compareci with conventional 
formulations. Results pointing out these 
are reported in [2] and [3]. 

drawbacks 
segregated 
advantages 

For the sake of simplicity, consider the 
laminar, two dimensional, incompressible flow with 
constant properties. The discretized equations written 
for a generic scalar ~ in delta form are [2] 

aPA~P - aeA~E - awA~W - anA~N - a5A~S RHS (1) 

where 

RHS - [J - J + J - J ] - L [P~]t 
e w n s 

(2) 

ln Eq.(2) J denotes the convective and diffusive 
flux of ~ at the interfaces of the elemental control 
volume. The RHS corresponds to the discretization of 
the steady state part of the partial differential 
equation. Writing ~ and its derivative for the east 
face, for example, of a control volume by 

~e= (1/2+~)~P + (1/2-~)~E 
~I = (3 ~E - ~p (3) 

ax e Ax 

the Eq.(2) can be put in the following form 

•t *t •t *t *t ~t 
RHS = -ap~P + ae~E + aw~W + an~N +a5~S - L[P ] AV (4) 

Note that the term RHS depends only on known values 
and the coefficients a~, a~,... are not trully 
coefficients of a linear set of equations like the 
coefficients ap, ae, aw•··· present in the left hand 
side of Eq.(1). Note also that all the schemes based 
on one-dimensional interpolations are recovered with 
the use of Eq.(3). If the CDS scheme (a= O, 8 ~ 
1.0) or UDS Clal~ 0.5, 8 ~ 1.0) is employed, the a: 
coefficient results, respectively . . 

[ae]CDS = - Me/2 + De (5) 

o r 

• 
[ae]UDS = (I Me I - Me)12 + De (6) 

where 

D = r~Ay/Ax 
e 

; M = pu Ay 
e e (7) 

Eq.(6), after some algebraic manipulations can 
be put in the form 

[a:]UDS = -Me/2 + r~[l + 1Pele12] !~ (8) 

where Pe is the Peclet number (Reynolds number in the 
case of momentum conservation) defined by 

Pel =pu Ax/r~ 
e e (9) 

If an effective diffusion coefficient is defined 
as 

Eq. (8) results 

r~ 
eff 

• 
[ae]UDS 

r~[l + I Pe I /2] e 

_ M /2 + Deff,e e 

(lO) 

(11) 
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where 

Deff = reffAy/Ax (12) 

Eq.(11) demonstrates that the coefficient 
obtained using the UDS approach is equivalent of using 
the CDS approach with an effective diffusion 
coefficient given by Eq.(10). Numerical experiments 
show that the solutions obtained with the UDS approach 
applied through Eq.(6) or Eq.(10) are identical. lt is 
important to remember that in the solution of high 
speed flows the effective coefficient is much larger 
than the molecular coefficient. 

As a conclusion, the UDS scheme is equivalent to 
the CDS scheme with a non-linear second-order 
dissipative term added to the discretized partial 
differential equations. Relations similar to Eq.(10) 
can be obtained for other schemes as exponential [1], 
WUDS [8], etc. Following, the consequences of the UDS 
sçheme when applied to a specific problem are 
discussed. ln fact the analysis is valid for all 
schemes represented by Eq.(3) but with a little more 
difficulty of identification. 

Consequences of using the UDS Scheme. Solving the lid
driven cavity problem with Reynolds number equal to 
1000, where the characteristic dimension is taken as 
the side of the square cavity and the characteristic 
velocity the velocity of the moving wall, using the 
CDS scheme with a 10X10 grid, the maximum nodal 
velocity, dimensionless with respect to the wall 
velocity, is 0.3732. Using the UDS scheme the sarne 
velocity reduces its value to 0.3098. Of course, the 
difference is not seen only in the maximum velocity. 
All fields of u, v and P show considerable 
differences. It is clear that with a very fine grid 
both results should be coincident, since the 
artificial diffusion introduced with the UDS 
diminishes with the cell size and both schemes reduce 
to the sarne. 

The understanding that the UDS scheme is 
equivalent to the CDS with an artificial dissipation 
helps to explain why the maximum velocity is smaller 
when the UDS scheme is applied. The computation of the 
artificial dissipation coefficient, according to 
Eq.(10), at the interfaces of the control volumes will 
show that this coefficient is up to 15 times greater 
than the molecular coefficient. Using the UDS the 
artificial diffusion will only be zero at the walls of 
the cavity since they are impermeable, reducing the 
cell Reynolds number to zero. Therefore, the solution 
using UDS is physically equivalent of solving the 
problem of the lid-driven cavity with a fluid with 
different molecular viscosity, smaller at the wall. 
Since the movement of the interior fluid is induced by 
the stress occuring at the wall, it is clear why the 
maximum velocity is smaller using UDS. 

Another very important point is to answer when 
to use the CDS or the UDS scheme. Obviously, the 
answer depends on the definition of criteria to be 
followed: 

i) If the computer effort is taken into account 
the difference is considerable. 87 itérations for the 
UDS scheme against 212 for the CDS (keeping all other 
parameters constant). This behaviour is, as already 
discussed, due to the non-dissipative character of the 
CDS scheme. 

ii) lf the solution quality is the prime 
parameter, the solution obtained using CDS is 
superior, in the present test, as demonstrated by a 
grid refinement study. 

ln fact, the best way to answer this question 
would be to compare the solutions obtained with the 
sarne computer effort using both schemes. For the sarne 
computer effort the UDS scheme would allow the use of 
more refined grid. This test was not implemented 
because, among another reasons, the conclusion depends 
on the specific problem under analysis and so, can not 
be generalized. 



ARTIFICIAL DISSIPATION WITH CONSTANT COEFFICIENTS 

ln the majority of the methods applied in the 
solutions of aerodynamic problems the discretization 
is done through finite-differences. To promote 
stability fourth-order dissipative terms with constant 
coefficients are introduced. Besides the fact that 
these terms are not expected to damage the solution il 
is illustrative to investigate the influences of 
second-order terms (like UDS) on the solution . To 
this end the lid-driven cavity problem is again 
considered. 

A second-order dissipation can be introduced 
s1~~ply adding to the RHS term given by Eq. (4) a term 
De of the type 

where we is the artificial dissipation coefficient and 
the subscript indicates that it actuates in the 
explicit part of the discretized governing equations. 
If the problem is solved with the RHS term evaluated 
using CDS and with We = 0.003 the solution is obtained 
in 80 iterations against 212 of the original CDS. The 
maximum nodal velocity, however, increased to 0.5601, 
is much larger than the ones reported above. It is 
easy to verify that the solution via CDS with We 
0.003 is identical to the solution via CDS with We 
0.0 and 

0.001 + 0.003 250 (14) 

ln fact, to add the dissipative terms given by 
Eq.(13) is equivalent of increasing the molecular 
viscosity of the fluid. Note that the dissipative 
coefficient introduced is three times the molecular 
coefficient, while in the solution via UDS (with 
dissipative terms of second-order but non-linear) this 
coefficient, in the problem analysed, va ries from zero 
to 15 times the molecular coefficient. Futhermore, 
note that the sarne result obtained with We 0.003 
could be obtained simply placing a = o and e = 4 in 
Eq . (3). 

Fourth-order dissipation can be introduced if it 
is added to the RHS given by Eq.(4) terms like 

(15) 

The number of iterations decreases with We up to We = 
0.001, when 145 iterations are needed, resulting in a 
maximum velocity of 0.51055. However, for We larger 
than 0.001 the procedure diverges. The linear 
stability analysis applied to the methods of 
simultaneous solution show that the We coefficient is 
upper bounded [4] and that this limit can be extended 
if second-order artificial dissipation is added to the 
left hand side of the equation, that is, to the 
implicit part of the equation. 

An implicit second-order dissipation can be 
introduced if it is added to the left hand side a term 
of the type 

D~2) 
l 

As a consequence the coefficient s a e, aw, an e 
as will be a ugmented of Wi while the a p coefficient 
will be augmented of four times wi· As expected, for 
wi = 0.004, the limit of We, of 0.001 before, is 
extended to 0.0032 . There is no, however, improvements 
in the convergence rate and the so l ution is poo rer 
than the one obtained via CDS. The introduction o f 

implicit dissipation with coefficient equal to 0.004, 
for example, is equivalent to adopt B = 5 in Eq .( 3). 
Recall · that the steady state solution does not depend 
on the coefficient evaluation when the formulation is 
in delta form. 

A FlNITE-VOLUME SCHEM~ 70R THE SIMULTANEOUS METHODS 

ln the methods where the discretization of the 
equations is done through central finite-differencing 
the convective term - 3(puu)/ax, for example, is 
approximated by 

a 
ax(puu) = [(puu)E - (puu)Wj / (2âx) (17) 

where the E and W locations are shown in Fig. 1. 

w E 

Fig. 1 A control volume for the B&W scheme. 

ln the other hand, one can imagine a control volume 
surrounjing P and evaluate the sarne derivative through 
the following expression 

a 
ax(puu) [(puu)e - (puulJiâx (18) 

Consider now the first part in the interior of the 
brackets. The term (puu)e can be split in the product 
of a mass flux by a momentum flux, i.e, 

(puu) = (pu) (u) 
e e e (19) 

Like in the segregated finite volume method, the 
mass flux can be estimated through the averaging 
process given by 
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(20) 

The u velocity at east face can be evaluated by 
severa! schemes. ln the next section results will be 
reported where the value of all the dependent 
variables at the interfaces were evaluated by the UDS 
scheme. 

ANALYSIS OF THE INFLUENCES OF SEVERAL DISSIPATIVE 
TERMS lN THE SOLUTION OF A COMPRESSIBLE FLOW PROBLEM 

The several schemes to intoduce artifi~ial 
dissipation reported previously were implemented for 
the solution of the axisymmetric flow of air with 
free-stream Mach number equal to 1.5 against an 
hemisphere-cylinder shown in the insert of Fig. 2. The 
figure shows curves of Cp along the symmetry line 
obtained using simultaneous and segregated methods for 
several types of artificial dissipation. The solutions 
should predict the presence of a shock located 
approximately at x/R=- 0.6 [7]. The curve (a) was 
obtained using the scheme proposed by Beam and Warming 
[4] with fourth-order dissipation with const a nt 
coefficients. The solution shows a smeared shock due 



to the coarse grid employed. The non-physical 
prediction of negative Cp before the shock wave is 
characteristic of the fourth-order schemes. The (b) 
curve was obtained using the segregated method due to 
Maliska and Silva [6], implemented in nonorthogonal 
coordinates with the coefficients in all equations, 
included mass conservation, evaluated via CDS. The 
oscillation in the solution is not surprising since it 
is a characteristic of solutions free of extra 
dissipative terms in high Reynolds number flows. The 
shock, however, is well captured and located in only 
two cells:. . The curve (c) was obtained by the sarne 
scheme of curve (b) but with the CDS replaced by UDS. 
It is noted that there is no irrealistic values nor 
oscilations of Cp but the shock is strongly 
attenuated. If in the Beam and Warming scheme, the 
explicit part of the equations is evaluated using the 
UDS scheme, in the finite-volume approach proposed in 
the previous section of the present work, the Cp 
distribution (not shown in Fig. 2) is very similar to 
curve (c). This fact clearly demonstrares that the 
differences in the solutions must be credited to the 
way in which artificial dissipation is introduced. It 
should be also mentioned that in this case it is no 
longer needed to apply artificial dissipation to the 
simultaneous scheme through expressions like Eq.(15). 
Finally, it was tested a different scheme, were the 
number 2 appearing dividing the Peclet number in 
Eq.(10) is substituted by 20, giving rise to a 
dissipative scheme, non-linear, with ten times less 
dissipation than the UDS. The result is shown in curve 
(d). The shock is well captured, as in the case of the 
fourth-order scheme but without the negative values of 
Cp and maintaining the sarne convergence rate of the 
UDS scheme. 

Cp 
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(o l 
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.-, ' <~ -=?)<J 
0.0 ~---· ....... ..._,.., 

-o. 5+--.------,- -.--,--.----,----.-+--,_--.---. 
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X /R 

Fi~. 2 The Cp curve obtained with a)the original 
Beam & Warming scheme and fourth order dissipation; b) 
the segregated FV scheme and CDS; c) the segregated FV 
scheme and UDS, and d) the segregated FV scheme and 
reduced artificial dissipation. 

CONCLUDING REMARKS 

The outcome of the present work reveals that: 
a) The majority of the interpolation schemes 

employed in the finite-volume methods can be put in 
the form of a CDS scheme with the addition of non
linear second-order dissipation; 

b) These schemes, which reduce to the UDS scheme 
for high cell Peclet numbers, introduce much more 
dissipative effects than necessary to promote 
stability and to eliminate spurious oscillations in 
the solution; 
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c) The differences observed in the solutions 
the one 

as the 
in which 

obtained via the segregated methods, as 
proposed in [6], and the simultaneous methods, 
one proposed in [4], are due to the way 
artificial dissipation is introduced; 

d) The second-order dissipation with constant 
coefficients can be implemented in the finite-volume 
method by simply using values of 6 in Eq.(3) larger 
than unity; and 

e) lt is recommended that new schemes of 
introducing controlled artificial dissipation be 
devised in the context of the segregated methods. The 
study should be based on stability analysis, as is 
done in the context of simultaneous solution methods, 
and not on the maintenance of the positivity of the 
çoefficients which, as demonstrated in [2], does not 
influence the stability of the iterative procedure. 
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SUMMARY 

The apptto xima-te 6ac.totúzat~o Yl ( AF I .6 c.heme -ú., Lattg eJ'.y empfo yed irt .the me.thod-6 irt 
wlúc.h .the equ.ation .6y.6.tem.6 atte .60.i'ved úmuLtarteo~Mfy, Uke .the wm krtOWVI Beam artd 
Wattmirtg me.thod. The advart.tage on .the AF pttoc.edutte -ú., .tha-t :two artd .thttee dimertúortaf 
pttob.i'em-6 c.art be .60.i'ved M a .6equertc.e o6 one dimert.6iortaf pttob.i'em~-- The ex.teYl.6ion o6 
.the AF .6c.heme, appUed .to .the c.ortverttiorta.i' .6egttega-ted me.thod-6, ttealized irt .th-ú., wottk, 
demonll.tfta.te-6 .tha.t .the pttoc.edU!te. Wottk-6 wefl 6oft .6maU time .6.tep.6. Fott .i'attge. time .6.tep.6 
.the pttoc.edU!te c.art be appUed onty .to .the momert.tum c.oYl-6 e.ttvatiort equ.atioYl-6. 

lNTRODUCTION 

The numerical prediction of fluid flow and heat 
transfer phenomena normally leads to the solution of 
linear systems of algebraic equations. When the 
discretization is dane using a structured grid the 
resulting matrix possesses a well defined structure. 
Using the finite volume approach, the matrices have, 
in problems defined in simply connected domains or 
without repetitive boundary conditions, a number of 
non zero diagonais equals to: i) five, in 2D problems 
employing a orthogonal discretization; ii) nine, in 2D 
problems with nonorthogonal discretization; iii) 
seven, in 3D problems with orthogonal discretization 
and iv) nine in 3D problems with a nonorthogonal 
discretization. These numbers increases if high arder 
schemes are used to evaluate the convective and 
diffusive terms at the interfaces of the elemental 
control volume and decreases if some terms are 
explicitly evaluated, that is, they are added to the 
independent vector. ln real problems when the 
discretization needs to be very fine the direct 
solutions of these equation systems is unfeasible. 

ln the methodologies which follow the procedure 
outlined in [1], the solution of the linear system of 
equations is generally dane using iterative methods. 
These methods can be classified as implicit or semi
implicit, depending on the number of terms of the 
matrix which.are removed from the matrix coefficients 
and introduced in the independent vector. ln these 
methodologies, since the linear systems originated 
from each conservation principie are solved in a 
segregated manner, other iterative levels are needed 
for updating the coefficients and the source terms. 

ln the other hand, in the numerical schemes 
similar to the one proposed by Beam and Warming [2], 
where the equations are linearized using a Newton
Raphson procedure and are solved simultaneously, the 
only source of iteration is related to the solution of 
the linear system involved. lt is wise to point out 
that, in these schemes, to each element in a matrix 
originated from a segregated approach corresponds to a 
4X4 or 5X5 sub-matrix, depending wether the problem is 
2D or 3D. This difficulty, however, is partially 
removed by the use of the approximate factorization 
process, where 2D and 3D problems are solved as a 
sequence of one dimensional ones. ln this manner the 
matrices assume a block tridiagonal structure, to 
which efficient solvers can be applied [3] making the 
process, as a whole, non iterative. 

The main goal of the present work is the 
development of an approximate factorization scheme 
applied to the solution of linear systems originated 
from methods which uses the segregated approach. 
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THE APPROXlMATE FACTORlZATlON (AF) SCHEME APPLlED TO 
THE SlMQLTANEOUS SOLUTlON 

ln the solution of compressible flows the 
partial differential equations are linearized 
expanding the non linear terms about a known solution 
in time. The procedure is analogous to the Newton
Raphson method applied for the solution of non linear 
algebraic e~uations. Due to this linearization process 
the governing differential equations need to be solved 
simultaneously. 

Consider, as an example, the 2D compressible 
flow of an inviscid fluid. The governing equations 
written in delta form [2][3], after the linearization 
process and time discretization assume the following 
form 

t.U + t.t [ aax ( MU) + aay ( Bt.Ul ] RHS ( l) 

where [A] and [B] are the jacobian matrices originated 
from the linearization process. ~U is the time 
variation of the vector U, whose components are p, pu, 
pv and Et, where Et is the total energy by volume. 
After the spatial discretization of the derivatives, 
Eq.(l) gives rise to a block pentadiagonal linear 
system, where each block is a 4X4 matrix. The solution 
of this linear system is not trivial. Consider now the 
Eq.(l) written in the form of a differential operator 
applied to a unknown vector ~U, resulting 

RHS (2) 

To avoid the solution of a block-pentadiagonal 
matrix, the differential operator is split in the 
product of two onedimensional operators, resulting in 

+ t.t a A ] [ I + t.t a~] t.U ax ay RHS (3) 

lf one defines an auxiliary vector ~u* as 

t.U * = [ I + t. t ~~ ] t.U (4) 

* and substitutes Eq. (4) in Eq. (3), ~U can be found 
through the solution of a block tridiagonal matrix. 
Since ~u* is known, the t.U vector can be found in the 
sarne manner using Eq.(4). ln this way a 2D problem was 
solved through a solution of two lD problems. 



Obviously, the product of cne-dimensional 
operators does not reproduce the original 2D operator, 
introducing an error in the ~U vector. This error, 
however, is of order ~t 2 , which is the sarne order of 
the errors introduced in the time discretization of 
the governing differential equations. Therefore, the 
approximate factorization process does not alter the 
order of the approximation errors of the whole 
solution, and the scheme can be considered as non
iterative. Recall that when the steady state is 
reached, the RHS of Eq.(2) vanishes and the only 
distribution of U which produces ~U equal to zero is 
the distribution which satisfies the steady part c f 
the discretiz~d differential equations. Therefore, if 
the procedure converges, the solution obtained will be 
the correct solution for the steady state. 

The approximate factorization scheme is widely 
used in the solution of compressible flows where the 
governing equations are solved simultaneously. The 
observed drawback of the process is the slow 
convergence when ~t increases, specially in 3D 
problems [4]. 

'THE SOLUTION METHODS EMPLOYED IN THE CONVENTIONAL 
SEGREGATED FORHULATION 

ln the segregated formulation using finite
volume methods the differential equations are 
represented, for a 2D problem for example, as 

a -(p</J) + a -(pu</J) + 
at ax 

?__(pv</J) 
ay 

-P</1 + r<P[a2 </1 + a2 </1] 
ax 2 ay 2 

(5) 

where ~ plays the role of p, u, v, T, etc. The 
appearence of the diffusive terms, not included when 
the simultaneously formulation was described, and the 
exclusion of source terms are immaterial for the 
purpose of what follows. Eq.(S) discretized using 
finite volume method results in 

• • * • 
ap</JP - ae</JE - aw</JW - an</JN - as</JS b (6) 

or, in rnatrix forro, as 

( A){</J) {b} (7) 

As already pointed out, the direct solution of 
Eq.(7) is unfeasible. So, iterative procedures are 
ernployed, like the point-by-point Jacobi, Gauss-Seidel 
and SOR rnethods or the line-by-line rnethods, which 
requires the aplication of the TDMA [1] solver in 
lines and colurnns. Strongly irnplicit techniques are 
also used, like SlP [5], MSI [6] and the SlP version 
proposed in [7]. The point-by-point and line- by-line 
techniques, although easy in programing and efficient 
in coarse rneshes are too time consuming in refined 
grids . Besides that, because of the explicit nature of 
the procedures, they require the positivity of the 
coefficients for achieving convergence [1][8]. This 
requirement is very strong since, for assuring the 
positivity of the coefficients, it is necessary to 
introduce some forro of upwinding in the evaluation of 
the fluxes at the interfaces, with the consequent 
degradation of the solution due to numerical 
diffusion. One of the characteristics of the 
methodologies just rnentioned is the capability of 
eliminating high frequency errors in the solution 
during the iterative procedure. The use of block 
correction schemes or rnulti-grid techniques speeds up 
the convergence process because they actuate in the 
darnping of low frequency errors (9]. ln the other 
hand, the ~trongly implicit procedures, based on the 
LU decvrnposition of the rnatrix of coefficients, 
although iterative, possess a high rate of 
convergence. 
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THE ·SEGREGATED FINITE-VOLUME METHOD lN DELTA FORM 

lf the exact solution of Eq.(7) is obtained, the 
errors in the distribution during the transient will 
be due solely to the spatial and temporal 
discretization. If the solution is iterative, another 
error is introduced depending on the truncation of the 
iterative cycles (convergence criterion). Even when 
the interest lies in the steady state solution if 
Eq.(7) is not solved subjected to a very strong 
convergence criterion, the resulting steady state 
solution will be wrong. lt is well known the 
irrealistic solutions obtained when only few Jacobi 
iterations are performed. · 

Recently [8] the authors developed a segregated 
formulation in delta form. The rnain characteristic of 
this formulation is that the dependent variables are 
the time variations of the conserved properties. ln 
delta form Eq.(6) assumes the following form 

• • • 
apà</lp - aeà</JE - awà</JW anà</JN 

where 

d</J = </Jt+àt - </Jt 

• 
asà</ls RHS (8) 

(9) 

Details of the developrnent and a few tests can 
be found in . (8]. By now it suffices to say that the 
terrn RHS is evaluated using known variables frorn the 
previous time level and it corresponds to the 
discretization of the steady state part of the 
governing differential equation, Eq.(5). Therefore, 
when the steady state is reached the RHS and, of 
course, A~ vanish. 

AN APPROXIMATE FACTORIZATION SCHEME APPLIED TO THE 
SEGREGATED FINITE VOLUME METHOD 

The solution of Eq.(8) can be obtained by the 
sarne methods ernployed in the solution of Eq .(6). 
However, the delta forro has the advantage that when 
the steady state is reached the RHS is zero, irnplying 
in a zero time variation for ~. even if approxirnate 
rnethods are used in the solution of Eq.(8). Therefore, 
the basic idea is, following what is done in the 
sirnultaneous solution methods, to develop a direct 
rnethod for the solution of Eq.(8) whose errors 
introduced in the transient solutions be acceptable. 
To this end, consider Eq.(8) divided by ap, resulting 

à</Jp - aeà</JE - awà</JW - a
0

à</JN - a
5

à</JS = RHS (10) 

For sirnplicity, consider the case in which the 
dornain have been discretized by a 3X3 grid, without 
the use of fictitious points, shown in Fig.l. 

.7 .e .9 

.4 .5 .s 

.1 .2 .3 

Fig. l A 3X3 grid. 

The system of equations given by Eq.(lO) can be 
represented by the following equation 

(A){à</J} = {RHS} (11) 

and the rnatrix (A] assumes the form 

... 
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E q . r_ l -~) is a one - d.imens i <) nal pr ob Lem ;1nd car : ._ .l~ 
~ ~ : .t s i ly !~<' J ·J l • d tnrough a 'l' i) ~ . .\ - l i k c p n .c.:·.d n n!. ln t ~ < ..... 

S t.•q ue n c t.: , >.q. ( jh ) :t_;j_('WS t he c .: tl c L~!. <.J ti.., Jn u f - L\·}~ i ; ;1 
s i mi.l ar .:: .... ;u_ ,, n, ~HJv lo u •: i y , the appn ;· ; r , : tt? 

f :J.,:t c r Jza r: ... u n p rc .:c t.•durt• ~ ~ -1 V I! ll by Vq . (l ]) ~..h:· · no t 
r cq> r l'~d ucc the t) r "i gi! L! i r• :--.> h }:.,:,•; g i V('fl b y I~ ( ) -. (1 1). ~~ é' \-! 

tL: rms , inv l) tv i.. :1g t i Jl· p r •)t_l ucl -. ; f t.wn o f rhe c n ef l c t:•nt s 

:) f th e o rj g Jna.L ~;:-:~~ten, \) r cqu.l t . .lon.·..; . :rr e pr t· s:.~ J · and 
nre a n <.li Og lJ tlS lu tlLat \.,:h _i c h : lppv .t r ~ .: l iJ :·: q.(· ~ in 
t.: X C·~Ss t d t~ q . (.Y.) , rcL:lt eli t o t 1.~· si mtll ~. tlnc·;);_L· ~:~..-neme • 
.l'lH.~ rL' ! ' ..Jr;..! , tlle prot>lew ac.tlt ::i ! v '- :c lv .·:i hy t h e 
a pr·a xiin ~ t ~ t~c tot·izatio:l sc lt ~nt e ~:~ 

SUME N U~E K l CA L EXPER I ME NTS 

As a test, t he wel l known prohlem uf the lid
d r i ve n cavit y wus chosen. Th e so luti o ~ was obtained 
f o r several val ues of th e dimen s i onless time step 
def ined a s M .J. / uwal1• with Keyn o ld s numbe r equu1 to 
1000 . The c"v ity ~as di scretized us i ng a 10XIO grid 
unif o rmely spaced, and th e S1~PLEC [ 101 rnethod wa s 
use d t u deal wlth the pre ssu r e - vel oci t y cou pling. The 
St)lutí o n wa s considered conv e r ge d wh e n 
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uwa11 (19) 

for ~ equal to u and v, in eve r y cell of the domain. 
For the purpose ~f the t es t, a prob lem involving only 
a scalar field, like a conduction problem, could be 
solved . However, the chosen problem is far more 
complex, because it is a nonlinear problem with a 
s tr ong coupling between the equa tions. Table 1 shows 
the number of iterations and the CPU effort in seconds 
to reach convergence, as a function of the dimension
l ess t ime step f or three different s ituations, as i) 
the approximate fact oriza tion i s not applied; ii) it 
is applied in the solution of th e momentum equations , 
and iii) it is applied t o a ll three linear systems, 
comprising momentum a nd mass conservation. When the 
app r oxima te factori za tion process is no t applied the 
equa t ions are solved using the MSI [6] procedure. For 
the evaluation of ~ at the interfaces of the control 
volumes the UDS scheme [1] was applied . 

Table l. Performance of t he AF process with UDS. 

* 
MSI AF in u,v AF in u,v,P 

llt IT CPU IT CPU lT CPU 
0.2 266 15 . 1 268 11.9 270 9.7 
0 . 4 148 8.6 151 6.9 156 5.7 
0.6 10 7 6.4 111 5. 2 120 4.6 
0 . 8 87 5.2 92 4 .4 103 4.0 
1.0 75 4.5 80 3 . 9 101 3.9 
1.2 68 4.2 74 3 . 6 106 4.0 
1.4 64 4.0 70 3 . 5 114 4.3 
1.6 62 3.8 67 3. 3 120 4.5 
1.8 61 3.6 66 3 . 2 129 4.8 
2 .0 61 3.6 66 3 . 1 138 5. 1 

The results obtained demonstrate the sav ings in 
the computer effo rt when th e approxima te factorization 
is a pplied in the so lut ion of the momentum equa tions, 
a lthough the number of iterations is a little highe r. 
The resu l ts of the third column, howe ve r, s how tha t 
f o r 6t* higher than 1 . 2 the a pplication of the 
fact o riza tion proc ess doe s no t he lp in the convergence 
r a t e . Such results we r e e xpec t ed s ine - the errors 
introduced in the solut i nn Vd r ies wi h 6t 2 and the 
e rr o r s are s pec iall y dama ging \vh e n r e] at d to the ma s s 
con s ervation eqtiation • 

'[able 2 sl1ows th e re ti ult s (li ~ ~ !\'~ mure severe 
t e st where the UDS sche me i s r •pL. re d by the CDS 
sc h e me . Beca1.Js e the CDS sc.heme is r; )lJ ,·; .ssipative th e 
co n v e rgt~ nce rate is slo \.\.r e r pv c; n .'- 0~.~ ing the linear 
sy .:.:. t e ms u s in g MS 1. Tbe ~~ ta r:..; .L n r· t· e · dble indica t e 
t ha t tll e c..._;n verg ence wa s ·· ..J C n~ tc h ed in 1000 
itera t.io n s . Til e re s u J.t s s Lown 1· h t 1 _,r s ma l l v a lues of 
At* the approx imate f<.d.: t o r L .. · :!c l .. ~ : n · b a l wa ys o f 
b e ne í'.i. t . Hnwe v e r t t h (· ~~ .l oba ' p ~:.. a:(o ~·man ce is mo r e 
s u sce ptihle tu the i ncrc ,;tse t. j· t.h....: Li1 1e :-; ~:ep . Such a 
be hav i o ut í s easil y e:-:vlai. r. . \ . l'i ';;! \~ Pí.' i.. f i cients a e , a w, 
a 11 e. ns i n t ;~q .(10) o bey th t:.' l o_;_:;u\·'i. lf' equa ti on 

+ ;) n (20) 

wh ere ~ t is tl1e time ste p a nd is the mass in s id e 
th e cu ntr o 1 volume . \•lhen the uns scheme is d ppl.ied rh e 
C(,el f ici l:. nt s are all po s itives , a nd of c o urse, all o f 
them l ess than unit y (and sma1le r a>: s maller the time 
s tep i s ) . Therefore , the additiona l t erms originated 
by the app r ox imate fa c t o ri za tion, r esulting from 
p r odu c t o f t wo coefficient s , a r t' a lso sma ll. By it s 
turn, in the CDS sc heme th e coeff icien t s can he 
ne ga tive with abso1ut e va lue l a rger tban unit y . ln 
thi s case the additional terms are harmful to the 
perfo rmance of the method fo r srna ll e r 6t than are f or 
the l!DS sc heme. It is import a nt tu poi nt out that the 
use o f poin t-by-point and line-by- l i ne sulvers would 
bring the procedure to div e rge nce due to the presence 
of ne ga tive coefficient s . 
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Table 2. Performance of the AF pro c ess with CDS . 

* 
MSI AF l n u,v AF i tJ. u , v, P 

M IT CP U IT CPU lT CPU 
0.:0: 549 30.7 549 2.4 . 2 57 1 20 . 1 
0.4 3 13 17 . 7 3 13 14 . 0 364 12 . 9 
0 .6 2.36 13 . 4 l36 10 . 7 31 7 11.3 
0 . 8 202 11.6 201 9 . 2 3 14 11.2 
1.0 187 10 . 7 183 8 . 4 50 9 17 . 8 
1. 2 18 2 10. 5 175 7.9 * * 
1.4 182 10. 5 180 7.8 * * 
1. 6 187 10.6 578 23 . 8 * * 
1.8 195 10.9 * * * * 
2.0 205 11. 3 ,, ;, .... ú 

ln arder to have more in forma tions a bout the 
Jehaviour o f the AF procedure, few mo re tes t s we r e 
~onducted using the lid-driven cavit y problem, where 
the grid, the Re yn o lds number and the dimensionless 
time step were changed. The outcome of the tests a r e 
as f o llow. Keeping the sarne grid and the s arne Re ynold s 
number but reducing the dimensionless t i me step, the 
perfo rmance o f the AF procedure is superior of the MSl 
irrespective of using UDS ar CDS, c o n f irming the 
tend enci e s of Table 1 and 2. In these cases the numbcr 
of iterations ne c e s s a r y for convergence i s pratically 
the s arne f o r the three cases, requiring le s s CPU 
ef f ort for the AF since the time per iteration o f the 
AF scheme is smaller. This result was e x pe c t e d s ince 
s maller t.t* i mply in smaller coeffici.ent s ae , aw, an 
andas a c c o rding to Eq . (20). 

If the grid i s re f ined the v a lue of t.t* for 
k e eping the AF procedure advantageous reduces whe >< 
compared with the t. t* values for the 10X10 g rid, 
regardless if th e UDS ar CDS is use d . This result i ~ 

s urprisingly since the g rid refinement increases th~ 

di f fus i ve pa rt of the coef f icients, improv ing the 
stability characteristics. Prob ably, due to the f ac t 
that the grid refinement diminis hes the quantity of 
mass MP inside the c o ntro l volumes, this would cause 
larger coefficients, according to Eq . (20). Desp i t e 
this f a ct, f or small values of t. t*, the AF procedure 
performs better than the MSI method . The minimum CPU 
effort i s , h owever, obtained with the MSI using l a r ger 
time steps, and large enough to cause diverg ence of 
the AF procedure . 

Finally , tests realized with a 20X20 grid 
indicated that the performance of the AF , when 
compared with the MSI, is independent of the Reynolds 
nurnber. Using CDS the nurnber of iterations for 
converg ence increases with the Reynolds number, but 
this behaviour is also present in the MSI and in the 
AF for the two situations analyzed . 

Partial Cancellation of the Additional Terms. The 
solution of the linear systems of equations through 
the AF procedure is an approxi mat e d process due to the 
presence of the additio nal terms shown in Eq.(l8). 
The influence o f these terms can be reduced if in the 
algebraic equation the partial cancel l a tion of these 
t erms is realized before the solution is carried out. 
Eq . (lO) is then s ubstituted by 

à~P - aeà~E - awA~W - ant.~N - ast.~S + a (anaet.~NE + 

+ asaeà~SE + anawà~NW + asawA~SW) = RHS (21) 

where a is a rela x a tion pa r ameter . ln a rder to mant a in 
the penta d i a g onal structure the ~ values in NE, NW, SE 
and SW are expressed as a function of ~ in P, E, W, N 
and S by e xpressions like 

~NE ~N + ~E - ~p ( 22) 

Similar procedure i s also u s ed in [6] . The use o f this 
procedur e to the test c a se with Reynolds numb e r equal 
to 1000 and a IOX10 g rid gives ri s e t o good results 
when the AF was applied in the s o lution o f the 
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moment um e qua tiuns . Even adopting the CDS scheme t he 
solution was a lwa ys obt a ined with a lmo s t th e s arne 
number o [ i t e r at ions a s when using MSl, bu t with 307 
le ss c omput e r effo rt f o r th e whole range o[ a t* 
e xa mined . Un[ortunatelly the time stcp l i mitatio n 
c ontinued t o re s tr ic t the a pplica tion of the AF t o the 
solution of the mass conscrvation equation . 

CLOS UR E 

The ma ln g oal o f the pre s ent work wa s the 
development of a n0n-iteratlve s cheme using the 
a pprox imate factorization c o ncept applied t o 
pentadiagonal s ys tems in the segrc gated framewo rk . 
Th e t e s t s c arri.ecl out t o illus t r a t,, the procedu re 
demonstrated that it perfo rms b e tter than the MS I 
sc h e me when solving the mome ntum equations employ i ng 
the UDS appr oxima t i.on . St ill u sing t he UDS 
approxi mation btit now so lvin~ t k1e mn s s consc rvati on 
e qua tion tl1e l)c rf o rmanc e de t e r iora res r e q ~ iring 

smaller time s teps Íll orde r t o c o nverge fa ste r than 
the MS l . Fo r th e COS approximntion thc time step s 
required a r e even mc1r e re s ctr i t i ve f or t t! e AF 
procedure t o show better perfo rmn n c E. Ho~ a v e r, th e 
r esults o bta i n ed enc oura g e s further d eve l c' pme n t s :; f 

the proc.:edure in the c o nt e xt of the s egreg<.! t 2rl met hods 
o f s olution . 

Fi na l ly, the analy s is of th e AF process proposed 
in the present wo rk when c ompared with the AF in the 
contex t of sinwltane ou s so1uti o n contributes f o r a 
better understanding o f the la t t e r and its known 
d i f f i cult y in hand l ing t r a nsient s with large time 
steps. 
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SUMMARY 

ln ordcr to mcct ho th the qualitative and quantative requirements of the convective diffusion process, a 
numcrical sc hcme, ca lled the Piece-Wise Parabolic Finite Analytic Method, is established using a piece-wise 
parabolic function as boundary condition. This scherne incorporates the local analytic solution of the convective 
di ffusion cquation into the nurnerical scheme. It is free frorn numerical diffusion and autornatically incorporates 
the convectivc diffusion effects. The Piece-Wise Parabolic Finite Analytic Method (PPFAM) is used to discretize 
the strcam function equation and vorticity equation. The numerical scheme thus obtained is used to sirnulate a 
laminar cavity flow anda laminar backward facing step flow . The numerical simulation shows that the PPFAM is 
thc lea st arf<:-cted hy numcrical diffusion among traditional numerical schemes and that it can provide a stable and 
accurate num:: rical solution for real flow problcrns. 

JNTRODUGION 

In Computational Fluid Dynamics (CFD) the traditional aprroach 
is to divide the calculation domain into a finite number of cells or 
calculation dnmains and assum.: that the derendent varihalc has a 
unique v a lue within thc domain. The govc·rning differcntial eq uations 
are rcpl aced hy algcbraic t:quat io ns usin g, for instance , Talyor scries 
expansi<m to represe m thc diffcrcnt da!vatives. This inher~ntly 
mtruduces a truncatio n error. Among the scvcr~;l d1ffcre nt schcmcs the 
Cen1ral Diffc-n:ncing Scheme (CDS) is sccond ordc r. however, it is 
s tah! e on ly for very ,;mail ce ll Reynolds numbers. ln .-v nvec ~ion 

domin ated flnws thc <.:.::11 Eeyno ld s numbcrs usually ext:ecd ihose for 
which the CDS is s till stable. To address this difficultv the so called 

L'p-Wind Diffc:!el'cing :';chemc. initi ~lily pro:x>scd by C;>uranl et ali 1 I, 
was dcve loped . Howevcr. the 'ta!>ility is achic.cd at the n"t of 
intrl>ducing large numerical diffusinn anJ trunc;:.!ion crrnr. i'i um .. :rical 
diftus1on is espccially IHgll whe n thc gnd is not aligncd with lhe flow. 
Hit:h cc c•rder :q>prox imations have hccn uscd tn try to éurc the 

prohkm., ar: .,;'lg frnn: truncattdll. Leo nard i ~ I, for instanc c:, dndo;>ed 
a ljuadratic upwind intcrpolation innnula. lli s forrmd::tio n, howcver, 
may k ~td tu ncé:ativc Loelft cicnt~;. thus vinlating rhe maximum and 
rninirnt11n fLirh..: ip k~ of thc Ci..)!lVt.~ctivt. diffu ~ic·n pn .(· t:~~. P,ltank ar!.~l 
pi·opo,,el l a pO\ ·:cr-hw di! t"c· r :nct: c.,c hc1n·· -ls an :\l it,;.rnativt.: h ; lhe 

~:,;,!;·: ' i'ric;t.~; ; i l~n:~ ~ ~::, :~~~·, ;~~: :~~,:; :~ ,~,':,~ ,';'::,~~.~ ~· ·~~; ~"~:~ 1\ :~· :~; ;f, i~~li:;; ,:;', ~:·'; ,::' 
Líl\\.;nd sc h-. rr;c , n~1n~>.~l). it tEdy prndl:c·~~:-. g( ··\hi n .. ·>'~;\t• ; \VhC!! lhe i ,.,," 
::-\ ~ :L _,!n t· d v; ·: :!l tl! t:.' !;, r td. P:t11 1tby[ 5; dt·\,· Joped 1:1e Sk ·~· v.;-lJ ; · ,, ~un 
l) íj tÚ·.~ n c: illi~ Sc';crne (S lJ u:; } . .,;hidl ;;ccuunts for thc flow •o kc ;: IC SS 

wnh rc".spt: rt :o th e ~rid T !: t\ sc h('tne is capahle o! :'mli ' .: ing 
signific·::nt rcduction ' in nun1crit.a! dillusion a ,: d c 'c '"<bcd for 

ex;unp!c , b_y fv1il!tz~rihJ T1ú~. itO\\ev er, is .tc::'n1 p i·.\nl'd I lhe 
expen~'.! of si :nplú.:: ity. sinre thc int1ucncl·. u t nt;igtlbuur i í :·~ nUi· : ~ has 
to hc :.t is (.' in ~.:ludcd in th~- e ;-~presstons .- ~· thc :._-oeff i'"·: .._·; ,t:-; . 1\ grcat 
achicvcmci•t whicil gainc:d popularity in rcc<;n : y,·ars is the 
introduction nf so cal lt:J bodv fittcd cn..r.!in<.tc , ·, -:t<:m. Wuh this 
!cchr.iy<~C L·cl l'. mJy lx- pl:;ced :':!nJt)q .dong thi.' di: :,.!i <: •n uf flow, thus 
;;li nimi:tillg the numerica l diffus ion . Nc: r·nt, k :, , , numêrical diffusion 
i:, stiil prc '. t:rH. c'·cn when thc cclls are .tlig:1•: : wi th thc fl ow. 

ln 19/i 1 Chen1 7.KI introduc<:d the l·mitc Analytic Mcthod (FAM). 
The calcubtion domain is divided into cclls, but, unlike traditional 
finitc differencc mcthods, thc value (lf the dependc nt variable is not 
assumed as a given function, for instance, a polynomial profilc within 
thc cell. It is rathc r given by the local analytic solution to the 
linearlized convectivc diffusion equation. This has the advantage of 
automatically simulating the convectivc diffusion effcct and thus 
e liminating the nurnerical diffusion. ln this method Chen uses a 
sccond order polynomial ora cornbined function of a linear and an 
exponemial function for the boundary conditions. 11lis, like Leonard's 
parabolic function, may have negative cocfficients, resulting in 
divergence or oscillation for problcms with high Reynolds number. 

ln the orescnt contrihution the boundary condition uscd in the 
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FAM is replaced by a piece-wise parabolic function . This method IS 

called here Piece-Wise Parabolic Finite Analytic Method (PPFAM). 
Among its advantages are contin~ous _high_ order derivatives and 
accurate description of the convecuve d1ffuswn process. Unhke the 
second degree polynomial or the combined linear and exponential 
function used in the FAM, the pice-wise parabolic function satisfies 
the rnaximum and minimum principie of the convective diffusion 
process. That is, it always produces stable and accurate results that 
never over-shoot or under-shoot the physical reality. 

Thcre is no standard procedure to testa nove! numerical scheme. 
It is, nevenheless, generally accepted that recirculating flows are 
difficult to predict and that they can provide a means for comparison 
amon" diffcrent numerical schemes. ln the present contribution the 
Piece~Wisc Parabolic Finite Analytic Method (PPFAM) is uscd to 
solve two rccirc ulating laminar flows, namely: a cavi ty flow and a 
asyrnmctric plane expansion flow(backward or rearward-fac ing step 
flow). Prcfere nce is given to laminar flows to avoitl difficultics with 
turbulence modclling, which can significani!y affcr·• the results and 
lcad to false conclu·,iüns abotJt the numeriç;ti SLhc. m . . :hemselves. 

Let us considcr the nmn<: ri c~! si t(J ul :Hi·--"'- l 1. r:\ ..vo ditncnsional, 
in,·o:npre~sibk. laminar non-newJOIIt.l!l t; ,u•' rc~, 1 ,.vith constant 
v isc:osi ty. Thl' gove núog eqt~<llinn :< are th< cü' :,:> . ·::: eq u::twn and 
1norncntum or Navicr- -~i tf.Jk e ~~ e<LU' :orl·:. 

For two din·.eíL)ional flo '"··:~ sn n1cd:1~ ~-~ ,.;- ~f e ·ence i '-.. given to 
using the govern ing equ at ion> wi th stn::. 11 ' 'Jn:·, i :1r and vorticity 
function as dep..:ndent variabks whici1 rca.i 

- lY 
_____ ;_ 
Dv"" 

(1) 

(2) 

where 'I' is the stream function and Ç is the vonicity function, u and 
v are velocity componcnts. 

With properly specified boundary condit.ions we can solve the 
above goveming equation numerically to obtam the flow field. 

THE PIECE-WISE PARABOLIC FINITE ANAL YTIC METIJQD 

The stream function and vonicity function equations can be written 



.............__~ 

in a general fonn as 

azç azç aç aç 
LÇ=ax2 +i)y2 -2Axax -2Ay ay 

(x,y) E Q 

Ç(x,y) = Çr (x,y) (x,y) E an 

- F 

(3) 
(4) 

where n is the finite domain, ç is the dependent variable; x,y are 
independent variables; A x and A y are the convection speeds and F is 
the source tenn. 

We first linearize equation (3) in the finite domain as: 

azç azç aç aç 
~; ç = axi + iJy2 - 2 A X p a X - 2 A y p a y 

= - Fp (5) 
By introducing the followmg transfonnation 

Ç =Ç- ~ Axpx+Ayu (6) 
h 2 A 2+A 2 

and substituting equation (6) i;tb equaficin (5), a homogeneous 
equation is obtained: 

- iJ2Çh iJ2Çh açh i:lÇh -
Lc Çh - ax2 + iJy2 - 2 A x p ax - 2A Y p ay - O (7) 

we approximate the real boundary condition by the following piece
wise parabolic function. For example, the boundary conditions on the 
north side read: 

{

r + Çhnc- Çhncxno XE (o h l 
~hnc h no • x 

Çhn(x) = r x r 
ç ~nw- ~hncxno XE ( - h o) 

hnc h,no · x• 

where no = 2, 4, 6, 8, .... 

The above piece-wise parabolic function is continuous and its 
derivatives are also continuous. And it satisfies the maximum and 
minimurn principie. Then let 

ÇY = çh e - A x x - A Y Y 

which leads the equation for ÇY to read 

azç azç 2 z a;! + a:;'f -( A xp + A ypl Çy = O 

-A x-A y ÇY (x, y) = Çh (x, y) e x Y 

(x,y) e Q 

(x,y) E êJ.{l 

(8) 

(9) 

(10) 

(li) 

the boundary v alue problem described by equations ( lO) and (li) can 
be solved using the variable separation method . Evaluati ng the 
solution at point P then we have the following algebraic exprcssion 

ç p = CRC çllC + CRC çllC + CllW ÇRW + C WC ÇWC + C CC ÇCC 

+ Csc Çsc + Csc Çsc + Csw Çsw + Cr F p ( 12) 

where Cnc•· .. Ccc ,Cr are the piece-wise paraboli<.: finite analym 
coefficients. Their expressions can be found in Sun 19]. Funheimorc, 
thc PPFAM coefficicnts satisfy the following: 

(i) C nc + ... + Ccc = I 

(ii) C r > O, o < (CRC''"' ccc) < 1. 
With the abovc propenies we can prove that the PPFAM produccs a 
co nvergent and accurate solution of the linear and non -!inear 
convc<.:tive diffusion problcms(Sun [9] ). 

' í·· ,,;,·ce-wise parabolic finite analytic schemc for thc stream 
functit":. tyua t;un ( I), can be writtcn in the íollowing form: 

\11 = c \11 + c ,,, + c l!l + c "' "'P ·ne "'ne ·nc' nc ' nw"'nw ec"'ec 

+ C "' + C 111 + C "' + C ,,, + C r ( H) ·· wcrwc se"'se ·sc'sc ·sw"sw -f~p · 
The equation for vorticity function can be discrctized similarly. 
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NUMERICAL SIMULADON OF TiiE CAYITY Fl,.OW 

As a first test of the piece-wise parabolic finite analytic method, 
the numerical simulation of the square cavity flow is perfonned. The 
cavity flow in the present study is induced by the top cover which 
moves at speed U0. The physical constants desc1ibing the cavity flow 

are as follows: U0 = 1.0 m/s, L= 1.0 m and u = 0.1 ~ 5.0 x 10 - 4 

m2/s. 
We can solve simultaneously the coupled algebraic equations for 

stream function and equation for vorticity, to obtain the flow field 
using the Gauss-Siedel iteration mcthod. 

Figures I presents the results obtained for the cavity flow with 
Reynolds numbers equal 500. Table I gives the values of the 
maximum streamline calculated for each Reynolds number by different 
nurnerical schernes. With Reynolds numbcr equal I O ali schemes give 
a solution, while with Reynolds number equal 500 the CDS diverges, 
and for Reynolds number equal 2000 only the up-wind numerical 
scheme and the PPFAM converge to a solution. Tt is worth noticing 
that consistently the PPFi\M gives the largest value for the maximum 
streamline, which indicares that it is the least affected by numeri..:al 
diffusion and thus the most accur..tte. 

Table I i ljll max for the Cavity Flcw 

lljll max · ! 

Re =lO Re = 100 Rc = 500 R.:= HXXl R e= 2000 1 

C.D. S. O.O!n2 o solution 10 solution no solution no solution 

UQ_wind 0.0836 0.0920 0.0840 0.0650 0.0470 

FAM 0.0839 0.0890 0.0851 no solution no solution 

PPFAM 0.0947 0.0997 0.10833 0.1023 0.1002 

o.a 

0.1 

o.a 

O> 

o. 

OJ 

0 .1 

o..• o.:S o.6 0.7 1 .0 

PPfAM with 41X41 C~ll:) Re -:::: 500 

Fig. ! Strcam!inc contours for caviry tlow with R c ~ .'if)() 

Nl!MER'-Ci\_L__..slM.ULi\TIQN OF THE BACKWARU FACING 
STIJ~ __ fLQW 

Ano:he1 w.: ll known test problem for numcrical sch·=me s is the 
channel fll''~' ovcr a baàward facing stcp. One of the c·h.Jllcngc 111 the 
predict io n of this tlow is thc determination ot the pos11ion of 
reattachm·:nt pnint. !lere. thc solution by thc piece· wi\C par:Ibolic tiniu~ 
analytic r"cthnd is presentcd anel the numcrical rt~ sults compan:d with 
those ohtanll'd fn>m nther numc rical method s and with avaii,lhle 
experimental daw! IIli. I li 1. 
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Fig. 2 Stn:amline countours for backward facing step channel flow with Re =50 

Th.: following geometrical parameters define the flow domain : L 
= 21 m (the length of the channel); I = 3 m (the distance of the inflow 
to the comer of the step); H = 1.5 m (height of the channel after the 
step) and h= 1.0 m(height of the channel before the step). 

The boundary conditions for u, v, \jl and Ç are specified as 
follow s. At the entrance, the inlet flow is assumed fully developed. 
The wall boundary conditions is the standard adherencc of the flow to 
the walls of the channel. At the outlet the bou ndary condition is the 
zero gradient in the direcuon of the flow. 

The Gauss-Seidel iteration me thod is also us•.:d here to solve 
simultaneously the coupled discretc stream function and vorticity 
function equations. The upwind scheme, thc finite analytic scheme 
and piece -wise parabolic finite analytic schcme are uscd respectively to 
perform the numerical simulation for the following cases: 

I) 
2) 

where Re 

Re =lO 
Re =50 

(H-h) Umax 

\) 

H =1.5 m 
H =1.5 m 

h = 1.0 m 
h =1.0 m 

and Umax is the maximum inlet velocity. 

As ' hown in Fig. 2 and Table 2 the PPFAM produced the largest 
reattachment length. And funhermore, these results compare well with 
available experimental data1 101. lliJ_ Table 2 lis ts the rcattachment 
lengths obtained by the UDS, FAM, PPFAM and some experimental 
data. It shows that the PPFAM provides the best results for the 
backward facing step channelflow. 

schemes(CDS, UDS and FAM) it produces better results both for the 
cavity and backward facing step flows. 

6). For the backward facing step flow the reattachment 
di stance predicted by the PPFAM compares well with available 
experimental data, and furthermore the predictions are better than 
those produced by CDS, UDS and FAM. 
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Abstract 
Thzs worl< presents numerical soluticns for recirculating flows inside a short 

cylindrical tank. The s.ituaticns analyzed canprise incanpress.ible laminar flow in 
several cases of enginEE'r~ng interest. Recirculating moticr> is induced by either 
inject~ng flu1d .ins1de the tank ar by moving cne of its lid. The equaticns of moticn 
and ccntinuity of mass are solved in a coupled manner by means of a direct method in 
each canputat icnal cell. Iteraticr>s are performed al ternating the most varying index 
in eV>"ry sweep over the canputaticr>al danain. Fla.~ patterns and mass residual 
behavior are present.ed. 

GENERAL REMARKS 

The understanding and predlction of characteristics 
of co•plex flows have been the ai• of •any research 
endeavors for decades. The ability to correctly 
calculate aain flow paraaeters has countless advantages 
in design and analysis of •an-aade crafts, environaental 
control and si•ulation, bioaeuical engineering and in 
•any other areas. 

For that. •atter, nu111erical solutions of coupled 
partia! differential eqt.~ations have beco•e a coa•on 
place strategy in solving a wide range of engineering 
proble•s. Solutions for equations governing fluid flow 
phenoaena were first investigated in the acadeaic •edia 
but are now being considered as a practical tool in 
research and industrial environaents. 

ln spite of the ever greater use of Coaputational 
Pluid Dynamics (or CPD for short), the nuaerical 
solution of •ulti - di•ensional flow equations is still a 
challenging task due to the intricate physical coupling 
aaong the variables involved. And yet, the rate of 
convergency of any algoritha is essentially dictated by 
the degree ln which physical coupling is aimicked by the 
•ethod in question. There is then •uch need for 
develop•ent of fast coupled algorithas for flow 
proble•s. 

Acknowledging the growing i•portance of CPD 
studies, this work presenta nuaerical solutions for 
recirculating tlows inside a short cylinder. Resulta are 
shown for inco•pressible, constant property l .. inar 
flow. The nu•erical •ethod herein solves, for each 
co•putational cell, all •omentua and continuity 
equations in their so-called pri•1tive variables 
(u,w,P). The i•plicit handling of the pressure-velocity 
interaction brings infor•ation fro• neighbor celàto the 
finite-voluae i••ediately, thus increasing overall 
convergency rates. Moreover, the point-wise aspect of 
the errar s•oothing operator· •akes it attractive for •Jse 
ln •ore advanced co•puter architectures such as vector 
and parallel co•puters. 

GOVERNING EQUATIONS AND NVMERICAL MKTHOD 

Flow governing equations, in a co•pact notation 
e•bracing planar and axi-sy••etric casP.s, can be readily 
written for two-di•ensional la•inar situations 
as: 

(1) 
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(2) 

where u,w are the velocity components in the r,z 
directions, respectively, ~ is the fluid •olecular 
viscosity, p is the density, n=l for two-dimensional 
axi - sy•metric cases and n=O for planar configurations. 

Co•putational Grid. The set of equations for •ass, 
and aoaentua (1)-(3) seen above is now discretized by 
•eans of the widely-used Control-Volume approach [1]. ln 
this aethod , the computational domain is divided into 
finite non-overlapping regions containing each region a 
coaputational node. A typical coaputational grid is 
shown in Figure 1, displaying different control voluaes 
for different var iables. This "staggered" grid 
arrange•ent has well-established advantages ln 
calculating fluid flow proble•s [2]. 

To every "aain" contrai volu11e it is associatcd a 
grid point (i,j) and neighbor points at east (i+l,j), 
west (i-1,j), north (1,j+1) and at south (i,j-1), as 
shown in the Figure. Por the r-•o•entua equation the 
faces of the volu•e at east and west are identified-by 
the indexes (i+~,j) and (1-~.j), respectively. This saae 
"ataggering" is applied to the z-equation. The nade 
(i,j) has coordinatea (r1 ,z~) and the velocities U1-~.~· 
w1 .~-~ are positioned at the cell faces, or at (r._~,z~) 
and (r1,z3 -~), respectively. 

It is interesting to point out that ln the finite
differencing below no asswaption is •ade about the 
relative positioning grid point/cell face coordinates. 
So the use of "stretching" functions for concentrating 
or expanding points near walls and where a "s•ooth" 
stretching is necessary is readily applicable [3]. 

The differential equations are then integrated over 
each volu•e yielding a set of algebraic equations for 
each dependable variable. The discretization equations 
are thus obtained by doing: 

--
1
-- J ( Differential Equation) dVol 

Vol 
(4) 

Internodal variation for the dependent variables 
can be of different kind corresponding to different 
Pinite-Difference Por•ulations. ln the present work, for 
si•plicity, the Upwind-Differencing-Sche•e is uaed to 
•odel convective fluxes across voluae faces. ln 
addition, linear profiles are assu•ed in approxi•ating 
diffusive fluxes ~ereas for source ter•s the valuea 
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prevail over the entire voluae in question . 
According to the "staggered" grid arrangeaent, the 

use of (4) involves integrations over different voluaes 
for distinct variables. For circular 2eoaetries these 
voluaes are promptly calculated as: 

Vol 1 , j 
r• - r• 
i+~ i -~ (z _ z ) for eqn . (1) 

--------- j ·~ j -~ 
2 

(5) 

voli - ltí , j = 
r 1 - r 1 

i 1-1 
(zj+~ - zj-~) for eqn . (2) 

2 
(6) 

and 

Vol 1 , j - !,í 
rt+%- rl-% 
·----~--· -

2 
for eqn. (3) (zj - zj _1) (7) 

Diacretized ~quation.l . Integrat1ng the continui ty 
equation around pd nt (i, j) ' ollowing standard practices 
in nuaerlcal differ en t btL•n [ 4 ,5] . one has : 

a~ ~i+!i,J - b~ u 1 _~ .j + t] (w i ,j+!i - •i,J-%) = o (8) 

where the geo1etcic coeffi c ieats aY.bf and c~ aake 
coaputations cunvenhnl and eff1c1ent and can be 
interpreted as (a1'ea of flow)/(volu•e of co•putational 
node) . 

For intei ·~ating the convection ter• in (2) aroun. 
volu•e Vol~-· .. ~ one aakes use here of the UPWIND 
foraulation (• ee for exaaple [2]). It is 1nteresting to 
point out tha' wt> ~n calculating convection fluxes the 
velocities ar J t • ken troa the previous "1teration" . Such 
linearization i s later re•oved by the use of an 
iterat1ve aet .od. As aentioned above, the diftusion ter• 
uses the as uaption of a linear profile for the 
coaponent u, _~.~ · ln cyl1ndr1cal geo•etries , the extra 
ter• appearing in the d1ffus1on operator (last tera 1n 
eqn. 2), can be conveniently treated as a "source", 
giving finally for the u,_~.~ equation : 

au U zbU U +cu U + dU U 
1-ltí.j 1- ltí,j 1-~ . j i+ltí,j 1-ltí.j l-3/2,j 1- ltí.j 1-!i.j+1 

+ el-%,ju1-%,j-1+fj_%,j + 't-% [Pl-1,j-Pi , j] (9) 

where the coeff1c1ents in (9) account for convection and 
diffusion aechanisas , as well as independent teras. The 
use of other finite - difference sche•es for the 
convect1on and source ter•s would have been possible , 
2iving finally distinct foras for the above coefficients 
(2]. 

For the axial velocity co•ponent, a a1•1lar 
discretiz1ng strategy for all teras ln (3) will 2ive; 

a• w =b- w +c• w +d• w 
i,j-~ 1,j - !,í i,j-!,í 1+1,j-% i , j-% 1- l,J-% i,j-% i,j+~ 

• 
8 l,J-% •t,j - 3/2 + fl,J-% + 'J-% [ Pi,j-1- Pi,J 1 1 1 ~) 

For applicatlon in the nu.erical algoritha below, 
equations (9) and (101 can be convenlently recast into 
the for• 

where 

ui-%,J= ui-~.j + dl-%,j [ P1 - 1,j - Pi,j 1 (11) 

ui-% , J 
I:i-% , J 

af- !,í,j 

E = bu U +cu U + du U 
1-ltí.j 1-%,j i+%,J 1-ltí.j 1- 3/2,j 1-% , j 1-%,j+1 

+ eu u + ru 
1-%.J 1- ltí.j - 1 1-%.j 

and 

gi-~ 
dll • ··u·-

1-~ , j a 1- ltí,J 

Si•ilarly for w it follows: 

•t , j -%~ •1,j-% + dl,J - % [ Pi , j-1 - Pi,j 1 (12) 

where 
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•t,j-%-
o i. J-% 

at , J-% 

0 i,J -% • bi,J-%.1+1,J -% + 8 t,J -% •t - l,J-% + 8t,J -%•t , J •~ 

+ ai,J-% •l,j - 3/2 + rl,J -% 

and 

w 
di,j-%-

ij-% 
ai , j-% 

NUM."q JCAL ALGORITHM 

The Coupled Character of The Nu.erical Scheae. Only 
th.: croas - flow equationa , n8•ely r- . z-aoaentua and 
•ass, are cons1dered for coupled solution . Any other 
ac8lar V8riable •· if cons1dered, would be excluded froa 
the 1apl1c1t h8ndl1ng here stndied, being this 
a-crecated tre8taent co .. only uaed ln several other 
•ethods, as ln the SIMPLE faaily of algorithaa (6,71. ln 
those techniques, the •-equationa are 2enerally aolved 
•fter lterations for the flow fleld have been perforaed, 
generally through the uae of 8 preaaure or pressure 
correction equation. ln the present aethod, no snch 
equ8tions are aade uae of . 

Accordingly, the treat•ent of the P-(u,w) coupling 
her~ presented uses a alirht variatlon of tbe 
Sya•etrieal Coupled Gauss Siedel (SCGS) •ethod of Vanka 
[8,9) . As ahown below , ln the SCGS aethod the continulty 
plu~ the r- and z-ac•entua equations are directly aolved 
in each coaputat1onal cell by invertin2 a •atri~ 
,containing inforaation on the correctlons for velocities 
and pressure . 

ln the present case, it ia su22ested that the sweep 
throurhout the do•a1n takes alternatine directions 
whenever the least varying index (the index ch8ne1ne the 
Ieaat ln 8 FORTRAN language DO-LOOP) is of an even 
value . Thls "8lternating" path has che purpcse of 
"physicall~ connecting every cell w1th the one 
previously "vlsited" ln the aequence throughout the 
f1eld . For that, the aethod is herein recalled as 
Alternatinr SCGS procedure (101. 

Essent1ally , that approach consista of findlng the 
corrective values for u,w and P, auch that the balance 
equationsJare correctly satisfied 

Equations for the Resldues. 
sche•e to ann1hilate the res1dues 
correction values are defined 
"exact" and "not-yet-converee"" 
written as: 

UÍ.-%,j 
a 

ui-ltí,j - u" 1-%.j 

u' : 
1+%,j u1+%,J - u"• i+% . j 

•• ~ 

w 1. j-% - •i.J-% l , j-% 

•• p 

•i,j+% - •" 1,j+% i,j+% 

Pf.J • Pl,j - pn 
l,j 

ln order to set up a 
of the flow equations, 
as differences between 
varlablea and can be 

(13.a) 

(1~. :;} 

(13 . c) 

(13 . d) 

(13.e) 

wuere the subscripts 1dent1fy locations in the cell, the 
superacript "'" dlatlnguishes corrections and the ayabol 
""" corresponda to iteration "n". 

Residuais for all four •o•entua equatlona and for 

I 

I 

I 
I 



the continuity of aass are readily obtained by applying 
(13) into (8). (11) and (12). After rearranging , one has 

Ri-~ . J ul - %.J- ui-%.J - dl - %,j I. pi -1,j- Pt,j )<t4.a} 

Ri+~,j u" -i+%,j ui+%,J + dj\%.j [ pi+1 , j - P'f.j )<14.b} 

Ri,j-~ = •i.j-~- wi. j -~ - dt,j-~ [Pi , j - 1 - Pt,j )(14.c} 

Ri,j+~ ~ "t,j+~- wi,j-% + dt,j-~ 

Ri , j = ai ul+~,j-bl ul-%,j +cj 

[ 
p - P"t,j )(14 . d) i,j+1 

(wl,j+%- "t,J-%) (14 . e) 

Note that , in (14} , velocities and pressure outside the 
(i,j) voluae are assuaed as correct, since the 
decoaposition (13) ia not applied to the second and 
third teras on the right - hand - side of the residue 
foraulas . 

Solution Strate2Y. Inspecting (14}, one can see 
that a systea connecting the residuais and correctlona 
can be written into aatrix fora as: 

o 
o 
o o 
o o 

-b'f a'f 

o 
o 

o 
-cj 

·uÍ-%. j 
u' i+%, j 

"i. j - % 
w' i.j+% 

PJ.J 

Ri-%,J 

Ri+%,j 

Ri,j-% 

Ri • j+~ 
Ri,j 

(15) 

The systea (15) is then solved for each cell (i , j), 
giving the required corrections to annihilate the 
residuais for all five variables involved. The aolution 
vector for the systea above ia easily obtained by 
directly inverting the aatrix ln (15). The required 
correctiona for all variablea involved are tben obtained 
by doing, 

Velocity correctiona then follow as, 

ut-%,J Ri-%,j - df-~.j PÍ,J (17.b) 

u' i+%,j Ri+~.j + df+~,j PLJ (17.c) 

"'i. j -~ Ri,j-~ - dt,j-~ pt,j (17 .d) 

•1. j+~ a 

Rt 'j+~ + d- pt,j (17.e) 
i. j +" 

Convergency is aonitored by checking the value of 
the nora of the aass residue at iteration """ defined 
as: 

{18) 
N x M 

•here N and M are the nuaber of grid points in the 
radial and axial directions, respectively. Although it 
ia recognized that (18) .should include also soae 
inforaation on the aoaentua equation behavior, the use 
of (18} waa found to be appropriate , at leaat for the 
cabe& run here. 

RESULTS AND DISCUSSION 

ln thia aection resulta are preaented for severa} 
flowa of engineering intereat. The geoaetry considered 
consista of a abort cylindrical tank with and without 
inlet/outlet openinga. The Reynolds nu•ber , defined as 
pUR/p, where R ia the cylinder radiua and U ia a 
characteristic velocity (inlet or lid velocity), was 

taken as 1000. Mass conaervation criteriu• was aaau•ed 
satisfied forRes" lesa than l.Oxlo-•. Test cases here 
presented are divided into two categortes, naaely tlow
driven and lid-driven types. Flow-driven recirculating 
aotions identify cases in which there is injection of 
fluid inaide the cylinder . ln lid-driven cases, crosa
flow appears by shear due to the •otion of one of the 
cylinder lids (see Appendix for boundary conditions) . 

All cases were run ln a MOTOROLA baaed Peraonal 
Co•puter running at 20 MHz. A relaxation paraaeter 
a=0.85 was used in all co•putationa . Alao, all flow
driven cases were run with a grid of aize 24x24. Por 
lid-driven flows, the effect of the nu•ber of control
voluaes was also investigated. The case are identified 
in Tables 1 and 2 below. 

Figure 2 to 4 preaent vector plota for the flow 
field for•ed 1ns1de the tank for severa} coabination of 
inlet and outlet openings (aee Table 1) . ln thoae cases 
flow is pushed inward, perpendicularly to the tank 
entrance.. ln all plota, the center and aize of the 
recirculating bubblea clearly appear . Figures 5 and 6 
si•ulate fluid injection at 45• degreea with the noraal 
to the surface . This ia a typical situation occurring in 
internal co•bustion enginea and cha•bera. Table 3 below 
givea running ti•e for all five teat cases (those are 
real CPU- ti•e not accounting for ayate• input/output 
overhead) . It ia worth noting tbe excellent ti•e 
required for convergency·, conaiderina the aodeat apeed 
of coaputation delivered by tbe used •achine, the 
tightness of the convergency criteria and the daaping 
action of the relatively low relaxation paraaeter. 

-- ---- ·-···-·----- ----------
Table 1 - Test Cases for Flow-driven Notion 

Case Type 

a) Center Injection with Tangential Ejection 
b) Center lnjection wtth Lateral Ejectton 
c) Tangential Injection with Lateral Bjection 
d) Middle Injection (at 45• deg.) with Niddle 

Ejection 
e) Middle Injectton (at 45" deg.) with Lateral 

Ejection 

Table 2 - Test Cases for Ltd-driven MOtton 

-----·- - ---- ---------
Case Grid Size 

f) 12 X 12 
g) 18 X 18 
h) 24 X 24 
i) 48 X 48 

Figure 7 shows the conttnuity equatton reaidue 
calculate by (18) . As far as co•puting ti•e ia 
concerned, the •oat difficult run waa case d):Middle 
injectioa at eA aogle . Perbapa the .extra coaputing 
effort required in case d) waa due to the two large 
recirculation zones observed in the Figul'e IS (a\ left 
and right of the inco•ing jet) . One could apeculate 
that, in this case , the aaoothing operator ·would need a 
greater nu•ber of iterations to properly aweep out low
frequency errora . Ali other caaea preaented a1•ilar 
hiatory in decreaain~ •asa continuity reaiduea. 

Figure 8 shows the tranaverse fluid flow pattern 
for the case of radially expanding the top lid. ln tbia 
test case, the recirculating bubble ia driven by abear 
due to the outward radial •otioq of tbe cylinder upper 
cap. Severa! grtd sizea. were uaed in order to 
tnveatigate the behavior of the preaent nuaerical acheae 
tn syate•a of different stzea (Figure 8 ahowa resulta 
for a grld of 24x24). Co•puting ti•ea are ahown 1n Table 
4 with corresponding residue history plotted in Figure 
9 . The Table and Figure confir•. as ex~cted, tbat for 
tbe lid-driven cases convergency rates are priaarily 
dependent upon grid refine•ent. One abould point out 
that, tn obtaining the.curves ln Figure 9, no chance ... 
•ade in the relaxation factor . Finding an optiaal 



reJaxation factor for the calculations in Table 4 couJd 
have decreased the running ti•e required for finer 
grids. 

Table 3 - Running Ti•e for FJow-Driven Cases 
Re=1000 ; a=0.85 

Case Running Ti•e Grid 

a) 8 .tn 23 sec 24x24 
e) 8 •1n 48 sec 24x24 
b) 9 •ln 34 sec 24x24 
c) 10 ain 38 sec 24x24 
d) 15 ain 59 sec 24x24 

Table 4 - Running Time for Lid-Driven Cases 
Re=1000; a=0.85 

Case Running Tt.e Grid 

f) 1 ain 00 sec 12x12 
g) 3 •1n 58 sec 18x18 
h) 10 •ln 47 sec 24x24 
1) 120 ain 06 se~ 48x48 

It is also interesting to observe in Table 4 the 
sharp increase in CPU requireaents for finer grids. 
Proper handling of a large nuaber of grid nodes should 
include other nuaerical artífices for reducing coaputing 
tiae. Recent work has suggested the use of Multigrid
based techniques as a powerful too! for handling 
algebraic equation systems of a large size [11,12]. 

CONCLUDING REMARKS 

This work showed nuaerical solutions for the 
governing equati.ons describing the fluid aotion inside a 
cylinder. Recirculating flow in the ~ plane was 
obtained by injecting •ass and by expanding the top end 
cap óf the cylindrical tank . 

Governing equations were written ln teras of the 
so-called priaitive variables. Transport equations were 
Inte2rated over a finite control - volume using the Upwind 
F1n1te-Differenc1ng scheme for the convective fluxes . 
The discretized moaentua equations are applied to each 
cell face and then, together with the aass-continuity 
equation, are solved siaultaneously by aeans of a direct 
aethod in each coaputational cell. An Alternating 
Syaaetrical Coupled Gauss-Siedel procedure was employed 
in which iterations are perforaed alternating the aost 
varying index in every sweep over the coaputational 
doaain. 

Results were obtained for severa! configurations of 
practical engineering interest. Coaputations were 
perforaed on a Personal Coaputer for different grids in 
reasonable coaputing tiaes. Flow patterns, aass residual 
behavior and coaputing tiae were reported. 
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AP.Pendix. Boundary conditions of glven -value type were 
e11ployed in ali cases . For lid - driven runs, cylinder lid 
aotion was siaulated by using a non null figure for the 
radial velocity located at the boundary. 

Interná! initial profiles were illpl emented as a bi 
llnear interpolation of boundary values. No 
investigation was performed in order to assess their 
influence on the final coaputlng ti11e. 
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Figure 1 - a) Geoaetry Considered and 
b) Control Volume notation 
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Figure 2 - Center Inj ect ion with Tangentia l Ej ectlon 
Figure 4 - Tangential Injection with Center Ejection 
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Figure 5 - Middle !njection at 45" degrees 
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Abstract 
This work presents nUJDet-ical predictians fbr the flow field fortaed by two 

coaxial stre8.81s confined in a circular tube. The Jlidely-used JOB.rChi.ng-fonmrd JDethod 
of Patankar-Spaldi.ng was used for sweepi.ng the COI!(JUtatianal d01l1B.in. The stsndard k=... 
s_ mcdel JIB.S applied for handli.ng turbulence. CottpUtations are first perfoi7DBd for 
l8.81inar case in order to assess the reliability of the numerical cede. Results are 
then presented for developi.ng and fully-developed turbulenJ; coaxial 'jets. 

INTRODUCI'ORY REMARKS 

Mixing layers confined in ducts of cross section of 
any shape represent an import&nt class of flow in 
Aeronautical Engineering. The flow field formed by the 
exhaustion of gases in rocket boosters and by the mixing 
of streams with different velocities are just a few 
examples of this kind of flow in aircraft engineering. 

Equally important, the use of numerical tools for 
design and analysis of complex geometries can provide 
such useful engineering information as turbulent 
transport rates and film coefficients. ln addition, the 
adequate employment of numerical predictions, carefully 
combined with experimental work, can bring, in most 
cases, subst'l.Il t ial savings to the overall pr•Jcess of 
a<alysis a'1d optimization of a new design concept. Then, 
there seems to be much need for continuing research on 
reliable numerical tools. 

Based on the foregoing, this work presents 
numerical results for the flow field formed by the 
development of two coaxial turbulent streams confined in 
a duct of constant cross section. The popular marching
forward method of Patankar [1,2] is employed together 
with the widely-used k=S model of turbulence [3,4] . 

MATHEMATICAL MODEL AND NUMERICAL METHOD 

Hean Flow. The equation's of continuity of mass and 
x-momentum for a two-dimens10nal planar/axi-symmetric 
mixing layer can be readily written a~'· 

õ (r"plJ) 
bx + 

a"1d 

õ (r"pV) 
o-t: 

cp 
ox 

() (1) 

ô [ n ôU 1 
?' oy r iJht" oy J (2) 

Trl (1_)-(2) U anJ V are the ve~oc~ty corrR· -·)nents in 
the e:.zial a.rid transverse directiu:t. res-.opective ly, Ll the 
fluid densi~y, , .. the stat.ic pres:mre and IJ .. r the 
effec::.ive COE_·fficicr~t c_,f exc~1ange given as; 

IJt + IJ (3) 

P._s usual, F;;.=tuatir",ns (_l) and (2) are writt.en ir: fJ. compact 
notat1on embracing piano '"=úl and axi,-sytnlTietric ("ccl) 
cases .1\lso, in (3) IJ i:o t:1e molecular viscosity and IJt 

the :.urbulent viscnslty givf·n below 

Turbulence Hodel The; statistical t·urbulence model 
k--=:-~ has t·ee·n extensivt"LY IE~e-; in Lhe litf~rature for its 
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characteristics of robustness and numerical stability. 
The classical work of Jones & Launder dated of 1972 [3] 
~ been .applied and extended to a wide variety of flow 
configurations for nearly twenty years now. 

Basically, the model embodies the early idea of 
Prandtl/Kolmogorov that, in a turbulent flow, the 
apparent viscosity ~t can be considered as proportional 
to the product of a characteristic velocity scale v· and 
a characteristic length scale L'. In·the k=s model, the 
characteristic velocity scale is given by V'=k~2, being 
the characteristic length scale written as L"=k3/2 1 E, 
implying for the turbulent viscosity 

(4) 

where c~ is a constant. 
Here it is further considered the case in [3] 

involving only flow regions of high local Reynolds 
numbers, or say, regions with Kolmogorov and macroscopic 
scâles adequately separated [5]. With this, transport 
equations for k and E can be written as 

pU õk + v ôk 
ôx p Oy = 1 õ [ nr õk ] 

?õYr kõY + Sk (5) 

and 

pU ÔE 
ôx+ 

V ÕE 
p Oy = 1 Ô [ "f ÔE ] 

?õYr "'õY + s., (6) 

ln (5)-(6) rk and r .. are given by 

fk::: ti + ~t 
Ok 

(7) 

r .. = IJ + ~t a .. (8) 

where the cr's are the turbulent Prandtl/Schmidt numbers 
for k and E, respectively. The last terDIS in (5)-(6) are 
known as "source" terDIS and are given by; 

(9) 

(10) 

being CF1,47, C2=1.92 and c~=0.09. The production term 
in (9)-(10) reads 

p ~lt 

p 
( 11) 



Hlaerical Hethod. The numerical approach here 
adopted is the well-known parabolic solver technique of 
Patankar [1,2]. Details of this method can be found 
elsewhere and for that only general ideas are here 
presented. In addition, more elaborating aspects of the 
derivation below ar~ presented in [6]. 

The method consists of first recasting (2), (5) and 
(6) onto a general transport equation of the form 

M M ô [ M] õx + (a + bw) ôw = ôw c ôw + d (12) 

where 

~ = U, k or E 

a = -(dlliidx)/IBI 

b ::: - (dllBIIdx) /IBI 

c = r"z DUT~ IPBI2 

d = S!D I (pU) 
and 

PBI = llB - PI 

Equation (12) is written in the so-called X=H cpordinate 
system, being ll and w the dimensional and non-
dimensional stream functions, respectively (see, for 
example [1]). Accordingly, subscripts I and E are 
relative to the "internal" an "externa!" boundary layer 
limits, respectively. 

The second step is then to integrate (12) over the 
Control-Volume (or computational cell) shown in Figure 
1. The conservation laws are then rewritten in their 
macroscopic counterpart form over the volume of the 
Figure, giving, 

[llBI,P ~-'hi,A ~A](Wn- w .. )+[m"~ -[CD: Lr"n(XP- XA) -

fm"~-~] r",.(XP-XA)=(Sc+S~) [r"(y'"\-y,.)]p(XP- XA) (13) 
L y S 

In (13) the subscripts "'P" and "'A"' are relative to 
~ and uostream x-positions, respectively. Also, 
for numerical stability, source term linearization 
(Sa!=Sc+S~) has been used [1]. After incorporating the 
linew.: formulation for the diffusiof! term, one finally 
gets, 

~ = ~ + as~s + aP~A + hP (14) 

where 

BN= <!~-~::_~._~~=-~) 
YN - YP 

as= Sfa.> r" ) .. __ (XP-~) 
YP - ys 

aPA::: llBI (Wr,-· Wa) 

aP = BN + as + 8PA - SP [r"(yn- y,.)]pCXP- XA) 

and 
hP = Se [r"(yn- y,.)]p(XP- XA) 

The system (14) of algebraic equations can then be 
solved for each dependable variable ~ at each downstream 
position XP-

Inlet and Boundary Conditioos. Inlet flow for the 
central and annular jets are given a uniform 
distribution defining the velocity ratio UaiU~, where Us 
and u~ are the inlet velocities for the annular and 
central regions, respectively. Following standard 
practices in the literature [7], the values of k at the 
inlet section correspond to a turbulence intensity of 
0,1%, giving 

k~ = 1.x 10-3 Um2 (15) 

where Um is the overall mean velocity. Inlet profiles 
for E follow such as [7]; 

E~ = (k~)3/2 I Ky" (16) 

where K is the von Karman constant (K=0.4) and y" the 
distance to the wall. 

For the centerline (yc~O) the symmetry condition is 
"implemented for all dependent variables (~=U, k and E) 

3B2 

as, 

; ly=O ::: o (17) 

Wall proximity is handled by the usual Wall 
Functioo approach [7]. giving for the wall shear stress 

UN c .. lf,. kN~ 
TW = 

1 ln[ E . tl (c,5 kN)~--
(18) 

T YN-~--

being U*=Crw/p)'li and E a constant. Also, U!II=UN/:J'' &Jd 
ym:::( py-N U* )/1-l. ln (18) the subscr ipt "N" identifies r.he 
grid point closest to the wall . .ín that region, Uié' us.' 
of the Wall Function approach associated with tt;e 
assumption of "~iwll" for turbulence -, · é, 

gives, 

kN = T1-1/(p c'"'") (h<.·· 

anel for the dissip~tion rate EN at the same po:nt., 

Et..1 (kN)3/2 / (i\ YN) (20) 

The pressure gradient. Determim;' .. lun of tr:-= mki"'OW!' 
pressure gr·adit·n:_. is hanc!lecl exactly as explairh~ r: 
foj. Tl.at approach cunsists bas1calJy in fmdir~ t!Je 
?.ero" of & fuuct1oo f\dp;dx) definEd 8.3, 

f (dp/dx) I Ac,.lc Aduct ] / ql.:'!:T (21) 

where the left hand side represents the discrepfu<cy, at 
the downst.ream position, between t.he .;;~tt.>:i and .r.:e.al 
duct area'3. Solution of (21) can be ~ch.ievex1 Hith an 
iterative Newton-R~phson methcd C•f the form 

f* + f '* [ (dpldx) - (dp/dx)* ] o (22) 

where "starred" values are estimate quantities later 
improved in subsequent i terations. Typically, 3 to 4 
iterations are necessary in solving (22) at each axial 
station. 

RESULTS AND DISCUSSION 

Laminar Flow. Although the present work was 
primarily concerned with fully turbulent regime, several 



test cé,lculations for laminar cases were also carr ied 
out in order to fully verify the correctness of t he 
computer code . Also. to avoid difficult.ies in 
approximating veloc ity gradi ents in both layers (at. the 
wall and in the mixing region) . all results herein were 
obta i ned wi th an equally d i stributed ( 1 inear ) gr id a l ong 
the duct rad ius and with N=~10 control-vo lumes. A 
detailed discussion or. solution dependence on the number 
and distribution of grid nodes is presented ín [l::i]. 
Therefore, predietions reported in this paper already 
accounts for the optimal combinat.ion ( N and grid layout ) 
found out in that work. 

Results for t he axial vel.ocity with Ue/Ul.=2 and 0 . .5 
are presented in FigurPs 2 and J for f<.e=500. be ing the 
x-c:oordinate non-dimensionah?.ed in terms of ro, the ,iet 
separation t·ad ius at x=O. The Figures c l ear ly s how the 
growth of the Boundary- and lhin-Shear--Layer aJ.ong t.he 
developing regions. Also sho~~l is a comparison with the 
fully developed analytical solut i on for axial posit ions 
sufficiePtly away from the duct entrance. Calculation of 
the pai·abolic profile seem.s to indicate the cor rectness 
of the co~~uter programming. 

Turbulent Flow. Before present.ing resulLs for 
t urbulent flow, it. is interesting to invest.igate t. he 
role of the position of the first gr1à poin t e lose to 
the wall. This preliminary study was f ound to be 
mandatory since detailed computation ín the víscous
layer has been avoided. For validit.y of the ~ 
functiQü hypothesis. the non-dimensional wall coord ínate 
Y1l defined above s hou ld lie in the range 

20-30 < Y1l < 250-300 (23) 

Therefore , for the sarne wall distance, YN· the non
dimensional coordinate, )'1:1. wíll be a function of Re. In 
this work, several test ealculations were car ried out to 
invest ígat.e the use of different Y1l for the sarne Re. 
Table 1 below shows results f or the friction fac t.or f as 
a functí on of YN, for Re = 388000. Results are compared 
with the well-known Blasius formula (fB = 0.079Re-.25, 
see for example Hansen [9] ) and with the correlation of 
Techo et al [10] for smooth t ubes: 

4fT ::0, 86859 ln (24) 

Table 1 - Influence of )'1:! on friction factor f 
Re=388000; fB=0,012661; fT=U ,CI 13793 

m f c Qlc fc.,1c/fs f co>1c/ fT 

100 0 ,01397 1.10339 1.(11283 
17.5 0.01385 1.09391 1. 00413 
200 0 , 01383 1.09233 1.00268 
22.5 0,01380 1.08996 1.000.51 
2.50 0,01378 1,08838 0,99927 
275 0 .01376 1.08680 1],99761 
300 0,01374 1.08522 0,98616 
325 0.01373 1.08443 0 .89543 
400 0.01367 1.07969 o. 89108 

Table 1 indicates an optimal value for Y11. The 
Table also shows tha t calculated f s. indepenctently of 
Y1!, are c loser to the ones l',iven by (24). ln order to 
better evaluate the influence of Y1l on the solution. 
similar calculations were also performed f or different 
Re. Cal culations are presen t.ed in Table 2 toll:ether with 
relative errors to the 8lasius and Techo-e t al [lOJ 
correlations. defined as. 

fcalc - fB 100 eB = fB X ( z::.) 

and 

fca.lc - fT 100 e-r = h X (26) 

Table 2 - Influence of R e on f 

R e Y1l fce.l.c fB fT eB% e-r% 

50000 38 0.02098 0,02113 0.02091 0.?1 0.33 
388000 250 0,01378 0.01266 0. 01379 8 .85 0,07 
500000 320 0 ,0131.5 0 ,01188 0 ,01316 10,69 0.0? 

Table 2 shows that. for the range of Re considered. 
values of f are closer to ( 24 ) than to Blas ius 
corre l at ion. Considering the claim in Hansen [9] on the 
exce llent precision of (24) f or smGoth tubes . in t his 
work an empirical correlat ion for Y1l as a funct ion of Re 
was obtained by curve-fitting the values in the Table. 
This equation reads, 
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m = 6,2849xl0-4 Re + 6.1452 (27) 

and was used for all turbulent flow predictions be low. 
With a discussion on )'1:1 ass ignment, results for 

turbulent flow can now be more c l early presented. 

Calculations for turbulent flow wit h Ue/Ut=2 and 
O. 5 are shown in Fi,gures 4 and .5. As expected. the 
Fi@Jres indicate a félSter development with x/ro than for 
the laminar case . The plots also show. as in their 
laminar counterpart, the growth of the two viscous
affected layers (c lose to the wall and in the mixing 
region ). As mentioned before, all radial profiles were 
calculated with a linearly distributed grid and with 50 
grid points . 

Numerical predictions for the turbulent kinetic 
energy per unit mass .. k, with Ue/Ut = 2 and 0 .5 are 
shown in Figures 6 and 7. It is very interesting to 
point out, for x/ro:J"'O. the olear "peak" in the level of 
k élSsoc iated with its high proouction rate in that 
region. As shown in equation 11, the production rate P 
ls proportional to the square of the velocity gradient. 
Along the development region. turbulent kinetic energy 
is then transpor ted to the pipe center by diffusion 
mechanism. Lat.er, k is eventually dissipated down to a 
leve ] compatible with t he ones for fully developed flow 
[11] . It is important to emphasize, however. that the 
results here presented are all based on the use of the 
Wall FuUQtiQn and the Local Equilibrium hypotheses . In 
the li terature , those ideas are usual ly pertinent to 
fully developed situations. Therefore. the conclus ions 
here withdrawn are l i mited t o the val idity of those 
assumptions for the present flow confi~1ration. 

Results for the rate of turbulent kinetic enerll:Y 
dissipation, corresponding to the U e k cases above. a~~ 
show in Figures 8 and 9 . The Figures present a behavior 
for E similar to the one for k in the region of high 
shear. The "peak" in E profiles indicate that regions of 
high proouction rates of turbulent kinetic energy 
correspond also to reg ions of high dissipation rates. A 
quick inspection in equations (5) and (6) reveals that 
those two equations are "similar", except f or the 
characteristic time rate E/k (dimensions l/time ) and 
model constants. Therefore, this similar behavior, at 
least as far as trends in the profi les are concerned, 
seem to be explained i f one considers the transport 
equations involved . 

CONCLUDING REMARKS 

This work presented a series of results relat. ive to 
the numerical calculation of a confined flow . The 
configuration analyzed consisted of t.wo coaxia l 
turbulent 5ets inside a duct of constant c rc-ss section . 
Inlet profiles were assumed as un if,J rmed in each stream . 

Several testing caleulat ions were reported for 
laminar flow with the aim of checking the correctness of 
the computer program developed. Also carried out was an 



investigation on the location of the point c l oses t to 
the wall when using the Wall Function approach . 

Simulation for the mean and turbulent flow fie lds 
then followed for the cases of velocity ratio Ue/Ui 
greater and smaller than unity. Results for the mean 
velocity clearly shows the growth of the boundary layer 
close to the duct wall as well as the development of the 
Thin Shear Layer separating the two potential streams. 
Calc:ulations for the turbulent field clearly shows , for 
the near entrance region, the effect of the high 
production term resulting from the steep velocity 
gradients in that location . Similar behavior was 
observed f or the rate of dissipation of turbulent 
kinetic energy. 
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Figure 7- Turbulent Kinetic Energy , k/U*". U .. /U~=0.5 
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DESEMPENHO DE DISCRETIZAÇÕES DE CINCO NÓS EM 

EQUAÇÕES DE TRANSPORTE EM FLUIDOS 
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RESUMO 

Faz-se um estudo comparativo das disc retizações central, a montante, de Allen & 

Southwell e de D~mnis & Hudson, para a equação bidi mensional de transporte convec tivo
difusivo, conside rando o caso linearizado, homogêneo com coeficientes const antes . Solu
çÕes amostrais va r rendo o espectro de Fourie r da solução geral são usadas como casos 
testes . A gene r al idade do método permite discu t ir o conceito de difusão numeri ca gue 
pos t ula relação direta entr0 o erro numérico e o ãngulo entre escoamento e grade numeri 
c a . 

INTRODUÇÃO 

Di ve rsas questÕes rc I é\ ti vé\.s a solução numc>rica 
das e quaçÕes dC' t r an:;po r te convec ti vo- d i fus i vo podem 
s e r consideré\das atravé-s do caso I i near homogêneo bi di
mensional com coeficienLC'S C'onstantes ern rC'gime_ perma
nen te : 

ü (l) 

onc!C' 11 c· v Sé\O C'omponenl.C'~> clt> vcloc idacle nas ci i r'E'çoes x 
f' v rcsoc>cti v:--.rrK'n Le , ,p rr-prc·sc·n\.ét urna propr icdaclc in tf'n 
si~ta tal como t ernpc· r atu r a ou concr=-n~. r:::lr,-ào, e a é- a d i f U 
si v:. ctarle ap r·c·rw i dda . 1\ f'q . ( 1 ) t. ;~nbf.m pode se r v is L ri c o 
~o un~: ; f o m 1a l .l_ nec::h~ iz:--1da d~s C'qu:1<;Õ"s de qu~n t idade dP 
:no•;irr~~'")ntü o:.1 vo r t-.i.ci dndf' p ;1t·0 f l uidos visco;- ~o;_,, consi·
dc· r·,"..tr~ ~ lo t· cem( . um componen te cif' ... v c-- 1 ocidade c u vorti.c j da. 
cJr: .• -~ í.'t como a viscosidr~tk' c.inc·rn:1 ti c:::J. 

i\ , _l i ~·:.(.·r.:· · Ji .-]C' ;trnbo~ ~~ o~ ~:; Lr~ n ~ t (' ... •::; í-!(" 10 clifcr·en--
ci;-11n~.:-:. ntn (~cT·t: :··: i! tlf' serr:tJnL1;1 c)rYl• ··m 1(•v ;·l ." l r!t,"t t r·t n:-~ :J 

d .i _ .. l~',Cl ~ :.:-:1; rnr'ri "T . \r;rn i n~l.ntp~-; l lU ~t~ h ln 1ll'n d ·. )~> ~ lUlíit ·ro ~ .. ; 1\•t · l c· i 

r"r)l ·.!l;-;rC' '"~ .':-n , :·'c• vT:ol t:.; Cf ·( !l : n ·r · ;·~; _. t 'r H· !'"';; ·. l[.· · r' :jL.' ·'t~1 

i ! . _, ' !"'(' !: i 

~. -;~ .. :"c r· :"<~< · : v! : ~n i l •'r -;.·_~\.'; li :,\· ·n !i· ;t ;lu~:~ ~ r:ci: t dC" ~ :Jeti"~: ;~ : 

:i j;-: . 1r· \ i)r ~ . ! r ~-i ~'ir ,-- ~K>• i '~ -: ' <i.li;.: 1r· ir!sr : :l :1: ! i(i:Hi..• nuntt-·t·i ·v : 
·-.\! '_ 1 .:•:n I' : ~- -. ~ ; · ; t :· . .-.'~ ·dr · -~\jl ' - r,r- ( ". L o r·,· ; ": d(' r·· ·1; 

~'l.,...· · t L : : (,_ ) ... ~··· !··; ti_-..·_; c - _,~-.;\,'_ !d: · J;-·· :;. tk · convP r f';C:.nc-i,-:_1_ 
r~ ;(·' : Y~:--. ~ -!, • P('C' ~ •'! 1rv:;·~ r~j - ~ ; - ·ti' ( ·~ ~ i1 p,;-1l r ·i'/. :3rr 

.. , r;:l 

X j;r ,. ) 

' !r 1'," "\~,,,--: :~::-l; ~-~ 1 tr ; -- l'l;,;·,,!(~ !'J;;v ) l.r·~-;ti10::-:. ! i:r· ~ ··d':"".·~-:: ;:; n • ' ~:; ; it 

!~ ...i. ~_~ : :('\ ~.ii- I ( ) j•"i(·,j 'IV i~ ~- l'lJ iTI,"(('l lr ' .~I~L' .. ' . 

-~ --- ~ · _ ,.. ~i~e: ·· !· ..., pr··- ·: ;::;1 ;:·!v··t~~· -.n~--- t lti: U'1t !o 1u·n ( in:-; e- i xos numc 
:r-·: ,.....n~) f'< ~ ~ ... !):· : , ·;-=t ] t']O ;·, rj[ t""'(;i\o pr'illC ira i ele eSC'Oé1J!iPnt.o---:
I->iD ,--; r rcr. =le l ) r·irnr·ir~·: O! "' IC"!ll : r-n< lP ; , ( ' r r-. [..:.Ct' r C'm out.;.:-1s 

s~ .,la::0c'! ~ . crn ~·~:~Pf' ri;--11 .:-·m 1\".P. i Ôc,~:; t h ' r r'(' i t 'C'I l l a t)1o . 
{") dP:-;f'i "lí"V ·nf1n ' l:J di ~~{' t'f' I i /',; \(_: ?10 ;. m0r1! ;1n r .( ' ('rn ~~j -

F'l l:--. s : ' ,:-t;; •: ) ::;- 1 . t';:~ ~ f· :-~ ; :;!(it'tH' (t r;ln;·.p()rlf ' conV('Ct. i vo ( iC' r·-:··.-

~· :i ·:r· f'n!n · ! ir~t '"'i l )I Ji•::.!i • (';n ch'r'.r·.-nt 11:1 ( ~ i :Y '(;;~n c nu.:vlt1, · ·· : . 
:- ~ :~-~ ~ ,l' :t ll:l!"' r•n "('\f i lO ~:;t.'ll ido , (' Ol lt'f'(J ~ ;) t 0rn i e v:t= 

' ( \ ~--· - ~ c·c'nc l\tr:.(i r} 1k·· fli t0 , ~v~ ,'ltt:-~r'ri~·i , J 
,'.· .r· · r' n t, ''tl t r·: · Jn:- ~ i r ·nt ~~.:-~, , :t · ii í'1t:-~( l<, n1 · r' i 

' :·) ( ";\ ,• "'~l- I ( ' : · ~: ;( ' f lC' i . '1 ( ~ ;:C'f I i ; 1< 

r·: ;r·r , \ ~ í l ' ·~·1 ! () , ',1 ·r 11 lr"1 i V C' ~ : <t 
' I ; !!' ~~ t • i ' : " ; ) ·· ·: , 

fluxos inclinados em 45° em relação à grade [2 ]. 
Tai s limitaçÕes dos esquemas c lássicos de diferen 

ças fin i t as , que são compart ilhadas pelos esquemas usu~ 
a i s em e l ementos finitos, e xplicam a necessidade de in 
vest igar procedimen t os al t ernativos , agui limitados a 
dois esquemas exponenciai s de cinco nos, ambos de se
gunda or dem e diagonalmente domi nantes . 

O primeiro foi proposto po r D.N. de G. Allen para 
rpsolve r a equação de trans porte da vortic idade, num ar 
t igo co- assinado por R.V. Southwe ll [3]. O assim chama~ 
do esquema de Allen & Southwe ll pode ser descrito com 
base numa curva exponencial para cada eixo coordenado , 
d i gamos , o e ixo x, ge rado como sol ução da e quação 
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U C!<!> 
- " k (2 ) 

dx dx
2 

que pode sc>r vista corno umil apmximaç:io u i-di mPnsi ona l 
da e q . ( l ) se as rlcnvaclas Pm y ::'ào 8: :suJ"" clao: localmen-· 
te cons tan t e :::; . /., 3c1 .1tH;3o , envolvendo(' .p~Y ·'nciaJ. é 
D.juE.) tc::tda a0 s nós ( ~i- J , j ) . ( ; , J J r.~ ( ·i ~. ; ) • 

O ('squema foi po~~; .. .e·r.i or.-rlctt-.0' ,·, 1. ·.er -: irl.c) c.1.. outras 
eqilrJÇÕe's [ 4 1 . [v[uj cas r t· invcn;; ~)(·:-i ,_:.\ Vi-"·L" · l .-::_:: )es 110 f'squcma 
:·l.pdl\)cc- r't\m s ubseqt.icnternC'nt ':"' ! ~:, , i:; ,·, j . r.pc' .~ ar- ~-k ~ conve r
t~ê:nc i a de Sc f-'l..lild<:l o rd·~r·1 , () ff::-: .• :j:. :c:•n: .~ J .- !\ i _t'n ~,~ Sou t~hwe l] 

Ct1i ~r i t j cado po !" ;: ~-P"'f'SP"·1t ~t .... \.!í :u .;·~c ~'!un: ' r i.ca [8 ] . 
O seE;uncir.· ' SflU('rn;-J ex;)on:..·· r ~~ i. ] r. c CSf]UPffi3. de c i n-

~~~up~7: 7~-,dl ()~·.·n~ ~ i;~,~~. :::;;,"'~:i -\,'_' ·, c,: ~ ' ,!,,~' , ~p~~~;:~~;ld<~J ~~i ~~ 
m~..:ns i ona.l cni nC'i df'i i:: c': );r. (? ) ··:··· (1r' r. .:_/" ~t(~ caso , ernborã 
C"tn Pf' t··a1 :_lf irri \;:1 cot , f'jci,~:·~ ;·f<' _; : ;.,;· .::< A vacj â.ve J 4' e 
~Jl lQrnr:_.t i c!.~. r· ·u~ 1.-- :1 t . t-'.'Jr:_,;)f'o r~r.,:,,;.~: ...-.··:. r;c·r, .... ),' aJ que r,o r na (2) 
urn;:;, c•qU ."'= l (:·: ~_t.) :,ir·.. ·nL<:·:·.-.= r: ::-: · .... -:: i ' ~3c cc-t izaàa por di 
:'c' r'cnc i ;:unc nt.o ccn t r c r :: i · 1 t ·- ' •. r·,.tn :_-.; fnnnada.. F:s t eS 

1a is acurado, ele 
r1u.1..rt0. nnJrm. obt.i c~.-~:r1 ~;n nno ne 
t l··pos tr~ r-· i o r' i • que ~1:10 r" aqu i con:~_, ~ ·. 'ado poil 
nove· nos , com rn:li CJr' comp]ex i:-.1-:KlE'· cr·JrT\f. Jl. Jtac ional . 

~~! .uc;Õr:é; EXATAS D/\ EQUAÇÃO DE TIWJSPORTE 

corrcçao 
envolver 

1\s coo rdenadas x e y na cq . ( 1 ) são t r ans f on nadas 
r·u ~ ;·,r i ona l men t e em s e n , respPc L.i vament e paral ela e 
no rm:l l :'l ror r'E'ntf' , corno mos t r ado na fig . ( 1 ) . As novas 
coo rcl<'ll:Jrl;)!3 siio nd imens i ona l iz;,rJns pe l o cornpr iment o (Jo 
doml n i c' qu:1d r ade> , snn mo<Ji fic açÕc>s notacionais . Fi na l 
:nl'n 1, , d i v i d i r:do P'' lc· coPf'i c i t>n te ele di fusi vicladP, ob
t . enl-::_; ,~. : 

"- () 

f ,:: 



•. 

_, 

onde Pe representa o nÚmero de Peclet global 

Pe 
L Il 2 
a (u2 + .; ) (3.2) 

-r-:j 
7 

L 6 

L~ 
J• 

,, 2345678910rl 

I 

/ DIREÇÃO DO FLUXO o NÓS DE CONTORNO 

-COORDENADA o NÓS INTERIORES 

I CANTOS 

Fig . 1 Coordenadas analitica e numerica e grade 10x10 . 

Assumindo para (3 . 1) soluções na forma : 

~( s,n ) ~ S(s) .N(n) (4.1) 

obtem-se , de acorao com o método da separação de varia 
veis, as equações ordi nárias s imul t âneas: 

_ cf S + Pe dS :!: À 2 s ~ O 

ds' ds 

cf N + 

ctn' 
Ã

2 N o 

(4 .2) 

(4 .3) 

Se Ã2 e precedi do pelo sinal positivo , as soJu
çoes t omam as formas: 

I I 2 

1>A~exp! (Pe- (Pe2 +4Ã2 ) ]s l2l . sen( Ãn) 

I l2 
~B ~ expl[ Pe+(Pe2 +4Ã2

) ]sl2l. sen(Ãn) 

(5 .1 ) 

(5 .2) 

junto com soluçÕes em cos(Ãn), que diferem dos tipos A 
e B ac ima apenas por uma mudança de origem. 

Quando Ã2 é precedido por sinal negativo, as for
mas r'C' Cl is das soluçÕes dependem da razão ÃIPe . Se esta 
f or menor que 0, 5 haverá soluçÕes de tipos: 

2 2 I I 2 
~C ~ expl(Pe-( PP -4 Ã ) ]si2J. exp(>.n) (5 .3 ) 

•12 
1> 0 ~ expl[ Pe+ (Pe2 - 4A2 

) ] s l 2 J . exp ( >.n ) (5 .4) 
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Para >./Pe >o. 5 as soluçÕes tomam as fonnas: 

Pe •I' ~CD~ exp(2 s) . sin[(Ã2 - Pe'/4) . s] .exp(Ãn) (5.5) 

1>oc 
Pe II' 

exp(2 s) . cos[(Ã2 -Pe'l4) . s] .exp(Ãn) (5.6) 

Para Ã1Pe~0.5 todas as formas tendem para: 

(Pe ) Pe 
1>CID = exp 2 s . exp(;r n) (5 . 7) 

Em ambos os casos soluçoes simétricas em exp(-Ãn) 
também aparecem . 

Para pequenas razÕes ÃIPe existem soluçÕes nas for 
mas A,B,C e D. Os tipos A e C são suaves na direção dÕ 
escoamento, representando situações com difusão predomi 
nantemente cruzada, como por exemplo camadas limi tes hi 
drodinâmica e t érmica [ 1 O], bem como as funçÕes associa 
das aos casos-teste em que o conceito de difusão numéri 
ca é baseado . Opostamente, funções B e D com baixas ra= 
zÕes ÃIPe apresentam grande difusão na direção do escoa 
mento, que é p~ticu1arme0te a lta na re&ião prÓxima â 
fronteira de saída do domínio . As soluçoes elementares 
de todos os tipos com altas razÕes ÃIPe combinam difu
são em ambas as direçÕes. 

PROBLEMA NUMÉRICO 

Grades quadradas de refinamento variável são adota 
das no dominio quadrado , corno exemplificado na Fig(lT 
com uma grade de lOx lO espaçamentos. 

Transformação ro tacional pe rmite obter as coordena 
d95 s-n de cada ponto, de maneira que os val ores exatos 
podem se r computados segundo uma das eqs.(5) . Os valo
res exatos nos conto.rnos são impostos como condição de 
Dirichl e t para cada esquema . Os valores internos são ar 
m~enados para comparação posterior com as soluçÕes nu= 
me ricas . 

Os esquemas de cinco nos resul t am em equaçÕes 
diferenças na forma: 

de 

Ai-1,j' 1>1-l ,j + Ai+1,J 11 i +1,j + Ai , j-1 11 i ,j-1 + 

+A .. 1 ' 1> . . 1 +A . ..•.. l,J+ l,J+ l,J l ,J 
o (6) 

para cada nÓ inte rno (i ,j ) . _ 
Os coeficientes A sao funçoes dos numeres de Pecl e t 

cel ulares : 

IIPe 
X 

IIPe y 

ullx 
a 

= vt:,y 
a 

que obedecem as re l açÕes ge rai s : 

A. 1 . ~ n(-hPe ) 
1 - , J X 

A. 
1 

. ~ n ( 6Pe ) 
H ,J X 

A. . l = n( - APe ) 
1 ' j - y 

A. . l ~ n ( liPe ) l, J+ y 

(7 . l) 

(7 . 2) 

(8 .l) 

(8 . 2) 

(8. 3) 

(8 .4 ) 

.. 



A .. = - (A. l . + A ... + A
1
. ,J--l + A. . ) 

l ' J 1- 'J l + l 'J l ' J+ 1 
(8 . 5) 

A função TI ( PP ) depende de cada discre lização , co
mo se s egue : 

Diferenc iamento central: 

TI : } 
llPe 

2 

Esquema à montante: 

{ 

1 
TI -

1-llPe 

se l\Pe j O 

se óPE' < O 

Esquema E'xponencial de All en & Southwc J I : 

llPe 
n 

exp (llPe) - 1 

Esquema exponencial de Dennis & Hudson : 

n = exp( - óPe) 

2 

(9. 1) 

(9 . 2) 

(9.3) 

(9 .4 ) 

As soluçÕes numéricas foram obtidas por um proce
dimento i t e rativo coluna-a-coluna ut i lizando o algo
ritme de Thomas para Matriz Tridi~onal . O processo ite 
r~tivo era encerrado quando variaçoes de ~ entre itera 
çoes sucessivas fosse inferior a 10-• vezes a diferença 
entre os valores máximo e minimo da funç ão exata . O di
f erenciamento central requereu um fator de relaxação pa 
ra estabilidade; adotou-se o mÍnimo f a t or que torna a 
equação de diferenças diagonal mente dominante a cada 
passo . Os cálculos foram realizados em computadores 
PDP-10 e PDP-11 com precisão simples de 34 bits . 

RESULTADOS 

O fator de normalização do erro é definido pe l a 
diferença entre os valores máximo e mÍnimo da função 
exata discreta, excluindo os val ores dos cantos . Tais 
val ores não são envolvidos no problema numérico comes
quemas de cinco nÓs ; e sua exclusão do fator de normali 
zação mostrou-se re l evante para func;Ões Í ngremes ' 1 evan 
do a avaliações mais representativas dos e rros [ 11] . -

A tabela 1 apresenta soluçÕes numé ricas obtidas 
pelos esquemas de segunda ordem, junto com a solução 
exata, para função tipo C com Pe=100, Ã=2,22 e S=22,5 
graus. A solução obtida com 10x1 0 espaçamentos é repre
sentada pelos valores ao l ongo das colunas i=2 , i=6 e 
i=lO apenas. 

No ponto (i,j)=(10,10) o diferenciarnento central 
apresenta seu e rro máximo, de 0,6% do f a tor de normali 
zação; o erro do esquema de Allen & Southwell atinge 
2 ,5% ; e o de Dennis & Hudson 38"/o . 

A tabela 2 considera a função D, mantendo Pe=100, 
Ã=2, 22 e 8=22, 5 graus . No mesmo ponto (10,10) o e sque
ma de Allen & Southwe ll tem seu erro absoluto máximo de 
0 ,6% do valor local (ou apenas 0,0000~/o do fator de nor 
malização de 7,40x10'') . O erro do esquema de Denni s e 
Hudson atinge 6 ,6% do valor J ocal. O diferenciamento 
central apresenta resul tados oscilatÓrias inaceitáveis, 
com erro máximo em torno de meio f ato r de normalização . 

Resultados para funções A e B, mantendo os parâme 
tros quantitativos, são muito similares a C e D respec= 
tivamente [11 ]. Claramente o diferenciamento central é 
o mais e f etivo em casos de difusão cruzada com o escoa
ment o e o esquema de Allen & Southwell é o melhor quan
do a difusão é paralel a à convecção. 

Os resultados acima são agora general izados para 
outros ângulos e diferentes nÍve is de refinamento usan
do a curva logarÍtmica do erro versus espaçamento . Os 
erros são dados pela norma quadrática média , dividida 
~elo fator ~e normalização referido . O diferenciamento 
a montante e aqui incluído . 
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Tabela 1 . SoluçÕes Exata e de Segunda Ordem em Função C 
(Pe=100 ; Ã=2,22; 8=22 ,5°; 10x10 espaçamentos) 

NÓ SOLUÇÕES 

i j Exata Diferença All en & Dennis & 
Central Southwell Hudson 

11 3 .89 
10 3 .16 3 . 16 3 . 18 3 .38 

9 2 . 57 2 . 57 2 .58 2 . 75 
8 2 .09 2.09 2 . 10 2.24 
7 1. 70 1. 70 1.71 1.82 

2 6 1. 38 1. 38 1.29 1.48 
5 1.12 1.12 1.13 1.20 
4 0 .912 0 . 911 0 .917 0 .976 
3 0 .741 0 . 741 0 . 745 0 .793 
2 0 . 602 0 .602 0.605 0 .643 
1 0 .490 

11 2.82 
10 2 . 29 2.28 2 . 36 3 . 22 

9 1.86 1.86 1.92 2 . 62 
8 1.51 1. 51 1.56 2 . 13 
7 1. 23 1.23 1.27 1. 73 

6 6 1.00 1.00 1.03 1.41 
5 0 . 813 0.811 0 .837 1.14 
4 0 . 661 0.659 0 .679 0 . 930 
3 0 . 537 0 .536 0 .550 0 . 752 
2 0 .437 0.436 0 .443 0 . 588 
1 0 .355 

11 2 .04 
10 1. 66 1.64 1. 75 3.06 

9 1. 35 1. 34 1.43 2.50 
8 1.10 1.09 1.16 2 .03 
7 0 .892 0.885 0 . 941 1.65 

10 6 0 . 725 0.720 0.764 1. 34 
5 0 . 589 0 . 586 0 .619 1.09 
4 0 .479 0 .476 0 . 500 0.884 
3 0 . 389 0 . 388 0 .402 0 . 706 
2 0 . 317 0.316 0.322 0 . 521 
1 0 .257 

Tabela 2 . Soluções Exata e de Segunda Ordem em Função D 
(Pe=100; Ã=2 ,22; 8=22 ,5° ; 10x1 0 espaçamentos ) 

NÓ SOLUÇÕES 
Diferença All en & Dennis & 

i j Exata Centra l Southwell Hudson 
11 7 .20E- 8 
10 1. 28E- 9 -6.57E+23 1 .16E- 9 3 .69E-10 

9 2 . 28E-22 9 . 65E+23 1 . 62E-11 1 .35E-12 
8 4.04E-13 - 5 . 50E+23 2.04E-13 4. 10E-15 
7 7.19E-15 1 . 99E+23 2 .35E-15 1.15E-17 

2 6 1. 28E-16 - 5 . 39E+22 2 .53E-17 3 .94E-20 
5 2.27E-18 1 . 17E+22 2 . 57E-19 3.02E-22 
4 4.03E-20 - 2 .13E+21 2 . 50E-21 4 .47E-24 
3 7 .17E-22 3 .33E+20 2 .35E-23 8.65E-26 
2 1 . 27E-23 - 5.02E+19 3.79E-25 5.45E-26 
1 2 .26E- 25 

11 5 .64E+8 
10 1.00E+7 - 2.01E+25 1.02E+7 7 .52E+6 

9 1.78E+5 9 . 78E+24 1.83E+5 1 . 24E+5 
8 3.17E+3 - 2 . 55E+24 3 .27E+3 2 . 18E+3 
7 5 . 63E+1 4 . 81E+23 5 .84E+1 3. 87E+1 

6 6 l.OOEO - 7.78E+22 1.04EO 6. 68E-1 
5 1 . 78E-2 1.29E+22 1 . 85E- 2 1. 22E-2 
4 3 .16E-4 -2 .47E+21 3 .30E-4 2 .17E-4 
3 5 . 61E- 6 5 . 16E+20 5.86E-6 3'.86E- 6 
2 9 . 97E-8 -1.27E+20 1.04E- 7 6 .87E-8 
1 1.77E-9 

11 4.42E+24 
10 7.85E+22 -3 . 81E+26 7.90E+22 7.33E+22 

9 1.40E+21 2.85E+25 1 .41E+21 1. 30E+21 
8 2 .48E+19 -1.83E+24 2 . 50E+19 2.30E+19 
7 4.41E+17 7 . 26E+22 4 .45E+17 4.09E+17 

10 6 7 .83E+15 - 9 . 98E+21 7.90E+15 7 . 27E+15 
5 1.39E+14 6 . 10E+21 1.40E+14 1. 29E+14 
4 2 .47E+12 - 2 . 70E+21 2.50E+12 2. 30E+1 2 
3 4.40E+10 8. 90E+20 4 .43E+10 4.08E+10 
2 7 .81E+8 - 3 . 17E+20 7.88E+8 7. 25E+8 
1 1 .39E+7 



A fig . (2) mostra o erro para a função tipo C.Em 
geral as posições relativas dos esquemas de segunda or 
dem é a mesma da tabela 1. O esquema à montante (M) ê 
proximo ao de Allen & Southwell (AS) para grades gros
seiras, mas o esquema de segunda ordem mostra sua supe 
rioridade com o refinamento . Os esquemas de Allen & 
Southwell e Dennis & ~udson_(DH) coincidem a 45 ~raus . 
Na realidade as soluçoes, nao apenas os erros, sao coin 
cidentes para qualquer função devido à proporcionalida= 
de entre ambas as equações de diferenças quando os núme 
ros de Peclet celulares nas duas direções são iguais . -
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Fig. 2 Erro X ~spaçamento para esquemas de cinco nos 
em funçao C, Pe=lOO, Ã=2,22. 

Confirmando o conceito angular de difusão numéri
ca tanto o esquema à montante quanto o de Allen & 
Southwell aproximam o diferenciamento central (C) a ze
ro graus, mas para os demais ângulos seus erros crescem 
muito mais significativamente. 

A fig. (3) representa o erro na função D mantendo 
Pe e À inalterados. O comportamento geral dos esquemas 
de segunda ordem reEete aquele observado na tabela 2, 
exceto pela coincidencia dos esquemas de Allen & 
Southwell e Dennis & Hudson a 45 graus. Para grades re
finadas o esquema à montante mostra maior acuidade a 
45 graus que o O graus, invertendo a tendência assumida 
pelo conceito ahgular de difUsão numérica. Opostamente, 
o esquema de Allen & Southwell é de novo favorecido a O 
graus, onde tem erros desprezÍveis. 

Em ambos os casos C e D as curvas erro versus es
paçamento do diferenciamento central se distancia de li 
nhas retas de forma oscilatÓria para grades grosseiras~ 
com altos nÚmeros de Peclet celulares, o que foi atri
buÍdo a processo i.t erativo incompleto. À parte este fa 
to, as curvas do diferenciamento central são mais próxi 
mas de linhas retas do que qualquer outro esquema. Mes= 
mo a solução oscil atÓria apresentada na tabela 2 corres 
ponde na fig. (3) a um ponto sobre a linha reta, cujo 
erro é dominado portanto pelo termo de segunda ordem . 

Todos os outros esguemas, que ~o diagonalmente 
dominantes e cujas sol uçoes e erros sao limitadas, mos
'tram curvas de erro versus espaçamento côncavas, indi
cando que o erro é em geral inferior ao valor assintÓti 
co extrapolado. -

O comportamento de todos os esquemas em funçÕes A 
e B com os mesmos Pe e À é mui to próximo ao seu desem
penho nas funções C e D respectivamente, exceto para 
funções B a 45 graus onde todos os erros são cerca de 
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Fig . 3 Erro X Espaçamento para esquemas de cinco nos em 
função D, Pe=lOO, À=2,22 . 

três ordens de magnitude inferiores a D devido a anti-si 
metr i a da função em torno do eixo s [ 11] . -

A fig . (4) apresenta o desempenho dos esquemas de 
segunda ordem nas funçÕes A e B para Pe=lO e 8=22,5 
graus ,com À veriável. Para o menor autovalor (Ã=2) as po 
sições relativas dos esquemas são análogas aos casos C 
e D previamente considerados, embora as curvas mostrem 
aspecto menos côncavo neste menor valor de Pe. Para Ã=lO 
os erros de todas as discretizaçÕes são maiores e relati 
vamente mais próximos entre si . 

A evolução do desempenho dos esquemas com a fre
quência À é mais complexa nos tipos C e O. O caso da fun 
ção C/D é exemplificado na fig . (5) para Pe = 2À = 4,44 
com diferentes ângulos . 

Os erros do esquema de Dennis & Hudson são despre
zÍveis. Claramente este esquema tem acuidade crescente 
com À numa região das funções C e D até À/Pe=0,5. 

Os esquemas central e Allen & Southwell têm erros 
assintÓticos coincidentes a O e a 22 ,5 graus, mas o es
quema de Allen & Southwell tem valores nodalmente exatos 
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Fig. 4 Erro X Espa~amento para esquemas de segunda or
dem em funçoes A e B; Pe=lO. 
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Fig . 5 Erro X Espaçamento para esquernélS de cinco nos 
em função C/ D, Pe~2À ~4,44. 

a 45 graus , onde coincide com Dcnnis & Hudson. Aqui por 
tando o esquema de Allen & Southwe ll desobedece a ten=
dência afirmada pelo concei to de difusão numérica . 

Valores mais altos de Ã/Pe, i.mpl i c ando em funçÕes 
CD e DC, são considerados na fig. (6) para o caso Pe~1~ 
s~22 , 5 graus e À vari ávcl. O di ferencirnento central é fa 
vorecido para À~6 em ambos os casos, apesar da otimali= 
dade do esquema de Dennis & Hudson a Ã~5 para este Pe. 
Para À ~ 1 0 os erros de todos os esquemas crescem e ten
dem a se aproximar entre s i, analogamente aos casos A 
e B. 
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Fig. 6 Erro X Espa~amento para esquemas de seguPda o~ 
dem em funçoes CD e DC; Pe~10. 

CONCWSÕES 

Claramente o desempenho de tod~s os esquemas de
pende da solução particular da equaçao de transporte. O 
esquema de Allen & Southwell é favorecido em casos de 
difusão na direção do escoamento, associados a funçÕes 
B e D com baixos Ã/Pe. O diferenciamento central, à 
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parte seus prob l emas de i nstabi lidade , e favorecido em 
casos de di fusão c ruzada ao escoamento, dadas por fun
ções A e C com baixos Ã/ Pe . O esquema de Dennis & Hudson 
e o me lhor em torno do caso C/D com Ã/Pe~0 ,5. Para À/Pe 
em tomo ou acima da unidad(i' os erros de todos os esque 
mas são al t os e prÓximos entre si , para quaisquer tipos 
de função . 

Fmbora os esquemas de segunda ordem sejam necessa 
riamente mais acurados que os de primeira para grades 
sufic ientemente refinados, os esquemas central e Dennis 
& Hudson mostraram-se , em aJ guns casos, mui to piores que 
a à montante para grades mode ramente refinadas. Neste 
sen t i do o esquema de Allen & Southwell é prcferivel co
mo aque le que se provou quase sempre melhor que o esque 
ma à montante , mesmo em gr ades grosse iras, nun amplo 
conjunto de testes [11]. 

Mostrou-se que o conceito angular de difusão nurné 
rica é restri to a urn subconj unto das passiveis soluçÕes 
da equação de transporte , particularmente as funções A 
e C com baixos À /Pe . Quando urna coordenada numérica é 
paralela ao fluxo , todos os erros associados aos termos 
convect ivos, em particular os erros da discretização à 
montante, estão necessariamente na coordenada da dire
ção do fluxo . Uma vez que as funçÕes A e C com baixos 
Ã/Pe apresentam baixas derivadas na direção do escoamen 
to, os erros de convecção são desprezÍve is. Se o fluxo 
é inclinado com respeito à grade há termos convec tivos 
e al tas derivadas em ambas as coordenadas numéricas, e 
o e rro se t?rna considerável. Entre t anto o 9esempenho 
do esquema a montante em outros tipos de funçao mostrou 
que aquel a c ircunstância especifi ca não pode ser tomada 
como base para urna teoria geral em análise numérica. 

Embora baseada em experimentos com esquemas de 
cinco ponto , a conclusão acima é relevante para esque
mas como o rotacional à montante [1 2 ,13] ou rotacional 
exponencial [14,15], que são esquemas de até nove pon
tos. Tais esquemas, inspirados pelo conceito angular de 
difusão numérica, evitam o efeito angular utilizando in 
terpolação à montante ou exponencial apenas na coordena 
da orientada na direção do escoamento . -

Os procedimentos rotacionais com o esquema a mon
tante operam mui to bem no caso das funçÕes A e C com 
baixos Ã/Pe, uma vez que reduzem o erro ao nivel do er 
ro do esquema à montante a zero graus . Mas o procedimen 
to não aprimora a acuidade em funçÕes B e D por exemplo 
onde o erro do esquema à montante a zero graus é maior 
que a 45 graus . Também o esquema rotacional exponencial 
não é sempre mais acurado que o exponencial, como mos
trado na função C/D com Ã/Pe~0,5. Outras excessões fo
ram encontradas num conjunto mais amplo de testes [11]. 
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ABSTRACT 

A comparatlve study c f central di fíerenc ing , 
upwind, Allen & Southwell .lnd Dennis & Hudson schemes 
is performed for the two- jimensional convcc tive- dif
fusive t ranspor t equation, considering t he l i nearized, 
homogeneous, constant--coeffients case . Sample so1utions 
sweeping t he Fourie r 3pectrum oí the general solutions 
are used as teoJt- casPa . Generality of the method allows 
the concept of nurr eri2al diffusion that postu1ates a 
direct relatic n be tween error and flow-to-grid ang1e t o 
be discussed. 
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SUMMARY 

We describ e a new technique for the simulation of quas i-equilibr ium solidification 
processes. Results are obtained for pure heat conduction problems resembling c ne
dimensional freezing and bidimensional directional solidification i n a rectangular 
cavity. We discuss some limitations of the method and sketch the possible 
applications for conductive/diffuse/convective phase-change situations. 

l.lNTROUUCTION 

We investigate in this paper a new contro l
volume fixed- grid app roach for the numerical 
simulation of trans port phenomena involving 
liquid-solid(SL) phase changes. The rnotivation 
for developing a new scheme for this class of 
problerns was the ne ed of a reliable, simple a nd 
genera l framework where a host of complicated 
boundary conditions, material properties and 
coupled convection-diffusion trans port could be 
incorporated. This situation arises typically in, 
e.g., bulk crystal growth frorn the rnelt. 
Specifically, we are interested in describing the 
bidime nsional macrosegregation process that gives 
rise to the impurity distribution in as-grown 
PbxSnl-x Te crystals obtained by Bridgman and 
Vapor-Melt-Solid techniques. The compositional 
hornogeneity in such pseudo-binary crystals is 
rnainly dictated by the SL interface rnorphology 
during growth [1]. Interface tracking in 
bidimensional free-boundary problems is 
challenging, particularly when the heat transfer 
is coupled with rnass diffusion and convection. 
This problem was first attacked by using tirne
dependent body-fitted coordinates [2,3], but this 
is a cumbersorne approach requiring a lot of 
interpolation and coordinate mapping. Also, the 
error introduced by the quasi-stationary 
assumption in the rnoving-grid methods ammounts, 
for practical pourposes, to using from the start 
the more simple fixed-grid technique. lf one is 
only interested in steady-state situations, a 
finite element approach with tirne-independent 
body-fitted coordinates generated self
consistently to fit the interface shape is also 
possible [4], but this technique requires a lot of 
computational resources, which prevents the method 
frorn having the flexibility to treat a broad class 
of situations. Also, we feel that a time-dependent 
sirnulation gives much insight into the mass
transport processes that takes place in a typical 
crystal growth experiment. Treating the transient 
regime by the finite-element self-consistent grid 
would be possible only with the help of a 
supercomputer. 

Fixed grid techniques can be classified 
either as an enthalpy or as a regularizat ion 
rnethod. Regularization methods are based on sorne 
sort of smoothing of the enthalpy (H) 
ternperature (T) relationship, by assuming a finite 
"melting range" around the rnelting temperature 
TM[5]. Some empiricism is necessary in order to 
assign rneaningful values for the physical 
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properties in the melting range; also, it is known 
that such smoothing procedure, although suitable 
for rnany complicated metallurgical processes [6], 
does not reproduce the richness of physical 
phenornena observed at the SL front, particularly 
the presence of rnushy-regions [7]. The enthalpy 
rnethod, which solves for the H-field frorn the 
previous values of the T-field, are effective only 
when the explicit time formulation is employed 
(8]; its implicit version gives rise to non-linear 
equations that can be solved with confidence only 
for small time-steps [ 9]. lmplicit algorithms are 
known to be essential for obtaining stable 
solutions of the diffusion/convection equation in 
many practical situations that arise in crystal 
growth experiments [10]. 

Recent developed techniques are the 
permeability-continuum formulation (PCF) [1 1] and 
the phase-field model (PFM) [12]. PCF is obtained 
by assuming that mushy zones can be described as a 
sort of a perrneable medium obeying a Darcy law, 
which is difficult to parametrize from first 
principies. The PFM employs an Helmoltz free
energy functional, from which a non-linear 
equation for a phase function is obtained that, in 
principie, is able of encompassing a whole class 
of influences, such as surface tension and 
supercooling; however, the phase function equation 
is usually very stiff, and become somewhat 
intractable when physical properties such as 
latent heat, specific heat and diffusivities are 
not constant. It appears that PFM has no hope to 
be app lied with confidence for the case of binary 
alloys. 

A somewhat distinct method based on the 
enthalpy formulation was developed by Voller and 
co-workers [13]. Basically, Voller's method 
isolates the latent heat contribution as a source 
terrn in the enthalpy conservation equation. The 
forro of this source, being not explicit, requires 
the H-field to be solved in an autoconsistent, 
iterative manner for each time~step. ln spite of 
this, Voller's technique is essentially stable and 
simple, due to the implicit control-volurne 
discretization naturally evoked for its 
implementation. We therefore decided in favor of a 
fixed-grid approach that retains much of Voller's 
ideas, but instead of iterating over the H-field 
to get the right ammount for the heat sources, we 
thought it was sirnpler to treat the sensible part 
of the enthalpy as usual, and to use a "shooting" 
prescription for the time steps. This is done in 
such a way that a given part of the domain retains 
the sarne phase state during each time step 



integra tion, and phase changes begin and terminate 
only at the end of a given time interval, ln this 
way , integration of the transpore equa t i ons can be 
dane as usual, and boundary conditions are changed 
betwee n time-steps, so as to simula te the actua l 
phase st a te in each part of the domain. The 
control-volume formulation of Patankar and 
Spalding [14] is spec ia lly suited for this task, 
and permits a robu s t and flexible implementation 
of the a l gorithm, Since in our formulation no 
modific a tions are required neither in the 
transpore equations nor in the essenc i al method of 
solution, we think it is very flexible and can be 
applied without difficulty to a broad class of 
complica ted phase-change problems, This technique, 
which we called the mushy-cell approach (MCA), is 
here fir s t investiga ted to show its consistency 
and ability to reproduce actual physical 
situations that take place in continuous media. 

We organize this paper in the follow i ng 
form. Section 2 describes the main ideas of MCA, 
and gives its control-volume version along with 
the basic assumptions concerning the physica l 
properties of the cells undergoing phase changes. 
ln Section 3 we give the algorithm adopted for its 
implementation, Sect i on 4 displays some numeric a l 
results for one and two-dimensional domains, where 
it is shown that MCA reproduces well both 
quantitative and qualitative features of some 
basic solidification problems, Finally , in Section 
5 we discuss briefly on the future applications we 
intend to make based on the MCA, and some of its 
limitations, 

The present implementation of the MCA and 
the numerical results were made, to this moment, 
only f or the case of a pure substance and 
conductive heat transfer, ln this case, some 
analytical results are available for cne
dimensional domains, and the qualitative features 
of two-dimensional directional solidificat i on 
experiments are not so difficult to antecipate. 
Because of its very simple concept and flexible 
implementation, the extension of MCA to the more 
general diffusive/convective situations is 
expected to be easier than in Voller's original 
scheme, although it is not clear, by now, which 
one of the two approaches is better from the 
point of view of computational efficiency. Such 
studies are in progress at our laboratories and 
will be reported in near future. 

2.THE MUSHY-CELL APPROACH (MCA) 

Basic ldeas. The whole domain is divided 
into cells, whose shapes and sizes are maintained 
fixed during the calculations. FIG.l displays a 
typicall cell configuration for a rectangular 
domain and a regular grid. 

When phase change is taking place within a 
cell, the MCA associates the whole cell with the 
interface, a "mushy-cell" (m,c,), The physical 
properties of a m,c, are to be in accordance with 
the constitutive equations one chooses to model 
the actual thermodynamic relationship that the 
medium is expected to obey during a phase change, 
ln the simplest case, namely for a pure substance 
in quasi-equilibrium conditions, the nade 
temperature of an m.c. is to be held constant at 
TM(= melting temperature) during the extraction of 
its latent heat content. A typical domain, at time 
t 0 , will appear like FIG,1, When going from t 0 to 
t 0+6~ the constraints imposed on the m.c,'s by 
the constitutive equations and thermodynamic 
relations will act as boundary conditions, Then 
the heat flux through each m.c, is computed and 
their latent heat is decreased (or increased) 
accordingly, Acceptable values for 6t are such as 
to guarantee that no qualitative changes occur 
during the time integration, At the end of the 
time step the cell's state is changed for those 
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cel ls wh os e latent hea t cont ent, a r e ither th e i r 
temp e r a ture, are in a cco r dn nce with th e 
corres ponding values fo r rhe new s tat e , with i n a 
numerica l erra r. Appropriate va lues fo r At whe n 
cells are near the begg ining or the final o f a 
phase change are qui ckly obtain ed by a s im ple 
iterative procedure (we use a l i near "re gul a
falsi" prescripti on as a guess fo r t'> t ) . Detail s of 
the a l go rithm are g i ven in Secti on 3 . 

SiC s ~L I I L ...__, ...__, L L 

SIS ~ LIL L L L S = SOLIO 
s s ~ LIL L L L 
s s s ~ L L L L 
s s s s ~ L L L 

L = LIOUID 

~ = MUSHY 

s s s s.s~ L L 

FIG.! Schematic display of a t ypical 
computacional domain in the MCA. 

Control-volume discretization. Following the 
approach of Patankar [14], any dependent variable 
~ of interest (such as temperature, sensible 

entha lpy , concentration or velocity) obeys a 
conservation law of the form 

a ( p ~) + div(p~~) 
~ 

div(fgrad~) + S (1) 

,where the units 
per mass, p beíng the 
term in the LHS of (1) 
is the velocity field) 
RHS is the diffusion 

of ~ are (physical units) 
medium density, The secon~ 
accounts for convection (u 

and the first term in the 
( r is the diffusion 

coefficient). The source contribution S represents 
all other effects that cannot be described as 
simple convective or diffusive (such as 
dissipative terms and internal sources), 

Eq, 1 is a continuity equation in the 
reference frame which is stationary with the 
medium at rest, When the domain is subdivided into 
cells of fixed sizes and shapes, integration of 
(1) over a typicall cell will give a relationship 
between values of at neighboor nodes. Usually, a 
linear behaviour of ~ is assumed within a cell and 
an implicit formulation is adopted for the time 
discretization. Also, the source term is 
linearized around the nade value of ~. ln the case 
of pure heat conduction with sources, for a 
bidimensional regular cartesian grid, each node 
gives rise to an algebraic eq~ation of the form 
(FIG. 2 displays the basic nomenclature): 

apTp = '\i TW + aE'JE + a 5T5 + aN'JN + b (2) 

, where 

aw= kw&/fl< aE = kéyft,x 



a S = k (:)</ w s 

and 
accordingly to 

the source 

s 

I N • I n 

w• w ep 
s 

FIG.2 Nomenclature 
discretization. 

~ .~ 
:::> 

for 

term was linearized 

(3) 

~ •E 

the control-volume 

ki are the heat conductivities at each wall 
w,e,s and n, and Cp is the specific heat of the 
substance which fills P. lt is known that the 
best choice for ki which accounts for the actual 
heat fluxes between cells is given by the harmonic 
approximation [14); for instance, the expression 
for kw is 

k (4) 
w 

Eq. 2 is in implicit form, which means that 
the previous time value of the temperature field 
at node P is T~ , and all other node values that 
appear in (2) are current-time values. 

Boundary conditions are easely incorporated 
in the control-volume discretized equation in the 
form of special sources. Since source terms are 
always written in the form of Eq. 3, it is very 
easy to impose particular conditions for the T
field (or else for the T-flux) at any specified 
node. For instance, if one wishes a constant 
temperature value for TP, say TM, it suffices to 
put Se = L*T M and S P = -L in that no de, where L is 
a very large number. Thus, time varying boundary 
conditions are easely handled by simply ascribing 
the actual values for Se and S P at each node for 
each time step. 

Control-volume implementation of MCA. 
Basically, the heat equation is solved as usual 
for the sensible enthalpy terms, according to 
Eqs. 2, 3 and 4. To account for the latent heat 
contribution, a discrete field is defined such 
that Hi is zero for solid cells, LF (•latent heat 
of fusion) for liquid and assumes any value 
between O and LF in a m.c. The latent heat field 
H1 does not appear explicitly in the equations, 
but controls the ammount of time spent during 
phase change of each cell; in the present pure 
conductive problems the latent heat content of 
each m.c. is updated at the end of each time step 
according to the mean heat flux through the cells 
boundaries. 

A more delicate issue address the problem of 
assigning specific values for the physical 
properties of a mushy cell. Specifically, given 
the values of p,c and k for the solid and liquid 
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phases, we need a prescription to obtain these 
values for a m.c. Since at this time we are not 
concerned with convection terms, we simply assumed 
p constant throughout (density differences between 
solid and liquid were accounted for only to the 
extent of its influence on the net enthalpy 
content of each cell). Also, for pure substances, 
the melting temperature is constant (= TM), and 
this eliminates the influence of the mushy-cell 
specific heat. For the heat conductivities, one 
must impose that the heat flux is continuous in 
time, so that no abrupt changes in kVf is allowed 
to occur when a cell enters or leaves a process of 
phase change. The simplest prescription to deal 
with this, which is also correct in the limit of 
very small cells, is to assume a linear dependence 
of k with the cell's latent heat: 

kp = kliq- kSOl 

LF 

(5) 

Assigning definite physical properties for 
the m.c.'s is in fact one of the key points for 
the MCA, and we give more discussion about this in 
Section 5. 

3.THE INTERFACE UPDATING ALGORITHM (lUA) 

The control-volume MCA is implemented 
without difficulty, following the idea of updating 
internal boundary conditions and medium properties 
to keep track of the SL interface during time 
integration. The computacional efficiency of the 
algorithm is of course strongly dependent on the 
judicious assignement of the auxiliary arrays used 
to store such information, and on the 
effectiveness of the time-shooting method adopted 
to guess the correct time steps during interface 
updating. Caution is also required to allow for 
any complicated phenomena which is likely to occur 
in bidimensional phase-change problems (such as 
the occurrence of remelting and non-connected 
boundaries). 

The present version of our MCA 
implementation, which we called 
updating algorithm (lUA), runs as 
assume TM= O throughout): 

the interface 
follows (we 

1. Initialize fields h(sensible enthalpy) and 
H(latent heat). 

2. Choose (t,t) , (t,t). , ~, T 
3 • t=O O mw final 

4. t = ( & )
0 

5. t = t + ó t ; if t > T final , STOP 
6. Integrate once, obtaining h(t + 6t) 
7. Compute Q, the heat extracted from each m.c. 
8. For each cell in the domain, verify the 

conditions: 
(a) lf h> o then H is LF 
(b) If h < o then H is o 
(c) If h = o then 

Q <= H -E if Q>= o 
lq I <= Lr-H-E if Q < o 

9. If (a) and (b) and (c) in the whole domain, 
then 

- put H = H - Q in each m.c. 
- GO TO 5 

10. Check if the changes were not "too large", 
that is, 
(A) If not (a), then h < E (this cell is 

ready to melt) 
(B) If not (b), then h < -~ (this cell is 

ready to solidify) 
(C) If not(c), then 

Q < H + ~ if Q > = o 
IQ I < L - H + ~ if Q <O 

F 



• .:: 

11. If (A)and(B)and(C) then 
- change boundaries accordingly 
- inform new interface position 
- update the values for the medium 

properties 
put H = H - Q in each m.c. 
GO TO 4 

12. If not(A) or not(B) or not(C) then 
- put h= h(t), resetting the h-field 
- t = t - [lt 
- reduce [lt by a linear interpolation 

based on the temperature/flux values 
-· if [lt >= (tlt) . then GO TO 5 

mw else STOP 

Solution for the h-field in step 6 was done 
alternating line-column sweeps over the 
bidimensional domain, updating values by a simple 
Gauss-Sidel procedure. 

4.NUMER1CAL RESULTS 

The ability of the MCA to reproduce the 
correct interface velocitv of SL fronts in actual, 
continuous media was first checked by an 
unidimensional run simulating the solidification 
of a long slab of water. Analytical solutions are 
available for the Newman problem, where a semi
infinite slab of a pure substance, initially at a 
temperature T2 > TM, is subjected at its corner to 
a constant temperature T{TM. ln FIG. 3 we compare 
the analytical solution [15] with the numerical 
results obtained with lUA. The physical constants 
were kice=0.0053, kwater =0.00144, cice=0.461, 
c water =1.00, LF=73.6 (c.g.s. units). Since the 
time spent by an m.c. during a phase change is 
roughly proportional to its latent heat content, 
we also checked the consistency of lUA results for 
different values of Lr (= 10.0, 73.6 and 200.0, 
displayed in FIG. 3). The semi-infinite domain was 
simulated by an initial run over the first 100 
seconds of a 2 cm long slab, covered by a 500-
point regular mesh. 
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FIG.3 Results of lUA as compared to the 
analytical solutions. See text for 
discussion. 

The bars in FIG. 3, which are of the sarne 
size of the discrete cells, give an idea of the 
error on the interface location introduced by the 

fixed-grid MCA. The runs were for T = +3°C and 
T = -5°C, and thus large temperature gradients are 
present near the SL interface during the initial 
stages of the solidification. 

FIG. 3 clearly indicates that lUA does 
indeed yield very satisfactory results concerning 
the interface progression in time. Actually, we 
noted that the interface position was correctly 
predicted by lUA, on the average, even for rather 
coarse grids (a mesh with 100 points also gave 
results consistent with the analytical solution). 

Bidimensional calculations were performed 
with lUA for simulating directional solidification 
experiments; this is a somewhat complicated 
situation, because the interface shape is strongly 
dependent on the different heat diffusivities of 
the solid, liquid and ampoule walls, as well as on 
the details of the furnace temperature profile. 

FIG. 4 shows the interface progression 
during directional solidification of water inside 
a 2 cm diameter, 5 cm long, 1mm thick glass 
ampoule; the furnace profile was simulated by cold 
(-5°C) and hot(+8°C) plateaux with a linear 
gradient G = 32.5°C/cm in the "adiabatic" zone, 
moving at a speed of 15mm/h. This profile is 
imposed on the lateral walls of the ampoule; the 
left and right walls are kept at the sarne 
temperature of the corresponding corners. 
Initially, the whole ampoule and charge were 
termally stabilized with the furnace, whose 
profile is located such as to impose T = T at the 
left wall. Only half of the ampoule i~ shown, 
because of the simmetry with respect to the 
longitudinal axis. Thermal constants were those 
for water and ice, as mentioned before; for the 
ampoule, we took kg!ass = O. 0028 and cglass = O. 48 
(c.g.s.). A coarse 50 x 10 regular grid was 
employed, which is enough for our purposes here. 

-soe ~ I 
8 

+8°e 

[] z D 
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ampoule ax1s 

FIG.4 Water directional solidification inside a 
moving furnace. The small tips on the 
ampoule superior wall are the positions TM 
of the furnace at the times when the 
interface profiles were taken. 

We note in FIG. 4 that the interface changes 
its shape from concave toward the solid to concave 
toward the liquid during solidification; this 
effect is a consequence of the heat diffusivity in 
the solid being greater than in the liquid for the 
case of water. ln the initial stages, heat is 
extracted from the SL interface mainly by axial 
conduction to the left ampoule wall; at later 
times, this process is much slower than the radial 
conduction to the lateral walls, and therefore the 
heat extraction is less effective for those points 



near the ampoule axis. Of course this effect is 
strongly dependent on the furnace translation 
speed. For the values employed in FIG. 4, no 
steady-state was observed during the whole 
solidification process ( the interface shape was 
always changing its curvature). 

Very different qualitative behaviour is 
displayed in FIG. 5 for the case of a 
semiconductor material in which the heat 
diffusivity of the melt is greater than of the 
crystal (we used k melt = 0.36, k crystal = 0.24, 
cme l t = ccrystal= 1.00, pmelt = pcrystal= 12.0). The 
sarne interface shapes were obtained for furnace 
speeds ranging from 15 to 200 mm/h, with only a 
slight increase in curvature. ln this case a 
steady state was reached very quickly and the 
interface shape does not change during most of the 
experiment. The ampoule was !cm diameter, 0.25mm 
thick and a 100 x 20 mesh was used to cover the 
first 2.5 cm of its leng th. 

10 cm 

ampoule axis 

FIG.5 Sarne as FIG . 4 
like material. 

for 

-t9B0°C 

a semico ndu ctor-

The sma ll do t s in F I GS . 4 and 5 a r e the 
center of the cells changing phase at the time 
when the interface profiles were taken; the 
continuous c urves a re obtained by some sort of 
best fit t ec hniq ue, interpolation ar smoothfng. 
We adopted a cubic sp line smoother described by 
Reins ch [1 6). 

We s tress tha t the ac tual interface shape 
dur ing solidification is also very much influenced 
by convection effects and rad iation heat 
tra nsfer [1 71, which can subst a ntiall y modify the 
curvature a nd the simme try of the profiles 
di spla yed in FIC S. 4 and 5. 

All calculations were clon e in a simple PC- XT 
10 Mhz personal comput er, and t ypical 
bid ime nsi ona l run s such that the one in FIG . 4 
took nearly 8 hours of proces sing . Of course this 
timming can be reduced by one or t wo ord e rs of 
magni tude if a more suit ab le ma c hine is availab le. 

5 . DISCUSSI.ON 

Th e resul t s s hown in th e prec ecding section 
indica te tha t the MCA i s able to rcproduc e the 
basic qu an titative and qualitative f eatu res of the 
int erf ac e mor phol ogy ln quasi - e quili br ium 
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solidification processes. lUA introduces a natural 
roughness in the interface location, but the sarne 
type of errar, though sometimes hidden, also 
appears in any technique based on discretizations. 

ln convection/diffusion phase-change 
problems, non-slipping conditions are usually 
imposed at solid-liquid boundaries; hence, a 
technique must be devised to account properly for 
the matching of the velocity field in the vicinity 
of a mushy cell. Some suggestions to handle this 
situation were investigated by Voller et ali [18], 
and a couple of straightforward schemes were shown 
to work very satisfactory. 

For the binary alloy solidification problem, 
it is very important to account correctly for the 
latent heat release at the melting range. ln 
quasi-equilibrium conditions, use can be made of 
the phase diagram, and an e quation of state 
relating internal energy, temperature and 
concentration can be obtained, which is valid for 
the liquid and solid, as well as for the mushy 
regions (19). We feel that lUA is suited to handle 
this general situation, which will require the 
inclusion of the diffusion equation for the 
concentration field with a non-linear coupling 
with heat transfer (both conductive and 
convective) . Since lUA proceeds a long time 
integration over time intervals during which the 
SL interface is confined to a known region of the 
d omain, it appears that convergence will be more 
easely reached than with the original Voller's 
scheme. 
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INTRODUÇÃO 

SOLUÇÃO NUMÍRICA DE PROBLEMAS DE CONDUÇÃO DE CALOR PELO 
MtTODO DOS ELEMENTOS FINITOS USANDO ELEMENTOS 

QUADRILATERAIS DE TERCEIRA ORDEM 
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RESUMO 
Neste trabalho é desenvolvido um método de elementos finitos para a solução de 

problemas bidimensionais de condução de calor em regime permanente. A utilização de 
elementos quadrilaterais de terceira ordem (12 nós por elemento) aumenta a precisão 
dos resultados mesmo para um numero reduzido de elementos. Estes elementos(isoparamétricos) 
apresentam uma boa capacidade para se deformar, facilitando a adaptação dos elementos 
à geometria do corpo em estudo. O programa desenvolvido foi testado para o caso de 
dois problemas de condução de calor cujas soluçÕes podem ser obtidas analiticamente. 
Um exemplo de aplicação foi incluÍdo para demonstrar as capacidades do programa. 

conservação do calor, obtemos: 

A equaçao acima pode ser 
explícita: 

escrita na 

Existem atualmente vârios programas para o câlculo 
de problemas de condução de calor pelo método dos 
elementos finitos. Porém, a utilização de tais 
programas exige a discretização do domÍnio em um 
numero relativamente grande de elementos, o que implica 
num longo trabalho de entrada de dados, al~m de exigir 
espaço de memória e tempo de câlculo incompatíveis com 
o emprego de microcomputadores de peqLieno porte. 

3T 3T 3T 
3x (C 3x) + 3y (C 8Y) + oz (C a;J + Q = O 

(3) 

forma 

(4) 

Neste trabalho, procurou-se desenvolver o método 
dos elementos finitos através da utilização de elementos 
quadrilaterais de terceira ordem (12 nós por elemento). 
Estes elementos, além de apresentarem um alto grau de 
precisão na representação da distribuição de temperaturas, 
podem ser adaptados à geometria do contorno através de 
deformaçÕes isoparamétricas. O emprego de tais 
elementos aumenta a dificuldade na determinação das 
matrizes elementares pois exige uma integração numérica, 
mas a redução do número de elementos necessários à 
uma dada precisão dos resultados conduz à diminuição 
do tempo total de câlculo. O espaço de memória é ainda 
reduzido pelo emprego do método de armazenagem da 
matriz global em um vetor, guardando apenas o perfil 
skyline da matriz. 

que e a forma habitual da equaçao da condução de calor. 

FORMULAÇÃO DIFERENCIAL 

Seja um domínio de volume v delimitado por 
superfície s. A equação de conservação do calor 
ser escrita da seguinte maneira: 

LT F - Q = o 

onde F ~~~~ 
[~ ~l L 

dX ay dZ 

e Q 

T 

é o vetar dos fluxos de calor 
superficiais; 

~ vetor dos operadores 
diferenciais; 

fluxo de calor volumétrico 
(geração interna de calor). 

A lei de Fourier para um meio isotrópico 
exprime por: 

F 

onde C 
T 

C.LT T 

é a condutividade térmica e 
e a temperatura. 

Substituindo esta expressão na equaçao 

uma 
pode 

(1) 

se 

(2) 

da 
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No caso de um meio homogêneo onde a condutividade 
térmica é constante, a equação acima reduz-se a 
equaçao de Poisson: 

C LT L T + Q = 0 

ou na forma explÍcita: 

Esta equação estâ sujeita 
condiçÕes de contorno: 

a dois tipos 

- condiçÕes essenciais sobre uma parte S1 
superfície S: 

T = T 

onde T sao temperaturas especificadas. 

- condiçÕes naturais sobre uma 
superfÍcie S: 

o 

ou na forma explÍcita: 

dT 
C ~ - q - h(T - Tf) = O 

parte S2 

(5) 

(6) 

de 

da 

(7) 

da 

(8) 

(9) 

onde n é o vetor dos cossenos diretores da 
normal à superfície externa; 

q 

h 

é um fluxo de calor superficial espe
cificado; 

é o coeficiente de transferência 
calor convectiva e 

de 

Tf é a temperatura do fluido exterior ao 
domÍnio. 

FORMULAÇÃO VARIACIONAL 

A funcional associada a formulação diferencial(S) 



desenvolvida acima pode ser escrita na forma seguinte 
[1): 

1 
! C(LT)T (LT) dv- J QT dv-! qTdS u = -

2 v v Sz 

1 
! h T2 dS + ! h TfT dS - (lO) 

2 
Sz s2 

Aplicando o teorema de Euler podemos verificar que 
minimizar esta funcional U fornece a mesma distribuição 
de temperaturas sobre o domínio que a solução da 
equação diferencial do parágrafo precedente. 

A formulação variacional integra as condiçÕes de 
contorno naturais, o que é normal pois estas condiçÕes 
representam uma conservação energética em termos de 
fluxo de calor. Por um outro lado, as condiçÕes de 
contorno essenciais (temperaturas especificadas) devem 
,ser adicionadas à condição de otimização da funcional 
corno se fossem "imposiçÕes" (no senso matemático do 
termo) e tratadas como tais, por exemplo, pelo método 
dos multiplicadores de Lagrange. 

MtToDO DOS ELEMENTOS FINITOS 

O desenvolvimento do método dos elementos finitos 
foge aos objetivos deste trabalho. O leitor encontrará 
um tratamento completo e detalhado na obra de Zienkiewicz 
[ 2). Vamos apenas introduzir alguns conceitos e notaçÕes 
necessárias ao desenvolvimento das equaçÕes (matr;l.ciais) 
dos elementos finitos. 

Aproximação dentro do Elemento. As 
dos diferentes nÔs de um elemento são 
pelo vetar das temperaturas nodais: 

n 
1
r 

T = [Tl •.• Ti ... Tn 

temperaturas 
representadas 

(11) 

Consideraremos uma aproximação do campo de 
temperaturas no interior do elemento fornecida por: 

* = NTn T ' N = (Nl .•• Ni .•• Nnl (12) 

ou então: 

* 
n 

T = L NiTi (13) 
i=l 

onde as funçÕes Ni(x,y) são chamadas de funçÕes de 
interpolação. 

Neste trabalho foi escolhido um elemento quadrila 
teral de 12 nós (Figura 1). Devido ao seu alto grau de 
aproximação, este elemento apresenta a vantagem de 
possibilitar urna discretização com poucos elementos, 
evitando todas as dificuldades encontradas na 
determinação de malhas finas e conduzindo (para uma 
dada precisão) à s istemas de tamanho reduzido cujo 
tratamento seja compatível com utilização do 
microcomputador. 

y 

10 9 8 
7 

11 6 

X 

12 5 

1 2 :l 4 
o o 

" 
Fig. 1 Eleaento retangular de 12 nos. 

FunçÕes de Aproximação. As funçÕes de aproximação 
devem ser exprimidas em termos de um sistema de 
coordenadas de modo que as exp ressÕes obtidas sejam 
válidas para todos os elementos do domínio. No caso d o 
elemento retangular de 12 nós e com os lados paralelQs 
aos eixos das coordenadas globais x,y (Figura 1 ), defi 
ne-se as coordenadas locais por: 
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X 
X - XC 

a 
y - Yc 

y- -b 

Assim, por exemplo, X4 = 1 e Y4 = -1. 

(14) 

As funçÕes de interpolação do elemento utilizado 
sao as seguintes: 

N1 = (1-X) (1-Y) (9X 2 +9Y 2 -10)/32 
N2 = 9(1-Y) (l-X 2 ) (l-3X)/32 
N3 = 9(1-Y) (l-X 2 ) (1+3x)/32 
N4 = (l+X) (1-Y) (9X 2 +9Y 2 -10)/32 
N5 = 9(l+X) (l-Y 2 ) (l-3Y)/32 
NG = 9(l+X) (l-Y 2 ) (1+3Y)/32 
N7 = (l+X) (l+Y) (9X 2 +9Y 2 -10)/32 
N8 = 9(l+Y) (l-X2 ) (1+3X)/32 
Ng = 9(l+Y) (l-X 2 ) (1-3X)/32 
N10 = (1-X) (l+Y) (9X 2+9Y 2 -10)/32 
N11 = 9(1-X) (l-Y 2 ) (1+3Y)/32 
N12 = 9(1-X) (l-Y 2 ) (l-3Y)/32 

Pode-se constatar que as funçÕes de interpolação 
definidas acima são polinÕrnios incompletos de ordem 4. 
O emprego de funçÕes de interpolação de ordem elevada 
impede o cálculo das matrizes elementares a partir de 
expressões explÍcitas. Este fato não chega a ser um 
problema mas implica em integraçÕes numéricas cuja 
execução é relativamente lenta. Este é o preço a ser 
pago para chegar à urna eficiinciaaceitávelusando meios 
de cálculo de baixa capacidade. Por um outro lado, estas 
funçÕes permitem, corno nós veremos a seguir, a eliminação 
quase completa do erro de aproximação do contorno do 
domínio. 

Elementos Isoparamétricos. ~ claro que o elemento 
retangular apresentado no parigrafoprecedenteapresenta 
um defeito grave: a sua forma é pouco adaptada para 
cobrir um domÍnio de geometria complicada e ele induz 
à um grande erro de contorno a menos que seja utilizado 
em urna malha muito fina. 

Vamos então usar um método de "deformação" de tais 
elementos. A deformação do elemento é obtida através de 
uma transformação geométrica de passagem do sistema 
local de coordenadas X,Y ao sistema global x,y do 
domínio (Figura 2). Esta transformação é do tipo: 

n 

x = L xiNi (X,Y) 
i=l 

y 
n 

L YiNi (X,Y) 
i=l 

(15) 

Corno esta transformação utiliza as mesmas funçÕes 
de interpolação (13) que as funçÕes usadas na aproximação 
das temperaturas, ela é chamada de "transformação 
isopararnétrica". 

y 

'L X 

X 

Fig. 2 Deformação Isoparamétrica. 

Constata-se facilmente o interesse da transfo rmação 
isoparamétrica que permite a discretização do domínio 
a partir de poucos elementos, aproveitando os lados 
curvilíneos pa ra mi nimizar os erros de contorno. Vere
mos, em contra-partida, que a complexidade do 
tratamento do s elemen t os aumenta. 

CÁLCULO DAS MATRIZES ELEMENTARES 

Uma vez def i nido o elemento, devemos agora 
aplicar o 

ob t ida 
formular o seu comportamento térmico. Vamos 
método de Ritz à expressão variacional (10) 
acima. Exprimindo a funcional sobre o elemento 
função das temperaturas ap roximadas, obtemos: 

em 

"" 



onde 

* Ue(T ) 

1 
! 

2 52 
e 

V e é 

1 

2 

a T 

! C[LT*]T LT* dv

V e 

*2 * 
ds + ! a TfT ds 

52 
e 

o volume do elemento; 

* ! QT dv 
V e 

* - ! qT ds (16) 
52 

e 

52 é a parte do contorno submetida as condiçÕes 
e de contorno naturais. 

A função de aproximação definida acima é 
T* = N Tn. Como a matriz Tn é independente de x,y, temos 
que L(NTn) = LNTn. Fazendo B = LN, a matriz B tem 
dimensão 2n se o elemento (bidimensional) suporta n nos. 

Substituindo T* e B na funcional (16), temos: 

Fazendo: 

Ke ~ ! c BT B dv + ! a NT N ds 
V e 52 

e (18) 

Fe = ! NT Q dv + f NT (q - aTf) ds 
V e 52 

s 

Obtemos: 

Ue(Tn) = ~ Tn,T KeTn - TnFe (19) 

Segundo o método de Ritz, a melhor aproximação de 
Tn é aquela que, respeitando as condiçÕes de contorno 
essenciais, minimiza a funcional Ue· Esta condição se 
traduz por: 

ôUe 
--- = K Tn - Fe = O 
ôTn e 

O comportamento térmico do elemento é 
representado pela relação : 

No desenvolvimento 
necessário calcular 

(20) 

então 

(21) 

das 
a s 

Integração ~rica. 
matrizes elementares será 
integrais sobre as fases e a superfície do elementr: 

e ! fs( x ,y) ds 
Se 

(22) 

Como é impossível calcular analiticamente estas 
expressoes, nós utilizaremos o método de int =gração 
numérica de Gauss que fornece uma boa aprox imaçãodestas 
integrais. 

A matriz elementar contendo termos de sexta ordem, 
devemos tomar n = 4. A integração será f e ita então 
sobre 4 pontos de Gauss para as Ántegrais de superfície 
e sobre 16 pontos de Gauss para a ,; integrais de volume. 

por: 
As coordenadas e os pesos para cada ponto são dados 

i Xi ou Yi 
1 -0,861136 
2 -0,339981 
3 +0,339981 
4 +0,861136 

Wi 
0,3478548 
0,6521452 
0,6521452 
0,3478548 

CONSTITUIÇÃO DA MATRIZ GLOBAL 

Consideremos agora o domínio na sua integr a lidade 
Os nós são numera dos de 1 a N ( sis tema global de 
numeração). Definiremos o vetar da s temperaturas nodai s 

como sendo: 

(23) 

A matriz de condutividade global K e o vetar global 
dos fluxos nodais são constituídos a partir da 
contribuição das matrizes elementares e dos vetares dos 
fluxos de cada elemento. O sistema global de equaçoes 
obtidos pode ser representado por: 

(24) 

A matriz K apresenta características interessantes 
que tornam o método dos elementos finitos mais atraente. 
Ela é simétrica, definida positiva, singular e esparsa. 
Esta última propriedade é particularmente importante. 
Podemos dizer que dois nós são conectados se eles 
pertencem pelo menos à um mesmo elemento. Somente os 
nós concetados gerarão termos não nulos na matriz 
global, e cada nó só é conectado à uma pequena parte 
do conjunto global dos nós. 

A matriz K é também determinada pela sua estrutura. 
A maneira de numerar a malha e de identificar as conexões 
nodais permite a localização dos termos não-nulos. 
Normalmente, tenta-se aproximar estes termos da diagonal 
da matriz. Desta forma é possível criar uma matriz 
banda, onde todos termos situados além de uma diagonal 
secundária são nulos. 

Como a matriz K é simétrica, ela pode ser armazenada 
na forma de uma tabela de Índice Único, afim de econo
mizar espaço de memória. Para cada coluna, partindo 
da diagonal para cima, existe um termo a partir do qual 
todos os outros são nulos por não-conexão. Pode-se então 
definir a altura skyline desta coluna e o perfil skyline 
da matriz. Evitar de armazenar zeros que se conhece a 
localização leva à uma economia de memória, o que 
conduz à métodos de armazenamento da matriz de 
eficiência crescente: meia matriz cheia, meia matriz 
banda e meia matriz skyline. 

IMPLEMENTAÇÃO DAS CONDIÇÕES DE CONTORNO 

As condiçÕes de contorno naturais foram integradas 
na formulação variacional e resultaram numa contribuição 
ao vetar do segundo membro, as s im como o termo de 
geração interna de calor. A determinação dos elementos 
deste vetor será vista no capítulo segu i1 te. 

Devemos então determinar as modifica ; Ões necessá
rias à serem realizada s no sistema globa~ para levar 
em considera ção as condiçÕes de contcrno essenciais 
(temperaturas especificadas). Ex iste11 v:.rios métodos 
para implementar estas condiçÕes de con torno. O mais 
simples, em princípio, consiste em ex tr<ir do sistema 
global as equaçÕes correspondent ~ s a umu temperatura 
especificada e reter somente o s•~-sist !ma residual. 
Este método apresenta o inconven ~ente de necessitar 
longos cálculos de reestruturação da matriz global. Um 
outro método clássico consiste na utilização dos 
multiplicadores de Lagr ange. 

Supondo que existam cnndiçÕes de temperatura 
especificada em rn nós, reagrupada s na forma matricial: 

(25) 

com a condi ção do nó i: Ti - Ti = O. 
Definiremos urna nova funciona l de substituição: 

*' * * U = U + \TN = U + I ÀiCi (26) 

onde Ài são os multiplicadores de Lagrange. 
Devemos agora minimizar u*' em relação às 

temperaturas nodais e aos multiplicadores de Lagrange. 
Obtemos então um novo sistema linear da forma: 

K'TN - F' = o com (27) 

O inconveniente deste mét odo é o aurnPnto da 
dimensão do sistema que passa de n a n+rn. Po r esta r a zao, 
opt amos pela utilização de um método de rivado do 
precedente, chamado de penalização. 

Consideremos a funcional: 
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*" * 1 2 U • U ,+ E (ÀiCi - l Ài Ei) (28) 

*" *' com Ei muito pequeno, de maneira que U = U 
A equação relativa é i-ésima condição de contorno 

é dada por: 

ôU*" 
-- = c i - À i e: i - o 

H i 
(29) 

ou seja Ài z Ci/Ei• e substituindo os valores de Ài em 
(28) temos que: 

*" * 1 ci2 u -u +--
2 Ei 

(30) 

A minimização da funcional em relação à i-ésima 
condição de contorno está, desta maneira, garantida. 
Devemos então resolver as n equaçÕes de minimização em 
relação às temperaturas: ôU*"/ôTN z O, que conduzem à 
um sistema linear da forma K"TN = F" da mesma dimensão 
n que o sistema anterior. 

O sistema é então modificado 
1/Ei ao i-ésimo termo da diagonal 
i-ésimo termo de F, ou seja: 

pelo acréscimo 
de K, e de Ti/Ei 

" 1 K· i = Ki i +- e 
1, ' Ei 

ri 
" F +-Fi = i Ei 

de 
ao 

(31) 

Pode-se notar que a simetria da matriz é conservada. 
O método de penalização comporta um certo risco 

associado à escolha de Ei (risco de over flow ou falta 
de eficiência na penalização), e introduz uma aproximação 
adicional. Por um outro lado, este método apresenta as 
seguintes vantagens: 

- só exige intervençÕes localizadas na matriz 
global, logo um baixo volume de cálculo; 

- não aumenta a dimensão do sistema; 
- contém a sua própria verificação, pois as 

temperaturas dos nós associados à uma condição 
de contorno são calculadas como as outras, o que 
permite constatar a qualidade com a qual a 
condição é respeitada. 

Neste trabalho o valor de Ei utilizado 
Ei = 10-4/Kii• 

CONSTITUIÇÃO DO VETOR DOS FLUXOS 

foi de 

Trata-se aqui de determinar as contribuiçÕes das 
condiçÕes de contorno naturais (fluxo superficial 
especificado) e do termo de geração interna de calor , 
a~ vetor do segundo membro do sistema global de equa
çoes. 

A contribuição da geração interna de calor de cada 
elemento ao vetor dos fluxos é dada por fve NTQ dv. 

Esta quantidade é calculada pelo método de 
integração numérica de Gauss descrito anteriormente. 
Como os vetares elementares contém apenas termos de 
ordem 4, a integração pode ser feita sobre 9 pontos 
de Gauss. As coordenadas dos pontos de Gauss são 
X ou Y =:r 0,7745967 e, os produtosdospesoswiwj são: 

-para os nos 1,3,7 e 9: 0,308642 
- para os nós 2,4,6 e 8: 0,493827 
-para o nó 5: 0,7901235 

A contribuição do fluxo superficial de calor de 
cada segmento do contorno ao vetar dos fluxos é dada 
por fs

2 
NTq dS. 

e 
Est a quantidade é calculada pelo método de 

integração numérica de Gauss. A integração é feita sobre 
4 pontos de Gauss segundo oprocedimentojá desenvolvido 
anteriormente. 

RESOLUÇÃO DO SISTEMA GLOBAL 

Devemos calcular a solução do sistema linear: 

K" TN - F" = O (32) 
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Existem vários algor{timos para resolver s-istemas 
lineares, mas a matriz K" sendo simétrica definida 
positiva, um dos métodos mais empregados é a fatorização 
de Choleski. Neste caso a matriz global pode ser 
decomposta sob a forma: K" ~ sTs onde S é uma matriz 
triangular superior que se calcula a partir das 
relaçÕes seguintes: 

" j 11 Klj 
11 

i-1 
S 11 =Ku;S 1j•--; s 11 = K11 - E Sii 

s11 K=l 

i-1 
1 " 

Sij =- (Kij - E SKiSKj) (33) 
511 K=l 

onde j z i+ 1, ... N. 
Uma vez realizada a fatorização, deve-se calcular 

TN• ou seja, resolver o sistema. Para tanto, faremos 
G = S TN e a partir do sistema decomposto sTs TN- F" • O, 
obtemos sTG - F" - O e sTN - G = O que constituem 
dois sistemas triangulares de fácil resolução por 
substituição descendente e ascendente para obter G e 
TN respectivamente. 

RESULTADOS 

O programa desenvolvido a partir do método de 
elementos finitos descrito acima foi testado para dois 
problemas de condução de calor cujas soluçÕes podem ser 
obtidas analiticamente. Em seguida, o programa foi 
utilizado para resolver um problema mais complexo afim 
de demonstrar o seu potencial. 

Whitley and Hromadka [3] sugerem um teste para 
verificar a precisão de soluçÕes numéricas de problemas 
de condução de calor em regime permanente, com condiçÕes 
de contorno mistas. O problema consiste em determinar 
T(x,y) para: 

v2r = o 0 < X < 1 
' 

o < y < 1 
T(O,y) = O o < y < 1 
T(l,y) = f(y) o < y < 1 (34) 

aay T(x,O) = O 0 < X < 1 

T(x,l) = O Q < X < 1 

onde f(y) = min (exp(2y) - 1, exp(2(1-y)) - 1). 
O domínio foi discretizado usando três malhas 

diferentes, com 4, 9 e 16 elementos . Os resultados 
obtidos são apresentados comparativamente na Tabela 1 
para os pontos que apresentaram o maior erro em relação 
à solução analítica. Nas Figuras 3 e 4 são representa 
dos os dados da Tabela 1. -

A Tabela 2 mostra os erros médios e máximos das 
soluçÕes numéricas. Pode-se verificar que a discretizaçãc 
do domínio em apenas 9 (3x3) elementos já proporciona 
uma solução bastante precisa. 

Em seguida, apresentaremos os resultados do teste 
do programa em rela ção à um problema de condução de 
calor bidimensional em regime permanente envolvendo 
geração interna de calor. O problema consiste em 
determinar T(x,y) para: 

K v2T + Q = o 
a 

ax T(O,y) = O o < y < 1 

a 
ôy T(x,O) = O 0 < X < 1 

T(l,y) = -
(T - T., ) 

o < y ·< 1 
ax K Rx 

a (T - T., ) 
ôy T(x,l) = - 0 < X < 1 

K Ry 

onde nas faces x = 1 e y = 1 ocorre trans ferência de 
calor para um meio à tempe ratura T., através de uma 
resistência superficial (por unidade de área) Rx e Ry 
respectivamente. 

... 



Tabela 1. Resultados do probleaa de condiçÕes de 
contorno mistas. 

X = 0,7 X - 0,9 
y ANAL. 4 ELEM. 9 ELEM. ANAL. 16 ELEM. 

0,1 0,392 0,426 0,392 0,352 0,345 
0,2 0,437 0,510 0,448 0,511 0,520 
0,3 0,493 0,610 0,516 o, 716 0,743 
0,4 0,535 - 0,547 0,922 0,980 
0,5 0,539 0,536 0,486 1,023 1,031 
0,6 0,490 - 0,539 0,902 0,915 
0,7 0,397 0,418 0,437 0,672 0,671 
0,8 0,275 - 0,296 0,431 0,437 
0,9 0,140 - - 0,208 0,212 

Tabela 2. Coaparação dos erros das soluçÕes 
nuaéricas. 

4 ELEM. 9 ELEM. 16 ELEM. 

E 9,6% 3,4% 2,2% 

Emax 23,7% 10,1% 6,6% 

Os valores adotados para a 
calor, a condutividade térmica, 
superficiais e a temperatura do 

geraçao interna de 
as resistências 

meio exterior sao: 

Q = 1000 W/m3 

Rx 1 m2 °C/W 
T., - 0°C 

K 10 W/m °C 
Ry = 0,1 m2 °C/W 

A solução analítica deste problema, é descritapor 
Carslaw and Jaeger [4]. 
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Fig. 4 Comparação 

dos 

dos 

0,4 0,5 
Coordenada Y 

resultados (x 

0,4 0,6 
Coordenada Y 
resultados (x 

Este problema foi resolviJo 
discretizando-se o domínio em 4 (2~2) 

~ Analit.J 
o 4 Elem. 

9 Elem. 

0,6 1 

o. 7). 

<> Analit. 
+ 16 Elem. 

0,8 

0,9). 

1 

numericamente 
elementos. Os 

resultados obtidos repre s entam um erro em relação à 
$olução analítica sempre inferior à 0,2 %. Na Tabela 3 
são apresentados alguns valores da temperatura no 
contorno do domínio. A discretização do domínio em 
9 (3x3) e 16 (4x4) elementos fornecem resultados cujo 
erro em relação à solução analítica é sempre inferior 
à 0,1%. 

Os resultados obtidos neste problema são muito mais 
precisos que os resultados do primeiro problema, para 
um mesmo numero de elementos. Isto ocorre porque, no 
primeiro caso, a distribuição de temperaturas 
(exponencial) na face x = 1 é aproximad a pelas 
temperaturas especificadas nos nós do contorno, o que 
implica numa fonte de erro adicional quando o número de 
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nós é pequeno. Já no segundo problema as condiçÕes de 
contorno (convecção) são distribuídas nas faces dos 
elementos. 

O terceiro problema tratado neste trabalho 
representa um exemplo de aplicação do programa 
desenvolvido à um problema real. Um tubo de aço de 
seção interna circular e seção externa retangular e 
utilizado para geração de vapor por efeito Joule. A 
mistura água-vapor circula pelo interior do tubo. A 
superfície externa do tubo é isolada por uma camada de 
lã de vidro. 

T 
T 

Tabela 3. Resultados do problema de geraçãointerna 
de calor para a malha de 4 eleaentos. 

X • Q X = 0,6 X • 1 

y=O y=0,6 y=l y-(1 y=0,6 y=l MI y-(1,6 y=l 

(Anal.) 134,5 118,5 89,9 132,4 116,7 88,5 128,4 113,2 85,9 
(-.) 134,5 118,5 89,9 132,4 116,7 88,5 128,4 113,2 85,8 

Deseja-se saber qual a maior taxa de geraçao 
volumétrica de calor à ser aplicado no tubo sem que 
ocorra a fusão da parede do tubo (Tmax < 900°C). Trata
se então de aumentar gradualmente o valor da geração 
interna de calor aplicado ao tubo, verificando sempre o 
valor da maior temperatura obtida no domínio. Esta 
temperatura deve ocorrer na interface entre o tubo e o 
isolante. 

Devido à simetria do problema, apenas 1/8 da 
seção transversal será discretizada. A Figura 5 mostra 
o domínio discretizado em 15 elementos (deformação 
isoparamétrica), assim como as condiçÕes de contorno. O 
valor do fluxo volumétrico de calor foi aumentado 
gradualmente à partir de Q • 106 W/m3 , onde a temperatura 
máxima obtida foi de aproximadamente 170°C, até Q = 107W/m3 , 

quando a temperaturaatingiu valores próximos de 816°C . 
A Figura 6 mostra a distribuição de tem~eraturas 

no domínio discretizado para o caso limite de Qal0 7W/m3 • 
Este problema demonstra a capacidade do programa 

desenvolvido de representar geometrias complexas através 
da deformação dos elementos e de levar em conta uma 
variação da condutividade térmica e do fluxo volumétrico 
de cal.or de um elemento ao outro. 

y 

0,07 

0,05 

0,02 

K • 

n o,os 
ãN - o 

0,07 X 

Fig. 5 Discretização do domínio e condiçÕes de contorno. 

CONCLUSÕES 

O método dos elementos finitos foi desenvolvido 
através da utilização de elementos quadrilaterais 
(isoparamétricos) de terceira ordem. A capacidade destes 
elementos de representar a distribuição de temperaturas 
com um alto grau de precisão aliada à capacidade de 
serem deformados para representar adequadamente o 
contorno do domínio, conduz à uma redução do número 
de elementos necessários à uma dada precisão dos 
resultados. 

O programa desenvolvido foi testado 
problemas de condução de calor para os 
distribuição de temperaturas pode ser 
analiticamente. 

em dois 
quais a 
calculada 
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Fig. 6 Distribuição de te.peraturas (Q- 107 W/a3 ). 

Os resultados obtidos mostram que, mesmo usando 
poucos elementos, a precisão dos resultados é 
satisfatória. 

O exemplo de aplicação do programa à um problema 
real mostrou que com apenas 15 elementos é possível 
representar a distribuição de temperatura em um domínio 
complexo tanto a nível da geometria quanto a nível de 
condutividade térmica e da geração volumétrica de calor. 
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SUMMARY ---

ln this paper, a finite element method is developed 
for the solution of two-dimensional steady-state heat 
conduction problems. A quadrilateral isoparametric 
element is used in c~njunction with a third arder 
interpolation function. This arrangement improves results 
accuracy (even for a few elements) and leads to a better 
representation of the boundaries by the element deformation. 

The compu ter program developed was validated for 
two heat conduction problems with analyticalsolutions. 
A real problem is solved to demonstrate the numerical 
program capabilities. The results analysis shows that 
few elements are sufficient for acurate results. 
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SUMÁRIO 

Este trabalho desenvolve um procedimento para a análise térmica linear transiente, empregando 
o método dos elementos finitos para a discretização espacial e métodos de integração direta para 
a discretização no domínio do tempo. Foram utilizadas as técnicas de organização de programas 
científicos previstas no sistema computacional SDP. A fim de avaliar a precisão do código, foram 
executados exemplos para comparação com soluções analíticas. 

INTRODU CÃO 

No presente trabalho é apresentada a organização de pro
gramas para a resolução de problemas lineares de condução de 
calor, sob condições de contorno de temperatura prescrita, fluxo 
prescrito e mista (ou 3° tipo} com o auxílio do SDP -Sistema 
para Desenvolvimento de Programas Baseados no Método dos 
Elementos Finitos 111. Este sistema estabelece regras de pro
gramação, organização de dados e documentação, dispondo de 
facilidades para manipulação de informações (banco de dados) 
e depuração de programas. 

Foi utilizada uma formulação variacional, fazendo-se a a
proximação espacial por elementos finitos [21 [41 e a integração 
temporal pelo método-/1 de diferenças finitas [31 . 

A partir do ambiente computacional proporcionado pelo 
SDP, definem-se os diferentes módulos de programação. 

De modo a validar o código, são apresentados alguns pro
blemas, bem como uma avaliação crítica dos resultados obtidos 
quando comparados com soluções analíticas . 

ORGANIZACÃO DOS PROGRAMAS 

O trabalho foi desenvolvido baseado no sistema SDP, que se 
destina a auxiliar a elaboração de programas aplicativos técnico
-científicos que utilizam o método dos elementos finitos. O 
SDP é uma proposta para o desenvolvimento de códigos, de 
modo a criar um ambiente computacional que dispõe de um 
sistema de gerenciamento de dados e facilidades para depuração 
e testes de rotinas . Possui ainda bibliotecas de procedimentos 
d.e cálculo com matrizes, solução de sistemas, cálculo de funções 
de interpolação, e outros. 

A partir deste ambiente, este sistema estabelece níveis hie
rárquicos para programação (Fig. 1). 

Aplicacão. É um conjunto de programas, formando uma 
rede integrada, que permite a solução de um determinado pro
blema. Como exemplos podem ser citados a análise estática 
e elasto-plástica de estruturas e as aplicações em mecânica dos 
fluidos e transferência de calor [11. 

Processadores. São programas onde se m1c1am os proc~ 
dimentos de gerenciamento de memória, de rastreamento, or
ganização dos bancos de dados, gerenciamento do acesso aos 
blocos funcionais. Os processadores executam tarefas inerentes 
a uma dada aplicação. 
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APLICAÇÃO 

l 
PROCESSA DOR 

I 
BLOCO FUNCIONAL 

I 

BIBLIOTECA 

DE 

ELEMENTOS 

ROTINA 
GE RENCIA DORES 

DE 

CALCULO 

Fig. 1 - Organização dos Programas 

Bloco Funcional. É encarregado de executar uma deter
minada tarefa e ativa uma série de procedimentos de cálculo 
e de gerenciamento. Um bloco funcional e suas sub-rotinas 
relacionadas formam um módulo de programação que somente 
transfere as informações necessárias e os resultados obtidos por 
um banco de dados. Com isto, esta estrutura torna-se altamente 
independente do resto do programa, dotando o código de uma 
grande flexibilidade . 

Biblioteca de Elementos. É formada por rotinas que forne
cem parâmetros ou ativam sub-rotinas de gerenciamento e de 
cálculo para um determinado elemento. Neste último caso pode 
ser considerada uma extensão de um bloco funcional. 



Devido a esta estruturação, desenvolveu-se a aplicação de 
condução de calor em regime permanente utilizando-se os mes
mos processadores e blocos funcionais da aplicação elasto-linear, 
mudando-se apenas a biblioteca de elementos. Com a elabora
ção de novos processadores obteve-se a análise para regime tran
siente. 

O diagrama de blocos das duas aplicações desenvolvidas 
são mostrados nas Figuras 2 e 3. 

APLICAÇÃO PROCESSADORES 

I 
I PRET 

I 

I 

: ANÁLISE 

PERMANENTE I 
PROT 

I 
I 
I l I SOLT 

I 

Fig. 2 - Diagrama de blocos para regime permanente 

APLICAÇÃO PROCESSADORES 
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I 
I 
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ANÁLISE l PRETT 

TRANSIENTE I 
I 
I 
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I 
I 
I 
I 
I L....--

SOL TT 
I 

Fig. 3 - Diagrama de blocos para regime transiente 
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Os processadores são resumidamente descritos a seguir: 

PRET. Cria no banco de dados as tabelas contendo os 
dados necessários ao problema a ser resolvido; 

PROT. Cálculo das matrizes elementares de condutivi
dade; 

SOLT. Montagem das matrizes globais e solução do sis
tema de equações algébricas; 

PRETT. Cria no banco de dados as tabelas contendo os 
dados necessários ao problema transiente; 

PROTT. Cálculo das matrizes elementares de capacitân-
c ia; 

SOLTT. Montagem das matrizes globais e solução do sis
tema de equações algébricas. 

FOF MULACÃO DO PROBLEMA TÉRMICO 

A equação da condução de calor tridimensional transiente 
err cordenadas cartesianas é dada por: 

aT a ( aT) a ( aT) pcat = ax k:u; ax + ay kllll ay + 

a ( aT) + az ku az + Q, ( 1) 

onde T é a temperatura, t é a coordenada tempo, Q é a taxa 
de geração de energia por unidade de tempo e volume, p é a 

massa específica, c é o calor específico e k:u:, k 1111 e ku são as 
componentes do tensor condutividade térmica. 

As condições de contorno são de 3 tipos: 

T = Tp em S1- Temperatura Prescrita (2) 

-k ~: = qn em s'J- fluxo prescrito (3) 

aT . 
- k an = h(T- Too) em s3- mista. (4) 

Para a aplicação do método dos elementos finitos é necessá
rio formular o problema através de um funcional I, o qual se 
pretende minimizar. As equações (1) a (4) podem ser represen
tadas em uma forma variacional [2] como 

r 1 { (aT)
2 

(aT)
2 

(aT)
2 

I = Jv 2 k:u: ax + kllll ay + ku ~z 

- 2(Q - pc~~)T}dV+ h, qTdS+ 

+ r !!:_(T2
- 2TT00 + T,!)dS, (5) is, 2 · 

onde a distribuição de temperaturas T é tal que minimiza o 
funcional I. 

Aproximando a distribuição de temperaturas por funções 
continuas sobre os elementos escreve-se 

T = [Nj{<P}, (6) 

sendo [N] a matriz das funções coordenadas definidas de acordo 
com o tipo de elemento a ser utílízado (foi utilizado o elemento 

~ 



isoparamétrico triangular) e { 4>} o vetor que contém os valores 
das temperaturas doa pontos nodais (que são as incógnitas). 
Com este procedimento obtém-se um sistema de equações algé
bricas a ser resolvido. 

A discretização espacial é feita utilizando uma família de 
elementos isoparamétricos triangulares de 3 a 6 nós . A idéia 
básica dos elementos isoparamétricos é utilizar a mesma função 
de interpolação para representar a geometria e o campo de 
variáveis. As funções de interpolação utilizadas são mostradas 
na Tabela 1 [5]. 

TABELA 1- FUNÇÕES DE INTERPOLAÇÃO 

y 

~--'•0 _.,r ------"Y,2 
/ 4 r= 1 

r=..!. 
2 L_ ______________________________ _ 

N
1

• 1-r-s 

N4 • 4 r(t- r-s 

Ne • 4s0-r-s) 

i= 4 

-J.N 
2 4 

-.lN z 4 

i= !I i= 6 

- t•. 
-tNs 

tN.s -t·· 

No caso de regime permanente, o sistema de equações toma 
a forma: 

[H] {4>} = {F}, (7) 

onde [H] é a matriz de condução global e {F} é o vetor de 
carregamento térmico global. [H] e {F} são obtidos a partir de 
uma união das matrizes e vetores de carregamento elementares 

(8) 

{F} = u{!.}. (9) 

Os componentes h,; e h são calculados por: 

h . . -1 [k• 8N, 8N; k• 8N, 8N; ., - ----- + -----+ 
V• """ 8x 8x IIII 8y 8y 

8N.· 8N· 1 +k• ---' --'] dV• + h• N.· N ·dS• .. az az s• • J 

• 
(10) 

h= -1 q•N,dV• + r q•N,ds•- r h•TooN,dS•, (11) 
v• ls; ls; 
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onde o índice superior se refere ao elemento "e". 
As três parcelas do vetor de carregamento térmico corres

pondem, respectivamente,à geração interna, ao fluxo prescrito 
e à parte não homogênea da convecção. 

A solução deste sistema de equações é feita através de um 
método direto. A prescrição das temperaturas nodais é feita 
durante a resolução do sistema. 

No caso de regime transiente, o sistema de equações obtido 
é: 

[c]{~}+ [H] {4>} = {F}, (12) 

onde [C] é a matriz de capacitãncia térmica e { ~} é o vetor que 
contém as derivadas temporais de t/J. 

De modo análogo ao regime permanente 

[c]= u[c.] (13) 

C,;= r p•c• N,N;dv•. 
lv• (14) 

Para resolver o sistema de equações diferenciais (12) será 
usado o método-O de diferenças finitas [3]. A equação diferencial 
é resolvida em um tempo arbitrário entre t e t + L).t definido por 
t• = t + 96t. Assim o sistema de equações é escrito em t•: 

+(1- 8) {F}c + 9 {Fh+t.t · (15) 

Determina-se então a distribuição de temperaturas no ins
tante t+6t a partir desta distribuição em t. 

Ajustando o valor de 8 entre O e 1, conforme o caso, obtém
-se relações de recorrência diferentes para o cálculo da distribui
ção de temperaturas. Particularmente, fazendo 9=0, 0,5 e 1, 
obtém-se relações de recorrência bastante utilizadas que são, 
respectivamente, o método da diferença à frente (método explí
cito), método da diferença central (Crank-Nicolson) e o método 
da diferença à ré (método totalmente implfcito). 

ALGORITMO DA SOLUCÃO TRANSIENTE 

A fórmula de recorrência para a obtenção das temperaturas 
em cada instante é fornecida pela equação (15). Esta equação 
é da forma: 

[A] {t/>}t+At = {B}, (16) 

onde 

[A] = { ~t [C] + li[H]) (17) 

e 
1 

{B} = (6 t (C]- (1- li}[H]) {t/>}c + 

+(1 - 8) {F}c + 8 {F}t+At. (18) 

A seqüência da solução transiente é: 
-Cálculo de [A] e sua respectiva triangularização; 

-Cálculo de Uc (C]- (1- 8) [H]), cujos valores são collll-
tantes durante a solução do problema. 

- Para cada instante de tempo: 

Leitura do carregamento térmico em t + 6t = {F}t+At 

Cálculo de (1- 8) {F}c + 6 {F}t+At 
Cálculo de {B} 

Resolução do sistema {16). 



RESULTADOS 

Com o objetivo de verificar os resultados obtidos pelo pro
grama, são resolvidos três exemplos que admitem solução analí
tica : dois em regime permanente e um em regime transiente. 

Exemplo 1 -Regime Permanente. Obtenção da distribui
ção de temperaturas em uma coroa circular, de raio interno 
igual a 1 m e raio externo igual a 3 m, com as seguintes pro
priedades: k,, = 1,4 W /m°C, k1111 = 1,4 W jm°C. A coroa é 
submetida às seguintes condições de contorno: Temperatura 
prescrita igual a 100°C no contorno interno e fluxo prescrito 
igual 10 W / m2 no contorno externo. 

Devido à simetria do problema, utilizou-se o domínio mos
trado na figura 4, e~ j>ecificando fluxo igual a zero (isolamento) 
em a = 0° e a = 30° . 

-< z 30° 

\,";~ ..::.!_':_ __ 
I! 

Fig. 4 - Domínio para a solução do Exemplo 1 

-----q 

to( 

O gráfico da figura 5 mostra a comparação entre a solução 
numérica e a solução analítica. O erro máximo obtido foi inferior 
a 0,5 %. 
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Fig. 5 - Comparação dos resultados do Exemplo 1 

Exemplo 2 - Regime Permanente. Obtenção da distribui
ção de temperaturas em um domínio retangular com um furo 
circular excêntrico, com as seguintes propriedades: 
k,., = 20 W /m°C, k1111 = 20 W jm°C e h = 200 W /m2 °C. 
O domínio do problema, bem como as condições de çontorno 
são mostrados na figura 6. 
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h,Too=O 
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f--------- -·-------15 -~ 
Fig. 6 - Domínio para a solução do Exemplo 2 

Jevido à simetria do problema, o domínio computacional 
utili .ado corresponde à metade do domínio real. 

O gráfico da figura 7 mostra a comparação do resultado 
numérico com o obtido analiticamente por Mey [6]. 
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Fig. 7 - Comparação dos resultados do Exemplo 2 

O erro máximo obtido foi da ordem de 3%. Caso fosse de
sejada uma solução mais precisa, dever-se-ia utilizar uma malha 
mais refinada. Os resultados mostrados foram obtidos com uma 
malha de 204 elementos (126 nós) . 

Exemplo 3 - Regime Transiente. Obtenção da distr ibuição 
de temperaturas em uma placa plana quadrada de lado igual a 
3 m, com temperatura inicial igual a 30°C, com as seguintes 
propriedades: k, = 204 W /m°C, k1111 = 204 W jm °C, pc = 
2400Jjm3 °C. A condição de contorno em todas as arestas é do 
tipo temperatura prescrita e igual a O °C. 

O domínio utilizado na solução do problema é mostrado na 
figura 8. Foram utilizados 121 nós, formando 200 elementOs. 

Utilizou-se um incremento de tempo (b.t) igual a 0,5. Fo
ram obtidas as distribuições de temperatura a cada instante, e 
comparou-se a temperatura do centro da placa com o resultado 
obtido através da solução analítica, como é mostrado no gráfico 
da figura 9. 

O erro máximo entre o resultado numérico e a solução 
analítica foi de 1 % , para o valor recomendado ?e 8 = 1 [3]. 

..... 



y 

X 

Fig. 8 - Domínio para a solução do Exemplo 3 
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Fig. g - Comparação dos resultados do Exemplo 3 

COMENTÁRIOS FINAIS 

Utilizando-se a metodologia sugerida pelo SDP, foi imple
mentada uma aplicação do método dos elementos finitos para a 
análise térmica de problemas lineares de condução de calor em 
regime permanente e transiente. 

Verificou-se uma simplificação no trabalho de implementa
ção de uma nova aplicação, uma vez que grande parte das 
rotinas utilizadas já estavam desenvolvidas. 

Os resultados obtidos para os três problemas resolvidos a
presentam boa concordância com suas soluções analíticas. 
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ABSTRACT 

The present work develops programa to solve unsteady heat 
conduction problema using the Finite Element Method for the 
space approximation and Finite Difference Method for the time 
approximation. The programa are structured according to the 
SDP system. The organization of programa and some resulta 
are shown. 
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RESUMO 

Um esquema de pós-processamento, consistindo em adicionar os residuos das equações 
constitutivas e de balanço, é proposto para melhorar a precisão de aproximações de elementos 
finitos para o fluxo de calor em problemas transientes de condução de calor. Análise numérica, 
estimativas de erro e resultados numéricos são apresentados confirmando a boa performance 
do método proposto. 

INTRODU CÃO 

O tratamento de problemas dependentes do tempo pelo 
método dos elementos finitos usualmente objetiva a deter
minação de variáveis primais e suas derivadas espaciais. Nos 
modelos cinemáticos as variáveis primitivas são obtidas dire
tamente pela solução do sistema de equações algébricas re
sultantes da discretização espacial por elementos finitos e da 
aplicação de esquemas de diferenças finitas para a discretização 
no tempo, enquanto os campos derivados decorrem da in
terpolação inerente ao método. Em problemas de condução 
de calor que envolvem originariamente derivadas espaciais de 
segunda ordem do campo de temperaturas, as aproximações 
clásssicas de elementos finitos, baseadas no método de Galerkin 
com funções de interpolação de primeiro grau, aproximam a 
equação de equilibrio de forma extremamente fraca e conduzem 
a aproximações imprecisas para o fluxo de calor. 

As formulações tipo Petrov-Galerkin, inicialmente pro
postas para superar efeitos de trancamento ou "locking" em 
soluções numéricas de problemas da engenharia, como por ex
emplo, o problema da viga de Timoshenko [1], podem ser 
utilizadas para facilitar a construção e melhorar a precisão 
de aproximações de elementos finitos [2-3] ou ainda em pós
processamento de campos previamente determinados por qual
quer método [4-5], com os mesmos objetivos. 

Face aos bons resultados obtidos nas referências [4,5] em 
problemas estacionários propomos, neste trabalho, uma for
mulação de Petrov-Galerkin visando a obtenção de aprox
imações mais precisas para o fluxo de calor em problemas 
de condução transientes, através de um esquema de pós
processamento que utiliza o campo de temperaturas e sua 
derivada no tempo obtidos com o método de Galerkin. 

PROBLEMA MODELO 

Seja O um subconjunto aberto de R 2 com fronteira regular 
r = an. o problema modelo aqui considerado consiste em: 

Para uma dada fonte de calor f(x, t), X E n, t E [0, T), 
determinar o fluxo de calor p : n X [O, T] -; R2 e o campo de 
temperaturas u : n X [0, T] -; R, satisfazendo, para todo tempo 
t E [0, T), a equação de balanço de fluxo 

pCUt + divp = f, em Çl 
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a equação constitutiva (lei de Fourier) 

p = -K\lu em O, 

à condição de contorno 

u(x) =o em r 

e à condição inicial 

u(x, O) = v(x) em O, 

onde p é a massa especifica, c é o calor especifico, K é um ten
sor simétrico e positivo definido representando a condutividade 
térmica do material, u 1 denota a derivada deu em relação ao 
tempo, e os simbolos di v e \7 denotam os operadores divergência 
e gradiente, respectivamente. 

Formulacao Variàcional. Seja L 2(0) o espaço de Hilbert con
tendo funções escalares quadrado integráveis em n, com pro
duto interno 

e norma induzida 
11!11 = (J, f)l/2 . 

Consideremos ainda o espaço de Hilbert de ordem m, 

com o produto interno usual 

(J,g)m= L iaataogdO Vf,gEHm(O), 
l<>l$m !l 

norma 

llfllm = (!, f)!/. 2 

e seminorma 

Em particular consideremos o subespaço V de H 1(0) contendo 
funções que se anulam no contorno, isto é, 

V=Ht{!~)= {!EH1(fl), f=O em r} . 



A forma fraca do problema modelo proposto, em temper
atura apenas como é usualmente apresentada cm formulações 
cinemáticas, consiste em 

Problema T: Para todo t E [0, T] achar u E V , tal que 

(ut>w)+a(u,w)=(J,w) 'v'wEV, 

com 
(u,w)=(v,w) Vw EV, t=O 

sendo 
a(u, w) =(\lu , \?w). 

Onde admitimos pc = 1 e J{ = I, tensor identidade de segunda 
ordem , apenas para simplificar a apresentação. 

Discretização Espacial. Por simplicidade admitimos ainda 

que n é um dominio poligonal discretizado por meio de uma 
malha uniforme com N e elementos. Denotamos por h o 
diâmetro da malha, definido como h = max h e, onde h e é o 
diâmeto do elemento e. Seja S~(!1) C H 1(!1) um espaço de el
ementos finitos de classe C 0 e grau k. Podemos então formular 
a seguinte aproximação de Galerkin para o Problema T , em 
vhk = s~ n HJ(n): 

Problema Th: Para todo tE [0, T] achar uh E Vt tal que 

(uht , wh) + a(uh, wh) = (!, wh) \fwh E Vhk, 

com 

(uh, wh) =(v, wh) Vwh E Vt, t =O. 

Para esta aproximação valem as seguintes estimativas de erro 
[6]: 

Teorema 1: Seu e uh são soluções dos Problemas T e 
Th, respectivamente, então, para t ~ O, temos 

llu(t)- uh(t)IJ :S ll v - vhll+ 

Chk+
1 

(llvllk+I [ llutlik+I ds) , 
ll\7 (u(t)- uh(t)) 11 :S II'V(v- vh)ll+ 

Chk (llvllk+I + 11 

llutllk+I ds) 
Discretização no Tempo. O Problema Th resultante da dis
cretização de elementos finitos ·consiste em um sistema de 
equações ordinárias no tempo para cuja solução utilizamos o 
método impllcto de Euler, no qual a derivada temporal no in
stante tn = n.ó.t é aproximada por 

â 
n Uhn- Un-I 

tUh = - h 

em que .ó.t = T/N é o intervalo de integração eu;: é o valor de 
uh(t) no instante tn = n.ó.t . Deste modo o problema comple
tamente discreto consiste em: 

Problema Tf: Para n = 1, 2, ... , N determinar u;: E Vhk 
satisfazendo a 

( UÍ:, Wh) + .ó.t(\?ui:, \?wh) = ( U~-l + .ó.tf(tn), wh) \fwh E Vhk 

com condição inicial u~ = vh. 
A análise numérica do Problema T~ conduz ao resultado 

seguinte, cuja demostração pode ser encontrada na referência 
[6]. 

Teorema 2: Sendo u(tn) e u;: soluções dos problemas T 
e Ti:, respectivamente, então, para n ~O, temos 

lluí:- u(tn)ll :S llvh- vil+ 
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C [h2 
(llvllk+I + [ " ll u dlk+I ds) + .ó.t ["llutdl ds] . 

Resultado semelhante pude ser demostrado para a 
derivada no tempo de u( t ), ou seja 

Teorema 3: Sendo u(tn) eu ;: soluções dos problemas T 
e Ti:, respectivamente, ent ão, para n ~O, temos 

llâtUÍ: - Ut(tn)ll :S llâtuh(O)- !it(O)II+ 

C [ h
2
• (llut(O)IIk+I + [" IJuullk+I ds) + .ó.t [" lluwll ds] 

Para demonstração deste teorema ver [7] onde também é 
demostrado que o erro nas condições iniciais é atenuado com o 
tempo. 

PÓS-PROCESSAMENTO DO FLUXO 

Como se pode notar, pelo Teorema 1, a taxa de con
vergência em h para o gradiente de u é uma ordem a menos 
do que a taxa de convegência do próprio u. Portanto, com 
a tormulação proposta a aproximação obtida para o fluxo será 
sempre menos precisa do que a aproximação obtida para a tem
peratura, uma vez que neste caso a aproximação do fluxo é dada 
por 

Ph(t) = -\?uh(t). 

Mais precisamente, com a formulação cinemática clássica ap
resentada anteriormente, temos as seguintes taxas de con
vergência do fluxo com relação a h: 

IJp- Phil :S C(u)hk, 

IJdiv(p- Ph)IJ :S C(u)hk-l. 

Visando a obtenção de aproximações mais precisas para o fluxo 
propomos um pós-processamento do mesmo, baseado em uma 
formulação do tipo Petrov-Galerkin[1,2], utilizando a equação 
constitutiva e a equação de balanço de fluxo. Para tanto intro
duzimos o espaço produto U = L 2 (!1)2 com norma 

llqll = ( q, q) 112 
, 

e o subespaço 

H(div) = {q EU, divq E L2(!1)} 

com norma 

IJqiJ H(div) = { ( q, q) + ( divq, divqW/2
• 

Seja XL C H(div) um espaço de elementos finitos de grau I, 
por exemplo o espaço de Raviart-Thomas[8]. Aqui, por sim
plicidade, e dado que a formulação proposta não está sujeita 
a restrições de compatibilidade, adotaremos XL = Si X Si C 
H 1 (!1) x H 1(!1), que obviamente está contido em H(div) . O 
esquema de pós processamento consiste em conhecidos uh(tn) 
e sua derivada no tempo uh 1(tn), de forma aproximada através 
da solução do problema completamente discreto apresentado 
anteriormente, calcular uma aproximação Ph(tn) E XL para o 
fluxo no instante tn satisfazendo a equação variacional 

(Ph-\?uh,qh)+ó(uht+divph+\?uh-f,divqh) = 0\fqh E XL, 
que pode ser reapresentado na forma 

Problema PGh: Achar Ph E Xi tal que 

a6(Ph,qh) = /6(qh Vqh E Xi, 

.-. 



em que é > O é uma função do diâmetro da malha h, e 

Estimativa de Erro. É interessante notar que, conhecidos uh e 
Uht, a equação variacional do pós-processamento corresponde a 
uma aproximação de elementos finitos conforme em uma única 
variável Ph, à qual podemos aplicar técnicas usuais de análise 
numérica de problemas elipticos, uma vez que temos eliptici
dade e continuidade da forma bilinear a6(-, ·) na norma 

Deste modo demostramos facilmente a sequinte estimativa 

Diferentes escolhas de 6 em função de h podem conduzir 
a diferentes taxas de convergência, consequentemente de pre
cisão, para Ph · Assim, por exemplo, tomando I = k e escol
hendo 6 = h2 temos : 

IIP- Phil S C(u)hk , 

lldiv(p- Ph)ll S C(u)hk, 

evidenciando que, neste caso, o ganho em relação ao método 
clássico de Galerkin é de uma ordem na taxa de convergência 
do divergente do fluxo. Por outro lado, adotando ainda 1 = k 
e 6 =h temos 

IIP- Phil S C(u)hk+l/2 , 

lldiv(p- Ph)ll S C(u)hk, 

o que significa um ganho adicional na taxa de convergência do 
fluxo. Ganho ainda maior é obtido adotando-se l = k + 1, 
ou seja interpolando-se o fluxo com polinômios um grau mais 
alto do que o adotado na interpolação da temperat ura. Para 
maiores detalhes sobre a análise numérica, implementação e 
aplicações desta metodologia ver referência [7], onde a técnica 
de pós-processamento é também implementada elemento a ele
mento com o fluxo interpolado descontinuamente. 

RESULTADOS NUMÉRICOS 

Para confirmar as taxas de convergência em h, predi
tas na análise anteriormente apresentada, resolvemos numeri
camente um problema simples, consistindo na determinação 
dos campos de temperatura e fluxo em um dornfnio quadrado 
ll = [0 , 1] X [0, 1], com condições de contorno e inicial ho
rnogêneas, submetido a urna fonte de calor 

f = 10 sin 1rx sin 1r, y 

cuja solução é 

( ) 5 ( -2>r 2 1) . 
U X, t = 2 1 - e Slll 7rX cos 1ry. 

7r 

Este problema foi então resolvido com malhas uniformes 
de 4, 16, 36 e 64 elementos h i lineares ( k = 1 = 1) e .ó.t su
ficientemente pequeno de modo a evitar que o erro da dis
cretização temporal podcsse poluir as taxas de convergência 
da discretização espacial (.ó.t = 2.5 X 10-4 ). De acordo com 
a análise devemos ter neste caso as seguites taxas de con
vergência: 
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a) Para a temperatura 

llu(tn)- uh(tn)ll S C(u)h2
, 

ll\7u(tn)- \7uh(tn)il S C(u)h, 

b) Para o fluxo sem pós-processamento 

llp(tn)- Ph(tn)ll S C(u)h, 

llp(tn)- Ph(tn)IIH(div) S C> 

ou seja, neste caso não há convergência do fluxo na norma de 
H(div) . 

c) Para o fluxo pós-processado com é= h2 

llp(tn)- Ph(tn)ll S C(u)h 

llp(tn)- Ph(tn)IIH(div) S C(u)h, 

recuperando assim a convergência do fluxo em H(div). 
Os resultados da análise de convergência das aproximções 

de Galerkin para o campo de temperaturas e sua derivada no 
tempo, obtidas através da solução do Problema T~, estão 
mostrados na Fig. 1, onde se pode observar a confirmação das 
taxas de convergência previstas na análise (Teoremas 2 e 3 
com k = 1 ). A Fig. 2 confronta as taxas de convergência obti
das para o fluxo com a formulação de Galerkin, onde o mesmo 
é calculado como derivada do campo de temperaturas, e com 
a formulação de Petrov-Galerkin (pós-processamento), eviden
ciando um significativo ganho tanto em termos de taxa de con
vergência quanto de precisão com o pós-processamento, que 
neste caso apresenta inclusive taxas de convergência maiores 
do que as previstas na análise. A Fig. 3 apresenta taxas 
de convergência para o divergente do fluxo na norma do L 2

, 

mostrando que neste caso o divergente do fluxo obtido com o 
método de Galerkin é não convergente. Isto significa que esta 
solução não aproxima a equação de equilibrio no sentido da 
norma do L 2 , o que não ocorre com a aproximação de Petrov
Galerkin cujo divergente converge com taxa da ordem de h, 
pelo menos, conforme previsto na análise e confirmado nesta 
expe riência numérica. 

- Temp. L2 

-T Derlv. Temp. L2 

0.2 0.4 0.6 0.8 
log h 

Fig. 1 - Convergencia. Temperatura e Derivada 
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ABSTRACT 

A post-processing scheme, consisting in adding thc resid
uais of both constitutive and balance equations, is proposed to 
improve the accuracy of finite clemcnt approximations of heat 
fl.ux in transient heat conduction problems. Numerical analysis, 
error estimates and numerical rcsults are prcsented confirming 
the good performancc of the proposcd method. 
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RESUMO 

Este trabalho descreve um procedimento adaptativo do Método dos Elementos Fini
tos (MEF) onde o erro estimado (a-posteriori) é reduzido de forma eficiente por meio 
do refinamento automático de malhas (Versão-H). Os procedimentos apresentados permitem 
a análise de problemas governados pela equação de condução de calor no regime permanen 
te e no regime transiente. Analisa-se, primeiramente, uma aplicação a problema de con= 
dução de calor no regime permanente e, em seguida são feitas considerações a cerca de 
análise no regime transiente. 

INTRODUÇÃO 

A precisão dos resultados obtidos por meio das 
análises numéricas é essencial para que se tenha um 
uso eficaz dos procedimentos numéricos no estudo de 
problemas práticos da Engenharia. Nos Últimos anos 
grande foi o progresso alcançado no desenvolvimento de 
estimativas de erro a-posteriori (Flaherty, Paslaw, 
Shephard and Vasilakis [1]) as quais permitem uma es
timativa do erro total em uma determinada norma, bem 
como, uma indicação da contribuição relativa de cada 
elemento finito nesse erro. 

Essa análise de erros pode então ser combinada 
com um procedimento adaptativo de refinamento, no qual 
as aproximaçÕes são sucessivamente refinadas até alcan 
çar um grau de precisão pré-determinado. Simultaneamen 
te, é necessário que os procedimentos implementados se 
jam robustos e permitam uma análise numérica efici= 
ente. 

Para melhoria das soluçÕes do MEF o mais comum 
é aumentar a ordem das funçÕes de interpolação local 
e/ou aumentar o número de elementos nas regiões onde o 
modelo de elementos finitos leva a uma aproximação 
grosseira. A abordagem em que se melhora a solução a
través da divisão local dos elementos de acordo com a 
distribuição dos erros é conhecida como Versão-H do 
MEF. 

A Versão-H tem recebido maior atenção no estudo 
de problemas elipticos. Neste trabalho apresentamos um 
possível procedimento para tratar problemas regidos 
por equações diferenciais parabólicas, tal como a equa 
ção de condução de calor no regime transiente. -

No próximo tópico apresenta-se a estimativa e 
indicador de erros adotados. Em seguida, uma descrição 
suscinta da estratégia de refinamento de malhas (Ver
são-H) é feita dando-se especial atenção ao esquema pa 
ra o caso de problemas que dependem do tempo. Os resuT 
tados numéricos são comparados com a solução analític~ 
para o problema no regime permanente. Finalmente, são 
discutidas e feitas consideraçÕes pertinentes aos pro
blemas transientes. 

ESTIMATIVA OE ERROS A-POSTERIOR! 

Considerando a solução do problema de valor de 
contorno (PVC) abstrato abaixo: 

Para u,v E H' (O), D C R2 encontre u tal que 

blu,v) = 6iv) + <g,v >r, ~v E H' ln) 
N 

( 1) 
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onde b(.,.) é s1metrico positivo definido e bilinear 
contínuo. E <g,v> é correspondente a integral que ~esu! 
ta da condição de contorno tipo Cauchy. Pressupoe-se 
que a solução u é Única e que a aproximação de elemen 
tos finitos uh converge para u quando a dimensão da ma= 
lha tende a zero h ~ O. 

A aproximação de elementos finitos uh de u e a so 
lução de: 

para uh,vh E V(D) e V C H' (D) encontre ~tal que 

(2) 

Cada estimativa de erros irá tentar avaliar o 
erro exato I lu - uhl I através da norma definida por 
b(.,.). 

A estimativa de erros adotada foi desenvolvida 
por Zienkiewicz e Zhu [2] e baseia-se no cálculo da di
ferença entre o gradiente da solução aproximada de ele
mentos finitos e o gradiente "suavizado". Esse Último é 
obtido no pÓs-processamento através de projetares defi
nidos de fo~a a termos valores dos gradientes com con
tinuidade C em todo o domínio do problema. Seja 

como: 

fn\);;_GdD 

Jn\);;_lj!;_dn 

(3) 

(4) 

em seguida é feita a média nodal do gradiente da solu -
ção. 

Usando-se os valores do Bradiente G e do gradien
te suavizado G a estimativa de erros pode ser avaliada, 
através da norma de energia, como: 

Nel 
l[u-uh[[!J = í: Une. (G- G)V- 11G- G)dn] 

e.-1 
(5) 



onde V é o parâmetro referente às relações constituti 
vas do material. 

As principais vantagens desta estimativa de er
ros são: facilidade de implementação e um pequeno tem 
po de computação. No trabalho de Lyra [3] mostra-se 
ainda que essa estimativa converge para o erro verda -
deiro em uma variedade de problemas estudados. 

Ao longo do trabalho sempre que nos referimos a 
erro estaremos utilizando a estimativa de erros dada 
na equação (5) exceto se for explicitado o contrário. 

FORMULAÇÃO EM ELEMENTOS FINITOS 

Equação de Condução de Calor. De acordo com a 
lei de Fourier da conduçao de calor num meio contí
nuo, o problema bidimensional de condução de calor no 
regime transiente pode s e r descrito pela equação de 
campo, como segue: 

onde: 

(K a~)+ ~(K a~)=Q(t )-À~+C a~ ..... (x,y) E: rl (6) 
ax x ax ay Y ay at 

~ 
Kx,Ky 
Q(t) 
À 

temperatura 
= condutividade térmica 
= taxa de calor por unidade de volume 
coeficiente de radiação ou convecção 

c pc = capacidade térmica, onde p é a densi
dade do material e c é coeficiente de 
calor específico 

E as condiçÕes de contorno: 

CondiçÕes de contorno essenciais 
Dirichlet - a temperatura é prescrita 

~ - ~(t) o v (x,y) E r0 

ou 
( ~) 

CondiçÕes de contorno naturais ou de Cauchy 
1. condição de fluxo ( q ), (a= O ) 
2. condição de convecção ou irradiação 

(a(~ -~a)),(q =O, a >'O) 

K ~ + 
x ax x 

a~ -
K ~ + q(+)+ a (~-~ )=0 Y ay Y ~ a 

..... (x ,y) E r c 

de 

(7) 

(8) 

Nas quais ~X e ~ são os cossenos diretores en
tre a normal externa eyos eixos x e y respectivamente; 
a é o coe fici ente de radiação ou convecção, e ~a é a 
temperatura ambiente ou a temperatura da fonte de ra
diação externa. 

Para que o problema de v a lor inicia l I contorno 
fique completo, a condição inicial de temperatura deve 
também s er e s pecificada : 

~ ~o .,. (x,y) E Q paM t o ( 9 ) 

Discretizando o espaço por meio de elementos fi
nitos e aplicando o método de Galerkin tem-se ao final 
um s istema de equações diferenc iais ordinárias de pri
meira ord em. 

C~ + (Kk + Kc ) ~ 
at 

F ( 10) 
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Discretizando o tempo por meio de diferenças fini 
tas o problema pode ser expressado em um tempo t+ôt co= 
mo um sistema de equações algébricas linear conforme 
abaixo: 

* * - F K ~t+ôt -

( 11) 

~ ~o paM t o 

onde 

* K e(Kk + Kc) + c (12) 
M 

F*=[K*-(Kk+Kc) J~t + [eFt+M + (1 - e] Ft (13) 

sendo: Kk a matriz de condutividade 
Kc a matriz de convecção (ou radiação) 
c a matriz de capacidade 
F· o vetar dos .termos independentes 

.{_ 

t,t o intervalo de tempo e e um parâmetro de po~ 
de ração (o :; e s I I 

A equação (11) deve então ser resolvida a cada 
intervalo de tempo. O parâmetro 8 pode variar de O (es
quema explÍcito) a 1 (esquema totalmente implícito) e 
representa uma posição intermediária entre os pontos de 
inteeração no tempo. 

Versão-H do MEF no Regime Permanente. Aplicando -
se o metodo de Galerkin para MEF, com elementos isopara 
métricos bilineares, o procedimento auto-adaptativo Ver 
são-H para resolve r equaçÕes diferenciais parciais elíp 
ticas pode ser sintetic amente descrito no algoritmo a= 
baixo : 

1. Introduzir dados do problema e tolerância do 
erro desejada; 

2. Gerar o primeiro modelo; 
3. Resolver sistema de equaçÕes algébricas; 
4. Computar a estimativa de erros; 
5. Aplicar critério de refinamento baseado no er

ro; 
6. S~ a malha tiver que ser refinada continue , s~ 

nao pare . 
7. Aplicar critérios de refinamento adicionais; 
8. Gerar novo modelo e voltar ao passo 3; 

OBSERVAÇÃO 1 - A solução do sistema de equaçÕes algé -
bricas é efetuada utilizando o Método dos Gradientes 
Conjugadas com pre condicionamento de Jacobi e implemen
tado no esquema elemento - po r - elemento. Com o intui
to de acelerar a convergência do procedimento é utiliza 
da a s olução da Última malha como dado inicial no esqu~ 
ma iterativo . 

OBSERVAÇÃO 2 - O critério us ado na es co lha dos elemen
tos a serem refinados baseia-se no conhe cido "princípio 
da equidistribui ção dos erros", no qual o procedimento 
adaptativo pode se r de finido como um problema de otimi
zaçao: 

M.úwnü aJt 
Mâx..Uno À. 

.{_ 
( 14) 

-<-=1 ,2, •• • Nel ( abtav~ da adaptação) 

onde À.<_ é o indicador de erros do elemento .<. , e Nel é o 
número total de e lemen t os do modelo, que é variável na 
Versão-H. Obtém-s e as s im ao final valores iguais para 
o s indicadores de erro a menos de uma certa tolerância 
desej ada. 

.... 



OBSERVAÇÃO 3 - Existem inúmeras estratégias de refina 
mento baseadas no "Princípio da equidistribuição dos 
erros". A depender da escolha tem-se uma taxa de con 
vergência, um grau de confiabilidade dos resultados e 
um custo correspondente (Lyra, Alves,Coutinho,Landau e 
Dev loo [ 4]) . 

OBSERVAÇÃO 4 - Três são os critérios adicionais imple
mentados, todos baseados em considerações topológicas. 
Os dois primeiros foram propostos por Bank [S] para 
tratar os vér tices irregulares. O Último pretende solu 
cíonar problemas relativos às singularidades na solu~ 
ção ( [ 3]). 

OBSERVAÇÃO S - Cada elemento finito é subdividido em 
quatro novos elementos. Para assegurar a conformidade 
dos elementos, e portanto a convergência do método, res 
trições são impostas a nível dos elementos ( veja 
Dev loo [ 6] ) . 

Esquema Adaptativo para Problemas no Regime Tran 
siente. Nos problemas parabolicos, onde a soluçao va
ria suavemente no tempo, a malha ótima do intervalo 
de tempo anterior pode ser usada como uma boa aproxima 
ção da malha desejada no intervalo de tempo seguinte~ 
Dependendo da regularidade da solução, é viável uti
lizar a mesma malha para vários i ntervalos de tempo e 
então adaptá-la de acordo com a precisão desejada da 
solução. 

O número de intervalos que se pode avançar no 
tempo antes de alterar a malha depende do problema em 
consideração, porém é importante ter em mente que se 
algum componente da solução tiver mudado e não foi ava 
liado em um intervalo intermediário , então esta perda 
não poderá ser recuperada nas soluções f uturas, e ter
se-á um erro acumulado. 

Em problemas de condução de calor têm-se caracte 
rísticas especiais, tais como: fontes de calor, obst~ 
culos, cantos, fluxos de calor, etc. os quais são admi 
tidos em posiçÕes estabelecidas. Nesses casos a capaci 
dade de refinamento do modelo é neces sária para tra ~ 
tar com as singularidades originadas nesses pontos e~ 
peciais . 

A capacidade de refinamento só se faz necessário 
em problemas regidos por equações dif e renciais par
ciais hiperbólicas ou parabólicas com termos de advec
ção dominant e , nos quais a solução se desloca sobre a 
malha durant e um certo intervalo de tempo. Devloo [6] 
apresenta um esquema de refinamento/desrefinamento,pa 
ra tratar problemas governados pelas equaçÕes de 
Navier-Stokes, onde o refinamento local segue a onda, 
e os elementos previamente refinados pod em reto~nar a 
uma discre tização mais grosseira. O tempo de computa -
ção diminui, uma vez que o número de graus de liberda
de é reduzido, porém gasta-se um ma ior tempo no reorde 
namento da estrutura de dados. O balanço desses dois 
processos é que vai determinar a e f e tividade do us •· ru 
não da capacidade de desrefinamento do proerama. 

Como fica c laro da discussão anterior, os pro <le 
mas parabÓlicos podem ser resolvidos utilizando-se as 
técnicas de estimativas de erros adotados em problE nas 
elípticos. Essas estimativas 1rao ge rir o processn de 
refinamento após o avanço de um número pré-determinado 
de intervalos de tempo. 

Neste trabalho, propõe-se a es trateg1a apresent~ 
da resumidamente no algoritmo abaixo: 

1. Ge rar modelo; 
2. Atualizar o vetor dos term0s independentes 

(rt+M) ; 

3. Avançar a solução no tempo (alguns intervalos}, 
4. Estimar o erro da nova solução; 
S. Refinar os elementos de acordo com a estraté

gia de refinamento; 
6. Se o número de elementos refinados no passo S 

for maior que zero 

Então: 

(a) voltar o tempo em "-M.". 
(b) guardar a solução em ".t - M " como da

dos iniciais; 
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(c) voltar para o passo 1; 

Senão: 

(a) guardar a solução em ".t" como dados ini
ciais; 

(b) se o intervalo de tempo da análise tiver 
acabado, pare. 

(c) voltar para o passo 2; 

OBSERVAÇÃO 1 - Para o primeiro intervalo de tempo, es
se algoritmo recaí no algoritmo para problemas no regi
me permanente. 

OBSERVAÇÃO 2 - Esta estratégia pode ser melhorada se 
for l evado em conta o conhecimento "a priori" da inten
sidade da singularidade ou o comportamento assintótico 

,da e.•timativa de erros no tempo. 

OBSERVAÇÃO 3- O esquema implícito (8 ~ 1/Z ) é incon 
dícionalmente estável e o intervalo de tempo M deve 
ser escolhido para satisfazer apenas a precisão e a efi 
ciência da solução. Essa escolha é grandemente dependen 
te da natureza das cargas, tipo e tamanho dos elemen~ 
tos, etc e muitas consideraçÕes práticas são encontra
das na literatura (Damjanic e Owen [7]). O comportamen 
to de muitos problemas térmicos é tal que as variaçÕes 
bruscas na temperatura se dissipam e é, portanto, inte
ressante tentar usar um incremento de tempo não unifor
me . Tem-se com isso um programa mais eficiente, uma vez 
que o número de intervalos de tempo e de iteraçÕes será 
reduzido. O esquema adotado é semelhante ao proposto 
por Prícketl e Lonnquist [8]. 

APLICAÇ0ES T!PICAS E DISCUSSÃO 

Regime Permanente. Inicialmente apresentam-se al
guns resultados numericos para o problema modelo [8], 
no regime permanente (Ver Figura (1)). 

y 

X 

Fig. 1 Descrição do problema Fig . 2 Halha inicial 
modelo (Regime Perma-
nente) 

Com respeito as condíç)es de conLorno, tem- se 
cji: O, aq,/dx=O em o;;; X;;; !t, 0 ii: o P. ()<jl/Clx=O em O:ó x S !t, 
lj < O. Ao longo da círcunf!rêncía , preescrevem-se condi 
çÕes de contorno de Dírichlet tais que <P=lt1/4~en(a/4) ~ 
Estas condiçÕes de contorno causam uma singularidade 
com termo dominante lt1/4~en(a/4) proragando-se a partir 
do centro do domínio. Este problema foi solucionado a
través do procedimento adaptativo do HEF Versão-H fa
zendo uso da estimativa a posteriori de erros descrita 
anteriormente. Adotou-se para a malha inicial aquela 
mostrada na Figura 2. 

Especificou-se para a tolerância na equidistribuí 
ção dos erros (y) o valor 0.20 e considerou-se um num~ 
ro máximo de refinamentos (NMAX) igual a S. Para a aplí 
cação do critério de singularidade, adotou-se e= 0.1S~ 

A solução do sistema de equaçÕes algébricas em ca 
da etapa de refinamento é efetuada pelo Hétodo dos Gra~ 
clientes Conjugados com precondicionamento diagonal. A 
convergência é considerada atingida quando a norma eu -
clideada dos resÍduos for inferior a 10-3 . Dada as ca-
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racter1sticas geométricas do problema e das condições 
de contorno , a adaptação linear das mesmas fornec e uma 
aproximação grosseira, tendo em vista a malha inicial 
dada na Figura 2 . Desta forn1a, tanto a geometria quan
to as condiçÕes de contorno foram adapt adas exatarnen -
te, permitindo a cada etapa de refinamento a reconsti
tuição precisa do modelo. 

Na Figura (3) apresenta- se a malha obtida ao fi 
nal da aná lise, para o padrão de precisão pré-estabele 
cido. Deve-se salientar que os critérios adicionais 
de refinamento de caráter topolÓgico foram pouco acio
nados. Tal caracter1stica é extremamente importante,já 
que, caso fosse necessário um número acentuado de refi 
narnentos por estes critérios, a eficiência do procedi= 
rnento auto-adaptativo Versão-H estaria comprometida. 

Fig. 3 Malha final 

A história dos refiname ntos pode ser avaliada 
nas Figuras (4 e 5) que apresentam respectivamente a 
evo lução das temperaturas nodais e dos fluxos nodais 
suavizados em y : O. Deve-se notar a boa aproximação 
obtido para a malha fina l com relação à solução exata 
do problema. 

Temperaturas "f ___ ,,.,_,, ... 
'·' ,_, 
,_, 
' 

'-'] ... ... ... 
::1 ... 

o ~--_.__,..--

CIKMl . I 

Fig. 4 Temperaturas nodais em U = O 
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Fluxos X 

T----
, 

,, ..... 1 

-----~ 

---l 
_, ~·._] 

Fig . 5 Fluxos nodais suavizados em U = O 

Regime Transient e . A seguir faz-se urna discussão 
dos problemas transient es lineares, adotado s pela 
NAFEMS [10]. No primeiro tem-se urna mudança entre dois 
diferentes estados permanentes após urna variação nas 
condiçÕes de contorno ou nos valores das fontes de ca
lor. 

As outras aplicações descritas dizem respeito a 
mudanças periódicas continuas ou variaçÕes discretas 
não per i ódicas das condiçÕes de contorno ou das fontes 
de calor. 

Ap licação 1 - Seja um domínio infinito com 
fonte pontual de calor no ponto A (Ver Figura 6), 
se tem: 

urna 
onde 

CondiçÕes de contorno : ~ = ~O para k oo e. t i:: O 

Condição inicial 

Fonte de Calor 

/-~,. 

( ",/~~) 
~~ / 

Fig. 6 Descrição da 
aplicação I 
(Regime transi
ente) 

E 
3 
~ 
1i 
E 
/!!. 

: ~ = ~O para n ~ O e t = O 

: .tún a~ = __2.__ 
n..-O an 2nK 

t empo 

Fig . 7 So lução qualitativa 
da temperatura no 
ponto B qualquer no 
domínio \? 

O comportamento dil t emperatura , do pont o de vista 
'lua l ilativo, para um ponto B qualquer, pode ser·· visto 
113 Figura (7). t possrv c l observar que para e s t a clas se 
de:. :1rob l em3 s a necess idad e• de refinamento s e dá no pri
Ii!e i :-· • i n:erv a l P d e t empo, e que UIP:l vez alc.:tnt,;ad o um mo 
d l'iP d i :~c r t:• t o c o m e rro d e ntro dos 1 Lmi te s estabe lecido~ 
n e nhum n·f -inamc ntn S<·rá ncccss.:lr i o 'flOS intervalos se
gtJ ·í n t u~ . i'{' Vl' -sc a i nda ut i 1 i.zar na int egração no tempo 
um inu,c ..: al ·:) d l' t.c mpn r r c s ce nre s em riscos d t~ p E~rJ a ti L' 
pr t··. ~ :f ~ .;,, drt ~~t,]~~~; ,:lo. 

0.11 __ : __ ~ 2 - Se ja lltna barra cum t ~mpCLltura. 

cc . · n~~t anLc• 1 ~-~unl. a ze.ro e m uma ext rcmitiadv c tUil a v a r i.; l 

1n .'_;;; •n~._oi(_l.~1 ;la (~utra c•xlr (~ mi. dndL', nndt': 

(_ . C\ 11 ' ~ i. o • ; I di. con t o n 1o ·J· O par" 

111 ! CQ .). · ; · 
i{ 
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Condição inicial : cj> = O 'r )( e t = O 

Neste tipo de problema o gradiente de temperatu
ra vari a muito no tempo. Utilizar um interva lo de t em
po que o ra aument e e ora diminua é uma tarefa difí ci l 
e a adoção de um incremento constante é provave lmente 
a melhor opção. O esquema de refinamen tos pode ser a ti 
v ado ao longo de toda a análise. -

Aplicação 3 - Sej a o problema onde as condiçÕ es 
de contorno variam de valor e~ di scretos após alguns i n 
tervalos de t empo e depo i s permanecem constantes duran 
te um período de tempo. -

Es te problema se comporta como uma r epe tição su
cessiva da Aplicação 1. O incremento de t empo é cres
cente durante o intervalo no qual as condiçÕes de con
torno são constantes e ê então re-iuicializado para o 
valor me nor após a mudanç a nas condiçÕes de co ntorno . 
Mais uma vez os refinamentos de malha prati camente só 
ocorrem no iní c i o da integração no t empo. 

CONCLUSOES 

A utilização dos procedimentos adaptativos repre 
senta uma diminuição do t empo dispendido na preparaçãõ 
dos d ado s e no l ançamento do modelo e propo rc io na uma 
maior e ficiência e confi abilidade dos resultados.Iss o , 
principalment e , em se tratando de problemas com compo r 
tamento imprevisível ou onde o analista não tem nenhu 
ma experiência prévia. 

Apesar das análises qualitativas apres entadas 
para os problemas modelo s descritos não se rem conclusi 
vas, e las permitem uma boa visão das características 
do procedimento de refiname nto de malhas do MEF em pr~ 
blemas transient es de trans~erência de calor. 

O programa com todas as caracte rísti cas e suges 
tÕes descritas apr e senta uma grande potencialidade pa 
ra a análise de problemas práticos de engenharia, e es 
te será o cont eúdo do próximo tr aba lho que está sendo 
desenvolvido. 
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ABSTRACT 

This work describes a procedure for the adaptive 
time dependent Finite Element Method using an automa
ti c mesh refinement (H-Version) that efficiently 
r educes estimated errors(a posteriori) be low 
pre-ass igned limits. 

Clas s ical model problem for steady-state heat 
transfer are investidad, and the result s a re compared 
with the analytical so lution. Then some typical time
dependent prob lems are qualitat ive ly analysed. 
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ABSTRACT 

This paper presents the implementation of a self-adaptive mesh refinement to solve plane po
tential problerns, using the Boundarj Element Method. An error reduction method is utilized which 
observes variation in the local element and global solut ions for two successive meshes. Based on 
these values, the method decides where further mesh refinement is needed. This adaptive technique 
is then utilized to analyze various potential problems. Numerical results for constant, linear and 
quadratic boundary elements are presented. 

INTRODUÇÃO 

Até recentemente as soluções dos problemas de engenharia 
usando os métodos numéricos consistia das seguintes eta
pas: baseado na experiência do analista e nas características 
do problema a ser analisado. Escolhia-se uma determinada 
malha de elementos e passava-se então à análise dos resultados. 
Caso o projetista não os considerasse satisfatório, repetia-se o 
procedimento utilizando-se de uma malha refinada. Este pro
cesso era bastante dispendioso em termos computacional e de 
esforço humano. A filosofia de projeto atual, conhecida como 
métodos adaptativos, leva o projetista a simplesmente escolher 
uma malha inicial para o problema; e empregar algum tipo de 
estimador de erro aposteriori como forma de mudar a estrutura 
de aproximação de uma maneira sistemática, visando uma mel
hora na qualidade da solução. As técnicas auto-adaptativas de 
se obter um aprimoramento da qualidade da solução são: 

i - h, que refina a malha em zonas de maior erro; 

ii - p, em que o gráu da função de interpolação e mudado 
localmente; 

iii- r, o numero de nós e mantido constante e a malha é dis
torcida de forma a reposicionar os nós em áreas de maior 
erro; 

iv - hp, como uma combinação das duas primeiras. 

Estas técnicas auto-adaptativas foram bastantes estudadas 
para o Método dos Elementos Finitos (MEF) nos ultimos anos, 
baseados nos fundamentos matemáticos introduzidos por Ba
buska e outros [5-7] e implementados por Gago, KeJly e Zienkie
wicz [30] . Uma recente revisão da literatura sobre os métodos 
auto adaptativos para o MEF é apresentado na referência [14] 
por Oden e Demkowicz. Também uma revisão sobre malhas 
adaptativas encontra-se no trabalho feito por Eiseman [11]. 

Apesar das técnicas auto adaptativas estarem num estágio 
bastante desenvolvido para o MEF, apenas recentemente o Mé
todo dos Elementos de Contorno (MEC) vem recebendo a aten
ção dos pesquisadores. Utilizando a técnica h de refinamento, 
Rencis e MuJlen [21-22] desenvolveram formulações para prob
lemas potenciais e de elasticidade, usando elementos constantes 
e estimadores de erro local e global. Posteriormente, Rencis e 
Jong [20], desenvolveram uma formulação baseada numa pre
visão de erro obtida dos conceitos desenvolvidos por Zienkie
wicz [30], Hilton e Campbell [12], para o MEF. 
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No caso da técnica p, Alarcon e outros [2-4,23] desen
volveram uma formulação hierarquica utilizando funções de in
terpolação de Peano [16] . Também utilizando outras funções 
Alarcon e Cerrolaza [10] extenderam esta técnica para proble
mas potenciais tridimensionais e axissimétricos. Umetani [24] 
e Parreira [15] desenvolveram formulações p para elasticidade 
usando Galerkin. Apesar de a técnica p apresentar mais van
tagens em relação o h para MEF, em se tratando do MEC esta 
técnica tem o incoveniente de alterar a estrutura convencional 
da formulação do método e das dificuldades de integração das 
integrais singulares. 

No tocante a técnica r, Ingber e Mitra [13] e mais re
centemente Carey e Kennon [9], publicaram trabalhos ilus
trando a melhoria da solução dos problemas estudados devida 
a otimização do ponto nodal. 

A técnica hp, foi recentemente proposta por Wendland [27-
28] e por Rank [7-8]. Nestes trabalhos foi demostrado que a 
técnica p converge exponencialmente para contornos suaves e 
a técnica h apesar de não convergir exponencialmente como 
a p, apresenta melhores resultados para problemas singulares. 
Tendo em vista isto, Rank [9], desenvolveu uma formulação hp 
que de acordo com o elemento aplica a extensão h ou p, com 
um estimador de erros para ambos. 

Este trabalho apresenta uma formulação h para proble
mas potenciais baseada nos conceitos proposto por Rencis e 
Mullen nas referências [21-22] . Elementos constantes , lineares 
e quadráticos, são utilizados na descretização do contorno e 
também algumas alterações do estimador de erro proposto por 
Rencis e Mullen [21], foram estudados. Vários exemplos são ap
resentados de forma demonstrar o aprimoramento da solução 
do problema com o uso de elementos lineares e quadráticos . 
Esta formulação tem como grande vantagem a possibilidade de 
ser implementada em qualquer programa de MEC, sem ter que 
alterar a estrutura basica dos programas clássicos de MEC. 

PRELIMINARES E FORMULAÇÃO DO MEÇ. 

Vários problemas de engenharia como condução de calor, 
campo elétrico, percolação etc, são governados pela seguinte 
equação de Laplace 

(1) 

com as condições de contorno 



u = ü em fu 
au 
-=q em fq 
an 

(2) 

onde A é o domínio 2D do problema, n é normal ao contorno e 
ü e q são valores conhecidos no contorno. 

A formulação integral deste problema pode ser obtida fa
zendo-se uso da segunda identidade de Green [8], resultando 

r • au au• 
u(p) = lr (u (p,q) an (q)- u(q)a;-(p,q))df (3) 

onde p é um ponto do interior do dominio A e -ti.* a solução 
fundamental da equação (1), 

• 1 
u = --lnr 
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r é a distância entre p e o por to q do contorno. 

(4) 

A particularização da e:tuação (3), para pontos no con
torno, veja [8], resulta 

r • au au• 
cu(p) = lr u (p,q) an (q)- u(q)a;-(p,q)df (5) 

onde 
c = ~ par t um ponto em um contorno suave. No caso de 

vertice , c é o é ngu lo correspondente dividido por 271". 

A equaç~ o ir tegral (5) pode ser reduzida a um sistema 
algébrico de e11uação, discretizando o contorno. Ambas variá
veis ( u, g~) si, 1 suportas variáveis numa certa forma entre os 
nós do elemento de contorno, isto é 

U1 

u = [Nl(E),N2(E) ... ] I U2 

ql 
au 

q = an = [Nt(E),N2 (E) ... ]I q2 

(6) 

dr= JdE 

onde N, são funções de interpolação, E coordenada natural do 
elemento, e J o Jacobiano 

A forma discretizada da equação (6), resulta: 

N [u1] ci ui+ L r ~U* [N1,N2 ... ] U2 JdE = 
J=1 lr J n : 

N [q1] =L r u* [N1,N2,···l q1 JdE 
J=1 1rJ : 

(7) 

O indice i indica o nó do elemento de centro. A inter
polação é extendida para numero N de elementos de contorno. 

A equação anterior (7), pode ser expressa na forma matri
cial, comumente conhecida em MEC [8], 

[H] [u] = [GJ [q] (8) 

onde [H][G] são matrizes calculadas e [u]e[q] são os vetares 
definindo as variáveis no contorno. 

A solução do problema é obtida forçando as condições de 
contorno no sistema de equações (8), e resolvendo o sistema 
linear de equações resultantes. 
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FORMULAÇÃO ADAPTATIVA 

Atualmente, em métodos numéricos é de consideravel im
portância o controle do erro obtido pela aproximação numérica 
na solução dos problemas de engenharia. Para o Método dos 
Elementos Finitos, os conceitos do método Adaptativos foram 
introduzidos por Babuska e outros ref. [5-7]. O método adap
tativo pode estimar o erro total em Elementos Finitos e ao 
mesmo tempo fornecer informações para redefinir os elemen
tos de forma a se obter o erro a um nível especificado. V árias 
medidores de erro existem para problemas lineares e não lin
eares, produzindo um grande impacto entre os engenheiros, 
mostrando como a teoria matemática do MEF pode ser apli
cada na solução de problemas de engenharia. Apesar dos méto
dos adaptativos estai em bem definidos para o MEF, o mesmo 
não aconteceu para MEC. A principal dificuldade que o MEC 
sofre é a falta de fundamentos matemáticos para o estabelec
imento de estimadores de erro apropriados ao método. Ape
nas recentemente, o MEC vem recebendo contribuições nesta 
din ção através dos trabalhos de Wendland [28] , Rank [8]. 

Este trabalho é basicamente uma extensão da técnica h 
ad~ ptativa desenvolvida por Rencis e Mullen [21] . A seguir, 
serão descritos os conceitos básicos utilizadas para refinamento 
d 3. malha de elementos de contornos proposto por Rencis [21] 
e extendido para elementos de ordem superior neste trabalho. 

A técnica usada pela ref. [21J para o refinamento da malha 
começa com a definição de uma malha simples com poucos 
elementos necessários, apenas para definir a geometria e as 
condições de contorno. A seguir uma segunda malha uniforme 
com duas vezes o número de elementos da anterior é utilizada. 
Utilizando-se as soluções da primeira e da segunda malha, o 
número de divisões n requerido para se obter uma determi
nada precisão, pode ser calculado se as propriedades de con
vergência do MEC estiverem estabelecidas. Para isto, considere 
a seguinte estimativa de erro deduzida por Wendland [25-26]: 

i (u•-l- u) 2 df = k(hi- 1)2 + O((h'-1)3) (9) 

onde: 
u•-t =potencial ou deslocamentos no refinamento (i- 1) 
u = solução exata 
h'- 1 =tamanho do elemento no refinamento (i- 1) 
k = constante que depende de h 
O ( (h i- 1 ) 9 ) = termo de mais ai ta ordem de erro no refina

mento (i- 1) 
Para o refinamento i, tem-se: 

i (u'- u) 2df = k(h') 2 + O(h') 3 ) (10) 

Subtraindo-se a equação (10) de (9) e fazendo-se u = u• 
que é a solução mais proxima da exata até o momento , é pas
sivei obter a seguinte expressão 

t:.u, =i (u'- 1
- u')2df = k(h'- 1

)
2 - k(h') 2 (11) 

Determinando o valor de k na expressão anterior, tem-se 

t:.u. 
k = . ' 

( ~) ( i-1)2 1- (h'-')' . h 
(12) 

Para obter-se o numero de divisões necessárias pOr ele
mento dentro de uma determinada tolerancia ({),pode-se escr
ever baseado em (8): 

L i u2df = k(hi-l+n)2 (13) 

à.. 



sendo o termo da esquerda a tolerancia ( t ) em função de k e 
do t amanho do elemento na (i - 1 + n) iteração ideal. 

Na iteração ideal, pode-se definir o tamanho do elemento 
como sendo: 

hi-1 
hi-l+n = - (14) 

n 

onde, n = numero de divisões necessarias para a iteração ideal. 

Igualando-se a expressão (13) em (12) e isolando-se o valor 
de n, é possível obter a seguinte expressão 

(ni.+l)2 = t.u;. (15) 
3 ( (h' Jl ) ;> 

1 - (n;- 'Jl . E. fr u dr 

sendo: 

(16) 

onde ni+l é o numero de divisões necessarias para o elemento 3 
j na iteração i + 1. 

As equações (16) e (13) quando a função u é constante fig. 
1. , reduzem-se as seguintes expressões: 

! . .._ ________ ·-·········1···-"-l.:':;·----·----I 

'-·----* * * 
j -1 . j 

Figura 1 - Elemento constante após dtias iterações 
sucessivas i- 1 e i 

(17) 

A~ equações anteriores foram deduzidas i?or Rencis e Mul
len na ref. [21]. No caso em que é suposta uma variação linear 
das variáveis do problema, para um elemento j com os nós j e 
j + 1 pertencentes ao elemento, fig. (2), tem-se 
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Figura 2 - Elemento Linear após duas iterações sucessivas. 

Para a variação quadrática do potencial no interior do el
emento j, com os nós J·1,j2ej3 pertencentes ao elemento, con
forme fig. 3, obtem-se: 

i- i 
u j2 

Figura 3 - Elemento Quadratico apos duas interações 
sucessivas. 

Há ainda a necessidade de se ter-se um parametro que 
meça o erro global cometido, pois a medida que se diminui 
desigualmente o tamanho dos elementos, gerando elementos 
muito menores que outros, pode-se introduzir êrros numéricos. 
O parametro de controle de erro global serve tanto para in
dicar que uma solução obtida já esta dentro da tolerância fix
ada, como também um controle de possíveis erros numéricos 
que fazem com que a solução não convirja. A expressão é a 
seguinte 

(20) 

Sendo cada uma das integrais calculadas de acordo com as 
expressões e com as funções de interpolação correspondentes. 

Se a relação anterior (20) for verdadeira, a solução obtida 
estará dentro da tolerancia global fixada. 



--

Para analisar a evolução do erro global é necessario con
siderar as integrais das últimas três iterações sucessivas através 
da seguinte relação: 

(i (u'- (ui-1)2dr) 1/2 < ( ) 

1/2 i (ui-1)2 _ (u1-2)2dr 

(21) 
Se a relação anterior for verdadeira, a solução estará con

vergindo; caso contrario estarão ocorrendo erros numéricos que 
farão com que a solução não convirja. O programa então de
verá interromper a sua execução com a resposta mais correta 
sendo a iteração i- 1, mesmo que ainda não se tenha chegado 
a aproximação desejada. 

A técnica desenvolvida não preve a discretização dos el
ementos com u prescrito. Sendo assim, implementou-se uma 
rotina de discretização destes elementos, em que o usuario for
nece o numero de divisões desejadas, via teclado. Esta rotina é 
bastante util, pois apesar da sol1 ,ção na maioria dos casos já ser 
satisfatória, pode-se ainda tent<.r melhorar-lá ou obter uma dis
tribuição mais uniforme dos elementos, ou ainda, obter alguns 
valores intermediarias, sem ter que recorrer a uma interpolação 
manual da função. 

RESULTADOS NUMÉRICOS 

Exemplo 1 - Região quadrada com reentrâncias. 

Neste exeiP pio, estuda-se uma região quadrada com reen
trâncias, proble; 'la também resolvido por Rencis e Mullen e 
apresentado na ref. [15]. A geometria e as condições de con
torno estão especificadas na fig. 14. Nos lados maiores AB, KL 
e LA, o potencial é prescrito. Nas reentrâncias, em cada face 
o fluxo assume um valor diferente, estando estes especificados 
na tabela ao lado da figura. 

L(0,8) K (_6,6) 

1(4.5,5~ lado fluxo prese 

e c O· O 
J (6,5) ·c o 2.5 

G (6 3.5) DE 5.0 

H(4.5,35u EF 10.0 
E(<\.5,2.5) FG 0.0 

F(6,2.5) GH e.o 
C(6,1) HI 5.0 

0(4.5,1) J IJ 6.0 

JK o.o 
A(O,O) 8(6,0) 

Figura 14 - Geometria e condições de contorno 

Este problema foi resolvido para as funções de interpolação 
constante, linear e quadrática, utilizando-se a tecnica h-adapta
tiva proposta no trabalho. Os resultados encontram-se expres
sos nas tabelas 4 e 6, onde se indica o valor da integração do 
fluxo e do potencial no contorno. Indica-se também para efeito 
de comparação, a solução obtida com 80 elementos constantes 

e a melhor solução da ref. [24]. Como pode-se reparar há uma 
certa diferença entre os resultados, e isto se deve à grande com
plexidade do problema que não possui solução analítica exata. 
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lnteração Nn I udr J qdr 
.. 

1 12 274,15 107,14 
2 24 255,61 108,91 
3 41 249,04 108,87 

4* 

i 
57 247,44 108,87 

5** 80 249,41 109,51 

Tabela 4 - Resultados Elementos Constantes: 

r~~ãc Nn J udr i qdr 
12 219,4 62,87 

2 48 241,70 102,86 
3 55 241,60 103,09 

Tabela 5 - Elemento Linear: 

lnteração Nn j udr J qdr 
1 24 242,7 110,54 
2 48 244,50 109,61 

3* 54 245,35 109,61 
4** 66 245,60 109,61 

Tabela 6 - Resultados Elementos Quadrático: 

* Iteração final sem discret. dos elementos com u prescrito 

** Iteração final com discret. dos elementos com u prescrito. 

*** Resposta com 80 elementos constantes: J u dr,= 247,66 
f q dr= 109,51 

**** Melhor solução [21] : J u dr= 247,146 

J q dr= 108,88 

Nas figuras 5 e 7 mostram-se as discretizações iniciais e 
finais obtidas com a utilização das diferentes funções de inter
polação. Note-se a concentração de elementos nas reentrâncias 
onde necessários um maior refinamento para se obter uma solu
ção satisfatoria. 

J..._ 



Figura 5 - I tera~ao Inicial 

I 
Iteração 1 

12 elementos I 

I 

Figuro 6 - Iteração Inicial 

Iteração f 

12 elementos 
24 nós 

I 

I 

I 

Figura 7- ltera~ao Inicial 
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e Final Elemento Constante 

I te ração 4 

55 elementos 

e Fino I Elemento Linear 

I teraç:õo 4 

99 elementos 
66 nós 

e Final Elemento Quodrótico 



CONCLUSÕES 

Foi apresentado um medidor h adaptativo para o Método 
dos Elementos de Contorno, aplicado à problemas da teoria do 
potencial. 

Corno vantagens da forrnulaçào h-adaptativa apresentada 
pode-se destacar a simplicidade de implementação em progra
mas de MEC, não sendo necessário o desenvolvimento de pro
gramas específicos para este fim, podendo ser aplicado corno 
um pré e pós-processador para qualquer programa de análise. 
Observou-se também que o medidor de erro adotado fornece 
bons resultados, mesmo na presença de zonas de singularidade, 
onde se exige uma maior discretização pela alta variação do 
potencial. 

Apesar do estimador ser baseado na variação do potencial 
e de serem refinados somente os elementos em que o fluxo é 
prescrito, mostrou-se que a precisão obtida para os demais ele
mentos é satisfatória. Para se melhorar a solução nessas regiões 
obtendo uma discretização mais uniforme , recorreu-se a uma 
subroutina em que o usuário entra com o numero de divisões 
para cada elemento. A utilização desta subroutina apresentou 
uma melhora dos resultados. 
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SUKHARY 

A numerical method to solve the partial differential 
~overnin~ equations of the turbulent flows is presented. The 
standard ~-c m.odel is used as the closure m.odel of mean 
equat ions. The developed codes use a fini te element approach to 
solve complex industrial 2D and 3D flows. 

I NTRODUCTI ON 
The recent improvements in 

supercomputing presently allows 
scientists and engineera to performe 
numerical inveatigationa in more and 
more realistic fluid dynamic problema. 
Some typical applications are 
aerodynamic and flows in the 

with 

D = O. 5. < "lu + <:/T ul 

r =<-1- + 
u Re 

rz(-1-+ 

R e 
T 

) . 

& Re o . Re 
& T 

P = < 1 I R e l . < D: Dl 
T 

r =<-1- + 
k Re 

) . ( 1 I R e l 
T environmental and industrial processes. 

The main difficulties ccountered in this 
kind of situationa are due to the strong 
dependence of the flow pattern on the 
turbulence characteristica and on the 
non trivial boundary conditiona imposed 
by the complex geometrias . 

The standard values of constante 

The aim of this work is the 
development of performant numerical 
techniquea, based on a finite element 
method, to solve complex 2D and 3D 
turbulent flow problems.The basia of the 
method are given in the first two 
aectiona and resulta of some test . cases 
are presented in the last aection . 

I'ORHULATION 
The classical mean conservation 

equations for the incompressible 
newtonian flows, with the standard k.-c 
model are used. Introducing O a part of 
~z or ~3 • the dimensionless form of the 
governing equations are : 

<:!. u = o (1) 

u + <:!. < u@ul -<:/p + "'· <r. Dl ( 2) 
l u 

k + 
l 

<:! . ( u . kl = "'· < rk . "lkl + p - & ( 3) 

& + <:!. ( u . &) "'·< r . <:/&) + c . P . &lk -
l & &i 

( 4l 
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are : 

C = O. 09 
f..l 

c 
&i 1.44. ccz= 1.92. 

Typical 

and o = 1. 3 c 

inflow and outflow 
conditions are non-homogeneous Dirichlet 
or homegeneous Neuman boundary 
conditions for u, p , k and & . 

The computational domain vanishes 
just at a distance 6 from the solid 
walls . l'or this surfaces a logarithmic 
wall function is imposed as boundary 
condition through the following process: 

< 5al 

< u . nl 6 = o ( 5bl 

< u . al 6 = o < 5cl 

( 6) 

( 7) 



where 

I< Uf) Re .6. uf i f R e . 6 . uf < 1 1 . 6 

o r 

I< Uf) <uf/C1l.log<Re.6. ufl + c
2 

if Re . 6. uf> 11.6 

and 

z _ r él< u. t > I 
uf - u· éln 6 

The unit vectors n, t and s lead to a 
local framing deduced from the normal 
and tangential directions of the 
computed streamline at a point of the 
surface. 

A set of initial conditions is given 
for the time integration of the 
equations. 

NUMERlCAL METHODS 

Time inteqration 
The parabolic system of differentisl 

equations 11l-14l is discretised intime 
using a semi-implicit finite difference 
scheme of order 8(âtl. Denoting by 
the upperscripts n and n+1 tha values of 
dependent variables at time t and t+ât 
respectvily, the discretised equations 
are : 

n+t 
'ii . u = o 

n+1 n n+t n+t 
a. u + 'ii. < u @u l = - 'ilp + 

n n+t 
+ 'ii . (r . 'ilu ) + 

u 
n T n n 

+ 'ii. (r . 'ii u) +a. u 
u 

n+t "' n+t n+t "' rn "' n+t a. k + vr. ( u . k ) = vr. ( lc . vr k ) + 
n+t 

+ p -
n n+t n n 

- e . k /k + a . k 

a. &n+t + 'ii . ( u n+t . &n+t) = 'ii. ( rn. 'ilen+t) + 
& 
n+t n n 

+ ce
1

. P . e /k 
n+t n n - c . & • & /k + 

&2 
n 

+ a.e 

where a"' 1/ât 
the Except for the velocity and 

praaaura fields this scheme leads to a 
system of linear and uncoupled equations 
at each time step. 

Pinite elementa discretisation 
The time diacretisation leads to a 

aet of transport problema of the common 
form : 

{ 
lind 

a.I/J 
1/J E H\ 0> wi th. 
+ 'ii.< u. 1/J> - 'ii. < r. 1/J> = si/J 
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The equivalent weak formulation is 
obtained using the weight residual 
method with w weigth functions 

{

lind 1/J E H
1

<0> with. W E H
1
(0) 

o 
and 

a. <1/J,w> + <u.I/J,'ilw> + <r . 'iltfJ,'ilw> 

wh.ere 
< . , . > = f d . , . > . dO 

< si/J, w> 

( 8) 

Then, the standard Galerkin method 
is applied, using the nodal 

1
basis 

functions Ni of the discret space HQ.h: 
N 

1/Jh= E 1/Ji.Ni ( 9) 

i =t 

So the discreta solution of the 
problem is reduced to the solution of 
linear system of algebraic equations 

A . ~= b 

where 

A = A + A 
D C 

( 1 0) 

< 11 al 

i j 
A =a. <N . , N.> + <r . 'iiN, 'iiN .> ( 11bl 

D t J t J 

ij 
A = < u. N. , 'iiN .> c l J 

( 11 c) 

bi = < S 1/J, i' Ni > ( 11 dl 

The nodal basis functions are 
classicaly obtained from the 
discretisation of O into a finita set of 
P1 triangular elements < tetraedrons in 
the 3D ca~el. ln order to satisfy the 
the Babüska-Brezzi stability conditions 
limiting the choice of discreta solution 
spaces for velocity and pressure, the 
P1/isoP2 element is used : The discreta 
pressure field is then piecewise linear 
and continuous on a standard coarse 
grid, and the discreta velocity field 
< or any scalar fieldl is also piecewise 
linear and continuous on a refined grid 
obtained from the coarse one by dividing 
each element into four < eigth in 3D> 
sub-elements <c . f BERCOVlER & 

141 
PlRONNEAU l. 

The approximation error 
the standard Galerkin method 

given by 
with the 

polynomial finita element interpolation 
is directly dependent on the local 
Raynol/ir < or Pecletl number 1 c. f. 
HUGHES l . Consequently, for tbe hight 
values of Reynolds number spurioua 
oacillations appearing in the numerical 
resulta. A simple and efficient method 
to control the "wi~~les" ia to use an 
upwind like scheme ln the streamline 
direction. ln this work the Anisotropi.c 
balancin~ di.ssi.pati.on concept of lELLY 

!Zl 
et al is used. Then, ( 11 cl i a changed 
for : 

ij 
A • < u . N. , 'iiN .> c l J 

!Ki.j 'ii 'ii 
+ . < Ni., N/ ( 12) 



where 

ij z 
IK E ).. _ u .. u .. h . I uI I 2 

~ J ( 1 3) 

Solution of the velocity-pressure 
coupled problem 

Applying the discretJ•ation 
C10>-C13> for the continuity and momentum 
conservation equations, one can obtain 

equations the coupled system of linear 

A o o T 
B u 

u X 

o A o T 
B v 

v 
~ o o A B 1f 

v z 
B B B o p 

X y z 

Or in compact form 

{ 
~. uh 

T 
-18 . ph + r 

18. uh '" o 

A well known method 

r 
u 

r 
v 

r 
v 

o 

( 1 4) 

C 1 Sa> 

C 1 Sbl 

solution of C 15) is the UZAIIA 
C ARROII et al [fOI> whi eh propose 
of simple gradient algorithm 
dual problem : 

for the 
algorithm 
the use 
for the 

-i T -1 
1 18. ~ . 18 I. ph = I 18 . ~ 1 . r ( 1 6) 

The residual of C16l is the 
discreta divergence of the velocity 
field which is chosen as the search 
direction. So the algorithm to solve the 
pressure-velocity ,Problem is given by : 

o 
Initialise ph 

repeat 
beqin 

solve 

(~ calcul.of the search direction ~~ 

)c )c 
solve C. d = 18. uh 

c~ search iteration 

k : =k+1 

end; 
until < eps 

~) 

or k > kmax . 

C denotes some preconditioninq 
operator introduced to improve the 
converqence rate of the method. The 
CAHOUET & CHABARD[Uloperator is used: 

((:-
1

= C1/Re>.IH-
1

+ C1/ât>.ID-t C17l 
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where 1M and ID are matricea 
obtained on the coarae orid from: 

i.j 
11'1 " < N., N.> ; 

~ J 

ln practice, a variant of the 
precedinq algorithm, usino a conjuqated 
gradient like method for unsymmetric and 
non-positiv~1 definite systems,is applied 
Cc . f BUFFAT l. 

Wall boundary conditiona 

Geometrical considerat ions 

For 2D flows the normal and 
tangential vectors ara aaaily dafined on 
the side of a boundary elament CFio. 
1 al, so the uni t vectora n and t may be 
calculated from the orid parameters. All 
the iterativa calculationa are performed 
on the aides of the elements and then 
extrapolated to the nodes usino a 
vectorial addition between the two 
values calculated in the neighborino 
elements. 

For 3D flows the problem is more 
complex since the direction of the 
tanoetial vector iá note knowed.The 
normal unity vector is calculated uaino 
the grid parameters. The tanoential 
vectors are calculated uainq the valuee 
of the velocity field at the previous 
time step un. ln fact we use the value 
of the qeometrical projection of the 
velocity vector calculated at the inside 
node, on the tangential plane: This 
technique allowa a change of the 
velocity direction on the boundary from 
its initial value . 

elemenr streamline 

internal node 

C a> ( bl 

Fioure 1 : Velocity near wall conditions 

íterative computation 

The wall boundary conditions as 
defined in <5> providas extra 
non-linearity to the velocity-pressure 
problem and couples the velocity 
components. This particular problem is 
solved usino an iterativa method. 

The velocity-pressure problem is 
solved at each time step using the 
velocity boundary conditions obtained 
from the previous time step . Then an 
iterativa precesse is used including the 



solution of the discretised momentum 
equation < 15al, the calculations of the 
wall law < 5> and of the tangential 
direction (for 3D flowsl. This algorithm 
is : 

"' n+1 
initialiae u : • u 

"' "' t : = t< u ) ; 

"' "' Z"' 
u . = r . r. (8u. t !8n); 

repeat 
begin 

u 

computation of b.c- eqs.<5l 

T = -!B . p + f ; solve R:.. u' 

t• = t< u• l; 

z 
ur':= ru.<8u•.t•/8nl; 

Z Z"' "' 
err:=ur'.t' -ur.t 

Z"' 2 Z"' 
Uf : = uf' + W. uf 

end; 
until I lerrl I ~ eps 

where w is a relaxation parameter. 

RBSULTS AND DISCUSSION 
The codes NATUR and NATUR3D are 

developed with all of numerical 
techniques presented in the preceding 
section. They also use advanced 
computational techniques for compact 
storage of the matrices and efficient 
methods to solve the linear systems. 

The symmetric linear systems are 
solved via a conjugated gradient method 
precoditioning by an incompleta Cholesky 
factorisation. For the unsymmetric 
matrices the conjugate gradient square 
method wi t"h an I[aV precondi tioning is 
used <c. f. BUFFAT l. 

The codes are optimised for the 
vector and parallel computations in a 
ALLIANT FX-80 supercomputer with four 
processors. The matrices and the right 
hand side terms assembly are 
paralellised using a graph coloring 
technic for the course grid elements. 
The solution of the triangular systems 
is parallelised by a level schedulling 
algori thm. 

Two test cases are presented. All 
of these cases has 2D characteristics. 
They are used to check the validity of 
NATUR3D code. The 2D and 3D numerical 
and experimental resulta are compared. 

Turbutent backlJJO.:rd facin8 step 
This test case is a classical 

workshop problem for laminar and 
turbulent flows, with well known 
characteristics of the recirculation 
flow. This problem was extensively 
analysed in two workshops on complex 
turbulent flows in 1980/81, and the 
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resulta obtained in the present 
compared wit~1 the experimental 
of KIH et at 

work are 
resulta 

All the geometrical characteristics 
and the inflow boundary conditions were 
deduced from the experimental work. The 
Reynolds number is 44580. 

For the 2D numerical simulation the 
computational domain is discretised with 
a 553 P1 nodes ( 2101 nodes for veloci tyl 
grid as shown in the Fig. 2. The 3D 
grid is obtained from the geometrical 
translation of the 2D one and include 
three 2D planes. 

The streamline and the levels of k 
are presented in the Figa. 3 and 4. The 
velocity profile at the end of the 

recirculation zone < x/h=5. 3l 
profile of k at x/h=10. 3 are 
with the experimental datas in 
and 6. 

and the 
compared 
Fi gs. 5 

Fig. 2 Coarse grid 
facing step 

2D Backward 

c::::::=:::, 

FIG. 3 2D resulta Streamlines 

~%3~-~ 

FIG. 4 2D Resulta k field 

.... 
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The numerical and experimental 
resulta are in good agreement refering 
to the small differences also obtained 
in others numerical works <FONTOURA 

[51 
RODRIGUES which are commonly 
related with the use of the ~-e model in 
the recirculation zone . 

As a conclusion, the reattachment 
length for different works are presented 
on the Table 1 . 

L c 

2D computation 5. 4 
3D computation 5 . 2 
FONTOURA ( 1 990) 5 . 5 - 6 . 1 
Experimenta 6. o - 8. o 
MANSOUR et a~(198 3l 5 . 2 

Table 1 Lenght of the rec irculation 
zone. 
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Annular turbulent jet 
ln this test case we 

turbulent flow in an annular 
atudy the 
turbulent 

jet for a vslue of the a Reynolds number 
equal to 8200. The experimental datas 
for this configuration are given by 
BAHRAOUI( 1987). 

The computational domain is located 
downstream of the potential cora 
< x/Dz4 . 5l and the inflow boundary 
conditions are deduced from the 
experimental profiles at this section. A 
reference presaure is .apecified on the 
outflow surface . 

The two dimensional grid uses 221 
P1 nodes. The 3D grid ia obtained from 
the geometric rotation of the 2D grid 
and has 1547 P1 nodes ( 12376 veloci ty 
nodes l. 

The 3D resulta for the U 
and for ~ are shown in Figa. 
The 2D and 3D resulta are very 

On Fig. 1 O the veloci ty 

component 
8 and 9. 

cloae. 
decrease 

along the axis ia preaented. 
and 12 the velocity and 

On Fig. 11 
turbulent 

viacosity profilea are given for varioua 
axial positions . 

A very good agreement between the 
numerical and the experimental resulta 
can be emphasized . A more complete 
presentation of the 2D calculations is 
given in BRUN <1988l. 

Fig. 7 3D coarse grid 
annular jet. 

Turbulent 
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ABSTRACT 

This work presents an experimental technique for simultaneous determination of 
the thermal conductivity and diffusivity of non mettalic materiais. The method uses pa 
rameter estimation techniques and is based on the flash method. A sample and easily 
constructed apparatus, a guarded hot plate, is used to generate the heat flux at the 
frontal face of the sample. The conductivity and diffusivity are determined by comparing 
the experimental temperatures and the temperatures estimated by the mathematicalmodel. 
The difference in temperatures was less than 0.3 Celsius. 

INTRODUCTION 

The development of experimental technique for de
termining thermal parameter, e.g., thermal conductivity 
and diffusivity and contact resistance of non metallic 
materiais have interested many researchers due their 
large application in engineering problems [1-6]. Stand
ardized procedures using guarded hot plate in steady 
state are used to determine thermal conductivity [ 7). How 
ever, there are no standardized techiniques to obtai; 
thermal diffusivity, since transient techniques are also 
necessary. Thus, there are many ways to build mathemati 
cal models for the heat diffusion. ln all cases, the e~ 
perimental apparatus is constructed based on the prati= 
cal boundary conditions that can be obtained. Taylor [ 1), 
in a recent work presents the state-of-the-art of expe
rimental techniques that have been developed for thermal 
diffusivity identification in solids materiais. ln this 
work, Taylor classified the methods based on temperatu
re-time history in two main classes: periodic and non
periodic heat flow methods. The flash method which is a 
non-periodic heat flux is one of the most widely used. In 
this method the front surface of a sample is submitted 
to a very short burst of radiant energy. The source of 
radiant energy is usually a laser ar a xenon flash . lamp 
and irradiation time is of the arder of one millisecond 
or less. The resulting temperature rise of the rear sur 
face of the sample is measured, and thermal diffusivity 
values are computed from these temperature-versus-t ime 
data [1). The development of an alternative method to 
investigate thermal physic properties, using j sL,ple 
and easy feasible experimental apparatus was the g êeat 
motivation of this work. The major difficulty, howcver, 
was to establish the mathematical model that should be 
able to compute the transiente heat flux input with time 
dêpendence by using the Joule effect instead of a heat 
pulse. 

Is this sense, recently, Guimarães et al [9) have 
presented a mathematical model to measure thermal dif
fisivity with linear heat input at the front face of a 
sample keeping constant the rear face temperature. The 
interior transient temperature of the sample was meas
ured by a automatic data acquisition system and the 
boundary conditions, i.e., the heat flux input and con
stant temperature was assured through a guarded hot 
plate. Thus, the thermal diffusivity could be obtained 
by comparing the mathematical model and the experimental 
temperature time histories. 

The present work, uses the sarne experimental ap
paratus as in [9], however, the heat flux input at the 
front face of the sample is obtained by logarithmic ad
just. This work uses the parameter estimation technique 
in [ 10) that permit simultaneous thermal conductivity and 
diffusivity determination. In this way, the errar relat 
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ed to the conductivity values that appear in the mathe
matical model in [9) is minimized. 

EXPERIMENTAL DESIGN ANO APPARATUS 

The experimental apparatus shown in figure 1 
used to obtain the boundary conditions. 

N(~TERNAL RES~TANCE HEATER) 

(!@ ltru .. luu) '=J 
R( EXTERNAL RESISTANCE~ 

f ( HEAT FLUX TRANSDUCEII ) 

I~' I :;.;--L SAMPLf 
./ÍERMOCO!JPlE ATo U!:!CIII 

TI!RMOCOUPLE AT X•L 

??S(CQ~ ê 
(a I 

Ts, 
(b I 

FIGURE 1. a) fXPLDOfD- V!EW 01" EXI"EIIIMENTAL APPAIIATUS 

b) fSOUfMATICAL IIOVNDAIIY COHDITKMS 

was 

The technique involves a unidirectional and uniform 
heat flux input at initial time, t = O, &t the superior 
face of the sample, subjected to a previous temperature 
distribution, F(x), keeping ccnntant the inferior faceat 
temperature, Tsz. The thermal conductivity and diffusivi 
ty was then calculated from t1e mathematical model, the 
data acquired and the sample dimensions. The source of 
heat is obtained by using a internal resistance heater, 
N, based on the Joule effect. A external resistance, R , 
controls the lateral heat flux loss to surroundings. The 
heat flux applied is measured by a heat flux transducer, 
F, [9) and the internal temperature and the inferior sur 
face temperature are monitored through thermocouples. The 
constant temperature Ts 2 in the inferior face is main
tained by using a water coil, S. 

MATHEMATICAL MODEL 

Considering a plane sample subject to a initial 
temperature distribution, F(x). A pulse of heat is im
posed at the superior surface while the other surface is 
maintained at temperature Ts 2 . Under these conditions 
the appropriate boundary value problem is given by. 



a
2
T = _1_ aT 

( 1. a)· 
ax 2 a at 

- K _B_ I - q(t) ( 1. b) 
ax 

x=o 

T(x,t) = Ts 2 at x - L, t > o ( 1. c) 

T(x,O) = F(x) • (Ts 2 - Ts 1 ) . x I L + Ts 1 ( 1. d) 

where 

q(t) = a
0 

at x=O, o < t < t
0 

q(t) = a 1 + bl • Ln(t] at x=O, t > to 

a
1 

and b 1 are obtained by logarithmic adjust at the su
perior face of the sample as shown in figure 2. 
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~20000 
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t (.s) 

f"IGU"~ 2- LOOAIIITHMIC AD.IUST 1"011 HEAT I"LUX I""'UT 

AT FI!OHT SURI"ACE 

The partial time t
0 

is used to avoid the discon
tinuity at t = O of logarithmic adjust. Ts 1 and Ts 2 are 
the superior and inferior temperatures of the sample, 
respectively and a 0 is the heat flux at time t 0 and K 
and a are the properties thermal conductivity and dif
fusivity. The solution to problem (1) is readily obtain 
ed using Green's function techniques and the resulting 
solution can be presented in the form 

T(x,t) = Ts 2 + (Ts
1
-Ts 2 ) I L. (2IL) E e-a 8n

2 
• t 

n=J 

. (cos 8n x) I 8n2 + a 0 (L- x) 

-a. (2IL) E e-a. 8n
2
"to. (cos B x) I B 2 

O n=J n n 

+ ( 2 I L) E e- a· 8n 
2 

• t (c os 8n x) 
n=l 

!a (ea.en.t - ea · 8n·to) I 8 2 
1 n 

+ b 
1 

[e a· 8n · t . Ln ( t) - (e a· 8n ·tO . Ln ( t 
0

) 

+Ln (tlt
0

) + a.8n2 .(t- t 0) 

+ (a.8n 2
• (t - t

0
) 2

) I 24)]} (2) 
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where 8n are the eigenvalue given by Bn • 2w • n I L , 
being n s 1, 2, .•. 

Having established the formal solution of 
rect problem (1) we can estimate the parameter 
from the temperature measurements taken at the 
point of the body (x • 0.0138 m). 

the di
K and a 
interior 

ln the method described by Beck and Arnold [10], 
the thermal diffusivity and conductivity are found by min 
imizing the sum of squares function -

n 
S s i~l [Yi - Ti]2 (3) 

with respect to the parameter involved. ln this case, K 
and a are the parameter estimated in order to obtain the 
best agreement between measured (Yi) and estimated (Ti) 
temperatures from equation (2) .- The index i refers to ti
me (i= 1,2, ... ,n). One way of minimizing S, whichisgiv 
en by equation (3) is to set the first partial derivates 
with respect to the parameter equal to zero [ 10]. So that, 
we obtain a set of equation in K and a. The set of equa
tions is solved simultaneously for the unknowns. 

The partial derivates of S are 

as k k 
- = 2 (- l: yi XI + il: Ti • XI ) aK i•1 i •j i 

o (4.a) 

k k as 
aa s 

2 (-i~J Yi Xz + il: Ti • Xz ) 
i •j i 

o (4.b) 

where sensitivites coefficients x1 and X , are respecti
vely 

aT 2 "' -a 8 2 
t 2 XI=-= (a IK ).(21L) l: e • n. o (cos en x) I 8 

aK n•J n 

"' B 2 + (2IL)nf
1 

e- a• n .t (cos 8n2 x) I 8/ 

{(-a IK 2 ) (e-a.8n.t-ea.8n.to)- (b IK 2
) 

1 1 

[ea.8n.t. Ln(t)- (ea.8n.to. Ln(t
0

) +Ln(tlt
0

) 

2 2 2 I } + a.8n . (t-t
0

) +(a. Bn . (t-t
0

) ) 24)] (S.a) 

aT "' 8 2 
X2 = aa = (a

0
1K) . t

0
• (2/L)n~l e-a. n .to . (cos 8n x) 

- s
0 

• t (2IL) E e-a. Bn2 · t. (cos B x) 
n•] n 

-t(2IL)n~l e- a.Sn.t (cos 8n x) {(a 11K) 

(e-a.8n.t - e-a.Sn.t ) + (bll K) 

. [ea.Sn.t. Ln(t)- (ea.8n.t Ln(t
0

) +Ln (tlt
0

) 

+a. 8n2 .(t-t
0

) + (a.B/.(t-t
0

)
2 ) I 24)]} 

"' 8 2 + (2IL) nf
1 

e-a. n .t . (cos Bn x) {(a/K) 

(ea.8n.t . ea. Sn.to t
0

) + (b 1 IK) 

[ea.8n.t t. Ln(t) - (ea.8n.to . t
0 

• Ln(t
0

) 

+ ( t - t 
0

) + a. Bn 2 
( t - t 

0
) 

2 I 12) ]} (5. b) 

.. 



where s
0 

is a constant value, defined by fb= (Ts 1-Ts 2)/L. 

One of the simplest and most effective rnethods of 
minimizing the function S, is called the Gauss method 
[10]. Using the first two terms of a Taylor series in! 
quation (4) we obtain. 

(6.a) 

(6.b) 

(6.c) 

Then the parameters K and a can be estirnated by a 
iterative procedure that continues until 

Kn+! - Kn 
and (7.a) < E 

Kn 

a n+! - an (7.b) 
< E 

an 

where e: is of the order 0.001. 

The dimensionless sensitivities x; and x; have 
been plotted and investigated before the experimental 
realization in order to obtain a good accuracy in param 
eter estirnation (figure 3). We observe that the optimal 
time is situated at dimensionless time interval t* = 0.6 
to 0.8. We noted that K and a for the other time have 
linear dependence and the parameter can notbeestimated 
in this region. 

UNCERTAINTIES ANALYSIS 

Taylor [1] divide the errors of the experimental 
result s in two t ypes of errors: measurement error and 
non-measurement errors. Measurement errors are associat 
ed with uncertainties that exist in rneasured quantities 
contained in the equation used t o compute the conductiv 
ity and diffusivity from experimenta l data. Non-measure 
ment errors are associated with deviations of actual e~ 
perimental from the boundary condition assumed in the 
model used to derive the equation for computing the pa
rameters . 

Measurement errors inc l ude errors related with de 
termination of the ·effective thi ckne ss of the sample, 
the internal thermocouple posi tion , the rneasurement c r 

the time of heating. ln addition, the time constant o f 
the thermocouple and heat flux transducer shou ld be r on 
sidered too. ln the non-rneasurement errors, the non-• ni 
formity and heat loss are the main factors effect. Hc. w= 
ever, these errors represent deviations from an id •al 
situation in which these effects, are assumed to be ne~ 
ligible [1]. Here, this effect can a r ise if compared 
with flash method. However, if the heat flux is moni
tored and the sample is a low conductivity material the 
se deviations is minimized. The transducer calibratio~ 
constant given presents an uncertainty of 2 W/m 2 approx 
imately. Considering this dev iat ions ln equation (2) and 
a uncertainty of 2 mm in the t ickncss and thPrmocouple 
position we can obtain a dev iation of less than 0.3 C in 
temperature estimated. Conservatively, we can admit an 
errar associated with voltage signals acquisition an un 
certainty of less than 0.1 C using an automatic data ac 
quisition central system / HP-3054, [1]. 

RESULTS ANO DISCUSSION 

The thermal diffusivity andconductivityestimated 
for the plywood sample present a deviation compared with 

literature data [11] of less than 13% and 17,5%, respec 
tively. However, we can note (figure 4) the power of the 
method. An excellent agreement between model and experi 
mental data can be observed for time greater than 200 s-: 
For lesser times, the logarithmic adjust and initial 
condition can effect the solution, due to the discontin 
uity at t • O. The selection of the time interval, be 
tween 0.6 and 0.8 is of fundamental importance for opti 
mization of the results. Previous knowledge of the be= 
havior sensitivities permit us to choose the linear in
dependence region of a and K. ln this case, few itera
tions, n, are needed to estimate the properties (Table 
I). Table II presents the temperatures (Yi) and times 
(ti) used to estimate the parameter, the sum of square 
function (SJ). The sum of square function (St) was ob
tained during the entire experiment. We observed a di 
vergence in estimation of K and a in the region of line 
ar dependence (time less than 960 s- figure 3a). How= 
ever, the best result for minimum St was obtained using 
all the experimental data. However, good results can al 
so be obtained if only time belonging to the linear in= 
dependence region is used like the times a-b-c shown in 
the Table III, (figure 3). The logarithmic adjust ap
pears to be indeterminate at t = O. This difficulty can 
be alliviated by choosing a small time t 0 and consider
ing a heat flux constant until this time. The logarith
mic adjust can be obtained with correlation factor of 
about 0.999 (figure 2). ln this sense, the alternative 
form of heat flux imposed can be inserted in the model 
with excellent approximation. The temperature at the oth 
er face suffered a variation of 0.3 C during all the e~ 
periment (figure 4). This variation did not affect the 
results and can be neglected. 
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Table I. Interations, n, in the diffusivity and 
conductivity estimation with Y1 obtai~ 
ed during the entire experiment (Table 
III). 

n I K (W/mK I (): ( rrf/S) I Sr íKI 

o I 0.01 2 .0E-08 
--------·-~ 

0 .1388 8.626E- 08 

2 0.1551 1.446E- 07 

~ 
0 .1310 l.468E. 0~~---
o 1405 l.56IE-07 

-- - ----- --- -----~- -----
0 . 1408 l .572E-07 

4 

~ 
- - - ---- -- - ·---·-

o 1410 1.574E- 07 
---- --- - - ,_,__ - ·i ·-- --·-----

7 O. 1410 l.574E- 07 7.126E·OI 

Table II. Diffusivity and conductivity estimation 
with Yi obtained for time indicated in 
table III. 

Time I K (W/ mK 11 ex (m2tS ) SI ( K I SI ( K) 

a 0.141 l.575E-07 7.129E-O! 7 . 126E-O! 
·- ---

l.478E-07 3 .272E-04 7.195E-OI 

l.473E-07 l.644_E-03 - 7.:·28E-OI I b 

c 

5.968E-03 7 . 278E-O! 

0.135 

0.134 d 

l----- + _o_.I_3_3 i:·
4

_~!_:_: ~ :;~------- _ 
f 0.!45 1.622E- 07 

~--- --- --- .. -- - -
g 0.126 l. 354E- 07 

----~----

e l. 972E- 03 7. 370E- O! 

I_. 856E-03' t:7. 677E- 01 - -·· -------- - - ------- ------ - -
6.487E-os 7 . 952E-O! 

----- ·- ···· -----l 

* 

h H-+ : ~ -;- I : . : = * • 

• 
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Table III. Times used for Y1 aquisition, 
in seconds. 

Seconds 

90-210-300-420-600-840-900-960-1020·1080·1140·1200-12150·1320 

1080- 1140-!200 
- · 
1200 - 1200 - 1260 

840 - 900 - 960 - 1100 - 1200 - 1280- 1320 

1080- 1140 - 1200 - 1320 

840 - 960 - 1020 

980 - 1.020 - 1080 

90 - 210 - 300 - 420 • 600 -MO 

210 - 300 - 420 - 600 - 840 

300 - 420 - 600 - 840 

CONCLUSION 

Determination of thermal physical propertiesusing 
parameter estimation techniques have shown to be effi
cient, particularly in thermal diffusivity estimation. 
The possibility of obtaining thermal conductivity simul
taneously minimize the errar related with its value in
serted in the mathematical model and giveasuitable tech 
nique for application in transient cases. The experimen~ 
tal apparatus used is a alternative that substitutes the 
use of costly equipame~t, like laser [1). The Green's 
function permits the mathematical model to consider time 
dependent heat flux. A future work shouldinvestigate the 
temperature dependence in conductivity and diffusivity. 
ln which case, a non-linear treatment in parameter esti
mation is necessary. 
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RESUMO 

Este trabalho apresenta o desenvolvimento de uma 
técnica experimental para a determinação simultânea da 
condutividade e difusividade térmica. O método desenvol 
vido utiliza a técnica de estimativas de parâmetros e 
se baseia no método Flash. A modificação deste método 
consiste na substituição do pulso de calor na superfí
cie da amostra, usualmente laser ou lâmpada Xenônio, am 
bos equipamentos de difÍcil acesso devido ao seu alto 
custo, por um aparato simples e de fácil execução, como 
uma placa quente compensada. O modelo matemático desen
volvido permite então a previsão da utilização do calor 
imposto na superfície frontal da amostra como uma fun
ção do tempo. A condutividade e a difusividade térmica 
são determinadas a partir da comparação entre temperatu 
ras obtidas experimentalmente e estimadas através do m~ 
delo matemático, obtendo-se um desvio inferior a 0.3 C 
entre as curvas. 
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ANALISE DA INFLUENCIA DA DIMENSÁO DOS TRANSDUTORES DE FLUXO DE 
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Cx.P. 476, CEP 88049, Florianópolis - SC 

O presente trabalho apresenta uma análise numérica de um método 
transiente para a medição das propriedades térmicas de materiais, especial
mente materiais de construção c i vil. O método se baseia na uti 1 ização de um 
equipamento de placa quente protegida, em associação com transdutores de fluxo 
de calor, fornecendo simultaneamente a condutividade térmica e o calor 
específico de amostras homogéneas e planas. O dispositivo de medição é anali
sado teoricamente através de uma simulação numérica do sistema físico . 
Apresenta-se a influência das dimensões da área de medição dos transdutores de 
fluxo de calor. 

O conhecimento das propriedades térmicas dos 
materiais reveste-se de fundamental importância, quan
do é premente a racionalização do consumo de energia . 

Desse modo, este trabalho analisa teorica
mente um método de medição simultânea da condutividade 
térmica e calor específico de amostras planas e 
homogéneas. Esse método, baseado em Wattiau [1] e 
adaptado por Güths et a11.[2], utiliza um dispositivo 
de placa quente protegida e dois transdutores de fluxo 
de calor. A ênfase desse trabalho em relação ao traba
lho anterior [3] corresponde na determinação da 
influência da área de .medição dos transdutores quando 
o dispositivo é submetido a condições adversas. 

O método consiste em medir a energia total 
(Qttq 1-2) que um corpo necessita trocar para passar 
de um estado de equilíbrio térmico (estado 1) para um 
estado estacionário com ~radiente térmico (estado 2), 
e, a variação da temperatura média da amostra entre 
esses dois estados. Pela Lei da Conservação da Energia 

2 

Qltq 1-2 = J pcTdV 
1 

( 1) 

onde p é a densidade, V é o volume, c é o calor 
especifico e T a temperatura. Considerando a amostra 
homogénea tem-se: 

c = 
Qltq 1-2 

m (T2-Tt) 
(2) 

onde T2 é a temperatura média da amostra no estado 2 e 
m a massa. 

A condutividade térmica é determinada, uti
lizando a Lei de Fourier, no final da experimentação: 

-no estado de gradiente estacionário. 

O EXPERI KENTO 

Utiliza-se um dispositiv~ de placa quente 
protegida (com área de 300 x 300 mm ) para gerar o es
tado de gradiente térmico estacionário através da 
amostra conforme mostra a Fig. 1. 

Medem-se os fluxos de calor através de 
transdutores de fluxo de calor (TFC) e temperaturas 
através de termopares. A área de medição desses trans
dutores é objeto de análise desse trabalho . Como se 
trata de um método transiente, os fluxos de calor e 
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Fig . 1 Esquema do dispositivo experimental. 

temperaturas devem ser registrados ao longo da experi
mentação. 

Após o sistema entrar em equilíbrio térmico 
com a temperatura da placa fria (Tt), dissipa-se uma 
potência elétrica constante na placa quente até o sis
tema alcançar um estado de gradiente estacionário (es
tado 2). 

Integrando-se a área compreendida entre os 
fluxos de calor registrados pelos transdutores supe
rior e inferior (conforme mostrado na Fig.2), tem-se a 
energia liquida Qttq 1-2 absorvida pelo sistema. 

ANÁLISE NUMÉRICA 

Simulou-se o sistema real de medição em um 
programa computacional resolvendo a equação da difusão 
de calor bidimensional e transiente, discretizando-a e 
integrando-a sobre um volume de controle retangular. 

A solução do sistema linear é realizada 
através de uma adaptação do método de Gauss, conhecido 
como Algoritmo de Thomas, resolvido linha a linha em 
um transiente real, utilizando um sistema de 5 pontos 
com pontos fictícios nas fronteiras, e uma condição de 
simetria onde o flUxo de calor é nulo . A Fig. 2 mostra 
a simulação do experimento real. 
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Fig. 2 Simulação do experi mento real. 

A Fig . 3 mostra uma curva característica dos 
fluxos de calor medidos pelos transdutor superior 
(qsup) e transdu t or inferior (q!n/'). Nessa figura 
mostra-se uma cowparação entre valores experimentais 
(pontos discretcs) e teórtcos (linhas cheias) no 
ensaio de uma amostra d•~ pf rafina industrial. 
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Fig. 3 Comparação entre 
experimentalmente 
determinados na 
cheias). 
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tempo (h) 

calor medidos 
discretos) e 

numérica (linhas 

Durante a experimentação, conforme descri to 
por Güths et all. [3], foram observados vários 
fenômenos que poderiam influenciar os resultados 
obtidos. Entre eles, i) fuga de calor para o meio am
biente através da superfície lateral da amostra, i i l 
desvios de planicldade da placa aquecedora central, e, 
iii) diferença de temperatura entre a placa aquecedora 
central e anel de proteção. 

Nas figuras que seguem, apresenta-se o erro 
percentual na medição do calor específico (&c), em 
função da dimensão da área de medição do fluxo de ca
lor medido a partir do centro da placa quente (L-TFC). 

Sal lentando que a dimensão total da placa 
aquecedora central corresponde a 100 mm (medida a par
tir do centro) e o anel de proteção corresponde à re
gião definida entre 100 e 150 mm. 

A Fig. 4 mostra o erro na medição do calor 
específico (&c) em amostras sujeitas a um coeficiente 
de convecção igual a 5 W/m2

. K, temperatura ambiente 
idêntica à da placa fria, e com diferentes 
condutividades térmicas (;~). mas mesmas capacidades 
térmicas . 

Nota-se que o erro (&c) aumenta com a lar
gura do transdutor (L-TFC). Quanto maior o transdutor, 
maior é a influência das perdas de calor laterais, 
aumentando o erro na medição do calor específico . 

Nessa figura pode-se analisar a influência 
da condutividade térmica da amostra (;\). Nota-se que 
para transdutores com dimensões inferiores às da placa 
quente protegida, há um acréscimo do erro (&c) com a 
condutividade térmica. À medida que a dimensão do 
transdutor aproxima-se da dimensão total da placa 
quente, há uma inversão dessa tendência . 
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Erro na medição do calor específico ( &c) para 
amostras sem isolamento lateral, em função da 
dimensão dos transdutores (L-TFC). 

Uma análise da Fig.5 aux ilia na compreensão 
des~.:· fenômeno. Nessa figura é mostrada uma comparação 
entrr-· as isotermas de uma amostra com condutividade 
té·mica igual a 0,6 W/m.K (linha cheia) com outra 
amos tra com condutividade igua l a 0,3 W/m.K (linha 
tracejada). As amostras e s tão sujei tas a um coefi
ciente de convecção igual a 5 W/ m. K e tempe ratura am
biente idêntica à temperatura da placa fria (Tt). 

r, ----- - -1 ____L_:_ ________ - ==-1 
.· ··~ ~ 

'j >< //'07 ·>;,>; '>>>Z /.<·1t·>::<< <<<<\I 
.'i placa aquecedora central anc1 de proteção 

Fig. 5 Isotermas em amostras sujeitas a 
calor lateral com condutividades 
igual a 0,6 W/m.K (linha cheia) e 
(linha tracejada). 

perda de 
térmicas 

0,3 W/m.K 

Pode-se notar que na amostra mais isolante 
(I inha tracejada) os desvios nas isotermas são mais 
acentuados, comparados com a amostra mais condutora. 
Mas isso ocorre apenas na região lateral. 

Em uma região mais central, essas isotermas 
tornam-se mais estabilizadas . Isso significa que a 
perturbação causada pela fuga lateral não está afe
tando essa região; ou seja, os fluxos de calor no sen
tido horizontal -- para a amostra mais isolante -- são 
inferiores aos fluxos que ocorrem em uma amostra mais 
condutora. E como o erro na medição do calor 
especifico (15c) está diretamente ligado às fugas de 
calor, amostras mais condutoras são susce tíveis a 
maiores erros de medição. 

Então, para minimizar a influência das per
das de calor laterais, conforme já apresentado na 
Fig.4, deve-se utilizar transdutores com pequenas di
mensões. Como limitação, os transdutores devem apre
sentar dimensões suficientemente grandes para com
pensar as não homogeneidades da amostra. 

A Fig. 6 mostra a relação existente entge o 
erro na medição do calor específico (f:c), a largura 
dos transdutores (L-TFC) -- medida a partir do centro 
do dispostivo -- e a condutividade térmica (;\,) de 
amostras com mesmas capacidades térmicas e dimensões, 
quando sujeitas a uma diferença de, temperatura de 
O, 2 K entre a placa aquecedora central e o ane 1 de 
proteção. 

L. 
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Fig . 6 Erro na medição do calor específico (Se) em 
função do tamanho dos tra nsdutores (L-TFC) 
para amostras com diferent e s condutividades 
térmicas {;\.) . 

Inicialmente a Fig .6 mostra que o erro (Se) 
aumenta à medida que as dimensões dos trans dutores se 
aprox imam das dimensões da placa aquecedora central. 

Apesar da análise de transdutores com dimen
sões superiores às da placa aquecedora central talvez 
não possuir uma aplicação prática, s imularam-se 
transdutores com tais dimensões para tentar melhor 
compreender os fenômenos envolvidos. 

Nota-se, então, que nessa reg i ão o erro di
minui. De fato, como se simulou o dispositivo comple
tamente isolado do meio ambiente, todo o fluxo de 
calor que deixa a superfície inferior da amostra, 
atinge a superfície superior da mes ma. Dessa forma, 
utilizando transdutores com dimensões próximas à placa 
quente protegida ( 150 mm), todo o fi uxo de calor é 
computado e o erro na medição do ca l or espec ífico (Se) 
tende a zero. 

Quanto à variação com a condutividade 
térmica da amostra, a explicação é idêntica à apre
sentada anteriormente. 

Simularam-se ainda desvios de planicidade da 
placa quente protegida . Fez-se essa análise em função 
dos problemas encontrados nesse sentido durante 
medições experimentais. Na regi ão central, a placa 
quente apresentou espessura superior (até O, 3 mm) em 
relação à espessura das regiões l aterais . 

Simulou-se esse fenômeno, conforme descrito 
por Güths et ali [3], considerando a existência de uma 
camada de ar -- com espessura variável -- entre a 
placa quente e transdutor. 

Na simulação do erro na medi ção do calor es
pecífico (Se ) em função da dimensão dos transdutores , 
encontraram-se resultados semelhantes aos apresentados 
na figura anterior. Novament e, transdutores com 
maiores dimensões sofreram maiores influências do 
fenômenos de borda. 

Quanto à medição da condutividade térmica, 
não se encontrou influência alguma da dimensão dos 
transdutores. De fato, como a condutividade térmica é 
calculada através da média dos fluxos de calor regis
trados pelos transdutores, os efeitos de borda ficam 
minimizados. 

Conclusão 

A simulação numéri ca do dispositivo mostrou 
ser uma importante ferramenta na análise qual i tat 1 va . 
do método , na avaliação da influência dos diversos 
parâmetros envolvidos. 

Através da análise apresentada, onde se 
constatou a grande influência da área de medição dos 
tr~dutores na geração de erros, aprimorou-se o dis
positivo experimental, construindo transdutores com 
menores áreas de medição. 
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ABSTRACT 

An analysis of a transi e nt method for measu
ring heat capacity and thermal conducti v i ty of flat 
samples of building materiais is p!' esented. 

The influence of heat f lux meters is ana
lysed for extreme working operation. 
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SUMMARY 

ln this paper we report on the phototermal measurements of the thermal diffusivity 
of two-layer system and of polymer (PVDF) films subjected to different poling 
fields. The thermal diffusivity was measured using the so-called open photoacoustic 
cell (OPC) method in which the PA signal is investigated as a function of the 
modulation frequency, in a heat-transmission configuration. 

INTRODUCTION 

The photothermal techniques are becoming a 
valuable tool in the study of the physical 
properties of materiais as well as in process 
monitoring, especially in the case of 
microelectronics industry [1,2]. These techniques 
are based upon the detection of thermal waves 
generated in a medium due to a periodic heat 
generation. The most common mechanism for 
producing thermal waves is the absorption of an 
intensity modulated light beam by a sample. Of the 
severa! mechanisms [2] available for detecting 
these waves, the gas-microphone photoacoustic (PA) 
detection is the most widely used so far: ln this 
case, a sample is placed in a small, air-tight 
cell, at a given distance from a transparent 
window through which a light beam is incident upon 
the sample. As a result of the ligh-into-heat 
conversion, the sample is heated by the absorption 
of the modulated light beam.The heat flow from the 
sample to the surrounding air causes the pressure 
in the air chamber to fluctuate, which is sensed 
by a microphone mounted in one of the lateral cell 
walls. 

Being a photothermal technique, the detected 
signal is strongly dependent upon the interplay of 
the sample optical absorption coefficient for the 
incident radiation, the light-into-heat conversion 
efficiency, as well as how the heat diffuses 
through the sample. The dependence of the PA 
signal on the absorption coefficient allow us to 
perform spectroscopic studies, whereas the fact 
that the signal is proportional to the light-into
heat conversion efficiency means that it is 
complementary to other photo-induced energy
conversion processes. This means that the PA 
detection can be used for obtaining information 
concerning the nonthermal deexcitation processes. 
Finaly, the fact that the PA signal depends on how 
the heat diffuses through the sample allows us to 
perform both thermal characterization of the 
sample (i.e., measurements of its thermal 
diffusivity and condutivity), and thermal imaging. 
This last point comes from the fact that the 
thermal wave generated by the absorption of an 
incident energetic pulse may be reflected and 
scattered as it encounters cracks, defects, and so 
on, thereby affecting the detected signal. 

In this paper we report on the photothermal 
measurements of the thermal diffusivity of a two-
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layer system and of polymer (PVDF) films subjected 
to different poling fields. Apart from the 
interest in its intrinsic value, the importance of 
the thermal diffusivity as a physical quantity to 
be monitored is due to the fact that, like the 
optical absorption coefficient, it is unique for 
each material. This can be appreciated from the 
tabulated values given by Touloukian et. al [3], 
for a wide range of materiais, such as, metals, 
minerais, foodstuffs, biological specimens and 
polymers. Furthermore, the thermal diffusivity is 
also known to be extremely dependent upon the 
effects of compositional and microstructural 
variables [4], as well as upon the processing 
conditions as in the cases of polymers [5,8], 
ceramics [4] and glasses [9]. 

TWO-LAYER SYSTEM 

Consider the two-layer system shown 
schematically in Fig.! consisting of a material l 
of thickness li and of a material 2 with thickness 
lz, having both the sarne cross-section. Let 13 

li +lz denote the total sample thickness, cxi the 
thermal diffusivity, Pi the density, Ci the 
specific heat and ki the thermal conductivity of 
material i (i=l,2). From the effective thermal 
resistance of this series two-layer system one 
finds the effective thermal conductivity, k , to 
be 

lk1k2 
k = llk2 + hkl' 

(1) 

the effective heat capacity is given by 

(2) 



from eqs .(l) and (2), 
thermal diffusivity, a 
system as 

we can write the effective 
= k/p c , of the two-layer 

a = 

where x 
material 

(3) 
~ + (1-x)' + x(l - x) [ ~ + >.~ , J' 
0'1 O<t 

L 

1 1/1 measures the thickness fraction of 
in the composite samp l e and À = kt/k 2. 

1 2 

OC 1 K 1 oc2 K2 

l J 
11 12 

Fig. 1 Geometry for the two-layer system. 

The two-layer sys tem considejed in this 
paper consisted of a 60 ~m thick Al foi l with one 
of its surfaces coated with white paint layer of 
variable thicknesses ·. 

The thermal diffusivity was measured using 
the open-photoacustic cel l configuration [10, 11) 
shown schematically in Fig. 2 . lt consists of 
mount ing the sample directly onto a circular 
electret microphone. The typical design of an 
electret microphone [12, 13) consis ta of a 
metalized

0
electret diaphgram (12 ~m FE> with a 

500-1000 A thick deposited metal electrode) and a 
metal back plate separated from the diaphragm by 
an air gap (45 ~m thick).The metal layer and the 
back plate are connected through a resistor R. The 
front sound inlet is a circular hole of 3mm 
diameter, and t he front air chamber adjacent to 
the metalized face of the diaphragm is r oughly 1mm 
thick.As a result of the periodic heating of the 
sample by the absorption of modulated light, the 
pressure in the front chamber oscillates at the 
chopping frequency, causing diaphragm deflections, 
which generates a voltage V ac ross the re s istor 
R. The pressure fluctuation in the PA cell is due 
to three main contributions [1, 14 ) (i) sample t o 
gas thermal diffusion; this effect is sensitive to 
the sample surface temperature. (ii) samp l e 
thermal expansion. This effect depends on the 
average sample temperature, (iii) thermoelastic 
bending. This effect is due to the temperatur e 
gradient inside the sample along the thickness 
axis. lt can be shown [11-15) that for samples 
such that i ts lateral dimension is much grea ter 
than its thickness, the thermoelastic bending is 
dominant over thermal expansion, so that the 
output voltage can be written as 

V= v. j WTE fJJoeiwt 
O . X 

(1 + JWTE) T0 / 9 u9 k,u, 

{ [ 1- exp( -/9 u9 ) ] 

X sinh(l,a,) + 
3R4 C<T To a~12 

X 
2R~ /~u, a~/2 sinh(l,u,) 
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x [ 1, u, sinh(/,u,)- cosh(l,u,) + 1] }, (4) 

where V0 = 10 l m 0 0 /( lb E + lm E , TE = R C 
oi = (1+j) ai with ai = (nf/ai)fh being the 
thermal diffusion coefficient of material i, Rc 
is t he radius of the PA chamber in front of the 
microphone diaphragm ( Rc = 3, 5 mm), R i s the 
radius of the microphone front hole (R= 1,5mm), and 
ar is the sample thermal expansion coefficient. 
The first term in Eq .(4) is dueto the pressure 
fluctuation due to the air heating, whereas the 
second one is due to the sample's thermoelastic 
bending. The thermal diffusivity is obtained by 
fitting the experimental data to Eq . (4) leaving 
as as an adjustable parameter. 
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Fig. 2 Schematic Open- Pho toacoustic cell geometry. 

ln Fig.3 we show the OPC data for a as a 
function of the thickness ratio parameter X, 
defined as the ra tio of the Al thickness to the 
sample thickness, the solid line representa the 
result of the best fit of the thermal diffusivity 
data to Eq . (3), leaving 
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Fig. 3 Effective thermal diffusivity data for 
the Al-white paint samples, as a 
function of X. 

a1 , a2 and À= k1/k2 as adjustable parameters. 
Here, the subscript 1 refers to the Al 
constituent. The data fitting procedure yielded 
the following values for the adjustable parameters: 
a1 = 0 .92 cnf-/s, a2 = 0.0030cm2/s and À = 1000. 
The errar in the data fitting was 0.2%/. ln 
particular, we note that the obtained value for 

.... 



a1 agrees quite well with the literature value for 
Aluminum. Regarding the value of az corresponding 
to the white paint, we could not find any reported 
data in the literature. However, what we can say 
is that the above value seems to be a reasonable 
one since it is of the order of magnitude of most 
polymers. From the adjusted value of À, using the 
literature value of k1- 2.37W/cmK forAl, we have 
then estimated kz to be 2.37mW/cmK from which we 
got P2 c 2 = 0.79J/cm K for the white paint 
specific heat. These values for the white paint 
thermal conductivity and specific heat are both of 
the sarne order of magnitude as those of vinyl 
acetate and similar polymers [16]. 

To make sure that the values of a 2 and kz 
obtained from our two-layer model was correct we 
have decided to measure the specific heat P2 c 2 • 
The values of p 2 c 2 can be measured from the OPC 
signal amplitude at low-frequencies where the 
sample is thermally thin. ln this regime, the OPC 
signal is dominated by the gas thermal piston 
contribution, and it can be shown from Eq.(4) 
that, in this region, the OPC signal varies with 
the inverse of the specific heat, namely , 

const 
V~ (I p c).' (5) 

Using Eq.(2) in Eq.(5), we can write the 
ratio of the microphone output signal for a given 
sample to that of the bare Al sample, at a fixed 
modulation frequency, as 

(6) 

where r = pzc 2 /p 1 c 1 is the ratio specific heat 
to the Aluminum specific heat. ln Fig . 4, we show 
the data we got for Vrel at 10Hz for our samples. 
To assure that the r atio was not a ffected by 
illumina tion effects, suc h as, illumina ted area 
and power fluctuat ion, the OPC da t a shown in 
Fig. 4 was recorded using a 1.75mW s tabilized He
Ne laser source. The solid line in Fig. 4 
represent s the best fit of the data to Eq. (6) 
leaving r as an adjus table parameter. The error in 
the fitting procedure was 2.5% and the value found 
for r was r = 0.40. From this value of r, using 
PJ cl 2 .5 7J /cm K we got pz cz = 1.03J/cm K 
which is quite close t o the one obtained above 
from the effective thermal diffusivity data. 

l n Fig. 5 we present the r esults for the 
thermal expansion coefficient we got from the OPC 
signal amplitude da t a fitt ing, as a function of 
the ratio parameter X. Figure 5 t ells us that o n 
increasing the paint layer thickness the thermal 
expansion coefficient 
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Fig. 4 Ratio of the OPC signal of the AI-white 
paint samples to the OPC signal of an 
uncoated 60 m thick Al sample, recorded 
at 10Hz modulation frequency using a He
Ne laser, as a function of X. 

also increases. lt eventually reaches a saturation 
when the paint layer is sufficiently thick. The 
solid line in Fig. 5 represents the best fit of 
the data to the theoretical expression for a T as 
predicted by the effective sample model. This, in 
turn, is derived from the model developed above as 
follows. From Eq.(2) one has 

(7) 

writing ôl = aTôT l and ôli = aTiôT li , and using 
Eqs.(1) and (3) one finds from Eq.(7) 

where aTi is the thermal expansion coeffic ien t 
of material i, À is the ratio of the thermal 
conductivities of materiais 1 and 
2 as defined above, ~ = (aT 2 faTJ)(P 2c 2 /PJc 1) and 
Y = a1/az . Equation (8) has in principie four 
adjustable parameters. However, from the thermal 
diffusivity data f i tting two of them, À and y, 
were already determined, namely, À = 1000 and 
Y = 307, at the sarne time that the therrna l 
expansion coeffic.ient for Aluminurn is well known, 
aTI = 0.000023K- 1• We are thus l eft just with one 
adjustable pararneter, namely , ~ . The result we 
got was ~ = 6.46, which gives us a T2= 0 .00048K-l 
for the white paint thermal expans ion coefficient. 
Thi s value of aTz is in reasonable agreernent [ 17] 
with the ones of rnost rubber-like polyrners, 
polyvinyl butyral and cel lulose nitra te. 
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POLlNG FlELD EFFECTS ON PVDF 
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The next example investigated is that of the 
effect of po ling fields on the thermal diffusivity 
of PVDF films • Film casting from a DMFA solution 
was tried at different solution concentrations and 
drying temperatures. The prepared solutions and a 
clean glass substrate were warmed up to 6cPC. The 
solution was then sprgad over this substrate and 
the temperature of 60 C was hold constant until 
complete evaporation of the solvent had occured. 
At a temperature of 60°C and a 5% (w/w) solution 
the viscosity is low enough and was found to be 
optimum for producing pinhole-free films. The 
final film thickness can be varied from 5 ~m up to 
30 ~m depending on the s olution concentration and 
drying temperature. At the above temperature and 
concentration the film thickness varied from 12 to 
20 ~m. The resulting films next underwent the Al 
electrode evaporation for the subsequent 
polarization process. The poling of the PVDF films 
was carried out in an oil bath heated to 
approximately 80°C and at de electric fields up to 
50V/~m for 1 h. The sample was subsequently cooled 
under the applied field. The final step was the 
painting black of the front electrode of the PVDF 
film. 

As in severa! previous cases of polymer 
samples [5,8,11] the main contribution to the PA 
signal of our PVDF film sarnples carne from the 
thermoelastic bending of the sample. ln Fig.6 we 
summarize the results for the thermal diffusiv ity 
of our PVDF filrn as a function of the poling 
field obtained by fitting the experimental data to 
Eq.(4). Also shown in this figure are the value s 
of a for two commercial polarized PVDF filrns. We 
note that at the highest poling field the value o f 
a for our PVDF films is very close to those of 
the Kynar and Solef films. lt was shown that 
thermal diffusivity exhibited a rnonotonica l l y 
increasing behavior with the poling field. ln 
particular, the dependence of the therrnal 
diffusivity on the poling field is in qualitative 
agreement with what is intuitively e xpec ted. On 
increasing the poling field one increases the order 
in the system due to the enhancement o f the r a tio 
of oriented polar beta crystallites to the 
nonpolar alpha c r ystallites. Consequently , an 
enhancernent of the heat c onduction and therrnal 
diffusivity would be expected. 
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Fig. 6 Therrnal diffusivit y of the PVDF films as a 
function of the poling field. The square 
and triangles refer to the values of the 
Kynar and So lef piezo films, respectiv ely . 

CONCLUSlON 

ln this paper we have discussed the 
photoacoustic measurements of the therma l 
properties of a sample. The rneasurernents were 
carried out using the so-called OPC rnethod and two 
different s ys tems were studied. For the two-layer 
systern we show that the therrnal diffusivit y as 
well as the therrnal conductivity are cornpletely 
determinated, based upon the effective s ample 
rnodel widely used i n heat tran s fer problems, and 
for the PVDF film we s how that the thermal 
diffusivity of the se films are in good agreernent 
with the commercially ava iable ones and exhibit a 
rnonotonically increasing behavio r with the po ling 
field. 

We believe the a c c uracy t ogether with its 
simplicity will render the propo sed OPC method 
a r e l i able and simple technique for the complete 
pho t oacoust i c cha r a cterizatio n of the therrnal 
properties o f s o lid sample s . 
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ABSTRACT 
The present paper describes two search algorithms developed to be used in a Particle Tracking 

Velocimetry System for instantaneous, full field velocity measurements. The algorithms were de
signed with the objective of identifying and characterizing particle streaks registered on time-eiposure 
photographs of the ftow investigated. Simulated binary digital images were used as input to test the 
performance of the algorithms. ln the tests conducted, both algorithms were able to identify ali el
ements of the test matrices and to properly assign them to a particular trace, after verifying their 
connectivity. The two algorithms attained the sarne accuracy levei in the determination of the traces 
utilizing, however, different computer time and memory requirements. 

INTRODUCTION 

Flow visualization has always played a major role in the 
underst anding of fiuid fiow phenomena and, as a consequence, 
in the development of the field of fiuid mechanics. Since the 
early times, experiments employing a variety of visualization 
techniques have provided the necessary insight for the formula
tion and verification of severa! theories, ranging from creeping 
to supersonic fiows. The book by Van Dyke [1) is an excellent 
example of such efforts, presenting an outstandmg collection of 
visualizat ion photographs of severa! classes of fiuid fiow phe
nomena. 

The past decade has witnessed an important change in the 
way that fiow visualization is utilized in fiuid mechanics re
search . Due to the rapid development and avaiability of af
fordable computer hardware and digital image methods, fiow 
visualization evolved from a qualitative to a quantitative too!, 
capable of providing instataneous, full field velocity measure
ments of transient fiows. This capability of capturing snap-shots 
of isntataneous unsteady fiows provides new information for the 
analysis of fiuid fiow phenomena, which is not attainable with 
any other tecnhique presently available. Full field measurements 
also allow the calculation of deriva tive or integral instantaneous 
quantit ies such as vorticity, rate-of-strain, circulation or !luxes. 
Instantaneous pressure fields can also be calculated by the sub
st itution of the measured velocity field in the appropriate form 
of the momentum equation. Liquid crystal t echnology has also 
been used in conjuction with digital image techniques for t ·. te 
simultaneous determination of temperature and velocity íields 
(e. g., [2]) . 

Complete veloci ty fields are determined from displacen ent 
measurements t aken from photographs of light scattered from 
small susp ended particles moving along wi th the fiuid. The 
particles are illuminated by a sheet of light which reveals two
dimensional velocity vectors. Currently, there are two classes of 
techniques in use for the determination of particle displacement 
fields. One of them, which is the objcct of the present pa
per , relies on the measurement of the length of streaks recorded 
by long-t ime-exposure photographs of illnminated particles. It 
is known as Particle Tracking Velocimctry (PTV). The other 
class utilizes optical transformations or direct autocorrelat ion 
of interrogation spots on double-exposure photographs of fine 
particles in highly seeded fiows . This method, generally known 
as Particle Image Velocimetry (PIV), has demonstrated its po
tential in severa! applications , yielding accurate instataneous 
velocity fi elds with high spatial resolution [3] . These results, 
however, are still limited to fiows with low turbulent Reynolds 
numb ers. 

A direct comparison of the two methods will undoubtedly 
favor PIV, specially with regard to the spatial resolution of the 
velocity data. However, PIV requires powerfull laser sources 
and expensive optical components to produce these data. PTV, 
on the other hand, can be implemented at a fraction of the cost, 
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employing hardware normally available for standard fiow visual
ization experiments, but still providing usefull information for 
fiuid mechanics research. A brief description of the Particle 
Tracking Velocimetry technique will now be presented. 

As already mentioned, PTV is a non-intrusive, relatively 
simple, and yet powerfull, technique for planar full field veloc
ity measurements over extended fiow areas. lts implementation 
involves seeding of the fiow with small particles which are as
sumed to follow the fiuid, and measuring their movement over 
a small period of time, by measuring the length of their traces 
left on time-exposure photographs. A narrow sheet of light is 
used to illuminate the particles present in a plane of the fiow, 
thereby providing a two-dimensional slice of a possibly three
dimensional flow. The photographs of the particles are taken 
by a camera mounted at ninety degrees with the plane of study. 
Long exposure photographs will produce a field of traces that 
can be considered as projections of the instant?neous velocity 
vectors onto the plane of illumination. 

The exposure time can be controlled by sv itching the il
lumination with the camera shutter kept opcn. As suggested 
by !4], the shape of the light pulse can be contr.,lled and used 
to discard traces left by particles which happen to cross the il
lumination plane during the duration of the ligl t pulse, in the 
case of three-dimensional flows . This cart be ad.ieved by using 
a pulse pattern in a dot-dash-dot form2•. T he abscence of one 
of the safety dots on the traces captu~ed by ';he photograph 
is an indication that the corresponding particle did not stay 
within the illuminating plane during tne dun .tion of the light 
pulse. These traces are discarded. F low direction ambiguity 
can be resolved by utilizing an asymmetric (dot-dot-dash-dot) 
light pulse format. 

A typical fiow visualization e·cperiment will produce a pho
tograph containing a few thousa.1d particle traces, which will 
require individual processing for trace validation (i. e., checking 
of the safety dots), and determination of the magnitude and 
direction of the velocity vectors. This task can be completed 
by manually processing a digitized image of the photograph, 
with the aid of a digitizing table and an adequate image edit
ing software. Digital processing techniques can be utilized to 
enhance contrast and reduce background noise in the digitized 
image (e. g., [51), prior to the measuring operation . After the 
lenght of each valid trace has been measured , interpolating al
gorithms are necessary to determine the velocity vectors at the 
desired locatioRs in the fiow domain. Even with the aid of a 
digitizing table, manual processing of the images may require 
hours of tedious work for a single fiow visualization picture. 

Automatic processing of the digitized images have been de
vised as an alternative for improving the performance of the 
measuring operation. Although some algorithms with this ob
jective have been presented in the open Jiterature (e.g., [6]), a 
detailed discussion of their implementation and performance is 
not available. 



From the brief description of PTV just presented, it can 
be noted that severa! steps are involved in the determination of 
the instataneous velocity fields. These are: seeding of the fiow, 
illumination, photographic registration, image digitization, im
age processing, measurement of the traces length, and velocity 
vectors interpolation . Ali these steps are equaliy important, 
and uncertainties associated with each one of them will con
tribute to the total uncertainty of the velocity measurement, as 
demonstrated in the paper by Agüf and Jiménez [4]. 

The authors are aware of the fact that ali aspects of the 
technique should be addressed in an integrated manner, if a 
successfuli measuring system is to be developed. Within this 
framework, a research program is being conducted at PUC/RJ 
with the objective of developing a complete fuli field velocity 
measuring system based on the Particle Tracking Velocimetry 
technique. The present paper, being part of this broader re
search program, is concemed with the automatic measuring of 
the particle traces. Its objective is to compare the performance 
of two algorithrns developed to automaticaliy identify and mea
sure the traces present in fiow visualization pictures. A detailed 
description of the algorithrns will be presented shortly. 

Computer generated binary images were utilized to test 
the algorithrns developed. This strategy was adopted in order 
to furnish a controlied input to the two algorithms, thereby 
isolating the effects of others steps of the PTV technique on the 
performance tests. The tests conducted compared computer 
time, memory requirements, and accuracy of each algorithm. 

TEST IMAGES 

A digitized image can be represented in the compu ter mem
ory by a two-dimensional array of elements to which an integer 
value is associated. Each element of this matrix would corre
spond to a picture element (pixel) on a monochromatic video 
display, where the integer value associated with each pixel rep
resents its gray levei. 

A digitized image of a black and white fiow visualization 
photograph displaying particle traces, will normally present pix
els with a broad range of values of gray leveis. Algoríthrns for 
ídentífying and measuring the traces length need an input im
age in binary form. This can be achieved by a thresholdíng 
procedure applied to the digitized form of the photograph, us
ing an appropriate gray levei value. ln thís procedure, pixels 
displaying a gray levei value equal or above the threshold value 
are assigned the maximum gray levei value, while those display
ing gray levei values below the threshold value are assigned the 
minimum gray levei value. After this procedure is completed, 
the resulting digital image will be formed only by white and 
black pixels, i. e., minimum and maximum gray levei values. 

The binarization operation is an important part of PTV 
and should be used with extreme care since part of the particle 
traces on the digitized photographic image can be lost by not 
using an adequate thresholding gray levei value; Additional 
information on binar~ation operations can be found elsewhere 
[7]. 

Since the main objective of the present work is to compare 
the performance of trace measuring algorithrns, simulated bi
nary images of particle traces were used for testing purposes. 
Those images were constructed by assigning to the elements of 
a matrix stored in the computer memory the values zero or one. 
The matrix elements with assigned values equal to one would 
correspond, in a real digitized image, to either an element of 
a particle trace or to background noise. On the other hand, 
matrix elements with an assigned value equal to zero would 
represent the image background. 

The tests presented in the present paper were performed 
utilizing simulated binary images formed with sixty traces of dif
ferent lengths (measured in pixels units), with inclinations with 
respect to the horizontal ranging from -90 to 90 degrees . They 
consisted, basically, of a comparison of the geometric character
istics of the traces present in the input test images with those 
determined by the measuring al~~:orithms. 

lt should be mentioned that, at the present stage of devel
opment, the measuring algorithrns are not capable of interpret
ing images displaying the safety dots mentioned in the lntroduc
tion. For this reason, the test images utilized did not display 
these trace patterns. Also, trace crossing was not allowed in the 
test images. 
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Fig. 1 - Schematic representation of the image matrix. 

DESCRIPTION OF THE ALGORITHMS 

The two measuring algorithrns developed differ from each 
other with respect to the procedures utilized for searching the 
elements in the image matrix, and for assigning them to a par
ticular trace. To facilitate future reference in the text, the algo
rithms are named as Global-Search and Family-Tree algorithms. 
They will now be described. 

Global-Search Algorithm: This algorithm examines the bi
narized image matrix, element by element, looking for black 
elements (i. e., elements with values equal to 1). The black el
ements encountered are checked for connectivity and assigned 
to a particular trace. The name Global-Search stems from the 
fact that, in this algorithm, the image matrix is searched in a 
single sweep, as opposed to other methods where, once a black 
element is found, a local search in the neighborhood of the el
ement is initiated to find other elements which belong to the 
sarne trace. 

Figure 1 was constructed to facilitate the description of 
the algorithm. It presents a L x M image matrix with elements 
E( I, J). The black squares in the figure represent elements 
with value equal to one, belonging to a trace . The following 
definitions will help the description of the algorithm: 

o anterior neighbors of an element E(I,J) are the elements of 
the set: 

{E(I- 1, J), E (I, J- 1), E(I- 1, J- 1), E(I + 1, J- 1)} 

o an image element is marked by assigning an integer number 
( different from O or 1) to it . 

o a trace is composed of elements with the sarne mark num
ber. 

The algorithm is formed by the following four routines: 
Search Routine: 

1- move to a new element in the image matrix, working from 
left to right, top to bottom ( starting at element E(1, 1) ), 
until the last element, E(L, M), is visited . 

2- check if the element has avalue equal to one (i . e., a black 
element). If not, return to step 1. 

3- if there is no black anterior neighbor of the black element 
in question, mark the element with a new mark number 
and return to step 1. 

4- if ali black anterior neighbors have the sarne mark number, 
add this element to the trace to which the anterior neigh
bors belong, using the Add-Element Routine. Return to 
step 1. 

5- if there are two black anterior neighbors with different mark 
numbers (note that there will be no more than two), add 
this element to either one of the traces using the Add
Eiement Routine, and join the two traces us ing the Join
Trace Routine. Return to step 1. 

l 
! 
l 



Add-Eiement Routine 
1- assign to the black element in question the mark number 

of the black anterior neighbors. 
2- store the x and y coordinates of the black element in ques

tion in an array that contains the coordinates of the other 
elements of the trace. -

Join-Trace Routine 

1- assign to ali elements of the trace to be joined, the mark 
number of the elements of the trace to be kept. 

2- store the x and y coordinates of the elements of the new 
trace obtained after the joining operation. 

3- delete the joined trace. 

Once ali traces have been identified and stored, the dis
placement vectors are calculated by the following routine. 

Vector Routine 

1- determine the extreme x and y coordinates (i. e., Xmax• 

Xmin, Ymax• Ymin) of the elements of each trace found. 
2- determine the angle of inclination with the horizontal, 8, 

of each trace by calculating the slope of the best straight 
line passing through the elements of the trace, utilizing a 
least-squares procedure. 

3- determine the horizontal and vertical projections of each 
trace, .ó.x and .ó.y, by the following relations: 

i f 181 2: 45°' .ó.y = Ymax - Ymin and .ó.x = .ó.y I tan 8 
i f 181 < 45°, .ó.x = Xmax - Xrnin and .ó.y = .ó.x. tan 8 

4- determine the magnitude of each trace by calculating: 

L = ( .ó.x2 + .ó.y2) 1/2 

5- determine x and y, the coordinates of the mid-point of the 
traces. 

Family-Tree Algorjthm: This algorithm, as the previous 
one, searches the binarized image matrix, element by element, 
looklng for a black element. Once such element is found, a 
search procedure is initiated with the aim of finding ali other 
black elements descending from this element, i. e., ali other 
black elements which are neighbors of the father element in 
question. One of the descendents of the father elelemnt (i. e. , 
one of the son elements) is choosen arbitrarily and a new search 
for grandson elements is implemented. One of the identified 
grandson elements is again choosen arbitrarily and the search 
for new descendents continues revealing the family tree, until 
an element with no descendents is found . At this point the pro
cedure returns to the imediatly anterior ancestor, verifying if 
this element possess other son elements from which the family 
tree can progress. Once ali the elements of the family are iden
tified, the trace has been found and a least-squares procedure is 
employed to determine the displacement vector associated with 
that particular trace. 

The detailed description of the algorithm is facilitated by 
reference to Figure 1, and to the following definitions: 

o neighbors of an element E( I, J) are the elements of thc set: 

{ E(I + 1,J),E(I -1,J),E(l + 1,J + 1),E(J + 1,J -- ), 

E(I - 1,J - 1),E(I -1,J + 1),E(I,J - 1), E(I,J + 1)} 

o an image element is marked by assigning an integer number 
(different from O or 1) to it. 

The algorithm is formed by the ringle routine now pre
sented: 

1- move to a new element in the image matrix, working from 
left to right, top to bottom (starting at element E(1,1) ), 
until the last element, E(L,M), is visited . 

2- verify if the element has avalue equal to one (i. e., a black 
element) . If not, return to step 1. 

3- store the coordinates of the black element found in a tem
porary stack array (i. e., a last-in-first-out type array) 

4- mark the element (say, with number 3) . 
5- the element belongs to a trace, so store its coordinates in 

an array. 
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6- verify among its eight neighbors if there is any unmarked 
black element. If not, go to step 9. 

7- mark the neighbors found in step 6 with the sarne num
ber,different from that used in step 4 (say, with number 
2) . 

8- choose arbitrarily one of the neighbors marked in step 7, 
and return to step 3. 

9- if the stack array is not empty, take the element at the top 
of the stack. Otherwise, return to step 1. 

10- check among the eight neighbors of the element considered 
in step 9, those which display the mark number 2. If there 
is no such element, return to step 9. 

11- choose arbitrarily one of the neighbors identified in step 10 
and return to step 3. 

After the procedure is completed ali traces present in the 
image matrix are identified, and the coordinates of its elements 
stored. The Vector Routine described earlier is then used to 
calculate the displacement vectors. 

RESULTS AND DISCUSSION 

The performance ofthe two algorithms described were com
pared by running search tests on the simulated binary images 
discribed earlier. The tests encompassed comparisons of accu
racy, computer time, and memory requirements. 

Accuracy Tests 
The results that will now be presented are a summary of 

the output obtained from the two algorithms, using the test 
matrices as input. Both algorithms were able to identify ali 
black elements of the test matrices, and to properly assign them 
to the correct traces. ln this regard, it can be said that, both 
algorithms presented perfect performances. Errors were only 
introduced when the least-squares procedure, utiltized for the 
determination ofthe geometric characteristics ofthe traces (i. e., 
trace length, angle of inclination ari.d mid-point coordinates), 
was used . 

Since the two algorithms employed the sarne least-squares 
procedure described in the Vector Routine, their results were 

identical, which justifies the presentation of a single set of out
put data, representing the performance of both of them. 

Table 1 displays a comparison of selected input traces and 
the respective prediction of the algorithms. ln this table, x and 
y represent the coordinates of the mid point of the traces, 8 the 
angle of inclination with the horizontal (see Fig. 1), and L is 
length of the traces. ·· 

Table 1 - Comparison of input and predic,ed values. 

TEST IMAGE PREDICT ED V ALUES -
X '!J 8 L X y q L 
2.0 7.0 90.00 10.00 2.0 7.0 9( •.00 10.00 

75.0 18.0 -75 .96 8.25 75.0 13.'0 r-::r:.~.30 8.35 
40.0 41.0 -56.31 7.21 40.0 1,1.0 -5 7.26 7.13 
41.0 64.0 33.69 7.21 41.0 64.0 32.74 7.13 
6.0 87.0 14.04 8.25 6 .0 87.0 16.70 8.35 

43 .0 98.0 0.00 10.00 43..:?.~0 0.00 10.00 

An overall inspection of th ! results presented in Table 1, 
reveals that the levei of agreemc:lt obtainec: between the input 
test data and the values pre< .icted by th -~ algorithms is very 
good. Indeed, the coordinates of th e mid point of the traces 
were exactly predicted by the algor ithm ;, while small errors 
are verified in the predictions of trace len5th and angle of in
clination. These errors attain maximum values for traces with 
inclinat ions close to O or 90 degrees. 

Computer Time 
A comparison of compu ter time may lead to erroneous con

clusions since the algorithms have not yet been optimized. How
ever, some general trends could be observed from the tests con
ducted . 

For the test matrices utilized, having around sixty traces, 
the Global-Search algorithm was at least three times faster than 
the Family-Tree algorithm. However, the execution time was 
seen to be roughly proportional to the number of black elements 
for the Global-Search algorithm, while it increased at a signifi
cantl ty lower rate in the case of the Family-Tree algorithm. This 



observation indicates that, for a higher number of traces, the 
Family-Tree algorithm seems to be a better choice, with regard 
to computer time. Further tests are presently beeing conducted 
to verify these trends. 

The Global-Search algorithm identifies traces with negative 
inclinations faster than those with positive inclinations. This 
characteristic is inherent to the construction of the algortihm 
and it is due to the higher number of calls to the Join-Trace 
Routine, in the case of positively-sloped traces. The perfor
mance of the Family-Tree algorithm is not infiuenced by the 
trace inclination. 

Memory Reguirements 
The sarne reasoning regarding the levei of optimization of 

the algorithms mentioned with respect to the computer time 
tests, is applicable to the memory requirement tests. 

Both algorithms require memory space to store the input 
image matrix. Besides that, the Global-Search algorithm re
quires additional arrays to store the identified traces. The size 
of this array is obtained multiplying the number of traces in 
the image, times the number of elements present in the longest 
trace. ln a real fiow visualization experiment, an estima te of the 
size of this array can be obtained by the previous knowledge of 
the particle concentration being used to seed the fiow, and some 
estimate of the maximum velocity expected in the fiow field. 

The Family-Tree algorithm, on the other hand, needs a 
small amount of additional storage to implement the stack array 
mentioned in the description of the algorithm. The stack array 
is of the size of the longest trace in the image matrix, and it is 
a temporary array being re-used for ali identified traces. 

CONCLUDING REMARKS 

The present paper described two search algorithms devel
oped to be used in a Particle Tracking Velocimetry System. ln 
the complete measuring system, the algorithms would be re
sponsible for the automatic identification of black elements in 
a binarized input image matrix, and for assigning them to a 
particular trace, after checking their connectivity. 

The tests conducted revealed that both algorithms were 
able to find ali black elelemnts in the simulated image matrix, 
and correctly assign these elements to differe11t traces. The 
geometric characteristics of the identified traces were calculated 
employing a least-squares procedure, which introduced small 
errors in the length and angle of inclination of the traces. 

The two algorithms displayed different computer time and 
memory requirements. The Global-Search algorithm was signif
icantly faster than the Family-Tree algorithm, for image matri
ces with a small number of traces. However, the extrapolation 
of the execution time for densily populated image matrlces in
dicates that the Family-Tree algorithm will become faster. 

As far as compu ter memory is concerned, the Family-Tree 
algorithm required less storage than the Global-Search algo
rithm. It should be mentioned that, the trends revealed by the 
tests conducted need further investigation, since neither one of 
the algorithms have been optimized with respect to computer 
time or memory requirements. 

The algorithms were implemented in PASCAL, and were 
executed in a standard PC-XT running at 8 MHz. Typical 
execution times for identification of60 traces in the test matrices 
were 4 and 12 seconds for the Global-Search and Family-Tree 
algorithms, respectively. 

At this stage, it can be said that a binarized image is of fun
damental importance for the proper performance of the search 
algorithms and, as a consequence, of the velocity measuring sys
tem as a whole. As the next step for future work, the research 
effort should be directed toward the development of efficient 
binarizing algorithms that preserves the original length of the 
traces and, at the sarne time, do not incorporate background 
noise to them. 

The present work is the first part of a broader research 
program aimed at developing a complete Particle Tracking Ve
locime' "Y System for full field velocity measurements. Although 
successrull utilizations of PTV have already been reported in 
the literature, a complete system is not available as an oif-the
shelf research too!. The possibility of capturing instantaneous 
complete velocity fields justifies the effort directed to the devel
opment of such a too!. 
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:C~ ESCOAMENTO AERIFORME COM DISPONIBILIDADE 

LIMITADA DE FLUIDO DE TRABALHO 
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RESUMO 

Este trabaUw discute a soluç<'!o adotada para a cal ibraç<'!o de 
ejetores em escO<VI\9ntos compressiveis subsónicos quando o volWIIB de ar 
disponivel fS reduzido, a partir de resultados obtidos no projeto de um 
sistema de medida para aval i.açl1o das carac ter(st icas operacionais 
daqueles aparelhos. O ejetor foi tratado comD um tubo de Venturi • 
calibrado a partir da comparaç<'!o da rasz<'!o entre sua tei.tura 
manom<Strica e a da placa de ori.fi.ci.o correspondente. 

INTRODUÇXO 

O ~rabalho apresen~a uma soluç~o para a 
calibraçl!l:o de um sis~ema de medida de vazl!l:o 
em escoamen~o compressivel subsônico, quando 
se dispõe de um volume limi~ado para armaze
namen~o de ar. O sis~ema de mediçl!l:o em 
ques~~o ~oi proje~ado para avaliar o desempe
nho de aspiradores indus~riais de ar compri
mido como par~e de um programa de nacionali
zaçl!l:o de equipamen~os . O obje~ivo principal 
~oi o levan~amen~o de curvas de calibraçl!l:o 
dos eje~ores empregados nos aparelhos, origi
nando es~e ~rabalho, no qual analisam-se e 
discu~em-se os resultados experimen~ais mais 
signi~icativos. 

O eje~or r·oi tra~ado como um ~ubo de 
Ven~uri . Por meio de associações en~re as 
vazões de~erminadas des~a maneira e por pla
cas de ori~icio, calculadas segundo normas 
[1), [2J, e ainda [3), veri~icou-se experi
mentalmente um compor~amen~o linear definido 
en~r e a r -rzl!l:o das duas colunas manomé~r i c as 
na faixa inicial de vaz~o . Para vazões maio
res o compor~amen~o corresponde nitidamen~e 

ao de um escoamento transi~ório consequen~e à 
reduç~o da massa de fluido armazenada . 

A par~ir dos resul~ados experimen~ais 

ob~idos com dois eje~ores e duas placas de 
ori~icio diferen~es determinou-se coeficien-
~es angulares da re~a mencionada, 
do-se uma diferença percen~ual 

i n~erior a dois porcen~o . 

PROPOSI ÇXO DO PROBLEMA 

cons~a~an

en~re eles 

E1e~ores . Aspiradores de ar comprimido 
per~encem a uma classe genérica de aparelhos 
denominada de EJETORES, cujo funcionamen~o 

baseia-se na ~rans~erência de quantidade de 
movimen~o en~re um escoamen~o primário 
( f 1 ui do mo~or ) e um escoamen~o secundário 
(~luido movido), a~ravés de sua mis~ura. 

A fig. 1 apresenta um eje~or na qual um 
~ 1 ui do mo~or é admi ~i do no expansor e, com 
velocidade elevada, lançado na câmara de 
mistura através da câmara de aspiraçl!l:o. Como 
conseqUência da reduçl!l:o de pressl!l:o nes~a 

câmara, fluido é aspirado do escoamento 
secundário e mis~urado com o ~luido mo~or na 
câmara de mis~ura. A jusan~e des~a o difusor 
decelera o escoamen~o da mistura, dirigindo
os para a a~mos~era ou condu~o de jusante. 
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Este ~rabalho apresen~a a 
resul~ados ob~idos no proje~o 

para a medida da vazl!l:o de 
( primária ) e da vazã:o as pi r ada 
dum ejetor . 

soluçll:o e os 
desenvolvido 
alimen~açl!l:o 

( secundár ia ) 

~ig . 1 Sistema de Calibraçll:o 

Dire~rizes do proje~o. A preocupaçl!l:o 

básica do proje~o foi de evi~ar a in~luência 

dos equipamentos de medida de vazl!l:o no escoa
men~o. de ~al modo que os paràme~ros determi
nados em ensaio correspondessem aos veri~icá
veis duran~e a operaç~o do aspirador. 

Um primeiro medidor de vazl!l:o foi ob~ido 

a par~ir da própria configuraçil:o do aspira
dor, que, tomada a fig. 1 como referência, 
assemelha-se a um tubo de Ven~uri. 

A vazl!l:o de saida do aparelho ~oi medida 
com o próprio difusor, empregado como medidor 
de vazl!l:o. Sendo aquela a soma das vazões 
primária e secundária, res~ava apenas deter
minar uma destas para, com a equaçil:o da con
~inuidade , obter a ou~ra incógni~a. 

Sendo a aspiraçl!l:o dos aparelhos conec
~ada diretamente à atmosfera, optou-se pela 
medi da da vazl!l:o de ali men~açl!l:o por meio de 
placa de ori~icio . 

Devido à faixa de vazões abrangida pelos 
aspiradores, os difusores ~oram calculados e 
calibrados, nl!l:o podendo ser especi~icados a 
partir de con~igurações normalisadas e que 
dispensam calibraçl!l:o. Este procedimento pOde 
ser aplicado apenas a duas placas de orificio 
escolhidas de ~al modo a cobrir tôda a faixa 
estimada de vazões . 



MEDIDORES DEPRIM6GENOS DE VAZXO 

Um medidor deprim6geno de vaz~o carac~e
riza-se por associar a perda de carga imposta 
ao escoamento por uma reslriç~o à vaz~o que o 
atravessa. Pela ileraçlro en~re reslriçlro e 
escoamento , a vazlro é converti da em outra 
grandeza ~isica de ~ãcil mensuraç~o. no caso 
a press~o di~erencial rela~iva à perda de 
carga (âp). Um elemento externo é usado para 
a medida desla press~o cujo valor é lido 
direlamenle ou convertido em sinal para pro
cessamento ou lransmiss~o. 

A equaçl!l:o de trabalho genérica para um 
medidor deprim6geno operando com ~luido com
pressivel é da ~orma : 

. 
m 

p p i/2 

o. 0655 01 & D
2 

( ~ ) ( 1 ) 

onde o 1 ndi c e 1 indica condi çeles a mon
tante do medidor. 

O coeficiente de vaz~o ( 01) é um 
parAmelro indica~ivo da relaçlro entre a vazl!l:o 
real i ncomp1· essi V9l e a teórica no medi dor . O 
coe~iciente de e:~anslro (&)corrige os e~ei
tos de con:pressibilidade do escoamento. Em 
escoamen~os subsónicos veri~ica-se que : 

01 01 ((1,R ) 
• 

(2) 

& & (,q,lc,pi,âp) ( 3) 

sendo ,q denominado coe~ i c i enle 
geométrico, exprimindo a razlro entre o 
diilmetro da reslriçlro ao escoamenlo 
( garganla ) e o di âmelro do c ondulo. 

,q 
D 

o 
~ 

SI Sl'EMA DE CAL! BRAÇXO 

(4) 

Para a calibraçlro dos medidores dispu
nha-se de dois reservalóriol interligados 
per~azendo um volume de 0,6 m. Tal disponi
bilidade revelou-se insuCicienle para a cali
braçlro dentro da Caixa de vazões necessária. 

As alternativas para a calibraçlro cor
rela dos medidores seriam ampliar o volume 
disponivel ou enll!l:o pesquisar uma sislemálica 
que, a partir da calibraçlro correta na ~aixa 
permitida pelos tanques, pudesse ser esten
dida a vazões maiores. 

A primeira simpli~icaçlro aplicada ao 
sistema ~oi a admissl!l:o de escoamento 
isotérmico nos condutos. Tal aproximaçlro pode 
ser ~eila sem sacriCicio da precislro reque
rida para aplicações industriais [1). 

O c.6.lculo das placas de ori~icio ~oi 

e~eluado admitida uma presslro di~erencial 

máxima de QOOO Pa. Tendo a cal i br açlro do 
ejelor sido ~eila com saida para a almos~era, 

a presslro a montante do mesmo alinge no 
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má.xi mo dez por cento acima da pr ess~o 
atmos~érica . Desprezada esta variaçã:o, intro
duz-se um erro de cêrca de três por cento no 
cálculo da vazã:o mássi c a expressa por ( 1 ), 
nas condições especi~icas de projeto. 

No tangente aos e~eitos de compressibi
lidade, veri~ica-se que, para as condições de 
operaçã:o dos aspiradores, o Calor de compres
sibilidade é praticamente igual à unidade . 

Del mée [ 21, apresenta uma equaçã:o 
empirica para o coeficiente de expansíro de 
placas de orificio para tomadas em flange : 

& 1 - ( o. 41 + o. 35 ,q" ) ( ~~ ) ~ (5) 

onde lc representa a constante adiabática 
Nas condições de operaçã:o do sistema 

verifica-se que a maior variaçã:o do coefici
ente de expanslro alcança dois por cento. Além 
disso verifica-se ser o coeficiente de vazã:o 
in'·ersamenle proporcional ao de expansão, o 
qu~ induz a resultados conservativos para o 
cool-i c i ente de i nleresse, quando desprezada a 
c?mpressibilidade. 

Impostas todas as simpli~icações , a 
equaçlro (1) pode ser escrita na forma: 

. 
m À~ (6) 

m 

sendo À uma constante e h a altura da 
m 

coluna manomélrica. 
De (6) tem-se que para a placa de 

ori~icio: 

. 
m 

o 
À~ 

mo 

e para o diCusor 

. 
md À~ 

( 7) 

(8) 

Durante a calibraçlro do medidor, é evi
dente que a vazlro em massa na placa de 
oriCicio deve ser igual à vazil:o alravés do 
difusor. Igual ando as equações ( 7 ) e ( 8 ) : 

h • c h 
md mo 

(Q) 

De (Q) conclue-se que a calibraçlro dese
jada par a o difusor pode fi c ar r estr i la à 
pesquisa da constante de proporcionalidade 
entre as colunas manomélricas da placa de 
orificio e do próprio difusor. 

Sendo o volume disponivel para armazena
mento de ar reconhecidamente insuficiente, 
era de se esperar que duranle o processo de 
calibraçla:o ocorressem problemas com relaçlro 
às constantes C . Para vazões baixas o sufi-

..... 



cien~e para n~o are~ar as condições de 
press~o in~erna (e consequen~emen~e a vaz~o 
de alimen~aç~o dos reserva~órios), a lineari
dade expressa pela equaç~o (9) seria mantida. 
Vazões acima da 1 i mi ~e conduzi r iam a uma 
reduç~o da press~o in~erna devido ao ra~o de 
o compressor n~o conseguir supri-la. Nes~e 
caso, a linearidade de (9) seria sacriricada. 

RESULTADOS OBTI IX>S 

A calibraç~o dos eje~ores foi realizada 
a par~ir de medições com duas placas de 
oriricio (ou diarragmas) de dimensões dife
ren~es. Os resul~ados experimen~ais es~~o 
expressos nas figuras 2 . e 3. 

No ~recho inicial das curvas, correspon
den~e ~s menores vazões, confirma-se a espe
rada linearidade en~re as colunas manomé~ri
cas. Vazões acima da limi~e do compressor 
apresen~am valores para a coluna manomé~rica 
que superam o esperado ( indicado pela re~a). 

A divergência en~re a coluna manomé~rica 
do difusor e da placa de orificio apresen~a
se coeren~e com a condiçl:o de operaç~o do 
sis~ema, onde o dirusor roi locado a jusan~e 
da placa de or i f 1 c i o. Quando as vazões no 
si s~ema de medi çl:o se ~ornam si gni f'i ca~i vas 
com relaçl:o ao volume dos reserva~6rios, o 
regime de escoa.men~o deixa de ser permanen~e. 
No regime ~ransi~ório que se es~abelece, 

ocorrem signirica~ivas reduções da vazl:o em 
massa no difusor, corresponden~es ~ reduçl:o 
de pressl:o nos reservatórios . Es~e fa~o é 
verificado pelo desvio dos resultados 
com relaçl:o ao compor~amen~o linear esperado. 

Será apresen~ada inicialmen~e uma abor
dagem genérica do equacionamen~o per~inen~e. 
para en~~o serem expostos os valores 
numéricos corresponden~es a cada caso sob 
forma de ~abela. 

Fazendo-se a regress~o linear dos pontos 
das figuras 2. e 3., obtem-se as cons~an~es 

de proporcionalidade C da equaç~o (9), 
cujas relas correspondentes esl~o ~ambém 

indicadas nas figuras. 
Tendo sido usadas placas de orificio 

diferen~es para o ensaio dos dois eje~ores, 

ob~eve-se, evidentemente, resul~ados diferen
~es das medidas efe~uadas. Tomando-se as 
condições médias de escoamen~o, ~em-se, 

ent~o. duas equações diferentes de ~rabalho 

para cada placa de orificio. Estas equações 
ser~o na forma : 

•i. 
m. 

OJ 
Ki.~ 

j mo 

onde i. ~ diafragma usado 
_ ejetor ensaiado 

( 10) 

A diferença percen~ual entre os dois 
valores da con~an~e K para o mesmo ejelor é 
expressa por L>K e que corresponde A 
diferença percentual en~re as respec~ivas 

vazões mássicas. 
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Pode-se ainda calcular as JIIQsmas vazões 
màssi c as a part-i r das equaçe;es para os di a
:fragmas. ( 7 ), (a) e ( g ): 

À 
o 

-~À~= -rc 
d 

( 11 ) 

Com ( 11 ) em ( 9 ) 

Ejet.ores 

EA 

EB 

Tabela 1. Dimensões 

DiAmet.ro de 
11 Ent-rada 

' 42 mm 0,38 

42 mm 0,30 

Os diafragmas usados ser~o denominados 
01 e 02. 

À 

md 
o - ~ -rc mo 

( 12) 

Na t.abela 2 

À 
o -- = K -rc d 

( 13) 

A relaç!ro ent.re as duas vaze&s mássicas 
calculadas para cada diafragma, igual em 
valor numérico à relaç!ro ent.re os coeficien
t.es Kd é expressa por bKd. 

Composiç!ro 
de ensaio 

c 

K (" 10- 4
) 

bK (%) 

Kd(" 10-a) 

bKd 00 
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Tabela 2. Result.ados 

01/EA 02/EA 01/EB 02/EB 

1 ,18 0,26 2,63 0,60 

0,167 0,166 8,40 8,37 

0,6 0,4 

1,06 1,08 I 
2 l ----- -

i... 



CONCLUSÃO 

Para as equações de ~rabalho das placas 
de orificio o emprego de valores médios do 
escoamento acarretou em variaç:ll:o ~xima de 
0,6 por cen~o. inferior à precislro admitida 
para esses elemen~os. 

Na calibraç~o do ejetor obteve-se uma 
diferença de apenas dois por cento para duas 
equações de trabalho, cada uma de~erminada 
por placas de orificio diferentes e amplas 
Caixas de vaz:ll:o. IdentiCicado o ~recho linear 
das curvas hmd x hmo, pOde-se, atravós do 

direcionamento de um número suficiente de 
ensaios para es~a faixa, aplicar mótodos es
ta~is~icos para ob~enç:ll:o das curvas melhor 
ajus~adas. 

Tendo sido as placas de oriCicio defini
das dimensionalmente e construidas segundo 
normas tócnicas usualmente acei~as [1], [2], 
pode-se considerar sua resposta como padr:ll:o 
de referência para a calibraç~o dos ejetores. 
A menos de efeitos de compr essi bi 1 i da de e 
número de Reynolds, a raz~o entre as colunas 
manomé~r i c as de ambos os apare! hos deve ter 
um comportamento linear em regime permanente, 
conforme veriCicado na prá.tica da MecAnica 
dos Fluidos e conf"irmado no ~rabalho . Even
tuais desvios de linearidade podem ser a~ri
buidos apenas ao regime transitório. 

Com as medidas. s:endo f"eitas em equipa
mentos primá.rios, manóme~ros de liquido, cuja 
precis:ll:o corresponde à incerteza- de leitura 
dos valores das colunas manomé~rícas (escala 
milimetrada), os erros in~roduzidos por es~es 
equipamen~os s:ll:o de reduzido valor. 

Os resul~ados Coram considerados sufici
en~es para o processo de nacionalizaç~o dos 
aspiradores, dispensando-se a realizaç~o de 
ensaios posteriores. 

Conf"irmou-se tamb4m a esperada nlro in
Cluóncia da compressibilidade no escoamen~o . 
alcançando- se um número de Ma.ch ~xi mo de 
0,06. 
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SUHMARY 

From. resut ts achi.eved i.n desi.ttnint! a 
measurement system. to evatuate the perjorma.n
ce characteri.stics of ejetors, the present 
worlt di.scusses a sotut i.on for t!a"Ut!i.nf! thi.s 
ltind of system. in subsonic com.pressi.bte flow 
when the avai.abte amount of ai.r is restri.cted 
to sma.t t vatues. The ejector was treated as a 
Venturi tube and was f!a"lJt!ed by cowopari.nf! Lhe 
ratio of i.ts m.anometer readl.nf! to the corres
pondi.nf! one of a ori.fice ptate. 
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RESUMO 
E-~>te tJtabatho apJte.-~>e.nta 06 !te.-~>u.Ua~do-~> com uma Mrtda de erttalp.{.a cort-6-twl 

da paM a med.{.da do-~> pe~tó.{_-/) de tempe.!tatWta e ve.locA.dade num jato de p!Mma de M . sãõ 
an~ado-1> atgurt-6 do-~> óatolte-~> que .{.n6tuencA.am na de.te~trn.{.na~ão da vetocA.dade . O ótuxo 
de mM-/la mo-1>-tJi.a a p!te.-~>e.n~a de um 6o!tte aJtJtMtamertto de M, apJte.-~>erttando duM Jteg.{.Õu 
~ürttM: uma m~ p!tÔúma ao bocal., com !tÍÍp.{.do clte.-~>cA.mento do aJtJtMtamertto, e. a ou
tJta, m~ a6a-~>tada, com um cJte.-~>cA.mento maú -~>uave. Mo-~>tJi.amo-~> que o 6tuxo de ene.ltg.{.a 
pode -~>e.lt utilizado pMa a caliblta~ão do -~>útema. 

INTRODUCÃO 

Neste trabalho [1] construiu-se uma sonda de ental 
pia ou sonda calorimé,trica, que permitiu determinar os 
perfis de temperatura, entalpia, pres são e velocidade 
em tre s seç~es ao longo do jato de um maçarico de plas 
ma não-transferido ã ar comprimido, com arco elêtrico 
estabilizado pelo fluxo em vórtice do gás. Através das 
integrais de fluxo de massa, calculadas para os tres 
planos, obteve-se a massa de ar ambiente que ê arrasta
da pela turbulência do jato, tendo como consequência, o 
aparente aumento de massa de gás que flue do gerador . 
Esse cá lculo explica, qualitativamente, a forte queda 
na temperatura média do plasma, bem como a observada es 
tabilidade espacial do jato de plasma no eixo do maça 
rico. Foram, também, cal culadas as integ rais do fluxo 
de energia. 

O grande número de medidas realizadas exigiu que o 
maçarico operasse de forma estãvel durante, pelo menos, 
uma dezena de horas. Esse problema foi resolvido atra
vés da diminuição da erosão do catado, após o que foi 
possível operar o maçarico atê 50 horas sem a troca do 
catado [1-3]. O mesmo se pode afirmar da sonda, que re 
sistiu bem às severas condiç~es do jato de plasma, d~ 
rante 9 horas de medidas. 

A sonda de entalpia [4-7} é uma técnica intromissi 
va, exercendo certa perturbaçao nas condiç~es locais do 
escoamento. Entretanto, sendo construída de pequenas di 
mens~es, tem grandes vantagens quando comparada com 
outras técnicas, pois, além de permitir medidas locais, 
simultaneamente, de vários parâmetros importantes (tem
peratura, pressão, velocidade, composição), ê de sim 
ples construçao e de fácil interpretação dos resukadoS: 
sendo também mais adequada para o uso em ambientes in-
dustrais. Um outro fator positivo, é a capacidade da 

TERMOPAR 

~ 

~--
t"' AGUA 

GAS 

Fig. 1. Sonda de Entalpia . 
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sonda de entalpia de efetuar a medida da temperatura ci 
nética das partículas pesadas e não da temperatura ele~ 
trônica, que é o que se mede usualmente em espectrosco
pia atõmica. A medida da temperatura das partículas pe 
sadas é importante, pois são estas que contribuem, pre 
ponderantemente, para a entalpia dos plasmas térmicos.
Como se sabe [6], abàixo de 7000K, as condições pa:a 
o EquilÍbrio Termodinâmico Local (ETL) nem sempre sao 
satisfeitas e a medida da temperatura do plasma térmico 
por espectroscopia atômica incorrerá em êrro ao sobrees 
rimar a temperatura do plasma. Isso se deve ao fato 
de que a temperatura dos elétrons é, geralmente, mais 
alta do que a das partículas pesadas, uma vez que aque
les recebem diretamente a energia do campo elétrico e., 
por choques,transmitem parte dessa energia às partícu
las pesadas. 

TEORIA 

A sonda de entalpia foi desenvolvida por Grey [4-7] 
e aplicada, pela primeira vez, ao argÔnio, ar e outros 
gases, na faixa de 2000 a 25000K. A versão original de 
Grey era coaxial com tres tubos, apresentando a desvan
tagem da complexidade na construção. Na Fig. 1 vemos a 
sonda por nós construída, contendo apenas dois tubos con 
cêntricos. A sonda funciona como um calorímetro em que 
uma amostra de gás é absorvida do fluxo de plasma pelo 
tubo interno da sonda, e este transfere calor para a 
água de refrigeração, circulando na região anular limita 
da pelos tubos interno e externo. o tubo externo, em 
contacto com o plasma, recebe deste calor. são feitas me 
didas da elevação da temperatura da ãgua, da temperatu
ra do gás e das vazões de ãgua e gás. O calor recebido 
pela água, do fluxo externo do plasma, deve ser subtraí 
do do calor total recebido pela água. A medida é, entãO, 
realizada duas vezes, uma com fluxo de gãs e outra, sem 
fluxo de gás. 

A fórmula que permite calcular a entalpia do gás na 
entrada da sonda (entalpia do plasma) é dada pelo bala~ 
ço térmico de energia: 

onde 

m. (h - h ) =cm. c llT ) - cm. c t.T ) - (1) g lg 2g a pa a fluxo a pa a nao-

fluxo de massa de gas 
fluxo de massa de água 
entalpia desconhecida do plasma 
entalp~a do gás na saída da sonda 
elevaçao da temperatura da água 
calor especifico da ãgua. 

fluxo 



Ao s e r real i zada a medida nas condi çÕes de não-flu 
xo mede-s e , também, a pressão dinâmi ca do pl a sma na en 
trada da sonda. A pressão estática no inte rior do jato 
foi considerada igual à pressão ambi ente. A temperatura 
de e s tagnação do plasma, na entrada da s onda, foi obti
da da Ref . [sJ à partir da entalpia medida pela sond a 
e da pressão estática. O conhecimento da pressão dinâmi 
ca permite obter- se a ve lo c idade do pl asma na direção i 
(e ixo do jato): 

l'l p 
-p;2 
-2--p-po 

pv 2 
-2- (2) 

onde a barra rep r esenta o valo r médio integrado no in
tervalo de tempo em que e realizada a medida, p e p 
são a pressão total e e s tática, resp ectivame nte, p 

0 
ê 

a densidade e v a ve loc idade. Em (2) consideramos de s 
prezíve l a turbulênc ia em p , i s to ê, p ~ p. Como v=v+v\ 
sendo v a velocidade media em z e v' a componente turbu 
lenta da vel ocidade em z, para qu e a aproximaçao na Eq~ 
2 seja válida, ê neces sário que o nível de turbulência 

E = ~ v' 7!V i seja t ambém desprezível. A rel aç ão entre 
v e v pode ser esc r ita em fun ção de € : 

V= V /1+E 2' (3) 

Assim, ao supormos em (2) v = v e s tamos, na realidade, 
superestimando valor r eal da velocidade media que ê 
v e não v, supondo que a medida de l'lp esteja correta , 
o que não ê verdade, pois a rotação do jato e a turbu
lência nas componentes transversais da velocidade 
(€ e E ) tem por efeito produzir uma depressão no inte 
ri~r doyjato [9]. Por essa razão, a pressão e státi ca nÕ 
interior do jato deve ser menor do que a pressão ambien 
te. Como admitimos que a pressão estática no interior e 
a mesma que a externa, conclui-se que o valor de l'l p es
tá sendo subestimado. Assim os dois efeitos, o de des
prezar a turbulê ncia E e o de não l evar em conta a ver 
ticidade e € e € temzefeitos opostos na medida da ve~ 
l ocidade e oxvalot por nós medido da velocidade atravé s 
de (2) pode estar próximo do valor real [9] . Para o cál 
culo da_velocidade, a densidade foi_obtida da Ref. [sJ~ 
em funçao da temperatura e da pressao P0 · 

O plasma será considerado incompressível, uma vez 
que temos M ~ 0,3, sendo Mo número de Mach. 

A influência da viscosidade na medida da velocida 
de ê dada pela Ref. [6}: -

p-po 4 ) 
2 PV

2
(1+ Re+0,457$ 

1 2 pv2 C, (4) 

onde , calculando C para T = 3500K, p = 1 atm, v E 

300m/s, p = 0,092 kg/m3, ~ = 1,707xl0- 4 Ns/m! e n
1 3,8Sxl0- 3m, obtem-se C = 1,03, sendo n

1 
o diametro ex

terno da sonda . Portanto, os efeitos devidos à viscosi
dade podem ser despre zados no cálculo da velocidade. 

Grey ls] estimou a sensibil i dade em função da ge~ 
metria e demais parâmetros da sonda, obtendo: 

onde, 

D1 
d2 
L 
in/ s -
T 

p 
l'lp 

a = 
d3 

k ( ___2_ ) ( __!. 
Dl L 

) ( 
s 
m 

) ( Pl'IP 
T3/ 2 

diâmetro externo da sonda 
diâmetro interno do tubo de gás da sonda 
comprimento exposto da sonda 
densidade do plasma nas vizinhanças da sonda 
temperatura do plasma 
pressão do plasma 
perda de pressão no tubo interno de gas . 

(5) 

Da fÓrmula (5), com o objetivo de otimizar a sonda, de
vemos escolher o maior diâmetro possível para o tubo 
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interno (d2) e o me nor pos s í ve l pa ra o d iâme tro e xt e r no 
(D1). Por ts so, os tub os devem ter pa red e s f inas . 

2 

5 AGUA 

2 

GAS 

Fig . 2. Esquema da instrume ntaç ão. 1- sonda de entalpi a ; 
2- t e rmopar; 3- rotâme tro; 4- manóme tro; 5- vál
vula; 6- bomba de vácuo. 

A sens ibilidade aume nta com o a umento da vazao de gás no 
tubo i nt e rno e diminui ção da va zão da água. A sens ibili
dade ê máx imaAuanto mai or f or a transf erê nci a de calor 
do tubo interno para a água. O limite de velocidade do 
gás no tubo interno é a velocidad e local do plasma. O au 
menta de ssa veloc idade acima des s e limite r esul t a num va 
lor de entalpia sobre e s timado. · 

Ã partir da s medid a s de t emp e ratura e ve loc idade ê 
po s síve l cal cular o s fluxo s de mass a e energ ia que atra 
ve ssam um pl ano perpendicular ao e ixo do jato, pe las 
fÓrmulas: 

R 
G = f pv2nrdr, z o 

(6) 

para o fluxo de mas s a e 

R 
p = f pvh2nrdr 

' z o 
(7) 

para o fluxo de ener Ria,onde Rê o raio do jato . 
Os cálculos dos fluxo s de massa e ene rgia, a s sim 

como da quantidade de movimento e do momento angular pos 
sibilitam obter-s e uma vis ão mais profunda da dinâmica
do jato. Os j atos com vorticidade se caracterizam pe la 
maior capacidad e de arraste, maior transferência de ca 
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Fig. 3. P~rfil de temperatura para z 2Smm. 



lor, possuem um 1ngulo np Abertura maior, têm menor al 
cance, do que os jatos sem vorticidade [9,10]. Além di~ 
so, a pressão estática apresenta gradiente radial sendo 
menor do que a pressao ambiente. 

Uma das características mais importantes dos jatos 
ê a sua capacidade de arraste, isto é, do aumento de sua 
massa às expensas do gás circundante. A característica 
do arraste é dáda pelo parâmetro: 

6G (G -G)/G 
z (S) 

onde G é calculado por (6) e G ê a massa de gás que sai 
pelo b5cal. O estudo do arraste, em função da distância, 
e grau de vorticidade, é apresentado em [10,11], para 
fluxo de gás isotérmico . No nosso caso, além de o gás 
estar ionizado (plasma), o fluxo apresenta grande inho
mogeidade. Entretanto, como veremos, certas caracteris
ticas dos fluxos isotermicos parecem prevalecer para o 
jato de plasma. No jato sem vorticidade, o arraste va
ria linearmente com a distância e é dado por 

z~ 
,~G = O, 3 2 -d y ~ , 

p 2 
(9) 

sendo r 1 e P 2 as densidades do gas do jato e do gás ex
terior, respectivamente. 

Ao contrário do jato sem vGrtice, o jato com vGrti 
ce apresenta duas regiÕes distintas de variação de 6G
com z/d. A primeira região, imediatamente apGs o bocal, 
apresenta rápido aumento de 6G com z/d e não depende da 
densidade do gás ambiente. Nessa região, a fGrmula que 
se aplica ê [10,11} 

6G 0,5 8 + 0,207 (1+20) z 
d 

(lO) 

onde 8 é o parâmetro ~e vorticidade, que é dàdo por 
O = M/KR, sendo M = !

0 
pvru ~-ordr, o mom:nto angul~r e 

K = J
0
R p (v4p )2rrrdr a quan~1dade de mov1mento do Jato, 

R o raio do b8cal, u• a componente tangencial da veloc! 
dade e v a componenté axial. 

Na segunda região, mais afastada do bocal, o arras 
te de gás cresce mais lentamente que na primeira regiãO, 
e ê dado pela fÕrmula: 

6G (a~-+ 
d 

\o) fi 
p 2 

(11) 
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onde k = 4,4 e a = 0,32. 

Para procedermos ã uma estimativa da vazao de agua 
necessária para a refrigeração da sonda, faz-se necessá 
rio calcular a potência térmica recebida pela sonda do 
fluxo de plasma na qual ela se encontra mergulhada. Medi 
das feitas por Grey [7] mostraram que menos de 0,5% da 
energia do plasma é perdida por radiação. Assim, o cálcu 
lo se restringirá à convecção térmica para o escoamento
cruzado com gases. A fÕrmula utilizada é a dada em [12] 

Nu (17) 

onde as constantes C e n sao dadas na mesma referência, 
pag. 269 e os números de Nusselt, Reynolds e Prandtl são 
calculados na temperatura de película Tf = (Tp+Too)/2 
sendo T a temperatura da parede e Too a temperatura do 
plasma.Po d~âmetro utilizado ê D1 , d~âm~tro_ex~ern? .da 
sonda. Os calculas mostram que a potenc1a term1ca 1nc1-
dente na sonda é praticamente independente da temperatu
ra da parede em virtude de Too >> T . Considerando Tp = 
150°C, Too = 4027°C, Re(plasma) = 2~91, Re(água) = 8310 
(transporte bifásico), obtêm-se uma potência térmica de 
796W. Nos cálculos consideramos que o calor penetra uni 
formemente no cilindro, isto ê, ao longo de toda a sua 
superfÍcie externa rrD1L. Para fazermos essa suposição 
tomamos por base o grafico apresentado na pag. 269 de 
[12]. Este cálculo é estimativo, uma vez que a fGrmula 
(12) não leva em conta efeitos de recombinação nas prox! 
midades da sonda. 

CONDIÇÕES EXPERIMENTAIS 

O maçarico de plasma. Foi utilizado neste traba
lho, um maçarico de plasma à arco elêtrico com estabil! 
zação em vGrtice e funcionando á ar comprimido. Maiores 
detalhes sobre esse equipamento estão descritos em ou
tro trabalho desta Conferência [2]. Para se obter as c~ 
racterísticas médias do fluxo de plasma na saída do ma
çarico, medem-se as perdas têrmicas para os eletrodos 
atravé~ da água_de re~rigeração, isto ê P = Im3 .cpa6Tai' 
sendo m . a vazao de agua do catado e anoao e t,t . a 
elevaçã3

1
de temperatura da água. A eficiência, e~Eão, ê 

obtida por n = (P-Pe)/P, onde P = UI ê a potência elêtri 
ca fornecida, sendo U a tensão e I a corrente. Sabendo
se a eficiência, podemos calcular a entalpia media h2d0 
fluxo de plasma na saida do canal pela fÕrmula n=6hC/P, 
onde 6h = h;-~1 ê a elevação da en~lpia do gás e G ê 
a vazÃo de gás. O cohhecimento de h2 permite obter, de 
tabelas, a temperatura media do plasma na saída do maç~ 
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rico. A velocidade média do gãs obtém~se da fÓrmula 
G = P2 v 2 A, sendo p

2 
a densidade do gâs na sai da e A a 

ãrea do canal. As medidas com a sond à de entalpia, que 
descrevemos abaixo, foram sempre feitas nas saguintes 
condi çÕes : diâmetro do anodo - 9,52mm, comprimento do 
anodo - 120mm, potência elétrica - 21,6kW, t ens ão -
230V, corrente-94A, vazão de gâs-1,613xl0- 3kg/s (74,9 
N~/min), eficiência n = 61%, potência térmica- 13,18kW. 
Os parâmetros calculados do fluxo de plasma, baseados 
nos dados acima, na saÍda do canal, são os segui ntes 
(em valores médios) : h 2 = 8600kJ/kg, T 2 = 4340 K 
v2= 349m/s, 11 2 = 0,26, p2 = 29,6 rmnHg, lf = 736 rmnllg, 
onde h,T,V,M,p e p são, respectivamente; entalpia, tem 
peratura, velocidaae, número de Mach, pressão dinâmica
e pressão total. Considerou-se que a pressão estâticano 
laboratório era p = 706mmHg a densidade do ar, nas 
condiçÕes acima, 0 p= 6,4xl0-!>.l<g/m3, a velocidade do 
som a

2 
= 1340m/s e 2 a constante adiabâtica y 2 = 1,23~ . 

A dif e rença entre a t emperatura r eal e a de estagnaçao 
e T

0 2
- 'T 2 = 34K, sendo portanto, desprezível. 

A sonda de entalpia. A sonda de entalpia foi cons 
truída de acordo com a Fig. 1. Suas característi cas sãõ 
as seguintes: 

diâmetro externo da sonda D
1 

= 3,94 mm 
diâmetro interno do tubo de ãgua D2 = 3,85 mm 
parede do tubo de âgua LiR = 0,18 mm 
diâmetro externo do tubo de gâs d

1 
= 2,10 mm 

diâmetro interno do tubo de gâs d
2 

= 1,67 mm 
parede do tubo de gâs Li r = 0,22 mm 
comprimento total da sonda 1 = 20 cm 
compr i mento da sonda exposto ao plasma L = 20 mm 

Os tubos de cobre usados foram os encontrados nor 
malmente no mercado. Suas dimensÕe s originais eram
D1 = 4,76mm, D2 = 3,50mm, Li R = 0,63mm : d = 2,77mm _ , 
d

2 
= 1,67mm e Li r = O, SSmm. A diminui çao àas dime ns oes 

foi obtida por corrosão quÍmica com hipoclorito de f e r
ro (normalmente us ado na confecção de circuitos impres
sos). O tubo de gãs fo i soldado ao t ubo de ãgua com sol 
da pra t a . 

Os t e rmopares do tigo J(ferro-constantan), cuja 
sensibilidade é O,OSm V/ C, foram envernizados com ver
niz i solante de tr ans formador afim de evitar a condução 
elétri ca através da água de refrigeração, uma ve z que 
não usamo s ãgua deionizada. Como r e f erência, us amos um 
banho de ã gua destilada e gelo. Pa ra a leitura da t empe 
ratura utilizamos um milivoltÍmetro di gital de 4 1/2 dt 
gitos com fundo de escal a de 199,99mV, o que proporcio~ 
na uma pr ecisão na tempera tura de ± 0,2°C. Os t e rmopa
re s f oram individua lment e calibrados . 

A r ef rigeração da sonda e f e ita em ãgua ã 14°C e 
ã pressão de 4 atm, forn ec ida pe lo s i s tema, em cir cuito 
fechacio , de refri ge r açao do prédio onde estã instalado 
o labora t ório. o sistema de refri ge r aç ão da sond a e mo~ 
trado na Fi g . 2. 

O s i s tema de amost ragem do gâs é apresentado, tam
bém, na Fi g . 2. O gâ s é aspirado pe lo tubo int erno da 
sonda, pass a pelo t e rmopar e pelo r o t â me tro. Uma vãlvu-
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la, situada antesdo rotâmetro, ao ser fechada, permite 
medir-se a pressão dinâmica do plasma num manômetro. 

RESULTADOS E DISCUSSÕES 

As medidas foram feitas em três planos normais ao 
eixo do jato de plasma, distantes da saída do canal em 
z = 13nnn, z = 25nnn, z = SOmm. Em cada plano, foram levan 
tados de 10 a 14 pontos, distantes um do outro de 1,27~ 
Em cada ponto, foram feitas três medidas, na situação de 
fluxo, e três, na s ituação de não-fluxo. O total de medi 
das, em cada ponto, leva 12min para ser realizado e o 
tempo total por cada perfil leva cerca de 2 horas para 
ser obtido, pois e necessário que se espere num certo 
tempo para que se estabilize a temperatura na sonda. A 
sonda atravessa o plasma, fazendo com que o orifício de 
entrada do gãs passe pelo eixo dÓ jato de plasma. Na Ta
bela 1 apresentamos uma amostra dos resultados obtidos 
para z = 13rnm, x = 0,3lmm, afim de dar uma idéia das 
temperaturas e vazÕes envolvidas na experiência. Na Fig. 
3 e apresentado o perfil de temperatura com as barras de 
erro (desvio padrão para três medidas), medido para z = 
25mm. Os três perfis de temperatura e velocidade são mos 
trados, respectivamente nas Figs. 4 e S. O ajust e aos da 
dos experimentai s foi realizado usando as funçÕes 

T(r) T exp [- ar 2 ] + T o a e 

(13) 

v(r) v 
0 

exp [- br 2 J , 

respectivamente, para a temperatura e velocidade, sendo 
T = 300K a temperatura ambiente e o centro r = O foi 
t3mado coincidindo com o eixo do maçarico. 

Tabela 1. Amostra de dados obtidos (z=l3mm, r=0,3lmm) 

e/fluxo I s/ fluxo 

Q (9./min) 0,500 ± 0,025 I o,5d.o ± o,025 a 

Q (9./h) 50,0 ± s,o ---------g 

Tal (OC) 13,8 ± 0,2 13,8 ± o, 2 

T (o C) 47,1 ± o, 2 43,3 ± 0,2 a 2 

Tg3 tC) 52,3 ± 0,2 ----------
T (o C) rot 21,8 :': o, 2 ----------
p (mrnH

2
0) 370,0 + 4,0 I 470,0 ± 4,0 rot 

O ar raste de mass a LiG, apr es entado na Fig . 6, foi 
cal culado pela f Õrmula (8) onde G = 1,63xl0- 3 Kg/s. Como 
vemo s , o comportamento é semelhante ao apre sentado pelo 
fluxo isotérmico [lO, 11], tendo duas regiÕes ca racterís
ti ca s , a primeira, com um cresc i ment o rãpido do arraste 
e a se p,unda, mai s s uave . Devido ã insufici ê nc i a de dados, 
n~o i pos sivel es pecificar exa tamente os limites da pri
meira reg ião . Na Fig . 7 vemos o comportamento da veloci
dade e temperatura axiais e na Fi g . 8, da t emp e ratura mé 
dia. Para os pontos z = 13, 25, 50mm calculamo s inicial~ 
ment e , a entalpia média H = P /C e desta, da tabela 
[8] , a temperatura . Para~= o; a ztemperatura foi calcu
l ada pe lo balanço t é rmico do maçari co. Como v emo s , hã 
uma gr ande queda da t emperatura média na r eg i ão O<z<lümm, 
ca indo menos rapid amente para z ; lOmm. Ess e comportamen 
to da t emperatura es tã em acord o com o comportamento do 
arr ast e (Fig.6) que apresenta, t ambém, duas r eg iÕes ca
rac t erÍsticas, mos t ando que o arr as te tem por e f e ito um 
fort e r esfriament o do jato de pl a sma. O aju s t e ao s pon-
to s experimentai s da Fi g . 6 dã, para a segunda região 
z > lümm, a r e t a : 

...... 



l'iG 3,833 + 0,463z/d. (14) 

Comparando esta fórmula com 
a= 2 e k0 = 33, sendo p1 
4340K) e p2 = 1,18 kg/m3. 

a fÓrmula (11) 
6,4xl0- 2 kg/m3 

obtêm-se 
(para T 
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O balanço de ·energia P /P ê apresentado na Fig. 9. 
Esse gráfico mostra um dêfi~it de energia para z>25mm 
da ordem de 20%. Esse gráfico serve para se ter uma 
ideia geral da prec isão da experiência, podendo servir 
para a calibração do sistema. Urna passive! explicação pa 
ra o deficit de energia e que o jato de plasma tem uma
extensão radial em termos de energia maior do que os li 
mites de i ntegração usadas no calculo. Tendo em vista o 
alto níve l de arraste, esse erro de 20% e suficienternen 
te pequeno para va lidar os resultados obtidos. -

CONCJ..USÕES 

Foram feitas medidas dos perfis de t emperatura e 
velocidade, utilizando uma sonda de en talp ia , ao longo 
do jato de ar de um maçarico de plasma com vór tice. A 
análise mos trou que, para efeito da determinaçao da ve 
locidade, o .ja to pode ser considerado incompressíve l 
Verifi cou- se , também, que os efei to s de turbul ência e 
viscosidade podem ser considerados desprezíveis para a 
obtenção da velocidade . Devido ã alta tempera tura do 
plasma, a potência térmica incidente na sonda pratica
mente não depende da temperatura de parede pa;a um rnode 
lo onde não se c9nsiderarn efeitos de recombinaçao na c~ 
mad a limite. O cá lculo do arraste de gás mo s trou que o 
comportamento do jato de pl asma em vórtice, que e forte 
m~nte inhomogêneo, tem certa seme lhança com o jato i so= 
termi co com vorticidade, apresentando duas r egi Ões di s -
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tintas no arraste, uma próxima ao bocal, com forte cres
cimento do arraste; e outra mais afastada, com crescimen 
to do arraste mais lento com a distância ao bocal. Esse 
resultado se reproduz na medida da temperatura media que 
cai rapidamente na primeira região. O fluxo de energia 
relativo mostra a presença de um deficit de 20%. Esse 
erro, entretanto, ê suficientemente pequeno para nao 
invalidar os resultados obtidos. 
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ABSTRACT 

This work gives some results for the profiles of 
temperature and velocity along a vortex plasma jet of 
an air plasma generator. The measurements were made 
using an enthalpy probe. Some factors influencing the 
measurement of the velocity were analysed. We calcula
ted the mass and energy fluxes. From the mass flux , 
we concluded that a strong entrainment of the surroun
ding gas takes place along the air plasma jet. We noti
ce clearly, the existence of two regions, the first , 
very close to the exit of the nozzle, with a very rapid 
increase in the entrainment with distance, the second 
region, somewhat downstream, shows a moderate increase 
in the entrainment. We conclude that the energy flux 
can be used for calibration of the system. 
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SU~1MARY 
ln this study an analysis 1s showed of the electronic self-genera 

ted noise, the signal-to-noise ratio and sensitivity for electrically 
compensated pyranometers. The most significant conclusion from this 
study is that the source of self-generated noise in these instruments is 
due to the resistive relation between the sensors. 

lNTP.ODUCTIOtl 

Radiometers and/or absolute solarimeters 
of electrical compensation and of substitution 
such, for examole, the Angstrtlm oyrheliometer, 
the Active Cavity Radiorneter from Yilson, the 
Kendall radiometer and the electrical compensa 
ted pyranometers developed by Lobo and BeJo(lr 
and Lima and Lobo [21 are instrurnents which, 
having two absolutely equal sensors, one that 
receives the falling solar radiatio~ and the 
other upon which the proportional electric e
nergy is dissipated by Joulean effect, at 
their great majority use to be operated throu
gh negative feedback electric-eletronic servo
mechanisn. The hot wire and hot film anemome -
ters also ooerate through this principie. The 
instruments, oroduct of this studv, are two so 
larimeters which combine the property of self~ 
adjust from the Callendar pyranometer,with the 
electrical comoensation from the Angstrtlm ra -
diometer. The thermo~esistive sensor elements, 
absorber of the fallf~g radiation and the from 
compensation, are maintained at the sarne temoe 
rature by an electronic circuit of feedback -
contro l which, heats preferentially the elemen 
t not ab s orber from the solar energy (see Fig. 
1). 

ln the oresent study a detailed theor e~ i 
cal anal ys is of the electronic noise, sensiti~ 
vity and of the relation signal/noise from t he 
two solarimeters is made in arder to under sca nd 
the influence of self-~enerated electronic 
noise at the volta~e output of this kind ot 
instrument. 
NO I S E A til\ L Y S I S 

ln the oresent pyranometers, whose gene
ral sc heme is shown in the figure 1, th e elec
tr i ca l output indicates not or: l y the falling 
radiation uoon the so lar sen sor Rs but also 
irregular fluctuation of the outout vo ltage 
which are caused by the electronic noise of 
the various parts of the instrument . The elec
tronic noise covers the whole freouency range 
and disturbs the solar radiation measurements. 
The noise analvsis that is to be shown here 
follows the s arne procedure proposed by 
Freymuth [31 for th e st ud y of noise in hotwire 
anemometry . 

The noise is associated with the follow
ing: (1) the comoensative Rc and solar Rs sen
so r s as o a r t o f a n e a r 1 y b a I a n c e d \J h e a t s tone 
bridge; ~2 ) the bridge;. and (3) the oower and 
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voltage amplifiers. 
lt is well known that a resistor R at tem 

perature T produces within a small frequency 
range âf, say 0.5 Hz, the following mean-squa
red thermal noise voltage (Johnson noise) 

4KTR~f ( 1) 

being K the Boltzmann's constant. 

_.:E;._•--.oE 

I 
Fig . 1- 0 yranometer5 gene:al scheme 

Consider the noise a t the bridge diagonal 
AB which is generated by the various resistors 
and sensors of the brid~e. The bridge is campo 
sed of the sensors R and R a nd resistors R1-
and R,. R1 and R2 arl maintiined at ambient 
temperature T0 , while the two SEnsors are main 
tained at the temperature T = T

0 
+ àT depending 

upon the falling radiation. The compensative 
sensor is maintained at the sarne temperature 
of the solar sensor, through the automatic 
bridge rebalancing. The ratio between R, and 
R2 and Rs and R1 is defined as m, that 1s 
R /R 2 = R /R 1 = m and between R and R and 
R; and R s is defined as n, that is RslRc = 
R~/Rl = A: ln this study m was assumed to be 
n!!ar y un1ty. 

The mean square value of the bridge noi
se is, considering eAC and eBC uncorrelated, 

-2 -2 -2 
eB = ei\C + eBD ( 2) 



being 

e
2 

= 4KT Rl•f(~) 2 
+ 4KTRcàf(~\ 2 

AC o Rc+R2 Rc+P.2j (3) 

. Observing that R2'tRc and T=T 0 +~T, we 
obta1n 

-2 eA.C = 4KToR2llf2+àT/To ( 4) 

ln the sarne way and after some algebraic 
manipulations 

e2 = 4KT R2(lf 2n 
B!J o 4 ( 5) 

Therefore the total noise for the bridge 
is 

-2 
eB 4KT

0
Rcbf 2(l+nl+àT/T 0 ( 6) 

The noise in the amplifier can be repre
sented as the noise of an equivalent resistor 
Req at the ambient te~perature, that is 

-2 
e a 4KT 0 ReqA.f ( 7) 

The total equivalent noise at the inout 
of the amplifier is the sum of the bridgé and 
the a~olifier noises 

e~ = 4KT 0~f(Req+Rc2(l+n~+AT/To} ( 8) 

Let us consider what effect the noise of 
the amplifier input has on the output EF of 
the self co~pensated pyranometer. To obtain 
the signal-to-noise ratio, let us consider, in 
addition, the effect of a small given radiation 
signal ~H on the output of this instrument . 

For the case where the bridge arms are 
not equal the basi c equations for the compe nsa 
tive sensor, bridge and amplifier are: 

dR_c ( R ) C dP.c ~ Rc- a + 1fli(ff 
R a~ ar \Rc"+R2) t. 

( 9) 

e (R -P. )/l2(Rc+R2}) E o . c 2 ( 1 O) 

E0 = Geb + Ge + Get ( 11) 

As a 1 ready de fi ned el sew here [21, H is 
the radiation falling on the so lar sensor,U(H) 
i s the g lobal heat tran sfer coefficie nt that 
mainly depends on radiation, ~ the temperature 
coefficient of the sensor resistance R , C is 
the se nsor mass hea t capacity, G the aMplifier 
gain, E is the outout voltage of the amplifi
er , e ~he input voltage, e is the in out vol
tan,e of the amplifier with ~nputs grounded, et 
is the equivalent total noise of the bridge 
(including sensor s) and the amplifier occuring 
at the amolifier input, and R is the re s i stan 
ce of the sensor at roon tempg rature. -

He are specially interested in the equa
tions for the sma ll deviations fiE , /Je, and 
ARe of the static values. To obta Yn them, eqs. 
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I 

(9)·(11) must be developed around their static 
values in a Taylor series, not considering 
terms greater than second order. Consequently, 
we Óbtain for the deviations AE

0
, Ae, ~Rc and 

AH the following equation system: 

2EoRc Mo 
(Rc+R2)2 lE~(Rc-R 2 ) _ U(H)A1àRc (Rc-Ra)A. 

(Rc+R 2)3 ~ 

dU (H )A H 

~ 

C dARe 

Ra dt 

(Rc-R2)c\Eo 
Âe = 2(Rc+R

2
) 

and neglecting eb 

tH
0 

= GAe + Get 

EoR2ARc 
(Rc+R 2)2 

R a p 

Through equation (13) and considering 
Rc~R 2 , we obtain 

àRc (R c -P 2 )flE 0 

o 

using the abbreviations 

r 
2 

Eo(Rc-R2) 
(Rc+R 2)3 

U(H)A 

TÇf 

4R 2óe 

-r;;-

and M c 
R a~ r 

( 1 2) 

( 1 3) 

( 14) 

( 1 5) 

and introducing into the equation (12) we have 

Me ~1dA.R c 
+ ~ 

2 E 0 R c _Ó E 0 _ ( R c -R a ) A . d U ( H ) . A H ( l 6 ) 

r(Rc+R 2)2G rRap dR 

Solving equations (13)-(16) forAE we 
obtain o 

4E 0 = 8 rRcR 2G .(et + Mdet) 
E~[l-2rRc(Rc-R 2 ) / E ~) dt 

+ 2Rc(Rc -Ra)AG . dU(H) _âH (17) 

.6Eo 

E 0 Rap[l-2rRc(Rc-R 2 )/E~) dH 

Since Rc~R 2 , we obtain 

8rRcR 2G. (et 
E2 o 

+ Mdet) 
ãf 

- ~H) _ 

+ ZR (R -R )AG c c a . 
E oRa p 

( 18) 

Equation (18) shows that the signal 6E 
is compos ed of a noise voltage and a radiati8n 
voltage. Consider i n~ the noise voltage as fre
quenc y w deoend ent ~ P o~ta in the fnllowin g for 
the noise and radia tion voltages,respectively 

flE rJ = SrR. R G ~ c 2 E-z--- · ( 1 +W2~1 2) l /2 
o et 

( l 9) 

Âo. 



AEH 2Rc(Rc-Ra)AG_dU(H)_6H 

E oRa r OH 

The signal to noise ratio is 

SNR E 
0 

( R c - R a ) A . ( d U I d H )A H 

4Pa~ rR 2wMet 

( 19a) 

( 19 b) 

( 2 o) 

Using equation (8), for a steady-state 
operation, the SNR turns 

S"'R = ( 21) 

SENSITIVITY A~ALYSIS 

To better understand the role of different 
variables in the instruments output voltage, a 
sensitivity analysis has been carried out.This 
also provides valuable information on the tole 
rance needed to be maintained during sensor -
design. The pyranometers output voltage at 
sfeady-state operation, as defined oreviously, 
is 

( 2 2) 

The sensitivity of a parameter Z with 
respect to another parameter X is defined by 
t51 as 

xaz 
""ZdX ( 23) 

Using equation (23), the sensitiviti e s 
of the output voltage E relative to diffe r! nt 
sensor parameters can b2 obtained as follo 1 ing: 

s~~H) 0.5 ( 24) 

sE o 
A 0 . 5 ( 2 5) 

sE o 
I) 3 . 7 ( 26) 
" c 

The experimental values us ed for the de
termination of the above sensitivities were 
taken from el sewhere [2]. 

DISCUSSION OF THEORETICAL RESULTS 
Equation (8) whichde scribes the total 

noise at the input of the amplifier shows that 
e increases with n and that for low bridge 
n~i s e it is necessary to keep nm small . Often 
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nm i s ma de e q u a 1 to 1 , a 1 t h ou g h i n t h i s s tu dy 
one of our instruments was assumed with nm 
equal approximately to 100 and the second one 
equal to approximately 1. Looking at equations 
(6) and (8) we see that the resistance R for 
the compensative sensor and the overheatcratio 
6T/T

0 
also play significant role for the noise 

increase. ln this moment, we see that there is 
a limit for the values of Rç and the overheat 
ratio in arder that the output voltage E be 
maintained ata secure value, i.e. a valfle with 
which the signal-to-noise ratio be significant. 

Examination of equation (2l)that describes 
the signal-to-noise ratio indicates that the 
SNR decreases with the product of heat capacity 
of the compensative sensor and the frequency.On 
the sarne way analogy we seethat the SNR also 
decreases with the increase in the values of R , 
n and overheat ratio AT/T . It is worth notingc 
that contrary to some reâarchers (3,4) the 
equation for the SNR attained in this study in
dicates that the noise increases with the increa 
se in the overheat ratio. As it will be shown
later the parameters that contribute significan 
tly for the increasing of the SNR value are th~ 
output voltage E

0 
that is related to the ampli

fier gain G, the value of R and the value of 
the surface that receives t~e falling radiation 
It must be stressed that there is technical li
mitation for the manufacture from sensors, with 
restriction to the values of R andA. Although 
not highlighted by others studles in the litera 
ture to the opinion of the present authors th~ 
term that most influence the SNR of a self com
pensated pyranometer is the relation n, i.e., 
the relation between R~/R 2 and Rs/R~, as demons 
trated by equation (21). -

Equation (23) shows that the output volt
age E

0 
of the present instrument is most sens~ 

tive to variation in the resistance value of 
the compensative sensor R , however R can not 
be increased indefinitelycbecause of ctechnical 
limitation in its manufacture . Although for 
this study the sensors were made of platinum 
fused upon pyrex substrate the range of mate 
rial used for sensing elements is great. For 
the most of the resistance-temperat' ire applica
tions, the sensitivity dependson th E product of 
resistivity and thermal coefficient of resistan 
ce defining by this way the sensing element -
electrical resistance. Tabulated data in the li 
terature indicate that there are ve ry interest~ 
ing elements such bismuth, anti~ony and zirco -
nium showing values of that pr oduct greater 
than most metallic elements. 
C O N C LU S I O ti 

ln this study a detailed theoretical ana
lysis of the self gen e rated electronic noise, 
the signal-to-noise and sensitivity is made,for 
electrically co~oensated pyranometers. The most 
significant c onclusion i ; that the greatest 
source of self generated electronic noise in 
this kind of instrument is due to the resistive 
relation n between the se nsors, that is how 
much one sensor has resistance greater than the 
other and that at an unitary re s istive relation 
the instrument accuses the minimal level of 
self generated electronic noise. A sensitivity 
analysis also accused that the voltage output 
of these pyranometers is most sensitive to va
riation in the resistance value of the compen
sative sensor. 
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RESUMO 
Dois tipos de termopilhas preto/branco foram elaboradas por técnicas de filmes 

finos e testadas em vários piranômetros. Na calibração dos piranômetros, obtivemos 

sensibilidade de 7,7.10-6 Vm2/W ã 54,56.10-6 vm2 /w com desvios aproximados desde 

0,2 %à 0,7% em relação aos piranômetros Eppley e Middleton, e constantes de tempo 

de 0,85 s à 9,8 s. Curvas de insolação global, foram registradas com os piranôme

tros. 

INTRODUÇÃO 

Termopilhas de filmes finos obtidas por "evapora 
ção de metais" ou "Sputtering", vem sendo estudadas 
desde a década de 30 por muitos pesquisadores. A lite 
ratura mostra que os trabalhos pioneiros foram apre
sentados por L. HARRIS; W.BUSSEN; MOLL e H.C. BURGER; 
STOCKFLETH; SCHWARZ e BROWN /1/2/. Posteriormente, 
BAKER /3/; L.P. BOIVIN e SMITH /4/, entre outros cola 
boraram no desenvolvimento da técnica realizando im~ 
portantes aplicaçÕes dentro da radiometria solar. No 
Brasil, o processo foi introduzido por ESCOBED0/5/ em 
193b, que através de um método simples obteve var1os 
tipos de termopilhas. Dando sequência ao desenvolvi 
mento tecnolÓgico deste sensor, bem como da sua apli 
cabilidade dentro da radiometria solar, neste traba~ 
lho apresentaremos resultados obtidos com piranôme
tros em suas caracterÍsticas operacionais de constan 
te de tempo, sensibilidade de resposta e linearidade~ 
para várias termopilhas de filmes finos. 

TEORIA ! SELEÇÃO DE PARÂMETROS 

A performance de uma termopilha pode ser calcula 
da em dois estágios. No primeiro (efeito primário) Õ 
aumento da temperatuta produzido pela radiação é cal 
culado em função dos parâmetros térmicos como a capa~ 
cidade e condutividade térmica. No segundo estágio 
(efeito secundário), o aumento de temperatura é utili 
zado para calcular a característica do sinal de saÍda 
representado pela responsividade ou sensibilidade de 
resposta. Um modelo para este cálculo é mostrado na 
Figura (1). 

TERMOPILHA 

FIGURA 1: A termopilha em contacto com a fonte fria. 

A termopilha é representada por um disco que está 
em contacto com urna fonte fria através da sua base in 
ferior. O sensor possui urna capacidade térmica H em 
Joule por grau Kelvin (J/K) e uma condutância térmica 
K em Watts por grau Kelvin (W/K) para a fonte fria na 
temperatura TA (temperatura ambiente). A fonte fria 
possui uma capacidade térmica elevada quando compara
da com a da termopilha, de maneira que, quando expos 
ta ao fluxo de rad iação, sua temperatura permaneça 
constante. 
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Quando um fluxo de radiação ~(w) incide no absor
vedor, o aumento de temperatura provocado ~T pode ser 
calculado através do balanço de energia. Ou seja: 

H 
d(~T) 

+ K.~T = cj> (1) 
dt 

onde: 

H 
d(llT) 

= m.cp. 
d (<'>T) = taxa de calor absor dt dt 

vida; m =massa da termopilha;.cp = cal~r especÍfico_ 
do substrato; K<'>T = calor perd1do atraves da conduçao 
térmica entre o detector e a fonte fria. Como a tempe 
ratura de operação da termopilha é muito próxima da -
temperatura ambiente, a perda por irradiação pode ser 
desprezada. Assumindo a potência radiante ser uma fun 
ção periÓdica do tipo: cj> = ~0 .ejwt, onde: 

cj> 0 = amplitude da radiação senoidal e w 2~f 

Temos para a equação diferencial linear (1), que: 

H 
d (<'>T) 
dt 

+ K<'>T 

cuja solução é dada por: 

e-(K/H)t + 
(K + jwH) 

(2) 

(3) 

O primeiro termo da equaçao é a parte transiente 
do aquecimento da termopilha, e quando o tempo aumenta, 
este termo decresce exponencialmente, tendendo a zero. 
Assim ele pode ser eliminado sem nenhuma perda genera 
lizada na variação da temperatura ~T. Assumindo que E 
é a emissividade do absorvedor, podemos escrever que a 
variação de temperatura <'>T devido a um fluxo de radia
ção incidente na termopilha é: 

.'>T 

E.cj> . ejwt 
o 

K + jwH 

tomando o módulo da expressão (4), temos que: 

E.~o 

(4) 

(5) 

A relação (H/K) possui dimensão de tempo e é deno 
minada constante de tempo (T). Como l/e é igual apro
ximadamente a 0,368, a constante de tempo fica defini 
da como o tempo necessário para a milivoltagem gerada 
na termopilha alcance 0,632 vezes o seu valor de equi 
lÍbrio. Este parâmetro determina para o sensor ou o 
instrumento que dele faz uso, a velocidade de resposta. 
Se a condutância térmica (K) for elevada, a termopilha 
responderá rapidamente (constante de tempo baixa). Se 



contudo, a termopilha possuir grande capacidade termi 
ca (H), sua resposta temporal será lenta (constante 
de tempo elevada). Assim, a constante de tempo é da 
da por: 

T = H/K (6) 

e a equaçao (5) pode ser escrita, como: 

E.~o 
llT (7) 

K{l + W2T2}172 

Se N for o nÚmero de termopares e a constante 
termoeletrica (V/°C) dos metais da termopilha, de a
cordo com o princÍpio de Seebeck, temos que o sinal 
de tensão produzido, é proporcional à variação de tem 
peratura llT, e é dado por: 

llV = N a llT (8) 

Substituindo (7) em (8), temos que: 

N.E..a.~0 
llV (9) 

K{l + W2T2}17L 

A relação llV/~0 (V1-l) é denominada: responsivida 
de (R) e define para a termopilha a amplitude do si= 
nal gerado em Volts por Watts de potência radiante in 
cidente. 

2
Para frequência de resposta muito baixa, o 

produto w ,T2 é muit,, menor que l, ou seja w2.T2 << l, 
de forma que ;c equação (9) pode ser expressa aproxima 
damente por: -

R 
N.C1.E. 

--h-- (lO) 

Uma peque 1a condutância térmica, e elevados valo 
res do nÚmero de termopares, constante termoeletrica
e emissividade, geram alta responsividade. 

Nestas condiçÕes, a equação (6) nos mostra que te 
mos uma limitação pratica na performance do detector~ 
pois ele terá uma constante de tempo elevada. Rela
cionando-se as equaçÕes (10) e (6), através de K, te 
mos a responsividade em função da constante de tempo~ 
por: 

R 
N.a.E, 
-H-- • T (ll) 

que mostra a dependência de proporcionalidade entre 
estes dois parâmetros operacionais. 

De acordo com as equaçÕes (6) e (10) a escolha pa 
ra uma determinada aplicação, consiste basicamente em 
selecionar adequadamente o número de termopares, ti
pos de metais, capacidade e condutividade térmica do 
absorvedor. Para alguns tipos de aplicaçÕes é inte
ressante termos responsividade elevada e baixa cons 
tante de tempo, como é o caso, por exemplo dos radiÕ 
metros de lasers e outros o contrario, como os radiô= 
metros solares. Nosso interesse, continua sendo as 
termopilhas para uso na radiometria solar e o método 
de filmes finos permite a construção de termopilhas 
selecionando os parâmetros já citados. O número de 
termopares (N) em trabalhos anteriores pelo metodo de 
filmes finos,- já obtivemos termopilhas com 36 e 60 
termopares sem grandes dificuldades técnicas. Consi
derando que estes nÚmeros proporcionam grande amplifi 
cação do sinal eletrico, mesmo que a constante termo 
eletrica do par metálico seja baixa, mantivemos o nu 
mero 36 neste estudo. 

Constante Termoeletrica (a): A seleção dos dois 
metais e feita pelo alto valor da constante termoele 
trica, no entanto, dois pontos devem ser levados em
consideração nesta escolha: os metais não devem mudar 
suas caracterÍsticas apÓs serem evaporados, e devem 
ainda serem resistentes a contactos mecânicos de modo 
a suportar as cargas das tintas absorvedora/refletora. 
Dos pares metálicos estudados e citados na literatura 
inclusive já testados por nos em pesquisas anteriores, 
o Bismuto/AntimÔnio cujo a= 109 \.IV/°C é o que preenche 
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todos os requisitos, e portanto, continuamos com o mes 
mo. 

Capacidade Térmica (H): A seleção do substrato, on 
de é depositado a bateria de termopares, parece ser o -
parâmetro mais importante nesta otimização, pois prati
camente define as caracterÍsticas desejadas da alta res 
ponsividade e velocidade de resposta. Este parâmetro -
deve ser baixo, quer seja pela massa ou calor especÍfi 
co do componente, ou então pelos dois: Para chegar a
escolha, foi necessário testes preliminares com vários 
tipos de substratoscomo: vidro, acrÍlico, alumÍnio ano 
dizado, alumínio com revestimento de Óxidos de silício~ 
que alem de satisfazerem as condiçÕes anteriormente ci 
tadas, possuem superfÍcies polidas e apropriadas para
depÓsitos de filmes finos. Outra caracterÍstica impor 
tante testada nos substratos, foi a condu-tividade termi 
ca, ou seja, não acumulam calor entre medidas. Este as 
pecto é fundamental para que a termopilha responda li= 
nearmente apôs horas de mediçÕes como nos radiÔmetros 
solares. ApÓs os resultados, optamos pelo vidro e acrí 
lico, que apresentaram valores de constante de tempo e 
responsividade aproximadas às termopilhas preto/branco 
importadas. Mantivemos, o substrato kapton neste estu 
do, considerando os bons resultados com ele ja obtidos 
em estudos anteriores. 

~ondutância Térmica (K): quanto maior, mais rápida 
é a c~sposta da termopilha. Para este componente (ex
tratar de calor), nos optamos pelo alumÍnio que alem de 
le,e, barato e fácil usinagem, é bom condutor térmico, 
No entanto, a configuração é o mais importante. Para se 
atingir um otimo nessa construção, foi necessário al
guns testes preliminares com vários extratores de calor 
para cada tipo de termopilha. Com esta técnica, foi 
possível reduzir em 50% os valores das constantes de 
tempo das termopilhas, sem causar perda na sensibilida
de. 

TERMOPILHAS 

As Figuras (2) a (4) mostram as termopilhas cons
truídas e submetidas nos testes experimentais neste tra 
balho. Elas foram obtidas através de processo fotogrã 
fico e filmes finos conforme descri to em /5/. -

A Figura (2) mostra duas termopilhas estrela 36 ter 
mopares em kapton. (A espessura do kapton é de 25 11m~ 
a espessura dos filmes finos de 3000 R, e as resistên
cias eletricas de 10,8 Kn e 13,7 Kn, respectivamente). 

QJ: 

FIGURA 2: Termopilhas estrela 36 termopares em kapton. 
Termopilhas 1 e 2. 

A Figura (3) mostra duas termopilhas disco-concên
trico 36 termopares. A da esquerda em kapton e da di 
reita em vidro. (A espessura do vidro 0,5 mm e as re= 
sistências eletricas são 3,0 K~ e 9,0 Kn). 

FIGURA 3: Termopilhas disco-concêntrico 
dro. Termopilhas 3 e 4. 



A Figura (4) mo s tra uma t e rmopi lha estrela 36 
em acrÍlico. (A es pes sura do acrÍlico ê de 1 mm e a 
r es istência elétrica de 11,4 Kn). 

FIGU RA 4: Termopilha · estrela 36 t e rmopares em acrÍli 
co. Termopilha 5. -

As tintas preta e branca utilizadas no ab so rvedor 
das t e rmopilhas são de boa qualidade Õtica e térmica, 
de mar ca Colorgin. (Preto fo sc o 400 e branco gel a
dei ra). Testes espectrofotomê tricos da absort iv idade 
e r efl e tivi dade já realizados apÕ s um ano de uso (des 
contÍnuo), mo s traram que não houve mudanças nestes -
dois parâmetros na faixa espectral de 0 ,3 ã 2, 5 ~m. 

PI RANÔME TROS 

Para a realização dos t es t es experimentai s com as 
termopilhas já descritas, projetamos 3 piranôme tros, 
como podem se r vistos na Figura 5. 

Do ponto de vista t ecnolÓgico, os componentes que 
mai s e ncarecem o piranômetro, são a t e rmopilha e a cu 
pula, os demai s , tais como corpo principal, nÍvel de 
bÔlha, conec tor elétrico, componentes de vedação e pa 
ra f uso s , comparados ao custo do aparelho, são rel a ti= 
vamente baratos. Alguns desses componentes já com 
controle de qualidade podem ser encont r ados come r c ial 
mente no paÍs, enquanto outros podem se r us inados em 
oficinas de me cânica fina sem grandes dificuldades. 

FIGURA 5: Fotografia dos Piranômetros. 

~ importante esclarecer que todos os componentes 
sao importantes para o bom desempenho do piranômetro, 
um deles mal construido pode afetar consideravelmente 
a performance do instrumento. Como é um conjunto de 
características que classifica estes instrumentos de 
medidas, é fundamental que a construção seja equili
brada não sÕ em termos das suas propriedades operacio 
nais, como também em termos mecânicos e Õticos, no -
sentido de minimizar os efeitos externos e intrínsi
cos que o piranômetro possui, como por exemplo, os e 
feitos de temperatura ambiente e cosseno, que interfe 
rem sistematicamente na linearidade do equipamento. -

Considerando que não temos tecnologia desenvolvi
da para elaboração de cúpulas, e as termopil~as são o~ 
jeto deste estudo para completar a construçao dos ins 
trumentos e realizar os testes com os piranômetros, a 
chames por bem utilizar cÚpula de vidro comum, obti= 
das ã partir de lâmpada comercial, visto que em expe 
rimentos anteriores já mostraram bons resultados /6~ 
Os critérios adotados para a seleção das mesmas foram 
o da transmitividade, homogeneidade e esferocidade da 
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s ua s upe rt'ície. Tes tes espectrofotomêtricos com as cu 
pulas , gar antem uma transmitividade de 95% na faixa do 
vi s ível até 85 % no infravermelho (2,5 ~m). A r es pos ta 
cosseno avaliada em um dos piranôme tros construido (e r 
ro produzido pela r es pos ta em função do ângulo de inci 
dência), apre sentou de svio de 2% para ângulo zenital
de 70°. Para ângulos maiores que 80° o de sv io é consi 
deravelmente mais e levado. 

A Fi gura (6) mos tra uma fotografia de cÚpula ante s 
da montagem no apare lho. 

FIGURA 6: Fo to grafia de uma cÚpula. 

Os pi ranôme tro s foram construido s i nte gralmente em 
aço inoxidável. O corpo principal é composto por uma 
base na forma disco ~ ~ 15 cm e espessura e ~ 1 cm, a 
coplado através de solda ti g ã um tubo cilÍndrico (al 
tur a ~ 4 cm, ~externo~ 9 cm e ~ interno~ 8 cm). Nes 
te componente, a ba se de rosca e vedação por o'ring , -
está ins talado um conector elétrico de marca comercial 
MELRO. Uma tampa superior fecha o piranômetro com a 
cÚpula fixada em sulco atravé s de o'ring e cola resis 
tente ã umidade . A fixação da tampa superior no corpo 
pr inc ipal é feita através de parafusos e a vedação por 
o'ring. Nes te s acoplamentos, tomou-se cuidado espe
cial com o nivelamento dos componentes e pos icionamen
to da t e rmopilha quanto ã horizontalidade, centramento 
em r e lação ao co rpo principal e ã cÚpula, r espec tiva
mente. Como as termopilhas são de diâmetros diferen
tes e os piranômetros somente 3, foi ne cessário cons 
truir várias tampas superiores adicionais, uma para ca 
da diâmetro, a fim de que todas as termopilhas fos se -
testadas nos mesmos corpos principais. 

CALIBRAÇÃO 

Os piranômetros estão sendo submetidos a te s te s ex 
perimentais com luz natural desde junho de 1989 até o 
presente momento. Na ausência de um radiÔmetro abso
luto, os instrumentos utilizados como referência na ca 
libração dos nossos piranômetros são: um piranômetro -
Eppley PSP com sensibilidade de resposta igual ã 
9,48.10-6 Vm2 /w e um piranômetro Middleton 16,4.10-6 
vm2Jw. Ambos são instrumentos de medidas secundários 
e dos dois, o Eppley é o mais preciso, pois é de 1~ 
classe, o outro é de segunda classe, porém confiável, 
de acordo com a Organização Mundial de Meteorologia 
(O.M.M.). Portanto, as medidas de calibração são rela 
tivas e sujeitas aos erros dos dois piranômetros. -

A constante de tempo, bem como a sensibilidade ou 
constante de calibração dos piranômetros, foram obti
das conforme a metodologia já descrita em /5/. Utiliza 
mos um registrador potenciométrico de dois canais na -
obtenção das constantes de tempo e curvas de insolação 
global e dois multÍmetros 4 1/2 dÍgitos nas calibra
çÕes da sensibilidade. 

CONSTANTE DE TEMPO, SENSIBILIDADE E LINEARIDADE 

As Figuras de (7) a (11) mostram os resultados o~ 
tidos com os piranômetros em termos da curva de respos 
ta, sensibilidade e Insolação Global para cada termopi 
lha descrita. A Figura 7 a,b,c, mostra os resultados 
da termopilha (l) -estrela 36 em kapton (~ ~ 32 mm); 
a Figura 8 a,b,c, para a termopilha (2) - estrela 36 
em kapton (~ 2 25 mm); Figura 9 a,b,c, para a termopi 
lha (3) -disco-concêntrico 36 em kapton (~ = 32 mm);
Figura 10 a,b,c, para a termopilha (4) - disco-concên
trico 36 em vidro (~ 2 22 mm) e a Figura 11 a,b,c, p~ 



ra a t~rmopilha (5) - estre la 36 em acrÍlico (~ = 25 
mm). 

I 

i o 
u 
I 
III 

16 
14 

PIRANÔMETRO tl2 ~ 
~ 

10 ~ 

8 6 
> 

6 -....J 

4 i 
2 

o 

7o 

•j ------;r--------, 

1 r 

/ 

·-PONTOS EXPEIWUNTAIS 

---CURVA OE REGI'IESSAO 

I T 
li 

IIIJIL[totl .. 

7b 

7c 

t
1z T 

14 16 

PIGURA 7: Dados obtidos do piranômetro com termopilha 
1. 7a. Curva de t empo de resposta; 7b. Ca
libração; 7c. Insolação Global . 
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FIGURA 9: Dados obtidos do piranômetro com termopilha 

3. 9a. Curva de tempo de resposta; 9b. Cali 
bração; 9c. Insolação Global. 
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FIGURA 11: Dados obtidos do piranÔmetro com termopilha 

5. lla. Curva de tempo de resposta; llb. 
Calibração; llc. Insolação Global. 

Os resultados obtidos da calibração com seus res
pectivos testes es tatísticos de regressão linear; coe 
ficiente de regressão (b) e seu desvio de regressao 
(sb),coeficiente de determinação (r2) e o teste t a ní 
vel de 1%, estão apresentados na Tabela I. 

TERMOPILHAS 
N!Df 

b~ 'b r2 ~(p .. O.ptl PONTOS 
I 185 2,888 i: 0,008 0,9987 382,32 

2 80 3,119 "'!: 0,012 0,9175 170,19 

3 71 3,327 :t 0,009 0,9996 l95,12 
4 40 0,115 í: 0,005 0,9987 165,16 

5 120 1,272 i 0,002 0,9998 778,56 

TABELA I: Resultados dos ajustes das regressoes linea
res e seus respectivos testes estatísti 
cos. 



Os coef ic ientes de re gressao da Tabela I, indicam 
quantas unidades de variação dos piranômetros 

em teste s, representam em cada unidade de var i ação no 
padrão. Assim sendo, podemos ca lcular as constantes 
de ca libração dos nossos piranômetros através do pro 
duto da constante de calibração conhecida dos pir anô~ 
metros de r e ferências pelos r espectivos coef i c i entes 
de r egres são . Como exemplo, t omamo s o caso da t ermo 
pilha (1) cujo b ; 22888, e calibrado pe lo Middle ton 
de K; 16 ,40 .10-6 Vm /W. Desta forma a constante do 
piranômetro (Kl) é igual a: 

-6 2 
Kl ; 2,888 x 16,40.10 Vm /W 

-6 2 
47, 36 .10 Vm /W 

ou ainda: 

Kl 
-6 2 -

47,36.10 Vm /W ~ 0,13 em r elaçao ao Mi ddl e ton. 

O quadro II mostra os resultado s de constante de 
t empo 1 (tempo em que a milivoltagem atingiu 63 ,3% do 
t empo de equilÍbrio das Figuras 7a.; 8a.; 9a.; l Oa . e 
lla.), constante de calibração de cada piranÔmetro e 
desv io s. 

PIRANÔMETROS 1 2 3 4 5 

~ (s) 3,6 0,85 3,2 9,8 5,2 

K(IÕ6 Vrrf/W) 47,36 29,57 54,56 7,73 12,06 

!" sk 0,13 0,11 0,15 _ o,o~ 1 o,qf1 {Ml {[) {M) 

TABELA II: Resultados da constante de tempo, sensibi
lidades e desvios de linearidade, relati
vos ao piranôme tro Eppley (E) e ao piranô 
metro Middleton (M). -

Comparando os resultados obtidos com os piranôme
tros em suas características operacionais com piranô
metros importados que utilizam a termopilha como sen 
sor, citados na literatura /7/8/, observamos que os
piranômetros com termopilhas em kapton atingir~m valo 
re s extremos na sensibilidade de resposta e constante 
de tempo. O tipo disco-concêntrico atingiu uma cons
tante de calibração K; 54,56.10-6 Vm2/w, e o estrela 
36 (~; 25 mm) 0,85 s para constante de ' tempo. Esses 
valores são altamente significativos dentro da radio
metria solar, pois piranômetros importados não possuem 
sensibilidade tão elevada e tão pouco uma velocidade 
de resposta tão pequena. Piranômetro com termopilha 
em actÍlico, apresentou características semelhantes 
ao do Eppley preto/branco, enquanto que da termopilha 
em vidro, apenas aceitável. De uma forma geral todos 
os resultados foram considerados bons e se enquadram 
dentro dos limites estabelecidos pela Organização Mun 
dial de Meteorologia. -

A amostragem das curvas de insolação global obti 
das por cada piranômetro em testes de campo, mostram
um real desempenho dos instrumentos, acompanhando per 
feitamente os piranÔmetros de referências (Eppley e 
Middleton) nas mais diversas situaçÕes de insolação. 
Estes fatos nos incentivam a encaminhar tais piranô
metros para testes mais rigorosos no Instituto Nacio 
nal de Meteorologia (INAMET) em Brasília, a fim de -
corroborar os resultados já obtidos e classificar os 
instrumentos dentro dos padrÕes da O.M.M. 

No estágio em que se encontra este desenvolvimen
to tecnolÕgico, é prematuro fazer análise de custo do 
instrumento, no entanto, sem levar em consideração a 
produção em série e computando apenas a elaboração da 
termopilha, do instrumento e dos materiais, estimamos 
ser da ordem de US$ 300.00 por unidade. 

CONCLUSÕES 

Termopilhas de filmes finos obtidos por evapora
ção de metais testados como sensor de radiação em pi 
ranômetros, apresentaram resultados em suas caracte~ 
rísticas operacionais de sensibilidade de resposta e 
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constante de t empo, similares ãs dos pi ranômetros impor 
tado s . Dos três subst ra to s testados como absorvedor de 
radiação: kapton, ac rÍlico e vidro , mai s uma vez o kap 
ton ap re sentou melhor desempe nho, enquanto o acrÍlico -
sa ti sfa tÕr io . Pira nôme tros com t e rmopilhas em kapton a 
presentaram altas sensibilidades de resposta: 29,6.10-õ 
vm2/w ã 54 ,6. 10-6 vm2/w, com desvios da ordem de 0,3 % 
a 0,4 % em relação aos piranÔmetros Midd l e t on e Epp l ey , 
e constante de tempo de 0,85 s ã 3,6 s . Piranômetro 
com t ermop i lha em acrÍ l i co , apre sentou 12,1.10-6 vm2 / w 
para a sensibilidade com de svio de 0,2% em relação ao 
Epp l ey e constan t e de t empo de 5',2 s . Os resultados 
dos ajustes das re gres sÕe s se mo s traram significativos 
e expressaram um alto grau de fided i gn idade . 
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ABSTRACT 

Two t ype s of black and white the rmopi les, were 
elaborated by thin films techniques and t es ted in seve 
ral pyranometers. During the calibration o f the pyrano 
meters, it was obtained sensibilities response from -
7,70.10-6 vm2fw to 54,56.lo-6 vm2/w with the de svia
tions from 0, 2% to 0,7% in relation to Eppley and Mid
dleton pyranometers, and time constants from 0,85 s to 
9,8 s. Insolation global curves were registrade with 
the pyranometers. 
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RESU110 

Apresenta-s e o principio de funci onamento e os trabalh os dos t e s -
tes experimentais de um pro t5tipo de um aparelho destinaao a med i r o flu 
xo de se~va numa planta. Os experiment os foram efetuados em cana de ar~= 
car . Um segment o da cana foi aquecido e o fluxo de seiva determinado por 
aplicação do balanç o ene rgético. 

INTRODUÇÃO 

A otimização dos sistemas de irrigação passa por 
uma estimativa precisa da transpiração das plantas. 
Estudos atuais [1] . procuram estabelecer modelos 
complexos da transferência da água do solo para a 
planta e da planta para a atmosfera. O controle do 
consumo da planta quando in loco é imprescendfvel para 
a calibração destes modelos. Tendo em vista que os 
métodos de determinação direta da transpiração in loco 
não se aplicam em escala de tempo reduzida e para uma 
Única planta, desenvolveu-se no Laboratório de 
HidraÚlica do Centro de Tecnologia da UFPb em João 
Pessoa um aparelho cuja finalidade é medir o fluxo de 
seiva, o qual é idêntico a transpiração nas horas onde 
a planta não acumula água nos seus tecidos [2], isto é, 
cedo pela manhã antes de se iniciar o processo de 
transpiração por abertura estomatal. Baseia-se o 
aparelho na aplicação do balanço de energia a um 
segmento do caule da planta e aquecido por uma 
resistência elétrica. Ao conhecimento dos autores, o 
método foi proposto recentemente por Valancogne et al. 
[5] e aplicado a pés de maçã e por Sakuratani [3,4] em 
pés de cana de açúcar. Em ambos os trabalhos, a 
transpiração foi medida em lisímetros instalados em 
casa de vegetação, isto é, em condiçÕes ambienta-is 
artificiais e controladas. Não fazem estes autores 
mençao nenhuma a repartição dos diversos fluxos de 
calor envolvidos, nem sequer a ordem de grandeza das 
diferenças de temperaturas. 

Neste trabalho apresenta-se os fundamentos 
teóricos do método, os detalhes construtivos do 
protótipo e a análi~e dos testes realizados com o mesmo 
exposto a condiçÕes atmosféricas naturais. O protótipo 
foi construido e testado para medir o consumo de água 
de uma cana de açucar. 

Desenvolvimento Teórico 

Na figura 1, aprese~ta-se esquematicamente o 
aparelho. Aplicando a equaçao do balanço de energia ao 
volume AA' BB', encontra-se a seguinte equação: 

q (1) 

onde: q representa o fluxo de calor condutivo radial 
que penetra no volume AA' BB' através da superfÍcie 
externa. [watts] 

qe e qs representam respectivamente o fluxo de 
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calor condutivo que entra pela seçao transversal AA' e 
que sai pela seção BB' [watts] 

qf representa o fluxo de calor transportado 
pela seiva entre as seçÕes AA'e BB' [watts] 

r e a quantidade de calor armazenada no volume 
de controle por unidade de tempo [watts]. Em regime 
permanente r = o. 

Fig. - 1 - Representação esquemática 

Exprimindo separadamente estes fluxos, encontra-se: 
a) Para o fluxo de calor condutivo radial 

q = Q - ql 
onde:. Q é o fluxo de calor aplicado pela resistência 

elétrica. 
ql e o fluxo de calor perdido lateralmente 
através do isolante. (ver fig. 2) 

(2) 



com k a condutividade térmica do isolante, Tr a 
temperatura da resistência e Ti a temperatura medida 
dentro do isolante distante do eixo da cana de açúcar 
de ri. 

b) Para os fluxos de calor condutivos 
longitudinais 

qe 
T' ) 

ÀAe (Te ---=-- e qs ----------
ÀAs(Ts-Ts') 

(3) 

ÔXe ÔXs 

Onde: 

Te' e Ts' são as temperaturas medidas as 
distâncias ôxe e /:; Xs respectivamente das seçÕes AA' 
e BB'. (No nosso experimento ôxs = ôxe = 2mm.). 

À é a condutividade térmica da cana de 
açúcar. Sakuratani [3,4] estimou a condutividade 
térmica da cana de açúcar a partir da combinação das 
condutividades térmicas da água, da celulose e do ar 
que compÕem os tecidos celulares de uma seção 
transversal da cana de açúcar. Encontrou valores 
variando entre 0.52 e 0.58 WM-1oc-1 com média de 0,54 
WM-1 oc-1. Já Valancogne [5] determinou a condutividade 
térmica À considerando desprezíveis as perdas radiais 
e aplicando o balanço de energia numa hora em que o 
fluxo F é nulo, porém realizou esta experiência em pés 
de maçã. No nosso caso, como explicado mais adiante, 
aplicaremos o método proposto por Valancogne. 

• Para determinar o fluxo de calor transportado 
pela seiva, aplica-se a primeira Lei da Termodinâmica 
entre as seçÕes AA' e BB' e considerando o fluido 
incompressível [6], encontra-se: 

onde: 

qf = nF • C (Ts - Te) 

F e o fluxo 
C é o calor 
n e a massa 

de seiva [m3/s] 
específico (4.18 KJ/KgOC) 
específica (n = 1000 Kg/m3) 

(4) 

Combinando as equaçÕes (2), (3) e (4) na equação (1) 
deduz-se a equação (5), a qual permite calcular o fluxo 
de seiva a partir das mediçÕes das diferenças de 
temperaturas: (Te- T'e); (Ts- Ts'); (Ts- Te); (Tr
Ti). 

Q- ÀAe(Te-T'e) - ÀAs(Ts-Ts') - 2~kl (Tr-Ti) 

F= ------------- Ln(ri/ro) ---------------------------------
lixe llxs 

(5) 
nC (Ts - Ts) 

No estabelecimento desta equação foi desprezada 
a influência sobre o fluxo F dos gradientes de 
temperatura. 

MATERIAL E MeTODO 

A seguir, apresenta-se a descrição do sistema 
experimental composto de três partes: O aparelho em si, 
o sistema de aquisição dos dados experimentais e o 
sistema de controle. 

O aparelho em si. t composto de uma resistência 
elétrica de fio de constantan (d = 0,25 mm.) repartido 
em duas camadas de espiras colocadas sobre uma fita 
crepe a qual garante aderência ao tronco ao mesmo tempo 
em que um mÍnimo de elasticidade necessário ao 
acompanhamento do crescimento do caule da cana de 
açúcar. (fig.2b). A resistência (86,6 ohms) apresenta 
uma repartição uniforme das espiras suficientes 
próximas umas das outras para assegurar uma temperatura 
constante ao longo do contorno de uma seção 
transversal. Envolve a resistência assim constituída 

uma camada de fita poliéster que garante a 
impermeabilização do sistema. Este conjunto é 
encaixado num isolante cilÍndrico de isopor (fig. 2a). 
As diferenças de temperatura (Te - T'e); (Ts- Ts') e 
(Ts - Te) são medidas por termopares Cu-Co em 
paralelo, como esquematizado na figura (1). Os 
diâmetros dos fios de cobre e de constantan são de 0,25 
mm. 

!·?r?~ ., .. , 
'~~~ 

-~-"2:=::~'~ ,.,4-JJ (b) 

Fig. 2 - Detalhes do protótipo 

O sistema de aquisição de dados. As saídas dos 
termopares em paralelo (Cu-Cu) sao ligadas através de 
um fio blindado a uma placa de aquisição de dados 12 
bits - 16 canais, instalada em microcomputador 
compátivel com IBM - PC - XT. Para evitar ruÍdos, as 
blindagens dos fios foram aterradas e as soldas entre 
fios de cobre do termopar e os fios de transmissão do 
sinal são mantidas a temperatura constante de ooc 
durante toda experimentação em garrafa térmica. Da 
mesma forma, termopares Cu-Co foram instalados por 
baixo da resistência elétrica fornecendo a 
temperatura Tr e outro dentro do isolante a uma 
distância ri do eixo da cana de açúcar (ri • 3,3 cm 
para os dois isolantes utilizados). A placa de 
aquisição de dados é programável e gravou os dados de 
temperatura em disquete com intervalo sempre em torno 
de uma hora. 

O sistema de controle; e constituído de mediçÕes 
anexas, as quais permitem verificar e ilustrar o 
correto funcionamento do aparelho. São estas: mediçÕes 
da temperatura ambiente e da radiaçao solar, feitas na 
área de experimentação. 

Para controlar o volume efetivamente consumido 
pela planta e através deste verificar a validade do 
aparelho, dez pés de cana de açúcar foram plantados em 
um lisímetro de nível freático constante. A altura do 
nível do lençol freático é mantida constante por um 
recipiente de Mariotte, equipado de um visor que 
permite medir o volume consumido pelas plantas. Dentro 
do lisímetro, após ter introduzido cuidadosamente o 
solo· enriquecido por adubo orgânico em camadas 
homogêneas, foi implantado a 20 cm. de profundidade um 
tensiÕmetro com a leitura do qual se regulou o nível 
do lençol freático de modo a garantir perfeita 
alimentação das plantas. O lisÍmetro foi· a seguir 
coberto por uma folha de plástico de modo a impedir 
toda evaporação pelo solo, deixando apenas as plantas~ 
transpirarem. 

O protocolo experimental foi estabelecido 
considerando um estudo minucioso inicial da precisão da 
medição no sistema de Mariotte em função do efeito da 
temperatura ambiental e a pré-avaliação do tempo · de 
respostà do aparelho [6]. As mediçÕes foram de um modo 
geral, efetuadas entre 6h 30 e 18h 30 com uma 
frequência de uma hora. Já o consumo do lisímetro era 
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lido apenas duas vezes ao dia no inÍcio e no final da 
experimentação. Dois períodos de mediçÕes foram 
efetuados nestes testes, correspondendo a dois tipos de 
isolantes: Com o isolante 1 de espessura e • 5,3 cm, 
nos dias OS, 08, 21, 22 e 23/03/90; com o isolante 2 de 
espessura. e • 3 cm; nos dias 30/03/90, 03/04/90 e 
10/04/90. Também com cada um dos isolantes uma medição 
noturna foi efetuada para avaliar o comportamento do 
aparelho em presença de fluxo de seiva muito baixo a 
nulo. Com o aparelho provido dÓ· ·isolante 2 foi 
realizado um teste com o intuito de determinar a 
condutividade térmica da cana de açúcar. Para isto, a 
cana de açúcar foi cortada e isolada termicamente as 
suas extremidades. Deste modo, durante algumas horas, 
antes que se inicia um processo de termomigração 
levando a cana de açucar a secar, garantiu-se a 
existência de um fluxo nulo, o qual se observa quando 
os calores calculados qe e qs são iguais. Utilizando a 
equação (5), encontrou-se o valor 0,62 wm-1 oc-1 para 
a condutividade térmica À da cana, valor este próximo 
aos valores encontrados por Sakuratani [4). 

RESULTADOS 

Na figura (3) são plotados os valores de fluxo 
de seiva (1/h) em função das horas para dois dias de 
experimentaçao. Em ambos dias foi utilizado o isolante 
1. Nota-se uma diferença sensível no comportamento das 
curvas no inÍcio do dia. No caso (1), dia 22/03/90, 
propositalmente a resistência elétrica foi deixada 
ligada a noite toda. Em outros dias, tais ~omo no caso 
(2) apresentado na figura, a resistência elétrica era 
ligada em torno de 5 horas da manhã. O valor elevado 
obtido as 6h 30 da manhã no caso (2) se deve a?_ valor 
muito pequeno de (Ts - Te) o qual na equaçao (5) 
aparece ao denominador. Este valor não reflet• a 
realidade, pois a distribuição de temperatura nao se 
encontra ainda estabelecida uma hora após ligar a 
resistência em caso de baixos fluxos de seiva (de 
madrugada). Este fato encontra-se ilustrado na curva 
da fig. 4, na qual se nota que entre 8 e 9 horas da 
manhã precisou-se de 40 minutos com o isolante 1 e 50 
minutos com o isolante 2 para se atingir o patamar 
para os valores de (Ts- Te)• indicando assim o regime 
estabelecido. Desta forma no cálculo do valor medido 
para a transpiração da planta, o primeiro valor será 
omitido quando obtido antes de 1h 30 após ter ligadoa 
resistência. 
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Fig . 3 - Evolução Comparativa do Fluxo de Seiva Medido 
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Fig. 4 - Tempo de resposta do sistema com dois 
isolantes diferentes 

Na figura (5) compara-se para dois dias tÍpicos a 
evolução diurna do fluxo de seiva com a evolução da 
radiaçao solar global. No dia 22/03/90 o aparelho 
estava equipado com o isolante 1. Nota-se uma evolução 
comparável do fluxo de seiva com a radiação solar, com 
uma ligeira defasagem do pico para direita, o que era 
de se esperar. A diminuição do fluxo da seiva entre 11 
horas e 13 horas em relação a curva de radiação solar é 
um fenômeno clássico da cana de açúcar como analisado 
por Sakuratani [4). Quanto menor e a proporção de 
radiação difusa em relação a radiação global, menor 
será proporcionalmente a transpiração da cana de 
açúcar, pois esta tende a fechar seus estõmatos à 
radiação direta. No experimento do dia 22/03/90, o ceu 
estava limpo e nestas condiçÕes, no local da 
experimentação entre 11 e 12 horas a cana está 
diretamente exposta aos raios solares. No dia 10/04/90 
cujos resultados são apresentados na mesma fig. s. a 
evolução do fluxo da seiva não acompanha tão bem quanto 
no outro dia a evolução da radiação solar. Nesta época 
(mês de abril) frequentes chuvas acompanhadas então de 
uma umidade relativa elevada ocorrerão, amortecendo 
deste modo a evaporação. 
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Fig. 5 - Evolução comparada entre o fluxo de seiva e a 
radiação solar. 

Na 
valores 
manhã e 

tabela 1 a seguir, estão consignados os 
de fluxo de seiva medidos entre 7 horas da 
7 horas da noite pelo aparelho e a variação do 



volume de água no sistema de Mariotte. 

O valor do fluxo de seiva realmente medido foi 
multiplicado por 10 para ser comparado com o valor 
consumido indicado pelo visor, tendo em vista que no 
lisÍmetro 10 unidades tinham sido plantadas. Este valor 
deve ser considerado como valor aproximado, pois cada 
cana sofreu desenvolvimento diferente. Assim por 
exemplo, notou-se que durante o período de medição três 
pés de cana mais novos cresceram mais do que os demais. 
No dia 30/03/90 por falha do sistema de aquisição de 
dados, não foi possível calcular o fluxo de seiva. Nos 
dias 21/03/90 e 03/04/90 o valor indicado pelo visor 
encontra-se inferior ao valor real devido ao fato de se 
ter encontrado no lisímetro água proveniente de 
precipitação noturna a qual foi transpirada pela planta 
mas não registrada no visor. 

Nestes dias o segundo valor aparecendo na 
tabela 1 corresponde ao valor registrado corrigido do 
volume precipitado o qual foi medido no local através 
de um pluviõmetro tipo Ville de Paris. (1,2 mm. na 
noite do dia 20 a 21 e 3,0 mm. na noite do dia 2 a 3). 

Tabela 1 Resultados diurnos 

DATA 

05.03.90 
08.03.90 
21.03.90 
22.03.90 
23.03.90 

DATA 

30.03.90 
03.04.90 
10.04.90 

ISOLANTE 1 

Variação no 
lisÍmetro 1. 

7,63 
10,34 

5,91-7,0 
7,4 
6,9 

ISOLANTE 2 

Variação no 
lisímetro l. 

4,43-7,15 
8,87 

Vol. Medido 
1. 

5,9 
4,5 

12,3 
13,0 
12,3 

Vol. Medido 
1. 

8,42 
7,60 

Nos dias 5/03/90 e 8/03/90, os valores medidos 
pelo aparelho são pequenos. Uma análise pormenorizada 
dos resultados mostra que nestes dias os valores de 
fluxo de calor condutivo longitudinal foram muitos 
elevados, conduzindo a estimar baixos valores do fluxo 
de calor transportado pela seiva. Como o aparelho foi 
instalado no dia 4/03/90, acredita-se que este fato 
deve ser atribuÍdo a necessidade dos tecidos da cana de 
açúcar se acomodarem em torno dos termopares para 
efetuar uma medição correta, tal como foi observado nos 
outros dias. 

Os valores de fluxos apresentados na tabela 
foram calculados considerando a condutividade térmica 
da cana de açÚcar igual a 0,62 WM-1oc-1. e interessante 
avaliar o efeito da estimação deste valor sobre os 
resultados de fluxos. Para isto cálculos foram 
efetuados para vários valores plausíveis de À nos dias 
22/03/90 e 03/04/90, levando ao seguintes resultados: 
(tabela 2) 
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Tab.2 - Consumo diário para vários valores da 
condutividade térmica 

À 0,52 0,54 0,56 0,58 0,60 0,62 0,64 ' 

22/3/90 14,2 14,0 13,7 13,5 13,3 13,0 12,8 

03/4/90 9,8 9,6 9,5 9,3 9,2 9,0 8,9 

Estes valores mostram que o cálculo do fluxo 
nao é muito sensível ao valor de À (erro máximo da 
ordem de 107,). 

Da mesma forma, os termopares representam uma 
ponta quente de 0,6 mm. de diâmetro. Embora estas foram 
enfiadas na cana de açÚcar após tê-la perfurada com 
gabarito (distância 2 mm.), pode se considerar uma 
imprecisão de ± 0,25 mm. sobre os valores de 6xe e 
6xs• Considerando uma condutividade térmica de À 
0,62 WM-1oc-1, foram calculados os valores de fluxos 
para vários valores de 6xs e 6xe (6xs a 6xe), 
levando aos seguintes resultados: (tab. 3) 

6x 
(mm) 

22/03/90 

03/04/90 

Tab. 3 - Consumo diário para vários valores de 
6x 

1,5 1,75 2,0 2,25 2,5 

10,6 12,0 13,0 13,8 14,5 

7,5 8,4 9,0 9,5 9,9 

Desta vez, o valor do fluxo é muito sensível a 
precisão na instalação dos termopares. Os resultados 
apresentados com o isolante 1 são coerentes. A 
discrepância que existe em relação aos valores medidos 
no lisÍmetro podem ser explicados pelo erro inerente a 
posição dos termopares, assim como ao fato que se 
considera que 10 pés de cana de açúcar transpiram em 
igual quantidade. As discrepâncias que existem entre os 
valores apresentados pelo isolante 1 e pelo isolante 2 
são explicáveis então pela reinstalação necessária do 
sistema. 

A sensibilidade do aparelho pode ser avaliada 
considerando a repartição dos vários fluxos de calor 
envolvidos. Maior é o fluxo convectivo em relação aos 
demais, mais sensível é o aparelho. A título de 
exemplo, apresenta-se na tabela 4 a repartição 
percentual dos fluxos de calor para alguns dias 
típicos. 

... 



Tabela 4 - Repartição Percentual dos Fluxos de 
(%) 

DIA 

HORA 

07:00 
08:00 
09:00 
10:00 
11:00 
12:00 
13:00 
14:00 
15:00 
16:00 
17:06 
18:00 

DIA 

HORA 

07:30 
08:30 
09:30 
10:30 
11:30 
12:30 
13:30 
14:30 
15:30 
16:30 
17:30 
18:30 

ISOLANTE 1 

22/03/90 

44,4 
12,8 
21,4 
21,4 
23,0 
21,0 
16,4 
21,4 
20,6 
20,6 
30,0 
35,4 

35,7 
23,2 
17,6 
13,3 
15,6 
16,3 
17,6 
22,4 
25,7 
24,5 
30,6 
36,2 

19,9 
36,0 
61,0 
65,3 
61,4 
62,7 
66,0 
56,2 
53,7 
54,9 
39,4 
28,4 

40,9 
13,2 
5,4 

16,0 
16,7 
12,5 
12,8 
11,6 
13,2 
21,4 
32,3 
54,9 

ISOLANTE 2 

03/04/90 

46,7 
27,2 
24,9 
12,5 
14,0 

9,7 
12,5 
18,3 
17,5 
25,3 
42,1 
46,0 

22,5 
24,3 
21,0 
10,5 
12,6 
10,8 
14,4 
19,1 
23,0 
26,3 
34,2 
37,3 

30,8 
48,5 
54,1 
77,0 
73,4 
79,5 
71,1 
62,6 
59,5 
48,1 
23,7 
16,7 

49,5 
35,2 
15, 2 
19,9 
18,2 
21,9 
34,3 
29,6 
30,6 
37,3 
44,9 
47,5 

23/03/90 

43,1 
37,3 
20,3 
17,9 
22,7 
16,3 
22,2 
19,9 
24,0 
24,5 
35,8 
40,9 

10/04/90 

22,0 
23,2 
18,2 
12,0 
12,6 
16,2 
17,4 
19,0 
20,8 
28,4 
34,8 
36,9 

16,0 
49,5 
74,3 
66,1 
60,0 
71,2 
65,0 
68,5 
62,8 
54,1 
31,9 
4,2 

28,5 
41,6 
66,6 
68,1 
69,2 
61,9 
48,3 
51,4 
48,6 
34,3 
20,3 
15,6 

Calor 

O fluxo de calor perdido lateralmente varia em 
torno de 20%. Muito mais elevado de manhã e ao 
anoitecer, passa para o mínimo em torno de meio dia 
quando a temperatura ambiente é máxima e a temperatura 
da resistência elétrica é mínima. Nos nos sos 
experimentos não se notam diminuição sensível desta 
perda com o isolante mais espesso. O fluxo de calor de 
condução longitudinal apresenta variaçÕes muito 
superiores durante o dia. ~ máximo quando o fluxo de 
seiva é mÍnimo e mÍnimo quando o fluxo da seiva é 
máximo. O fluxo de calor médio transportado pela seiva 
durante o dia representa nos nos sos experimentos em 
torno de 50% com o isolante 1 ou com o isolante 2. Este 
valor elevado explica a sensibilidade do apa relho que 
se traduz por um acompanhamento muito bom da evolução 
da radiação solar como já mencionado. A máxima 
temperatura da resistência elétrica, aplicando nela um 
fluxo de l watt foi de 52° C. Já a máxima diferença de 
temperatura (T5 - Te) obtida durante o dia sempre 
oscilou em torno de 7° C. Ao longo de todo o 
experimento, nenhum efeito nocivo ao desenvolvimento da 
planta f oi observado devido a presença do apa relho. 
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CONCLUSÕES 

Este trabalho demostra a viabilidade técnica do 
método para medir o fluxo de seiva e consequentemente 
determinar a transpiração ou o consumo de água da 
mesma. Nestes testes não foram notadas diferenças 
sénéíveis entre dois tipos de isolante utilizados, 
porém seria conveniente uma otimização do mesmo de modo 
a aumentar a percentagem do fluxo de calor transportado 
pela seiva em relação ao fluxo aplicado pela 
resistência. Tendo em vista o alto valor da temperatura 
máxima atingida pela resistência, não parece 
conveniente procurar aumentar o fluxo de calor aplicado 
na resistência de constantan. ~ imprescindível procurar 
diminuir o tempo de acomodação da cana de açúcar em 
torno dos sensores de temperatura minimizando-os e 
instalando-os em agulha hipodérmica por exemplo. Do 
mesmo modo, é conveniente procurar diminuir o tempo de 
resposta do aparelho. ~ indispensável procurar reduzir 
o tamanho da ponta quente dos termopare, assim como, a 
precisão na sua instalação. 
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Sumary 

ln this paper are described system's embasement 
and tests results f or measuring sap flow in stem of 
intact plant, Experimenta were conducted in sugarcane 
plant. A portion of the stem was heated by an 
electrical re s istance and the sap flux calculated by 
the heat balance aplica tion. 



III ENCIT - ltapema, SC (Dezembro 1990) 

FLOW OF A THIRD GRADE FLUID PAST A 

PLATE WITH SUCTION 

C. E. Maneschy 
Mechanical Engineering Department 

Pontifícia Universidade Católica 
22453 - Rio de Janeiro - RJ - Brazil 

Vânia Regina Velloso 
Mechanical Engineering Department 

FUNREI 
36300- S.J. dei Rei- MG- Brazil 

ABSTRACT 

ln this paper the flow of an incompressible fluid of third grade past a plate with suction is 
investigated. The effects of the non-Newtonian nature of fluid on the velocity profile for different 
non-Newtonian viscosity coefficients and different suction rates are studied. It is observed from the 
numerical solution for the governing equation that, as in the Newtonian case, the steady asymptotic 
solution is not possible in the case of injection at the plate surface. 

1 - INTRODUCTION 

The steady asymptotic solution for an incompressible 
Newtonian fluid past an infinite plate subject to suction at 
its surface was first found by Griffith and Meredith (cf. 
Schlichting111) . Kaloni1 21 analysed some variations of the above 
boundary layer problem assuming the fluid to be viscoelas
tic. ln recent years, interest in boundary layer flows of non
Newtonian fluids has increased . Amongst the many models 
which have been used to describe the non-Newtonian charac
teristic of certain fluids, the one developed by Truesdell and 
Nolll31 has received special attention. Rajagopal1 4 - 61 estab
lished the solutions for severa! flows of second arder fluids using 
the constitutive equation derived in this model. 

The understanding of fluid mechanics in boundary layer 
flows with fluid injection or suction is of importance in many 
engineering problems such as in the design of thrust bearing1 81 
and the inlet region of a channeii81. 

This paper investigates the boundary layer flow of a ho
mogeneous incompressible non-Newtonian fluid of grade three, 
past an infinite plate with suct ion . The stress in such a fluid is 
related to the motion in the following manner1 91 

(1) 

where p is the pressure, JJ- the Newtonian coefficient of vise >sity, 
a 1 and a2 m aterial moduli which are usually refcred ;·s the 
normal stress coefficients, and !3t the non-Newtonian viscosity. 
This parameter takes into account the dependence of the fluid 
viscosity on the deformation rate. The kinemat ical tensors A 1 
and A 2 are defined as 

A1 = grad v + (grad v)T (2) 

where v denotes t he velocity and ft the materia l time deriva
tive. 

The thermodynamics of a second order fluid modeled by 
Equation (1) for {31 = O, has been studied by Fosdick and 
R ajagopai1 101. They have shown that fluids with negative ma
terial moduli (a1 < O) exhibi t anomalous behavior not to be 
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expected of any fluid of rheological interest. We will restrict 
ourselves to this points of view and consider in this paper only 
positive values of a1. 

2 - THEORETICAL ANALYSIS 

Substituting Equation (1) into the balance of linear mo
mentum 

p~ = div T+pb 

gives, in the absence of body forces, 

(4) 

p ~: = -grad p + JJ-div At + a1div A2+ (
5

) 

+ a2div A7 + f3tdiv [(tr Ai)A: J 

We shall seek a velocity field of the form 

u = u(y), v= v(y) and w =O (6) 

w here u, v and w are the velocity components in the x, y and 
z directions, respectively. Using the fact tlr.t the fluid can 
undergo only isochoric motion (incowprtssibility constraint), 
1.e. 

d iv v= O (7) 

we find t hat v = cons tant 

lf suction at the plat e surf; ce Í5 considered , then 

V = -V. (V.>O) (8) 

where v. is the constant suction velocity. 

With the velocity components given by Equations (8) and 
(6), one finds the follow ing 

o 

[ 

d~L 
dy 
o 

(d")2 
d y 

o 

du 
dy 

o 
o 

tr A:.~ = 21-1fi:tt)2 
1 \ dy 



[ 

o 
d 2 u A2 = -V~djjT 

v: 
d

2

u l - ·dü'" o 
2 (~:r o 

o o 
tf these, m turn, are substituted into equation (5), the 

following equations of motion are obtained 

du ôp [ (du) 2
] d2u d3u -pV,-=--+ JL+6{31 - --a1V,-

dy ax dy dy2 dy3 

Let 

ôp d [(du) 2
] O=--+ (2a1 + a2)- -

ôy d!l d!l 

ôp 
0=--az 

(
du)

2 

ji = p- (2a1 + a2) dy 

then the equations of motion above reduce to 

du ôp [ (du) 2
] J2u d3u -pV,-=--+ JL+6f31- --a1V.-

dy ax dy dy2 dy3 

ôp Ôp 
-=-=0 
ôy ôz 

(9) 

(10) 

(11) 

(12) 

(13) 

(14) 

From these equations of motion one can cone; lu de that ~ 
is, at most, a constant. Futhermore, if one recalls that far away 
from the plate the stream velocity is constant, then ~ = O. 
Thus ji is constant throughout the fiow, while the pressure p 
depends on the velocity profile u(y) and the material moduli 
a 1 and a2 according to Equation (12). 

The governing differential equation for the boundary value 
problem being analysed takes the following final form 

a1V,-- J.L+6f3t - - -pV,- =O d
3

u [ (du)
2
] J2u du 

dy3 dy dy2 dy 

subjected to the boundary conditions 

u(O) =O 
u(y) --+ U00 as y --+ oo 

du 
- --+0 as y --+oo 
dy 

(15) 

(16) 

where U00 is the uniform stream velocity. As it can be seen from 
this equation, the velocity field is independent of the normal 
stress coefficient a2. 

3 - NUMERICAL SOLUTION 

To make the equation of motion (15) dimensionless, the 
following quantities are defined 

u 
U = Uoo 

y 
!i= "i 

where L is the characteristic length of the plate. 

(17) 

Substitution of (17) into (15) yields after a straightforward 
manipulation 
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--"(+E - --a --0 cf3ü [ • • (ãu) 2
] J::lü r• dü _ 

ãy3 ãy ãy2 ãy 
(18) 

ü(O) =O 
ü(y) --+ 1 as y --+ oo (19) 
ãu -
- --+ O as y --+ oo 
ãy 

with the independent parameters of the equation (18) given as 
follows 

pL2 
6*=- (20) 

a1 

JLL 1~ . --
'Y = a 1V,- c a1Uoo 

(21) 

{3 U2 E 
(22) E• = 6 1 Loo = ~ 

a1 

The parameters c and E in the equations above are &iven 

by 

v. 
C= Uoo 

(23) 

6{31Uoo 
E=---

atL 
(24) 

and were artificially introduced in the governing equation in 
order to see their effects on the final solution. 

For ali the cases discussed in this paper, we assumed 

ó* = 1.0 JLL = 0.01 
a 1Uoo 

(25) 

Different values for the dimensionless parameters E and 
c were assumed in order to evaluate the effects of the non
Newtonian viscosity and the suction rate on the solution. 

The boundary value problem given by Equations (18) and 
(19) was converted into an equivalente initial value problem 
in order to use the Runge-Kutta method in the search for the 
solution. The Newton-Raphson technique was used to satisfy 
the boundary condition at the infinity. The results obtained 
from the solution of those equations are discussed in the next 
section. 

4 - DISCUSSION OF THE RESULTS 

Analytical solutions to equation ( 18) for fiuids of grade two 
( {31 =O), have been presented in 1101. To check the numerical 
accuracy of our results, we have compared our solution to those 
found in Rajagopal's work for the case of suction or blowing at 
the plate surface. These solutions are shown in Table 1 for the 
case of suction at the plate. It can be seen from that table that 
the agreement is very good. 

Table 2 gives the initial slope of the solution, ~(0), for 
different non-Newtonian viscosities. The effect of suction on 
the solution is also included. 

Figure 1 shows the variation of ~ with respect to y for 
different non-Newtonian viscosities. Figure 2 shows the effect 
of the suction rate on ~ for E = 10-2 • It is observed that 
an increase in the non-Newtonian viscosity would decrease the 
value of the initial slope of the solution while an increase in 
the suction rate would increase ~(O). ln order to see these 
effects on the dimensionless velocity profiles ufU00 we have 
presented Figs. 3 and 4. Figure 3 indicates that the velocity 

.. 



in the boundary layer decreases with larger values of the non
Newtonian viscosity. From Fig. 4 one can see that the velocity 
in the boundary layer decreases if smaller values of the suction 
rate are considered. 

lt should be mentioned that only positive values of the non
Newtonian viscosity (Jh), were assumed to plot the solution. 
For negative non-Newtonian viscosities the solution is similar 
to the one shown in the graphs. 

Finally, it is interesting to point out that the solution cor
responding to the case of blowing at the plate could be found 
by assuming negative values of the vertical velocity component, 
v.. This was also investigated in this work and it was found 
that for /31 > O, asymptotic solutions were not possible for 
all non-Newtonian viscosity and blowing rates assumed. These 
results are similar to those found in classical fluid mechanics, 
since for Newtonian viscous fluid no steady asymptotic solution 
is possible in the case of blowing at the plate surface. However, 
if negative non-Newtonian viscosity is assumed, an asymptotic 
solution is determined. This result is in accordance with that 
found in referencel101 for second grade fluids. 

Table 1 - Velocity distribution for fluid of grade two 

y Pre1cnt work Rajaaopal • work 
(ul .(ül 

0.2 0.181 0.172 
1.0 0.635 0.642 
2.0 0.864 0.860 
3.0 0.951 0.952 
00 1.000 1.000 

Table 2 - ~(O) for various t's and c's 

c= 10 -:J c= 10 -z c- 10- 1 

-0.543 X 10° -0.284 X 10 -"' -0.137 X 10.:;3 

-0.545 X 10° -0.287 x10 -:.o -0.139 X 10-3 

-0.561 X 10° -0.315 X 10 -:.o -0.145 X 10-" 

-0.714 X 10° -0 .562 X 10 -:.. -0.178 x10'- 3 

0.9~------------~ 

QS 

0.7 

I _106 
~~ 0.5 

o. 

O. 

2 4 - 6 y 
8 

Figure 1- 1;~1 vs y for c= 10-2 

tO 
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Figure 2- 1~1 vs y for E= 10-2 
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Figure 3- Effect of the non-Newtonian 
viscosity on u for c = 10-2 

1.0 

o. e 

0.6 C=1o-3 

u 

2345678910 
y 

Figure 4 - Effect of the suction rate on u for t = 10-2 

5 - CONCLUSIONS 

ln this paper the flow of a third grade fluid past a porous 
plate was investigated. The velocity profile obtained in the 
case of suction at the plate surface is similar to the one that 
would be found had the fiuid be assumed Newtonian . Also, 
as in the Newtonian case, no solution is obtained for positive 
non-Newtonian viscosity if blowing at the plate surface is con-



-- ~- -----=------,-----:===========~~~!!!!!!!!!1!!!!!!!!!!!!!!!!!!!!~------r 

sidered. The analysis also reveals that for /31 < O, the elastic 
elements in the fluid prevents augmentation of boundary layer 
thickness due to blowing and enables the flow to reach a steady 
asymptotic state. 
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ABSTRACT 

A theoretical investigation of the motion of a layer of a viscoelastic ftuid around a horizontal 
cylinder is reported in this paper. The layer has initially a uniform thickness, and, at some instant 
of time, it starts to ftow due to the presence of a gravity field. The result sought is the film thickness 
as a function of time and angular position. The mass- and momentum-conservation principies are 
employed in conjunction with the Maxwell constitutive equation. The results are compared with the 
ones for a Newtonian ftuid, and the elastic ftuid behavior is shown to change dramatically the ftow. 

INTRODUCTION 

Pursuing further the study of the fluid mechanics involved 
in coating processes of electrical wires [1], the present paper 
deals with the flow of a thin layer of non-Newtonian fluid around 
a horizontal cylinder due to gravity. 

The analysis of such a motion is of industrial interest since, 
when horizontal wire coating is employed, the gravity effect 
causes the liquid coating material previously deposited to flow 
down around the wire before solidification in the oven. This 
causes an eccentric layer of deposited material, which is highly 
undesirable. 

... . 
Ô(9,t) 

69 

f'=O 

(o) (b) 

Figure l.The problem under analysis . 

Therefore, prediction of the fluid motion around the wire 
is necessary to contrai the eccentricity of the deposited layer of 
electrical insulation. 

The coating material employed in this application is gener
ally a varnish, which consists of a solution of a synthetic resin 
in drying oil [2]. This polymeric solution displays a viscoelastic 
behavíor, and the Newtonían model for the stress field is not 
applicable. 

The present research is concerned with a qualitative anal
ysis of viscoelastic effects on the flow of the fluid layer. ln this 
connection, the Maxwell model [3] was selected as the constitu
tive relation for stress. This choice was made with basis on the 
simplicity of this model. 
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The motion under study is represented in Fig. 1. At time 
t* = O, a fluid layer of uniform thickness óô is deposited around 
a horizontal cylinder (ar wire), and a gravity field g directed 
downward is switched on (Fig. la). At some !ater time t*, the 
flow has moved downward dueto gravíty (Fig. lb) . ln this con
figuration, surface tension effects are important, and, due to 
motion, viscoelastic forces also arise. For the sought-for appli
cation, the film thickness is typically very small, generally of 
the arder of 1 or 2% of the wire radius. 

THE ANALYSIS 

The solution of the present problem is obtained by follow
ing thé sarne path as the one described in [1], with the apprc> 
priate adaptations for the non-Newtonian behavíor. For com
pleteness, however, the whole theory and procedure employed 
in the present paper is described in what follows, in spite of 
some superpositions with the description contained in [1]. 

The principies of mass and 8-momentum conservation are 
evoked, and applied to the deformable contrai volume shown at 
some instant t* in Fig. 2. 

ln this twc>dimensional analysis, the fluid density p is as
sumed to be invariant. The velocity field is given by ü = 
v.*ê. + v*ê8 . V* stands for the the velocity component v* eval
uated at the interface, i.e., 

V*(O,t*)::: v*(R + ó*,O,t*) (1) 

where ó*(8,t*) is the film thickness, measured in the radial di
rection, at some instant and 8 location. 

There exists a pressure difference l:J..p* across the interface, 
due to the surface tension. Since the present study is focused on 
very thin filrns ( ó* < < R), the curvature radius of the interface 
is nearly constant and close to R+ óô ([4],[5]), where óô is the 
initial ( and uniform along 8) film thickness. Therefore, if u is 
the surface tension, 

• u 
tJ.p = R+ óô (2) 

Conservation of mass . The continuity equation for the 
contrai volume shown in Fig. 2 is ( n i~ the unitary vector normal 
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Figure 2. The control volume. 

to the control surhce): 

o = Ls a. n dA (
3

) 

= r a · n dA + 1 a · n dA + r ü · n dA + r a· n dA 11 2 13 14 

At surface 1, ü = r. , and hence f1 a. n dA =O. At surface 2, 

- dS' u- ' - dt;er +v· êo and n = cos a êr - sina êo, (4) 

Then, at 'urface 2, 

_ , (d6* v· ) u · n = &*- tana cosa. (5) 

Now it is observed that 

1 as• 
tan a = R + s• ao and 

dó* as· v· as• 
&* = at• +R+ s• ao (6) 

Substituting the above equatio~ into eq. (5), the dot product 
ü · .it becomes simply equal to ~!· cos a, and 

i a· ndA = ~~:(R+ S*) M, (7) 

where, assuming a unitary length along the third direction, dA 
was replaced by (R+ S*)dfJ J cosa. 

It can be seen that 

l a-ndA+ J. a-ndA= : 8 [for v*d71*] M (8) 

where 77* = r - R. 

Now, eqs. (7) and (8) are plugged into the continuity equa
tion (eq. (3)), yielding 

o= 1 +- - + -- s•v• v d11 ( s·) as• 1 a [ 11 

) 

R at• R ao o 

where 71 = 77* JS* and v= v• JV*. 

An appropriate dimensionless version of eq. (9) is 

where 

s• 
S:: R' 

as a [ r1 
] 0=(1+S)at +ao vs lo vd7] 

t = t• fi V li' and 
v• 

v= r::õ' - v9~• 

(9) 

(10) 

(ll) 

g being the acceleration due to gravity. 

Conservation of linear momentum. ln the 8-direction, the 
principie of conservation of momentum gives, when applied to 
the control volume shown in Fig. 2, 

Fc+F.= r a(ôp~*)cN+ r v•pa·ndA. (12) 
lcv t lcs 

The contact forces Fc are dueto the shear stress (u;0 = r;8 ) 

at surface 1 and to the normal stress uê0 acting on surfaces 3 
and 4. The contribution of fluid motion to normal stresses is 
generally very small (rô8 ""'O, or uê0 ""' -ll.p*), and it is com
mon practice to negle : t this effect in engineering analyses. For 
the present flow geometry and a Newtonian fluid, this hypoth
esis has been tested for a few cases. The results of these tests 
indicated that this simplifying assumption is also reasonable for 
the _Jresent flow. Therefore , the following expression has been 
use·! for the contact forces Fc: 

• • as· 
Fc = - rwRll.O- ll.p aoll.fJ , (13) 

where ll.p* is given by eq. (2) . It is observed from eq. (13) 
that the surface tension effect depends directly on the thickness 
gradient along o, the derivative as· 1 ao. 

The shear stress at the wall r:, is evaluated from the lin
ear viscoelastic constitutive relation, in conjunction with the 
modulus of relaxation of the Maxwell fluid [6]: 

. !t• p. ( t• -t•') . . •' 
r = -oo ,x• exp --,X-•- "J dt (14a) 

where r• is the deviatoric stress tensor; p. is the fluid viscosity; 
,x• is the relaxation time; and .y• is the first Rivlin-Ericksen 
tensor. Observing that "r;o = (V* JS*)avjô7] and that r:, is the 
magnitude of the r O component of r• evaluil.ted at the wall, one 
gets, alter a nondimensionalization, 
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1 1t ( t-t') V av] rw (8, t) = .XR exp ---t- S a dt' 
e o 71 '1=0 

(14b) 

where r.., = r:,LP2_!i., Re = pR@.jp. is the Reynolds number, 
and À= .X* Jy'Rjg is the Deborah number. 

The externa! forces F. are due to gra.vity, and hence given 
by 

6. .2 

F. = l pg sin O(R + 77*) dfJ d77* = pg sin fJ (Rs* + ;-) 6.8. 

(15) 

The first term on the right-hand side of eq. (12) ma.y be 
written as 

r ô(pv*) cN = pM {
6

• av• (R+ 77*)d'1* 
lcv at• lo at• 

1
1 a(vV) 

= pgR2 S6.8 
0 

----at(1 + 6'1)d71 

{16} 

If the sarne reasoning employed to obta.in the mus con
servation equation (eq. (10)) is followed while working on the 
right-most term of eq. (12), the expression below is obta.ined 
wit h no particular difficulty: 

i.. 



1 v*pii · ndA = 
cs 

= pV* ~!: R(1 + S)M + :o [ S*V* 2 fo 1 

v2 d'1] pM 
(17) 

Now eqs. (2), (9), (12), (13), (15}, {16) and (17) are com
bined, yielding, after some algebra, the following dimensionless 
equation: 

-Srw- ( 8 (1 ~So)) s~: +sinO (1 + D S
2 

= 

S
2 h1 

a~~) (1 + s'l)d'l + s :o [sv2 h1 

v2 d'1 J {18) 

-óV :o [ SV 11 

v d'7] 
where S = pgR2 fu. 

Eqs. {10) and {18) are subjected to the following initial 
conditions: 

V(O,O) =O; and S(O,O) = Óo {19) 

The boundary conditions are: 

V(O,t) = V(1r,t) =O; and 
as as 
ao(o,t) = ao(1r,t) =o 

{20) 

Evaluation of the Integral Terms. Further inspection upon 
eqs. (10), {14b) and {18) shows that there are four terms where 

the tangential component v = v• /V* of the velgcity appears, 
three of them involving integrais, and the fourth involving a 
derivative evaluated at the wall. It is clear that the evaluation 
of these terms require the knowledge of the function v*(11,0,t). 

ln the present work, a linear profile of the form v = a11 + b 
was adopted. It is worth noting that this assumption is quite 
reasonable when S << 1, since any continuous function can be 
approximated by a straight line in such a small interval. 

Using the facts that, at 11 =O, v =O, and at 11 = 1, v = 1, 
it is straightforward to obtain v = '1 · This profile is used in 
the four terms mentioned above, and the following results are 
obtained: 

v df] = - i v2 d'1 = - ; - = 1 11 1 11 
1 av] 

o 2 o 3 a'l '!=o 

and 1
1 a(vV) (av v as) (1 s) --{1 +SI?)d'l = ---- - +-

o at at s at 2 3 
{21) 

With the above resulta, the final form of the governing 
equations can be obtained: 

as 1a(vs) 
(1 + 5)- + --- =o at 2 ao {22) 

and 

( 
1 s) as { ( 1 ) v2 

} as v 2 + 3 s at - S{1 + So) - 6 s ao 
2 ( 1 s) a v v S2 a v . ( s) 2 -S -+- ------=Sr -sm/1 1+- S 

2 3 at 6 ae w 2 

{23) 
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The problem under study is governed by the above par
tia! differential equations for S and V, together with the initial 
and boundary conditions given in eqs. (19) and {20). The di
mensionless shear stress Tw that appears in eq. (23) is given by 
eq. {14b). 

It can be seen that the parameters that influence this phys
ical situation are S, Re, À and the dimensionless initial film 
thickness So. S is the ratio between gravity forces and forces 
due to surface tension; the modified Reynolds number Re com
pares gravity forces with viscous forces; and the Deborah num
ber À is the ratio between a characteristic time of the fluid and 
a characteristic time of the flow. The characteristic time of the 
fluid, i.e., the relaxation time, gives the order of magnitude of 
the time duration of the fluid's "memory." 

METHOD OF SOLUTION 

It can be observed that eqs. {22) and {23) forma non-linear 
system of partia! diferential equations. Since no discontinu
ities are expected in the sought-for solution, a finite-difference 
scheme is, in principie, appropriate for the integration of the 
governing equations. ln the present work, the Crank-Nicolson 
implicit scheme was employed to generate the algebraic dis
cretization equations, which were solved with the aid of the 
Thomas algorithm together with an iterative scheme. 

This iterative scheme consisted basically of, for a given in
stant oftime, (i) assuming initial guesses for S and V; (ii) solv
ing the set of algebraic equations generated from eq. (22) using 
the Thomas algorithm and the initial guesses for S; (iii) solving 
the set of algebraic equations generated from eq. (23) using the 
Thomas algorithm and the present values of V; (iv) going back 
to step (ii), but now using the present values of S; (v) proceed
ing in this manner until convergence is achieved. The initial 

guesses mentioned above were juat the values at the previous 
time step. Convergence was typically achieved in three to four 
iterations. 

Due to symmetry, the solution domain in 11 is from O to 
1r. The grid employed was uniform, with 33 nodal points in 11 
and time steps varying from case to case in the range 0.01-1, 
depending upon the Reynolds number Re and on the Deborah 
number À. 

The numerical evaluation of the hereditary integral that 
appears in the expression for Tw (eq. (14b)) is rather straight
forward. At t =O, Tw =O. At t + tl.t, 

1 lt+At ( t - t') V I 
rw(11,t+tl.t) = Tw(O,t)+ ÀRe t exp --À- 6 dt {24) 

The integral in the above equation may be transformed at 
each time step, via the trapezoidal rule of numerical integration, 
into an algebraic expression involving V and S evaluated at t 
and t + tl.t. This expression is employed recursively to evaluate 
Tw(11,t + tl.t). 

RESULIS AND DISCUSSION 

Attention will now be turned to the resulta obtained with 
the just described analysis. Ali resulta reported in the preaent 
paper pertain to So = 0.02 and S = 0.2; the investigation was 
focused on the effects of the Deborah number À and Reynolds 
number Re. 

Fig. 3 shows the variation of the film thickness S with the 
angular position 11, for the case of Re =50 and À= 100. Com
paring this figure with Fig. (3) of [1], it is seen that the vis
coelastic behavior of the fluid plays an important role on the 
flow. 



At instant t = O, the film thickness is uniform and equal 
to its initial value óa. As time ellapses, the fiuid falis around 
the cylinder due to gravity, and therefore the film thickness at 
the upper region diminishes, whereas at the lower region the 
thickness increases. 

6 
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Figure 3. FiLn thic\ness versus angle for various times. 

However, o 1ce a t tíckness gradient in the O direction is 
established, a f< rce Jue to surface tension appears, and acts to 
balance the gra·•ity effect. Furthermore, the viscoelastic force 
is also present to nlluence the fiuid motion. ln contrast to 
what was obse1 ver. for the Newtonian fiuid [1] in this Re range, 
the ftuid acqui· es an oscillatory motion, which makes the free 
surface to beco ne wavy in the O direction. 

The behavior of the tangential velocity at the interface is 
illustrated in Fig. 4 for the sarne case shown in Fig. 3. It can 

o.s . .-----.----..------.----.--.,.------.---.-----.----. 
t =0.8 

OA 

v 

-0.41- Re= 50 
,\=100 
5=02 

-o.sl I 

o 40 80 t20 t60 
9 

Figure 4. Tangential velocity versus angle for various times. 

be seen that the fluid accelerates very fast at the onset of the 
motion, when the only force acting on it is gravity. Soon the sur
face tension and viscoelastic effects become important, and the 
velocity distribution V(O, t) reaches high positive values at some 
early instant of time and then starts to oscillate with smaller 
magnitudes and changing sign periodically. Moreover, the ve
locity of maximum magnitude occurs at different 9 locations for 
different times, and with different magnitudes. 

Figs . 5, 6 and 7 show the variation of the film thickness at 
(J = 0° with time, for different values of the modified Reynolds 
number Re. From its definition, it can be seen that low values 
of Re indicate high fluid viscosity, and vice-versa, for a given 
cylinder radius and gravity field. Figs. 5, 6 and 7 differ in the 
values of the Deborah number, which is equal to 1, 100 and 105 

respectively. 

----·-------
0.022 / Re=Oand 5 

6(0) 

Re =50 

Re=5xt05 

,\= i 
5=0.2 

O.OiO . -----'------L-~-----'-----' 

o. o 2.C t 4.0 6.0 

Figure 5. Film thickness at O = 0° versus time for various Re's. 

'· is observed in these figures that, independently of the 
valur of the Deborah numbcr, for infinite fluid viscosity (Re = 
O), t •e fiuid llows at infinitely small velocity, and no change in 
thickr.ess is observed. 

At the other extreme, when ÀRe >--+ oo, there is also no 
:lependence on À. This is illustrated by comparing the curves 
for Re = 5 x 105 of Figs. 5, 6 and 7 with one another. It is seen 
that the curve in Fig. 6 (ÀRe = 5 x 107 ) is identical to the curve 
in Fig. 7 (ÀRe = 5 X 1010

). Moreover, the curve for Re = 50 
in Fig 7 (ÀRe = 5 X 106 ) also coincides with these curves. The 
curve in Fig. 5 (>.Re = 5 x 105 ), however, is not identical to the 
other three mentioned above, although very close. 

An inspection upon eq. (14b) may explain this trend . When 
the term .~.1. in this equation is small enough to neutralize 

Q.Q22r--~--~---~-

Re =O 
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Figure 6. Film thickness at (J = 0° versus time for various Re's . 
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the effect of the memory term J~ exp (- t-;.t') f dt', then the 

parameter À alone becomes unimportant. This is true because 
this integral term is the only other term (besides 1/ ÀRe) where 
À appears. 

Therefore, when ÀRe >--+ oo, an undamped oscillation may 
be observed in two different situations. The first is the ex
treme case of zero fluid viscosity ( Re = oo), where no viscous 
damping for the fluid kinetic energy is available. This behavior 
is the sarne observed for the Newtonian fiuid [1], as expected. 
However, even when the fiuid displays a finite viscosity, an un
damped oscillation may be observed, when À ~---> oo. This is 
due to the extremely large elastic energy storage effect, which 
maintains the constant amplitude oscillation. The viscous en
ergy dissipation becomes negligible in this case. 

...... 
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Figure 7. Film thickness at O = 0° versus time for various Re's. 

ln the cases of Reynolds number values away from the two 
extremes discussed above, the Deborah number becomes im
portant . For >. = 1 (Fig. 5), the curves for Re = O and 5 are 
coincident and horizontal, indicating that there is no motion. 
The curve for Re = 50 is essentially coincident with the pre
vious ones, showing that in this case the viscosity is still high 
when compared with the elastic effect, preventing the fluid to 
flow. Only the curve for Re = 5 x 105 displays fuid motion, 
which is oscillatory with almost no damping due to the low 
fluid viscosity, as discussed in the previous paragraph. 

For>. = 100 (Fig. 6), the situation is quite different. When 
Re = 5 there is already fluid motion, and displays a strongly 
damped oscillation, which dies away fast. When Re = 50, the 
oscillatory motion has a wider amplitude and lasts longer, al
though viscous damping effects are still present. When Re = 

5 x 105 , the film thickness oscillates with no damping. 

For>. = 105 (Fig. 7), when Reis as low as 5 there is already 
a strong oscillatory motion with a very mild viscous damping, 
due to the prevailing elastic effect. When Re = 50, no viscous 
effects are detected, and the motion is purely elastic. 

One might suspect at this point that the product >.Re could 
correlate the results instead of Re and >. separately, as is the 
case for the extreme situations of >.Re ...... O and >.Re >--> oo. 
However, a comparison between the curve for Re = 5 x 105 in 
Fig. 5 and the curve for Re = 5 in Fig. 7 shows that this is 
not true. For both curves, >.Re = 5 x 105 , but they are clearly 
different from each other . 

0~2'?·----------------~ 

0 .014 

Re =50 
s =0.2 

0.010~---'---~--L..._---:'-:---___L_ __ .__ _ __J 

o.o w t 4.0 6.0 

Figure 8. Film thickness at O = 0° versus time for various >.'s. 

The effect of the fluid elasticity on the present flow is fur
ther emphasized with the aid of Fig. 8. ln this figure, which 

pertains to a fixed fluid viscosity (Re = 50), it can be seen that 
the elasticity effect is dramatic . For À = 1, departure from the 
Newtonian behavior is nearly negligible. As À increases, how
ever, th·e flow changes completely, with damped oscillation for 
>. = 100 and an oscillation with no noticeable viscous effect for 
À= 105 . 

FINAL REMARKS 

The purpose of the present paper is to report some pro
gresses of the research presented in [ 1[. Here the study was 
aimed at analyzing, at least qualita tively, the effects of a non
Newtonian fluid behavior on the flow of a thin film around a 
horizontal cy linder ( wire). 

Inasmuch as the Maxwell model has been chosen to de
scribe the fluid behavior, some limitat. ions were imposed to 
the analysis. No shear thinning effects are predicted with this 
model. Another nonlinear effect which cannot be predicted via 
the Maxwell model and which may be of importance in the 
present case is related to normal stress differences. 
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RESUMO 

E-1-te. .t11..aba.Uw ap11.e.-1e.n:ta um mé.tudu de. di.._f..e.ll.e.nça-1 f_i..nâa-1 pa~~.a -1e. ub:te.11. a -1o-Ú.L
çao du e-1 caamen:tu du f_i...J.m e f_.f.ui...do em um manca.f.. e-1f_é11.i...cu 11.anhu11.adu. O p11.ub.f..ema e ana
.f..i...-1ado pa11.a uma conf_ú;.u11.açâo all.ói...:tll.áll.i...a du-1 ce.n:t11.o-1 da-1 dua-1 e-1f_e11.a-1. São exami..nado-1 
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:tudu .f..i..neall.i...Jado da e-1tabi...D.dade dmámi...ca de um 11.o:to11. ll.]_[).i...do . 

1- I NTRODUÇÃQ 

Os mancais esféricos ranhurados s~o amPlamente 
utilizados como mancai s de encosto 
aPlicaÇ~es industriais de alta rotaÇ~o. 
rem elevada rigidez radial e capacidade 
vimentos de precess~o. 

em vária s 
POr apresenta 
de evitar mo-

Dentre os métodos analiticos que Prevém o compor
tamento estatico destes mancais destacam-se a teoria 
unidimensional [1] , teoria que admite nómero infinito 
de ranhuras [21 e método da Pe r turbaÇ~o[3J . A utiliza 
Ç~o destes métodos , além de suas restriçt!Ses intrlnse- 
cas exige o conhecimento de técnicas sofisticadas. Por 
exemplo, Murata [3], que apresenta o modelo mais 
real1tico dos citados, restringe-se a mancais centra 
dos, utiliza transformaÇ~o conforme, projeç~o estereo
gràfica, distribuiç~o de linhas de fontes e vórtices, 
integraç:li:o numérica no plano complexo, procedimentos 
iterativos, etc ... 

Neste trabalho apresentar-se-A a aplicaÇão do mé
todo de diferenÇ~s finitas no estudo de mancais 
ranhurados discretizando-se a equação de Re~nolds e 
condiç~es de contorno diretamente sobre a superficie 
curva. e uma técnica s~ples que permite obter a in
fluência dos diversos parâmetros do mancal na capaci
dade de carga e os coeficientes de r i gidez e amorte
cimento para posiÇ~es genéricas do eixo. APresenta- se 
ainda um estudo comparativo com os resultados obtidos 
por Bootsma [2) e Murata [31 e um estudo de estabili 
dade dinâmica para rotares r1gidos centrados. 

2- EQUAÇOES BÁSICAS 

onde o 1ndice L refere-se à regi~o lisa , G à 
ranhurada e c é a folga radial. 

Fig. 1- ConfiguraÇ~o do Mancal 

(2) 

regi~o 

A figura 1 apresenta um mancal esférico ranhu
rado helicoidalmente onde o elemento ranhurado gira 
com velocidade angular constante w em torno do eixo 
vertical. As ranhuras s~o cortadas regularmente desde 
o plano horizontal 8 = 8• (usualmente rr/2) até 8 = 82 
com inclinaÇ~o constante (1 em relaç~o aos ci rculos la 
tidudinais. 

Admitindo fluido Newtoniano incompressivel e es
coamento isotérmico, a equaç~o de Re~nolds em coorde 
nadas esféricas é dada por: 

Como condiç~es de contorno admite-se (a) press~o 
constante na periferia externa do mancal e (b) conser
vaÇlii:o do fluxo de massa na passagem do fluido pelas 
fronteiras que separam as regi~es lisas das ranhura
das. As velocidades médias nas direç~es e e~ s~o da
das por: 

(1) 

onde P é a press~o hidrodinâmica . R o raio da calota, 
~a viscosidade e h a espessura do filme lubrificante. 
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(3) 

1 "p h 
2 

<.JR 
12.usen8 ~ R + -zsenfl ( 4 ) 



As equaçí'Ses ( 1), (3) e (4) estão expressas em 
relaÇão a um referencial inercial. Como as ranhuras 
giram com velocidade <.>, a cond i ção (b) deve ser ex
pressa em relação ao referenc i al m6vel , onde: 

<iie>r .. l = v e (5 ) 

(ii.-) - v " " . ..., r.,l - .p - '""'sene (6 ) 

O flu xo através de uma fronteira cuja normal faz um 
ângulo a em relação ao circulo latidudinal é dado por: 

qn h [<iie>r .. L sena <ii.-.) co .. a] 
vr rel 

qn 
- h bp 

12.UR( ~osa 
bp ~) 
b,P sene 

wRhsen8sena ( 7) 
2 

A condição (b) exige que q se conserve ao atra-
n 

vessar as descontinuidades que separam as regi~es li
sas das ranhuradas , onde a é igual a f entre I e II 
( fig. 1) e igual a 90 graus entre II e III. 

3- MODELO NUMERICO 

Expressando as equaÇ~es (1) e (7) em formá adi
mensional resulta: 

8 ( ' . 8P ) 1 11 ( , hP ) hh 
88 H senf' 88 + sene b,P H b.p = sen& 84, ( 8 ) 

J 

Q -'h-{ hP bP s en.:• ) 
n =- 2 beco se< + a.p s ene 

_ Hsen& se na 
2 

(9) 

2 

H = b. 
PCL 

Q 
q" 

onde p = --2 
= wRcL CL .uwR n 

Utilizando o modelo clàssico de diferenÇas fi
nitas centradas (fig. 2), aproximando - se P parabolica
mente tem-se 

hP hP 
p - p 

W E 
88 = /(PN,pc,Ps) h,P = 21:.1:. 

( 10 ) 

82P . - .,2 p = P + P - 2P W E C 
882 = J(PN , pc , ps ) 

8,P2 l:.,P 

de maneira que (9) se resume a: 

CCPC + CNPN + CSPS + CWPW + CEPE Bc ( 11) 
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onde : 

A A C DTA - DTP J A 
CC = - 2 ( DTA:DTP + 

2 + 4 ) 
2 aDTAaDTP DFI 2 

2A A2 DTA 
i 

Cs = DT•DTP + DTP•DT 
A, A • 

CL = 2DFI + DFI2 

2A A DTP • 2 
CN = DT•DTA - DTA•DT 

A • = H
3 

sen
2 e 

2 8H 2 ' A
2 

= 3H • 88 •sen e +H cos8•sen8 

2 8H 
A, = 3H • II,P 

A • 
B 

DTA 

DTP 

DT 

DF2 

3 

= H 

2 -'H = 6sen e. b,P 

e e 
i- .i. 

B - e , ... 
DTA + DTP 

l:..,P2 

REGIÃO LISA 

&=11'2 ,gj ~~o _______., 

Fig.2- Malha de diferenÇas finitas utilizada. 

Quando o ponto O da figura 2 pertencer à fron
teira , a igualdade dos flu xos Qn ( eq . 9) nos dois la
dos da fronteira leva a uma equaÇ~o discretizada do 
tipo da equaÇão (11) , ou seja , a obtenÇ~o do campo de 
pressão obedece a um Padrão único . 

Numéricamente o campo de pressão é obt i do por 
rela xaÇ~o sucessiva CSOR ) da equação (11) , ou seja a 
Partir de uma estimati va inicial ( usualmente nula) o 
va l or de Po na iteraÇ~o k+l é obtido a partir do valor 
da iteração k através da equaÇ~o : 

p' k .... , = pk 
c c 

IJ•( PCCC + 

CC 

+ P C - B )k 
v v c 

(12) 

-



fs 

4- RESULTADOS OBTIDOS 

Os resultados obtidos usando o modelo adotado 
neste trabalho (diferenÇas finitas) s~o apresentados 
nas figuras (3), (4) e (5). Nestas figuras plotou-se a 
forÇa de sustencão do mancal para diversas configura 
ç~es geométricas, onde: N é o número de ranhuras, ~é 
o ângulo de hélice , r é a raz~o entre as espessuras 
do filme CC

0
/CL) e Fs a forÇa de sustentaÇ~o dada por: 

' W•C 
F 

L ( 13) .. 
onde: 

W é a carga (N) atuando sobre o mancal 

Em todos as figuras a hélice se desenvolve até a lati
tude de 8 = 1SO graus e a largura da ranhura foi man
tida igual a da regi~o lisa que,Segundo Murata [3) , é 
a conf i gu raç:!i:o que maximiza a sus ten taç~o. 

-42~------~---------3L-------~---------4L__j 

r 

Fig. 3 - Influência do ângulo ~ e a raz~o r sobre a 
forÇa de sustentaç~o para N = S. 

1.2 

f3 = 20" 
1.1 

-------
fs 

1.0 f3 = 30" 

-------
.9 DIF. FINITAS 

MURA TA 
BOOTSMA N: oo 

.8 
5. 10 15 20 

N 

Fig. 4 - lnflu~ncia do número de ranhuras sobre a for
Ça de sustentaçlti:o para r = 3. 
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1.2 ..-------~-------------------------------, 

Fs 

.8 DIF. FINITAS N=5 
----MURArA N:5 
- · -·- DIF. FINITAS N =20 
........... BOOTSMA N =20 

.6 
10. 20. 30. 40. 

p 

Fig. 5 - Influência do ângulo ~ e o do nUmero de 
ranhuras na forÇa de sustentaç~o para r = 3. 

Para fins comparativos apresenta-se nas Figs. 4 
e 5 alguns resultados de Bootsma [2] (N=OO) e de Mura
ta [3), onde observa-se boa correlaç~o com o modelo a
tual. Quando N -+ oo a Fig.4 mostra que o método das 
diferenÇas finitas apresenta melhores resultados do 
que os de Murata em relaç~o aos de Bootsma. 

As pequenas diferenÇas observadas na Fig. 5 entre 
o modelo atual e o de Bootsma ocorrem para valores de 
(i longe da faixa ideal de utilização, que como 
mostram as Figs. 3 e 5 situa-se em torno de 20 graus. 
Para valores de f ma i ore s do que 40° a distorÇ~o da 
malha de diferenÇas finitas introduz erros no calculo 
do campo de press~o . 

5 - ANÃLISE DE ESTABILIDADE 

Para se ter uma idéia a respeito do nivel de 
estabilidade proporcionada Pela utilizaÇ~o de mancais 
esféricos ranhurados,uma ànalise simplificada será. a
presentada, adotando-se as seguintes hipóteses: 

Os momentos de massa do rotor ser~o 
desprezados ; 

ii - O sistema serà modelado com 3 graus de 
libérdade(rotor com rigidez infinita); 

iii- Os efeitos girosc6picos ser~o desprezados; 
iv - O eixo do rotor é coincidente com o eixo z do 

manca[; 
v - Os deslocamentos do eixo s~o pequenos; 

As 3 primeiras hipóteses foram admitidas visto 
que estamos interessados na influência do mancal na 
estabilidade do sistema, além do mais, a sua aplicaÇ~o 
torna os resultados genéricos. A hipótese iv é adotada 
por ser a posição usual eixo/mancal em aplicaÇ~es 

industriais . A hipótese v é adotada tendo em vista a 
linearizaçlti:o dos coeficientes de rigidez e amorteci
mento do mancal. 

Sob estas hipóteses a equaÇ~o diferencial homo
génea do movimento do sistema, na forma matricial, é 
dada por: 

Mx • ex • KX 0 (14) 

onde: 
M = mdll é a matriz, simétrica, de inércia 
mr é a massa do rotor 
I é a matriz identidade 
C é a matriz, assimétrica, de amotecimento 

viscoso 
K é a matriz, assimétrica , de rigidez 
X é o vetor das coordenadas generalizadas 



Na forma adimensional, (14) pode ser escrita: 

" 2 
MaX + wC<>X +w KaX = 0 ( 15) 

onde: 
3 

Ma=~ M; • 1-Jr 

3 

Ca = _c_ C; 
• 1-Jr 

3 

Ka =_c_ K; 
• 1-Jwr 

Reduzindo a ordem de (4) , tem-se: 

AY + BY : 0 ( 16) 

onde : 

A= [M" 0 ] 
0 -w 

2
K<> 

B= [w~a w 
2

Kal 

w Ka. 0 
e Y= [:] 

Admitindo pequenas pertubaÇ~es, os coeficientes 
de rigidez e amorteciemnto linearizados são dados por: 

bFj 
Ki j = "Xi i,j = 1,2,3 ( 17) 

bFj 
cij = "Xi í,j = 1.2,3 ( 18 ) 

onde Fj é a forÇa de sustentaçí:!:o na direÇ:tio j. 

O sistema é considerado instável caso algum dos 
seus autovalores tenha a parte real positiva.Numé
ricamente as equaÇ~es (17) e (18) são calculadas pelo 
m*todo das diferencas finitas centradas.Os resultados 
assim obtidos mostraram-se concordantes com os 
obtidos por Mi~ake [4]. 

A Fig . 6 mostra a regi~o de estabilidade do 
sistema num grAfico de (ma/w) versus o deslocamento a
dimensional za =z/cL do centro do rotor. Devido a am
pla faixa de valores existente para ma/ w, oPtou-se por 
plotar dB versus za, onde: 

dB ( 
ma/w) 20•log Ref ( 19) 

onde Ref 1 rad/s. 

Admitindo-se que o mancal sustenta toda a carga 
do rotor a massa equivalente m~· é dada por : 

rna. ' /w = W•cLF
8

/g (20) 

onde g é a aceleraÇ~o da gravidade ; 
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A ForÇa de sustentação adimensional, <dB) . em 
função de za é representada na Fig . 6 Para anAlise. 
Uma vez que a ordem de grandeza usual de wSL/g ~ de 
aproximadamente -30 dB, observa-se da figura que os 
mancais esféricos ranhurados serão sempre estáveis , 
admitindo-se as hip6teses citadas anteriormente. 

30. 

20. 

/NSTAVEL 
10. 

III 
----------L2o Log cFsJ --

'O 

-lO. ESTÁVEL 

-20. 
-.8 -.6 -.4 

Za 

Fig. 6 -Curva de estabilidade para~ 
N = 5. 

6 - CONCLUSOES 

----

-.2 

20·, r 

o. 

3 e 

O método das di ferenÇas finitas mostrou-se uma 
ferramenta robusta Para o cálculo do campo de pressí:!:o 
em mancais esféricos ranhurados. A principal vantagem 
do método é o fato de poder ser aplicado para posiÇÕes 
genéricas do eixo sem maiores dificuldades . A degene 
ração da malha de diferenÇas finitas , e conse
quentemente dos resultados, que ocorre para ângulos ~ 
maion· s que 40 graus n:li:o limita o método , visto que os 
valores ideais para o Angulo ~se situam em torno de 
20 graus . 

A ànalise de estabilidade, apesar de simPlifi
cada, demonstra o alto grau de estabilidade propor
cionada pela utilizaÇão deste tiPo de mancal. 

7 - ABSTRACT 

Thi s PaPer is concerned with a finite difference 
method of obtainimg the solution fo r the flow of fluid 
film of spheri ca l espiral groove bearing. The problem 
is anal~zed for a arbitrar~ of fset of centers of lwo 
spheres. Effects of bea ri ng Parameters on lhe load 
capacit~ are examined. A linearized stud~ of d~namic 
stabilit~ for a infinitl~ rigid rotor is presenled. 
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RESUMO 

O eaJVtegamento cünâm.<.eo de ma.neeú6 Jtaeüeú6 Mndo-6 ê útvu.Ugado nume.M.eamente. A 
equação de Re!fno!dl.. ê .<.ntegnada v.<.a o método do-6 vo.f.umu ~.<.ndo-6, e upeua! atenção ê 
devotada ao ealeu!o da 6Jtonte.<.Jta de eav.<.tação. A ~zaçao de uma tltan-66oJtmação de eo 
o!tdenada-6 mapua o 6ilme de Óleo em um domln.<.o netangula!t pe~trn.(.tindo que a 6Jtontwa -
de eavUaç.ão -6eja ava!.<.ada eom p!tee.{l,ão. Re-6ultado-6 pa!ta uma eaJtga eon-6tante -6ubUamen 
te ap.Ueada no eào úo ap!te-6entad0-6 e eompa!tadol> eom aque.!u obtido-6 quando u eon-6.<.-= 
delta a apJtox.<.mação de mane a! eu/tto. 

INTRODUÇÃO 

A análise do carregamento dinâmico de mancais ra
diais é de grande importância industrial. Inúmeras sao 
as aplicações em engenharia onde sistemas rotativas são 
submetidos a carregamentos cuja orientação e intensida
de variam com o tempo. A análise de sistemas rotativas 
à luz de carregamentos dinâmicos permite ainda que efei 
tos de instabilidade possam ser considerados. Desde o 
trabalho pioneiro de Newkirk e Taylor [1), onde a insta 
bilidade de mancais foi identificada como um problema 
hidrodinâmico, diversos trabalhos tratando de carrega
mento dinâmico de mancais radiais tem sido publicados. 
Para uma revisão destes trabalhos menção é f~ita a Pra
ta et al. [ 2) e Hashimoto et al. [ 3), bem como às refe
rências lá citadas. 

Na grande maioria dos trabalhos encontrados na li
teratura, verifica-se que o carregamento dinâmico é tra 
tado à luz de duas simplificações. A primeira diz res~ 
peito às aproximações simplificativas referentes à fron 
teira de cavitação, e a segunda se refere ao tratamento 
laminar dado ao escoamento do lubrificante. Com o pre
sente aumento de tamanho e velocidades dos sistemas ro
tativas, bem como a utilização de fluidos lubrificantes 
com viscosidades cada vez menores, tem sido crescente o 
número de mancais que operaram em regime turbulento. No 
presente artigo, especial atenção é dedicada tanto ao 
tratamento da fronteira de cavitação como à importância 
que alterações entre regime laminar e turbulento têm no 
desempenho de mancais radiais. 

O objetivo do presente trabalho é apresentar uma 
nova metodologia que permita a análise de carregamentos 
dinâmicos de mancais radiais considerando efeitos de ca 
vitação em regimes laminares e turbulentos. A metodolo~ 
gia apresentada é então aplicada para verificar a vali
dade da aproximação de mancais curtos nas característi
cas dinâmicas de mancais radiais. Neste contexto o pre
sente trabalho testa e estende os resultados recentemen 
te apresentados em [4]. Urna revisão da literatura indi~ 
ca que até então não há trabalho algum que trate do car 
regamento dinâmico de mancais radiais finitos operando 
em regime turbulento, onde a equação de Reynolds é re
solvida sem aproximações. 

ANÁLISE 

Formulação do Problema. A geometr i a do problema a 
ser investigado e apresentada na Fig. 1. Para esta situ 
ação, a equação de Reynolds considerando regime turbu~ 
lento e dependente do tempo, pode ser escrita corno, 

(1) 
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onde h e a espessura do filme de Óleo dada por 
h= c(l +Ecos e), e Ge e Gy são coeficientes de turbu
lência conforme apresentados em [5,6), 

qnde 

a 
y 

1 + 0,00069 Re 0
'
95

, 

1 + 0,00069 Re 0
'
88

, 

b a O ,00066 Re 0•
9 5 

e 

b z 0,00061 Re 0
>
88 

y 

Re pcRw/1! 

~ 
I L I 

e 

Fig. 1 - Geometria do problema. 

(2) 

(3) 

w 

A equação (1) é aplicável tanto para escoamentos la 
minares corno turbulentos. À medida em que Re ~ O, Ge, 
Gv ~ 12 conforme requerido para escoamento laminar. 

· Urna das dificuldades associadas à solução da equa-
çao anterior está na determinação do ângulo ec(y) onde~ 
corre a cavitação do filme de Óleo. Ao longo da frontei
ra de cavitação o Óleo passa a escoar em estrias e o fil 
me perde sua continuidade, não mais sendo capaz de sus~ 
tentar forças hidrodinâmicas. Do ponto de vista rnaternáti 
co este é um problema de fronteira livre, que apresenta
a dificuldade adicional de requerer a determinação do do 
rnínio de solução à medida em que a solução é procurada~ 
A fim de lidar com esta classe de problema não linear de 
fronteira livre, o domínio de solução será transformado 
em um domínio retangular adotando o mesmo procedimenro i~ 



traduzido em [7). Este procedimento consiste em defi
nir-se um novo sistema de coordenadas dado por 

11 8/[n+a(f;)J e f; y/R (4) 

O ponto chave desta transformação é que a coordena 
da 11 varia de O a 1 para todos os valores de f;, e o des 
conhecimento do domínio de solução fica agora embutido 
na equação diferencial do problema. 

Em termos adimensionais, e utilizando as coordena
das 11,s a equação (1) pode então ser escrita como, 

a Hc~2 aP 1 a H3 a -3/2 
ãt[G"Z ""â1) + ( n+a) 2 ãil[ G11 ãil(H P)) 

2 E cos[11(TI+a)] + 2 E~ sen[11(TI+a)) + 

c(2 w
1

- 1) sen [11(n+a)) (5) 

onde G~ e G11 correspondem a Gy e Ge, respectivamente, e, 
as seguintes adünensionalizaçoes foram adotadas, 

p pc 2 H3/2 /611wR2 
, H h/c • WL (dcj>/dt]/w 

(6) 

E de/d-r , ~ dl)J/d-r T wt 

Note-se que por simplicidade, a fronteira de cavi
tação a(f;) foi simplesmente escrita como a. Para a de
terminação de a é necessário que se conheça ó campo de 
P que por sua vez requer a para sua determinação. Emsec 
cão subseqUente será apresentada a metodologia utili 
zada para o cálculo de a. -

As condiçÕes de contorno associadas à equação (5) 
sao, 

11 o _.. p o , 11 1 _.. p ílP/íl11 o 
(1) 

s o -.. aP/a c o s L/2R ->- P o 

Discretização da Equação de Reynolds. A integração 
da equaçao (5) e realizada numericamente através do mé
todo de volumes finitos. Para tal fim o domínio de so lu 
ção é dividido em pequenos volumes de controle e em se~ 
guida a equação difer enc ial é integrada ao longo de ca
da um desses volumes de controle. Nesta integração as 
derivadas são aproximadas por diferenças centrais . Tem
se então, uma equação algébrica para cada volume de con 
trole. Reportando-s e à Fig. 2, onde é apresentado um vÕ 
lume de con trole típicono domínio de solução, as equa~ 
çÕes algébricas são da seguinte forma, 

ap PP 

onde 

a L 

aLl 

aL2 

aOl 

a1 P1 + a0 PO + aN PN + aS PS + S 

aLl + ~2 ' aO = aOl - a02 

I'. i; 

Tif+ãT2 

l/2 /'.f; 2 G I (l+t:cos8i) e: sen ei (<r+a) 
4 11 ~ 

G I (l+E:COS8 q) 3/2 /'.f; 
11 ( 611) Tn+ãJZ 

o o 

(8) 
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3 I < ) l/2 l'.t a 02 = 4 G
71 

l+Ecos8
0 

c sen 8
0 

Tii+ã) 
o 

~ = 
I (l+ccos8z) 3/2 

GCP CóOn 
!'.n 

( ) 3/2 I l+ccos8p !'. 
as = G~; CoO 71 

p s 

ap 

s 

aLl - ~2 + aOl + a02 + a~ + as 

-[2E~cos8 + 2 E:~sene +c (2w
1

-l)sene)lll11llf; 
p 

lõsln I 

loslsL 

~ 
I I 1 N I I 

L }s 

Fig. 

(9) 

O conjunto das equaçÕes algébricas associadas a ca
da volume de controle, juntamente com as condiçÕes de 
contorno, é resolvido iterativamente utilizando-se o mé
todo da linha-por-linha. Obtém-se desta forma, o campo de 
pressão P. 

Determinação da Fronteira de Cavitação. Na determi
nação do campo de pressao conforme discutido anteriormen 
te é necessário o conhecimento da fronteira de cavitação 
a. No presente estudo a localização da fronteira de cavi 
tação será feita estendendo-se para carregamento dinâmi~ 
co o método sugerido em [7) para carregamentos estáti
cos. A essência do método consiste em impor continuidade 
do filme de óleo para cada vo lume de controle adjacente 
à fronteira de cavitação. Para facilitar tal de senvolvi 
mento a Fig. 3 foi preparada. Nesta figura vé-se um volu 
me de controle típi co adjacente à fronteira de cav itaçãÕ. 
Nas direçÕes n e s , o escoamento de Óleo é dado po~ res 
pectivamente, 

qn 
h 3 ap uh 

12\JR(TI+a ) ãii + T 
3 - h <l p 

12\JR -;)[ 
(lO) qE: 

Definindo-se a vazão de Óleo adimens iona l por 
Q = 2q/cU, a conservação de massa no volume de con tro l e 
da Fig. 3 expressa em termos algébricos , r eque r que , 

Q
1

1'.C + Q2 (n+a ) !'. n = Q
3

(n+a)l'.n + Q41'.C + 

+ Q
5

(n+a ) l'.nl'.t + Q
6

1'.ni'.E; (11) 

onde, 

Ql 
A 

A - G I A~' [ o <lPI I~ 2 B PI l 
o n 

0 
o Tii+ãJ <Jn1 0 2 o 0 

~ 
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1 + E cos e 
* 

n 

Fig. 3 - Volume de controle típico adjacente 
ã fronteira de cavitação. 

(12) 

(13) 

DE 

Ao escreve r as expressões para o escoamento do fil 
me de Óleo cruzando cada face do volume de contro le da 
Fig. 3, as derivadas da pressão que aparecem na equa
ção (10) foram aproximadas por diferenças centrais. A
dicionalmente, na expressão pa r a Q

1
, a pressão Pl 0 foi 

numericamente aproximada tirando-se uma média entre Pp 
e Po. A expressão para Q4, que represent a o Óleo que c r.'!_ 
za a fronteira de cavitaçâo, tem embutida em si as con
diçÕes P = aP/an = O. As vazões de Óleo Qs e Q6 represe~ 
tam, respectivamente, as parcelas referentes ao filme 
es premido e à pseudovazão associada ao fato da fronteira 
de cav itaçâo a estar variando com o tempo e des ta forma 
es tar incorporando ou eliminando Óleo em um determinado 
instante . Note- se que em virtude do carregamento ser 
dinâmico, os volumes de controle estão variando de ta
manho com o t empo . Tal variação es tá embutida na equa 
ção (11) uma vez que a malha computacional foi imobi li~ 
zada pela transformação de coordenadas dada por (4) . 

A fim de·se obter a fronteira de cavitação, é pre
c i so que a equação (11) seja rearran jada de maneira q• :e 
a apareça expl ic itamente . Desta forma, por convenüncia 
computacional, a equação (11) é reescrita como, 

T+ i'I T T D(aT ) /M~ T+Ót 1 à 
a - a + E. cos Ct - 14) i'I T 2 AP lln 

onde 

D(aT) Ql óÇ + Q2 (n+a ) 6n - Q
3

(•+a) An + 

- Q5 (TI+a) lln6~ (15) 

Note- se que na equaçao (14) utilizou- se um esquema 
semi-implÍcito, uma vez que os termos contendo a que a
parecem na expressão de D(a ) são avaliados no tempo T 
ao passo que para o segundo termo no nume r ador do l a
do direi to da equação (14) a é avaliado no tempo T+ i'IT. 
Fazendo agora , 

cos aT+ AT= cos(a'+áli'T) 

=cosa' cos(á l>T ) - sena1 sen(ál'I T) (16) 
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-- .... .... ____ , , ,,, _ .. , ___________ _ 
e aproximando cos(àllr) e sen(àli'T) por série de Taylor, 
tem-se, para pequenos valores de i'IT, 

2 

cos(àl'IT) = 1 -(àl'IT)/2 = 1 
(17) 

Substituindo as expressões (17) na equação (16) ob
têm-se, 

cos aT+liT = cos aT - âl'IT sen aT (18) 

Combinando agora as equações (14) e (18), e isolan
do-se aT+àT chega-se à seguinte equação, 

T+i'IT T 
a = a 

T T 
+ [ D(a ) I 6 i; + E c os a - l)l'IT 

2 ~1'111 +e: sen aTI).T 
(19) 

Conhecido o valor de a em um instante T, a equaçao 
(19) permite que o valor de a em um instante seguinte s~ 
j a determinado. 

O problema hidrodinâmico está agora completamen~ca 
racterizado. O próximo passo é determinar a posição do 
eixo ao longo da trajetória descrita pelo seu movimento. 
O conhecimento da posição do eixo fornecida pela variá
vel e:, b em como das velocidades ~ e ~. é requerido na 
equação de Reynolds para determinação do campo de pres
são a cada instante. 

Cálculo da Órbita do Eixo. A partir de um balanço 
entre a carga e as forças hidrodinâmicas nas direçÕes ao 
longo e normal à linha que passa pelos centros do mancal 
e do eixo, as equaçÕes do movimento para um rotor rígido 
podem ser escritas de forma adimensional como, 

onde 

a cos 1/! - SF
1 

= ~ - e: ~ 2 

SF2 - a sen 1/J 

a 
1 
G 

s 

e: .•. + 2 Ê:Jjl 

3 
liGTL7i5) G 

(20) 

g 

As forças F1 e F2 que aparecem na,; eqt.ações (20) são 
:s component es da força hidrodinâmica 30 l.mgo e normal 
à linha de cen tros, respec tivamente, conf orme mostrado na 
Fig. 1. Estas forças são calculadas a partir da inte gra
ção do campo de pressão de acordo com as expressÕes abai 
xo' 

L/R 1 

Fl J J 
p 

c os [ ( 1r, a) ,1] d nd ~ HIT 
o o (22) 

L/R 1 

F2 J J ~JT s en[ ( TI +a)q] d r;d ( 

o o 

Os termos do lado direito das equaçoes (20) repre
sentam as quatro aceleraçÕes a que pode es tar sujeito o 
eixo, ou seja, aceleração radial, centrífuga , angular e 
de Coriolis. 

Conhecidas as forças hidrodinâmicas F1 e F2 a que 
está submetido o eixo em um determinado instante, bem co 
mo sua l ocalização expressa por e: e 1/J e s uas ve locida~ 
des e acelerações, a equação (20) permite que a locali za 
ção do eixo e suas velocidades e acelerações possam ser 
determinadas em um instante seguinte. A integração das 
equaçoes (20) foi realizada marchando-se no tempo em Ln
tervalos i'IT , através de um método Run ge-Kutta de 4~ or
dem [9]. 



Aproximação Analítica para Mancai Curto. Para man
cais cujo comprimento L e consideravelmente menor do 
que o raio R, as variaçÕes da pressão ao longo de 6 po
dem ser desconsideradas na equação de Reynolds e a equa
ção (5) pode então ser escrita como, 

a2p 

w 
Gt; 
!P72 [2 &cos(nl'}) + (2 ,P-1) E sen(nn)] (23) 

Na equação anterior fez-se por simplicidade wLaO e 
assumiu-se a condição de meio Sommerfeld, ou seja, ~=0. 

A integração analítica da equação (23) fornece, 

G 
P = 2Hi1z [2 Ecos (nn) + (2 ,P -1) E sen(nn)] (<; 2- i t;) 

A partir do campo de pressão anterior, 
hidrodinâmicas ao longo da linha de centros 
esta, calculadas a partir das equações (22) 
expres sa s por, 

Fl 
1 t 3 2E 2 2 

T2(R) [Q-2~)[(1-E2)2 c<;+[~ 

- l ln (l+E)l b ] 
E ~ f; 

+ 

(24) 

as forças 
e normal a 
podem ser 

(25) 

• (1+2e: 2) 2 (4E 4 
- 6E 2 + 2) 

+ ne:[(l-E2)s/2 c<;+ C2 bt;- E2(1-E2)512 bt;]] 

1 L 3 • E (l-e:2)1/2 
F2 =u(R) [(l-21jJ)n[2(1-e:2)3/2ct;+ dr-e:2) bt; 

1 
e: b t; ] + 

• 2e: 2 
+ 2e;((l-e:2)2 CS+ ~ 

- 1 ln (l+e:) b ]] 
C2 ~ i; 

onde c<; = ai; - bt; 

b -
i; 

(26) 

As expressões anteriores para F1 e F2 correspondem 
àquelas_para_F~ e F$ obtidas em [4] (a menos de alguns 
erros t~pograf~cos encontrados naquele trabalho). Neste 
sentido as hipóteses anteriores de wL = ~ = O se justifi 
cam por terem sido tambêm adotadas em [4]. Conforme men 
cionado na Introdução do presente trabalho, pretende-se 
aqui testar e estender os resultados de [4]. 

Adotando-se a aproximação de mancai curto, as ex
pressões analíticas para F1 e F2 podem ser diretamente 
utilizadas nas equaçÕes (20) para o cálculo da Órbimdo 
eixo . 

METODOLOGIA DE SOLUÇÃO 

Tendo apres entado as equaçÕes que descrevem o car
regamento dinâmico de mancais radiais, a atenção será 
agora voltada para a metodologia de solução utiliz~no 
presente trabalho . Inicialmente deve-se considerar que 
o procedimento de cálculo envolve duas etapasdistintas: 
a) determinação das forças hidrodinâmicas que atuam no 
eixo para uma dada posição e velocidade do eixo ; b) de
terminação da posição e velocidad e do eixo em funçãodas 
forças hidrodinâmicas. Conforme discutido anterionnenre, 
a primeira etapa envolve a solução da equação de 
Reynolds enquanto que a segunda requer a solução das e
qua çÕes do movimento. O aspecto a ser agora considerado 
se ref e re à interação entre o problema hidrodinâmico e 
a dinâmica do movimento. 

Como o problema ê dependente do tempo, deve-se par 
tir de uma posição inicial em T = T0 • No presente tra~ 
balho tomou-se como condição inicial aquela em que o 
eixo está centrado no mancai s em suportar carga alguma, 
e desta forma em T = To tem-se e: = 1jJ = É = $ = O. Para 
T > T0 uma carga ê subitamente aplicada ao eixo. Logpque 
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a carga ê aplicada. as forças hidrodinâmicas são nulas e 
as equações (20) são então resolvidas para Fl • F2 = O 
fornecendo a posição e velocidade do eixo para o primei
ro intervalo de tempo bT. Tem-se então os valores de e:, 
1jJ, É: e ' ~ para o tempo igual a To + bT. A partir destes v a 
lares o campo de pressão ê calculado fornecendo então os 
valores de F1 e F2. Com F1 e F2 em To+bT, retorna-se às 
equaçÕes (20) e obtêm-se novos valores de c, ljl, É: e ~ pa 
ra o intervalo bT seguinte. A equação da pressão ê entáõ 
revisitada para que se obtenha os novos valores de F1 e 
F2. O procedimento anterior ê então repetido sucessiva
mente e desta - forma avança-se no tempo atê que a solução 
seja descontinuada. 

Na determinação do campo de pressão ê necessar~o o 
conbecimento da fronteira de cavitação ~(<;). Como a de
terminação de ~(<;) requer o conhecimento do campo de pres 
são, interaçÕes se fazem necessárias. Assim, para o cál~ 
culo do campo de pressão no instante T+bT, utiliza-~ co 
mo primeira aproximação os valores de~( <; ) do instanteT~ 
Com as pressões em T+bT os valores de ~(<;)são recalcula
dos, e estes valores são então usados para a determina
cão de um campo de pressão corrigido em T+bT. Novamente 
este campo de pres são ê utilizado para atualizar a(t;), e 
este procedimento iterativo ê repetido atê que o campo de 
press ão e os valores de ~ ( <; ) não mais se alterem. 

Em virtude das não linearidades associadas à deter
minação do campo de pressão e ao cálculo da fronteira de 
cavitação, a utilização de fat ores de subrelaxação se faz 
necessária. Para a pressão empregou-se um fator de 0,95 
enquanto que para ~ o fator utilizado f o i 0,90 . 

RESULTADOS E DISCUSSOES 

A Figura 4 apresenta uma comparação entre a Órbita 
do eixo para um carregamento constante subitamente apli
cado no instante T=O, utilizando-se duas malhas distin
tas. Como o objetivo nesta figura era avaliar a influên
cia da malha, por simplicidade, ~=0. A linha tracejada 
corresponde a uma malha com 20xll (nxt;) pontos nodais 
(220 pontos) e a linha cheia apresenta os resultados ob
tidos com uma malha de 40x21 (nx t; ) pontos nodais (840 
pontos). O mancal da Fig. 4 possui as características as 
saciadas ao Caso 1, conforme apresentado na Tabela 1. 

Tabela 1 - Casos Investigados 

Caso R[cm] L[cm] L7D c[!lm] ll[Pa.s] RPM W[N] 

l 7 3,5 1/4 250 0,02 3000 21439,8 
2 3,5 3,5 l/2 250 0,001 3000 26,5 
3 3,5 3,5 1/2 250 0,001 5000 26,5 
4 3,5 3,5 1/2 250 0,001 4900 26,5 

Em ambas as s ituaçÕes investigadas na Fig. l o in
tervalo de tempo utilizado foi bT=0,05 (=1,6 x 10- 4 s). O 
t empo computacional para o mancai atingir a posição de 
equi líbrio (e:=O,S e 1jJ=0,94412 rad) foi de 2,60 min e 
29 ,42 min para as malhas com 20xll pontos e 40x2lpontos , 
res pectivamente. Considerando o compromisso entre preci
s ão da solução e t empo computacional, para os demais ca
so~ far-se-á us o da malha com 20xll pontos. Para um estu 
do mais elaborado da malha, bem como avaliação do Runge~ 
Kutta no cálculo da Órbita do e ixo, e de di f e r en t es metodo 
l og iasde solução envolvendo forma s diversas de se calcu~ 
lar a fronteira de cavitação, referência se f a z a [9]. 

A Fig. 5 apresenta uma comparação entre a aproxima
ção de mancai curto (linha tracej ada) e a so lução para 
mancai finito (linha cheia) considerando a mesma situa
ção investigada na Fig. 4. Observa-se da figura que •. pela 
aproximação de mancai curto o e ixo busca a pos ição de e
quilíbrio descrevendo uma espiral mais fechada do que 
quando se utiliza a solução para mancais finitos. Tal fa 
to foi tambêm verificado em [4]. A fim de mostrar a in~ 
fluência da fr onteira de cavitação na Órbita do manca4 a 
Fig . 6 foi preparada. A linha cheia re~res enta a Órbita 
do .eixo quando ~ ! O e para a linha tracejada fez-se 
~ = O. Nota-s e da figura, a exemplo do que foi observado 
em [10], que na presença de cavitação o eixo procura sua 
pos ição de equilÍbrio atravês de uma espiral mais fecha
da. Em [ 10] r esultados semelhant es são plotados em um dia 

....._ 



grama e versus • e ve-se que para a ~ O o eixo busca o 
equilÍbrio através de um movimento osci latório mais a
mortecido do que aquele correspondente a a = O. 

0 .0 ...,---------------~ 

.;, 

malha de 40x21 pontos 
malho de 20x 11 pontos 

-0.6 +-----------------
-0.6 o~ 

Fig. 4 -

0.0 

E .sin( 1') 

Comparação entre a Órbita do eixo para 
situação laminar, mancal finito com a=O, 
para duas malhas distintas; caso l. 

meneei finito 
monccl curto 

-JS +, ______________________ _.! 

-0.5 o ',J 
( .sin(f ) 

Fig. 5 - Comparação entre mancal curto e mancal 
finito; escoamento laminar; caso 1. 

Uma comparação entre a Órbita do eixo calculada a 
partir dos modelos para escoamento l runinar e turbulen
to pode ser r ea lizada ao anali sa r-s e as Figs. 7 e 8 con 
juntament e. Verifica-se que enquanto na Fi g . 7 o eixo 
encontra uma posição de equilÍbrio, na Fi g . 8 o e ixo não 
consegue encontrar o equi líbrio carac L,• ri zando uma situ 
ação ins tável. Tanto a Fig. 7 como a Fig . 8 representam 
a mesma si tua ção fÍ sica e a comparação entre ambas ev i 
dencia as diferenças entre os dois modelos. A extrapola 
ção de mod e los lamina res para escoamentos que já seriam 
turbulent os pode ge r a r resultados significativamente i~ 
corr etos. 

A va lidade da aproximação de mancai s curtos será 
agora verificada para o caso 4 da Tab e la 1. Para tal fim 
a s Figs. 9 e 10 for am preparadas. Conforme obs e rvado nes 
tas figuras, a aproximação de mancal c urt o prev ê que o 
eixo atingirá uma posição de eq uilÍbrio ao pas so que o 
modelo completo mostra que est a i uma si tuação ins táve l. 
No t e-se da Fi g. 10 que o eixo busca demoradamente o equi 
lÍbrio, mas a c ada volta da e spi ral, este se afas ta de~ 
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la e desta forma irá acabar atingindo o mancal. 
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E: .sin(i) 

Fig. 6 - Comparação entre mancai finito com e 
sem cavitação; escoamento laminar; 
caso 2. 
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u 
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Fig. 7 - Ór bita do e1xo para mancal f1nito com 
cavitação em e scoar. ento lam:.._nar; 
caso 3. 

CONCLUS0ES 

O presente t rab a lho apresenta uma m" todo logia em vo 
lumes finitos para o cá lculo de carre gamento dinâmico de 
mancais radiai s . Cons ide ra- se tant o esccamento laminar 
como t urbulento, e i dada én f as e especia l no cálculo da 
fronteira na qua l o filme de Ól eo cavita. Adicionalment~ 
são apres entadas as exp ressões associadas a mancais cur
tos. A trajetória do eixo no regime não permanente é ob
tida através das equações da dinâmica do rotor, e tai s 
equaçÕes são r e s o l v idas pe l o método de Runge-Kutta. 

A met odologia apresentada i empregada no cálculo 
das Órbitas de um eixo quando submetido a uma carga cons 
tante, a partir de uma situação sem carga. Os gráf i cos
mostram que ignorar os efeitos de turbulência e cavita
ção podem alterar significativamente os resultados . Da 
mesma forma, o empre go da aproximação de mancais cur tos 
pode conduzir a grand es desvios nos r esultados. Em geral, 
a inc lusão dos efe itos de cavitação tendem a torna r o ei 
xo mais estável uma vez que há um aumento do filme de 



Óleo já que este não se limita à região compreendida en 
tre O e n radianos. A turbulência torna o mancal mais 
instável. 
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i o.o I fffr ~01 l 
"' 

r 
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-1.0 0.0 1.0 

~ .sin("t) 

Fig. 8 - Órbita do eixo para manca! finito com ca
vitação em escoamento turbulento; caso 3. 
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Fig. 9 - Órbita do eixo para mancal curto com ca
vitação em escoamento turbulento; caso 4. 
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ABSTRACT 

The dynamically loaded journal bearings are 
investigated numerically. The Reynolds equation that 
describes the hydrodynarnic pressure is integrated via 
the finite volume method, and special attention is 
devoted to the calculation of the cavitation boundary. 
The oil film is mapped into a rectangular domain using 
nonorthogonal coordinates, which allows the cavitation 
boundary to be precisely predicted. Results for a 
constant load suddenly applied on the journal are 
presented and compared with those for the short bearing 
approximation. Situations predicted as stable through 
the short bearing theory are shown to be unstable under 
the finite cavitating model. 
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SUMARIO 
T!tata-,se. de uma ftevúão doó compenMdOJte.ó ótexlvw pa!ta mancaú ae.Jtoótilicoó, en-

6atizando o compe.nóadoft ótexlvet me.tiiüco. E;.,;te ú.LU.mo, com novo p!toje.to e riúnenóÕe.ó 
otimüadoó utiLiza e.leme.ntoó (Jte.õ;tJU;t:Ofte.õ) me.tíiü.coó que óenóo!Úam a p!te.óJ.Jão de au
mentação do mancai e., conóequentemente, aumentam ou riún-i.nuem o e.õcoamento atJtavêJ., doó 
o!Ú {/.c-i.oó de aR..< me ntação. O de.ó empenho do Jte.õt!Útoft fio-i. o b;., e.Jtvado atftavú. da;., caJtac;te 
wúcaó de capaudade de caJtga e da e.õpeMuJta do óilie de aJt tub!ÚMcante pa!ta vâJú:: 
aó c o nd-i.ç õ e.ó de o pe.Jtação. 

1- INTRODUÇÃO 

Os mancais aerostáticos possuem diversas vanta
gens que sao: 

- baixo atrito; 
- capacidade de operar a altas rotaçÕes; 
- grande precisão de giro; 
- desgaste muito baixo ou nulo; 
- capacidade de operar em temperaturas altas e baixas; 

baixo ruído; 
- o ar po~e escapar para o ambiente sem perigo de con 

taminaçao; 
- pod: operar a baixas rotaçÕes, sem falha na lubrifi 

caçao. 

Dadas as vantagens acima, os mancais aerostáti
cos seriam preferiveis em diversas aplicaçÕes na in
dÚstria, se não fosse pela sua baixa rigidez e compa
rativamente baixa capacidade de carga. 

A rigidez de um rnancal é o parâmetro que rela
ciona a variação na folga do rnancal respectivo, e e~ 
sa rigidez depende essencialmente do método de contra 
le de vazão para o rnancal, ou seja, do método de com 
pensaçao. 

A fim de se aumentar a rigidez do rnancal aeros
tático sem, entretanto, manter folgas muito reduzidas 
(que exigem qualidade de fabricação elevada), são pro 
postos compensadores flexíveis que podem regular a va 
zão de alimentação do rnancal em função da carga apli= 
cada. 

2 - RESTRITORES FLEXIVEIS 

LAUB (1960) propôs corno método de cornpensaçao, 
o orifÍcio elástico cuja variação do diâmetro em fun
ção da variação da carga no rnancal controla a pressão 
no interior do rnancal. Esses elementos flexiveis eram 
construÍdos de borracha. Nessa direção, NUNN e PAYTON 
(1969) propuseram elementos de borracha de forma tub~ 
lar. Ambos foram abandonados em vista de suas dimen
sÕes reduzidas, inviáveis, posto que os elastôrneros 
podem variar suas propriedades em se tratando de pe
quenas dimensÕes. 

À luz desse fato, AL BENDER (1976) desenvolveu 
o restritor Flexível de Elementos CÕnico, com as di
mensÕes do elastôrnero (borracha de silicone) relativ~ 
mente maiores. 

O compensador flexível de elemento cÕnico foi 
testado por PURQU~RIO (1979), mostrando resultados sa 
tisfatórios em termos de se aumentar a rigidez dos 
mancais aerostáticos. Contudo, a sua utilização nao 
foi atraente devido as suas dimensÕes serem relativa
mente grandes. 
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DUDUCH (1988) otirnizou o projeto do mesmo, solu
cionando os problemas inerentes a sua fabricação, tor
nando-o compacto e prático. O restritor foi construído 
na forma de cartucho, tornando a sua inserção nos rnan 
cais bastante simplificada, através de roscas. 

Este trabalho visa otirnizar o projeto e a cons 
trução de um novo restritor flexível metálico, com di 
rnensÕes relativamente pequenas, fácil utilização e cus 
to baixo, que, com seu elemento flexível metálico, te 
rã inÚmeras vantagens sobre os de borracha, particular 
mente no que se refere a homogeneidade do material, a 
vida mais longa e, urna maior resistência a ambientes 
severos tais corno temperaturas altas e baixas, radia
ção e produtos quÍmicos. 

3 - ANÁLISE DA RIGIDEZ E DA CAPACIDADE DE CARGA 

Os ensaios do compensador flexível em estudo fo
ram efetuados em um rnancal aerostático axial circular 
com alimentação central. Portanto, urna introdução a es 
se tipo particular de rnancal aerostático torna-se aqui 
necessária, após urna análise do escoamento de um flui
do incompressível entre placas paralelas. 

3.1 -Escoamento Viscoso Incompressível Laminar 
Entre Placas Planas e Paralelas. A figura 1 ilustra o 
escoamento entre duas placas planas e paralelas. Admi
te-se que a pressão varia em apen~s urna direção e que 
as placas são infinitas e se mantem paralelas a urna 
distância h. Corno h é constante e não há variação de 
pressão através da película, o escoamento é predorninan 
te na direção x, e a velocidade na direção y é despre= 
zada, ou seja, v=O. 

Fig. 1 - Escoamento entre duas placas planas e 
paralelas. 



A e quaçao do movimento na dire ção x é dada por: 

u = ~ iE (y 2 - hy) (1 ) 
2~ dx 

O perfil da velocidade na direção x é, portant~ 
parabÓlico e a equação fo rnece a velocidade do fluido 
em qualque r posição a través do filme lubrificante. 

A vazão em massa entre as placas de largura b 
é dada por: 

m = p b r ~ dy 
o 

( 2) 

Assim, tem-se: 

m=-~ iE 
12 ~ dx 

(3) 

ou, 

iE= 12 \1 1:1 
dx - p . b. h 3 ( 4) 

Ess a equaçã1 r elaciona a vazão em massa, o gra
diente de pressã" e as ca racteríst icas da película lu 
brifican te, na di re ção do os coamento . 

3.2 -Modelagem de hancai s Aeros táticos Axiais 
Circulares com Alimenta çao Central. O escoamento em 
um manca l c ircular com ·•azao radia l pode ser mode l ado 
de maneira semclhant P ao das placas pa ralelas. A dire 
ção da variação de pr 2ssão , x, trans forma-se na dire:: 
ção radial r, ~ a largura da seção considerada nas 
placas, b, é • ubsti t •Jida pelo perímetro 2 11 r (fig. 2). 
Assim, a equa·;ão 1, , é modificada para expressar o gra 
diente de pre :·sãu radial em funç ão da vazão do mancai 

·, 
DISTRIBUIÇÃO OE 

PREssÃo 

pf 

Pa 

Pa 

onde, pode-se no t a r, a vazao é pro porcional ao cubo da 
folg a do mancal. 

3 . 3 - Capacidade de Carga do Mancal . A car ga t o 
tal do mancal, W, pode ser obtida como uma fu nção de 
Kg, da seguinte manei ra: 

W = Kg (P o - Pa) 
TI (b2 

- a 2
) 

.\C n (b/ a) 
(7) 

pf - Pa 
onde Kg = p

0 
- Pa e o coeficiente de pressáo efe tiva 

Da mesma forma, a rigide z é dada por: 

K 
dw 
dh 

(P 0 - Pa) 11 (b 2 
- a 2

) 

2.n (b /a) 
i!S.g 
dh 

( 8) 

Uma expressão alte rnativa s implificada para a c~ 
pac idade de carga do mancal pode ser obtida assumindo
-se uma queda de pressão linear desde a entrada da ali 
ment ação até as bordas do manc a i. A expressão r esultan 
te para a carga será: 

W = ~g . 11 (P0 - Pa) (b 2
- a2

) , 

e, pnra a rigide z, 

K = 
dw 
dh 

'11 (P o - Pa) (b2 - a2) i!S.g 
dh 

(9) 

(lO) 

3.4 - Rigid e z do Manca l . Nos mancais ae r os táti
cos, a relaçao entre a carga e a espessura do filme lu 
br ificante não é linear. Portanto, na análise desses 
manca is, torna-se necessário considerar a sua rigidez, 
ou seja, a variação da capacidade de carga com a espes 
s ura do filme. Supondo então, que um manca l esteja ope 
r ando com uma espessura de filme h, sob uma carga apli 
ca da W, então se esta carga é aumentada para um valor 
W + 6 W, a espessura do filme s erá reduzida para um va 
lor h - 6 h (fig .)). Inversamente se o carregament~ 
no mancal foi reduzido para um va l o r W- 6 W, a espes
sura do filme tenderá a aumentar para um valor h + 6 h 

~ . 
o 

"' ~ o 
u 

W+6W 

w 

W -l;W 

K = IQ " 

h-õh h h+ !;h 

dW 

d h 

Fig . 2 - Esquema do mancal aeros tático circular 
com alimentação centra l FoiQO Olliol, h 

axial, das características do fluido e da folga axial 
h, ou s e ja 

iE=6~m. 
dr 7Tp rh 3 

A vazao em massa para este tipo de mancal, 
da por: 

m. (Pf 2 
- Pa 2) 7f • h 3 

12 \1 RT 9-n (b/a) 

(5) 

é da 

(6) 
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Fig. 3 - Carga em função da espessura do filme 
(folga axial) 

A forma da curva W + h é tÍpica para 
mancai s aerostáticos axiais, e a rigidez é 
por: 

K tg 0 dw 
- dh 

t odos os 
defin ida 

(11) 

__ ........._ 



·······-------------------
A variação da carga, com a consequente variaçao 

da e spessura do filme, deno ta uma região onde a curva 
tem uma maior inclinação. O ponto de maior inclinação 
na curva W x h, é o ponto de operação de rigidez máxi 
ma do mancal axial. 

4 - MANCAIS, RESTRITORES E BANCO DE ENSAIOS 

4.1- Restritor com Element o Flexível Metálico. 
O restritor flexível com elemento metálico conico é 
ilustrado na fig. 4. A unidade tem simetria axial. O 
elemento flexível metálico 1, é montado, juntamente 
com o assento cônico 2, no mancal axial 4, através de 
um ajuste deslizante. Ambos os componente s sao fixa
dos sob o aperto da porca de fixação 3. Esses três e
lementos constituem o "cartucho" do atual compensador 
flexível em estudo experimenta l, objeto do presente 
trabalho. 

Fig. 4 - Restritor com elemento flexível metálico. 

Na fig. 4, o elemento flexível e o assento côni 
co estão montados com int erferência, ou seja, sem fol 
ga no ânulo cÔnico de passagem de ar. A abertura parã 
a passagem de ar é feita a través da colocação, duran
te a montagem, de calços de regulagem de espessura d~ 
finida , entre o elemento cônico, as se gurando assim o 
escoamento de ar a través do restritor. Os elementos 2 
e 3 são selados com anéis de borracha do tipo "O". 

O presente restritor com elementos metálicos, ~ 
presenta vantagens com relação às versÕes anterior~s 
(com elemento cÔnico de borracha) por ter somente tres 
componentes no "cartucho". As versÕes anteriores pos
s uem cinco ou mais componentes, além dos calços de re 
gulagem. 

4.2 - Regulagem da folga. Para ~e obter dife
rentes folgas no restritor flexível, sao utilizados 
calços anulares de diferen te s espessuras, inseridos 
entre as supe rfÍcie s do elemento elástico cônico e do 
assento cÔ nico, na pos ição indicada pela seta na ilu~ 
tração do re s tritor na fig. 4. Os calços anulares mo~ 
tados dessa maneira, garantem a separação, na vzrti
cal, do elemento flexível 1 e assento cÔnico 2, de 
uma distância igual a espessura, e, do calço. O ele
mento flexível 1 e o a ssento cônico 2 permanecem con
cêntricos, po is a mbos são guiados pelo mesmo furo no 
mancai 4. A folga, hc , do restritor - separação en
tre as dua s superfÍcies cÔnicas - pode ser então cal
culada conhecendo-se o ângulo de conicidade do elemen 
t o flexivel , que no presente caso é de 30°. 

4.3- Funcionamento. O ar proveniente do siste
ma de alimentaçao a pressão, P0 , é introduzido no res 
tritor através da entrada na tampa 3 (ver fig. 4). Es 
se ar se escoa através de 4 orificios existentes na 
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superfÍcie cônica do elemento flexível gue se comuni
cam com a entrada de ar. O ar passa entao pela folga , 
hc , entre as superfÍcies cônicas, e, através do furo 
existente na superfÍcie do mancal, passa para a folªa 
do mancai formando o filme lubrificante a uma pressao 
Pf. 

O mecanismo pelo qual a unidade de restrição au
menta a rigidez do mancal é o seguinte: a capacidadede 
carga do mancal é essencialmente dependente da pres
são, Pf, no furo de entrada à superfÍcie do mancal. E
xiste, todavia, urna muito pequena dependência da espes 
sura do filme porque o escoamento entre as superfÍcies 
do mancal não é puramente laminar. Iniciando com uma 
carga elevada, o escoamento no restritor será pequeno, 
Pf será aproximadamente igual a pressão de alimentaçã~ 
P0 , e a deformação do elemento cônico-flexível será 
pequena . À medida que a carga é reduzida, Pf cai pro
procionalrnente e o elemento cÕnico flexível se disten
de restringindo o escoamento, evitando o aumento da es 
pessura do filme lubrificante. Com a diminuição da car 
ga não há um aumento de vazão, havendo portanto, um a~ 
menta da rigidez do mancal. 

4.4 - Banco de Ensaios. O banco de ensaios 
mo esquematizado na fig. 5. Projetado para ensaio 
mancal de escora (I), fig. 5. 

é co 
do 

ar s êc:o 

.--------------------------------.---------,,--- +----

COMPONENTES : 
A- filtro .... 
B _ regulador de pr.!ssao 

~ : ::~~~:~ ~~: vazao 
1 - e lxo 

Fig . 5 - Banco de Ensaios. 

A variação da carga sobre o mancal faz-se atra 
ves da variação da pressão na câmara de pressão (III)~ 

No mancal axial (I) é montado o restritor flexí
vel através de três parafusos cuja ajustagem assegura 
o paralelismo entre o mancal (I) e o contra-mancal 
(IV). O restritor flexível é montado no mancal (I) e 
através do qual o ar entra para suas superfÍcies. O 
contra-mancal está fixado no eixo (1) sustentado por 
mancais aerostáticos alimentados pela tomada de ar 
(II). A outra extremidade do eixo se comunica com a ca 
mara de pressão (III), formando assim um cilindro pneu 
mático. A câmara (III) aplica uma pressão sobre o eix~ 
medida através do manômetro (2). A carga W que é apli
cada no mancal (I) é então a pressão medida em (2) mul 
tiplicada pela área da seção do eixo. O deslocamento 
(e consequentemente a variação da folga h) do eixo e 
contra-mancal é medida através de três relÓgios compa
radores micrométricos instalados em três furos executa 
dos no mancal (I) . 

5 - ENSAIOS E RESULTADOS 

Com os resultados dos ensaios, construíram-se as 
curvas de capacidade de carga em função da folga axia~ 
para cada pressão de alimentação utilizada, como as 
que ilustram a fig. 6, para s = 0,39 mm. 

Na análise dessas curvas nota-se que quanto mai
or for a pressão de alimentação, tanto maior será a ca 



pacidade de carga, para uma mesma folga de projeto. 
Verifica-se também a existência de diferenças 

de comportamento dessas curvas, relativamente ao gra
diente de inc linação, devido ao controle do restritor 
flexível do mancal, que compensa a variação da folga 
axial do mesmo em função da variação da pressão de a
limentação (carga). 

Considerando-se uma das cp,vas da fig. 6, como 
por exemplo a curva P 0 = 4, 14 bar, que também é repr~ 
duzida na fig. 7, pode-se notar que a folga decresce 
normalmente com o aumento da carga até um determinado 
valor (h = 8 )J m , W = 650 N). Esse ponto localiza-se 
na fig. 7, na região 1. Nesse ponto a pressão Pf, no 
filme de ar do mancal, é maior e a diferença de pres
são /1, p = P0 - Pf, é proporcionalmente menor do que 
no inicio do carregamento. Assim sendo, o restritorse 
deflete, aumentando a vazão de ar através dele e con
sequentemente atrRvés da folga do manc a l, resultando 
no estabelecimento da folga h = 4 )J m para W = 880 N . 
Esse ponto é loca i izado n~ r eg ião 2 da fig. 7. 

Veri f ica-se portanto q•Je entre as duas regioes 
da fig. 7, a curv a a presenta um gradiente de inclina
ção, significando um au~en • o na rigidez do mancal. Is 
so ocorre no ent orno da f c Lga h = 6 )J m. Esse gradien~ 
te de inclinação é signi f ica tivamente maior nesse tre 
cho. 
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Fig. 6 - Capacidade de carga x folga axial do 
mancal para hc = 36 )J m 

A curva de capacidade de carga x folga axial do 
mancal seria equivalente a uma "curva dupla" conforme 
ilustra a fig. 7. No inicio do carregamento, a varia
ção da folga com a carga ocorre segundo a curva 1 pa 
ra uma folga no restritor hc = hc 1 • Se não houvesse o 
controle flexível, essa curva teria um comportamento 
como mostra o trecho la (tracejado). Com o aumento da 
carga, o elemento flexível do restritor aumenta a va
zão (mudando a folga de hc1 até hc 2 ), para contraba-
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lançar uma pressão de carregamento maior no mancal,com 
o consequente aumento de inclinação da curva (trecho 3~ 
A variação da folga axial com a carga passa então a ser 
descrita segundo a curva 2. Analogamente, o trecho 2a 
seria o comportamento do mancal se hc = hc 2 e constan 
te, desde o início. 

O trecho 3 mostrado na fig. 7, entre as regiÕes 
1 e 2, represent a a transição entre as "duas curvas". 
~neste trecho que o restritor flexível atua, contro
lando a vazão e corrigindo a folga, fazendo com que a 
rigidez apresent e uma tendência ao infinito . 
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Fig. 7 - Comportamento do restritor flexível. 

6 - CONCLU SÃO 

Os mancais aerostáticos equipados com restr1tor 
flexível reunem alta rigidez, alta capacidade de carga 
e uma folga operacional grande aliadas ao baixo custo 
de fabricação. Contempla-se ainda a simplicidade e as 
dimensÕes reduzidas do compensador flexível metálico 
que o tornam atraente à utilização em mancais relativa 
mente pequenos. Em muitas situaçÕes, como nas aplica~ 
çÕes em máquinas ferramentas, onde a utilização de man 
cais aerostáticos é reduzida, devido ao seu elevadÕ 
custo e características pobres de rigidez poderá agora 
tornar idealmente adequada para estas instalaçÕes. 
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SUMARY 

A review of the flexible compensators for aero~ 
tatic bearings, with enphasis to the meta lic flexible 
compensator was carried out. The later, with a new 
design and op timi zed dimensions employs metalic ele
ments which regulate the feed pressure in the bearing 
a nd, consequently increase the flow through the feed 
holes. The performance of the restrictor was measured 
by means of the load carriyng capacity and film thick 
ness for many operation conditions. 
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RESUMO 

A ab so r>ção de qascs po r> l.iqu iâos é anaL isada pa"a uma si t uação na quaL a difusiv i
dade moLecular> do gás no L·ictl.lido não é um paPÔmel. r>o r>eLevante . Esta abordagem foi f e ita 
com vistas à apLicação para sú;temac rm,,·to 0.:7itado.s . F:x perimen tos de difel'entes autores 
mostPam compor> t.ament m: que s ug cr> em que a f ormuLação propo s t; a pode s er encarada como um 
caso Limite para o quaL a rm:ào entre dois coeficient es de t r oca de mos sa tende ao aumen · 
ta r a agitação do Liquido 

I NTRODUÇÃO 

A busca de uma r' e I açêlo para dest:r.,v e r transfer~n
cia de g ases at rHv~3 de s up crfic le s liquidas produz iu 
uma di s cuss~o ir1ter1 sa a ce r ca do va l or do e xr1oertte d~1 d! 

fusividade mo lecu l ar que s urge na ex press~o que relaciQ 

n a o coeficiente de a bsorção do g~s c 8 di f us i vidade m_<_! 

l ecul a ". O cerne desta d iscussão g ira cm to rno das p re

vi s;es f eitas pel a teor i a dos dois fi lmes c p elas t eo

r i as de pene traç êlo r e novação s uperfici a l, ger ando uma 

s~ric de model os que v i sam unificar a s duas tcnd~ nc ias . 
Pouca atenção f oi dada ~s o bnc rvaç;es de Kishi nevs ky e 

Serebr i ansky (1 955) , que sugere m que 8 tra nsfer~nci a 
de gases em s is temas liquides Gl tamen te ag itados tendem 

a segu i r l eis d i ferentes daque l as para sistemas liqu i 

des pouco agitados e que a difusi vidade mo lecular ~ ir

releva~te nos p rimeiros . 

A abordagem ora apre senta da adota um ponto de vis 

ta mol ecul ar para estudar o fenÔmeno. 

f ace i to que a trans fc r~ ncia de gases ~trav~s de 

uma in t erf ace g~ s-l iquido po de s~ r expressa por um coe-

f ' cien t e global , o qual t r az informaçÔes sob re a 

liqui da e a fa se g asosa , na forma : 

:fas e 

( l) 

K1 e o c oeficiente global de t ransfer~ncia, kL e 

k g sao o s coef ici en t es de transfe rência para a :fase li

q uida e a f a se gasosa e H ~ a constante da l e i de He nry 

para o g~s se l e.c i onado . 

k1 e Hkg determina se a 

fase l iquida ou n a fase 

A ordem de g t' a ndeza relativa d e 

transferênc ia ~ controlada na 

gasosa . Uma revisão dos estudos 

em tra nsfer~nc i a de gases em superfi c ies liqu i das e nco~ 
tradas na literatura l evan tou a q uestão dos l imites de 

validade de certos m~todos e mo de los , e da n ecessidade 

de uma classif icação das metodologia s em rel 8ção às co~ 
d i çÔes d e estudo . Algumas das con c l usÔes e ncon tradas s ão 

1 - A re lação kg/k1 depende das con diçÔes h idrodinâmi 

c as em u m dado processo. Parece, baseado n as tendê~ 
c:as obser vadas: q ue kg/k L decre sce em aumentando o 

n i ve l de ag i taçao do s i stema (medido a p a r tir de 

um n umero de Reynol ds ou pela po tência imposta , por 

e xemplo) . (Munz e Roberts (1 984) ) . 

2 - Para gases pouco solÚveis sendo absorv i dos e m siste 

mas "no rma l mente " agi t ados o coeficiente de transfe 
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renc ia globa l depende da difus ivi dade molecular do ga s no 

Ü qu i do , seg undo uma le i exponenc i a l. (Lew i s & 

(1924) , Dankwerts ( 1951 )) . 

Wh itman 

3 - Para sis temas altamen te ag itados , o coefic i ent e d•· 

trans f e r ênc i a g l obal não depende da d ifus ividade mo

l ecular do g~s no liqui do (Kish inevsky (1955) e 

Kishinevsky e Serebr iansky ( 1955)) . 

4 - Para dois gases sendo tran s fe ridos atrav~s de uma in 

t erface g~s-liqu ido, val e a r e l ação KL1/K12 cons

tante e , a i nda , se o mo de l o de difus i vidade de Eins -

t ein fo r util izado, esta relação pode s er 

como KL 1/K 12 = R2 / R1 , onde Ri são os ra ios 

res dos gases ( Ts i voglou e t a l i i ( 1965 ) , 

& Holley (1983) ) . 

expressa 

mo lecula

Rai nwater 

5 - A superfici e do liqu ido pode ser adm itida como "i ns 

tan taneamente s aturada" em processos de a bs o r ção de 

gases pouco solÚve i s. Esta conc lusão pode ser basea

da , por exemplo , no pequeno t e mpo ( ordem de 10- 7 se

gundos) que a cama da superfic ial de água necessita 

para se saturar d e oxig~n i o . (Ho l ley ( 1977 )) . 

DESCRIÇÃO DO PROBLEMA 

As obse rvaçÕes ac i ma s ugerem que , e m aumentando a 

agitação , o p r ocesso d e t r a ns:ferên c i a de gases pode evo

luir de uma si tuação con trolada pela f as e l iquida para 

uma si tuação c ontrolada pela fase gasos a ou, pel o menos , 

que exibe ta l tendê nc ia. A l ~m di sso , enquanto ~ ace i to 

que para sist emas "no r malmente agitados" o coefi c i en t e 

g lobal de transferê nc ia ~ uma fun ção da di fusividade mo

lecular do g~s no l iquido (embora ex i sta alguma contro

v~rs i a acerca do valor do expoente da difus i v i dade na 

"l ei exponenc i al " p r o posta) , para si s temas a l tamen t e ag.!:_ 

t actos este tipo de dependênc i a dei xa de exi stir . Esses 

do is r esu l t ados parecem complementares . Contudo , para g~ 

ses pouco solÚveis em p r ocessos de absorção , se se acei 

t a q ue a s upe r ficie liquida pode ser i ns t a n taneame nte s~ 

t urada , e n t ão a comp l ementari dade anterior ~ perdida.Não 

~ possivel , neste caso, af irma r que os processos de a b

sor ção e m ag itação i nte nsa são con t r o lado s pe l a fase ga

sosa , porque a saturação instantâ n ea da s uper f i c ie impl.!:_ 

ca em difus ivi dade infini ta do g~s na fase gasos a e ~ i~ 
possivel controlar qualquer p rocesso com u ma d ifusivida

de infi n ita . 

Adiciona l mente , o resu l tado KL1/ KL 2 = cons t an t e e 



larga mente utilizado sem um estabe l ec iment o c laro dos 

se us lim i te s de val idade , em c onside r ando a agi taçio do 

liqu ido . Substituindo a equaçio 1 neste resultado. tem

- se : 

1 / k + 1/(H k ) 
Ll 1 g1 

Constan te .[1 /k + l/H k ) ] (2) 
L2 2 g 2 

Ou 

(k /k ) + l/H k 
__g2 L2 2 _&!..._ (3) 

I J = (k /k ) + 1/H k 
g l L1 1 g2 

IJ e uma con s tante e os Í ndi ces 1 e 2 estio rel a-

c ionados com os dois gases em questão . 

A e quaçio 3 deve ser· vál ida para os mais di versos 

e quipa men tos , um a vez que a e xpres s i o KL1 / KL 2 = c onstan 

te nio considera qua lquer tipo de geome tria. k 1/kLi sio 
- " g 

depend entes das condi çoes h idrod inamic as e como conse-

qüên~i a , a re laçio kgi/kgj deve l evar em conta essas v~ 
riaçoes para manter cons tan te o produto indi cado . Os da 

dos exis tente s atualmen te , con tudo não perm item veri f i 

car a e quação 3. 

O obj et ivo do presente arti go e estudar vari açoe s 

do coef i c i e n te g lobal de t rans f e r ê ncia e as rami fica

ç~ es des s as variaç~es na dependência para c om a d ifus i

vidad e mo l ecu l ar em diferentes ní ve is de agitação . 

DESENVOLVIMEN TOS ANALÍTICOS 

Algumas equaçoe s para transfe rência de gases e m s~ 
per f icies lÍqu idas al tamen te agi tadas foram o btidas por 

Schul z ( 1990) considerando que a difusividade molecu lar 

nio ~ re l evante ne ssas s ituaç;es. As F iguras 1 e 2 re

presentam a regi io in terfacia l adotando um ponto de v i~ 

ta mol ec ular , mostrando que ~ di fÍc il def in ir uma " s up e_c 

fÍcie " para o li q uido . A Fi g ura 1 mostra uma s i tuação 

na qual ~ permitido ao gás difund ir a o longo de uma di! 

tânc ia no lÍquido , o que corresponde ao caõo em que o 

" e f eito inibidor" da superf Ície dificulta a açao dos 

t urbi l h;es junto a el a . A Figura 2 mostra uma si tuaçã o 

na qual os turbilh~es atingem a s uperfÍ c ie 

vo lum es d e liqu ido s aturado com gas . 

carregando 

Os desenvolv imentos cons ide ram, primei ramente , uma 

situaçio simpli fica da na q ual a aproximaçio usual d e 

uma superfÍ c ie plana para a i nterface gás-l iqui do ~ fei 

ta (F igura 3) . Nes te desenvolvimentos foi cons iderada 

uma unic a c~l ul a de c irculaçio . As conclus~es , contudo, 

podem ser estendi das para todo o vo l ume. 

Uma vez que a difusão nio ~ c ons iderada , de senvol 

veu- se um primeiro mode l o para a absorçio muito si mples . 

Uma r egião junto à superfÍcie ~ admitida i nstan taneamc~ 
te s a turada e a intr odução des ta reg i ão saturada no vo

lume de l iquido é governada pe l o movimento do liquido 

na superf Ície . Te m-se, e ntão , segui ndo o esque ma da Fi

g u ra 4 , as expressÕes desenvolv i das abaixo: 

O nÚmero de mol~culas de g ás que entra no vol um e 

de lÍquido , Ns , pode ser expresso por: 

Ns = (nsat - n). Vo lume da camada saturada 

o nde n e a de nsidade volum~trica de mol~cu l as no 

lÍqui do , s endo nsat a condi ção de s aturaç io. A taxa de 

transferênc i a de mas sa (M) é o bt ida multipli cando Ns p~ 
la massa molecular e divi dindo o r e sul tado p e lo temp o 

médi o de contat o entre a fase l iquida e a fas e gasosa 
(T- L/V) . (Grandezas definidas nas Figuras 3 e 4 ). 

M ( Cs - C) . A c . o /T (4) 

C e a c oncentraçio do g as n o liquido, com um va

lor de saturaçio Cs. Expr im indo M = d [ C .(Ac . H) ] /dt ,te~ 
- s e, fi nalm ente, 
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dC/d t = (Cs - C) . KL/H (5 ) 

onde o coefi c i e n t e g lobal de tranf erênc i a e expre! 

so como KL = o/T ;;; o V/L . 

(I) (2) 

o o o o o o o o 
o 

s.i.s • o o 
o o o o o 

o o 
o • o • 

o o o o o o 
o o • o o o • o 

• SUPt!RFiC • • • • ..... o r • INTERFAC L _. 
r • • o - ..... 

• • r • o - _. o -· 
o • LiQUIDO o__. • • _. ........ 

FIGURAS I e 2 : A REGIÃO INTERFACIAL A PARTIR OE UM PONTO OE 

VISTA MOLECULAR . f- OfFUSÃO DAS MOLÉCULAS DE GÁs, 2 - TRANS 

TE DA~ MOLE"cULAS DE GAS DEVIDO AO MOVIMENTO PREFERENCIAL 

SITUAÇÃO • REAL" DA INTERFACE SITUAÇÃO ADMITIDA 

LI L2 L3 H GÃS 

~ -(> 

........... ,--..- ""' ,.....__j,._j,........J,--..J~ 
v, v2 v, v • v v v 

L • DISTÁNCIA MÉDIA PIUICOIIIIIDA LÍQUIDO H 
1'011 Ull ILII:IIRNT'O "-'I'II:II,.IÇIAL 

V • VII:LOCIDADII: ,_;DIA DO II:LII:IIII:NTD 
SUPII:II,.ICIAL 

H • PIIOI"UNDIDADII: DO LIQUIDO 

I FIGURA 3 : SUPERFÍCIE DO LÍQUIDO CONSIDERADA PLANA. A ÁREA 

SUPERFICIAL DAS CÉLULAS OE CIRCULAÇÃO PODE SER EXPRESSA 

IPOR Ac a: 
2 . 

Ac o w L 2 ONDE w E' UMA CONS-L , ISTO E , . 
TANTE 

DA 

~ mr 
H LÍQUIDO ~ 

FIGURA 4 ESQUEMATIZAÇlO DA REGilO INTERFACIAL 

A ordem de grandeza do comprimento o pode ser obti 

da de resul ta dos exper i mentais . Como uma 

çio , para o cas o de a bsorçio de oxigê nio 

dad os de Rai nwa ter e Holley (1983) foram 

prime ira avali~ 

pela água , os 

ut i li zados_ O 

tempo d e c on tato f oi admit ido s e r d a orde m de 1 s egundo. 

Isto conduziu a va l o res entre 0 , 001 m e 0 ,0001 m para a 

espessura o . Resul tados para flu tuaçÕe s de c oncen traç io 

de o xi gênio prÓximo à superfÍ cie da água obt idos p or Lee 

e Luck (1982) mostr a m picos de concentraçio prÓxi mos a 

saturaçio at~ uma dis tânc ia da s uperflcie da ordem de 

0 , 0001 m, indi cando que os va l ores sugeridos sio r azoa

veis . Deve s er enfati zado que os exp e rime ntos menc iona

dos podem não c orresponder a uma s i t uaçio de agitação i~ 

tens a . Por~m, a despeito deste f ato , a s e melhanç a numé ri 

ca atingida sugere que o modelo es tá razoavelmente bem 

relac i onado com a situaçio fÍsica . 

A e quaçio KL = ó/ T , contudo, nio f ornec e uma rela

ção Útil para verificar resu l tados ou tendê nci as expe ri

men tai s e rel ac ioná-las com parâme tros fÍsic os conhec i

dos . Ao inv~s d i sso, um novo parâmetro (o) ~defi nido, o 

qual necessi ta ser es timado . Para obter informaçÕes que 

...... 



envolvem parâmetros fisicos Úteis, uma nova simplifica
ção sobre a região interfacial foi feita, na qual, ao 
invés de considerar uma região volumétrica instantanea
mente saturada, foi admitido que apenas a superficie do 
liquido pode absorver o gás. Esta absorção pode ocorrer 
seguindo uma equação de primeira ordem: 

dN*/dt = S(N;at - N*) (6) 

N* é o n~mero de moléculas por unidade de area, 
sendo N;at a condição de saturação, e S é uma cons tante. 
A integração com a condição N*(t = O) = NÔ produz: 

(7) 

O tempo médio de exposição à atmosfera de um ele
mento de liquido que atinge a superficie é L/V. O nÚme
ro de moléculas adicionadas a este elemento de superfi
cie, por unidade de área, e: 

N*(t = L/V) - N~ ou 

N~dic (1 - exp (-SL/V)) (8) 

Para obter o numero de molécul as que e incorpora
do ao volume de liquido por unidade de tempo (N),a equ~ 
ção 8 é multipli cada pela área exposta da célula (wL' )e 
dividida pelo tempo médio de exposiçao (L/V), fornecen
do: 

N = G . (N;at- NÔ) . [1-exp(-SL/V) ) wLV (9) 

A constante de proporcionalidade G e utilizada,ao 
inves de uma igualdade imediata, porque é sabido que 
não apenas a "lâmina superficial" esta saturada (no pr~ 
sente caso, uma tendência assintÓtica ) . De KL = ô/T e 
de resultados experimentais foi anteriormente conc luido 
que uma região com espessura da ordem de O, 0001 m a 
0,001 m pode estar saturada. Se é admitido que a "lâmi
na superficial" tem uma espessura de aproximadamente um 
diâmetro molecular, a constante de proporcionalidade de 
ve ser da ordem de 10

6 
a 10

7 
• -

Para obter uma expressão envolvendo a concentra-
- .. .. ... * çao do gas no liquido, foi necessario relacionar N com 

a densidade volumétrica de moléculas, n. Para esta ope
ração dois parâmetros foram definidos: vm, a fração de 
volume ocupado pelas moléculas e am, a fração de are a 
ocupada pelas moléculas em uma superficie paralela à i~ 
terface ar-água. 

Baseado no esquema da Figura 5 , é possivel dizer 
que a área média ocupada pelas moléculas em uma superfl 
cie paralela à interface é uma função da posição da su
perficie no eixo z. Seja a(z) a função que descreve es
ta variação. 

rAfiEA A 

VISUALIZAÇÃO OE alzl 

SUPERfl"cfE PARALELA 11 
INTERfACE GÁs· ÜQUIOO 

fiGURA 5 VOLUME OE LÍQUIDO E SUPERfÍCIE UTILIZADOS 

PARA A ANÁLISE QUE CONOUZ À EXPRESS.liO 10 
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É possivel escrever: 

1 H 
am ! a(z) dz H o 

1 

A H 

H 
1

0 
A.a(z) dz vm 

(10) 

Empregando, agora, o esquema da Figu~a 6 para ava
liar o nÚmero médio de moléculas interceptado pela supe! 
ficie (N). 

11 SEN8 v. 
fiGURA 6 ESQUEMA SUUIOO PARA AVALIAR A ÁREA 

OCUPADA PELAS MOLÉCULAS 

A area ocupada pelas moléculas (Am) é 

N 
Am l: nR' sin2 (Qi) = nR2 

• N sin2 

1 

onde sin2 9 
eq 

(1/N ) ~se~ (9.) 
1 1 

(11) 

( 12) 

sin' (Q ) pode ser avaliado considerando que Q
1
.são 

eq 
uniformemente distribuidos entre-n/2 e n/2 e que N e um 
nÚmero grande, de forma que o cálculo integral pode ser 
utilizado. Este procedimento conduz a: 

s in2 
( Q ) = 1/2 e Am = rr R2 N /2 

eq 

Lembrando que: 

Am = am.A = vm.A (4nR3 n/3) ; A 

Então: 

N = 8RnA/3 e N* = 8Rn/3 

O uso da equação 14 na equação 9 produz : 

8w RLVG 
3 

[1 - exp (-SL/V)) [nsat- n) 

(13) 

(14) 

(15) 

A descarga de massa é obtida da equaçao 15 multi
plicando-a pela massa molecular do gás. Finalmente, este 
fluxo de massa pode ser aproximado por d(C.Volume)/dt,l~ 
vando a: 

dC/dt 
8 RVG 

3 LH 
[1- exp(-SL/V)) ( Cs- C) 

Da equação 16 segue: 

8 R VG 
3L 

(1 - exp( -SL/V)) 

ANÁLISE DO COMPORTAMENTO PREVISTO 

( 16) 

( 17) 

SeS é grande , é possivel admitir que a. superficie 
está instantaneamente saturada com o gás, e a equação 20 
e reduzida para: 

KL = 8RVG/3L (18) 

Definindo y 8RG/3 ex V/L e graficando 



das equaçoes 17 e 18 em r e lação a x, obtém-se o gráfi
co da Figura 7 . 

'"" r 
AI'. NAS 
cruslo 

X•O 

KL 

tt· L TWRIA CE PENUIIAÇAO- Rlt:NOIACAO X• :Y._ 
L 

P'larRA 7. MÁP'ICOS 0 ... lt:QUAÇ6f:l 17 lt: 18 I'ARA 
G CONSTANTE 

Nesta Figura, x e uma medi da do inverso do tempo 
de exposição do elemento liquido à f ase gas osa.Como não 
s e espera que os presentes desenvolvimentos se apl iquem 
para os sistemas menos agitados , a teor i a da penetração 
de Higbie foi u t ilizada para completar o gr áfico. Desta 
teoria KLa x 

1
/

2 
• 

Para dois gases diferentes sendo abs orv idos pel o 
mesmo liquido, sujeitos às mesmas condiçÕes de ;gitaçã~ 
tem-se: 

KLl R {1 - exp (-S
1

L/V)} 
1 

= 
{1 - exp (- S

2
L/V)} 

(19) 
KL2 R2 

Para altos val ores de s
1 

e s 2 (superficie instan-

taneamente saturada), segue que: 

KL/KL2 = R/R2 (20) 

Este resultado mostra que , para sistemas altamen
te agitados, uma relação limite entre os coeficien t esde 
transfe rência de massa e raios moleculares é obtida ,que 
é diferente daque l a mencionada na introdução deste arti 
go e l a rgamente utilizada na literatura . Para esta Últi 
ma é aceito que (ver Tsivog lou et alii ( 1965 ) ): 

KL/KL2 = R/ Rl (21) 

Esta re l ação e razoave l mente verificada pa r a vol~ 
mes de liquido que podem ser ditos "normalmen te agita
dos ". (Ver Ra inwa ter e Holley (1983 ), por exempl o) . 

As equaç Ões 20 e 21 sugerem que se s i stemas nor
malmente agitados apresentam determinada tendência, en
tão os sistemas altamente agitados a presentarão compor
tamen to inverso . 

A equaç ão 20 foi obt ida para uma situação de sat~ 
r açao instant~nea da superfici e (S muito a lto). Se Stem 
um valor limitado, a Figura 7 mos~ra que é possivel ob

ter: 

K /K S R IS R 
L 1 L2 l 1' 2 2 

(22 ) 

si_sao medi drJ. s .das " tax~s de fixaç ão" drJ.s molécu
l a s de gas na s uperfície do l iqui do e envolvem toda s as 
passiveis i nteraçÕes ent re as moléculas de g~s e de li 
qu i do na região i nterfacial . Se St são dependentes dos 
r a i os mo l eculares , uma equação tão s imp l es quanto a e
q uaç ~o ?O pclde n~o ser o b ti da. 

!J a Figura 3 tarnbérn s e c onclui que a aren :; upc~r-f i

cial média pode ::;;ec maio r que a s u a pro jeção h o r·j zn nta1 

e que es te v;-:.llor de área pode ser uma função do ni V( ·J 

de ag i t açã o . Portnn t o , nesses casos , a 11 cons LtJnté 11 G de 

ve apa rece r explic i t amente na figura 7 . 

COMPARAÇÕES COM RESULTADOS EXPERIMENTAIS DE DIFERENTES 

FONTES 
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O compor tamento dos dados experimentais de d i fe
r entes autores f oi analisado de forma a a val iar os r e
sul tados a presentados a qui. 

AUMENTANDO A A81T AÇAO 

K.INa ~~~ lHo J 

~ llalllflH zl 

'\!Na lllld02 

=+ "é co ~l1Kl0:z J 
Kl 
KJ 

0 .70 080 o . .o 1.00 1.10 r.ro 1.30 1.40 

FIGURA • - ll&OOS Olr K ISHINirVS KY ~ SUEa"rANSKI ll.e"J . 
E L.JUBISAVLJIVIC I I.N4 J A SETA INDI CA O DESLOCAMENTO 00 

Mlt:OIOO EM AUMENTANDO A A& ITAÇ:IO . 

o • EQUAÇk> Zl e • EQUAçlo 20 e ; P'ONTO MICMOO 

AUMENTAN 00 AeiTAÇAO 

~ ,.,,. 
E • I: 

~OI'AHO 

n L I:NO .,_ .... KL.IOJ !-JcL.IOz .. KL. lpl I< L. IE J 

KL.I It: KL.IOz 

.. kl 

o.ro o.eo OSlO 1.00 1.10 1.20 1.30 1.40 K) 

F/GUl'tA 9 • DADOS DE RAINWAT E" E HOLLEY I 1. 8'83 1 AS 

SETAS INDICAM O DESLO CAMENTO 00 PONTO MI:OI OO aM 
AUMENTANDO A AGITA Ç.IO . 

o ' EQUAÇÃO 2 I • • EQ UAÇÃO t O 4 : PONTO ME DIDO 

AUMENTANDO A AGITAÇAO 

EXPERIMENTO I 

EXPERIMENTO 2 

EXPERIMENTO 3 

EXPERIMENTO 4 

KL(N 2 l / KL( Ht) 

....>. 

....>. 

-" 

0,44 0,46 0,48 0,50 0,52 0,54 0,56 0,58 0,60 

FIGURA 10- DADOS OE OOBBINS ( l962) AS SUAS INDICAM O OES 

LOCAME.NTO DO PONTO MEDIDO ( x ) EM AUMENTANDO A AGITACÃO 

O VALOR INICIAL 0,44 FOI OBTIDO DOS PRÓPRIOS DADOS 

As F iguras 8. 9 c l O f" or·neccrn inforrn3çÕe» de 4 f o.':!. 

tcs : Kish i nev'iky e Sc rcb ri ansky(J9~' ~') , l. jubi,; a v l j ev i c 

(1984), Hainwu Le r e Ho l l cy ( I9R1 ) e Dobbins (l962) , Em to
c.kiS ns f lg11 r as ollscrva-se o de ~·; l oc amcnto do ponto medido 

no scnt jdo previ s to pcl<J for~mu .la<:;fio <Jpre~H:nt. D da é:lq ui . Os 

dados mo~; t.r<Jm que h ;.1 a tendê nc i t l. ;:i fut,;<~ da r· e l cH,:ào 21 , 

com scnt.i do na dircç?ío dn rc l ;H; ;;() ?.0 . F:ntrct <.Hl lo, em ne

nhum dos ca~;os !:30 ~ 1 L l ngiu o v;:-llor fi.na l prev .i sto no r es

tn ~~ ti ma r( ~ luc; ;} o . De f;tt ;o ;~ di fic í I a fi rrnar se es te va 

Lo r- é~ ( \L I i-!(1 l JJflD VC'/. ql l(' n ; l() :i(' ~;;:_i[) (' se z~ po:; ~;ivel Zl --

Lirw,it ' ri·; i c;Hrlr'rJI.l ~ o niv c l de :t;l,i.L tç~:;o rli:ct ~~ ·~:iil t ~ i o fl:.lf' ;) 

t.a I, 

A Fip,ur·;J 1 1. ; q H'(·!SCf J L1 d; rdi )S o b t ido::> p<H' Harbnsa 

(10H~)) , most. rando , t; 1mb;,m , lllll d<·:ov in n u ~·;c nt. i d (l ;1 qu i ~;u 

p,c;r· i d o . 

.... 
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Observa-se que os resultados experimentais aprese~ 
tam comportamentos que sugerem que a presente formulação 
pode ser encarada como um caso limite para o qual a ra
zão entre dois coeficientes de troca de massa tende ao 
aumentar a agitação do liquido. 

CONCLUSÕES 

A partir das equaçoes propostas e da a nálise dos 
dados experimentais de diferentes fontes, foi possivel 
mostrar que a relação entre dois coeficientes de transf~ 
rência de massa em interfaces depende do nivel de agita
ção do liquido.Esta ~vidência conduz às seguintes conclu 
soes: 
1 - A equação 2 não é incondiciona lmente válida. Como 

uma extensão, o parâmetro IJ da equação 3 , sugerida 
aqui, varia em variando o nivel de agitação do liqu~ 
do . 

2 - A evolução da relação entre dois coeficientes glo-
bais de transferência segue tendências inversas nos 
casos de sistemas pouco agitados e altamente agita
dos. 

O valor final da equação 20 pode nao ser atingido 
porque pode implicar em um nive l de ag itação fisicamente 
inatingi ve l. A tendência a este valor, contudo, f o i ver i 
ficada, 

3 - A cond ição de superficie instantaneamente s aturada 
foi utilizada na análise do prob lema. Parece que es
ta condição pode ser utilizada para gases pouco sol~ 
veis para todos os niveis de agitação e que as vari~ 
çÕes no comportamento de KL1/KL2 podem ser relacion~ 
dos com uma evolução na dependência para com a difu
sividade mol ecular. 

4 - A equação 22 sugere que outras tendências podem tam
bém ser obtidas para sistemas liquidas altamente ag~ 
tactos. 
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ABSTRACT 

The absorption of gases by l iqu ids is analyse d fo r 
a si tua tion in which molec ular diffus i vity is nota r el
evant param eter. Experim en tal data of different sourc es 
show tha t the suggested formulation can be viewed as a 
limiting case for gas transfer at higly agitated liquid 

surfaces. 
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RESUMO 

Os f enc!mPnos de ab.s oPqâo de ga Hes poP Liqu1:dos e de dis so Lução de s ÓL idos sao ana 
Lisados concom1"tant r.men te , buscando r eLaçÕes que permitam ava Liar os coefic ientes de 
t rans f erênc ia de masaa de ambos os processns . PaPtiu-se da teoria estatis t1'ca da turbu
Lênc?:a , u t i Lú .anâo os mode Los de misturadores i so trÓpicos . As conc LusÕes ac erca da s va
r?:áveis envoLvidas no.'; processos de t roca entre gases e Liquidas f oram estendidas para 
as trocas ertt f' e sÓl-idos e Liquidas . Os re:mlt ados experimenta1's mostraram que as aproxi_ 
maçÕP.n feitas uonâuiwm a boas pr mn: nões . 

Os coefici en tes de transferê ncia de ma s~J;-t e n1 in

te r .faces ( das quai s pe l o menos uma se encon t ra em um cs 
ta do de agi taç~o turbulen ta) t.;:m s i do quanti fi cadoc; , h i~ 
to ri can1e nte, a par tir de rnedi das dlrc t as e de an~ lis es 

dime ns i onai s fei ta s sobre os con j un tm> d,, JCJ dos ob t i dos. 

As cor re laçÕes most ram-se , v .i a d e rej~r' rl , muito boas , e 

g aran tem , e m v ista disto, boas pr Pvi~--.. oc ~; acerca det qua_!2 

t i dade de ma ssa Lr ansfe ridn . 
Contudo c~; ta fo r~ma d e n hot~d:tt"' o prob lem3 conside 

ca grandeza s udm i_ t_ icl;J~.; impo t"' t ;I !!L ( · ~; " a_ pr.i ori ", como uma 

escala de ve l oc i dade con vt...:nie:~ ; d _ l ', uma esca la geométri ca 

conv eniente c t:, r and ezd s <:J s~;uc iad (1 S r1o meio flui do e ao 

elemento tr;;uJ Sft~r'id u rL t intcr L:HT . Embora a boa res pos

t a ohtida a pnrtir dos ad.i m~ns.ion ais a ssirn c ongl.rui dos 
just:i fique p o r· s i ~;()e s t e p roccdimf~n t.o , diff:Tentes con

juntos dt• .:.t d i /l !Cns i_(Hi t1 is p udem se r· co n;-_; I r· u 1 do~> c corr~e la 

c ion c.Jdo~; de f o r ma a f~ e man te r ~~rno boa pr't-!v i. ::.;ZÍo . Js lo mo~ 

t r a qu ~ os fenÔ t:1enos as soc .i <Jdos ;l Lur·bul ê nc i a <:~ i. ndr1 n Jo 

sao su r i c i cntt'f~·cn t e c onhec i dos e que mi.t is dc--scnvol vim('~ 

~os :3i:Í ü nccc s~..:;;,~r · i o~; r1; lr; 1 obte r· j nform~H; ;;es acerc ~ t de 

qu a i s gl.~ ar~ d e·i.u~; deV( ' fTI : ;t •c adrrti L .i da s irn1> or·t. ;.1 n t c~ ; e 111 p r P

ces.sos dt• t.ransfer-ê1 ~cia crn i r 1te r· face~:> l i:11i La nte~:; d( ' 

!Tlt i 0~; t LH'ÜU J (-:-Jl tClS . 

U p r e sente tr·uU:J 1hu L:q n·c :;enLJ <.t:.i p ri nc i pa in () t -

clu~::;Ões a::; qu.:..1i~; s e ch c~'.< HJ <.lct ·r-c:t d t.:s "LJ q uestao , p. : in 

do das c qua<;Ões p< H'B m.i::-.Lur·:lliuJ ~l ~S Lurl>uJ. entos j ~iot r< >j 

c.:•s d e Corrs i n ( 1064), qu;·t i ~'; ~·;v b; 1~; ( i u rr1 n c1 1. t'n r· i c:; 

ra tL..:;tica da lu rbul ê nc.in . 

ABSOHÇÃO DE CASES 

(: t!,t'l'~lll ll(!tJte nc<·i Lo fl lH ~ a :ü>~;un;;Jo {k· L',: l :-;t•~.; po 1· 

c·í) rpos de 11 qui do q11ü ndo pu~:;~.> LH·lll :-; nn1· i· ltll'o~_; 011 outr~J~.; 

.) nh~s qu t tl íJ.O ~ ; e j n : 1 <J Lrnos f'c· , ~.;vP. H ' li t \ e xpr' c ss ;Ju : 

(1 ) 

Kr. :~ o coc f i cien h~ eh.' t.r; u t s 1' t·~ r2:twi a de mas~ia r"' H 

e 3 r~ cJ dçào cntt' t~ o vn.l un1{~ de 1 i q u ido c :1 ::H'c;, ('X pus tu 

é3 atn~osrero , C t-' a ('Onc en tr<tt;Go de pJt:-.:; no 111e i o 1 i q ui do 

e Cs c :-1 C(H tct-~ rl t r ~;:H;Õo d e S <-l Lln':H; ~';o . 

KL é umn f' I '~H! deza q uC' l i ('JH.Jt t d(~ du Jl.~ts a ~>Ct' dissol 

do s istema . Par·a si sL~ rn<:-~~; l ·Íqu ldos a.l •, iL.Hlo~:; KL deve po

àe r ser expre sso como f 'unt;i~o de grande?.<.! ~; que " d< ~scr·c

vem" o movime n to t.ur·bul cn to d o mei o . Schul.z (l9fl5 , 1989 
J990a) , para a na l i :·.;c::H ' a :tb ~;cH~ç?io d e ga~-; (-~~ :.; por um volume 
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de liquido em ag i taç~o turbul enta e com uma superf i cie 
expos t a à atmosfe ra (ou a um a mb iente g a s oso) , parti u 

do seguinte mod elo fi s i c o: 

i - A concen traç~o do gás junto a s uperfÍci e do Üquido 
iguala a conc entraç~o de sa turaç~o . Esta h ipÓtese é 

largamente ut ilizada na lite ra tura . 

ii - A concentração de gás abaixo da superfÍ c ie ( u l t ra
pa ssando a camada lim i te de c oncentraç ão ) é homog~ 
nea . Também es ta hi pÓ tese é encontrada e justific~ 
da na l i teratura . Schu lz ( 1985) efetuou expe ri me n

tos que a comprova m para ox i gên io s e ndo absorvido 
pela água . 

iii - A t urbu l ê nc i a em uma regi~o j unto à superficie e 

consi derad a i so trÓpi ca. Es t a é uma h ip Ótese ous a 
da e , a r igo r, n~o se veri f ica , embora j á tenha 
si do utiliza da anter i ormente por O' Connor e Dob

b i ns ( 1958) . 

iv - A e nt rada de gás no l Í quido s e faz at ~vés de el e
mcn los de 1 i.qu i do que se sa t ur·am e s <-.1 incorpora 

do s no mei c) . A en trada assume, JJOJ t ~ r .o , um cara

t er 11 d i scret011
• 

v - Entr·e a super~fic ie e o me j o há uma r~t~f i ao em que a 

conc e ntra ç ão de gd.s não i guril a n cn: a con C!entração 

de satu r'açào e nem aquela c·x.is ent.e 110 r.1cio . A par -

t i r d u c ons.i dcra<;Õ.o i v admit iu ::-·;e qu" há um campo 
d e f1 ut uéJ.çào (je c on c(~ntr açã() Lom·)gê reo n es t a r e gi ao 

e q ue t:stn f'"l utuação pnde se ;· -Lci.!Lctd.-:1 consi de r ando 

uma i r1term it~nc ia er1t.rP a 1.·ort<~enrr;1;ao de saturaç~o 
e a con cen L1·açã o do me io . (F igura J ·I . 

i CONCENTRAÇÃO 

C s 

c 

TEMPO 

FIGURA EVOLUÇÃO ADMITIDA PARA A CONCENTRAÇÃO 

NA REGIÃO DE INTERMITÊNCIA 



v i - A turbu lência e es tacionária ao longo do processo , 

isto é, mantém-se constante o nivel de agitação do 

liquido. 

Uma descrição detalhada das hipÓteses e das suas 

conseqüências na construção do modelo matemáti co para 
absorção de gases é a presentada em Schulz e Gi orgetti 
(1990) . 

Nos trabalhos acerca de misturadores isotrÓp icos , 
Corrsin (1958 , 1964) define algumas das grandezas que 

fo ram utilizadas no mode l o fi sico acima descrito . Essas 

g r andezas são: 

Ls(r, t) 
Q) 

J 
0 

g (r, t) dr ( 2) 

Is = c'' !c[/ ( 3) 

Is exp (-Ks.t) (4) 

Ls e denominado de escala de segregaçao e e uma 

medida das "manchas não misturadas " de solvente em um 

soluto . g(r , t) é a função de corre lação instan~ãnea pa
ra as f l utuaç~es de concentração e ntre doi s pontos no 
me io l iquido separados entre s i por uma d istãnc i a r. I s é 

denominado de grau de segregação e é uma medida r e l at i
va e n t re a méd ia dos quadrados das flutuaç~es em um i n~ 

tante t (c" ) e o seu valor inicial ( c[f ) . A expressão 

4 mostra um decréscimo exponencia l de Is, assoc i ado a 

um parâmetro Ks, que expressa a "eficiência" do proces
so de mistura (no sentido de este ser mais ou menos de

morado). K
8 

depende das cond ições turbulentas do me i o . 
A formulação para turbulência isotrópica fornece, 

para termos de inércia despreziveis (correspondendo ãs 
menores taxas de diss ipação de energia) , a re l ação (ver 

Sch u lz (1985)) : 

Is exp ( - 2Üt/5u ' 2 p) 

(5) 

Ks 2Ü/5u' 2 p 

u e a pot~nc ia dis siparia por unidade de volum~ u ' 

i denominado de intensidade turbulenta, send o a raiz 
quadrada da médi a do s quadrados das flutuaçÕ es de velo
cidade , c p é a massa especifica do liquido. 

Corrsin (1964) , utilizando conclusoes acerca dos 

espectros de flutuaç~es propostas por Batchelor (1958) 
obteve , para grandes nÜmeros de Schmidt (Sc>> l ) , Pec l et 

e Rey no lds (correspondendo is maiores dissipaç~es de 
ene r g ia ) , a relação: 

K, 2 

5 {3[ - ) 
n 

2/ 3 p L ' I I 3 1f2 
[-. _s ) + [_e;-) 

u u 

v e a viscos idade cinemática do liquido. 

Ln Se} 

(6) 

Em uma s~rte de trabal hos , Schulz (198 5 , 1989, 
1990a) e Schulz e GiorgeLti (1986, 1990), aplicando as 

conclusÕes de Corrsin ao modelo fis ico para absorção de 
gases acima exposto , obtiveram os segu in tes resultados: 

i - I s 
(C 

s c l' I (c - c l ' s o 

Co e a concentração inicial de gas no l i q uido. 

(7) 

i i- g(r , t) = g(r) e Ks e cons tante para o mode
lo f i sico adotado , apesar de C va ri a r com o tempo . 

iii - C(t) " Cs - (C s - c0 ) exp (-x Ks t/2H) (8) 

x e uma con s t ante 

KL ~ X K/2 

iv - Para baixas agitaç~es (pequenas taxas de dis 

sipação de energia ) vale: 
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KL 
11, 

y v fro k 6 exp (-llvk2
) dk 

o 
(9) 

y e Bsão constantes e k e o numero de ondas , util! 

zado no espectro de turbulência . 
A potênci a dissipada não aparece, para llquidos po~ 

co agitados, como um parãmetro relevante na avaliação do 

coeficiente de troca de massa . A distribuiç~o da energi a 
sobre os diferen tes nGmeros de onda , contudo , e importa~ 

te, como mostra a express~o 9 . 

v - Para altas ag itaçÕes (a ltas taxas de diss ipa

çao de energia) vale: 

'/' r L' 1/, I /2 
I~ 5 S 

KL = xD / { 3 [ - ] [-. - ) + [~) Ln Se} 
n u u 

(lO) 

De a difusividade molecular do gas no liquido . 
Tr~s an~lises para a c voluç~o de Kl, err1 relaç~o a 

dissi pação de energiu foram fclt.én'; . Considerou- se, e m 

primeiro lugar' , que a esca la de segregação Ls não varia 

em modif icando o nivel de agitaç~o do me i o . Ist.o produ

z i u a cvo l uç~o da Figura 2 . 

.!.o~ KL 

.l.OQ il 

FIGURA 2 VARIAÇÃO Ot: Kl COM u CONSIDERANDO La 

CONSTANTE 

Posteriormente ~lna li sOlJ-se a or·dcttl de gri1ndeza das 

parce las do denominador da e quaç~o 10, que n1 ostrou que 
apenas para val or es de Ü muito pequenos a segunda parce

la passa a ser rele~fnte (para Ls da ordem dP grandeza 
maior ou igua l a 10 rn). Esses valores n:ostrarwn--se bem 

abaixo daque les atingidos nos exper imentos relatados por 
d i ferentes autor es ( ve r· Roberts e Dand l iker (1983 ) ror 

exempl o), o que s uge r e que se possél abandonar a segunda 
parcel a pa ra as mai ores agitaçÕes . Desta forma tem- se: 

1/2 5 ' /' 
KL =XlJ I [ 3 [ - ) 

n 

p L' 1j, 
s 

[--.) 
u 

( 11 ) 

O compor tamento de L ~ e m relaç~o a di ss ipaç~o de 

ene r·g i a foi cs tud ado a parti r· d3 h i pÓ tese de propore i on§. 

!idade desta escala com a escal a dos turbilh;es existen
tes no meio . Segundo Hinze ( 1959), pc.wa a maior parte do 
espectro de t urbulênc ia, a esca l a dos tu rb ilh~es ~ pro

porciona l ; potência -1 / ~ da taxa de dissipaç~o de e ner

gia , o que indu z , de imediato , a: 
_., /• 

Lsau (1 2) 

Es t a forma de variaçao produz como resu l tado 
• I;, 

KLau (1 3) 

Se, por outro lado, L puder ser admitid o constan

te (uma situaç;o talvez pos:ive l para baixas agitaçÕes . 

Como exemplo, t 1m escoamento laminnr em um tubo perm ite 

var i ação na potê ncia dissipada sem ha ve r variaç~o da es-
ca la de comprimento a s soc i a da .10 escoamen to , que envolve 

.... 



as dimens Ões do tubo ) en tão t em-se: 
>/J 

KL n Ú (1 4 ) 

A F igura 3 a presenta a f o r ma de evo luç ão e m r el a
çao a di ss ipaç ão de energia ob ti da com a s egun da análi 

s e . 

FIGURA 3 VARIACAO DE I< L COM li CONSIDERANDO L I 

VARIÁVEL E A EXPRESSlrO I I 

F ina lmen t e , ut ili z a ndo a equaçao 10 na for·rn a i n t e 

gra l e a pr oporc i ona lidade i ndicada na expre s sao 12 , te~ 

- s e , par a qu a l quer fa ix a de ag itaç ão : 

A Fi gura 4 mos tra o compo r l ame nt e• <"spe r a do 
este t ipo de e volução . 

FIGURA 4 VARIAÇÃO DE K 

Jlog jJ 

COM u CONSIDERANDO Ls 

VARIÁVEL E A EXPRESSÃO 10 

DISSOLUÇÃO DE SÓLIDOS 

par·a 

Para q ua. n t i f i car o pn lc~.·~;.-;() dt~ d i stl (• I u<;ào de · :ll i 

do::; a dmi.t.l t; - se uma sit.u~h..;8.o dc• d i ~; ::r) ! ':Jt_,<:;~> ilnidi!ri,_· ~ ~ - iu-

nal . E :=_~ta ab o rd:).gern fo .i p t'( ' r cr· id: ! d (•v ido :J ; I_J:J iT!Oii (~La-

<,;a o mnt.em(..: t ic :-1 s i mtde s ~:-:devido <J t · r cilidad~ de· r<'pt·ot.l~ 

çao ex p f• r i.rr1 e t1La l. P r-n·a u m ~ __ ;(; li.du d i .;:; ol v en l<.. <ll' ; 

de ~;q:ena :~; unkl dimen~-.,~~o , p o d e - :_;l: c~-~c r' r. ·v. _· r · : 

dh/ dt :-:: -v 

W:/ ~u = 1 - vl./ li u 

rv: e h s8o , r e~;p(:C t i v: lmcn t c: , .: 1 rn: _r~ ; ~.;r.t c a es pcssur·a 

in~3 f · a nt~nea s d o ~.; ()1. i.do , :-:; vndo Mo ( ~ h n .::u.; sua ~> lll~ t ~ >s a e 

cspc~:> ::-_;ur·a i n ic i;:J i ~~; . L (_. n v:-I t · i il v ( ~ l t emp1) e v é o p a t '~l nr__:_ 

lru que de~;crt.:V( ' :.1 di ~; :-;ol t H;:tr) , d l ~t Jomi n <:H l o d l ' vP i oc i d< td c 

de Ot:~_;gé.l::~ L e , < :o n~; Lu n L( · d e rc: :H;;·;u , o u v r•! <W i d< HÜ~ dP r c: a-

çao . 
Procu ro u- ~ ;c~ a ::;: ;o c i.: l t' v com u ~~ ; p,r · : HHi<.~ z<:,~ ~; que " dl~:.> 

c revcm" o escoa mento Lur'tn.J 1 cn to ut i 1 i z ~Hi< .t~> n o prob 1 c rna 

ele ;Jl;:;;urçdo de p, :JSt·~ ; . /\ potê n ci a d i ~ ;s i pa d <J por' uni dG.dc 

<i e vo l u:T1C ( lJ ) r• a r:;;r:nl :.l do l. ut'h il h;iu (v o l ume ~ 'V ) e,; -

t ão s implesmente rel ac ionadas , como s egue: 

ú = ú. 'V (15 ) 

dÚ u d 'V + 'V dÚ ( 16 ) 

Ú é a potê nc ia t otal di ssi pada no turb i lhão. 
O problema consis t e e m e ncont rar uma f unção ~ = 

p(Ú, 'V, v ) que r el ac ione de f orma c onv<~ nien te as variá-
ve i s em ques t ã o . Sch ul z (1990a , b) suge riu pa ra d~ a 
fo rma : 

dvl = Tv8 ú d 'V + v6 'V dÜ (17 ) 

( T, 8 e 6 são cons tantes ) 

porque e s uf i c i e nteme nte pr Óx ima de uma equaçao 

com senti do fi si co c l a r o ( equaç ão 16 ) e porque permite 
a j ustar a i rnport~ncia re l ativa de cada parce la e a i n
fl uênc ia de v nas me smas . Como KL para a absorção de g~ 
ses fo i r el aci onado com a taxa de diss ipaç ão de energi a 
e com a e sca la de segr ega ção ( pos teri o rment e assoc iada 
à es ca la dos turb ilhÕes ), e s pera- se t ambém aqui uma re
l ação des se t i po . Por exe mp l o , corn o a expr essao 17 en
volve dÚ, espera- s e q ue : 

u = Ú( 'V , v ) ( l fl ) 

d{, = ( aú; a 'V) d'V + ( aü; av ) dv (1 9 ) 

As exp re s soe s 17 e 19 nao de f inem ~ nem pe rm item 
ob t e r r e laçoes uti li zá ve i s para v , uma vez que ex i s t<:m 

três consta ntes a serem dete r minadas. Par a dim i nu i r e s 
se nÚme r o de "gr aus de l iberdade " e assoc i a r ~ com g r a n 
dezas f isi cas de s entido c l a ro, Schul z (1990a , b ) anali 
sou o e s coamen t o de um turbi lhão em um mei o f luido , as s~ 

c i ando este escoamento à qu e l e que ocorr e no in t e ri or de 
um tubo . Pa r a urn a si tuação de e scoa me nto no qua l o " f a
t o r de a t.ri t o" pode s e r cons ide rado cons tan te 1 a s se

g ui ntes equaçÕes fora m obt idas : 

d 1\1 = (4/J )Ü d 'V + 'V dÜ 

d 'V J} d 1\1 ; ú d { Ln [ J 'V v' 

V é a ve loc idade do 

{

v é d:nom i nado 
Funçao D.issi 
paçao 

tu r bilhão . 

(20 ) 

(21) 

Se, p o r ouLro l ~·Jd o , se a dm i ti r urn a v a, Laçno d o f a 

t o r de at:· i. t.o ~~i. mi l a c à quela q ue occHT C pa r 1 escoar1en tos 

l amina r e s , j~ ; to ;; , se houver u ma reTa<;~' ( lf- proporc i ona -

l i dn de i nve rsa entr e o nurncr o de f<c-~yn o. ri:--; ·lS!-.> O C i ado 

t urb i I h ao c: o fa l O!' de atri to tem- s e : 

ü li ( Ln [ !'V v' rl 'V] J 

ao 

(2?) 

( <?3 ) 

A:-_; i nfonll<H;Õcs ge r <:l < ~ as cC'il f. ~;: -:, e ti r,-) de anÚl:ise po

dem se r~ i nco rpocada~ n a Pqu~:ü.,: a;) l '/ . P r;r a qu e na o s e pe r 

ca o p eso reJ<-1Livo d<·.:.~ ~; pa l " Ct: L~s cio ~-;<~gur d o memb r o e n e-

cc ::;sá. t~ 1 o q ue o ~:; c xpoc· n L e ::; <1f' 

d0 ( 2.:1) 

( 25 ) 

d ~ passa n s e r def i n i do o u pe l a cxpres,;ao 2 1 ou pe
LJ cx prc sb~o ?1 . Amb a:..; env o l vem a p er1 ~ 1 s g r ande zas c o m s ig_ 

n i f i.c :1 do f' l r;ico est~-lb( ... l ec i. do . 1 po de ass umj r o~ valor es 

c1/ :l o u :'1/J , d t! <.Jc ordo com n de fini ção de d0 ut i l i zada . 
S e hui z ( ElC)Oa , b) ut.i l 1 zol! , e m s ua análi s e , s omen t e a de 
fi n i <;Zlu ;.: 1 . 

A un Li}o d as f:xp rc s~~; o es 1'/ , 19 c 24 prod uz : 

( 26) 
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Para obter uma relação entre v , u e~, avaliou-se 
[di6/dv] 

1
[dd /d 'V] e as derivadas segundas a'i6 /av 8'\1 e 

'V v 
a'~/a'V av. As derivadas seg undas devem s er i g uai s , o 
que leva ao resultado: 

(<- 1 )v ( aü/av) + fN( aú; a '\1} + <BÚ = o (27) 

O indice col oc ado apos o colchete ind ica que a v~ 
riável do indice permaneceu inalte rada na ope ração . 

Esta expressão é resolvida s ubs tituindo Ü pelo 
produto V( v) .W ( '\1), dividindo o r esu lta do obt i do po r e-'! 
se produto e sepa rand o as var iáveis que são função de v 
e '\1. I s to produz : 

(T- 1 ) (v/V) (dV/dv) -18- B ('V / W) (dW/d~) = o 

(28) 

a e uma constante . 
A integração dasequaçÕe s28 resul ta em: 

u 
[o/ ( 1 - 1 )] 

a .v 
-[ (o+TB)/B] ( ) 

. 'V , a~ co m, tante 29 

Davies (1 972 ) desc reve uma análi se dimens ional a! 
soci ada a processos de trans ferência e re l ata exper ime~ 
tos nos quais a escala do turbilhão mostrou na o ser um 
parâmetro de rel evânc i a nos proces sos. Para que es ta o~ 
se r vação se ja u t ilizada na presente análise é prec iso 
que o expoe nte de 'V se anu le em 29. Isto l eva a: 

u 
- BT / (t- 1 ) .- (1 - 1 )/BT 

a .v e v = b.u (30) 

Util izand o a definição 21 tem- se: 

v = b .Ü - 1/' b = constante ( 31 ) 

Utilizando a definição 23 resulta : 

v = b.Ü-, /s B (3?) 

A part ir de cons ideraçÕes acerca das escal as Jc 

comprimen to e de veloc idade dos t urbi l hÕes exi stentes 
no mei o e das equaçÕ es de trans ferê nc i a de massa cm ca

mad as- l i mite , Schu l z (1990 a , b) o bteve o val or B= - 1 p~ 

ra a s ituação de maiores agitaçÕes do me io Iiquid o (mai2 
res dissi paçÕes de e ne rgi a) . Fr isa- se novamente que 
Schulz traba lhou apenas com a equa ção 31 (def ini ção 21 ). 
Este va l or c ondu z , evidentemente , a : 

. ' /' 
v = b.u 

ANÁLISE CONJUNTA DOS PROCESSOS DE TROCA DE MASSA 

(33 ) 

As equaçÕes 13 e 33 , que, segundo a anál is e efe
tuada , parecem ser vá lidas para a s i tuação de ma io r ;;g..!_ 
t a ção do meio Üquido , conduzem a t endência: 

. l/' 
KL/v a u (34) 

Nenhuma obs ervação f oi f ei ta quanto a geomctrü1 do 
corpo l i qu ido no qual e stão s endo efetuados os p roces
s os de troca . Em have ndo infl uênci a des ta geometria ,c la 
deve se r in t roduz ida na " constan t e " de propor c i onal i da 
de que surge da expressão 34. 

VER I FI Cf1ÇÕES EX PERIMENTAIS DAS TENDÊNCI AS SUG ERIDAS 

Bi cudo ( 1988) obteve re l açÕes emp iricas pa ra KL/v 
em experimentos de absorçã o de oxi g~n io pe la água e di ! 
sol ução de ác i do ben zb ico, as qua is apresentou na form a : 

KL/v 2.100 ,65 v1,o8 

KL/v 9, 279 Rel, Ol 

V e a ve locidade média de escoamento e m um canal 

e Re e o nume r o de Reynol ds assoc iado a es te escoame nto. 
Utiliza ndo a equação de Darcy-Weisbach na form a Ü=pgQ fLv'/ 
/8Rg , o nde Q é a vazão ve icu lada no canal e R é o raio h! 
dráulico do mesmo , s end o f o fHt or de atr i to do escoamen 
to e p a massa e spec if ica do l iquido , pode-se obter a lg~ 
ma informação da vari ação de KL/v em re lação ~ taxa de 

di s sipaç~ o de energia. 
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Admit i u- se turbul~ncia desenvolv i da , de f orma q ue 
o fa tor de atr ito fo i considerado constante. Es ta aborda 
gem pe rmi ti u ob ter a s segu in tes r elaçÕe s de proporc i ona
li. da de: 

KL/v a Ü0 , 360 e KL/v a Ü0 , 337 

Barbosa ( 1989) ava liou e xper i menta l mente o coe-
f ic i en te de absorção de o xigenio pe l a agua em um tanque 
de agi tação hidrodi n;;_rni ca com um volume de ap roximadame~ 
te 100 ~ , no qua l n t u rbu l ~nc i.n era provocada pe l a r o ta
ção regulável de uma h (dicc. O me smo equipame nto f oi ut..!_ 
l izado por Schul z ( l990a) para aval i a r a·veloci da de de 

desgaste de áci do oxá lico dih id ra tado , o qu al foi co lo
ca do junto à s uperrjc l e da á g ua. Os resultados obt idos f~ 
ram analisados em conjur1t o , C<J ndttzindo ~ t . end~nc ia: 

I 
. 0 , 292 

KL v au 

Schulz ( 1990a ) rea l i /. OU e xp crimPn \os d e absorção 
de oxi genio <' de d issol11<;ão d" etc ido oxá l i.co di hidra tado 
em agua e m Ltnl can8 l de rec ircu laç~o cujas ciim ens~e s fo

r a m: 

Comprimento: 20, 0 m 

Ln.rgura da r-H.!Ç~io t. ransvt:r·sa ! : O , :15 m 

Profunci í d:J. dE~ rn;,d i ~- ~ d:t 13m i na de i1g ua : O , 1 ? 5 m 

A ag itação t Lwbu l conta 1"0 i p roduz i d <1 a t r-avés da va
zao induz i d a no c a n ;J 1 e da i n LrodlJ<";.:lo d e rugosi dad e a r t~ 

f lc ial no fundo d o IIH~sr:Jo . Tan t.n ;_1 vazã o como a rugos ida

de forarn v c-H' i a dn s ao l Ollf,.,O d ()~-; expt J l'irnf~n I os, c onduz i.ndo 

n qu i n ze c o mb i n;-H;Õcs d .i ~-: L i n L 1 ~; t~ i ,P.ua l nÚme1·o de va l o r es 

para a tax3 de di ss ip<H;~o d e (!rJ(~q,._ i.:l (potênci a di s s ipada). 

A vaz;_"io va r~ i o u de ]b ,9 1 .10-
3 

J:/ /~ ; a ;)9 , 1 :~ . .1 0 -
3 

m1 / s, en-

quanto o d i ?imr> tro dt~ l'up,ns i dad(~ d. r t i fi c i a l .i nt r oduzida 
(fo i LJ ti }.iz acl~ l arPl ~3 pr'f•v i~men te ç1 e r1eira da) vnr·i oLJ d e 

0 , 9'7, 10- 'nl a 9 ,~ . 1 0 m. I~ <) J'~ f ll r ea l izados de zesscte e xp~ 

rimentos d e reo xi ;r.en :Jc;Zl o e '/0 c~xperjrn en t.o;:) til~ d'i ~: solu(;ão . 

Pa ra a diss o lu t; d o du ~ v.ldo ox <.11 i c o , o me s mo foi col ocad o 

j unto à ~;u p t~ r · fi ci.<• da Z1 gua , nba ix o d esta , p~-H' D. f i car su

je ito r1o rnc ~·-~ rno ni v c· i rh ~ :lp, i t.:t~...,-iJo q ue é o r es ponsá ve l pe

l u r c ox ige na cao d <l ;t,P.uêl. Os r<>~;ul t ados d o5 e xperimentos 

d<' reox j gen i.it;<J u i' o r' : m1 1 :·HH; ad ()::J cm f'.r iJ fi c o contra o s va 1~ 
n-~s c al cul a dü~; a p ;u· t.i r· de um;.t (' q unç ;]o de melhor ajuste 

d a forma : 

. a b 
K 0: u X 

L 
(35 ) 

( x e o di ~utJeLro du a r' C'i <t 11t i I i zLi d ;-l llél rugo~-;idadc ) e 

sno a p r et_;en L:1dos n<t F Íf!.Ut ' <.l ~~. 

Vecif ·i c.-- J-~_.; c q 1.;e o t' xpoc nlt• \~ , :F I 1 0 ,10 o l ·~ Lld o pal' a 

<J poL0n c i n d i ~~ s i p<Jd <I p pr· tu:id:H:f -- th · vo]1 Hfle e mu i to prox_l 

rwJ elo va lor' U ,~1 l lf' e \I Í~_;t (l nil C'X pr'c~ ;:;; HJ l J . 

0 ~:; v ;d o ce:---; m(•Uios dn d i : ;~,ollH;.:Jo de ~-lcidn OX~ll i CO 

para c.:.~\ dt::~ r; i Ll Ja(;.-Jo d e d i ~; si ;JtH; :~ICl dt· c ner·gi a fot'~H: t Ja r1-

çados ern r,ril f ico conl r·a o ~-; v cdo1·c ~; c ~ ll c u lados a 

de Lin t.::t e qua<_;D o d e mf": l h o r' ::tju: . .-;tc da f or-rna : 

• C rl 
V O U X 

e s ao ap rt~::~l ~ nt acl o s r1a J·'ip,ur'a () . 

pnr t ir 

( 3(i) 

Ver·if i cCJ - se que o e xpoent e 0 , 246 + ü , U19 obtido P.':'_ 
ra a p utê nc ia di s s ipada por uni dade de v o1t nn e c ~nu i t o 

proxi rno do v a ldl' 0 , ? :) prev .i ~-;t o lld e x press:) o 3 11 . 

Obscr-va - sf' , b-unb{~m , q u e t anto o coe t'lci en tc J e a b-

.ir... 



sorçao de oxigenio como a velocidade de desgaste do aci
do oxálico diminuem com o aumento da rugosidade, em se 
mantendo a mesma taxa de dissipação de energia. Este co~ 
portamento semelhante é esperado, uma vez que ambos os 
processos de transferência de massa ocorrem sob as mes
mas condiçÕes experimentais. Adicionalmente, a influên
cia da variação na geometria foi equacionada a partir de 
uma função multiplicativa, como comentado no item "análi 
se conjunta dos processos de troca de massa". 

.;:-.. 
a: 
o 
% 

" .. 
~ 
-' 

"' 
8 
õ ... 
" % 

' ;t 

3 

o 
o 
~ 
" 
' ! 
~ 
> 

0.3 

0.48 

LN ~/H CALCULADO C KL/H EM HORA•J t 

FIGURA~- AJUSTE OBTIDO ,.ARA OS EX .. EfUWI!NTOS OE A8SORÇÁO DE 
OXIGÊNIO 

0.48 

0 .38 

V ar:. A..( 0 .248 1 -O.O&I 

0.31 0.41 0.51 0.81 

L H IV .103) V EM cm I• CALCULADO 

FI O U R A 8 -AJUSTE O ITI DO PARA OS I!XPI!RIMEN TOI DE OISSOLUÇio 
DE A'CIOO OX A' LI C O 

lução, a expressao: 
• r /• 

vo.u 

Para a relação entre os dois coeficientes de troca 
de massa, sujeitos às mesmas condiçÕes de agitação, obte 
ve-se: 

Todas as tendências aqui apresentadas foram obser
vadas experimentalmente, sugerindo a validade dos desen
vol vimentos propostos. 
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executados no canal de recirculação, na forma: 

. 0,244 
a u 

Novamente observa-se a boa concordância com a ten
dência prevista na expressao 34. 

CONCLUSÕES 

Processos de absorção de gases em interfaces gas
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.n 
KL o. u 

onde n pode assumir os valores O, 1/3 e 1/2. O valor 
1/2 foi observado experimentalmente. 

A informação de que o coeficiente de absorção de 
gases está associado à taxa de dissipação de ~nergia foi 
utilizada para modelar o fenÔmeno de dissolução de sÓli
dos, produzindo para o parâmetro que quantifica a disso-
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ABSTRACT 

The phenowena of g>s absorption and solid dilution 
by l iquids were studieé to obtain equat i ons for the 
mass- transfer coeffi c i ents . The statisti cal theory of 
turbulence app!ied t u isotropic mix ing was used . The 
concl usions atnut th r-' pa r ameters involved in the mass
- transfer processes Jetween gases and liquids were 
extended to tne case of exchange between solids and 
liquids. The checretical pred ictions are found to be in 
good agreemer t with the experimental data. 
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RESUMO 

!1 rvr e.-1. e.nte. .tJta.ba..tho ê um e.-~> tudo da. ,tJtan-6 I eJtênU.a .U., otVr.mi..c.a. r/e ma.Ma. em um duto 
c.onte.nrio um meA.o nOJto-60 -~>atUJtado. PaJta. a. de-6c.hÃ.f'.ão elo uc.oamento .tevou--~>e em c.on-~>i..de.Jta. 
c.ão e~eixo-1. de i..nêJtc.ia, aX!ti..to c.om a-~> naJteóe-~> -~>Óf~da-6 e nolto-i>i..da.de va.Jt~âve.e. No tJta.ba.~ 
.f.ho óão aY.JJte-~>ent:ad0-6 ne.JtÜ-6 de c.onteúdo de umi,da.rle e oua.ntidade. de "'aMa evanOJtada.. o-~. 
Jte-~>~tarla-6 obti.do-1. mo-~>tlt.oJram rrtte a -~>atUJtar.ão rio t.tui..<io oc.o~t.Jte de ~Ohma. m/JM .tenta jun
to a na.Jtede, mui.to embo~ta a-6 ve.eoc<.rla.rle-6 m/JM a..e:t:a-6 do e-1.c.oa.mento oc.o~t~tam ne.6ta. Jte.ai_ão 
Tambê:m ê mo-6tftado oue o núme~to rle ~heJtWood aumenta c.om o aumento ria vazão do ~.tui..do no. 
rluto. 

INTRODUÇÃO 

A importância de estudos na área de transferência 
de calor e massa em meios porosos é devida ao grande nú 
mero de aplicaçÕes industriais relacionadas com tais fe 
nômenos. Algumas das aplicações que envolvem a transfe~ 
rência de calor e massa em meios porosos incluem troca
dores de calor com matriz sólida, sistemas de estocagem 
térmica, sistemas geotérmicos, secagem de grãos etc. 

A geometria de um meio poroso é bastante complexa, 
de forma que a modelagem do escoamento torna-se compli-
cada e particular para cada meio em questão. Grande 
parte dos trabalhos encontrados nesta área usa a Lei 
de Darcy para a descrição do escoamento. O modelo clás
sico de Darcy relaciona a queda de pressão com a veloci 
dade em um meio não limitado por fronteiras sólidas [11 
Este modelo, no entanto, não computa alguns dos efei
tos que são característicos em escoamentos através de 
meios porosos, como por exemplo: os efeitos de inércia, 
a condição de não deslizamento em uma fronteira sólida 
e a variação espacial da porosidade. A consideração da 
variação da porosidade no meio altera significativamen
te o perfil de velocidade e dá origem ao importante e
feito de canal. 

No que se refere ao fenômeno conjugado da transfe
rência de calor e massa em meios porosos, os trabalhos 
científicos disponíveis são poucos. AplicaçÕes práticas 
deste tipo de problema podem ser encontradas em proces
sos de secagem de grãos ou em problemas que envolvem 
transferência de calor em solos. Em [2] foi estudado a 
transferência conjunta de calor e massa em um canal con 
tendo um meio poroso saturado. Neste trabalho foram de~ 
senvolvidas equaçÕes para o fluido e para a matriz sóli 
da. Os autores utilizaram as simplificaçÕe s baseadas na 
lei de Darcy para a descrição do escoamento. Tais simplifi 
caçÕes não computam o efeito canal junto à parede. -

Estudos relativos ao transporte de massa através de 
um leito compactado constituÍdo por partículas esféri
cas foram realizados recentemente por A. Pesaran e A. 
F . Mills, [3]. Neste estudo foram investigados os meca
nismos de difusão de massa através de partÍculas de sí
lica gel. A sílica gel é bastante utilizada em proces
sos industriais de secagem. Os mesmos autores realiza
ram um estudo experimental sobre o transporte de massa 
em um leito de sílica gel, [4]. 

Princípios gerais sobre a metodologia e a teoria de 
secagem de grãos são encontrados na literatura em [5]. 
Os autores preocuparam-se com o estudo de grãos de ce
reais, sendo que os princípios apresentados podem ser 
otilizados para analisar o processo de secagem de ou
tros produtos. 

O presente trabalho investiga numericamente o fenô 
meno da transferência de massa em um duto contendo um 
leito de esferas compactadas. O fluido é uma mistura de 
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ar e vapor d'água e, desta forma, ao escoar pela matriz 
sólida tem o seu conteÚdo de umidade aumentado pela eva 
pot~ção da água presente na superfície das partículas.
No presente estudo, o processo de transferência de mas 
sa ocorre de forma isotérmica, de modo que a equação da 
massa encontra-se desacoplada da equação da energia. No 
modelo utilizado para a descrição do escoamento foram 
computados os efeitos de inércia, a condição de não des 
lizamento e a variação espacial da porosidade da matriz. 
No trabalho são apresentados perfis de conteúdo de umi
dade, quantidade de massa evaporada e desenvolvimentodo 
número de Sherwood. O número de Sherwood é definido de 
forma a representar a taxa de transferência de massa en 
tre as partícul?s sólidas e o fluido. 

FORNULAÇÃO DO PROBLEMA 

O problema a ser investigado trata da transferên
cia isotérmica de massa em um duto contendo um meio po 
roso constituído por partículas esféricas. O modelo clãs 
sico de Darcy para a descrição do escoamento é modifica 
do para computar os efeitos de inércia, condição de não 
deslizamento nas fronteiras sólidas e atrito. São tam
bém incluÍdos efeitos causados pela porosidade variável 
da matriz sólida. 

O meio poroso está confinado entre duas placas pa
ralelas isoladas e impermeáveis ao fluxo de vaf ·:>r d'água. 
As placas encontram~se separadas por uma distância 2H. 

Para o problema hidrodinâmico considerou-se o per 
fil de velocidade plenamente desenvolvido na entrada do 
duto, de forma que o campo de velocidade é função unica 
mente da coordenada normal as fronteiras sólidas. Tal 
consideração é assumida por diversos autores que publi
cam nesta área, como por exemplo [6-8]. No presente tra 
balho, o problema hidrodinâmico será discutido com bre 
vidade. Tal problema já foi discutido com detalhes pe
los autores em [9,10]. Tratando-se o fluido e o meio 
poroso como um contínuo, a equação do movimento é dada 
por, 

o -(1/p)dp/dx + (v/ E)d 2 u/dy 2 
- vu/K (1) 

onde x e y são as coordenadas longitudinal e transver
sal, respectivamente, u é a velocidade na direção de x, 
e pé a pressão; a porosidade do meio é representrubpor 
E, p é a massa específica e v é a viscosidade dinâmica 
do fluido. A origem do sistema de coordenadas se 
encontra na parede do duto . 

As expressÕes para a permeabilidade do meio, K, e o 
parâmetro A do termo de inércia foram obtidas de [ ll) • 
A porosidade e ê obtida de [6,8,12). Suas relaçÕes fun
cionais são dadas por, 

(2) 



A 1, 75(1-E) /(d ~ 2 ) (3) 

c ( - À2 y /d) E: o, 1 + /'1 e (4) 

ond e d é o diâmetro da s es feras, C00 = 0,37 [6], À2 = 6, 
e o va l or da constant e À1 é escolhi do de modo que a po
rosidad e se ja igual à unidade nas paredes [12]. 

Pa r a o problema da transferência de massa o fluido 
em cons i de ração é uma mi s tura de ar s eco e vapor d ' água, 
e a s partí culas que constituem o me i o poroso es t ão sa tu 
radas de água. De s ta f orma, o ar ao es coar pela matriz 
sólida tem seu cont eúdo de umidad e aumentado pe l a ev apo 
ração da água presente nas partícu l as . -

Para uma situação isotérmica, a equação do ba lanço 
de mas sa es tá desacop lada da equação da energia, bas tan 
do para sua solução que se conheça a t emperatura do s is 
tema . Des ta forma, um balanço de massa no sis t ema re
quer que , 

aw 
u ãX 

aw 6 
o- (D~f o-) + , (l- E: ) kfp (ws - w) 
ay "Y n 

(5) 

onde w é a fração máss i ca Co vapor d' água no ar, Def e 
a difusiv i dade e ~ et iva do • apo r d' água no ar, kfp e o 
coeficient e de t c ansfe rê nc~a de massa entre o fluido e 
as partÍculas e " s é a fr 1ção má ss i ca do vapor d' água na 
sup erf íc i e das partí cul -1s, ou seja, na temperatura de 
saturação . O val'or d ' água na superfÍci e das partículas 
está em equilÍbt·io te rmodinâmico com a água lÍquida e, 
assim sendo, seu z s t a.jo é de saturação. 

Pa r a um m~ io je Ja rtí culas não porosas, a relação 
entre o coe ficcen te de difusão e fetivo Def• e o coe fici 
ente de difus;o mo l ecular, Df, é dada por [13]: 

Def = c -,f (6) 

Para com] letar a f ormulação do problema, apr e s en
ta-se a segui- as condi çÕes de contorno. Na equação do 
mov imento, as ~ ume- se ve locidade zero na parede e gradi
ente de velocidade ze r o na linha de simetria. Para o 
problema da transferência de massa, as paredes do duto 
são impermeáveis ao fluxo de vapor d'água e, pela sime
tria, o fluxo na linha central do sistema é zero. 

Para a coordenada x o problema é parabÓlico, sendo 
necessário que se conheça somente as condiçÕes inic iais 
do fluido na entrada do s i s tema. 

METODOLOGIA DE SOLUÇÃO 

Dois métodos computacionais são empregados na solu 
ção das equaçÕes adimensionalizadas . Em uma primeira e= 
tapa, calcula-se numericamente a equação hidrodinâmica 
por volumes finitos. Devido à simplicidade deste método, 
o procedimento de solução desta equação é exposto de ma 
neira sucinta. Para maiores detalhes reportar às refe= 
rências [9,10]. Para a equação da conservação do conteú 
do de umidade do fluido, utilizou-se o método implÍcito 
das Caixas de Keller [14]. 

As definiçÕes usadas para a adimensionalização das 
variáveis sã~ as seguintes, 

y y/H , X = x/HSc D = d/H 
(7) 

u uH/vB ~ = (w - ws)/(we - ws) 

As equaçÕes do movimento (1) e da massa (5) em sua 
forma adimensional ficam, respectivamente, 

2 c2 d dU 
U + BC1U = C2 +- - [-] 

c dy dy 

BU a~ a a~ 6 
- =- [c-) - n2 Sh (l-E) ~ ax ay ay D fp 

onde B, C1 e C2 são dados por, 

dP H 3 

B "' - dx P\)2 

cl 1,7SD/[1SO(l-c)], C2 D2 c 3 /[150(1-c) 2
) 

(8) 

(9) 

(lO) 
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Inc lue-se t ambém nas adimcns i onalizaçÕes o numero 
de She rwood l oca l da transfe r ênc i a de ma ssa en tre o flui 
do e as partí c ul as , Shfp· 

Sh f p 
~ 

l) f 
(ll) 

Para expressa r o numer o de She rwood l oca l, valeu
se da ana logia entr e a trans f e rência de cal o r e de mas
s a [13] . Em t e rmos dos núme r os adi mens i onai s de Schmidt 
( Se = v/ Df) e de Reyno lds (Rep = pud / v), t em-se : 

Shfp 2 + 1 , l Se 
113 Rep 0

•
6 (12) 

À medida que o numero de Reynolds diminui , o nume
r o de Sherwood dec r esce a Wil va l or limit e co r res ponden
t e ao trans port e d i us ívo entre o fluid o e as pa rtícu
las do mei o . 

As equaçÕes ( 8 ) e (9) s ão i nd ependentes e pode!ll ser 
r eso lvidas sepa r adamente. Em uma primeira etapa a equa
ção do movimento é resolvida f ornecendo o campo de velo 
cidade ; em seguida , r esolve-se a equação da massa e ob= 
t êm- se o campo d e cont eúdo de umid ade . 

Conforme f oi di s cutido na secção ant erior, a me to
do i< -~ia de solução para o problema hidrodinâmi co é dis
cut da de maneira s uc inta. O proced i mento de so lução 
cons ·i s te basicament e na discre ti za ção dos t e rmos pelo 
mé•_odo dos volumes f initos. A equação algébr i ca resul
t a .lte é resolvida a través do a l go rítmo TDMA (Tri-Diago
na l Matri x Algo r i thm), [15]. Utilizou-se uma ma lha va
r i áve l com SOO pontos nodai s na direção pe rpendi cular ao 
escoamento. Os pontos foram concentrados na r eg ião prÓ
x ima as paredes do duto, com o obj e tivo de se observar 
o importante "e f ei t o canal" causado pela por os idade va 
riáve l do meio. -

Para a solução da equação do transport e de massa , 
ut i li zo u-se o métod o implícito das Caixas de Ke ller[l4]. 

A idéia básica do método é r eduzir as equaçÕes go
vernantes em um s i s t ema de pr i meira ordem. Em se guida , 
e scr eve-se as equaçÕes resultant es usando-s e diferenças 
centrais para os t e rmos de deriva da e médias a ritméti
cas para os demais parâmetros. Após, o método r equer que 
se l i nearize as equaçÕes, cas o a s mesmas sejam não line 
ares, e que estas s ejam es c r.i tas na forma de uma ma triz 
tridiagonal. Finalmente , re solve-se o sistema linear pe 
lo método da eliminação por blocos. -

A equação da massa é resolvida para fornecer o per 
fil de conteúdo de umidade a cada posição X. A malha e; 
X é não uniforme , sendo mais refinada na entrada do du
to. 

RESULTADOS E DISCUSSOES 

A Fig. l mostra o perfil de velocidade caracterís
tico do meio poroso. Este perfil, bastante alterado com 
relação ao perfil uniforme de Darcy, surge devido a in
clusão da variação da porosidade na equação. Observa-se 
na Fig. 1 que na região próxima a parede, hâ a formação 
de um canal preferencial de escoamento de fluido, que 
opta por uma região de menor resistência. Este efeito e 
denominado de "efeito canal". Tal efeito jâ foi discuti 
do com detalhes pelos autores em [9,10], 

Perfis de conteúdo de umidade ao longo das coorde
nadas perpendicular e paralela ao escoamento são apre
sentados para dois valores do parâmetro B, B = 10 5 e 
B = 107 , e para uma Única relação entre o diâmetro da 
partícula e a distância H,D = 0,1. Também para estes va 
leres plotou-se a quantidade local de massa evaporada 
em vârias posições X. 

As Figs. 2(a) e 2(b) apresentam, respectivamente, 
para B = 105 e B a 107 , a variação do conteúdo de umida 
de ~ ao longo do duto para as posiçÕes Y = O (parede do 
duto) e Y = 1 (centro do duto). Conforme observado nas 
Figuras, ~diminui ao longo de X, tanto para Y • O como 
para Y = 1, em virtude do crescimento de w em direção a 
ws, o que reflete o ganho de umidade com a evaporação. 

Outro fato evidenciado nas Figs. 2(a) e 2(b) é o 
decréscimo mais lento de ~ para a posição Y = O, o que 
serâ racionalizado a seguir. Nesta posição a taxa de 
massa evaporada é zero, Vale notar que na parede a poro 
sidade do meio, c, e igual a unidade, significando a 
não existência de uma ârea evaporativa. O transporte de 

! 
I 
~ 



massa por convecçao em Y = O também é nul o , uma vez que 
a velocidade i ze ro na parede . Desta forma, o ~anho de 
umidade nesta posiç~o i dev i do uni came nt e ~ difusao de 
massa. Tal fa t o explica o decréscimo mais len t o de ô- p~ 
r~ Y = O. 
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Fig . 1 - Perfil característico do meio poros o. 
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Desenvolvimento do conteúdo de umidade 
w ao longo de X para: (a) B m 105 , 
(b) B = 107 . 

Comparando-se as Figs. 2(a) e 2(b), observa-se que 
o fluido atinge o conteÚdo de umidad e de saturação em 
uma posição X mais avançada no duto para o valor B = 107 . 
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A este va l or es tá associada uma vazao de f luido mais e l e 
vada do que aque l a para o va l or B = 105. Es ta vazão mais 
e l evada r eque r uma quantidad e de massa evarorada ma i or 
para se t ornar s aturada . Desta fo rma, à med ida que B au
menta , aumen tam os valores de X cor r espondentes à posi
ção na qual o flu ido satura. 

Nas Figs . 3(a) e 3(b) es t ão apresentados perfis do 
conteúdo de umidade 4, ao longo da coordenada Y, para vá
ri as pos:ções X no duto e para B = 105 e B = 107, respec 
tivamente . Nes tas Figuras observa- se que, ã med ida que 
se avança no duto , o fluido nas posi çÕes fora da região 
do cana l a tinge a sa turação , w = O, mais rapidamente do 
qu e o fluido que se encontra junto ã pa r ede , Na regiãodo 
canal a velocidade do escoamento e mais e l evada devido ao 
efei t o da poros i dade (esta região ex t e nde-se a uma altu
r a em t orno de O,OS<Y<O,l) . Como conseqUência tem-se uma 
a lta vazão de f luido que necessita de uma quantidadegran 
de de massa para ter o seu conteÚdo de umidade aumentad~ 
Já para a r egião fora do canal, onde a vazão e mais bai
xa, o fluido at inge o conteúdo de umid ade de saturação , 
w5 , mais rápido . Tarnbern pelas Figuras conf irma-se o re
sultado que para B = 107 o fluido torna-s e saturado em 
urna posi ção X mais avançada do duto. Em um processo de 
s ecagem de grãos , este result ado equivale a dizer que va 
zÕes maiores de fluido secam maiores quant idades de grão-s, 
urna vez que o fluido satura em uma posição mais distante 
dfl PntrArt!l no nntn. 
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Fig. 3 - Perfis do conteúdo de umidade W para: 

(a) B = 105 , {b) B = 107 • 

A fim de explorar fisicamente as curvas represent~ 
tivas do conteÚdo de massa evaporado, deve-se notar que 
o termo de geração de massa da equação (9) e proporcio
nal ã área efetiva de evaporação representada por 
6(1 - E)/D2 , ã velocidade do fluido que está embutida no 



num~ro de Sherwood, Shfp• e_ao conteúdo de umi~ade . do 
flu1do, $. Para a compreensao deste termo, dtscut1r
se-á, primeiramente a Fig. 4. 

1,1 1 
y 

0,2 B= lO~ B= 107 

0,1 

J~ .. >I o 400 800 1200 1600 2000 2400 2800 

60-Elsh1P;o 2 

Fig. 4 - Comportamento do produto entre a área 
evaporativa e a velocidade do fluido. 

A Fig. 4 mostra a relação do produto entre a 
area evaporativa e a velocidade do fluido com a coorde 
nada Y. Conforme pode-se observar, a grandeza
[6(1 - ~)/D2 ]Shfp cresce monotonicamente com Y para 
B = 10 5

, indicando que o awnento da área ~vaporativa 
com Y se sobrepõe às altas velocidades encontradas na 
região do canal. O mesmo comportamento não é observado 
para a curva de B = 10 7

• Neste caso , as altas velocida 
des corres pondentes a vazão maior de fluido se sobre= 
põe ao fato da pequena área evaporatíva existente na 
re gião do canal. 

Nas Figs. 5(a) e 5(b) plotou-se a massa local 
evaporada , tendo como parâmetro de curva a coordenada X. 
Esta massa está adímensíonalizada de forma a represen
tar exatamente o termo de geração que aparece na equa
ção (9). 

Para uma dada posição Y, todas as curvas apresenta 
das nas Figs. 5(a) e 5(b) possuem os mesmos valores
de [6(1- ~)/D 2 ]Shfp , uma vez que ~ e Shfp não variam 
com X. Sendo assim, o que distingue as curvas destas Fi 
guras é unicamente o conteúdo de umidade $. Note-se que 
tanto para B = 10 5 como 10 7

, quanto maior a variação de 
$com Y para um determinado X (ver Fig. 3), mais acen 
tuada é a variação do termo de geração com Y. Vale no= 
tar que a maior variação de ~ com Y se encontra junto 
à parede do duto. No entanto, a porosidade nesta região 
é igual a unidade, e o termo de geração de massa é nu
l o . 

Junto à entrada do duto (X= 1,0 x 10-
5
), tanto pa 

ra B = 10 5 como para B = 10 7
, como $ é virtualmenre cons 

tante e próximo da unidade, uma vez que w = we, as cur= 
vas da Fi~. 5 são bastante semelhantes às curvas de 
[6(1- ~)/D ]Shf em função de Y, mostradas na Fig. 4. 

À medida qu~ se avança no duto, o fluido tem o seu 
conteúdo de umidade aumentado e o termo de geração dími 
nui até atingir o valor zero para todas as posiçÕes Y -~ 
quando então não existem mais gradientes de umidade. 

A Fig. S(b) mostra valores de geração de massa 
maiores em relação à Fie. 5 (a), uma vez que o escoa
mento do fluido se dá a velocidades mais altas (B é 
maior), e portanto, a quantidade de massa evapor~é e
levada. 

A seguir será apresentado o desenvolvimento do nú
mero de Sherwood ao longo de X para vários valores de 
B. Para o cálculo do número de Sherwood representativo 
da transferência de massa entre as partículas e o flui
do, definiu-se a seguinte expressão, 
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Sh 
m 

2Hk 
~ 

Df 

onde Dt é a dífusividade molecular do vapor d'água no ar 
e kfp e o coeficiente médio de transferência de_massa e~ 
tre o fluído e a matriz sólida. A definição de kfp é ob
tida através de um balanço material feito em um volune de 
controle genérico, assumindo-se constantes os parâmetros 
do termo que representa a taxa de evaporação d'água. 

O número de Sherwood, assim definido, será doravan
te denominado de Sherwood da matriz, e está representado 
na Fig. 6. 
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(b) 

- Geração local de massa para várias posi
çÕes X do duto e para: (a) B = 10 5 

(b) B = 10 7 • 

Conforme observado na Fig. 6, à medida que B au
menta os valores de S~ também aumentam. Tal fato era e~ 
perado, uma vez que velocidades maiores intensificam o 
processo de evaporação levando a valores mais elevados do 
número de Sherwood da matriz. Observa-se também pe la 
Fig. 6 que para os primeiros estágios, onde as taxas de 
transferência de massa são elevadas, S~ varia pouco com 
X. O número de Sherwood decresce, então, bruscamente e 
atinge um valor limite correspondente ao da região plen~ 

.. 



mente dese nvo l v ida. Esta região e mats afas t ada da en
trada do duto para va l or es de B maiores , conforme j a 
f oi comentado em fi guras ant e riores. 

103'~--------------·------

10•~------------------------

10°>+--.-r~nTrr--r-r~rrnr--r-rrn~,--..-rn.m 
10· 4 10·3 10· 2 10· 1 10° 

X 

Fi g . 6 - Vari ação do número de She rwood da 
matriz ao l ongo do escoamento. 

CONCLU SÃO 

Neste trabalho foi inves tigado o problema isotér
mico da transferênc ia de massa em um duto contendo um 
l ei t o de es fera s . O fluido era uma mistura de ar e va
por d'água que ao escoar pela matriz sól ida tinha o 
s eu conteúdo de umidade aumentado pela evapo ração 
d'água pr esent e nas partí cu las. Na mode lagem do escoa
mento foram computados efeitos de inércia, a tr i to e po 
rosidade variável. Da análise do s resultados observou~ 
se que a saturação do fluido ocorre mais lentamente jun 
to ã parede , muito embora nesta região tenham-se as ve 
locidades mais e levadas, o que favore ce o process o de 
evapo ração. Isto ocorre porque nesta região a vazão de 
fluido é maior, ne cessit ando de uma quantidade de mas
sa d'água maior para ter o seu conteúdo de umidade au
mentado. Observou- se também que o número de Sherwocdda 
matriz cresce com o aumento do parâme tro B, si gnifi:a~ 
do que a transferência de massa á maior para vazoes 
mais e levadas. 
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ABSTRACT 

The pres ent work investigar es the mass transfer in 
a channel filled with a saturated porous medium. ln the 
present formulati on the probl em is cons iderEd as 
being isothermal. The problem is modeled by a modi.fi ed 
Darcy 's law to compute flow inertia, no-slip conditi on 
on a solid boundary and spacial variation of porosity . 
The r esults are presented in t erms of dimensionless 
moi s ture content and Sherwood number. It was shown that 
the saturation of the fluid near the walls is more 
difficult to occur, even though the highe r velocities 
of the flow are located in this region. It 's also 
observed that the Sherwood numb er increases as the 
channel flow rate increases . 
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SUMMARY 

In tliM> Woi!/1., the evapo11.a.:Uon o r, wate.fl -irt a .!>pou.ted bed M!JM-Ú analyzed wah fl e)) pe.cct 
to thi!ee. vatúabfe.!>; T.ü1; Vc l d and QjrJm.!> · Ttwa-~ nound.tha.t Vcc!d and T{.n aM . .!>-i.gn.i6-(ccant 
at 7 %, and a .C.ifle.M Jtegi! e.MÚ!Yl IA)((,;\ pr!t{! oftmed noft .th e.6e. liM.-iab.Ce-6. Te.-6-t-6 we.fle cco nducte.d 
w.{.th a yea.~>t paóte, to uefl.{ f.,y the. behavúwt of., the dJtye.Jt . 1t wa-6 no.ted tha.t. Q/Ck-6 ü 
{mpoi!.ta.n.t 6oft t/te nunccÚ.(•IU.rtg O tÍ the bed a.!> a d'tljVt 017.. M a paftticie coateft . 

INTRODUCTION 

ln view o f th e ever g rowing use o[ the spouted bed 
with ine rt particles as a dryer for pastes a nd suspe nsions, 
and the lack of information on the importance of the 
parame ters in this pro c ess, the au thor s of th is work 
decided t o s tudy the effect of a few of these va riables 
on the evaporative capaci t y of a spouted bed dryer wlth 
inert part icles . 

The spou ted bed ha s been used as a dryer sine e I t s 
discovery in 1955 by Mat hur a nd Gish l er [I]. llowe ve r, 
the mai n emphas i s on research in spouted beds ha s be e n 
for the immediate app li cation of the process, s uch as 
the deve l opment of dryers fo r a s pecific past e, suc h as 
bovine blood, by Pham [ 2 ] and R ~ [3J . Lit tle research 
has been dane in the more gene ral f ield, in th e sen se 
of the studying th e parameters nf t:he process , wit h the 
aim of op timi z in g the dr ying process . 

This work studied th e effect of three parameter s , 
the inlet air tempe ra ture, Tin; the sur face area of the 
bed, in terms of Dc /d, the ra ti o of the diameter of the 
bed surface to t he diameter of the inl et a ir orifice ; 
an d the fl ow rate of the ent ering ai r, i n t erms of 
Q/Qms• the ratio of the air flow to th e air flow rat e 
a t minimurn spouting . These parameters were chosen out 
of the myriad which af fe ct the process bec aus e tlue y were 
believed to be important, and for their ease in measu 
rement. 

After the experiment wi t h water was concl ud ed , 
test s were conduc ted with a solut ion of yeast, to verify 
the behavior of the dryer in th e case of an actual pas
te. 

~TERIAL AND METHODS 

The spouted hed us ed consi sted of a con ical ba se 
with a 60° ang le, followed by a cyl lndrical se ction wi th 
a diameter of 50 cm, and a height of 40 cm . The diameter 
of tl1e inlet air orifice was 5 c tlt, ar1d !1et1ce the maxi
murn rati o of Dc/d tha t cou ld be ac hieved was 10. Gl ass 
beads were used as the inert partlcle, wi th a diameter 
of !.85xl0- 3 manda density o[ 2~00 kg/m 3

• Th e liqutd 
(water or yeast paste) wa s s pra yed onto the bed from 
the top by o tw in fl uid nozzle . The air flow was pro
v i ded by a 7 . 5 HP blower, a nd was heated by electrica l 
resistance s before entering the bed. The air temperatu 
re was measur ed by co pper- cons tanta n th ermocouples a~ 
the air inl et and at the top (outlet) of the bed . Sc reen s 
wer e couple t to the bed at the inlet and outlet, t o 
support the bed , and to prevent the particles fr om 
being en trained . A cyclone was provided, to collect th e 
powder formed during the pas t e drying, and a wet and 
dry bulb psycromet e r was rlaced at the gas outlet to 
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measure t he humidity of the out let air . A schema ti c of 
the equ ipme nt is s hown in Figure 1. 

T<1ble l shows the leve l s of the pa r ameters studied 
in the tests with wa t er . A 33 factorial design was 
used , as described by Davies [4] 

Table l. The parameters used i n the experiment wi t h wa
ter and their levels 

Ti n (DC) 100, 120 , 140 

Dc/d 4. 2' 6 . 2 ' 8.2 

Q/Qms I. 2, 1. 3. 1. 4 

Table 2 shows th e leveis of the parameters studied 
ln the tests wit h yeast . A 33 factorial design was a l so 
used, wi th th e fac t ors s tudied being the concent rat ion 
o[ the solution, G; the inlet a ir tempe r ature , Tin; and 
the outlet air temperature, Tout · These factors were 
chosen because they were believed to be lmportant for 
the dry ing of yeas t paste , from Zan on [5] and Hadzis
rnajlovic [6]. 

Tab le 2 . Fac t ors used for the experiment with yeast as 
fe ed, and their levels 

Tin (DC) 100, 120 ' 140 

'~'out coe ) 60 , 70, 80 

c (%) 10, 15 . 20 

The yeast powder obtained underwen t th e followíng 
a na l yses : viabilit y, by mí croscopic coun t ing , af ter 
s taining with methylene blue, foll owing the procedure 
of Lee e t a li í [7] and prot ein solub il ity. 

RESlJLTS AN D DI SCUSS ION 

Evapo rat ive Test s With \</at er. The re s ults of the 
exper iment s wi th wa t er are s hown in Table 3. An an<J ! ys is 
o[ variance wa s ca rri ed out , ac cording to Davies [4] . 
The re sults are s hown in Tab le 4. The factors Te and 
Dc/d are s i gnificant at I Z, wi t h Q/Qms insignifican t 
a t lO %, which agree s l-Ji th the data co lle cted by Ré [3], 
whic h showed that th e fac to r Q/ Qms has no infl uen ce on 
the maximum feed rate at values between 1. 2 and 1.5. 

A linear regression was performed on t he data, 
using a program creat ed by Volk [8] which uses the method 
o[ a ll possible regressions, and th e resulting 2 variable 
equn ti on , in Te and Dc/d, equation ( l), has a coefficien t 
of regress ion of 0 . 89 26 , compared with the three variable 



equation, which gave a regression coefficient of 0.8983. 
A "t" test to compare the two equations gave a value of 
4.5356, with a probability of error in chosing the two 
variable equation over the three variable equation of 
0.0001 

W = -5.8 + 0.04 Te+ 0.76 Dc/d (1) 

Table 3. Results of the experiments with water as feed 
(maximum feed rate, l/h) 

Dc/d 4.2 6.2 8.2 

Q/Qms 1.2 1.3 1.4 1.2 1.3 1.4 1.2 1.3 1.4 

100 2.4 2.4 1.5 1.5 3.9 2.4 3.9 4.8 4.8 

Tin 120 2.4 2.4 2.4 3.9 2.4 2.4 4.8 4.8 6.3 

140 2.4 3.9 2.4 3.9 3.9 3.9 6.3 6.3 7.5 

Table 4. Analysis of variance for water data 

Source of Sum of iflegrees o Mean F (cale~ 
Variation Squares Freedom Sum lated) 

Tin 9.62 2 4.81 10.87 

Dc/d 45.74 2 22.87 51.68 

Q/Qms 0.62 2 0.31 l. 43 

TinxDc/d I. 58 4 0.4,0 1.12 

TtnxQ/Qms 2.24 4 0.56 I. 27 

Dc/dxQ/Qms 3.08 4 o. 77 I. 74 

Erro,r=TwDc/dxO/Qms 3.54 8 0.44 

It is improbable that the factor Q/Qms has little 
effect on the rate of evaporation of water in the spout 
ed bed dryer. More likely is that the range of value~ 
studied was too small, but the capacity of the blower 
limited exploration of this factor at higher values.Con 
sidering Table 4, the parameter Dc/d has a very large ~ 
value, which emphasizes its importance in the process, 
also seen in the value of the coefficient of regression 
for the equation with only this variable, equal to0.79. 

w -1 + 0.76 Dc/d (2) 

The parameter Tinis important, as intuition suggests, 
but its effect is not very large when compareci to the 
effect of Dc/d. 

Figure 2 shows some typical results of the 
evaporation. Equation (I) is included, and it can be 
seen that within experimental error, the fitted equation 
corresponds reasonably well to the data points. The 
strong effect of Dc/d can also be seen. 

Tests With Yeast Paste. The results of some of -------------
the drying tests with yeast as feed are shown in Table 
5. The solution was seen to h ave behaviour which differed 
substantially from the behaviour of the pastes studied 
earlier. The paste became very sticky during drying, 
causing the particles to agglomerate, which caused the 
spouting to stop. This seemed to occur at a solids 
concentration of between 2~ and 30 %. Owing to this 
behaviour, the drying process was unreproducible, since 
the spouting was different every time the experimentwas 
repeated. It also resulted in the loss of many data 
points, when the spouting stopped after a few minutes. 
This made the analysis of the results difficult, and 
the graph of the results (Figure 3) shows a large scatter 
of points, from which it is impossible to draw any 
conclusions. 

However, experiments were carried out in which the 
process was left functioning for up to 6 hours, and 
these results (Table 6) show that this spouted bed 
can function as a dryer, which occurred with an air feed 
rate of 213.0 m3 /s, oras a coater of particles, since 
for an air feed rate of 193.2 m3 /s, the inert~articles 
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Figure 1 - Schematic of the spouted bed dryer used 
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Figure 2 - Typical results of the evaporation 
Tin = 140 °C, Q/Qms = 1.2-1.4 

tests; 

became coated witl1 a hard resistant layer of yeast, 
approximately O.Sx!0- 3 m thick. 
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Table 5 . Results of the experiments with yeast as feed 
(% of soluble protein) 

Tin 100 120 140 100 120 140 100 120 140 
(OC) 

60 47,53 53,4 2 

~out 70 
(O C) 

39, 70 52,22 46,99 

4l , H 

57 ,o 34, 38 

80 38 ,4 2 54,85 36,38 45,00 33,00 

CONCLUSIONS 

I 

24, 54 

26, 8 7 24,13 

From t his ~ork, t he following conclusions can be 
drawn: 

I. The factor Dc/d is significant in the drying 
of pas t es in a spouted bed of inert particles , wi t h a 
F valu~ of 51 .68 , sign i ficant at I %. 

2. Th e factor Tin is also important, as in tuit ion 
suggest s , significan t at I % with an F value of 10. 87. 

3 . These two factor s , Dc/d and Ttn• can be com
bined in a fitted equa t ion to predict the maximum f eed 
rate of water (or pas t e) for the equipme nt studied and 
over the r a nge of the parameters studied. 

4. The parameter Q/ Gms ha s no e ffect on the maximum 
feed r a t e in the range of values s tudied, furt her 
studie s must be carried out for va lues of Q/Gms ~arger 
than 1. 5 , since it is probable t ha t this parameter · 
affect s the maximum feed rate at hi ghe r values. 

5 . The equipment s t udied i s fea s ible as a paste 
dryer, a nd, depending on the opera t ing conditions, as a 
particle coater. 
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Figure 3 . Typical result s of the ye ast drying experi
ments . De = 38 . 4 cm 
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Table 6. Resul t s of t wo distinct runs with yeas t pas t e in 
the spouted bed equipment. a) drying; b) Parti 
ele coa t i ng 

(a ) Dr 31 cm ; w - 2,5 l/h · Q = 376 m"/s 
Run Tin Tout Tdb Twb Powder 

Time (OC) (OC) (oc). (OC) Produced 

00:00:00 88. 17 72.03 34 . 19 65 . 04 0-1hr 54.1 9g 
00:15:00 97.00 58. 21 36 . 09 57. 76 1- 2 56. 04g 
00: 30:00 97.00 58 . 21 37 . 51 60.03 2-3 57. 26g 
00:45:00 99.77 60 . 49 37 . 75 59 . 35 3- 4 50 . 76g 
01:00:00 98.49 59 . 81 37 . 75 58.67 4- 4:26 23.00g 
01:15:30 98.49 62 . 31 37. 75 59 . 35 
01 : 30 : 00 99 . 35 60.94 37.99 58.90 
02:00 : 00 99 . 35 62.08 39 . 89 59 . 35 
02:46:05 100.4 1 54.34 40.37 59.35 
03:00:00 100.41 58 . 21 39.89 58 . 44 
04:00:00 101. 27 61.63 40 . 13 59.12 
04:26 : 00 

(b) De - 31 cm ; w - 2 . 5 l/h; Q = 193 . 2 m" / s 
Run Tin Tout Tdb Twb Powder 

Time (OC) (OC) (OC) (OC) Produce d 

00 :00:00 98 . 28 86 . 24 45 . 12 78 . 66 0-1hr 20 . 65g 
00 : 15 :00 97.21 54. 12 38 . 47 51.61 1- 2 18 . 31g 
00: 29: 45 100.91 54 . 57 38 . 70 52.07 2- 3 18 . 02g 
00 : 45 : 20 102 . 33 54 . 12 38.70 52 . 07 3- 4 23 . 35g 
01:00:00 102 . 76 54 . 34 38.70 52.07 4-5 21. 56g 
01:32:15 105 . 32 55 . 03 39 . 18 52.75 5- 6 l 9 . 58g 
02:01:30 102. 12 54. 12 38 . 47 51.39 6-7 29.6 l g 
02:30: 30 100 . 84 57 . 08 39.42 54.12 7-7:50 31. 70g 
03:00:00 99 . 77 55 . 48 39. 18 53 . 21 
03:32 : 00 98.92 56 . 39 39 . 18 53.66 
04:01:45 97 . 85 58 . 67 39 . 66 56.17 
05:00 : 00 99 . 13 60. 72 39 . 66 57.76 
05 : 30: 30 100 . 41 61. 85 40.6 1 57 . 99 
06:00:00 101 . 05 6 I. 17 41 .08 58.44 
06 : 30: 35 10 I . 05 60 . 94 40.84 57.99 
07:00:00 100.84 61 . 85 40.61 58. 21 
07: 29:00 1 o l. 48 61 . 40 40.84 58.90 
07:44:10 10 1 . 27 62 . 54 41.08 59 . 58 
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DETERMINACION EXPERIMENTAL DE COEFIC I ENTE S DE TRANSFERENCIA DE 
CA LOR EN UN SECADOR ROTATOR I O DIRECTO 

.,., ., . 
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Depa rt amento de Ingeniería Quími ca 
Universidad de Santiago de Chi le 
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RESUMEN 

Se p!tef..en.ta u.n.a me~odo-tog-ia expe!Wnen.ta-t palra ta de~eJtm-{.n.ac_-{.6n de coeMue~eJ.. 
vo-tu.mHJúco6 de .:tJtanJ..6 eJr.e.ncw de ca-tM du.Jtan.te et J..e.cado de ma.te~-t eJ.. t:JOAtiwladoJ.. 
de o~gen. veguat. E-t e.qu.ipo expe1Wrlen.tal ef.. un J..ecadoJt Jto.ta.to Jt_{o M!tec~o de 6J:.u.JO p~ 
Jta-td'o de O, 3 m de dú úne . .tJto y 3 m de tong.dud. Lof.. Jt eJ..u.-t.tadoJ.. expeJWne~ateJ.. de to~ . 
c_oe.Mc__{.e~ef.. de. .tJranJ..6eJten.c_-{.a de ca-toJt 6ueJton me.noJte.J.. que. Eof.. catcu.tadoJ.._ poJt taJ.. Up:!::_ 
caf.. c_oJtJtelac_.i onef.. _{n6oJtmadM po!t la b.i.buogJta6-ia. EJ.. .to c_on6.uuna la nec,eMdad ~e. ob.tenelr 
malJM .i.n6oJtmac.i.6n e.xpe.!Wne.n.tat , crm et 6-in de. de.MJtJtoUM coMelac-ton eJ.> ma-6 eJ..pec.t6 < caJ... 

I NTRODUCC ION 

Aunque e l u so de los secador es rot a torios es am 
plio e n l os procesos industriale s, exis t e poca informa 
c 1on c uantitativa conocida y disponible acerca de los 
factores que influ yen en la operació n y diseno de este 
tipo de equipas , haciendo difícil a l inge niero de proc~ 
sos estimar precisamente el tamano del equipo o las co11 
diciones bajo las cuales podría oper"r rnfls efic ienteme11 
te. Deb ido a sus amplias apli ca c i n nes una gr an variedad 
de secadores han sido desarrollados, no obs t an t e en to_ 
dos ellos e) princip i o de operac ion es el mismo . En C h~ 
l e se secan m5s de 2 . 000 . 000 Jp t0nelados de co ncentra 
dos d e cobre y molibdeno, y 1. 000.000 de t one ladas de 
harina s de pescado, s i endo de g r an impacto e n l a econo_ 
mía de l proceso un estud i o miJs comp l eto de l a ef i c ien 
c i a e ne r gét i ca de l proceso de secado . La e f i c i enc ia del 
equipo está f uerterne n te afec t ada por l a transferencia 
de ca l or desde el ga s a l as partí culas y por el tiempo 
de retenci6n de &stns en el cilindro r otntorio . Aunque 
los c li sicos resultados empíri cos de Friedrnan y Marsha~ 
1, 21 son ~tiles e n e l dirnensi onGrniento de los e quipas, 

la s 1nves tlg{lC1o n e s en los Glt11nos .1fios se ha n orientn 
do a prescindir de los par5rnetr c>s emp! r icos g l obales 
en la formulaci6 n del estuJi o de la Jinfirni ca de l sec3 
dor , usando en lo posib le los princ ipia s de trRnsferen 
c ia de momentum, ca l or _y rn:1t erín en tre el sólido y el 
~~ s , con el fi n Je abtcne r Jus per f ile s de humedad y 
tempe r;l t u r a de l as cor r i e n t est pe rm i t ie ndo me j ora r 1:1 
eficiencia de ] proceso de secado , princ ipalmente c 
aque llos casos e n qu e la r~ li dad fina l de l s6 l ido • t5 
;Ifec L< Id.J. po r l os ni v e l es de t Pmpt:~ r a turn en e l i_ntl"r l r 

del seca dor ; sus Cil Jnhi<Js de c:1lidad C(ln l as condici .r1es 

de operaciôn , l ij.:1n el t icmpo de sec ;1Jo o de retenc Ôn 
en el secado r . 

Fn un trab.:1jo previo, 1\ lvnrl'Z e t ,:1 L. i J i 1 o rmula_~ 
ror~ un mode ] o computacional ele un SPl';Jdor rot: t tor io ele 
~~3lent<lmi e nto directo uper;Jdo en r l u .io par : llC'~lo , con.sí 
·ierando e. l efecto de 1<~ cinéti c:I dr> 1 ~e~· .!d U v las con 
... !.c i one.;..; d e t.:•ntr.:td.:i Jel aire , en ] ,,.'--i Jh.•rfiJes de tem pe 
r ..• tur.·: \" l nJmt-d. ~ d dt ·~ l sól i do v L'l ~·:;; a lo l argo del se 

·t.:u r . !~n ç:s t e mode l u St:' i iH'Llt-poraron c omo u n;l primPrd 
;·tpt·uxicl<Jt·i 0n , L1s típic.:ts cu rre].:lt" ione s emp íri c: ts para 
cl tiL"' i:l j) P de retenc i ón v el coe l" iciL•nt c• ) ', l o h~J] de tr :1n s 

i-t? r t.:.•n,:i.;l de c n.Lor (1bt cni.Uas en l os tr.:~b.1 j os d e F r i ednw n 
\. :-: :~ r sh~ll l ~ ~ . · 3 : . 

L1 e~tim;1l·iôn Lh"' l tiPmpo de r~tenci0n e.s di f í c il 
d e ohtener dL•h ido ;1 1n compl ej .:1 intcr;Jc ción de ( ;tcto res 
,'l':'H.) c :Jr h;l de sfi lido :-; , nlím('ro \' gt:o tn et rí n de los el e.v:J 

dnre s , pen~.IÍL' lltt> v vel ocid:ul d e rot:ll· ión d e l cil indro, 
~ <Í l~l ctro Y lot~ ;c~ it.ud dl'} SL'C:tdl lr , IJropiedild.L'S frsÍC<JS 

l:el J:) : lteri :J ] v ve ln ~.: i d ;Jd dt•l g: 1s . LJ L'fl'('!.D dt• c:HLt uno 

de e~tC1 S r:lcto rL'S h:l sido dÍSl ' lltído l~:\ten:--::lmente Pn Ll 
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litera tura por Williarns - Ga rdner 141, Perr y lsl, entre 
otros. 

Modelos t eóricos para el tiempo de retenci6n han 
sido desarro llados con el fin de in troduci r pa r árne tros o 
variables básica s de l sistema, l os c uales ernp lean el con_ 
ce pto de "cascada" , definido como el camino recorrido por 
la pa rtícula desde el comienzo de su ca ída desde el ele_ 
vador hasta el regreso a su posiciõn original. Para su 
a ná lis i s los c onceptos fluidodi námicos de la interacci6n 
fluido - partícula son muy impo rtan t es . No obs tante, esta s 
model os más complejos y generales , incluyen coeficientes 
que deben ser determinados por las condiciones experime11 
t ales y la geornetría de lo s elevadores. 

Por o tro lado , l a determinaciõn del tiernpo de re_ 
tención es tá Íntirnamente r elacionada c on el proceso de 
secado, el c ua l es realizado por l a simult5nea transfe_ 
r encia de cal or y ma t eria entre e l materia l y e l gas ca_ 
l iente . Es una aprox irna c i ón vigente y frecuen t e,expre sar 
lR ve l ocidad de transferencia de ca lor li ent r e el s6lido 
y e l gas en la fo rma: 

(U a ) A L (/T) 
m 

(l) 

McCo rmi c k 16!, basaJo en los -,ioJJcro; trabajos de 
till er et al . l7J, l,.r iedman y '1ars l ~<•,l i 'l . . 'l , y Saemnn y 

Mitc he l IS! , de r ivarem Lt siguient e r ,o l a c ón: 

(2) 

donde K es unn consta nte njus ; :H ].l em p í ric.:.1mente, la cual 
se hR obse rvado que depen de d~ p~r~m~trJs del sistema c~ 
mo la re.tencíón el e ~.;Ó] id c•s , vc~ .L.H·í d ; td (:~~ rotac ión, núrne 
ro y geornetr í. a de los ele\- .J~lclrE s . \. ~1 pc tencí a "n" apar e:=. 
ce como tlllO de los punto s de c:otltr<J· ' er:ji.:.l en ln interpre 
ta c iôn d e tr.:Jhajos experimentule s . \-';1 L )f es usuale s de K 
y n son 2 37 y 0 . 67 , respectivamente . en unidade:> Sl. 
. Kuramae v Tanaka : 91, Hirosue y Shinoha ra !tOI us~ 
r o n una ilpr oximaci6n t e6r i ca pnru dedu c ir re l ac i ones pa 
r ~ ~Defi c ient es vo lum~tricos de tran s ferencia de ca lor, 
a parti r de coeficien t es individual es de t r;1nsferencia 
de calor. J>o r te r II t i y Tu r ne r 1121 fn e ron l os prime r os 
en :tnalizar los mecilnismos c í clicos de tr~i n sfe rencia de 
calor que ucu rre n du rante períodos <~l ternativos de caída 
v d esli z<~mÜ' nto de las partículas inclividuales a lo Ln_ 
gn d e ] se c :1dor . L: na a proximación t~ór ic~ 1 a l an úlísís de 
la tr<~ns i' e renc i a de calor re quiere de un det.1llado ex<l 
men del modelo de cascada del s6lido , con la interacci6n 
sóli.do- >;as muy bien defini da . 



En el proceso de secado en el secador rotatorio, la 
dinâmica de la transferencia de masa no puede ser aisla 
da, ya que la remoción de humedad depende de la transf; 
rencia de calor. Myklestad 1131 desarrolló un procedi
miento para predeci r los perfiles de humedad de l sóli~ 
do a lo largo del secador suponiendo que la tempera tu 
ra del gas varía linealmente con la humedad del sólido. 
De experiencias de secado efectuadas con arenas, encon 
tró que el coeficiente volumétrico de transferencia de
ca lor variaba con la potencia 0.8 de la velocidad del 
gas. Una aproximación más fundamental usada por Shar 
ples et al. 114 1 requirió l a so lución simultânea de
ecuaciones diferenciales para los balances de masa y 
energía. En el tra bajo de Alvarez et al. I3 J se muestra 
el efecto que tiene l a velocidad de transferencia de ca 
lor a través del coeficiente volumétrico (Ua) y los di
f erentes mecanismos de transferencia de masa, en los -
perfiles de temperatura y humedad a lo largo del seca 
dor. Estos efectos son particularmente muy notorios -
cuando se trabaja a altas temperaturas de gas, en f lujo 
paralelo de gas y sólido, principalmente en los perf i 
les de temperatura del sólido. -

Formulación matemática del modelo dinâmico en el 
secador rotatorio directo. La descripción de la 

transfe rencia simultânea de ca lor y materia se obtiene 
a traves de la aplicación de los balances de masa y 
energía a un elemento diferencia de longi tud de secador 
considerando nula s las perdidas de calor, l as cuales 
pueden resumirse como: 

i!.._=-_.!:!.__ 0 
dz z (3) 

s N 
Q!.. = _s_ o ( 4) 
dz G z s 

dTG 

dz C G [-(Ua)A(TG-T ) - (TG-T )C S....!:!__ O[ (5) 
hs s sasz 

dT 
s 

dz 
1 

C sh5s 
[ (Ua)A(TG-T ) -À S 

s s s 
N 

z 
o[ (6) 

Puede verse en las ecuaciones (5) y (6) la depende~ 
cia directa de Ua en los perfiles de temperatura del 
gas y sólidos, respectivamente. De aquí la import anc i 
que tiene su estudio y determinación experimental,par 
materiales que presentan una gran variedad de forma y 
tamano, de estructura compleja como son los materialE 
particulados de origen vegetal y marina. 

Obj e tivo cÍel trabajo. En es te trabajo, se presenta 
una metodologia experimental para obtener da t os expe 
rimentales del secado de producto s de origen marina y 
vegeta l (harinas) en un secado r rotatorio directo, con 
e l objetivo de obtener parâmetros cara c terísticos del 
proceso, en particular el coeficiente de tran s fer enc ia 
de calor entre el gas y el sólido. La mayoría de los 
datos disponibles en l a bibliografía han sido obteni_ 
dos con arena y o tros produ c tos similares en unidade s 
de escala laboratorio. 

MATER IA LES Y METODOS EXPERIMENTALES 

El material usado es un producto base soya con 52% 
de proteína, de dos tipos: "harina de soya " con densi 
dad de sólido seco de 1220 Kg/m3 y una distribución d; 
tamanos entre 0.5 mm y 2.0 mm; "extender de soya" (car 
ne vegetal) con una densidad de sólido s eco de 840 -
Kg/m3 y un tamano entre 5.0 mm y 9.0 mm, generando un 
10% en finos a su paso por el secador. 
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El equipo experimental es un secador rotatorio di 
recto de 3 m de longitud y 0.3 m de diâmetro (Figura 1)
operando en flujo paralelo, fabricado en acero inoxida 
ble , re~estido en lana de vidrio como aislante. En su in 
ter ior está provisto de tres tipos de elevadores radial;s 
de 1 m de longitud cada uno : planos; con un ángulo de 
45°; y un ángulo de 90°. La velocidad de giro del cilin_ 
dro puede regularse por un sistema de poleas en valores 
de 5, 10 y 15 rpm. La inclinación puede ser modificad a 
con una ga ta mecânica en un rango de O a 0.074 m/m . Una 
cámara de combustión de 0.8 m de longitud y 0.5 m de diá 
metro, provista de tres quemadores de gas licuado permite 
calentar el aire que ingresa por dos tomas de 0.102 m de 
diámetro, succionada por un ventilador , regulando el flu 
jo mediante válvulas de mariposa. Un controlador automá
tico regula l a temperatura de entrada del aire . El sóli
do es cargado en una tolva y por medio de una vibradora 
se alimenta a un tornillo de velocida d variable, que lo 
transporta al interior del secador. Una válvu l a mariposa 
instalada en l a descarg~ del secador impide la succión 
del aire y fa ci lita la de sca rga del sólido. Las partícu_ 
l as finas arrastradas por e l aire son recolectadas me 
diante un ciclón. -

El e quipo experimental consta de 2 vaínas desliza 
bles por el eje central del secador, permitíendo la to -
ma de muestras para las medicíones de humedad del sólido 
y el registro insta ntâneo de l as temperaturas del sólido 
y el gas, mediante termocuplas de Fe-Gonstantan. Fueron 
seleccionadas 6 pos ic ione s en el secado r para las medi 
da s locales, ubicadas cada 0.3 m de sde la entrada. 

Para cada una de las experiencia s l a velocidad de 
rot ac ión del cil indro fu e de 10 rpm y una pendíente de 
0.012. 

CICLON 

TOLVA ALIMENTACION 

VI BRAOOR 

HORN O QUEM A DOR 

UNIDAO MOTOROTATORIA 

Fig. L EQUIPO EXPERIMENTAL 

.... 



Tabla l. Condiciones de operación usadas en las experiencias y resultados experimentales de 
coeficientes volumétricos de transferencia de calor. 

Corrida Producto G s TG X 
s s o 

HARINA 0.47 0.23 lOS 0.22 

2 HARINA 0.43 0.24 137 0.27 

3 HARINA o. 46 0.26 175 0.22 

4 HARINA 0.82 o. 17 100 0 . 34 

5 HARINA 0.81 0.23 141 0.29 

6 HAR INA 0.84 o. 27 178 0.31 

EXTENDER 0.45 0.16 110 0.29 

8 EXTENDER 0.45 0.17 135 0.31 

9 EXTENDER 0.47 0.18 170 0.31 

10 EXTENDER 0.83 0.16 107 0.38 

11 EXTENDER 0.85 0.14 130 0.38 

12 EXTENDER 0.86 0 . 16 165 0.39 

RESULTADOS Y DISCUSirn 

En la Tabla 1 se muestran l os valores experimenta 
les de las variables de operación fijadas para este es
tudio. En l a Fig. 2 se muestran los perfiles experimen
tales de temperatura del aire y el só l ido , para la co
rrida 3 . En la Fig. 3 se muestran l os perfiles axiale~ 
de humed a d del só lido para las corridns 1, 2 y 3. Simi 
l ares resultados se obtuvieron para todas las demâs ex= 
periencias. 

Por observación visual se apreciá que el alzamien 
to del sólido (cortina de sólidu) no era uniforme en -
los tramas del secador provisto de elevadores planos 
(zona de entrada). Debido a la cercania del horno con 
l a secc ión de entrada del sólido se produjo un fuerte 
calentamiento de la a limentación po r condu cc ión, con 
vección y radiac ión, produciéndose en la entrada una 
gran disminución de la hu~edad, en relación a la hume 
dad en la tolva de alimentación . Debido a estas facto-
res, los coeficientes de transferencia de calor fueron 
calculados a partir de la posición distante 0.9 m de 
la entrada. Las ecuaciones de cálculo del coef iciente 
local de transferencia de calor fueron planteadas para 
longi tud es de secado r de 0.30 m, tomando e n cuenta el 
calor cedid o por el gns (ec. 7) y el ca l or absorbido 
por el só lid o , desprec i ando el aumento de calor sensi 
b l e (ec. 8): 

Ua 

Ua 

G sC s h-'\TG 

z ( 1\T)ML 
Ul 

(t ) 

Los valores g lobales inforrnacl .>s en la Tabla 1 
fueron ca l culados según la rela c ión J r·opuesta por Fried 
nr an y Narshall !31 

E Ua (liT)ML 

- l: ( l"IT)NL 

(9) 
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Ua,global Ua , global Ua* Ua* 
A ire Sólido A ire Sól ido 

413 407 424 418 

367 338 398 366 

375 347 390 360 

586 523 579 530 

662 664 662 647 

473 453 516 493 

483 43 1 47 1 433 

368 325 387 349 

394 364 425 393 

510 499 530 518 

532 496 556 518 

528 452 526 448 

Los coeficien tes globales de l a Tabla 1 fueron 
calculados para todo el secador con una longitud de 
2.10 m. 

Aunque los resultados experimentales no permiten 
extraer conclusiones claras del efecto de las variables, 
puede notarse que los valores cambian sin una tendencia 
definida con el cambio de la temperatura de entrada del 
aire y del flujo de sólido. Sin embargo, al aumento del 
flujo gaseoso , trae como consecuencia un aumento del 
coeficiente Ua, concordando con resultados de la !itera 
tura. Por otro lado, los valores más altos del coeficie~ 
te por el lado del gas son lógicos y es atribuído a que
incluyen las pérdidas de calor. Mayores y mejores con 
c lusiones deben ser extraídas con un conjunto de expe= 
riencias cambiando significativamente las var iables más 
importantes. 

Para f luj os promedios de aire dados por 0 . 46 
Kgfm2s y 0.84 Kg/m2s, la ec . (1) predice para el coefi 
ciente de transferencia de calor, valores r"e 470 J/m3s
"K y 70 J/m]s "K, respectivamente. Puede nrtarse que 
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NOMENClATURA 

A 
D 
G 

Gs 
L 
N 

Q 

ss 
Te 

Sección transve rsal del secador, m2 
Diámetro del secador, m 
Flujo de gas , Kg/m2s 
Flujo de gas seco , Kg/m2s 
Longitud t otal del secador, m 
Velocidad de secado, dX/d0 
Ve l oc idad de transferencia de calor en tre el 
sólido y el gas , J/s 

Ts 
(óT)ML 

Flujo de só lido seco, Kg/m2s 
Temperatura del gas, oC 
Temperatura del sólido, °C 
Diferencia de temperatura media l ogarítmica 
entre el gas y e l só lido, °C 

Ua 

X 

X o 
z 
0 
Às 

Coef i ciente vo lumétrico de transferencia de 
calor, J/m3s °K 
Humedad del só lido, base seca 
Humedad inic ial del sólido, base seca 
posición axia l , m 
Tiempo de retención, s 
Ca lor l atente de vaporización del agua, J / Kg 
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SUMMARY 

The present investigation abou t the drying of par 
ticulate materiais of vegetal origin was aimed at the 
acquisit ion of t he volumetric coefficients of heat 
transfer between the gas and the so lid, and was carried 
out i n a direct r o t a tory drier with parallel flows, 0.3 
m diameter and 3 m length. 

The technique consisted in measuring the tempera 
ture of the flow s and the moisture of the so lid s at -
posi tions given by 0.3 m incrernents along the axis of 
the drier. ln the cour se of the investigation the entra~ 
ce t empe rature of the gas and the flow rate s of the gas 
and so lids were changed. The so lid s were soya-based 
(mea l and ex tender) and vari ed in size between 0.5 mm 
and 9.0 mm. 

The experimental values for the heat transfer 
coefficients were lower than those obtained by typical 
co rrela tion found in the litera ture. This confirms the 
ne ed to obtain bet t e r experimenta l information a bout 
the dr ying of anima l and vegetal materials, t o lead to 
the deve lopment of more precise corre l a tions. 
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RESUMO 

Um .~>e.cadofl. de. bande. ja-6 6o.t u.:tilizado pMa MtudM a .~>e.cage.m de. meJ'.aço de. ca
na-de.-açÚcM. 0-6 fl.e..!>uLtado-6 obtido.!> .tnduz..i.J!.am a e.x.pe.ctativa de. que. d.t-6po.~>.ttivo-6 que. 
c o nJ.> e.gu.tM e.m ilim.tnM cont.tnuame.nte. uma ca-6 ca e.ndUILe.c.tda, que. -6 e. tÍ o ~~.ma v a -6 o b11.e. a -6 upe.~~. 
6Zc.te. do ma.te.fL.ta.t, pode.!Uam 11.e.duúfl. o te1Y1po de M cage.m. Com ba.~> e. ne.-6t e. pfl.tnclp.to U-ti..1I 
ZMam-Mc do.t-6 .~>ec.adof[c~'> f[ota.tôfl.to-6 com f[e.che..to de. ine.fl.te.-6 e.m e..!>cafa-6 d.t6eJce.Ylt e.-6: o p!U 
mufl.o compiLo vou 6 e.11. poM-ZveJ'. utiuzM o e.qu.tpame.nto pMa p11.oduçã·o de. meJ'.aço elYI põ; o 
óegundo pe.f[Jn.(_;t.{_u quant..i.ó.tcM a capac.tdade do óecadOIL. 

INTRODUÇÃO 

Os equipamentos tradi c ionais de secagem de mate 
r1a1s fluidos mais destacados são os secadores pb r atÕ 
mização e os de cili nd r o rotativo, ond e a secagem ocor 
rena superfíci e cilíndrica externa [1] . A técnica de 
utilização de câmaras de secagem contendo corpos iner
tes, que servem de suporte para o material viscoso a 
ser desid ratado, consti tui o avanço mais r e cente na 
tecnologia de secagem de materiais pastosos [2] . A uti 
lização de leitos de jorro contendo inert es tem sidÕ 
objeto de muitas pesq u isas d e secagem de soluçÕes e 
pastas [ 3, 4 e 5). Nes t e secador, o movimento dos sóli 
dos é promovido pe l a ação do ar de secagem. O secador 
de leito vibro- fluidizado possibilita o movimento dos 
sólido s por efeitos vib racionais i mpostos ao lei to , 
restring i ndo assim o consumo de ar [6 ). O secador rota 
tório com recheio de i nertc·s promove o movimento dos sÕ 
lidos pe l o movimento de rotação de um cilindro horizon 
tal de secagem [ 7 ]. 

O secador rotatório com recheio de inertes é um 
equipamento utilizado para a secagem de soluções , sus
pensõe s e pastas . A ag itação dos i ner tes é promov ida 
pela ro t ação de um c i lindro horizon t al e pela ação d e 
aletas longitudinais dispos t as em sua superfície int er 
na [ 7 ] . No trabalho que antecede o atual, d esc reve- se 
a dinâmi ca das partículas no inter i or d o cilindro rot a 
tório e mostram-se os result ados de ensai os de secage; 
de past a de leite de s o j a em operação contínua com es
coamen to concorrente . 

No presente trabalho relatam- se os estudos refe
rentes à secagem de melaço d e cana-de-açúcar, que é o 
r es Íd uo da operação de cristalização da saca rose nas 
usinas açucareiras, quando não mais se viabiliza econo 
micamente cristalizar a sacarose contida nele [8]. -

Estudos iniciais de Secagem d e Mela ço de Cana 
de - AçÚcar 

Para es tudar o comportamento do me laço de 
cana-de- açúcar, quando submetido à secagem com aqueci
mento direto, realiza r am-s e e nsaios utilizando- se um 
secado r d e band ej as. Neste eq uipamento o ar de secagem 
e scoava sobre a supe rfí cie livre do melaço dispos t o so 
bre p l acas de vidro em camadas com espessuras iniciais 
variando de 0 . 18 a 2 . 34 cm. As c urvas d e secagem obti 
das são indicadas na Fig . 1, sendo a ordenada a re l a
ção de umidade X/Xo e a abscissa o tempo de secagem 
t . O con t e~do d e umidade em um tempo qualque r é denota 
do po r X, kg H20/kg de mel aço seco , e Xo refere-s e ; 
condição inicial, send o igua l a 0 .33 kg H20/ kg d e mela 
ço seco . As condições do ar fo ram : taxa mássica de O. (f 
kg/m in e t emperatura de 80°C. 
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Fig . 1 Curvas de secagem d e me l aço disposto em camadas 
de espess ura variável . Condições de operação: Taxa más 
sica e temperatura ar de secagem: O, 11kg/min e 80°C; con 
te~do ini cia l de umidad e d e me l aço, xo = 0,33 kg H20 7 
kg de melaço seco ; espessuras iniciai s das camadas(cm) 
nas placas: 1(0, 18cm); 2(0 , 34) ; 3(0 . 72) ; 4(0 , 91) 
5( 1 , 32); 6(2,34) . 

Analisando as c urvas da Fig . 1, verifica - se que 
a re l ação de umidade X/Xo = O, 16 (5 Z de água, bas e um1 
da) é obtida após 3.7 ho r as de seca gem , quando a espes 
sura ini c ial do melaço é de O, 18 cm. O melaço com co n-: 
teúd o d e umidade i nferior a 5% (bas e Úmida) c omporta -
se c omo um sólido , sendo susce tível à transformação em 
pÓ. Partindo-se de camad as de melaço mais espessas,por 
exemp l o , d e 0,34 e 0,72 cm , para atingir o conteúdo d e 
umidad e anterior, o t empo de secagem aumenta para 13 e 
36 horas, respectivamente . Verifica- s e que um aumento 
em 89% na espes sura da camada inicial, resul t ou em um 
aumen to d e 25 1% n o tempo de sec a gem , o que inv iabiliza 
a secagem d e me l a ç o em camadas e spessas. 

Acompanhando o comportamento do melaço durant e a 
secagem, observou-se que s obre as camadas do mesmo for 



mav a - s e uma casca e ndur ec ida (" cas e h arden~ng ") , (\ r 
quant o , no s es tág i os inic iais d e s ecagem , o m.:l t t·• r i. a l 
abai xo da mesma permanec i a em es t ad o pas t oso . Ao se 
atrit a r um ra s pado r sobre a casca e ndurec id a d e mPl a 
ç o , s urg i a um pó d e c o l oraçã o a ma re l a , enqua n to a ca 
mad a pastosa sobre a placa de vidro conservava a co r 
marrom or i g inal. 

Os i nconveni en t es da utili za ção de um secado r de 
band e j as na secagem de me l aç o de ca na são fundament a l
ment e ope rac i onai s , des t ac and o- s e a nec e ss idade do cm
prego de uma câmara c lima ti zada para moagem do me l aço 
desid ra t ado , devido ã e l evada h i g rosp i c i dade do mesmo 
e ã d if i culdade da r e tirada do me l aço das band ejas . 

Os r esultados ant e riores induz i ram a expecta t i va 
de qu e d i s positivos qu e conse gui ssem e liminar c ont i n u ~ 

ment e a casca endu r ec ida de mel aço pode ri am atu a r n(; 
s entido de redu z i r o t empo de secagem do me laço de ca 
na, po r poss ibi!i ca r " contato pe rma ne n te de um fi l me 
renováv e l d e material c om o ar de s ecagem. O secado r 
rota t6rio c om rec h e i o de in('rte s ~ um e quipamen to q u e 
atua n o s entido "l e r e t irA r i::rada tivmnente a c as ca endu 
recicl a que s e fo rma so l· r e ~ s inerte s , devido ao at r i to 
entre part í cu la--pa r tí cuL• , partí c u l a - a l e t a e par tí cul a 
-parede. 

Os ensai o• de scra~em fo ram r eal i zados no seca
do r ro t a t ór io c:om r ec t· e j.o de i n ~ rt c s em e scal a red uz i
da [ 7 ] e em escal a arr pliada. 

SECAGEN CON AL niEêiTP .. ;ÃO CONTÍNUA E INTERMITE NTE DE NE-
LAÇO - SECADO" ; E{E iCALA REDUZIDA . 

Par a e • • udY r o d esempenho do s ecador r o t at6 rio 
com r echeio d ~ i~ertes (SRRI) a al imentação de melaço 
foi efe tuada de lua s mane iras: contínua e intermit en -
te. O s ecado· de 15 cm d e diâmet ro e 30 cm de comp r i -
menta con t en< o 1600 g de esferas de vidro com d iâmetro 
de 1 cm , gir; va a 40 rpm. No inte r io r do cilindro de 
secagem f o ram di s pos t as quatro al e t as de 5 cm de a ltu
ra. As condi çÕes de ope r ação do ar de secagem f o r a m 
tempe r at ura de 80° C e ve locidade de 97 cm/s (0, 9 kg / 
min), r efe rida ã ár ea da seção transv e rsal do s ecador. 
O mel aç o cujo cont e úd o de umidad e i ni c ial era de 26 % 
(bu) f o i alimentado na entrada do secado r por in t e rm~
di o de uma bomba pe ristâltica. 

Alimentação Contínua. Depo i s de 30 minuto s de 
opera ção , a taxa de a limentação de me laço de 190 g /h , 
surgiram as primeiras f raçÕes de me l a ço seco, com c a l~ 
ração amarela, que f o r am coletadas por um ciclone . De
vido ã baixa produção de p6 observada, ap6s 60 mi nutos 
de ope r a ção, o SRRI foi desmontado pa ra inspe ção . Ob
servou-se que a s esferas de vidro encontravam-s e com
pletament e revestid a s c om melaço e que este ocupava 
também, grande parte do volume do cilindro. Isto i mpe 
dia a circulação ef e tiva das esferas e, possívelmente: 
o desprendimento do produto parcialmente seco que as 
revesti a , compromet endo, assim, a produção de pó. 

Evidentemente , a vazão de me l aço tinha excedido 
a capac idade do secador . Contudo, est e ensaio ini c ial 
confirmou a hip6tese d e que a remoção contínua da cas
ca endurecida, que se f o rmava ã medida que o me laço 
perdia umidade, fa c ilitava a secagem do mesmo. 

.Al i mentação Intermitente. Na operação do SRRI , 
com alimentaçao intermitente, para evitar que a c apaci 
dade do s e cador foss e exc edida, utilizou-se o seguinte 
procedimento. No decorre r da operação do secador o 
atrito e os choques entre as esferas de vidro e o cor
po do secador geravam um ruído, cuja intensid~de aumen 
tava ã medida que a espessura da camada de melaço so~ 
bre as esferas reduzia-se. Quando a intensidad e do ruí 
do tornava-se constante, mas não alta como na operação 
do s ecador livre de melaço, efetuava-se a alimentação 
utiliza ndo a bomba peristáltica. A alimentação era efe 
tuada até praticamente cessar todo o ruÍdo, ap6s o que 
repetia-se a etapa ant e rior. 

Esta metodologia induziu a realização da alimen
tação contínua de melaço entre 5 e 7 minutos com inter 
rupção da mesma por aproximadamente 10 minutos. Duran~ 
te as interrupçÕes do e ns aio, inspeçÕes realizadas no 
interior do secador indicaram a existência de me laço 
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r e v es ti ndo tan to as L'SfL~ras, C> m cL~ rc a de 10 7o d a s uperfí 
c i t' l' Xt e r na, qua n to as par t'J c s .i. n le rnas d o c om p.:lrtime n-= 
t o. O me l aço ap r t' s t·n tnv a uma co l o r a ~~,, aotilr e l a c a r ac t e 
r[ s t i c a d o l>r otluto em pci, o qu v s ug e ri a qu e a ca pac ida
de do apan· lh o niio hav ia si do ui tra pa s sada . O pre s ent e 
estudo pe rmitiu e s timar a cap ac i dad e do SRRl em e scala 
r eduz i da, o qu(! cor r eS JJondeu ;1 uma prodtr~~o em to r no de 
14 g /h d ~ m~la ço S l <C O com um conlct1d o de umid ad e d e s;: 
( b u ) • 

Na r eal i dade a produ ç:i o d t> m(· ] aço em pÓ e r a s up e 
rior à s upra c itada , cons id erando- s e a s pe rd as do prod u~ 
t o pe l as fol ga s na s co nexÕt•s d o c i lindro rot a t6r i o com 
a s tub ulaçÕes a mon ta nte e " j usa nte do s ecador , alc;m 
d o e f e ito de arras t e p ellJ ar d l' Sl'Cagem que allJ ndonava 
o topo do separad o r cic lone. 

0 pr esf'nt t.~ ('S l i.ld u co nf i rmo u , po rt a nt o, a po s si.h i 
l i dad re d a uti li z:~c;,Í • > d <' um SR IU pa r a pr oduz ir lll<' l aço L'm 
pÓ em uma ún i c ;-t e>L1 p :.1 d t· proc0 ss a me nt o ( c o m Sl·cagcm i.' 

moag em s imullii nc•ds ) . l~ nlretan to, o modd u Jispon í ve l e m 
e scala r eduzid a , nl~m de propi ciar baixa prod ução c per 
d as d e p rodu tu, a inda c ontami nava o mesmo C >.Jm g r axa ori-= 
unJa dos r o lamento s da conc xçio da parte fi xa e móvel 
d o l qui pame nt o , i nv i õJ.b ili za ndu w rea li z a ção d e t e stes 
d e · ~tá .l i. se s en s or i ~·1L (' compronw t end o Í:ndí. ce s como os d e 
e f í l ê nc ia t é rmi c a . 

SEC.\ r U l CON ALIMENTAÇÃO lNTEI-:1'\lTENTE DE NELAÇO ~ECA 

.ji( f.~-Ül ESCALA AM I'Ll AJJA . 

Um SRRI, oem es ca l a ampli ada (Jiâmetro de 25 cm e 
compr imento d e 65 cm), foi pro j e t ado c om o o bj e ti vo de 
s e e li mi.narem os prob lemas ve rifi cados nos e nsa i os de 
seca gem c om o mod e l o em esca l a r ed uz ida e de s e d e termi 
narem as melhor e s a lternativas ope racionai s pa r a quantT 
f ica r a capacid ade máxima de proces samento do me laço de 
cana . As princ ipais inovaçÕes r eal i z adas nesta nova uni 
dade f o ram: a) uti li za ção de doi s conjuntos com anel~ 
dupl os de poli te tra fluor e til eno ("Te flon") nas ex tremi
dades do SRRI, c om a função de pe rmitir a r otação do 
SRRI , acoplando a pa rte m6v c l ã fixa da in s t a l ação, evi 
t a nd o fugas do a r de secagem. Um dos anéis foi f ixado ao 
c ilind r o rotat6ri o e o outro na seção fixa da instala -
ção . Na operação do SRRI a f ace de um anel d es liza so
bre a f ac e estac i oná ri " do outro , promovend o ass im a ve 
da çâo ; b) in s t a l ação de do i s conjuntos de al e tas ( com 1ij 
cm de a ltura) nas pa red~s internas do SRRI defasados de 
30° . Cada conjun to fo i constituíd o por seis a l e tas es
tand o uma delas l i ge iramente inclinada em r e lação ã ho
rizont a l para p romov e r o escoamento dos ine rt es do lei
t o na direção long itudinal; c ) utilização de es feras de 
aço inoxidável, exe r cendo a fun ção de inert es do SRRI. 

As condiçÕe s de ope ração fo ram as seguint es: a) 
ar de secagem, t empe ratura de 80° C e velocidade de 1,9 
m/s (5, 1 kg/min) r e f e rida ã s eção transvers a l do seca -
dor; b) melaço, cont eúdo de umid ade 0,33 kg H20/kg de 
melaço seco; c) rot aç ão do cilindro , 24 rpm. 

Alimentação por um PerÍodo de Tempo Fixo . Os en
saios de secagem foram realizados mantendo-s e . uma ali
mentaç ão contínua de melaço por 20 a 30 minutos, em ci
cl os de operação do secador de 60 minutos, à temperatu
ra de 80°C para facilitar o escoamento do mesmo pela bom 
ba pe ristáltica. -

As taxas de alimentação de melaço foram: 180 g/h 
(alimentação por 20 minutos), 240 g / h (30 minutos) e 300 
g / h (30 minutos). 

A carga de ine rtes era de 32 kg, sendo o diâmetro 
médi o das esferas d e 1,7 cm. 

Os resultados dos ensaios são mostrados na Fig.2, 
onde a ordenada repre senta a produção de melaç o desidra 
tado (umidade de 5%, bu) e a abs c issa o tempo de seca = 
gem. Convem ressaltar que no SRRI em escala ampliada , 
uma fração grossa (correspondendo a 14% de produto desi 
dratado) era co l etada entre a saída do secador e o ci~ 
clone. Além disso, observou-s e a ocorrência d e perdas 
de produto desidratado(fração muito fina, corresponden
do a cerca de 17 % da produção) na saÍda de ar do ciclo
ne. 

Para a operação ã taxa de alimentação de 300 g/h, 
verifi cou-se, depois de 7 horas de secagem, a existên -
ci a de um excessivo acúmulo de melaço úmido na região 

------------------------------ ... ~· 
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Fig. 2 Produção de melaço em pó (com alimentação por 
um período de tempo fixo) em função do tempo de seca -
gem. CondiçÕes de ogeração: velocidade e temperatura 
do ar, 1,9 m/s e 80 C; conteúdo inicial de umidade , 
temperatura e taxas de alimentação do melaço, O, 33 kg 
H20/kg de melaço seco, 80°C e 180 g/h (ensaio 1), 240 
g/h (ensaio 2), 300 g/h (ensaio 3); rotação do SRII 
24 rpm. 

do leito próxima à tubulação de alimentação de melaço. 
Isto indicou que a capacidaGe do secador havia sido ul 
trapassada e, caso a operação continuasse, deveria o~ 
correr inundação do secador com a matéria prima. A anã 
lise da Fig. 2 (ensaio 3) mostra que isto já começava 
a se delinear nas duas Últimas horas de secagem, onde 
o coeficiente angular da curva apresenta uma li8eira 
redução, correspondendo a um decréscimo na produção de 
vida ao acúmulo de melaço no leito de secagem. 

No ensaio 1 as inspeçÕes no leito, entre ci 
elos sucessivos, mostraram a ausência de melaço sobre 
as esferas. Isto indicou que a capacidade do SRRI nao 
tinha sido atingida. 

Quando a alimentação foi de 240 g/h (ensaio 2) 
ao final de cada ciclo, pouco melaço desidratado perma 
necia sobre as esferas. Apenas nas proximidades do lo~ 
cal de alimentação havia um pouco de melaço úmido. Is
to sugeriu que, caso a taxa de alimentação fosse aumen 
tada, o comportamento do SRRI tenderia ao referido no 
ensaio 3. Portanto, uma taxa de alimentação de 240 g/h 
corresponde à capacidade do SRRI, que foi de 153 g/h. 

Convem ressaltar que a produção de melaço em po 
variava no decorrer de cada ciclo de secagem, e que 
durante a alimentação do melaço este retardava a gera
ção e o desprendimento do material desidratado, carac
terizando assim um tempo r.wrto de produção. Isto indu
ziu a expectativa de que a adição de melaço, de uma só 
vez, em toda a extensão do secador, reduziria o tempo 
de alimentação e, portanto, o tempo morto de produção, 
aumentando, consequentemente, a capacidade do SRRI. 

Alimentação em Car as. A carga de inertes foi au 
mentada para :,4k8 o ctiarnetro médio das esferas passou.,-; 
ra 1 ,9cm devido à adição de esferas maiores à carga ante= 
rior), ocupando metade do volume do secador,para possibi 
litar uma maior área de exposiçao do filme de melaço 
ao ar de secagem. Apesar deste parâmetro ser suscetí -
vel à otimização, no presente trabalho a carga citada 
foi considerada como sendo a de operação. 

Para estudar o efeito, sobre a capacidade do se
cador, da alimentação do melaço de cana em toda a sua 
extensão longitudinal, a distribuição da matéria pri-
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ma sobre os inertes foi efetuada através de duas jane
las centrais de inspeção dispostas na carcaça do seca -
dor. Como não se realizou o bombeamento do melaço, o e
feito da viscosidade deixou de ser relevante, possibili 
tando que o mesmo fosse alimentado à temperatura ambie~ 
te. 

Depois de ser efetuada a alimentação, o soprador, 
o motor do SRRI e o sistema de aquecimento eram aciona
dos e, após algumas rotaçÕes do SRRI, toda a massa de 
inertes ficava revestida por um filme de melaço. Isto 
possibilitava um bom contato do mesmo com o ar de seca
gem. Após 60 min de operação uma nova carga era adicio 
nada no secador e repetia-se o ciclo. -

Realizaram-se ensaios de secagem com cargas de me 
laço de 480, 550 e 593 g/h. Nos ensaios relativos às 
cargas de 480 e 550 g/h inspeçÕes realizadas no inte -
rior do secador, ao final dos ciclos, mostraram que o 
mesmo encontrava-se limpo, sem acúmulo de material so
bre as esferas, aletas e paredes do SRRI, o que indica
va que a capacidade do secador não havia sido alcança 
da. 

Os resultados experimentais do ensa~o relativo à 
carga de 593 g/h são indicados na Fig. 3, onde cada cur 
va refere-se a um ciclo de 60 minutos de operação. As 
curvas representativas dos ciclos de 1 a 4 indicam que 
a produção horária média de pó manteve-se constante, em 
torno de 340 g/h (fração fina coletada pelo ciclone com 
umidade de cerca de 5%, b.u.). Computando-se a parcela 
grossa coletada no sedimentador, a produção total de pÓ 
é de 397 g/h, não se considerando as perdas no ciclone, 
que foram de aproximadamente 17%. 
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Fig. 3 Secagem de melaço em cargas, em função do tempo 
de secagem. Condições de operação: velocidade e tempera 
tura do ar, 1,9 m/s e 80°C; conteúdo inicial de umida~ 
de, temperatura e taxa mássica de alimentação do mela
ço, 0,33 kg H20/kg de melaço seco, ambiente e 593 g/h ; 
rotação de SRRI , 24 rpm. 

As inspeções realizadas no interior do secador 
no final de cada ciclo, para o ensaio relativo à carga 
de 593 g/h, indicaram a existência de material úmido so 
bre algumas esferas. Para garantir uma produção tonstan 
te de melaço desidratado, sem tendência à inundação do 
SRRI, ao operá-lo por um período prolongado, a carga de 
5~3 g/h foi considerada como sendo a máxima de oper~ 
çao. 

Comparando-se esta capacidade (593 g/h) com a 
quantificada na seção anterior (240 g/h) verificava- se 
um acréscimo de 147% na capacidade do SRRI. Como o au
mento da carga de inertes foi de apenas 69%, ~esprezan
do-se outros efeitos, conclui-se que a influência da 
alimentação do melaço ao longo do corpo do secador pos
sibilitou um aumento de produção, confirmando, assim, a 
hipótese indicada anteriormente. 



CONCLUSÕES 

O secador rotatório com recheio de inertes(SRRI) 
e adequado ~ secagem Je melaço de cana - de-açGcar por 
possibilitar o contato permanente de um filme renov~ -
vcl de materi al ~mid o com n a r de secagem , produz indo 
melaço em pÓ em uma ~n ica e tapa de processamento ( com 
secagem e moagem simultân eas ). 

A a limentação do mela ço no SRRI por cargas ao 
longo do secador possibilit ou uma maior produção de pó 
do que na operação com alimentação intermitente na en 
trada do secador . 

A capacidade maxima do SRRI foi quantifi cada em 
593 g/ h de melaço de ca na- de- aç úca r aliment ado no seca 
dor ~ temperat ura ambiente. 
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RlSliMO 

Um ó~cado tt de (c.it,, v-iku•-ju~.'1ad,, •\u-i CHMuado com r/oú s.i.htvnab de aqt<e.c.i.n, cntu : 
I) di.'1do, u.sandu cu bu.s rle batcda e 2) üuiitt c.to , com wn fcA.to de gttaM de bcjct. Ao 
cu~va.s ca~actn(; t.<c.a.6 dl' Fo'1 Hl'ff ~o'1am ajt!6 .ta.da.6 aob dado.s de Mcagcm ope.!taVI.do cm 6C
cadu tt de -l'e.tto c6ÚÍ .. uc" <' v.<:bttr•-jo ~ttadt•. IVibpi.ttado 11a :têcvuca u.6ada pott Fom1d'f, ob
têm-6~ uma cu'Iva cattactett:Z.H<ca de Msagem pcuw gJtáob de boja, ope.Mmdo cm .teA. tu v<
btto-J<•'L·~adc• cu1r1 aquccúnelltu Úid.<.'1Ct<• . Lstc.s tllt •cicfo~.> c.oMcfac.{onaJtam com 6uceb6o os .,,_ 
·6LU'.tado 6 da sceagem da ba.ta.ta e da 6oia. · 

Il'-iTRODUÇÃO 

O secado r de leito vibro-j orrado, (LVJ), ~um e
quipamento que submete um l~ito de partículas a uma 
vibração mecânica , que induz os sólidos a um movimento 
ascendente por um tubo central, semelhante a um leito 
de jorro conv e ncional. Entretanto o movimento dos sóli 
dos se processa com velocidad e du ar de secagem iilfe
ri or i velocidade mínima de jorro. Quando os sólidos 
apres entam elas ticidade reduz ida, o movimento no LVJ ~ 
mais intenso ao operar sem o tubo interno. Nos traba -
lhos qu e antecederam o atual, mostrou - se que ex istl' 
uma frequinc i a de v ibração ótima, associada a uma con
dição de re ssonância, na qua l a c irculação das partícu 
las no l eito~ máxima [1], ava li ou - se a uniformidade 
de tempe ratura e umidade do l eito, na secagem de cubos 
de bata ta [ 2 ) e ver i fi cou- s<> a economia de energia na 
secagem de g r ãos de soja em LVJ comparado com a opera
ção em leito está tico [3]. 

A Fig. I, denota o comport amento do LV.J, formado 
por es f e r as de sagú, em função da velo c id ade do ar [4], 
e dois regimes de escoamento de sólidos são observa
dos. O re g ime de escoamento I , em fase densa é t1p1co 
de baixas velocidades do ar de secagem. O regime II , 
em fase diluída,é associado a velocidades do ar infe -
riores à mínima de jorro (Umj). Operando- se com veloei:_ 
dades do ar compreendidas entre esses intervalos não 
ocorre escoamento dos sólidos. 

CURVAS CARACTERI STI CAS DE SECAGEM - MODELO DE FORNELL 

Estudando curvas de secagem obtidas com diferen
tes condiçÕes de ar de secagem, Van Meel, em 1958 , ob
servou que dividindo-se n (taxa de evaporação da âgua 
em kg H20/kg ss .h) por n1 (taxa de evaporação no perío 
do de t axa cons tante),obtinha-se uma fu nção única do 
conteúdo de umidade, mais precisamente: 

n / [~ __ h __ (Too - Tbu ) ] = f I (XO) 
W .'\H 

v 

( 1) 

onde: x0 = (X - Xeql/(Xo - Xeq) ; sendo X o con t eúdo 
de umidad e m~dio do sÓlid~ kg H20/kg de sólido seco ; 
Xo ~ a umidade inicial e Xeq a de equilÍbrio; A/W ~ a 
área de secagem es pecífica (m2 / kg ss); h o coefic iente 
convectivo de transferência de calor; .'\ Hv ~ o calor la 
tente de vaporização da água livre ; T~ e Tbu, sao as 
t emperaturas do ar de secagem, de a l imen tação e de bul 
bo úmido. No período de taxa constante, esta Última e 
a temp e ratura do sólido. 

Usando-se es ta modela gem, diversa s curvas de ta-
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xas de secagem (n) em função da umidade ad imensional 
dos sólidos (X0), transformam- se em uma única curva ca
ract e rística de secagem. 
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Fig. 1 Queda de pressão no l eito e taxa de circulação 
de es feras de sagú de 4,1 mm de diâmetro. Condições de 
vibração: amplitude= 4 mm e frequinc ia = 11,8 Hz. 

A Eo. (1) apresenta uso limitado na secagem de ma 
t er iais bio lÓgicos , pois com e les o primeiro perícdo de 
secagem ge r a lmente não ~ observado. Para contornar essa 
s ituação, Fornell [5], definiu uma taxa fictícia de s e
cagem pa r a mat e riais biológicos, no primeiro período de 
secagem e manteve ~Hv constante durante o primeiro pe
rí odo f i c tício de secagem. 

Comp l emen tando o modelo Loncin (6], demonstrou 
que a razão, h/.'IHv ~ proporcional a raiz quadrada da 
ve locidade do ar de secagem, para corpos em forma de 
lâminas. 

O modelo final~ expresso pela Eq. (2): 

n A 1 ( ) ( ) -=---,T~-c)·· ·o-:s = K W f X = f X 
(Too - bu · V ' 

(2) 



Fornell [5], observou uma boa superposição das 
curvas de taxa de secagem, usando o modelo expresso pe 
la Eq. (2), para cubos de maçã, cenoura, batata e be= 
terraba, em camadas delgadas dispostas sobre uma band~ 
ja. 

Entre outros métodos gene ralizados, o de Brunell o 
foi apli cado com êxito em alimentos contendo uma pelí
cula protetora [7]. O método de Fornel l, entretanto, é 
mais geral. 

APLICABILIDADE DO MODELO DE FORNELL 

Na secagem da maioria dos vegetais , ricos em 
água, ocorrem contraçÕes e defo rmaçÕes que são indepen 
dentes das condiçÕes do ar de secagem (temperatura e 
velocidade) e geralmente são diretamente proporcionai s 
ao conte~do de água [2]. Isto faz com que est es fenÕme 
nos sejam englobados pelo modelo de Fornell , através 
da função f(X), da Eq. (2). 

No modelo de Fornell,expresso pela Eq. (2), a 
temperatura do ar Too é constante para uma cãmara delea 
da, mas a temperatura dos sólidos, Ts, é maior do que 
Tbu, nos períodos de taxa de secagem decrescente. Por
tanto a parcela de diferença de temperatura é melhor 
representada por (Too- Ts) = (Too- g'(X).Tbu), pois a 
temperatura dos sólidos depende do conte~do de umidade. 
Entretanto, representando a diferença de temperatura 
pela Eq. (3). 

(T oo - g' (X) . Tbu) g(X). [T ., - Tbu] 

e explicitando a função g(X), tem-se: 

T 
g(X) 

00 

T - T oo bu 

- g' (X) 
T 

bu 

T - T oo bu 

(3) 

(4) 

Para um int erva lo de temperatura do ar de seca
gem, com condições psic rométricas us uais em secagem de 
vegetais ricos em água, pode-se calcular as razões 
Too/(Too- Tbu); Tbu/(Too- Tbu), para cada con~ição de 
secagem, assim como as médias destas razões. 

Usando o segundo membro da Eq. (3) com g(X) esti 
mado à partir das médias das razões de temperatura e 
admitindo um aumento considerável da temperatura do só 
lido, relativo a Tbu, o erro cometido não é significa= 
tivo. Isto explica a aplicabilidad e do modelo de 
Fornell, nas s ituaçÕes em que os sólidos apresentam 
comportamento higroscópico no início da secag em , uma 
vez que g(X ) fica incluído em f(X) da Eq. (2). 

Em sistemas nos quai s a temperatura do ar varia 
ao longo do secador (camadas espessas), a análise é 
mais complicada. Por simplificação vamos assumir uma 
carga de só lidos cons tante e que a vazão de ar de ope
ração seja alta, para que não ocorra saturação do ar 
na saída. No período fictício da secagem constante a 
taxa se rá d?da por uma parcela da Eq. (2) adaptada: 

n1 A Kv 0 • 5" óT" w (5) 

onde " ôT" repres enta uma média das diferenças de tempe 
raturas entre o ar e o sólido ao longo do leito. -

Quando o conteúdo de umidade dos sólidos for al
to, a temperatura das partículas se aproximará de Tbu, 
enquanto a temperatura do ar reduzirá exponencialmente 
ao longo do leito. O "L"IT" será a média logarítmica das 
diferenças de temperaturas na entrada e na saída do ar. 

Quando a secagem for dificultada pela resistên -
c1a interna à transferência de massa, a temperatura mé 
dia dos sólidos no leito se elevará, enquanto a varia= 
ção de temperatura do ar no leito será menos pronuncia 
da do que no período descrito acima. Isto faz com que 
ocorra diminuição na média logarítmica das diferenças 
de temperaturas. Para uma mesma vazão de ar é provável 
que "óT" seja uma função do conteúdo de umidade médio 
do leito, X. 
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O efeito da vazão do ar é mais complicado , pois 
ela também alt e ra a varia ção de temperatura do ar ao 
longo do leito e portant o, indiretamente, o pot enc ial 
para transferência de calor e massa. A forma da função 
da velocidade deve ser ainda caracterizada pela aplica
ção dos modelos físico-matemáticos mas em princípio 
por simplificação, est e trabalho mantém o expoente 0,5 
da velocidade do ar. 

Estas consideraçÕes mostram que o parâme tro mais 
influenc iado pela operação em camada espessa é "óT". 

Se a média logarítmica das diferenças de tempera
turas entre o ar e o leito, pud esse ser expre ssa, com 
uma aprox imação, pelo produ to de uma fun ção de X multi
plicada por (Too - Tbu), para uma ca rga constante de só
lidos, como na anál is e da camada delgada anterior, a 
Eq. (2) poderia ser usada para obte r curva s generaliza
das de secagem de leitos profundos, pois a função de X 
estaria incluída no segundo membro da equação. O presen 
te trabalho procura demonstrar experimentalmente esta 
hipót ese , usando resultados de seca-gem em camada espes
sa, operando em LE e LVJ. 

SECAGEM EM LEITO ESTÁTICO E VIBRO-JORRADO - AQUECIMENTO 
TO DIRETO 

Para testar a apli cabilidade do modelo de Fornell, 
para leitos espessos , foram realizados ensaios de seca
gem de cubos de batata com arestas iniciais de 10 mm , 
operando em LE e LVJ (regime de escoamento II). O seca
dor de LE era constituído por um tubo de "plexi g l ass " 
com 145 mm de diãmetro, o mesmo da seção ci líndri ca do 
secador de LVJ. 

2 A carga do leito era 30,3 kg/m e seu conte~do de 
umidade inicial era 5,3 kg H20/kg ss, e as umidades de 
equilíbrio foram obtidas de Kri scher [8]. Inicialmente 
verificou-se o efe ito de diferentes temperaturas do ar, 
que foram fixadas em 50, 60 e 70°C (Tbu = 23,2; 25,7 e 
28,0, respectivamente). A vazão mássica do ar era 1,3 
kg/min, o que co rrespond eu as velocidades de 1, 30; 1, 34 e 
1,38 m/s, referidas à seção transversal da região cilín 
drica do secador. Os resultados dos ensaios de secagem 
são mostrados na Fig. 2. No caso de secagem em LVJ, as 
condiçÕes de vibração eram, amplitude 4 mm e frequência 
12,5 - 13.0 Hz . O método experimental e medidores utili 
zados(com suas precisões) são denotados em Finzer [4\. 
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Fig. 2 Curvas de secagem de cubos de batata de 10 mm de 
aresta. CondiçÕes de operação: vazão de ar = 1, 3 kg/min; 
carga= 30,3 kg/min; Xo = 5,3 kg H20/kg bs; amplitud e e 
frequência de vibração, 4 mm e 12 a 14 Hz. As linhas 
contínuas e tracejadas são simuladas. 

Os resultados da aplicação do modelo em estudo 
sao mostrados na Fig. 3. A curva que representa a opera 
ção em LVJ se situa acima da curva da operação em LE~ 
Este comportamento mostra o efeito da operação em LVJ , 
que promove o movimento permanente dos c ubos de batata 
no leito, eliminando a aderência entre partículas P par 
tículas-parede, expondo a totalidade'da superfície das 
partículas ao ar de secagem. 

.. 



Us p()nt os l'Xper imentai s da Fi.,>!,ur~l ·3 for~lm r_· orr(_' 

lac1 o nados por l'<.jlJuc,.·()L" s, CJlll' i.ntL'gr~tJas torn~Jm a re s
g at.:lr rcla(,·l)cs d L' X corno funt:,;:i\l du tempo. Subst í tu indo 
os paramt' t ros , obse rvou-se um ex(_'e l t'ntP aj u s t e com pon 
to s t:ox perimenL.:.tis, como se pod<.• o h.sl-'rvar p.:1r.:1 a SL'ca-=..

g em d~ cubos tiL· 10 nm1 de aresto , locadas na Figura 2. 
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Fi g . 3 Curvas genera lizad as de secag em de cu bos de ba
tata com ares ta [nicial de 10 nun; n(kg H20/kg batata 
seca .min), AT(°C) , v(m/s). Condiçbes de uperaçio : va
zio de ar = I , 30 kg/min; carga 30 ,3 kg/m 2 ; amp litude 
e frequê ncia de vib ra ção, 4 mm e 12 a 14 Hz; 

SECAGEM EM. LVJ, AQUECIMENTO INDIRETO 

Na pres ente pes quisa, um a sequênci a n a tural no 
desenvo lvimento do secador de LVJ, foi adaptá-l o para 
trabalhar com aquecimen t o indireto. Para tanto utili -
zou- se g rãos de soja e o aque c ime nto f oi r ea lizado por 
meio de uma re s istência e l étrica envolt a no tubo cen
tral ("draft tub e") do secador 14]. 

Os resultados de ensaios de secag em sio indicados na 
Fig. 4 pelos símbo los geométricos , onde também são de
notadas as condiçÕes de operação, que correspondem ao 
r eg ime de escoamento l (em fase densa) . 
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Fig . 4 Simulaçio de c urvas d e secagem em LVJ, com aqu~ 
cimento indireto do leito, para conteúd os de umidad e 
iniciais dos grãos de soja: 30,0; 20.7 e 15,9% (bu) 
carga inicial de sólidos no leito = 182 kg/m2 , Tar = am 
biente, var = 15 cm/s, A= 4 mm, f = 12 a 17 Hz, potêll 
cia fornecida ao leito = 266 watt s . -
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Quando part icu!as de um material Úmido s~o coloca 
das em um rt•c ipien t e que recebe energia de um aquecedor 
submerso no l ei to,'-' t axa dP secagem é dada pe l a Eq. (6) , 
adaptada [ 9] . 

R 
m 

(X - X) W 
o s 

A t 
h 

T ) 
s m 

(6) 

onde: Rm e a taxa de s ec agem global média, kg H20/m 2 s, 
de t odo o int e rvalo de secagem, ou seja, do conteúdo de 
um[dadP Xo at~ X; Ws ~a massa de sólidos secos , kg ; 
( her lm ~ o coefic iente efetivo m~dio de transferência 
de calor , W/m 2 .K. Este co~fic iente é um valor médio pa 
ra a secagem dos sólidos de Xo até X. Variando o int er
va lo de conteúdo de umid ade , (hef)m t amb~m va ria, pois 
es t e coeficiente é muit o d ependente das cond i çÕes do só 
1 i do ; (Th - Tslm é uma média das dif erenças de t empera::: 
tura para todo o leito durante a secagem (K); AHm ~ a 
var iação de ent a lpia especí f ica requerid a para evaporar 
a água , J/kg. 

Esta equaçio r elaciona corretamente o tempo t otal 
necessário para se secar o produto de Xo até X. Sua uti 
lização na forma como está, entretanto, é limitada,poi i 
(hefl m e (Th - Tslm devem ser conhecidos ( " a pri ori " ) 
para cad a situação . 

SIMULAÇÃO DA CINÉTICA DE SECAGEM EM LVJ 

Na aná l ise a seguir , verifica-se a poss ibilidade 
de express a r os parãmetros de operaçio , (hef)m , (Th -
Tslm e AHm, contidos na Eq. 6, em fun çio do conteúdo de 
umidade do s sól idos e conseguir uma eq uaçio caracterí s
tica de secagem para grãos de so ja em LVJ, inspirado na 
t écnica usada por Forn e ll. 

A diferença de t emperatura (Th - Tslm em secado -
r es que contém o tubo interno é função da ge ra ção de ca 
l or Q e da temperatura média dos grãos de soja . Est a Ül 
tima, em uma posição do leito, depend e do cont eúdo de 
umidade médio dos sólidos, que pode ser expresso pelo 
adimensiona l (X/X0 ). 

Por outro lado, a taxa de circulação dos grãos de 
soja no LVJ, em um dado instante, depende do cont eúdo 
de umidad e inicial dos mesmos, e is to afeta diretamen te 
a temperatura do leito nas imediaçÕes do aquec edor e 
também o coefic i ente efetivo médio de transferência de 
ea lor. 

Portant o , para a instalação ensaiada, a diferença 
de temperatu r a é bem representada pela Eq. (7) . 

(T - T lm 
h s 

onde as funçÕes: f(Q), g(X/Xo) e h(Xo), representam os 
efe itos : da trans ferên c i a de calor para o leito, do con 
teúdo de umidad e médio e i nicial dos grãos de soja. 

Substituindo a Eq. (7) na Eq. (6) vem: 

(X X) W 
o s 

(h ) f(Q) g(X/X
0

) h(X ) 
ef m o 

I'> H 
m 

(8) 

Como (hef)m depend e principalmente do con teúdo de 
umidade inicial e final dos só lidos no leito , pod emos 
quantificá-lo pela Eq. (9). 

g I (X /X ) . h I (X ) 
o o 

(9) 

O mesmo raciocínio se aplica a en talpia de evapo
raçao da água: 
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Substituindo as Eq . (9) e ( 10) na Eq. (8) e en
globando as funçÕes dos conteúdos de umidade tem-se: 
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Considerando constante a transferência de calor 
em um equipamento com dimensÕes fixas, pode-se repre
sentar f(Q) e Ah por K, de onde: 

(X - X) W 
o s 

t H(X ) 
o 

K G' (X/X ) 
o 

G(X/X ) 
o 

( 12) 

Para um mesmo (X/X), independente da umidade 
inicial do sólido, ter-s~-á valores idênticos para o 
grupamento expresso pelo primeiro membro da Eq. (12). 
A equação indica que existe uma função H(X ), que a
grupa os pontos experimentais, expressos p~lo primei
ro membro da equação, entorno de uma única curva. A 
forma da função H(X ) deve ser pesquisada para situa
çÕes especificas. P8r simplificação foi experimentada 
uma função de potência, ou seja: 

H(X ) ; X n 
o o 

(13) 

onde: n é um parâmetro de ajuste que deve satisfazer 
a Eq . (12). Substituindo H(X

0
) nesta equação, tem-se: 
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Esta equação é dimensional, nos cálculos reali
zados Ws foi expresso em gramas e t em minutos. 

O valor de n que melhor agrupou os re sult ados 
experimentais da Fig. 4 foi 0,55. Os resultados são 
indicados na Fig. 5. 
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Fig. 5 Curva carac terí st i ca de secagem de grãos de so 
ja em LVJ, com aquecimento indireto do leito. Condi
çÕes de operação: T ; ambiente; v ; 15 cm/s; A ; 
4 mm; f ; 12 a 17 H~f potência; 266arwa tt s; car ga ; 
170 a 182 kg/m2 ; umidade média inicial dos sólidos de 
15,9 a 307o (bu). 

A Fig . 5 confirma a tendênci a de agrupamentodos 
pontos experimentais em t orno de uma Única curva ca
racterística de secagem. O maior núme ro de pontos 
experimentais co ncentra -se em um trecho de curva no 
qual o coeficiente angular é igual a zero. Apenas os 
ponto s experimentais associados ao perÍodo inic ial de 
indução, se afastam do val or de 6, 8 1, média aritmética 
dos demais. Neste período inicial, parte do calor dis 
sipado é utilizado para aquecer os sÓlidos, o pró= 
prio tubo aquecedor central e o vaso de secagem. 

Utilizando a curva ca racterístic a de secagem em 
LVJ, Fig. 5, foram simuladas as curvas de secagem pa ra 
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as seguintes umidades iniciais médias dos grãos de soja: 
30,0; 20,7 e 15,9 (bu). Os r e sultados são locados na 
Fig. 4. Na mesma figura são indicados os pontos experi
mentais, relativos as mesmas umidades iniciais dos grãos 
de soja das curvas simuladas. 

A Fig. 4 indica que o uso da curva característica 
de seca gem possibilita a reprodução dos pontos experi
mentais como um desvio inferior a 3%. Admitido um des
vio desta ordem de grandeza , o modelo proposto se mos 
tra eficiente na simulação de curvas de secagem em LVJ: 
partindo-se de alimentaçÕes com conteúdos de umidade di 
ferentes e operando com aquecimento indireto do leito : 
desde que os parâmetros geomé tricos e operacionais se 
jam mantidos constantes . 

CONCLUSÕES 

A simulação de curvas de secagem, para leito s es
pessos de cubos de batata em LE e LVJ, ao invés de ca
madas delgadas conforme proposição original do modelo 
de Fornell, deno tou um bom ajuste aos pontos experimen
tais ao variar a temperatura do ar de secagem. 

O modelo desenvolvido, para a operação em LVJ com 
aquecimento indireto do leito de secagem, conduziu a uma 
Única curva caracteristica de secagem de grãos de soja. 
A curva característica pode ser utilizada para simular 
a cinética de secagem de grãos de soja com conteúdos i
niciais de umidade no intervalo de 16 a 30% (bu). 
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RESUMO 

A partir de considerações teóricas baseadas nas equações do movimento na vizinhança da in
terface, obtém-se o campo de velocidade principal e a distribuição da difusividade turbulenta para 
escoamentos turbulentos e estratificados de líquido-gás. A lei da interface mostra que a tensão 
cisalhante interfacial exerce uma forte influência na difusividade de momentum na vizinhança da 
interface. As comparações com resultados experimentais são consideradas excelentes. 

INTRODUCÃO 

• ü_s modelos semi-empíricos para a determinação da trahs
ferencia de calor entre um gás e uma superfície sólida, associa
dos a ~scoamentos bifásicos (líquido-gás) estratificados, exigem 
o prévio conhecimento da distribuição da velocidade e da di
fusi_v~dade t~rbulenta na região da interface líquido-gás. Uma 
revisao da literatura mostra, de uma forma geral, deficiência 
de resultados em tal região de escoamentos turbulentos. Isto 
é devido às dificuldades de caráter experimental de medir-se 
par~metros típic?s de t~rbulência em pontos próximos à região 
da mterface. Alem da mterface mover-se e deformar-se conti
nuamente, qualquer sensor posicionado junto à mesma provoca 
sérios distúrbios em sua estrutura. 

Stephan [1] apresenta diversas inconsistências existentes 
n?s ~~delos analíticos, pois estes não consideram variações da 
difusJVIdade turbulenta na região próxima à interface. Tais 
inco_nsistências baseiam-se, principalmente, nas propostas de 
Levich [2] quanto à inexistência de tensão de cisalhamento na in
t.erfa;e líquido-gás, ainda que, posteriormente, proponha a uti
hzaçao de fatores empíricos para a correlação da mesma. Natu
ralme~te, tal procedimento não é adequado quando se visa um 
equ::ciOnamento f_:.Indamental do problema físico que ocorre na 
regiao de separaçao entre as fases (líquido-gás). 

Por ?utr~ lado, Yüksel e Schlünder [3] mostram que para 
a determmaçao correta da transferência de calor e massa na 
i~t~rface é necessário levar-se em consideração a variação difu
SIVIdade turbulenta nesta região. 

Nezu e Rodi [4] constataram experimentalmente em escoa
mentos através de canais abertos, que a distribuição' do campo 
de velocidades junto à região da interface apresenta um compor
tamento bem distinto daquele obtido quando se considera um 
perfil logarítmic? de velocidades. Howe et ai. [5] analisaram os 
campos de velocidade e temperatura em ambos os fluidos do es
coamento estratificado. A conclusão apresentada pelos autores é 
que o mecanismo de transferência da quantidade de movimento 
sofre in~uência da "rugosidade" da interface . Contrariamente, 
o mecanismo do qual depende a transferência de calor não é in
fluenciado ~or tal "rugosidade". Mais recentemente Rashidi e 
Banerjee [6J, investigaram a estrutura turbulenta em'escoamen
tos ~o.riz?ntais de líquidos sobre uma placa e possuindo uma su
per~ICI~ hvre e~ co~tat~ com o ar ambiente. Em [6] foi adotada 
a tecnica de VISuahzaçao do escoamento através de pequenas 
bolhas de oxigênio sendo "acompanhadas" por uma câmara de 
vídeo. de alt~ velocidade. Observa-se que o campo principal de 
velocida~es e. bem representado pelo perfil logarítmico. Entre
tanto, nao foi possível analisar-se a região da interface através 
de tal ~écnica. Também experimentalmente, Fabre et ai. [7] 
determmar_am o perfil de velocidades na direção principal does
coame~to, mclusive junto à interface. Os •rcsultados comprovam 
o desv~? do campo de velocidades cm relação à lei logarítmica 
na regiao de separação das duas fases em escoamentos estrati
ficados, através de um canal de scção retangular. Obviamente 
tal fato induz alterações sensíveis na tensão de cisalhamento e~ 
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tal região em relação aos resultados obtidos com a hipótese do 
perfil logarítmico. 

Mudawwar e El-Masri [8] realizaram recentemente um le
vanta~ento dos modelos existentes. Chen [13] analisou a con
densaçao de _um filme turb~lento utilizando a teoria de compri
mento de ~mstura. e, tambe~, o. IY_J-odelo de Levich [2]. Nestes 
trabalhos e assumido que a difusiVIdade turbulenta varia com o 
quadrad_o da distância da interface na região próxima à mesma. 
Con~ranamen_te, experi~en_tos. realizados por Ueda et ai [9], 
analisando a mterface gas-hqUido em um canal aberto indica
ram que a difusividade turbulenta varia com o cubo da distância 
d~ interface. A maior parte destes estudos combinam a equa
çao de Van Driest para difusividade turbulenta com o modelo 
de Levich [2] para o amortecimento da turbulência na região 
próxima da interface. 

Lam e Banerjee [10] simuraram numericamente um escoa
meu~~ tu_rbulento sobre _uma parede sólida, possuindo uma su
perficie hvre na qual nao há tensão de cisalhamento. Os re
su!tados de [10] mostram que a lei logarítmica prevalece para 
a 1n_terface. Ta~ resultad_o é contrário à argumentação de 
~~VIch que preve a fo~maçao de uma sub-camada viscosa junto 
a. mterface quando nao ocorre tensão de cisalhamento interfa
Cial. 

O objetivo do presente trabalho é apresentar o desenvolvi
mento de um modelo analítico para a distribuição da veloci
da~e. média e, tamb,éJ?, I?ara a difusividade turbulenta na região 
proxima da superficie hvre de um escoamento turbulento bi
fásico _ estratificado(Iíq':ido-gás). A análise proposta utiliza as 
equaçoes de co'!s.ervaçao de massa e momentum na obtenção 
do modelo anahtico para a velocidade e a difusividade turbu
lenta, . de forma oposta aos modelos existentes de caráter semi
empínco. Outra consideração relevante adotada no modelo ora 
proposto é não assumir como nula a tensão de cisalhamento na 
mterface . Os modelos analíticos disponíveis na literatura as
sumem tal tensão como sendo nula. Assim, através do presente 
mo~elo, pode-se obter a influência da tensão de cisalhamento 
da mterface tanto no campo de velocidade na direção principal 
quanto na distribuição da difusividade turbulenta, em amba~ 
as fases do escoamento, na região próxima da interface. O pre
sente tra~alho, ao c~ntrário d~ Fernández et ai. [14], considera 
a flutuaçao de velocidade na mterface devido à turbulência do 
escoamento. 

gás . ....... _____ off3. __ ---_· __ .T]; :•· ·.. . .· 

. · -· -·· inferfa~ 

Fig. 1 - Diagrama esquemático do escoamento 
estratificado líquido-gás 



A "lei da interface" proposta é diretamente aplicável na 
determinação da transferência de calor e massa em escoamentos 
turbulentos estratificados (líquido/gás). 

ANÁLISE TEÓRICA 

A Figura 1 apresenta o problema físico, bem como o sistema 
de coordenadas adotado no presente trabalho. 

Equação do Momentum. A equação do momentum (média 
no tempo) na direção x é [11] 

U U:r. +V U11 + WUz + P:r./P = v[U:r.x + U1111 + Uzz]-

-(uu):r.- (uv} 11 - (uw)z + g I (1) 

onde U, V e W são as velocidades médias nas direções x, y e 
z, repectivamente. As flutuações turbulentas da velocidade são 
expressas, analogamente, por u, v e w. P, p e v representam 
a pressão, a densidade e a viscosidade cinemática, respectiva
mente. A aceleração da gravidade é "g" e a inclinação do escoa
mento (I) é dada por I= senO. Ainda referindo-se à equação 
1, os índices x, y e z indicam as derivadas em cada uma das 
respectivas direções. 

Considerando-se o escoamento como sendo bi-dimensional, 
os termos WUz e Uzz são nulos. Conforme sugerido em [llj, 
por simetria, pode-se assumir que o termo (uw}z é desprezíve . 
Devido ao fato da equação do momentum ser aplicada junto 
da interface ou da parede e, levando-se em conta as hipóteses 
de camada limite, pode-se desprezar, também, os termos U:r.:r. e 
( u u ):r.. Junto da interface e da parede, a hipótese de escoamento 
de Couette [11] implica em U = U(y). Assim, a equação (1} 
reduz-se a 

V U11 + Px/P - gi = vU1111 - (uv} 11 (2) 

De forma semelhante, a equação de conservação do momen
tum na direção y fornece 

P11 /p = -(vv} 11 (3) 

As componentes da velocidade, bem como as flutuações u, v 
e w devem satisfazer a equação da continuidade. Logo, 

U:r. + V11 +Wz =O 

(u):r. + (v) 11 + (w}z =O 

( 4) 

(5) 

A análise da equação (4), conjuntamente com a hipótese de 
Couette, mostra que V op V(y). 

Na região próxima da parede, assim como junto à interface, 
as velocidades podem ser expressas através de séries de Taylor: 

S = LSnrn (6) 

onde: 

Sn = (1 / n!)(an Sjarn)r=O (7) 

Utilizando-se a condição de não deslizamento na parede 
tem-se (u)w = (v)w = (w)w = Uw = O. Conclui-se, ainda, 
através da equação (5), que (v)t == O. Assim, a tensão turbu
lenta junto à parede pode ser dada por: 

S = u, v, w, UorV; T = y, CL OT {J 

(uv) = [(u)t(v)z jy3 + {[(u) 1 (v)J) + [(u)z(v)z]}y4 + · · · (8) 

Tien e Wassan [12], utilizando tal metodologia, obtiveram 
expressões similares para escoamento turbulento através de 
canais. 

Hipóteses. Por diferentes razões, no passado, modelos de 
superfícies lisas tem sido empregadas para predizer o transporte 
de massa, momentum e energia através de filmes líquidos [8]. A 
hipótese de superfície lisa somente pode ser justificada quando 
ocorre a presença de ondas longas que prevalecem em certas 
faixas do escoamento laminar ou turbulento. Na transição entre 
os regimes de escoamento ondulatório laminar e turbulento, os 
modelos de turbulência devem levar em conta o comportamento 
dinâmico das ondas. Neste trabalho será utilizada a hipótese de 
superfície lisa. A mesma hipótese foi empregada por Lam e 
Banerjee [10]. Ela é bastante realística para os casos de altos 
valores de tensão superficial entre as duas fases. 

Na interface, é possível utilizar-se duas diferentes hipóteses 
para a flutuação na velocidade em tal região. As flutuações na 
direção principal do escoamento ( u;) e na direção transversal 
(w;) foram assumidas nulas por Fernandes et ai [14]. No pre
sente trabalho a flutuação u; é admitida como não nula. A ve
locidade principal na interface é diferente de zero fazendo com 
que a flutuação local deva possuir um valor finito não nulo. 
Neste caso a tensão cisalhante interfacial tem um peso impor
tante porque a mesma afeta a intensidade turbulenta na vizin
hança da interface. Lam e Barnejee [10] mostraram que essas 

flut':ações ~ão d~ordem da ve!ocidad~ de at~ito u• = (r0 / Pl~/2 . 
Entao, v; - w; - O e u; op O, assummdo amda que (u;):r. - O, 
a equação da continuidade confirma que v1 == O. A tensão de 
cisalhamento na vizinhança da interface é 

(uv) = [(u)o(v)2)r2 + {[(u)o(v)J] + [(u)i(v)2]}r3 + 

{[(u)oh)) + (u)t(v)3) + [(uz)(vz))}r4 + ... (9) 

onde r = a ou {3. 
A equação do movimento é usada para estabelecer. as re

laçÕe8 existentes, na região da parede ou da interface, entre a 
distribuição da velocidade e da tensão de cisalhamento. 

Fase Líquida. Na fase líquida, na vizinhança da interface a 
equação do momentum fica: 

-Vú(Ul)., = -ve(Ut).,., + (uv)., + gi- P, / Pt (10) 

onde a = 8 - y; Ue é a velocidade principal no líquido e Vil é 
a velocidade transversal na fase líquida, independente de y (na 
interface). Na interface, as seguintes condições são aplicadas: 

Ue(a =O)== Uv(f3 ==O) == U; (11) 

r;== -J.te(Ut)l = J.tv(Uvh {12) 

Pe V;1 == -pv V;v (13) 

O gradiente de pressão na fase líquida, que é o mesmo da fase 
gás, pode ser dado por: 

(Pv)x = (Pe)., == -[r;/{28o)]- PvUv(Uv)x {14} 

Uma manipulação apropriada das equações {6), (10) a (14), 
resulta: 
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(uv)e = {2veUze + ri[(J.te)- 1 (V;l)- (2pe8o)- 1 j-

-gi- PvUv(UvLJ (a) + {3veU3e- V;,Uzl}(a) 2 + 

+{4ve U4e- V;,U3e}(a) 3 + {5veU5e- V.:eU4e}(a) 4 + ... (15) 

Uma comparação entre as equações (9) e (15) implica que 
o coeficiente do primeiro termo do membro direito da equação 
(15} deve ser nulo. Por este caminho o coeficiente U2 e é deter
minado. 

A velocidade principal, Ue, e a tensão cisalhante turbulenta, 
( u v )e, na vizinhança da interface pode ser expressa em termos 
das quantidades adimensionais, como: 

u: = u,+- r,+ {1- (af48o)}(a+) 

+0.5{g+ I - r,+v,![I - (a/680 )] + p+U,;'"(U,;+),}(a+) 2 + 

+(Uit(a+)3 + U.;t{(a+t +. .. (16) 

e 

(uv)i = {3Uit --[(V,i}/2)[g+ I- r,+(V,j- (1/26ô'")) + 

+p+U,;'"(U,;)x]}(a+) 2 + [4U.;t{- V,jUit](a+) 3 +... (17) 

onde 

......... 



a+ = (au• lvt) 

f3+ = (!3 u· 1 vt) 

v,+= ~1u• 

p+=PviPt 

v+ = vviVt 

u+ = UIU" 

g+ = [gvtf(U*) 3
) 

T-i+= Ti/To 

JL+ = JLvl JLl 

(uv)+ = (uv)I(U*) 2 

(18) 

Neste momento, algumas aproximações podem ser realiza
das. Primeiro, as termos al4ó0 e al6ó0 na equação (16) são pe
quenos comparados com a unidade e podem ser negligenciados. 
Segundo, as expressões em série de u+ podem ser truncadas 
após o quarto termo da ordem. Ambas hipóteses são legítimas 
desde que a+ seja limitada a uma faixa na vizinhança da in
terface, onde os termos das derivadas de mais alta ordem da 
velocidade principal são extremamente pequenos. A equação 
(16) pode, então, ser re-escrita: 

u: = u,+- r/(a+)+ 

+0.5{g+ I- ,,+v,j + p+u.;t(U,;}"'}(a+) 2 + 

+Uit(a+)3 + utt(a+)4 + ... (19) 

Fase Gás. Na fase do gás, na vizinhança da interface, a 
equação do momentum é 

(20) 

onde {3 = y- ó. Uv é a velocidade principal da fase gás e ~l 
é a velocidade transversal na fase gás independente de (3. Na 
interface, as condições das equações (11) a (13) são aplicadas. 

Combinando as equações (6), (11) a (14) e- (20), obtém-se 

(uv)v = {2vvU2v + r;[(JLv)- 1 (~v)- (2PvÓo)- 1 ]+ 

+gJ + Uv(Uv)x}(f3) + {3vvU3v- V;vU2v}(f3) 2 + 

{4vvU4v- V;vU3v}(f3)3 + {5vvUsv- V;vU4v}(f3) 4 + .. . (21) 

Os coeficientes U2 v e U3 v são determinados de maneira 
similar à fase líquida. A velocidade principal e a tensão cisi
lhante turbulenta na vizinhança da interface na fase gás podem 
ser expressas em termos d~ quantidades adimensionais, com as 
mesmas hipóteses da fase líquida. 

e 

u: = u,+ +[r,+ I JL+]((3+) 

- (1/2v+){g+ I- [(r,+v,~) IJL+] + u:(U:)x}(f3+) 2 + 

+Ui" ((3+)3 + utv ({3+)4 + ... 

(uv);; = {3v+u;;,- [(V,tf l6(v+) 2 ][(r/JJL+)(v,~

-v+ 128:) - g+ I- U,;t(U,;}x]}((3+)2+ 

+[4v+u:;,- v,tu;;,J(r) 3 + ... 

RESULTADOS PARA CANAIS ABERTOS 

(22) 

(23) 

Nezu e Rodi [4), como Fabre et ai. [7), confirmaram que 
a região na vizinhança da parede é governada pela viscosidade 
cinemática, v , e a velocidade de atrito, u•. Essas características 
são normalmente as mesmas daquelas observadas em escoamen
tos de canais fechados de uma única fase. Na parte afastada da 
parede, i.e., na região totalmente turbulenta, o perfil logarítmico 
é aplicável. 

Por outro lado, a região na vizinhança da interface é go
vernada pelos mesmos parâmetros da região da parede , mais a 
tensão cisalhante na interface . 

Os perfis de velocidade de logarítmico são normalizados 
com os parâmetros da parede e representados pelas seguintes 
equações: 

[Uilz = kln(ó+- a+)+ C 

[U,;t)z = (U+), + k0 in(r) + Co 

(24) 

(25) 

ko = k[r,+ I p+jl/2 (26) 

Co =(r.+ IP+) 112 {C- kln[JL+(p+r,+j 112 ]} (27) 

O subscrito 2 nas eqs. (24) e (25) indicam a região loga
rítmica. Existem algumas discussões sobre quais os melhores 
valores para k e C, mas, em geral, tais parâmetros são muito 
próximos dos valores para escoamentos em tubos. Dados expe
rimentais de Mezu e Rodi [4] foram melhor fitados com k = 2,43 
e C = 5,29. Gayral et ai. [12] encontraram para escoamentas de 
água-ar as constantes k = 2,5 e C= 5,5. Medidas de velocidade 
também foram realizadas por Ueda et ai [9]. Eles encontraram 
k = 2,5 e C = 5,75, o qual é ligeiramente superior a C = 5,5 
para escoamentos com altos números de Reynolds em tubos. 
Lam e Banerjee [10] obtiveram C = 5,1 em suas simulações 
numéricas. No presente trabalho, as constantes foram tomadas 
como sendo k = 2,5 e C= 5,75, para ambas as fases. 

Desde que os dados experimentais disponíveis são sem mu
dança de fase, as comparações são realizadas para escoamento 
em canal horizontal adiabático com água e ar como fluidos de 
trabalho. 

Com esta hipótese (~ = O) as equações para velocidade e 
tensão cisalhante turbulenta, na vizinhança da interface, para 
ambas as fases, são: 
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(28) 

(29) 

(30) 

onde o subscrito 1 nas equações acima indicam a região próxima 
da interface. 

Os perfis na vizinhança da parede são obtidos de forma 
similar. Neste caso a velocidade principal e a tensão cisalhante 
turbulenta são 

(32) 

(33) 

onde o subscrito w indica a região na vizinhança da parede. 
Para calcular os coeficientes utw e utw e o ponto Y7 no qual 

ocorre uma suave e contínua transição para o perfil logarítmico, 
o valor de U/ e suas primeira e segunda derivadas com relação 
a y+ são comparadas com os valores obtidos da equação (24). 
Para a fase líquida, o ponto de transição llt e os coeficientes 
u;-l e u:l são determinados pelas condições de u: e as três 
primeiras derivadas com relação a a coincidirem com o perfil 
logarítmico. Esse procedimento permite a obtenção do valor de 
u,+ e similarmente, na fase gás f3t. u;;, e u4-: são encontradas 
pelas concordâncias de U;/ e suas duas primeiras derivadas com 
o perfil logarítmico. 

Se o conceito de auto-similaridade aplica-se às regiões da 
parede e da interface, então os coeficientes determinados acima 
são universais. A velocidade principal é uma função única da 
coordenada transversal. 

A Tabela 1 mostra um sumário dos parâmetros princi
pais os quais foram calculados para as regiões da parede e in
terface. Esses resultados correspondem aos dados experimen
tais de Fabre et ai [7], os quais foram obtidos para um escoa
mento de água-ar em canal retangular levemente inclinado em 
relação à posição horizontal. O número de Reynolds do gás é 



Tabela 1 - Parâmetros para as leis da interface e parede, 
r,+ = 0.103 e g+ I /2 = 5.46 X 10-4• 

u_._-r ai Uil_ u:e 
interface líquido 29,4 267 -0,14 X 10 ., 0,13 X 10-H 

{3: u:v u:., 
interface gás 48 -0, 19 X 10 ·:.< 0, 19 X 10 "4 

Yt u-r u;;.,_ 
parede 20 -0,98 X 10 "4 0, 29 X 10-:> 

Rev = 33350, e o número de Reynolds da água Rel = 14600 e 
a espessura adimensional de líquido é EJ+ = 812. 

As Figuras 2 e 3 apresentam a comparação da lei da inter
face para a distribuição da velocidade principal nas fases gasosa 
e líquida, respectivamente, proposta no presente ..trabalho com 
os dados experimentais de Fabre [7]. Constata-se, através da 
Figura 3, que a velocidade principal ut (fase líquida) afasta-se 
significativamente do perfil logarítmico junto à superfície sólida. 
Tanto para o escoamento do gás (Fig. 2), como para o escoa
mento do líquido, verifica-se uma excelente concordância entre 
os pontos experimentais disponíveis e a teoria proposta. 

+-c 
:J 
+' 
:J 

+ 
:J 

UJ 
o 
C3 
ü 
g 
UJ 
> 

'2JJJP 

30,0 

... Pontos Experimentais [ 7] 

+ t Q + 
U -Ul =K0 J.ny tC0 

'ti =0,103 

ut= 28 
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DISTÂNCIA DA INTERFACE , y• 

Fig. 2 - Distribuição da velocidade junto à 
interface para a fase gasosa 

... Pontos Experimentais [7) 

10 

tj=0,103 
+_ 

u.~. -28 

- lO 
DISTANCIA DA PAREDE, y+ 

Fig. 3 - Distribuição da velocidade na fase líquida 

1o3 

tO 

A Figura 4 apresenta a velocidade principal do líquido na 
região próxima da interface. Não há dados experimentais para 
comparações em tal região. Constata-se que a velocidade na 
interface determinada pelo presente modelo é: u+ = 28. 

A Figura 5 mostra três perfis de velocidade principal e, 
também, os correspondentes pontos de transição do escoamento 
da fase líquida para três diferentes tensões de cisalhamento n a 
interface. 

Conforme pode-se verificar através da Figura 5, a tensão 
de cisalhamento interfacial tem forte influência sobre a form a 
dos perfis e a loc alização dos pontos de transição . O mod elo 
prevê que os pontos de transiç ão ocorrem em torno de y-: = 20, 

30,0 -"l 

... 

+ 
:J 

u+ = 2,5tny+.5,75 
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Fig. 4 - Distribuição da velocidade na fase líquida na 
região próxima da interface 

na região junto à parede. Entretanto, na região da interface o 
ponto de transição não é fixo mas, sim uma função da relação 
entre a tensão de cisalhamento na interface e na parede. Um 
elevado valor da tensão na interface provoca um maior afasta
mento do ponto de transição da região de separação das fases. A 
espessura da sub-camada viscosa na interface aumenta sensivel
mente com o crescimento da tensão de cisalhamento interfacial. 
Para escoamentos de filmes finos associados a elevadas tensões 
na interface é possível que todo o filme esteja sob influência do 
fenômeno interfacial. Assim, neste caso, não ocorreria o perfil 
logarítmico de velocidade em nenhuma região do filme. 

Ueda et ai. [9] obtiveram experimentalmente a distribuição 
da viscosidade turbulenta junto à interface em escoamentos 
com a superfície livre. Os autores [9] nada. mencionam so
bre a tensão de cisalhamento nas interfaces. No entanto, é 
possível comparar-se os resultados do presente trabalho com os 
da referência [9) em termos da difusividade turbulenta. Assim, 
obtém-se a seguinte expressão para a difusividade turbulenta 

30,0'r-----------:-------~ 

ti=O,Ii,yt=l58 

ti =0,08,yt =115 

ti =0,05, Yt = 70 

~ 
C( 
o 
ü 
o 
_J 
UJ 
> 

o,o 
102 

~INTERFACE 
y+= 300 

DISTÂNCIA DA PAREDE, y+ 
to3 

Fig. 5 - Distribuição da velocidade no líquido para diferentes 
valores da tensão de cisalhamento na interface 

perto da superfície livre: 

(t:., /v)P. = 4.331 x 104 (a+)3 (34) 

para (a+)--> O. 
A equação (34}, que é baseada no modelo teórico apre

sentado em [9], possui ótima concordância com os resultados 
experimentais do mesmo trabalho. A lei da interface fornece a 
seguinte relação para a difusividade turbulenta: 

Ern. 3U:t(a+fl + 4U1e(a+)3 
(35) 

1/ - Ti+ + g+ l(a+) + 3U3i.(a-t-)2 + 4U4i.(a+)3 

Quando (a +) --> O a equação (35) reduz-se a 

Em = - 3U3i. (a+f 
1/ Ti+ 

(36} 

.......... 



A distribuição da difusividade turbulenta, para diversos 
valores da tensão de cisalhamento na interface, é mostrada na 
Figura 6. Conforme já mencionado, verifica-se nesta figura a 
forte influência de r,+. A Figura 6 apresenta também a equação 
(34) que representa os resultados experimentais de Ueda et 
ai. [9). Na realidade, tais resultados [9) referem-se à região 
7 < a+ < 100. Portanto, a referida curva da Figura 6 possui 
uma extrapolação até a+ = 0,1. 
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Fig. 6 - Distribuição da difusividade turbulenta na 
região da interface 

Os resultados do modelo rlc Mc.dawwar et al. [8) também 
são mostrados na Figura 6 . Tai modelo assume variação da 
difusividadc turbulenta ao longo de todo o filme de llquido. 
Aceitando-se que a turbulência junto à interface é um fenômeno 
local, pode-se aplicar o modelo de [8) aos dados experimentais 
de Ueda [91 que são rel at ivos a canais abertos. 

Considerando o presente modelo e a simulação numérica de 
Lam e Banerjee [lO), P: possível analisar-se qualitativamente a 
turbulência na região da interface, no caso em que se assume as 
flutuações de velocidade transversais ao escoamento principal 
como sendo nulas (v; = 0) . 

Não se tem conhecimento de resu ltados experime nt ais para 
o comportamento hidrodinâmico de regiões interfilcíais quando 
ocorre condensação. 

A Figura i apresenta o perfil de velocidade e a loca\izar.?"o 
do ponto de transiçãc em escoamentos de líquidos para du~s 
diferentes taxas de cond,~nsaçã.o (V,"j). 
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Fig. 7 - Perfis da velocidade para diferentes taxas 
de condensação 

Verifica-se que a influência da transfNência da massa (va
por para líquido) no movimento do fluido junto à região da inter
face é muito pequena. Com o aumento da taxa de condensação, 

o ponto de transição afasta-se da interface, o que acarreta no 
crescimento da tensão de cisalhamento na interface. 

CONCLUSÕES 

A presente proposta da lei da interface para escoamentos 
bifásicos estratificados apresenta escelente concordância com re
sultados experimentais obtidos em canais horizontais com escoa
mentos de água e ar: Em contraste com modelos anteriores, o 
presente modelo sattsfaz as equações do movimento na região 
da interface. 

A tensão de cisalhamento interfacial influi no perfil de ve
locidades e na difusividade turbulenta em ambas as fases, especi
ficamente na região vizinha da interface. A espessura da sub
camada viscosa aumenta substancialmente com o acréscimo da 
tensão interfacial. A teoria prevê que, quando tal tensão é nula, 
a referida sub-camada não se forma. A presente lei da interface 
mostra que, a difusividade turbulenta varia com o quadrado da 
distância da interface. 

Para a determinação da transferência de calor e massa em 
escoamentos estratificados, é proposto o emprego da presente 
lei para determinar-se as distribuições da velocidade principal 
do escoamento e da difusividade turbulenta, ambas na fase 
líquida. A comparação dos resultados, assim obtidos, para a 
transferência de calor e massa com os já disponíveis na literatu
ra podem ser úteis na complementação da comprovação da lei 
da interface apresentada no presente trabalho. 
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ABSTRACT 

Theoretical considerations based on the equations of mo
tion near the interface yield mean velocity and eddy diffusivity 
distributions for stratified turbulent gas-liquid flows. This novel 
"law of the interface" shows that the interfacial shear stress has 
a strong influence on the momentum diffusivity close to the in
terface. The agreement with experimental data is very good. 
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SUMMAIIY 

This JHIJlCI" cx~tmútcs vm·timl mixing mui hm l lmnsfer· in spmy syslems. Thc inlcmdion bclwccn a vorliml 
} Imo jidd wilh lhe process of molecular dijJusion of specics and cnergy is invcsligaied. Tmnsicnl hm.tiny mui 

p/111 st dwn rJc ru-e possi!Jl!, in lht condcnstxl plwsc. Of inler-es lm·c lhe cjfcct of lhe vorlital jt:cld mui o lia r aspccl s 

of lh e Jluirl 11uchanics on lhe mlf·s of cnlm inmcnt, vaporizalion mulmiúng. Thc liquúl spray is nprcsu!l.cd 
I!!J a nu111bcr of droplct groups which a r-e f ollouu:d in a Lagmngian manncr·, ar·counling for tmnsicnt hmtiny 

awl 11//f!l!rl Z(J / Úm . 'J'Iw .w:alar· ficlds of lcmpcmtw·c mui fuel mass fmcl ion in the gas phase are oútaúzul úy 
jiuill·-dij{unu-•·s willt lhe· drup/els actiuy as poinl sources of rnass und sinks of energy. 

INTRODUCTION 

Vortical flow s occu r naturally or ar<.' induced in nwst " "''r?;,Y ap
plications involving t urbulent mixing of two or mo re ' l''"'iPs. Thu s, 
many propulsion systcms i11 volvi11 ).'; sepa.rat.e i11jcctio 11 of th• ~ reada11ts, 
typ ically rely on thP format ion of a vort.ica.l field to euh;wcc the rates 
of mixing and hea t aud rnass t.ran sfc r. The exisl<'nrc o f cohe rent struc
tures in turbuleut fl ows, particularly iu turbul<'lll. 1ni xiu g layers, was 
observed and desc ri bcd in the experimcnts of llrowu aud Bushko [1 ] 
and Browand and Weidman [2]. ÜVl'r ti"' 1"'-'t liftecn yca.rs, an in 
creas in g 11umber of studies focusi11 g 011 ''" ' l>e h<Lvior of t hese rohere11t 
structu rcs, their df<•cts o n the flow li <· l·l . '""l their int<'ra.ctio ll wit.h the 
scala r firlds h ave a.pp<'a.red. A few t·xa. rnp!Ps are t he works of Cbri s
ti ansC'n <tnd Zabu sky [:1], :\cton [ 1] , !l o a11d llna.ng [5] , a11 d Corcos and 
Sh errn<tn [6]. A very U.1lll p1<'l<' ov<·rvi<'W of tlH' cntTI'III. stat us nf re
search on t he interaction of par t. ir l<'s wit.h shear laye rs has '"""' )!; iVt' ll 
rccently by Crowc dai. [7 ]. /\ u i11 vest iga.Lio11 of tb e e lr<'rt of large-sra.le 
I'Ortex strurtu res n11 p:HI id<' dispersio11 W<LS perfoflll('d hy Crowe d al 
[tl]. who introdun·d a ti me scaling ratio, t he Stokes nurnber, to qu:111tify 
t lw e ffen of thP la rge-sca.le struct.Zll'<•s on t.he dispersion nf partirks. 

The belzavior nf a ).\ roup nf dropl l'ts in a turhult-nt ftow li<'ld g<'n 
rra ll y depends on tlrP ro uceut r<lt ion of th<' dropll'ls and on the siz<' of 
the droplets "-' rolllpa n•d wi l.h t ll<' sc;Jl,• of I h<' lllrhukll c<' [!!]. :\ 1. h i~: h 
droplct rOIJU' Jitra r.iu us, 1 h e turhu!PIH'f' rn ay h<' rornpl ('tc ly d;!l np• ·d . 
:\l so, <irop iPt a~glnn~t • r ; ll . ion a.11d cullisi(l/1 can ocrnr . /\1. lnw cotrc t'J Jt. r 1· 

tio ns . l':tch partirle zn ay '"' rousidl'r< ·d isolat<'d cxu<•pt for liH' ir1 '' d 
int crac t.ion which orc nrs if hi~h va.poriza.t iun ratPs t'Xist. TIH·· )!'(·ti 

rai stu di<'s of part icl1• -lu rh uk nn• irzl\'ractiou wen' pNfof!llt'd h_v T •<'ti 
[tO ], Corrsin :u1<l l.ulld <.•y [ li ]. aud l'ri edla uder [ 12]. So m" II H·o n ·· 1ra l 
modclin).\ uf dropkl. <·ont.a.i11i11 ).'; <•dd il's has IH'e ll rn JHlu.-t• ·d !.v 11 . ll:111 
and ll arslad [1:1]. lu t h<' ir work, th (• belr;J\ior of il rill sil'r of dr .. pkt.s 
insid e an aln•ad.v ex isti n).\ l'ddy i:; IIH>dd <'d in a globa! lll:lllll<'l'. Tlw 
droplrt cluster is cllllH•dd Pd into a ryli11dric:d vort<- x ll·l:ic !J is inli11ite 
iii t!w ln 11 git udin al din·rt.iorJ. Si ne• · tllP droj•ll't clu ·.l.<·r is ""'"'""d to 
!H' withi11 t he cddy a.t. l.hP h•·).';illill ).'; of i.IH' c;t.l··ul:t.t Jou , 110 infonuatinn 
r ;.n l.H.1 inff'rr('d as to wh(' thcr or nul. th (· dropl ,-ts an· (• ntra i111'tl du r i u~ 

l ÍI<' fonna tion of th<' <•ddy an d wh;\1 nH•rha.nisms cnntrol t h is ra.t.e of 
entra.i;HTH'nt. Those st udi<'s do provid<• inter<'stin_g; infonn at ion on tlw 
s:JllSNIII<'"l behavio r of the dropld r lu sl.<•r. lu most caS<·s it is shown 
t ha t thP dropl<'l.s l<•ll d ln fornz a shl' ll lll'a.r t h<' oul.<·r ri 111 of !. lH· vort<·x 
due to ac l iou of t h<• n ' ul rifu ).';al fúrn' . 

Th<• abo\il' s tudi <·s h;" ·' · uot ron sid<'r<'d IH•at. t.ranskr •·fr< ·rts (i 11 t.IH' 
g<'-' nr in the par t.i ci<•s) duri11).\ ti"· vort.ir:d 1nixi11g of parlicl•·s. NPi lh e r 
lt<tH' t h e ('ff<'ct.s of drop l <~t va.poriz;d.illll h(•t'fl consid<'n·d l.u <I II .V si~nifi 

c;uJt. cxl<•ut. ln thi s work. th<' int<·racti o u lH'tW<'<'ll tiH' 1\uid Jll<'ch;tnic s 
and th<• mi xing of a two-phaS<' 1\ow, inrlnding vapori z:ll.ion of tll<' Cll ll 
dp used ph ase. will IH' t•xamin <•d with t. h•· oh.i<' r t.i\·•· of d!'l.l·rzuinin g 1111 · 
rond itio 11 s that. t .. ad t.o a uwr<' <'fliri .·nl. •• nt.rainlll <'lll a nd m i:-. in ~. 
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The configuraLion chosen for this invcst.igation is onc in whi ch liq
nid spray is introd uced into a gaseous shcaring fl ow . The conditions 
undcr which the shc<tring flow can cvolve into a nu mbcr of largc-scale 
vort icaJ stru ctu res m«y be controllcd, a ud thc behavior of the spr<ty, 
in terrns of its spaciaJ distributio n, cnt ra inmcnt ra tes, a nd local a nd 
ovcrall mixi ng, can be investigatcd so that the import<tnt controlling 
paramctcrs are ident ified. Thc con fi guration studied corrcsponds to 
the temporal growth of a pcriodic shcar layer. 

LI QU JD SPH.AY 

Thc Lagrangian eq ua tions govern ing Lhe momentum dy n;un ics of a 
droplet in a ccrtai n droplct gro up a re thc equations for lhe t.rajcctory 
an d t.he morn enturn cxchange with thc ga.s phasc: 

dx 
dt =v, (1) 

whcre x and v are the droplct posit. ion a ud drupl<'!. ···lority vccto rs, 
rcspcctively. T he g;cs velocity a nd density are v 9 :w<' p, resper ti vely, 
a nd the absolutc value of the drop let-gas r<'l a t.i v< ~ ,·do ·it.y is n,·d· Thc 
droplet mass is rn and the dropl ret rad ius is H. l'I H' dra~ coefficicnt. 
is o bta.incd from <tvailable numerir;~ l corrclat iun s •r f1 >m experime nta.! 
O UPs . The gr«vitat ional li cld g can play an impn c t <~ nt role, def;end in !!; 

., lhe o ri<•ntatioll, in modifyin g th1• ra tes of e1 I rai;, Ju r. tl. of lhe droplcr.s 

hy the vo rti ral ll ow. 
Recently, Nflnyen d al. l1·1] cornpi led S•'Wt <d cf coplet drag corrc

lat ions for use in spray calcul atio rr s. TI"' dr:>!!; cr :·lficiellt is dclin cd 
as: 

/ ) 
Cv o= ~--2 -· 2 

'if!l', :" R 
(2) 

where D is Lhe magnitude of lhe d ag foro' :td :ng on t1J c droplct. 
Most drag-codTici<·n t. corrdations IH<'d in thc• spr: •. y literai.Jtre accorwt 
for a Reynolds-nuntlwr effert and : V<tpori;.a.tior etrcct throngh a dc-
1H'JHience on t he t rans fer num bn lJ. \ comm c u droplet correl ation 
is t hat o f Yu <·u an d Chen [1 5], who expe rinwr.ta.l ly showed that for 
low to mode rat<• vapori zatiou r<ttcs (IJ = cp('/ 'c.,- 7:, )/hJy ~ :J) t he 
drag roellicic nt of a n evaporating droplet may be approxirna.ted hy the 
staudard drag curve for a. solid sphcrP, provided t hc ga.s viscosity JL is 
cvaln<tted at a referencc ternperature a nd thc collcentr«tioll obtaincd 

hy usi11g t.h<• I /3-rule: 

(3) 

The solid sp hcw drag curve is approximatcd within I O% by the 

curve-fit formul a [l(i]: 

"2·1 6 
Cn = - + c + 0.4 

. llc l + Re0 ·" 



in the range O::; Re::; 2 x 105 . 

For a vaporizing droplet there is also an cqu ation governing the 
rate of changc of the d roplet mass: 

4 dR3 . 
31fPrdt = -m, (5 ) 

Traditionally, the va porization rate m is obtained frorn a quas i-s tca.d y 
a nalysis of t he gas film a round the droplet [17] a.~: 

rh = 41fllpDCneln ( l + B cJJ) , (fi) 

ln thi s exprcssion, Bcff is an effect.ive transfer numher that takes 
into account thc heat of vaporization a nd thc heat condu cted inlo 

t hc droplct [17,1 8]. The effccti vc tran sfer nu mbcr, /Jc!f, is ddin<·d 
by thc maBS fractions of fucl vapo r at th e droplet sur face a.nd in th c 
surroünding a ir , 

YFs- YFoo 
B ejj= l-Yps (7) 

An energy bala nce including the latent hcat of vapori zation, heat con 
d uction into or out of thc liq uid, and conduction in thc vapor ph a.s<', 
serves to determine Beff· T he convcctive correction Cnc appca ring in 
thc equation for th e vaporization rate, modifies the sphcriutll y syrn 
metric result to account for thc convectivc effccts . Seve ra ! cor rel at ious 
are available for the convective correc tion, including t.hc o ne suggest ed 
by Clift et ai. [19] : 

Re 2: 1, Clle = 0 .. 5 (1 + (1 + llePr·)IfJR"o.o<7) ' 

Re < 1, Clle = 0.5 (1 + (1 + RePr·) 113
). (8 ) 

Recentl y, Abrarnzon and Si ri g nano [20] have proposcd an <'xpres
sion for the vaporization ra te th at yield s the logarithmi c depe ndcn ce 
on the transfe r nnmber for low Rey nold s numher , hut whi r h res ults in 
thc more app ropriate power-law dependcnce for high Rey nold s numb er 
vaporization. 

Since transient inte rnal heating is con sidered, thcre is an equa.tion 
for the conservation of ene rgy inside thc droplct. Employ ing a sphcri 
cally syrnmet ri c modd: 

i)T la( 2 aT) 
Dt = Oeff-:;:2 ar r ar ' (9) 

where T is the liquid temperature a nel Oef 1 is au elfective t hernoal 
diffu sivity that takes into account the internal circulation in tloe droplct 
dueto the convective gas fl ow surrou nding it [20]: 

Oef J = o { 1.86 + 0.86 tanh [ 2 .24.5 log (~~R) ]}, ( 10) 

T he en ergy conducted into the droplet is obtained from the def iuition 
o f the effecti ve transfer nurnber as : 

Qe = rn [cp(Too - T,) _ h ] 
B eff fg 

( II ) 

Other equations needed to comple te the film model are thc th e rmod y
namic cquilibrium equations rc lating th e droplet surface temp era tu re 
to the gas-phase fuel mass fr action a t th e surface. 

T HE FLOW FIELD 

ln thc two-dirncnsional , inviscid case and assuming th at the di scrde 
phase has no effect on the continuo us flow field [22], thc only non-zero 

cornponcnt of vorticity, w., is convected by the llow field according to 
the cq uation: 

Dwz ÔWz Üwz Üw, 
-- =-+u-+ v - =0 

Dt at âx ay ( 12) 

In arder to solve these equations, one introd uces a streaonfunc t ion , 1/• , 
so that: 

âlj; 
u = ây' 

âlj; 
v = - ax (13 ) 

The strearnfunction satisfies the Poisson equation: 

\1 2 1j; = -Wz ( 1-1) 
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Thc soiutio u of Eq. (1 '1) for th<' rase in which vorticity is confiued to 
an infinitesimally thin shPct of arbit.rary shape [21], yidd s thc velocity 
compouents at a ny po int (x , y) as: 

I j ·~-v' 
11(x , y) = -

2
rr ~/(s)ds (1.5) 

I J ;: -x ' 
v(x, y) = 

2
1f ~/(s)ds ( l6 ) 

wherc J'(s) is the circulatioto pe r unit lcngt h (strength) o f t he vortex 

shc<'l. a t tio e point ( x', y' ), r~ = ( x - x') 1 + (y- y'j'l, and ·' is a coordi na te 
running along thc vortex sheet. Th e integra tion is a long thc interface 
fro rn - oo to +oo. As we a re iute rested i to di sturba ncPs wloich are peri
odic in thc hor izon tal d irectiou, w<· need only con sider tloC' itotegration 

<tlong une W<tvelength of tlw disturbanre. lJ s ing co tnplex uotation wit h 
z = x + iy, Eqs. ( l 5) a ud (H)) beco me: 

u(z) - iv(z) = ~ j /(8 )cot[1f(z- z')]ds ( 17) 

wherc the intcgrat ion is ovcr one pNiod of t he di sturba nce (one unit 
of length). Separating Eq. ( 17) in to its real and irnagin ary par ts and 
approximat ing thc continuous distribution of vorti city fo r th e case o f 
pcriodic dist urbances of wavelcngth .\ with a discrete di s tribut ion of 
vor ticity with N line vortices per wavdcngth, tloe vcloc ity fi cld be-
comes: 

l ~ .0.1'1 si nh 21r(y- yj) ( 
u = - -L., 18 ) 

:1 i = I cosh 21r(y - y1 )- cos 21f(.r- Xj) 

l " L'.l'1 si to21f( x - x1 ) 
v = - L (19 ) 

'2.\ F I cosh 21f( y - y1 )- COS21f(X - x1 ) 

wh ere L'.l' j = / j L'.s1 is the circulation associa ted with th c segm ent of 
sheet L'.sj represented hy vortcx j. 

Since the vorticity is sirnply convec ted by the fl ow field, thc rnotion 
of thc various vortex cle ments is obta ined by integrat ing the equ at ions 

dx, 
dt = u,, 

CAS-PHASE F:NERGY ANO SP GCIES 

dy; = v, 
di 

(20 ) 

ln t hi s on e-way coupling approach, thc cffcct of tlo c droplets on 
the gas phase fluid dynamics is ignored. Future studies should remo~e 
thi s lirnita tion. Consequentl y, the gas-ph asc scal<tr equat io ns fo r con
servation of energy and species can be soived once the fl ow velocity is 
known . Similarly, thc droplet equations are solved with knowledgc of 
the gas velocity. ln thi s two-dimensi onal rcprcsent a tion, the equ at ions 
of conservation of encrgy and species in the ga.~ pha.se a re, assuming 
constant properties: 

âp1' apuT üpvT I a1T L 82T , 
75( + i)x + i5iJ = UePr âx2 + RePr Dy2 + Sr,vap (2 l) 

apY, âpuY, âpvY; I â2 Y; I â2 V; <' -+--+-- = ----+----+Jy (22) ât Üx ây R eSc âx'1 !leSe [Jy2 ,vap 

whcre thc vaporization sourcc term is givcn by: 

N 

s., ,vap = L ( "' Úl )Nb(r - r )). (23 ) 
J= l 

an d wherc the delta function s a re non -zero only at the locat ions of the 
droplets. The function (q, generally depends on b ot h ga.s a nd tempera
ture properties. The solution procedure involves rewriting the gove rn
ing equations in finitc-dilference form using a contrai-volume approach 
and solving a set of algebrai c linearize<! equ a tions [2:3]. 

RI::SULTS 

We conside r a sinusoidal disturbancc a nd its fir st subh a rno on ic, 
both of dimensionlcss am plitude 0.025 , simultaneously imposed on 
the interface at t = O. Since thc vorti ces th at defin e t he interf<tcC' are 
allowed to move close r to or fartlter away fro m each otiH•r, t.loe init ial 

~ 
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Fig. 1. Rollup and pairing of two vortical structures induccd by the 
presence of the first subharmonic. The characteristic time is the wavc
length divided by thc velocity jump. 

resolution does not rema.in fixed in time. Jn order to prevcnt the rcso
lution from deteriorating in regions where vorticity is being stretchcd, 
and in order to eliminate unnecessary calculations in regions whcrc 
the vorticity agglomerates, addition of new vortices and combination 
of vortices is performed, accordingly. Whenever the separation between 
any two consecutive vortices decreases bclow a certa.i n value (typically 
one half of the initial separation), these two vortices are combined and 
replaced by an equivalent single vortex. 

We consider the formation and growth of two vortical structures 
in the presence of the fundamental and the first subharmonic and in
vestigate the effect of the vortical structures on a few droplet streams 
initially located in the upper gas stream . Figure 1 shows the evolution 
ofthe interface separating the two gas streams (vortex sheet). It shows 
the formation of two large-scale vortical structures and their pairing 
induced by the first subharmonic. The number of vortex elements n is 
indicated at each time frame. 

Figure 2 shows the gas-phase streamlines at various stages in the 
formation and pairing of two structures. Realize that the fluid parti ele 
paths are different from the streamlines in this unsteady f\ow. The 
steady state is reached after about 5 units of dimensionless time and 
after ttis time, the fluid particle paths and the streamlincs coincide. 
While the fluid particle paths may cross the streamlines during the 
transient evolution, thus making entra.inment possible, no entra.inment 
of fluid particles occurs during steady state. Further entra.inment is 
only possible by the process of continuous pairing. 

Figures 3-6 present results for what we will consider the base-case 
calculation . Here the flow field corresponds to that of two vortical 
structures pairing under the effect of the first subharmonic. We con
sider three streams of 100 J.Lm in diameter droplets of n-octanc. The 
initial spacing between adjacent streams as well as the initial spacing 

t-O.OOE+OO t= l.OOE+OO 

t= 2.00E+OO 

t=4.00E+OO t= 5.00E+OO 

Fig. 2. Evolution of the gas-phase streamlines during the formation of 
two vortex structures from a vortex sheet, and their pairing induced 
by the first subharmonic. 

between two adjacent drops in a stream is 2.5 cm. The Peclet number 
based on the disturbance wavelength and the velocity jump across the 
vortex sheet is 2500. The initial velocity of the droplets is that of the 

upper gas stream. The initial distance from the vortex sheet to the 
stream closest to it is 2 mm: ln the base case calculation the inertia of 
the droplets is neglected so that the droplets move with the flow and 
t he droplet paths coincide with the fluid particle paths . ln Fig. 3, the 
contour )ines of constant temperature are shown. lnitially, the upper 
gas stream, which conta.ins the droplets, is at 500 K while the lower one 
is at 1500 K. The droplet locations are indicated in Figs. 3 and 4 by the 
black circles. The size of the circles decreases as the droplets vaporize. 
The efficiency of the mixing process is better understood with the aid 
of Fig. 4 which shows the contour !ines of constant mass fraction of the 
vaporized species. Initially, the mass fraction of the vaporizing species 
is zero. Since in the base-case calculation the droplets move as the gas 
particles, the only sensible measure of mixing is related to how well 
the gasified fuel is mixed with the initially fresh gas. 

The droplet trajectories for droplets number 7, 10, 19, and 22 in the 
base-case calculation are shown in Fig. 5. With reference to the first 
frame of Fig. 3, the droplets are numbered from left to right starting 
with the stream closest to the initial vortex sheet. There are 12 droplets 
in each stream, thus, droplets 7 and 10 are in the stream closest to the 
vortex sheet, and droplets 19 and 22 are in the second stream, abovc 
droplets 7 and 10, respectively. ln this case, in which the inertia of 
the droplets is neglected, these four droplets are entra.ined by the first 
vortex structure they encounter. The droplet temperature and size 
history are shown in Fig, 6. As this figure indicates, the droplets 
i n the first stream are rapidly reached by the thermal diffusion wave 
propagating from the interface. These two droplets are heated up more 
rapidly independently of the formation of the structures. Droplets 19 
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and 22 r<'ly on tlw forrnation of the vortex 'tructures to reaclt t!te !t ot 
gas. 

The results obta.ined by a.ccouutiug for thc incrtia of t.he droplc ts 

are contained in Figs. 7-1 O. l·'igurcs 7 an d R show the contou r liues of 

ronstant g<L'> tcmpcrature an<l cons ta.ut mass frartiou o f lhe va po ri zing 
specics. The maiu feat.urc ohserved in Figs. 7 a.ud S is the fa.ct th at. 

the droplets, on thc av<'fa.gc , tend to rema.in ou the upp<'r side of the 

shcar layer . This is du e to t.heir inertia whidt makcs thcm f<tirly iu · 

scns itive to t lt P cha.nging gas velocity field. Figun• 9 s hows lhe path s 

of the same selectcd droplets of thc base"'""'· Thc dro plets clos<'sl to 
thc shcar laye r are cntrained v<'ry easily. The droplet s on the second 

droplct s trcam are uot e ntraiued by lhe lirst. vortica.l st ructun• . an d 

by lhe time they rcarh t.he "'roiHI structure (r<'<'nt.ering ou t.l"' ll'ft 
side of Fig. 9) , that s trudnn• !t as a lrea dy rcarlt<•d a qu a.si-s t.,·ad y s i ate 

(closcd slreandincs ). Thus , in ordl'f to procccd wit.h lh<' ('ttl.rainttt''lll 
process. fnrt1Jt1 i pairiug; of vo rtic a.l structures rnust orcu r. Sinn• no 

ot.hcr suh harmon irs are prese nt in the initial dist urhan cc, no furthl'r 

pairing nrcurs. Figure 10 shows tl11' evolution of the dropl<'t surface 

tcmperature and of thP dropld ma.ss Vl'rsus tin11• for lh<> """" sclectpd 
dropkts of Fig. 9. H is interesting t.o note tha.t droplet nurnber 7, 
represcnted by i.lw ,;olid liu<' , whirh is e itl.r<tinPd very easily , is <'Xposed 

lo th<' lower t!•mperature fluid that is e nl.ra.ined with it. This dropl et 

rcm a ins in th e r<'l at ively cool <• r ror" of lhe st.ruct.ure. Oth cr droplets 
t h~t rcmai n outsid c th•• con· a i. cx pos<•d to high (• r l<'IIIJH'r;ttur('S. 

CON< :LUSIO NS 

This paJH.'f presc nts an inves tigation of i.he vortically- enhattu•d 

mixing of vaporizing sp rays. This probkm h;L, ap p)jrat iott s in ma.n y 

<' ngineering systems in whirh dfiri<·nt mixing of a condensed ·" 'hsta.n n· 
wilhin a carril'f fluid is des ired. l'ropulsion systent s iu whiclt lhe fu (•l 

. . . 

t= 5.00E-02 t= l.OOE+OO 

[ c-: 2.00[+()1) t= 3.00E+00 

t= 4.00E+00 t= 5.00E+00 

J.' ig. 7 . ll<'\'t•lnptttt•n l of 1.),, l',a s pl t: i'<' isotlll'I'IIIS arroultlin;; f"r dropll'l 
ii!Prti; .. l.lrnpl• •l siz<·: IIII) )IIII. 
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is injectcd in liquid form into an oxidizing a.ir stream is an cxamplc of 

s uch applications. furth er invest iga tions should ex plore the conditions 

under which the entra.inrnent is most ar lcast effi cient a.s a function of 

various co ntrolli ng pa.rameters such as droplet sizes, gas tcmpcrature, 

pr('sence of s ubhar moni cs in t.he disturbance and so on. T he two-way 
!teat transfC'r coupling bctwccn the gas and the droplets should a lso be 
i nvest igatcd. 
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RESUMO 

O I'TUldcl.a ~ d.ac fiUUTt&aô de r<R..C~ da ci!1.cuUa prúmaJ1La de /"t.eat.(Jilf'-<1 

1w.c:learwii a áQ-Ua ~ p!l~ é um &aUm imp,art,tan,te pa!Ul a a.náUoe de um aciden,te Uüir 

pe'u:ia de rtef!U.q,en.mtte prUmánJ..a. ;1.(, ~wau harru5fuqa<> ~ o ~ compiet:. da 
=n~ &am&a4 e 00.0 ~ = d.ado.u de etWuuia pa!Ul <M c.ád.i.q,= tenm.ai..dluULf.Lca4 
aplü:rurei.~ a ~ de acidente<:.- e <>te tn.a&alJw prr.ap.ãe um ma.d.efu ma.Wn.áü.ca C<1p{14 de 
~ = ~ tu:unáfuqa<> ~ con.o.i.dell.ar = cortdLç.á.eô ~ e 
op.en.a.c.úJn.a-<> da &am&a . Ou ~.ta.d.<:M de4te m.addo uá.a compa!Uldo4 com dad= ea;pe!U.me.ni.a.U> da 
f..i.ter.atww., apn.euenJ.aruio wn.a COJl.COfldánci.<t &=tanle ~. 

No projeto dos sistemas de segur·ança e durante o 
processo de lice nciamento de reatares nucleares a agua 
leve pressurizada é dado grande importância par-a a 
refrigeração do núcleo quando de um acidente postulado de 
perda de refrigerante primaria. A analise deste acidente 
inclui estudos sobre a vazão no núcleo e a sobrevelocidade 
da bomba no circuito quebrado, ambos dependentes das 
características das Bombas de Refrigeração do Reatar 
(BRRs). Outros eventos, como por exemplo, partida de 
circuito primaria inativo e parada de uma ou mais BRRs, 
também necessitam destas características de desempenho. A 
simulação destes eventos é normalmente realizada a través 
de códigos computacionais termoidraulicos [1], tais como: 
CATHARE, DRUFAN-Ol/MOD2, THYDE/P2, RELAP4/ MODS, 
RELAPS/MODl , RETRAN/02 e TRAC/ PFl. Para a modelagem das 
BRRs, o usuário deve fornecer informações específi cas do 
transiente operacional ou do acidente simulado, tais como, 
as condições nominais de operação e as curvas 
características das bombas. Estas curvas características 
representam o desempenho das BRRs e são expressas em 
termos de curvas homólogas e dos multiplicadores de 
degradação bifásicos, onde estes últimos são f unções 
relacionando as curvas homólogas monofásicas e bifásicas. 

O objetivo deste trabalho consiste no desenvolvimento 
de um modelo matemático para obtenção de curvas homólogas 
monofásicas e bifásicas de bombas de refrigeração de 
reatares nucleares refrigerados a água leve pressurizada. 
O modelo é baseado na equação de Euler para bombas e tem 
como parâmetros básicos as condições geométricas e 
operacionais das BRRs. Elaborou-se um programa 
computacional denominado CURVHOM (CURVas HOMólogas) capaz 
de fornecer as homólogas bifásicas e os multiplicadores de 
degradação bifásicos. 

CURVAS HOMÓLOGAS 

Normalmente, o desempenho completo das BRRs pode ser 
obtido relacionando a razão normalizada da vazão 
volumétrica v e a velocidade de rotação a, para as 
diferentes zonas de operação. Assim o plano v-a pode ser 
dJvidido em quatro quadrantes, a saber: 
1- quadrante ( v "'= O e a "'= O ): Normal (N) 
2~ quadrante ( v < O e o: > O ): Dissipação (D) 
3~ quadrante ( v :s O e o: :s O ): Turbina (T) 
4~ quadrante ( v > O e o: < O ): Reverso (R) 
onde v e o: são definidos pelas seguintes expressões: 
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Q w 
v e (I) 

Q w 
r 

sendo, Q = vazão volumétrica, w = velocidade angular de 
rotação e o subscrito r denominando a condição nominal. 

As curvas deste desempenho, no plano v - a, são 
expressas pelas linhas constantes da altura manométrica 
normalizada h e do torque hidráulico normalizado (3 , onde h 
e (3 são definidos por: 

H T pr 
(3 = - - --- (2 ) h 

H T 

com p = massa específica, p m = massa específica média da 
mistura bifásica, H = a ltura manométrica e T = torque 
hidráulico. 

Para as cur-vas homólogas, os e ixos da abscissa (X) e 
da ordenada (Y) são definidos da seguinte forma: 

v 
l v/o: I :s 1, X y 

a 

a 
la/v i <!, X y 

v 

sendo que a nomenclatura das 
estabelecida pela identificação das 
que compõe o seu título, .da seguintes 

Ll { H - altura manométrica 
B - t orque hidráulico 

{ 
A - denominador a 

Lz V denominador v 

uj N - quadrante 
D - quadrante 
T - quadrante 
R - quadrante 

normal 
dissipação 
turbina 
reverso 

h (3 
ou (3) 

2 2 
0: 0: 

h (3 
ou (4) 

2 2 
v v 

curvas homólogas é 
três letras (L!LZL3) 

forma: 

Na simulação de um Acidente por Perda de Refrigerante 
Primário (APRP), pode-se postular a ruptura da tubulação 
na sucção ou na descarga das BRRs e, dependendo do 
arranjo da planta, uma bomba pode estar conectada em 
paralela com a bomba do circuito quebrado ou intacto. 
Estas bombas também estarão sujeitas ao escoamento avante 
e reverso, e necessitam da identificação das suas 
características nestas situações adversas. Devido a 
~onfiguração dos projetes de reatares nucleares, torna-se 
difícil descrever as circunstâncias nas quais as BRRs 
seriam forçadas a operar no quarto quadrante, ou seja, 
vazão avante e velocidade de rotação reversa. Diante 
disso, o presente modelo não abrange o quadra nte reverso. 
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Quadrante Normal. Para o escoa mento bifásic o, 
admitiu-se que a a ltura manométrica é caracterizada pe la 
ponderação do título mássico x nas alturas manomé tri cas 
das fase s líquida e vapor. Assim: 

Hblf = (1 - xl. HI + x. Hv (5) 

com, Hk dado pela equação de Eule r para bombas, ou seja: 

Hk . g k k u . v 
2 u2 

k k u . v 
I ui 

k l, v ( 6 ) 

onde, u a velocid a de circunferenc ial, Hbif a altur·a 
manométrica bifás ica, subscrito k sendo f ase líquida ( r) 

ou vapor (v], e subs crito 1 e 2 s endo sucção e descarga. 
Admitindo escoamento r adial na entrada , as 

velocidades periféricas de v podem ser dadas por: 

vk = O 
ui 

k 
v 

u2 

k 
v 

k m 2 

u2 - t g(3 ' 
2 

(7) 

sendo (3' o ângulo de inc linação da pá, e a componente 
meridiana v sendo dada por: 

I 
v 

m 

( 1-x).pblf.Qbif 

mi (1-afi).Ai.pi 

v 
v 

m 
i 

x. p b i f. Qbif 
(8) 

afi.Ai.p v 

com AI área de escoamento, ar fração de vaz io e i=l ou 2 . 

A massa específi ca bifási ca pode ser dada por: 

p =(1-a).p+a .p 
blf f l 1 fi v 

Admitindo um parâmetro a . da do por : 

a = 
I 

pv 

PI 

a 
fI 

- a 
fi 

e o título mássico: 

X = 
P 1-a 

I + _ .'__ fi I p - ex-- -
v fi s 

onde Si é a ve loc idade 
definida por: 

s 
I 

v 
v 

mi 
I 

v 
mi 

I 

de desliz amento entre 

(9) 

(lO) 

( ll) 

f ases, 

(1 2) 

Pode mos obter de ( 10) a (1 2 ) uma equação s implifi cada 
para o título mássico, ou sej a: 

X 

a . S 
i 

a . S + I 
r· 

Substituindo as equações (9 ) e (1 3 ) e m (8), obt e mos: 

( 13) 

i l+a l Qbif v ( l+al J Qb if 
vml= l+a-~- A vm i= Si ~+a~-- . ·-;:- (14) 

I I I I I I 

Supondo que a velocidade c ircunferencial entregu~ a 
cada fase da mistura na entrada ou saída do impelidor seja 
dada por: 

I 
u 

I 

( 1 -~i ) . pi 
------- --.u 

pbif 

a .p 
v ! i v 

u = --- ----·--.u 
pbif 

e substitu indo as equações (9) a (IS) em (5) , t eremos: 

Hblf 
3 ] 2 2 1 + a
2

.S
2 

w . r
2 

[ (l+a .S ).(!+a )2 . ---g-- + 
7. 2 2 

(15) 

[ 

1 + a 
2 

s
2

] 

(1+a ~ J! . 
2 2 

Q
bi f 

w. --- -- - -
2rrg. b 

2 
. tg/3; 

(16) 

com b = profundidade da pá do impelidor. 
Assumindo os segu intes parâmetros adimens ion a is 

generalizados: 

a 
blf 

w 
Qbif 

v = -·-~---
hbif 

Hbir 
(17) 

w 
Qr 

teremos par·a o quadrante normal: 

H 

[ 

I + a
3

.S ] w
2

.r·
2 

h~:: = u~~-~~? . - -~; -_; 
2 2 2 

2 
ex + 

_ [(~: _a~:~~] . ;~-;:r ~~~~(3' a . c· 
2 2 r 2 2 

(18) 

As p erdas devidas aos at ritos e turbulênc ia no 
impe li dor, muda nças bruscas de direção ~ tr·ansformação de 
velocidade em pressão, são c onside radas supondo s uas 
proporcionalidades ao quadrado d a ve locidade do escoamento 
e, portanto, ao parâmetro v. Deste modo, admite-se um 
coef iciente de perda pr·oporcional a v

2 
resu ltando e m: 

h blf = c . o . exz 
I 2 

C . C . E . a 
2 3 2 

v - K . v
2 

4 
(19 ) 

com 
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c 
I 

o 
2 

2 2 
w .r 

2 

H . g 
r 

c 
2 

1 + a
3

S 
2 2 

w .Q 
r r 

2rr . H . g 

( 1 +a . S J . ( 1 +a ) 
2 

E= 
2 

2 2 ?. 

c 
3 

b
2

. tg{3 ; 

l + a 
2

. S
2 

2 J. 

?. 
(l+a . S J 

2 2 

(20) 

, 2 1) 

Para a condi ção nominal a=v= I, a altura ma nomé u · ica é 
uma função da fração de va ;cio ar, onde a esr:olha deste 
parâme tro é r ea li zada atra vés de aná li s e do compor tamento 
mais c onserva tivo dos coefi c ientes IJz e Ez, ou seja, é 
escolhido a quele que produz a mai or degr·a da ção '' " vari açã o 
da fração de vazio. Dest e modo, t e r·emos: 
curva HA N: 

_1::_
2 

= o.sss.jc,. D L 

ex 

-[c,. o
2

- c
2
.c

1
.E

2
-

curva HVN: 

h 
2 

v +·'"(H 

c
2
.c

3 
r:~. (- ~- -) + 

r r ?. 1, ( ex ' ] ) ~. 5 8:) . [ d-) 

i ' ... ,z . F I [ ~ ) 

no r· ) 

-- [c .D -C .c . 1-:- h r( exrJ] 
I 2 l. · .. } .~ TI 

com q 

onde as corTeções e m P=O f o 1·ant •>bl idas de 
Quadra_ll_~Dissipaç_.1_(l. 1\ <llni te -se quce 

periféricas d e v são d a da ,, po1·: 

k 
v 

ui 

k 
li + 

I 

k 
v 

mi 

tgW 
i 

k 
v 

u 'Z 

k 
v 

lll} 

t ga' 

p . g.Q 11 
.. w.r" 

(22) 

(231 

Stepanof f 12 1. 
as coinponentes 

(24) 

com aJ á ngulo de inc linação do di l'uso ,· . .: a 
Euler para bombas podendo se 1· cxp1· .:"s" ptw: 

eq uação de 

Hk k k u . v 
I ui 

k -. ', v (25 i 
k k 

u . v 
/. u'l 

g 

.. 



Fazendo as mesma~ con~;iJer< .l(;tws . sobr·e as pcr·das. 

-: cH 1 p1·oporcionais à velocidade do c~;e~)afl\ento , e 
: , i pü ~~.:ses adotadas par~a a condiç;lo nomill a l, t {Temos: 

Cc:rva HA D: 

2 
a 

--:l· I)- tC' ,_:-

t...l .r · 

H ? 

" 

( i + :11 ~...; . : . ( t ; i j ; 

~ :. -~~ :: __ ~~~ !_!.' ·- · -- ~ ~ 1_i_D_~-
··:~; ;1 r" l'CI-'fof' S ( ~i C i 

) ' 

t ' fi' 
I 

:~ ; ( 

'.• \ 
'f , () 

ti ·1- , J s ' ! 
I 

J,'l t;.:.. : .. 

qui:-i.dranic t urLilu ·-; ;Jp '.)l~- r· <1 

.·' '·· · d r· q t:.idr·a:l i \: di :-;~~i r·· H.,:~i·· t_ · ~ · •. : ~: · 

k 

i l l l 

: J 
: .- ·l ' 

:~s:.t- ~ ·; ~1 - i, ten. :1:1J::-.: 
._ t..:r\-;:j 1--i:~.: ;- . 

I. 

HVT: 

c .u -
I 

+ (. . F )C f_'J j' • 
i . l <.l 

C.D.l' _n. ) ~IL1 . L " C 
.:t . v 

: 
. I .. 1 ,·.I· Lt 

• \ I) 

r 
Ir/ C U r, (C .E · -I_ . c. 1 I l 

).i 

!IJ I 

IJ(u. 
, . f 

qi JL' 

as 

(?.6 ) 

d - ~~; 

(.;0) 

l:l i) 

í 32; 

sendo que a r:orr·c'-sJ V dada no lJ()l!Lo IL U1iiJc.il :·c·· laci üi li-l!>c!u u 
q ' :adr-ar.-::e nor·m a l (no:·) e o tUI·t ~ in;-.1 {t w ·}, c d.J.d~l pur !Z l: 

H 

H 
t u:· 

Il \ll' 

? 
li 

Q fL(_\[ ' 

(! (]j j 
t u r· 

11 

Tendo em vist a a di f'ku ld dcit~ de· Sf' in ~;c- r· ir· as curvas 
homólogas b ifas icas par-a L··•!d valor- dL· f': ·< F:ào de vaz io 110S 
--:--:ód ig"Js · .. : o n1putac- ion a! ~. utiliza --st.• um m ultiplicador de~ 

degra daç:iu bif á~; ico, que c wnrl fll11r;:jo de· p:)ndeC"aç.\o , capaz. 
de prever c twvas IH.Huó! og<J !-, c ~ >lli d i f e : ·e nte~ valores Je 
;'r·a,;ãu ck VdZlll. () Il! 'dtipl icadoi· de d r;gr;-Jdaçãu :VI( a r) 
r-elacior: a valo1 ·t:~.- da cur·vLt !Jum ó!cJga dt: (Ü ~gra~ação 'r'( ur) 
~.=?:Tá. fração de VdZ io u.r, a , ; lll' Vd llomólogcJ mono f'ás ica 
Y rn ~n(X), (X a / 1...1). e t-:t c:~u·va ~-~om (doga bif;-isi ca 

Yr~l;,(X) . Neste model o M(ar ) •kpcndcrú dos vd!Lwes assumidos 
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para X. Uma vez estipulado este valor, podemos reproduzir 
ybtr para qualquer va lor de ar. Ou seja: 

bí f 

y (a) 
r 

(34) 

Em geral, os códigos computacionais t e t·moidráulicos 
têm a presentado tabelas dos multiplicadores de degradação 
par·a va lo t·es de X=!,O com a =v=O.S , e aplicam estes valores 
par·a todos os quadrantes de qualquer bomba. 

Pat·a a ,·es o lução das cur·vas !.c·rno logas bifás icas, 
vcr·if'ic;uu -se a nc:cessida.dc do c onht• ( i:rJ er~tu da f'raç~\o de 
vazto na saí<Ja (vazão avante) ou t:n t ~ · a <. ! a (\"<--ll'.ão reversa) 
cl"> impelidor U mode lo ad ~Jtadn ncs: : ~ :· t ~-dJali ·!o segue o 
mcsmu t r·atarnPnt o que l-Iene h c Jotust ·'l ! : ~ uI. i i izararn para 
n~<;o J ver o problf'ma de escoamenl ·::· t. : Lisi~Y ~·•J i l'• bolhas em 
iif usores c , em linhas ger·a: :-; .n·, ,;npardi<l a L \osofi a 
dcsl"nvo l vida por Fut,uya 141 t! Zake ;n ':,!. 

Supund(l t:· st~uament.o a bCJ !l1? S nc int :·· r· i · .t · f.'i; i h1mha , <-t 

SU!l~r.d Uri < t rid.s l'or-Ça!; e n V ~Ji V iJas j'-L-•.1.:.·· fT t: X~>!' essa d :. 

:;eguinte for·ma: 
.:J ,· 

1351 
d t 

~~f~ndo 

V vo iunw d: !_ bo lh~:~ de vapnr 

'[ F !; l'orç ct ele pr · ~: ssão (l-'p) + fon,: d. centr·t fug:J (Fc r) + 

forç· a de Drag ~ 1-' ul + f orça rle massa vír·tudl (Fmv) + ror-ça 
devido a difcrer;~: a de massa espccí fic<-i enu·t: as f a se.-; (FyJ 

+ f cJrça •.k Hassr:l. IFB) . 

CC'Ill 

F 
D 

F 

.J p -.v 
Js " 

C . 
1 

) I I 
2 

0 2 - .p
1
.lw -wv . w

1
- wv .n.R

8 

-:_: t~ndo Cn= coefic~e f!te de Drag , RB = r·a! o do bolha , e 

De acot·do 
r-e a li zados por· 

3w 
k 

c t + '-/1,' • 
k 

aw 
k 

··a;,-

com os estudes e xperimen ta is e 
Minernura c Mura karni 161 cm 

[36) 

(37) 

(38 ) 

(39 ) 

(40 ) 

t eóricos 
bomba ', 

centrífugas com escoame nto b ifás ico, os t ermos Fy e FB sáo 
rnui to pequenos c01nparados aos demais. podendo ass im, ser em 
dcsr.wezados <l a soma t.óri a das f or ças goven1antes. 
De!->e n vo l vend ~_) a expr essão (JS) , t.cn=:-mos· 

P, 

~T--~;-~) •J' lj '", s' [ ~: 

o.,,.;J) d 

0 -•,l. ;J} ~- ' 

+ (l-ar) h-PVJ.r.sinf3' .cosã· ("o~r ( ~r + 
r 

~--~P~ [;= ~-:-~~-~] · IH: ~ : ) a-1 
r f 

e conforme Henc h e j ohnston IJ], 
c 

I> pode ser· dado por : 
R 

ll 

(41 ) 



CD 

R 
B 

~ { 109,843. (1-a) 

-1 
339,623 m 

3 
para cxr > 0,3 

para "r ~ 0,3 

e para ar > 0,3 o termo de massa virtual da equação (41) 
pode ser desprezado. Portanto, conhecendo as condições 
geométricas do impelidor, ou seja, A1, Az, n, rz, /31 , /32, 
õ1, õZ, as funções de A(s), r(s), /3'(s) , õ'(s) e S(s), as 
condições nominais wr e Qr , e admitindo valores de pressão 
e de cx;v, podemos considerar que a expressão (41) é uma 
equação diferencial ordinária , tendo como variável 
dependente a fração de vazio ar. Resolvendo-se esta 
equação, pode-se inferir a variação de ar ao longo de s 
(coordenada absoluta) e calcular as curvas homólogas 
bifásicas nos diferentes quadrantes. 

RESULTADOS 

O modelo do programa CURVHOM foi utilizado para 
simular o desempenho bifásico da bomba testada pela 
Combustion-Engineering (C-E) [7]. para fração de vazio 0 ,4 
e velocidade de deslizamento 3,0 e 5,0, onde apresentam 
resultados satisfatórios para o quadrante normal , conforme 
figura 1. Os multiplicadores de degradação bifásicos são 
comparados com as curvas do quadrante normal, figura 2 , 
onde o modelo prevê desempenho distinto para cada 
quadrante, e é mais degradante para o quadrante normal. 
Ressalta-se que a C- E não apresenta resultados 
experimentais suficientes para comparações satisfatórias 
nos quadrantes dissipação e turbina, e que os dados 
experimentais da figura 2, são na verdade, ajustes 
realizados pela C-E com diversos valores de pressão. 
Diversas comparações experimentais e o desempenho teórico 
da evolução espacial da fração de vazio no interior da 
bomba, são apresentados detalhadamente por Dos Santos [8] . 
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Fig.1 Co~aração entre curvas teóricas e experi~entais 
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Fig. 2 Co~araçao entre lllltiplicador teórico e experi.ental 

CONCLUSÃO 

A análise de um acidente por perda de refrigerante ' 
primário em reatares nucleares refrigerados a água leve 
pressurizada envolve o desempenho das bombas de 
refrigeração de reatares. As características de desempenho 
destas bombas são dados de entrada solicitados pelos 
códigos computacionais termoidráulicos aplicáveis a este 
propósito, sob a forma de curvas homólogas. Neste 
contexto, elaborou-se um programa computacional denominado 
CURVHOM, baseado na equação Euler para bombas e modelos da 
evolução da fração de vazio ao longo do impelidor, para 
que possa ser avaliado e analízado com dados experimentais 
disponíveis. O modelo não dispõe de mecanismos que alterem 
o percurso realizado pelo fluido quando a bomba impõe 
funcionamento para condições fora de projeto. Contudo, 
este modelo quando aplicado à bomba testada pela C-E [7], 
revelou-se bastante satisfatório e com forte 
conservantismo para as condições fora de projeto, mesmo 
considerando o fato de grandes inconsistências encontradas 
nos dados experimentais . 
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ABSTRACT 

The two-phase coolant pump mode l of pressurized light 
water nuclear reactors is an important point for the loss 
of primary coolant accident analysis. The homologous 
curves set up the complete performance of the pump and are 
input for accidents analysis thermal-hydraulic codes. This 
work propose a mathematicat model able t o predict the 
two-phase homologous curves where it was incorporated 
geometric and operat ional pump condition. The results were 
compared with the experimental tests data from titerature 
and it has showed a good agreement. 
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ESCOMENTO ANULAR ~S-LÍQUIDO EM DUTOS VERTICAIS 
COM LÍQUIDO ENTRANHADO NO NúCLEO 
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F(ESUt1Cl 

PrQpõe-se um modelo semi-analitico para o escoamento anular ~s-liquido 

ascendente em um tubo circular, onde se usa, em ambos os meios, modelos 
alg6bricos de turbulência estabelecidos para escoamentos unif-'sicos, 
combinados com correlações emp1 r i c as par a a determ inaçlii:o do fator de 
fricçlii:o interfacial. A integraçlii:o direta das equações de momentum leva • 
determinaçll:o dos perfis de velocidade em cada uma das fases, o que 
possibilita a determinação de grandezas de interesse pr~tico, tais como 
espessL•ra m'>dia do filme liquido e gradiente de presdo axial. Os efeitos 
produz idos pelas got1 cul as de 11 qLl ido dispersas no ~s ~o 1 evadas em 
conta, de maneira aproximada, atrav6s de correlações emp1ricas 
especializadas. Slo efetuadas comparações com resultados experimentais, com 
o objetivo de demonstrar a consistOncia do modelo. 

INTRODUÇÃO 

Escoamentos bifásicos anulares gás-liquido 
ocorrem em diversos processos das indústrias 
qu1mica e nuclear e. devido a este fato. um 
razo~vel número de modelos semi-emp1ricos te~ 
sido desenvolvidos para representá-los de 
forma aproximada [2. 3. 7. 9 .11 .13 ]. Entretanto. 
uma das lacunas observadas na literatura 
disponivel. 6 a inexist~ncia de um modelo 
anal1tico que represente. com razoável 
precis~o. os perfis de velocidade nos meios. 
Esta deficiência dos modelos dispon1veis 
inibe o surgimento de modelos teóricos que 
representem satisfatoriamente o campo de 
temperatura em desenvolvimento e grandez<.\5 
associadas à transferência de calor. 

Jnde o 1ndice k identifica o fluido <1- g~s. 
2- liquido> e n representa a simetria do duto 
( 1- axial, 2- plana>. 

Neste trabalho desenvolvemos um modelo 
diferencial para escoamento bifásico anular 
desenvolvido e obtemos expressões explicitas 
para os perfis de velocidade no filme e no 
núcleo. Por conveniência. o modelo é 
apresentado em duas versi:Ses. ou &eja. uma em 
que a fração de goticulas de liquido 
dispersas no núcleo gasoso é desprezada. e 
outra. generalizaç~o da primeira. ern que esta 
fraçXo é considerada< .. entrainment" >. 

ANÁLISE 

Considera-se escoamento desenvolvido. regime 
estacionário e propriedades constantes para 
os fluidos. As grandezas geométricas 
relevantes para a soluçXo do problema s~o 
r •. posiç~o da interface. e r

2
• coordenada da 

parede do duto. A equação de momentum na 
direçXo axial em termos das grandezas médias 
no tempo. é descrita por: 

d 
d'r 

rk-• <r<rk . k = 1.2 

J = 

< 1. a. b> 
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Admitindo continuidade no perfil de 
velocidade e continuidade na tens~o de 
cizalhamento na interface. temos as seguintes 
condições de contorno e interface: 

du (r> t o = em r = r o = o ( 1. c) 
dr 

u (r> = ll:z ( rl em r = r ( 1. d> • • 
du • du 

j..J. Eint 2 

"d"r = j..J2 ~1'12 dr em r = ~ c 1. e> 

u <r> 
2 = o em r = rz ( 1. f) 

Por integração direta das equações 
acima.obtemos expressões explícitas para as 
distribuiç~es de velocidade. na forma: 

e. 

= 

= 

< P -1> 6°+t 

c R'l n 

< n+1l J..J
2 

E < R'l m2 
} 

J 

+ 

dR' } 

< P-1> 6n+l 

< R'l n 

< 2. a> 

J 
( 2. bl 



onde os diversos grupos adimensionais s~o 
dados por: 

R= _L 

rz 

1-'2 
1-' = 

~-~. 

E - 1 mk - + 

e onde. 

r 
6 = • 

rz 

cmk( R.J.lk) 

vk 

p = 
P, 

p2 
c 3. a-c> 

( 3. dl 

( 3 . e) 

p = 
k [~ dz 

+ pk g J ( 3 . f) 

onde g 6 a aceleração da gravidade local. Emk 

6 a difusividade turbulenta do escoamento na 
fase k. ~-'• 6 a viscosidade absoluta e u• 6 a 

viscosidade cinemática. Das expressões de 

velocidade obt~m-se a distribuição de tens~o 
no escoamento: 

T (R> = 
i 

Pz t; p R . 

n+l 

T
2
1 R> 

r2PZ r R+ = ---n+l 
I 
L 

O :;: R :;: ó ! 4. a> 

ó n+lc P-1> l 
Rn I 

_j 

6 ~ R :;: 1 I 4. b> 

e as velocidades médias são obtidas · por 
intermédio de suas definições: 

fk rn 
rk...:s uk<r> dr 

. k = 1 . 2 c 5. a . b> uk = 

onde. 

a = 1 -c 
WLIIL 

pLÜ<JAt 

fração de vazio associada ao núcleo 

W =~Ü<-'tA a ,_,tl a c 1 

vaz~o de g~s no núcleo 

PC ::: acpa + I l-ote) PL . 

densidade da mistura no núcleo 

IJ =a 1-' + 11-a) 1-' , 
C C<l C L 

viscosidade da mistura no núcleo 

D = 2! 2-n> r 
t • 

I 8. bl 

< 8. c> 

( 8. d> 

! B. e> 

< 6. c> 

e o perimetro p
1

, em função do perimetro do 

tubo 

P = ón P • ( 6. d> 

WL.WLFe WL,.,s~o designados como sendo as vaz~es 

associadas ao liquido total. à fraç~o de 
liquido contida no filme e à fraç~o que se 
encontra dispersa no núcleo. respectivamente. 
Neste caso, 

w = L WLF + WL,., < 7. a> 

4W 
R e 

L 
( 7. b> = ---LS: PJ.lL 

O indice s C "superficial") aparece na 
definição do número de Reynolds acima para 
diferenciá- lo de dois outros números. tamb6m 
muito utilizados na literatura. 

Re :: 
4WLF 

----LF PI-' 
17. c> 

e - -
ReLF P, u,_m -Jr~ n -

~ r dr Re. = -rk-• 

2 rk 
:t: 

k=f. 
lr rn ukc r> dr 

k f. 
u = 

r J z rn dr 
r o 

No cálculo das 
de escoamento dos 
obtidas atrav6s 
hidráulicos. 

vaz~es mássicas 
fluidos 11> e 

dos respectivos 

n .. P._ 
A, = -4- A

2 
= A - A

1 

< 5. c> 

as áreas 
! 2> são 
diâmetros 

< 6. a. b> 
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---- -4 ~ ,._.L 

onde m é a espessura média do filme liquido. 
Outras grandezas de interesse são, então, 

definidas por: 

E = 
WL,., 

w 
L 

fração de liquido entranhado c B. a> 

w = w + w c a L&: 

vazão da mistura ( 8. f) 

l 

' 
! 
i 
l _...... 



Para soluçã:o do problema proposto escolheu-se 
para cada uma das fases um modelo de 
difusividade turbulenta já bem testado em 
problemas unifásicos . segbndo procedimento 
usual na literatura (2. 3, 7 .11). Definimos as 
seguintes grandezas adimensionais associadas 
aos meios 111 e 121: 

( cS2-k ~~ ( í.t) / 1 + 
R> "k ' yk = - r 2 lJk 

Rk-• :R<Rk k = 1 . 2 C 9. a. bl 

Uk( RI - ukl Rk> + 
uk = 

~ ' k/Pk I 

Rk-t <R: Rk k " •'- ( 9. c .di 

Os de difu:o.i vidade turbulent.a 
e5colhidos s~o aqueles prc~postos por Dei_ssler 
[1,3] e Reichardt (:3]: 

+ pa ra yk < 10. a> 

de_ acordo com
2 

expre ssEo propos ta por 
De1ssler . onde l =O. 0154. e 

.. -
rnk K r r 2 l 1 + I 1 R = ~'/k I + --I ,_.k I r I 

L k _j 

+ 
par a ;·k > 20 < 10. b> 

segund o a express~o obtida por Reichardt. 
ond;:, K' =O. 4. 
A so lu~~o do problema definid o pelas equaç~es 
( 1. a - fi "' :'.êg undo :3ulliv<tr-.l7 J. ;:, solui;áo -lo 
esc oa mento anular ideal. Este modelo par ~ o 
escoarnE::nto água-ar. co11duz .::. val -Yces 
rela ti vament.l': al t.oé, p;:.r.':! va;:ãrJ de• ar . :?.u ·ge 
então a necess idade de um tratamento m1is 
elaborado dos fenBmenos qu e oco rrem na 
interface gás - liquido. levando-se em cont• os 
efeito s de rugosidade int.e r fa c ial. e presença 
de liquido entranhadc, nc~ qás . 
Co rn o intuito de sirr1plificar a apresentação 
da análise. consideramo s . inicialmente. a n~o 
o.::orr~ncia de qotlcul-:1r::. l 1 ü núc leo, ou 
s eJa.to d o o liquido que entr~ no canal e stá 
na regi~(l a1·1ular. NestA .~ a s o. a tinica 
inforn1aç~o adi .: i(· ~al a ser ir 1 s~rida rLo mode l o 
seria lHna Cü rrelaç.ão que l t?.v .::t.~·5é em conta a 
natureza irreaular da i nterface e. como 
consequ~ncia. assumir descontinuidade de 
tensXo d e ciza lhamento na interface . hipótese 
esta que "' repassaaa para o mode lo de 
turbulDncia. A correlaçXo escolhida entre 
i numeras exié,tentes 11a li t .e ratura [6-11]. ê 

aquela s ugerida por Whall ey e Hewitt na forma 
apresentada na refer~nGia (14]. A escolha 
baseia-se no s bons resultado s obtidos para 
tensXo viscosa interfaci al e espessura de 
filme.e também pela simpli c idade da 
expr~5=··~o. 
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Passamos . então, a explicitar as etapas para 

a solução do problema. considerando a 
hipótese de não-ocorrência de liquido 
entranhado: 

ETAPA 1 - RELAÇÃO TRIANGULAR 

ai Escolha dos modelos de difusividade 
turbulenta a serem utilizados. Para o caso de 
escoamento laminar no liquido. E =1. 

mz 
bl Estabelecimento dos dados de entrada: 
diâmetro do tubo < D> . espessura média do 
filme < m=r

1
-r

2
> . n~mero de Reynolds associado 

ao filme < Reu.,=4WL /pf..!L) e propriedade dos 

meios I PL.P
0

• /-IL. /-1
0

1 . 

c> Estima-se um valor para o gradiente de 
pressão < dp/dz> e calcula-se as tensões na 
parede e na interface I r" e Ti. eqs. 4. a. bl. 

di Determina-se. por integração numérica. o 
perfil de velocidade no filme, (eq. 2. bl. 
el Com o perfil obtido acima determina-se o 
número de ReYnolds associado ao filme. 
f> O valor do número de Reynolds é 
confrontado com o val or estipulado como dado 
de .::ntrada. Caso a diferença seja menor que 
uma certa tolerância requerida passa-se à 
ETAPA 2 , caso contrário. altera-se o 
gradiente de pressXo até qu.:: esta condição 
seja atendida. 
q> Estipula-se uma variação para o gradiente 
de pressão axial. determina-se um novo dp/dz. 
e voltamos ao item c. Por um processo de 
bisecção. obtemos um gradiente de pressão 
axial qu~ sati sfaça as condições de entrada. 

ETAPA 2 - UTILIZAÇÃO DA CORRELAÇÃO PARA A 
TENSÃO INTERFACIAL 

Através da equação: 

f. = 
l 

2 T. 
l 

p ( i:i - u.) 
2 

a a 1 

e da correlação [14] 

I 
I ,_.L 1. · 3 
I 1 + 24 ( --) 
! pü L 

< 11. a> 

I 
rn I 

I 
D I 

I 
( 11. bl 

..J 

d.::termina - se a veloci~ade média <~0 1 no ar. 

Ressalte-se que 'i· a tensão na interface 

ini c ialmente utilizada. é obtida na ETAPA 1 
<interface plana. sem rugosidades, e 
desprezando gradiente de pressão radial> 

ETAPA 3 DETERMINAÇÃO DO PERFIL DE 
VELü CI DADE NO GÀS. 

a> Estipula-se um novo valor para a tensão 
interfacial < ri=ri+âril 

b> Determina-se. por integração numérica. o 
perfil de velocidade no núcleo através da 
equação < 2. a>. A descontinuidade implici ta 
no item a ê introduzida por intermédio da 
expressão definida para Em

2 
. eq. <3. e>. 



c) Através do perfil obtido no item ánterior . 
determinamos a velocidade média por meio da 
eq. ( 5 . a> . 
di Comparamos a velocidade média calculada no 
item c com a velocidade média obtida na 
ETAPA 2. Quando a convergência é atingida 
para a tolerância requerida.assumirnos os 
resultados obtidos como solução do problema . 
caso contrário. passamos ao item seguinte. 
el Determina-se um novo valor para a t.ensão de 
cizalhamento na interface< r . =r.+àr.l. 

1 1 1 

Volta-se ao item b e. através de uma rotina 
semelhante à citada no item giETAPA 11. 
obtemos uma tensão na interface que satisfaça 
o re sultado determinado na ETAPA 2. 
Caso o gradiente de pressão seja estipulado 
como dado de entrada ao invés da espessura 
média do filme. efetuamos a ETAPA 1 de 
maneira absolutamente equivalente. assumindo 
uma variação para a espessura do filme. até a 
obtenção da convergência. 
Ressalte-se que as evidências experimentais 
[10.12] levam a crer que o n6mero de Reynol ds 
associado ao líquido <ReLs l permite estimar a 

ocorr~ncia. ou não . de gotas no ndcleo. Para 
baixos Reynolds o fenBmeno não ocorre. ou é 
desprez1 vel [ 12 . 13 ]. 

A classificação '" baixo Reynolds'" é todavia. 
relativa. pois depende . co mo mostram os 
resultados apresentados no presente trabalho. 
do di::i:metro do tubo. 
Uma das li mi taçi3e:;:; da abordagem acima 
descrita encontra-se . evidentemente. na 
hipótese de que todo o líquido encontra-se no 
filme . Como na maieor parte deos ensaieos 
experimentais disponíveis na literatura foi 
observada a presença de gotículas dispersas 
no gás . .uma extensão natural do presente 
modelo é. portant.o. a consideração da 
influência da fração de líquido entranhado. 
Antes de apresentarmos o procedimento adotado 
para a solução do problema . conside rando urna 
fração de gotfculas entranhadas. torna - se 
necessário que enfatizemos alguns aspectos 
relacionados às grandezas definidas 
anteriormente: caso WLE " a vaz~o associada 

às gotículas de liquido no núcleo. 
WLF = WL. t importante observar 

seja nula. 
que se 

assumirmos a igualdado;, acima I" no 
entrainment'" I a espessura de filme 
adirnen:=.i ona l experiment.al I correl aç25e -=· de 
Koskyl 19711 . Henstock e Hanrattv< 197 6 1 e 
Kad a mbil 1985> I se mostra rá. provavelmente. 
inferior ao valor da mesma grandeza 
determinada te6ricamente. pois estamos 
assumindo mais líquido próximo à parede do 
que aquele que experimentalmente seria 
observado. Com base na desigualdade 
verificada. podemeos nos aproxim~r do val or 
mais provável para a vazão do liquido 
confinado. o que por sua vez levará a um 
valor aproximado para a vaz~o de liquido no 
n6cleo. 
Passamos. então. a explicitar o procedimento 
iterativo adotado para soluç§o do problema 
que considera gotículas entranhadas no núcleo 
gasoso do escoamento: 
ai Determinação das 
filme de acordo 
apresentado na ~TAPA 

Re = Re 
LS LF 

grandezas 
com o 

1 . Aqui. 

relat.i vas ao 
procedimE:ntú 
óbviamente. 

N Determinaç~o da espessura teórica através 
da express~o: 

m 
tQoor· . 

~r IRe I /p 1 
W LF L 

z._; 
L 
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______________________________________________________________ __, ______ 

rn ~r ( R e 1 / p I 
W LS L 

( 121 

:..• 
L 

o nde r w' ReLsl é o val<)r d.'l. t.en =;ão de 

cizalhamento na parede. determinada no item 
a. quando ReLs= ReL• 

c> Comparação entre mteo. 

de: 

e m . este obtido 

!TI 
wxp 

onde. 

-+ 
m 

<>><p 

-+ 
m 

G~..:p 

I .-::-:- . . , / p 
1 "tt r w ~ Rt L::S: · L 
I 

L L' 
L 

707 R o.:s + O. 'h 

exp. 

l -1 
I 
I 

J 
c 13. a> 

[ lo.• L + 7. 83t">X10-
9

l ReLF> ._ '"'"_j l 13. b> 

Se mteo estiver sufi c ientemente próximo de 
m . dentro da t o lerânc ia 
~xp e=·l=·ecific:ada. 

segue-se da seguinte f o rffia: 
c. 11 executase a ETAPA 
anteriormente, 

c:. definida 

c. 21 determina-se WLE.ac '.-1 • p~ 
a '" 

c. 3>faz-se P
0 

= Pc e ~o = f..lc 

c. 41executa-se a ETAPA 3. 
anteriormente, 

/-' ' (: 

definida 

Caso contrári o.seque-se para o passo 
abaixo: 

d> Especifica·- se urna varia ·:;:ã.:, para o nUrnero de 
ReYnolde'. associack> ao filme" (:.R'" I e 

l.F 

determina-se um novo valor para ReL~ ReLF -

.ó. Re 1 _F > • vol t .andc) - S8 a o 1 tem .~. 

Portant.o. introduz-se ao fürmali smo ante ri .n· 
uma parcela de líquido disperso no gás que 
e~.coa no n6cleo. Para a rni-=.tura oás-11quido 
11tiliza-se o modelo ho m0q§neo. ass11mind0 ·-se 
uma dispers~o uniforme de goticulas ao longo 
do raio e. aléu1 di sse~ . admitind,) - 5e 
velocidade relativa nula entre as ootículas 
de liquido e gás. 

RESULTADOS E DISCUSSÃO 

Fo ram obtidos resultados para oradiente de 
pressão axial. espessura de filme e perfis 
de velocidade. referentes a re s ultados 
experimentais apresentados na literatura 
[4.5.12.13] Explorou-se urna ampla fai xa de 
diâmetro=· de t.ubo ( 15 . 83. 31. 75 e 50. Srnml e 
de vazõer:;. no filmt:.~. ((iffl}:,arc,;_l-<:::. e o rnod~lc) com 
·resultados experimentais q~te praticarnente n~o 
apresentaram gotículas de áqua no n6cleo 
[14]. mas também com aqueles que apre sentavam 
llma parcela apreciáve l . de ~c~:,rdo corr1 as 
demai:=. referências. 

~ 

• 



Nas figuras 1- .:1 comp.aramos rei;.ul tados 
obtidos pelo modelo que nSo considera 
goti culas no núcleo, com diferentes trabo"ilhos 
eMperimentais [4,5,121. Para todas as 
situaç~es apresentadas na figura 1, nlo há 
ocorrOncia de gotas no núcleo de forma 
apreciável.Constatamos que, dentro da faixa 
de valores analisados, os resultados do 
modelo Sko muito próximos para o gradiente de 
pressão axial< a discrepância observada en
contra-se dentro de uma faiMa de 12% de 
desvio máMimo>. Na figura 2, para todas as 
situ;aç~es analisadas, existe uma fraç~o de 
gotlculas do liquido dispersa no núcleo [121, 
que cresce com o aumento do número de 
Reynolds. Para Re = 310, entretanto, dentro 

LS 

da faiMa de vaz~o analisada, esta fraç~o é 
infima, o que justifica a 6tima concordância 
verificada. Para altos Reynolds, em que o 
•entrainment" nlo é desprezível, a 
discrepância é sempre maior que 30/.. 
Observe-se que a contribuiç~o gravitacional, 
devido ao liquido, ~o é desprezível frente 
ao gradiente de pressão relativamente baixo. 
Isto significa que ao considerarmos todo o 

U qu ido contido 
ao gradiente de 
extra que, 
desconsiderada 
triangular. 

no filme, estamos adicionando 
pressão total, uma parcela 
de fato, deveria ser 

quando da apl icaçlro da relaçlro 

Na figura 3 apresentamos os perfis de 
velocidade, comparados com resultados 
experimentais [5,13], para um conjunto de 
vaz~es de água e ar para as sit uações em que 
o "entra inment" é desprezível <ReLs = 153 e 

ReLs= 253), e obtivemos uma raz~vel 

concor~ncia entre os p e rfis teóricos e 
experimentais. Existe, entretanto, uma 
significativa discrepância quando a vazl!:o no 
filme é relativamente elevada <Re = 1010). 

L&: 

Uma das causas para esta diferença é o efeito 
de "laminarizaçl!:o do perfil", associado às 
goticulas no núcleo. Outra causa se relaciona 
ao modelo de turbul~ncia escolhido para 
representar o escoamento no núcleo. O fato do 
perfil teórico, em todos as situaç~es, ser 
mais "achatado",é uma evi~ncia de que o 
modelo superestima o n1 vel de turbulência no 
núcleo. 
Os resultados apresentados através da 
figura 4 apresentam uma melhora acentuada, 
utilizando-se o modelo mais geral, 
principalmente na fai x a de valores em que " 
"entrainment" é substancial, em relaçl!:o <'O 

modelo que assumia todo o 11 qu i do contido r o 
filme (fig. 2>. Além disso, os valons 
obtidos para espessura de filme, figura 5, e 
através do modelo generalizado, mostram-se em 
excelente concordância com os resultados 
experimentais. Também de grande interesse é 
notar que a consideração de gotículas 
entranhadas leva a melhores resu ltados para a 
determinação do perfil de velocidade no gás, 
como mostra a figura 6~ 
Neste caso, apesar de coerentemente a 
espessura de filme diminuir, a velocidade 
má x ima aumentou, possivelmente devido à 
diminuição da área de escoamento dispon1vel 
para o ar. 
A vantagem significativa do modelo proposto é 
a de possibilitar a determinaç~o dos perfis 
de velocidade com razoável precisão e em 
forma e xplicita, viabilizando estudos 
analiticos futuros para a transferência de 
calor em escoamento bifásicos. 

I~. UU - -- ---- - -- ·· ----- ··· 
•~L~ • b H TEO. 

c--~-1---+--4--~-~--+-,--~ 

M t4 ~c~ ""'Ls · 1696 TEO . 
~ . ~--------------1 
~ 12. eee;... ___ "_ .. ..::Ls "1696 EXP. 

E 

z 

o 

·~ 
ru 
.';: 
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Figurn 1 - comp ;n,,çii.o h>t)ri cr• x f•xp-:>rimc•nt.1l para gradiente de pressão 

Rc su 1 t .1dos r•xt" ' r i mr·n t , i ~ r-h t i elos por Shearer e Nedderman 

(di ii rn 0 1 ro dn tubo " l 'i.A~ )( l0- 3
m). 
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c i dade . Resu ltados ex pe rimentais extraldos de 
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ABSTF:ACT 

A semi-analytical model is proposed for fully 
dev eloped u pward gas-liquid annular flow 
inside vertical circu lar tubes, by utilizing 
wel l- known turbulence algebraic models for 
s ingle-phase fl ows, within both streams, 
ccmb ined with empirical correlations for the 
g as- liquid interface friction factor. Direct 
inte,;r a ti on o f the associated momentum 
eq u~tions pr ovid e the velocity distribution 
for e ach phase, as wel l as o verall quantities 
of pratic a i i nt erest such as liquid film 
thi c kn ess and pres s ure gradient. The effects 
c f liquid droplets entrainment in the gas is 
a pprox imate l y taken into account through 
speciali~ed empirical correlations.Ex tensive 
c omp a riso n s with e x perimental results are 
made in crder to demonstrate the consistency 
cf the p rop os ed mo del. 

_j.,_. 
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SUMMARY 

The conservatwn equatwns o{ mass. momentum and enthalpy and the entropy inequallty. written for a two
phase flow in the local instantaneous form together with the respective jump conditions at the phase inter
faces. are volume-averaged ove r Eulenan control cells yielding a system of coupled macroscopic governing 
equatwns for the separated phases suitable for the three-dimensional. transient numerical simulation of 
complex engineering systems. The equations for the separated phases are then combined to model the fluid 
mixture in the frame of a slip model. The state ofthe art ofthe numerical treatment ofthe discretized and lin
earized equations is presented with reference to solution methods o( a resulting Poisson-equation for pressure 
and enthalpy d!stributions . The above algorithms have been implemented in the computer programmes 
BACCHUS-3DITP and COMMIX-2 . The application ofthese codes is reviewed with reference to the numeri
cal simulatwn of sodium boiling experiments in bundle geometry and offorced and natural convection simu
lations in more complex geometrical configurations. 

INTRODUCTION 

Multiphase flow phenomena involve a widespread 
domain of technical applications ranging from the safety 
analysis of reactor cores under hyputhetical accidents to 
pneumatic transport !ines or optimization of combustion 
processes. Since the basic book by R.B . Bird, W. Stewart 
and E.N . Lightfoot [1] on transport phenomena has found 
wide distribution, the analytical treatment of the funda
mental equations describing the conservation of mass, 
momentum and enthalpy has become the basic too! for the 
investigation of these processes, leading to computational 
codes which are in generalless expensive to run than the 
operation of demonstration plants. 

ln the more restricted domain of two-phase flow, a 
state of the art of the ongoing research has been given in 
the well known monograph by M. lshii [2] where the fun
damental theory ofthermo-fluid dynamic problems is pre
sented in a self-consistent and mathematically rigorous 
treatment. 

A more recent reference text on the thermohy
draulics of two-phase systems is the book edited by J.M. 
Delhaye, M. Giot, M.L. l{iethmüller [3], which is particu
larly oriented towards nuclear engineering applications. 
Among other significant results, it gives the cunceptually 
important prouf by J.M. Delhaye of equivalence of space
time and time-space averaging procedures. The theoreti
cal importance of this result is matched by the practical 
circumstances which make experimental results indepen
dent of the particular technique used (sequence of time 
and space averaging) for recording mean -valued data. 

Mean while, theuretical efforts do not concern only 
the derivation of macroscopic a veraged equations, but 
also the modelling ofterms describing the details oftrans
port processes of mass, momen tum a nd en thal py between 
the phases, taking into account the physical characteris
tics of the phase boundary. The mathematical formula
tion of these terms is a particularly challenging task 
when turbulent exchange phenomena must be accounted 
for . A state of the art of this ongoing research has been 
presented recently in the monograph by D.A. Drcw and 
R.T. Wood [4] . This reference gives also an overview ofthe 
constitutive equations used as a closure of the system of 
fundamental equations describing two-phase flow sys
tems. 

This article aims at giving an overview of i) the 
mathematical analysis involved in modelling a two-phase 
flow with the methodological approach ofreference [ 4], 
ii) the numerical treatment of the discretized conserva
tion equations, with particular reference to the algo-

565 

rithms used in the two codes COMMIX-2 [5] and 
BACCHUS-3Dn'P [6], iii) recent work concerning appli
cation ofthe above codes in the frame offast breeder reac
tor safety studies. 

MATHEMATICAL BASIS OF TWO-PHASE FLOW 
MODELLING 

ln the following, a condensed representation must 
be given. A comprehensive overview of this subject with 
details concerning analytical deduction and physical 
meaning of equations and terms is presented in reference 
l9]. 

General form of instantaneous local eguations and jump 
conditions 

The canonical form of the equations for the flow of 
apure compressible Newtonian fluid (or for the flow with
in the region consisting entirely of one phase in a multi
phase mixture) is [7] 

d(pljl) 
-a

1
- +V·(ptpv-V)·J-p(= O (1) 

where: liJ is the quantity conserved, J and f are its diffu
sive flux and source density, respectively . 

Denoting nk (k = 1, 2) a unit normal oriented 
from phase k outwards, and m the interfacial source of liJ , 
the jump conditions at the phase interface are 

(2) 

The summation convention holds for thc left hand 
side. The symbol [[ ]] denotes the jump across the phase 
interface. 

We consider in the following the conservation 
equations for mass, momentum and enthalpy, which are 
used in the above mentioned codes and the entropy in
equality which is used to check the consistency of the 
physical modelling [8]. The values of lfl , J, f and m for 
these equations are given in Table I. 

For any scalar, vector or tensor field represented 
by a function f oftime and ofthe spatial coordinate 
x = (XJ, xz, x3) we define the Eulerian volume average by 

<t> = ~ I ((l, X) dV . (3) 
~v 



Table 1: Variables in generic conservation equations 
andjump conditions 

Conservationlw 
Principie I J I f I m 

---
Mass 1 o o o 

Momentum v T g m,a =o c n 

Enthalpy h -q 1/p (iJp/iJt + v • V pi 
+ (.!;_ Vv)) + r 

Entropy I s - q!T rrr I 

o - surface tension (1\/m_ 
c = mean curvature oftrt) interface [11m] 

(1/R, with radius of c...trvature R) 

q; 

qsi :': O 

n = unit norma l pointing out of a concave curvature 
qi = distribut~d heating source at the interface 

[W/m2] 
q~i = source of enlrovy a t the interface (W/(m2 K)) 
r = specific heat sc.•1rce [W/kg] 
I - Pl + _::. = str. ;ss tensor [N/m2] 
Subscript i re iérs to the phase interface 

ln the :olhwing all volume averages are denoted 
by overbars. \ ectors are denoted by bold characters, ten
sors by bold · .nderlined characters. For averaging the 
conservation e 1uations of each phase over a control vol
ume a phase indicator function X k is defined with value 1 
or O according to whether the point x considered lays 
within phase k or not. 

An important jroperty of the phase indicator 
function, which is use in the averaging process, is ex
pressed by [9) 

axk 
-+v · VX O. 

iJ/ I k 
(4) 

By means of the phase indicator function_Xk one 
derives a generalization of the relation Vf = V{, which 
holds only in absence of phase interfaces (i.e. within each 
phase) . When both phases are present within a contrai 
volume, we define the phase averages of a scalar function 
f and of i ts gradient by: 

{ =XJ+X2 { (5) 

V{ =X1 V{ + X2V{ X
1 

V{ + X
2 

V{. (6) 

It can be proved [ 4) tha t 

V{ = V(X
1
{+X2 f) -[{VX1+{ VX2) 

=v { -F, (7) 

The corresponding relationships for a vector or 
tensor field a are (beyond the sarne definiton (5) with 
f =a) 

V ·a = X 1 V · a + X2 V · a X1 V·a + X2 V·a, (8) 

V · a= V· (X a + X a) - (a· VX +a · VX ') = 
- 1- 2- - I - 2 

v . .!!- ~· vxk (9) 
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The instantaneous va lues f( t, x) ofphysical quan
tities (scalar, vector or tensors) displaying tj_me vari 
ations are considered as sum of a mean value f and of a 
turbulent fluctuation f '. Applying the volume-averaging 
procedure upon Eulerian cells, the following averaged 
forms of the governing equations are derived [9 ]: 

Continuity equation 

;; ( ~ p~ ) + V . ( ~ p~ v~-P ) = Ç (10) 

Momentum equation 
A X,p X,IJ X,jl a(---) (----) ãi 0 k Pk vk + V· 0 k Pk vk vk 

V - ( ;-I.X '1' 11" ) X = · ak -k + -k + "k Pk g + vk, rk + M k . 

Enthalpy equation 

~~ ( ~ p' h'· p ) + v . ( ~ p' -,;;:-;. 
1/ k k k k k k 

~)-k --

- (-; ~lie) - -
V · a k qk 1 q k + h k, r k + 

- (ap; - -) 
+ a -- + v' · I> • V 1/ + 

k at k k 

( 
iJpk ' ') - -

+Xk --;;;- + vk· Vpk t Ek + ok ].~ : V <· 11 + 

+ Xk.!:.: Vv~- XkpV · v~+ ak p; r:·P ; 

Entropy inequality 

i!_ ( ~ p' s'·P) +V. ( ~ p' ~ s'·P) _ at kkk kkk k 

(- - ) - :r lle -v . ak cl>k + cl>k - 5ko r k - s -
k 

- a0 p~ a:· P - ~ sk 2: O , 

with 

t;;' = X q . V ( 2..) + X 1-1. ( v'· P + v' ) ] 
k k T ky · k k 

The respective averagedjump conditions are: 

(Mass) 

r 1 +r
2

=o; 

(Momentum) -- --
M 1 + M 2 + v 1 , r 1 + v2, r 2 

7 n · V X ) m0 (j = I or 2) ; 
\ J J I 

(Enthalpy) 
2 

Lk(Ek+ lok, r:- p(vk-vi)·VXk )= 
I 

( n ·V X )q ; 
) ) I 

(Entropy) 

s1 + s2 + s1, r 1 + s2i r 2 = ~ s, 2: o 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

ln the above equations (10) - (18) we defined Õk = xk and 
the following classes of averages: 

.. 



--··----···-·----····· · ~-------------------

i) Volume weighted averages 

~ = X k r I ak 

for the set ofvariables 

r= I p , q ,}'. p!, ~ - ~) · 

yielding the set of averages 

I p~ • q~ . :r. . p~ . 

ii) Mass weighted averages 

f._· p 
k 

for the set of variables 

r = 1 v . h. r .. ~ . s l . 
yielding the set of averages 

[ 
V"t ,p h :r, p r x, p o r,p sx,p l . 

k ' k'k ' k k. 

iii) Averages over the interface between the phases 

rki = pr(v-v,l ·VXk) I rk , 

with 

r k = p (v- v,l . v xk • 

for the set of variables 

r = [ v . h, s ) 

yielding the set of averages 

I vk, • hk, • ski ) 

i v) Averages of diffusive fluxes 

rk = r . v x* 
for the set ofvariables 

r=[-:r, q 
q , T 

yielding the set of averages 

Mk • Ek • ;: l; 
v) Averages of turbulent fluctuations 

r:• = X k p v~ i I a k 

for the set of variables 

yielding the set of averages 

I r:· · ~· · "':· l 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 

Equations (10)- (18) are the basis for two-phase flow mo
delling of separated phases. Constitutive equations must 
be chosen for closing the system in dependence ofthe flow 
regime modelled, as reviewed in detail in reference [ 4] . 

Conservation eguations for the fluid mixture 

Conservation equations for the fluid mixture form the ba
sis for modelling of two-phase flow in the frame of a slip 
model. They have been derived from the equations of sep
arated phasesintermsofsJipveJocityVgj = v2'·P. v1'· P. 

Furthermore, for every physical quantity fk we define a 
"phase shift" as difference between mean value for the 
phase and value for the mixture fm (defined hereafter), 
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i.e.: fk = f\- f m· The resulting conservation equations in 
terms of slip velocity are [9]: 

Continuity equation 

clp 
~ + V · (p vm) = O ; 

àt m 

Momentum equation 
a 
- (p v ) + 
àt m m 

= V • [ t + 1Jie + ....!.__ ~ a 2 ( p~ - p~ ) X 
-m -m pm 

X (;;-~·+ TRe -TRe )]+ g+ - 2 -1 -2 -1 pm 

+ P~ vxk - .!.* . vx* - .!.*, . v ak I ; 
Enthalpy equa tion 

a 
- (p h ) + V • (pm h m V m) + at m m 

a pm 
+--+v 

iJt m 

+ c + Dm + pm r m + W m + 

~ [ 1 2 + L -- vki 
1 k 2 

X 

+ rr,. . vk ) · vxk + ak IZ : vvz·P I; 
Entropy inequality 

cl 

( 
S X , p - S X, p ) V 

2 1 SI l -

X ( ;p;- _ ;p;- + cfJ R e _ cfJ R e ) I 
2 I 2 1 

(25) 

(26) 

(27) 

(28) 



ln the above equations we usl'd the following definitions 
of volume and mass weighted a, ~rages for the f1uid mix
ture: 

i) Volume weighted averages 

2 

r m = a, r, + ;ç r~ '\' 
,:;.... k xkr (29) 

I 

for the set ofvariables 

- r~ -rk = \P~' px IJ - Xk.!:_ : Vvk 
' k' k - --~~ 

(lk 

yielding the set of averages 

( Pm • P.,, /) l ; 
"' 

ii) Mass weighted :.·;en:ges 

I (- - -
{1/l =- ~ ll p '~ ' i 

"' 
'' c P ~ r2 ) (30) 

for the set ofvari:.1b!es 

r- - ! --;:; -, X-~ -~ --;:; --; 
k - vk 'l k ,.'-; ., ' 0 k ,_!:k ' r~'P' 

T /I e x_ -~/I c d ,. .._li,· l 
-k ,lJk qk. /,' "'" 

yielding the se_ of n verages 

( v h s ,, L ,r , TIIe,q ~/le <!> ,<j>lle ) 
m ' m ' m ' 111 ' - ot m - ot m ' rn ' m m 

Furthermore t 1e following definitions have been used: 

2 I ( dpk • . ) 
Wm=Lk Xk at + vk·Vpk + 

I 

( apk - ) I ..[,p ,.., 
+ 0 k at + vk ·V Pk - Xk Pk V· vk • (31) 

2 X 

~ ~ L k I q k . v x k - (rk . v k) . v x k + ( h~·P - p: ) r:- + 
I pk 

+ - P ui fvk -~fv Xk I (32) 
2 

When two phases of a single component are in thermody
namic equilibrium with quality 

X = 
h - h'·P 

m I 

h~·P - h~·P 

(33) 

the above equations (25) - (28) are further simplified by 
means of the identity (se e [9] for details) 

2 
a

1 
a

2 
p

1 
p

2 
= x 0-x) pm . 

NUMERICAL TREATMENT OF GOVERNING 
EQUATIONS 

Derivation ofPoisson-like eguations 

(34) 

Expressing the shear stress tensors in terms ofve
locity components and with suitable choice of a diffusion 
coefficient r ljl and a source term sljl all above equation 
can be written in the generalized form [5] 

o r 

a (pljl) + v . ( p ljl v) = v · (r v'P) + s (35) 
~ ~ ~ 

a(pljl) + v· J
41 àt 

s 
'li 

(36) 
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with the definition of the tu ta I (convective plus diffusive) 
flux J 4, = Plf'V - fq, V41. 

Let us considcr a contrai cell around a node ( i ,J. k) 
and denote Vrthe f1uid volume in the cell andAr.; f / 1:! , 

Ar. j i 112, Ar. k .-t 112 the cross f1ow arcas of the surfaccs 
bounding the cell in the x. y, z directions, respectively. ln
tegrating eq . (36) over the cell volume nnd applying the 
divergence theorem yields 

I ldlp•pJ /illltlv-t i J
41
,d1\-I. ,J4'

1
rli\ ' 

v r '\ .• , 1r.! ·' r., - Ir.! 

+ I J dli - J J di \ I J J k dil -
A(,;+ 1/:! 4'.1 .'\ !.! . I /~! 'I'' ;1{,1.:+ lf.? 'V 

r J ~ 
; 11' ~ 
' ;\J ~ k - 1~ 

r 

J VI 
s d\' 

'I' 
(37) 

Thc time deperdent tcrm can be discrctized ex
plicit 'y. Using lhe definitions of lhe mean va lu es of lhe 
f1ux• ,; J,1• ~'ove r thc bou nding surfaces nnd of mea n values 
ove· the f1uid volume Vj. the above equation is lrans
forr ·~d into an algebra1c equalion for lhe seven un
knr) ,, !lS IJlfJ(P =O, l, ... , G) at time 1, 1 1: 

r; 

U 41 11 + l + ". U t J 11
-i I .:. h'' t-I 

(I U - fll j\ 0 

!l ~ I 

(38) 

Index o refers to the centre node (i, J, k) consid
ered, while índices (1 , 2), (3, 4), (5, 6) refer to the neig
bouring nodes in the three courdinate directions. The 
right-hand side of eq. (38) collects ali known terms at time 
levei t 11 and also terms at time levei t 11 + 1. 

Convective terms in eq. (37) are usunlly discre
tized with upwind differencing, which is however affected 
by numerical diffusion. The problem of minimizing the 
numerical diffusion has been tackeled in an advanced 
version (unpublished) of COMMIX-2 by introducing the 
QUICK interpolation scheme by Leonard [10] with the 
FRAM-filtering [ 11] of undcsired wiggles. 

Eq. (38) is form a lly identical with the equation 
which would be obtained by discretizing a Poisson equa
tion . ln case ofthe enthalpy equation 'P = h. 

ln case of lhe momentum equations, eq. (37) is ac
tually combined with the continuity equation of the re
spective phase before being linearized to an algebraic 
equation. This process, the so called "pressure solution 
method" is equivalent, from an analytical viewpoint, to 
taking the divergence ofthe momentum equation written 
in vector form. It yields a Poisson-like equation for pres
sure (lfl = p). The analytical development involved is 
complex and cannot be explained here, but we refer to [5] 
where ali details are given. 

Solution ofthe Poisson eguations 

Both codes COMMIX and BACCHUS have sever
ai options for the numerical solution ofthe above Poisson
like equations for pressure and enthalpy. We distinguish 
between "Point" (cell by cell), "Line" and "Block" methods 
and between "iterative" and "direct" schemes, the latter 
being characterized by a fixed number of arithmetic oper
ations performed for every solution. A "line" corresponds 
to ali cells aligned alonga coordinate direction, while a 
"block" contains ali cells in plane perpendicular to one of 
the coordinate axes. Other definitions of bloc!ts or lines 
are however possible. 

i) Point methods. Of almost only historical interest is the 
Gauss-Seidel Point-SOR (Successive Over-Relaxation) it
eration scheme given by 

r br -1 r r r r - I 
0 oljlo == o - 0 1ljl1 - 0 3ljl3 - 0 5'1'5- 0 2ljl2 

r-1 r-1 
- 0 4ljl4 - 0 6ljl6 (39) 

~ 



were r is. an iteration index. This method is easily imple
mented m the most general cases of deíinition domain::; 
with irregular shapes, but its convergence rate is usua lly 
poor. A substantial improvement of the convergence rate 
ofthe scheme is obtained by introducing a relaxa tion pa
rameter w and using the residuais 

D~ "' a,lJi;, + "\ ' u 114';, + "\ ' u1,,v;, -l - b~ - l (40) 
p = I, :1 , S li = ~ . 4, 1; 

~ up~ate the dependent variable with a Ncwton-Raphson 
1teratwn 

wD' 
r+ l r ( -r r ) r ,- u (41) 

lji = lji - '" ·. 'hl' / di) () oc ljl - --
0 n o ~~ u IJ 

a 
" 

The single-phase vari ant -1B of the code COM
~X has b~en provided with an advanced Conjugate Gra
dient algonthm for thc pressure solution [ 12[. 

ii) Method of !ines. The basic Alterna ting Direction lm
plicÍt (ADO method is based on the concepts originally de
veloped in the two-dimensional case by Peaceman and 
Rachford [ 13] and extended to three dimensions by Doug
las [ 14]. These algorithms are not suit.able however for 
vector computers. Recently astrophysicists developed an 
advanced algorithm [ 15) which is suitable for vectoriza 
tion and allows gains in computational speed by a factor 
of _ten with respec~ to the classical variants. We adapted 
th1s advanced vanant to two-phase flow computations in 
the code BACCHUS (KfK. ínterim report yet unpub-
lished). ' 

iii) Direct and iterative block methods. The availability 
of la_rge storage area in modern computers makes it now 
poss1ble to solve, at least for problems with up to some 
ten-thousand computational cells, the system of eqs. (38) 
by means of direct methods. We have implemented in 
both COMMIX and BACCHUS codes the method of Doo
little [16] which uses a decomposition of the matrix of co
efficients of equation (38) into a product of a Jower trian
gular matrix L and an upper triangular matrix U so that 
the system can be written in matrix form 

(LU) {'V} = {B}, (42) 

where {w} and {B} are the vectors ofthe unknowns and of 
the rightside ofeq. (38), respectively. Letting U {w} = Y, 
one has to solve first the system 

(LY) = {B}, (43) 

with respect to Y, and then the system 

u {wl = Y, 

which yields the solution {w} = U-I Y. 

(44) 

The computational time required to solve eq. (38) 
with the Doolittle method applied to the full domain, con
si~ered as a single block, is roughly proportional to the 
th1rd power of the bandwith of the matrix of coefficients 
and requires a storage area which is proportional to the 
number of elements within the band of the matrix. For 
large problems both the storage requirement and the 
computing time become too large. For these cases we have 
developed options which consist in applying the Doolittle 
method to the planes perpendicular to one coordinate 
axis, then iterating over the planes. Choosing the planes 
perpendicular to the x-axis, the numerical scheme is ex
pressed by the algorithm 

(45) 

APPLICATION OF THE ABOVE METHODOLOGY 

Our experience in applying the methodology ex
plained in the above sections, from both viewpoints of 
physical modelling and of numerical approach, has been 
gained with the development and verification, in team 
work , of the two compu ter programmes BACCHUS-
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3DffP a nd COMMIX-2. ln this section we summarize the 
validation work made for these two codes. 

In the framework of safety analysis of LMFBRs 
the earlier Fast Breeder Reactor Project at KfK has spon
sored the development of a compu ter programme describ
ing the multi-dimensional thermal-hydraulic behaviour 
of a fuel rod bundle under nominal and accident condi
tions. The simulation of the coolant behaviour of a single 
phase flow up to boiling inception, in a three-dimensiona l 
approximation of the bundle geometry (the hexagonal rod 
a rray typical of LMFBRs), has been made with the code 
BACCHUS-3D/SP (Single Ph ase). This programme ver
sion has been documented from the theoretica l viewpoint 
in 1983, in ref. 117], and its experimental verification has 
been published in ref. [18] in 1985. Unlike other pro
gramme::; which describe the thermalhydraulic behaviour 
of LMFBR rod clusters with the so-ca lled "subchannel
analysis" concept (tri angula r contrai cells) , the pro
gramme BACCHUS relies upon the concept of volume 
porosities, surface permeabilities, di stri buted resistances 
and heat sources, typi ca l of t.he "porous- body" model ap
proach. The basic idea consists in grouping severa! sub
channe ls to form a larger computational ce ll, within 
which the real geometrical configuration is smeared ou t. 

The single-phase flow version of BACCHUS pro
vided the basis and the initialization conditions for the 
development of the two-phase flow version of the code. At 
an early stage of the development two stand-alone vari
ants became operational: the first was based on the Slip 
Model (SM) for the fluid mixture, which provides as a sub
case the Homogeneous Equilibrium Model (HEM) if no 
slip between the phases is assumed; the second was based 
on tive conservation equations for the separated phases, 
with only one enthalpy equation for the fluid mixture , re
ferred to as Separated Phases Model (SPM). The state of 
development of these two variants of the code h as been de
scribed in detail in reference [19]. An extensive verifica
tion of the SM version h as been made with the numerical 
simulation of sodium boiling experiments in 37-pin bun
dle with a geometry typical ofthe SNR Mk-Ia core, run in 
the test section KNS-3 at KfK [20]. Results ofthis valida
tion work have been presented in ref. [21]. 

Afterwards the slip model has been improved to 
allow for a smooth transition from the simulation of a 
bubbly flow to an annular flow through a slug flow re
gime. The so-called Improved Slip Model (18M) has then 
been linked to the SPM into a combined programme with 
particular care paid to a consistent calculation of two
phase pressure drops in the transition between the flow 
regimes. The verification of the integrated code has been 
documented in ref. [22] . 

The BACCHUS programme belongs to the class of 
computer codes developed for rod-bundle thermal
hydraulic analysis for which a review was given by W.T. 
Sha in ref. [23) . The porous-body model approach has been 
formulated in general terms for engineering systems of 
arbitrary shape and complexity in the earlier references 
[24] and [25]. This modelling approach has been then fol
lowed in the COMMIX series of computer programmes, 
which describe steady state and transient three
dimensional fluid flows with heat transfer in nuclear re
actor components and in multi-component systems. 

It is beyond the scope ofthis review to make refer
ence to ali relevant validation work made in the frame of 
the COMMIX development. We just recall that the first 
operational code (Variant-1A) was documented in refer
ence [26]. The version COMMIX-lB [27] which then fol
lowed includes substantial improvements in the turbu
lence modelling and, as mentioned, in the numerical solu
tion [12] . 

Meanwhile the two-phase flow version, COMMIX-
2 [5], had been developed at the Argonne National Labo
ratory on the basis of a slip model with a (not-yet oper
ational) option for a model of separated phases. The vali
dation ofthe slip model has been documented in ref. [28]. 



The most recent trend in reactor safety analysis aims at 
providing inherent coolant capabilities by means of pas
sive natural convection heat remova!. lt thus implies the 
need for codes simulating flow behaviour in natural con
vection experiments within complex engineering sys
tems. A recent verification of the COMMIX code in this 
domain has been documented in ref. [29]. 

[18] Bottoni, M., Dorr, B., Homann, Ch., Struwe, D., 
"BACCHUS 3D/SP, a Computer Programme to De
scribe Transient Three-Dimensional Single Phase 
Flow in LMFBR Rod B undles", Nuclear Technology 
71 (1985), 43-67. 

[19] Bottoni, M., Dorr, B., Homann, Ch., Struwe, D., 
"State of Development of the Compu ter Programme 
BACCHUS-3D/TP for the Description of Transient 
Two-Phase Flow Conditions in LMFBR Fuel Pin 
Bundles", Nuclear Engineering and Design 100 
(1987), 321-349. 
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VISUALIZAÇ~O DE UM ESCOAMENTO DE FREON 113 EM 
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Este trabalho apresent a os r esultados da v isuali z ação, usando 
câmera rápida, de um escoamento de Freon - 11 3 , e m c ada um dos trê s 
re9imes de ebulição e durant e o fenómeno d e c r i se de ebul i çi::i.o. A seção 
de teste é const i tu1 da de u m duto verti c al de sc-ção tr-an sver-sal a n u i ar
cuja parede do tubo inter-no é aquec ida. Os testes f or- am r-eal izados nas 
pr-es~es de 0,15 e 0 , 3 0 MF'a e nas faL:as de v alores de v azão má ss ica 
por- unidade de tempo e de 

2
sub-r- e s friamen to compreendi das, 

respectivamente, entr-e 146 e 6 11 k9 / m s e entr-e 4, 7 e 61,2• C. 

INTRODUÇ~O 

A determinação das várias conf i9ur- ações 

geométricas que pode assumir- a inter-face 

liquido-vapor em um escoamento de um liquido 

em ebulição constitui um subsidio à 

formulação de novos modelos sobr-e os 

mecanismos de tr-ansfer~ncia de calor- em 

ebulição. Em par-ticular-, estes estud os sã o 

r-elevantes quando o tipo de conf i9ur-ação é 

determinado em função da pre s são 

v azão mássica por- unidade de temp o 

(p) , 

\ GI ' 

d a 

d o 

SLib-r-'esfr-iamento do liquido (.ó.T> ou do t itul o 

de vapor- <>: >, do n1 vel de densidade de f 1 u >:o 
" de calor (qe)' do r-e9ime de ebulição, et c . . A 

visual i::ação cinematogr-áfica, quando a s 

paredes do duto são tr-anspar-entes, 

Lima descrição qualitati v a das conf i•:Jur- ações 

pr-esentes em um escoamento. 

Vár-ios autor-es, Delhaye [1 J, Collier 

(2], descr-evem as pr inc ipa is conf i9Lwações 

presentes em um escoamento bifásico. No caso 

particular- de um liquido em ebulição no 

interior de dutos há inter-esse em cla s sificar

as conf i gur-ações em função das condições de 

oper-ação para as quais os vai ores de q sejam 

pr-ó x imos dos v alor-es que car-acter-izam a 

tr-ansição entre os r-e9imes de ebul ição 

n u cleada <EN> e de ebulição em pelicula <EPI. 

Esta tr-ansição, chamada de c rise de ebuliç~o, 

é causada pela diminuição do coeficiente de 

tr-oca de calor- entr-e a par-ede aquecida e o 

fluido, Coll ier- [2J. 

Mattson et al. [3] ob s ervar-am que a 

*Este estudo foi realizado 
Ph~nom•ne s d " Interface (GPI> 

no 
da 

Hationale Sup•rieure de Techniques 
<ENSTAI, 91120 Pa l a iseau -FF:I':\NÇA. 

A ~-· ancées 
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cri s e de ebuliçi::i. o par-a o Freon-113 em 

escoamento, a alta pressão (pressão redu:: ida, 

p ' r 
compr-eendida _entr-e 0, 2 e 

inter-ior- de um duto hor-i z ontal 

0,7)' no 

tr-ans v er-sal retangular ocorre em p r- esença de 

uma .. camad a limite de bolhas de vapor,. 

(bolhas emp ilhadas q u e acabam por- isolar- a 

parede d o 11 qu ido) . Estes 

constatar-am oscilações de 

autor-es 

vel o cidade 

não 

na 

d ir-eção do esc oamento nem mudança sensi vel, 

do ponto de v ista m~crascópico, entre .as 

conf i 9 ur-açt'Ses imediatamente antes e depois da 

crise de ebulição. 

Neste ar-ti9o, são apr-esentados os 

r-esul t ados da visual i ::ação cinematográfica de 

um esc oamento de Fr-eon-113, em ebulição no 

i n ter-ior de um duto de seção tr-ansversal 

anular-, nos tr-ês r-egimes de ebul~ão e 

dur-ante a cri se de ebulição. 

DISPOSITIVO EXPERIMENTAL 

Os e x per-imentos for-am r-eali z ados em 

um circuito de Fr-eon-113, pressur-i::ável até 

1,0 MPa. A seção de teste é constitulda de um 

tubo de Inconel (comprimento= 107 mm, diâmetr-o 

exter-no=7 mm e espessur-a de par-ede=0,5 mm) 

soldado nas ex ~r-emidades a dois tubos de 

cobr-e com diâmetr-o externo de 7 mm . e 

espessura de par-ede de 1, 5 mm, centr-ado, 

ver-ticalmente, no i nter-ior- de um tubo de 

com diâmetr-o inter-no e compr-imento 

medindo, r-espectivamente, 13 mm e 1067 mm. o 
tubo de Inconel é aquecido por efeito Joule e 

dispõe de seis ter-mopar-es 

sobr-e uma mesma 

inter-na, 1. Os 

<TP> 

na 

instai ados, 

super-fi c i e 

termopar-es 

mantidos em cantata com a par-ede inter-na 

são 

do 



Tubo de 
Baquellte 

Tubo de 
lnconel 

Tubo de 
Pyrex 

duto 

TP : Termopar 

e >:terr\o do~ '!::m' 

14 &·;;·I m 

uc: r l'r-~ ?-: e o 

ll 

6 

10 

10 

17 

38 

18 

llneouêl (d tlfer~enç a 

IJ'"jj.~U,=- -·~:!S@ ~~.~-~\!e-. 

de lnconel Tubo de cobre 

Fig.2: Detalhe de montagem dos termopares. 
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Íd ! I .J 

qu e 

tubo de lnconel por meio de pequen o s t ubos de 

Baquelite, Figura 2 . 

Um dispositi v o eletró n ico , cujos c1 c;,t a-· 

lhes de concepção e de fabricaç ão podem s e r-

obtidos em Gentil e et al. [4 ) , Pf.:? r-rn i te 

monitorar a corrente elétr i. c: a fornecid a ao 

tubo, mediante o controle analógico Cem malha 

fechada ) do sinal fornec i do por um termop 21. t-

Co de n• 6, neste trabalho), permitindo, 

deste modo, operar o sistema no r- e~;~ i me de 

ebul ição de transição. 

Para as filmagens, foi ut i lizada uma 

câmera r.â.p ida HYCAM, de prisma rotativo, 

capaz de fornecer até dez 

segundo. 

mil quadros por 

Maiores detalhes do dispositivo 

e>:perimental são fornecidos em (5]. 

PROCEDIMENTO EXPERIMENTAL E CONDIÇÃO DE TESTE 

Durante a visual izaç:ã:o, a regi~o 

filmada foi iluminada pela parte posterior da 

seç:lro de teste. A filmadora operou com 

velocidades compreendidas entre 500 e 4000 

quadros por segundo, com ± 2,5% de incerteza. 

Simultaneamente às filmagens, são 

realizadas medidas de temperatura e de q. nas 

seguintes condições de teste: pressão de O, 15 

MPa Cp =0,0441 e 0,30 MP a 
r 

Cp =O, 0881, v azão r . 

mássica por unidade de .ár e a compreendida 

entre 146 e 6 11 ko;e/m
2

s e sub-resfriamento 

c ompreendido entre 4, 7 e 61,2 •C -

RESULTADOS 

ReQime de ebulição nucleada. Na Fi9ura 

3, são apresentados quatro quadros seleciona-

dos de um filme realizado à velocidade de 

1500 quadros por segundo. 

corresponde à região I, 

1. As condições de teste 

A regi~ o filmada 

572 

indicada na Fi9ura 

são as se9uintes: 

pressão de 0,30 MPa, G= 146 h;J/m2 s, t.T= 61' 2 

•C, >: = 1~'. e q = 334 kW/m
2

• .. 
corresponde a 82/. do valor 

o valor 

critico 

de 

para 
q .. 

o 

qual ocorre a crise de ebuliçmo. Destaca-se, 

no instante inicial Creferênc ia para os 

quadros seguintes de cada sequência), a 

presença, no canto esquerdo superior da 

f i•;)ura, de um bolsão de v apor, enquanto que 

do lado direito do tubo aquecido observam-se 

bolhas de vapor de d imense5es menores. Nos 

dois quadros seguintes, cada lado do tubo 

aquecido é coberto por bolhas pequenas ou de 

d imense5es compará veis à diferença entre o 

raio interno do tubo de P yre :-: e o raio 

e :-: terno do tubo de Inconel (diferença que 

será chamada de entreferro). Finalmente, à 

142 ms, tem-se~ praticamente , uma disposição 

sitrétrica, com relação ao ei :-: o 

teste, das conf i•;euraçeses já 

da seç~o 

observadas 

de 

em 

t =O ms. As medidas de temperatura ao lon9b do 

tubo revelam, após correção da 

temperatura I= 5 •CI devido à 

diferença 

espessura 

de 

da 

parede, um superaquecimento médio da superfi

cie do tubo em cantata com o Freon de 20,5•C. 

t= Oms t= 26ms 

t= 52ms t=l42ms 

Fig. 3: Regime de ebulição nucleada 

CCâmera HYCAM, 1500 quadros/si. 

~t 

~t 

~ .;) 

.. 



Reo i me de ebul içlro em peli cul a. As 

condiç~es de teste slro indicadas sobre a 

Fioura 4a, onde as temperaturas da superflcie 

interna Slo mostradas em funçlro da distância 

A entrada da regilro aquecida. Os termopares 5 

e 6 acusam temperaturas médias próximas de 

300 •C enquanto que na parte restante do tubo 

a temperatura média é de 67 • C. O t1 tLtl o de 

calculado na seçlro de sai da da 

reoia:o aquecida, >:
11

, é de - 6'l.. Dois quadros 

defasados de 20 ms, e>: trai dos de Ltm f i 1 me 

realizado a 1000 quadros/s, slro apresentados 

na Figura 4b. A regilro observada compreende 

as reoi~es I e II. indicadas na Figura 1. Os 

bem dois quadros 

300 

200 

mostram 

P= , 
G:21StP1s 
•=G,15mls 

4T= l4,7"C 

qe= 121,C.Wibo 2 
]lz~'llo • 

conf iguraçeses. 

variações 
durante a 

r 
100 o 

I..t·--·························· ..... Q .............. o ....... o. ................ . 

o 
o 20 40 60 80 100 

z(mm) 

Fig.4a: Perfil de temperatura da superficie 
interna do tubo. 
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Fig. 4b: Regime de ebu .• ç:ã:o nucleada, z<83 mm, 
Reg i me de ebul iç:ã:o em peli cul a, z > 
83 mm. Câmera HYCAM, 1000 quadros/s. 

••o tltu\o de vapor em um eec:oomenlo bi.fág\.co 

ó cal cu lado 

longo do 

nogativoa 
fluido. em 

a partir do balanço de onerg\.a. ao 

dulo, Colli.<>r 

qua.ndo a. 

ul'na. Deç~o 

[2l; .. 

tgmpgraturo 

do duto. 

vatorga: 

módi.CL do 

oncor,tr·a-ae 

a.bo.i.xo do. t•mp•ro.turo. de 

poia. aer confundido com 

Do.lura.ç<s.o . N~o d•v•. 

a dof i.ni.ç~o cl6.5õll~i.cc 

que conaidera o ti. tu lo igual 

ma.aaa de vapor e a ma.SI&a. 

li qui.do-vopor, qu• nlto 

no CCUIO d• um eacoa.menlo. 

à ra.2!1o 

le>lo.l 

pod~ 

da m\.gtura 

calculada 
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as medidas de distintas que confirmam 

temperatura. Em z< 83 mm, a superficie do 

tLtbq aquecido é coberta por bel has de vapor 

de pequenas dimenseses <EN> e, em z>B3 mm, por 

uma camada continua de vapor <em escuro sobre 

a figura>, 

(em claro> 

<EP>, cuja interface vapor-liquido 

é marcada por instabilidades. 

Observa-se, em t=O ms e 89<z<93 mm, do lado 

direito, que a camada de vapor é bastante 

fina enquanto que, para z >93 mm, a espessura 

mà>: ima ~ de 1 mm. 

A pró>: i ma visual izaç:ll:o mostra 

escoamento em que o fluido apresenta >: = .. 
um 

8'l. • 

As condições de teste estão indicadas sobre 

as Figuras 5a e 5b que 

respectivamente, qa em função da 

apresentam, 

temperatura 

indicada pelo TP6 e o perfil de temperatura 

ao longo do tubo. Dois qLtadros, e>:traidos de 

um filme realizado a 1500 quadros/s, slro mos-

trados na Figura 6. Em t= O ms, 
parede coberta por uma camada 

observa-se 
conti nLta 

vapor, apresentando instabilidades 

a 
de 

na 

interface vapor-liquido, e bolhas dispersas 

no liquido. As bolhas interagem com a camada 

parietal de vapor e são criadas na parte 

200 

150 

50 

ponto estável 
(x - + 8%) • .. ···:·\ 

100 l50 200 

'Ji,; ("C); z=99mm 
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p-0.15MPa 
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u•O.!Om/s 
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q,•94 ,5kWJrn2 
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00 

.!.w.._!' ___ ........ ...C>. ...• ---L~-----

o~~~~~-----------o 20 40 60 80 lOO 
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Fi9.5: Condições durante a visual izaçãb. 

t = Oms t = 54ms 

Fig.6: Regime de ebulição em pelicula 
Câmera HYCAM, 1500 qLtadros/s. 



infer-ior- do tubo (n:à:o mostr-ada na figur-a), 

submetida, como indica o per-fi 1 de 

temper-atur-a, Figur-a 5b, ao r-egime de EN. A 

análise do filme mostr-a as bolhas de vapor

submetidas a flutuações de velocide<de, devido 

às instabilide<des da inter-fe<ce vapor--liquido, 

aceler-adas, que<ndo localize<das ne< esteir-a 

deixada pelo deslocamento de uma cr-iste< de< 

inter-face, como e<quele< mostr-e<de< em t=54 ms, 

ou captur-adas, por- coe<lescência, pele< ce<mada 

de vapor-. 

Visual izaç:à:o da cr-ise de ebulição. As 

condições de teste ~o as segLI intes: pr-es~o 

de 0,30 MPa, G= 584 kg/m2 s e 6T= 60,2 •C. 

Nestas cond içí'Ses, a cr-i se de ebulição ocor-r-e 

quando q = 624,8 kW/m 2 e x = 
e s 21'l.. O valor-

negativo par-a >:.,, indicando condições de 

sub-r-esfr-iamento ao longo de toda a r-e9ião 

aquecida, favor-ece a visualização da par-ede, 

pois a maior- par-te do entr-efer-r-o é pr-eenchida 

pela fase liquida. 

Na Figur-a 7, ~o mostr-ados seis quadr-os 

ilustr-ando o fenómeno de cr-ise de ebulição, 

com e>:ceção do pr-imeir-o deles que ilustr-a as 

conf i9ur-açí'Ses pr-esentes, imediatamente antes 

da crise. Observa-se, em t=O ms e z> 85 mm, 

do lado esquer-do do tubo, uma bolha de vapor-

de for-ma alongada, medindo cer-ca de 10 mm, 

r-esultante da coalescência com outr-as bolhas 

que escapam da par-ede dur-ante o seu movimento 

ascendente. A pr-esença, na r-eg ião super-ior- do 

tubo aquecido, de bolhas de •;Jr-a.nde d 1mensão 

dificulta o acesso do liquido até a par-ede, 

per-mitindo que o fenómeno de 

ebulição apar-eça nesta r-e•;Jião. 

cr-ise de 

O inicio da cr-i se de ebulição, instante 

a par-tir- do qual a temper-atur-a lo c C\ l de 

par-ede aumenta continuamente, é marcado por 

conf i•;Jur-ações que apr-esentam 
cober-te<, intermitentemente, j:)or-

a par-ede 

bol ha.s de? 

9r-andes dimensões, como em t:=2904 ms, e por 

uma camada de vapor quase cont.1 nua, em t.:.=:: 

2934 ms e z<83 mm. Em t=3304 ms, já não ~o 

distingu1das bolhas isoladas e 20 ms após, 

para z< 80 mm, o entreferro apresenta-se, 

pr-atice<mente, liber-ado de ve<por-. Em t=3384 ms 

e z> 84 mm, o pr-ocesso de secagem a que está 

submetida a par-ede é ilustr-ado pela pelicula 

de vapor- que cobr-e a par-ede. A e<nál ise do 

filme, 

mostr-a 

no tr-echo que cor-r-esponde a 

um escoamento be<st.ante 

t>3284 ms, 

instável, 
mar-cado por- pulsações de velocidade das 

inclusões de vapor-. Med ide<s de t.empe~·atur-a ao 

longo do tubo aquecido most.r-e<m que a crise de 

ebul~ão é det.ecte<de< inicialmente pelo TP 6, 
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Fig.7: Visualização da crise de ebuliçi::J.o 

(Câmer-a HYCAM, 500 quadr-os/s). 
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propagando-se, em 

inferior do tubo. 

para a 

Os resultados que acabam de ser 

descritos diferem daqueles encontrados por 

Mattson et al. [3], a alta pres~o. Neste 

estudo, a crise de ebuliç~o parece ser 

consequénc ia da evaporaç~o de L<ma pell cul a 

liquida interposta entre a parede aquecida e 

uma grande bolha de vapor. Tais bolhas ~o 

observadas na Figura 3, para uma condiç~o em 

que o valor de qe é elevado, e na Figura 7, 

imediatamente antes da crise de 

ebul iç:lro. 

Regime de ebuliç~o de transiç~o. Operau 

do em malha fechada, foi posslvel visualizar· 

o regime de ebulição de transiç~o. Durante 

a filmagem, o sistema operou entre os pontos 

e II, Figura Ba, e o titulo de vapor var-iou 

entre -11/. e +7/.. O termopar 6, cujo sinal 

foi controlado, indicou que a temperatura de 

parede diminuiu de 128 a durante a 

evol uç~o de I a I I , Figuras 8a e Bb. A 

visual izaç:lro do escoamento e ilustrada por 

dois quadros, Figura Bc, defasados de 655 ms. 

Em t=O ms, a maior parte do tubo é coberta 

por pequenas bolhas de vapor, EN, e apenas a 

regi~o em que z>94 mm está sujeita ao reg1me 

de transiç:lro. Em t=655 ms, as bolhas de vapor 

apresentam maior volume e comuns 

inclust5es de vapor de forma alon9ada, como a 

observada em 60< z <70 mm ou como o bolsão de 

vapor em z >89 mm, do lado esquerdo do tubo. 
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Fig.Ba: Densidade de flu;:o de calor em funç:lro 
da temperatura em z=99 mm. 

b: Perfil de temperatura. 
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t=Oms t = 655ms 

Fig.Bc: Regime de transiç~o 
(Càmera HYCAM, 1000 quadros/sl. 

A anàlise de outros quadros, entre O e 655ms, 

mostrou que o volume das inclust5es de vapor 

aumenta gradativ~mente, à medida que o ponto 

de operaç:lro se desloca de I a II, Figura Ba, 

A interpretação deste resultado pode ser dada 

analisando a Figura Ba. Em t=O ms, ponto I, a 

temperatura indicada pelo TP6 começa a dimin!d. 

ir. A fim de impedir que a região onde se 

encontra o termopar venha a operar no regime 

de EN, a corrente elétrica fornecida ao tubo 

é aumentada e o sistema passa a operar em II. 

Esta transição de I a II promove o aum~nto 

pro•:;~ress i v o das d imenst5es das inclust5es de 

vapor causando~ por sua 

temperatura de parede. 

transição em direção 

vez, o 

De forma a 

ao regime 

aumento 

impedir 

de EP, 

da 

a 

a 

corrente elétr ica é diminui da e o ponto de 

operação volta a ser I. 

Um novo resultado é apresentado. Desta 

vez, o valor de G é aumentado e o ponto de 

operação se éipro>: ima, com relação a uma curva 

análoga a que é apresentada na Fi9ura 8a, do 

regime de EP. O perfil de temperatura e as 

condições de teste ~o apresentad.;:,s 

9a. Dois quadros, e:-: trai dos de 

na 

um 

Figura 

filme 

realizado a 4ÇOO quadros/s, ~o mostrados na 

Observa-se a parede, do lado 

esquerdo, coberta por bolhas de vapor 

pequenas e médias enquanto, do lado direito, 

ela é coberta por uma camada continua de 

vapor. As temperaturas em z )·83 1nm, Figura 9a, 

indicam nesta região do tubo a regime de EP 

ou o de transição, em concordância com o que 

se observa sobre a Figura 9b, do lado direito 

dos quadros. 

esquerdo, no 

O que se observa do 

entanto, não justifica 

1 ado 

este 



ni vel t:il:o elevado de temperatura 'já que as 

bolhas de vapor caracterizam um regime de EN. 

Este resultado foi obtido uma única vez 

durante este estudo e sugere a exist~ncia de 

gradientes de temperatura na d ireção 

azimutal. A análise do filme correspondente 

mostra que as bolhas de tamanho médio, 

observadas na FigLtra 9b, originam-se da 

ruptura da pel1cula de vapor que se estende, 

de forma assimétrica, até a parte inferior 

esquerda da regii:l:o visualizada. Admite-se, 

como e>:pl icação do comportamento não 

simétrico da conf i•;;.uração, que tenha havido 

modificação das condições superficiais do 

lado esquerdo do tubo, devido a uma decompo-

sição localizada do Freon, ocorrida prova-

velmente, em testes anteriores. Tal fato foi 

observado em [6], durante testes 

Freon-113 em ebulição em pellcula. 
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Fig.9a: Perfil de temperatura. 

com 

~t 
t=Oms t = 22ms 

Fig.9b: Regime de transiçã o 
(~mera HYCAM, 4000 qudros/s ) . 

CDNCLUSOE~3 

Os rest..t.l ta.dos deste.> E:· 'ê- ludo d e 

visua l iz.ação re..,/f? lam a presença dE· bol ~=.õF.~s ele 

vapor para condiç~es de o peração pró x i1nas da 

cr1se de eb ul iç ã o , su ·~ erindo c:omo inter·pr-et a 

ção~ q ue o mecanismo de crise d e eb l_tliç ão s e 

d eva à e vap oração cje uma pel l c u.l a li quide< 

entre a p ar-ede e<.quec ida e o bol sã c· d e ·-la pol"". 

Durante a crise de eb ul ~ã o , O b ~- E!'- "o./ i3 ·· S-E:· ~ dr.. 

forma in t er mi tente que, apó s a p 3ssagem d e 

9r andes in c 1 u :.õ e s d e \/apc.r, c; pe:<.rEde i::c.q u t-::·<.~ .1 i:.; !:~ 

é cobert <'. por· LUT•a pell cu l a d t: -..,:ç.por · . L~ ; T; 

r esultado atlpico d a confi ~~~ u r aç ã:o nc. r·E·~".tliT!i 

de t rans içã o mo s tr a, em uma me::·s.ma s.r::ç: ãcj c:ic:; 
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tubo, a coe>:istência de bolhas de um lado e 

de uma camada continua de vapor do outro, 

permitindo supor a existência de gradientes 

de temperatura na d ireção az imutai. 
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sumu 
The present investigation reviews the current understanding of thermal 

conductancejcapacitance effects on the CHF ofthin heaters. The main issues are clearly 
established through direct comparison of modela and respective data sets available in the 
literature. A criterion for obtaining CHF data free of such effects is developed. This 
criterion is then used to assess the soundness of existing CHF data and to discuss the 
simulation of electronic chips under saturated and subcooled conditions. Original data are 
presented. 

INTRODUCTION 

ln laboratory experimentation, direct 
electrically heated tubes and strips are frequently 
used for simulation of indirectly heated industrial 
heaters or heat exchangers. Vhen the f ormer are used 
in investigations of the criticai heat flux (CHF) 
phenomenon, the question arises as t o how 
satisfactorily the simulation is accomplished. As 
early as 1960, it vas already knovn that thin heaters 
exhibit CHF values lover than those of their 
counterparts of large mass [1]. ln broad terms, the 
propagation of film boiling or the heater's physical 
destruction, after a local area of film boiling is 
established, depends on the heater geometry and 
properties . The thermal conductance and the thermal 
capacitance, vhich are functions of the heater thermal 
properties and thickness, are the relevant parameters 
in det ermining the temperature rise under a vapor patch 
(Fig. 1). 

Industrial heaters have large mass, and a 
criterion is needed to ensure their proper simulation 
by electrically heated tubes and strips. Of particular 
interest to the present research project, a criterion 
is needed t o ascertain the appropriateness of previous 
simulations of microelectroni c chips by f oi l heaters 
f2] . Att empt s at modelling the phenomena and 
developing such a criterion have been made [3,4,5 tiJ, 
but the problem still remains unresolved . 

The goals of the present vork are two- fold: 

(i) to provide guidance for the experimenter 
invest igating the CHF phenomenon a.nd to checi.. 
whether existing correlations have bcen 
influenced by thermal conduct a.ncefcapa.cita.nce 
eff ects (Part I) ; 

( k.p.<,, _ . q"'- ) 

Fig. 1 

(a) (b) 

(a) a vapor patch sitting on a thin heater 
surface and (b) the consequent t empera.ture 
rise subsequent to dryout of the surfa.ce. 
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(ii) to discuss the simulation of electronic chips 
under saturated and subcooled conditions (Part 
II). 

LITERATURE REVIEV 

The CHF phenomenon has been studied extensively, 
both experimentallf and theoretically. Bernath [1] and 
Ivey and lorris [7j reviewed CHF data to investigate 
the effect of geometry, diameter, thickness, material, 
and surface condition. Both authors concluded that the 
CHF from horizontal cylinders decreases as the 
thickness and diameter of the test sections are 
decreased. The data also indicated the occurrence of 
an asymptotic CHF for thick-valled cylinders. Carne 
[8] obtained data for the effects of diameter and vall 
thickness on the CHF of organic liquids briling on 
horizontal cylinders. For cylinder diamet~rs greater 
than 2.4 mm, a decrease in the CHF with dfcreasing vall 
thickness was also observed. Adams [9J st 1died the 
effect of heater diameter, surface ten,·ior~, a.nd 
multigravity on the CHF. Data vere oltai 1ed for thick 
flat graphite heaters boiling on one s1de . vhich can be 
assumed uninfluenced by thermal conductan ;efcapacitance 
effects. Cole a.nd Shulman [10] pr :se;1ted CHF data for 
ribbon heat ers of different thi ckn " s s ~s. 

Lienhard and Dhir fll] devel 1perl hydrodynamic 
predictions for the CHF trom hori ~ontal cylinders, 
horizontal vertically oriented ribbons , and spheres, as 
a function of the correspondin,c characteristic length. 
These correlations represent ;he most complete set of 
hydrodynamic predict ions, an<' are suppcsed uninfluenced 
by the heater thermal proper<.ies and t'ückness. 
Original data for the CIIF cf i nsu ~ a.teli and uninsulated 
ribbons vere used. Park and Eergles 12] also studied 
the effects of size on the pool boi li11g CHF of 
vert ically oriented ribbons boiling O.\ one side. Data 
vere presented a.nd correlations vere developed to 
predi ct the CIIF as a function of both dimensionless 
height a.nd width. These correlations, which do not 
allov for thermal conductancejcapacita.nce effects on 
the data, ca.n be applied to vertical heaters small in 
both directions - a geometry not investigated by 
previous authors. 

There are relatively few papers in the litera.ture 
dealing specifically vith the effects of heater thermal 
properties a.nd thickness on the CHF. Guglielmini and 
Na.nnei [6] obtained a.n extensive data set for the 
effect of vall thickness on the pool boiling CHF of 
horizontal cylinders. The thickness for vhich the CHF 
was 907. of the asymptotic value vas correlated as a 
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Fig. 2 Data sets for the CHF of thin heaters available 
in the literature. 

function of the parameter Jkpcp. Carne and 
Charlesvorth [3] , Houchin and Lienhard [5] , and 
Tachibana et al. [4] vorked vith substantially less 
extensive data sets to propose the only models 
available for the CHF of thin heaters. These models 
are not in agreement regarding the ultimate mechanism 
for the onset of the condition and, therefore, propose 
different correlating parameters. 

Carne and Charlesvorth believe that the thermal 
conductance (kb) is the parameter controlling the 
propagation of a local vapor patch and subsequent onset 
of the CHF condition . Tachibana et al. claim that the 
duration of a vapor patch, vhich vould be one of the 
main factors determining the onset of the condition, is 
related to the thermal capacity per unit surface area 
(pC 6). Houchin and Lienhard considered three 
difierent correlating parameters arising from different 
vays of modelling the phenomenon -- pCp6, 
pCp(Tmelt-Tsat), and k6(T11ett-Tsat). They concluded that 
the theraal capacity vas the appropriate one for their 
ovn, rather limited data. 

PAU I : ANALYSIS DF DATA FI.OI TU LITEUTUU 

The main characteristics of the data sets used 
are listed in Table 1. The hydrodynamic predictions of 
Lienhard and Dhir [11] vere used to calculate the 
hydrodynamic asymptot1c CHF values for the geometries 
involved when applicable. These values represent 
expected CHF results for thick heaters, assuming that 
the correlations capture the essential features of the 

phenomenon and are uninfluenced by thermal 
conductancefcapacitance effects. The experimental 
asyaptotes are simply asymptotic CHF values inferred from 
the data sets themselves. Hovever, because these data 
sets have only fev points for thick heaters, the 
experimental asymptotes do not account for any scatter 
around a mean value. 
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Shown in Fig. 2 are the data sets listed in Table 1 
(The data of Cole and Shulman [10] were not plotted 
because they were published in ratio form only.) The 
effective thickness 6err is the half thickness for uninsulated 
strips and the total thickness in the other cases. The data 
were grouped into two separate plots to avoid clustering. 
ln ali cases, there is a decrease in the CHF wi th 
decreasing thickness. The task at hand, therefore, is 
to identify which property, or combination of 
properties, governs the attainment of the asymptotic 
CHF ,q"asy, for different metais . 

For a particular geometry, the arrangement of the 
data points for different metals on a q"cHF x 6 plot 

was checked against values of k, pcp, ~. and a in 
an attempt to identify a systematic dependence on any 
of these parameters. As shown in Fig. 3 for the 
Houchin and Lienhard data set [5), the distribution of 
the CHF results for the various metals does not appear 
to be related to the values of the above pararneters. 
The data seem to cluster around a common curve despite 
large variations in k, pcp, ~. and a. 

The conclusions drawn for this and the other data 
sets are summarized in Table 2. ln some cases, not 
enough data points were available so that a reliable 
check of the trends could be made. For data sets 
involving only one metal andfor only one value of the 
thickness, such a check could not be made at all. The 
results in Table 2, however, do indicate that none of 
the parameters above can be simply combined with the 
thickness to satisfactorily correlate data for the CHF 
of thin heaters. This testifies to the 
inappropriateness of previous interpretations and 
associated correlating parameters. A criterion for CHF 
data free of thermal conductancefcapacitance effects 
was then sought in terms of the thickness only . The 
development of a such a criterion requires that 
reliable data be used. loreover, the effects of 
geometry and fluid need to be taken into account. 

ln selecting data sets for further treatrnent, i t 
was observed that the data of Guglielmini and Nannei 
[6] plotted substantially higher than the other 
authors' data. This vas not simply due to a geometry 
effect, because the CHF values obtained exceeded the 
Lienhard and Dhir prediction for the CHF of horizontal 
cylinders [11] by as rnuch as 50 percent. Besides, the 
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Table 1 Data sets used in the present investigation 

Data Material( a) Fluid(s) Geometry qafJ'h]d qaay,exp 
Set [ /•2 [Vfa2) 

Bernath Ni subcool. water vertical cylinder 6.57E6 
[1) at 6.3 atm 

Carne& inconel 600, saturated hor., vert . orient., unins. strips 4.08E5 5.30E5 
Charlesworth monel 402 n-propanol hor . , vert . orient . , ins. strips 4.46E5 5.30E5 

[3) mild steel, at 1 atm hor., hor. ori ent., unins. strips 2.64E5 
BeCu,Cu hor . , hor. orient ., ins ., up-facing strips 3.80E5 

hor., hor. orient . , ins. , dovn-facing strips 2.95E5 

Tachibana AI, Ni, Pb, sat . water hor., vert . orient., unins . strips 9.95E5 1.17E6 
et a1 (4) ln, Mo, Cu, at 1 atm 

s. steel, 
phosphor bronze 

Houchin & AI, Ni, Ta, sat. water infin . , hor. , flat plate 1.26E6 1.10E6 
Lienhard [5) Ag, s. steel at 1 atm 

Grf:lielmini Zn, Sn, sat. water horizontal cylinder 8.74E5 1.50E6t 
& annei [6) Ni, Cu at 1 atm 1.45E62, 1.12E6! 

Ivey & s. steel, sal. water horizontal cylinder 1.22E6 1.44E6 
Morris [7) zircalloy at 1 atm hor., hor . or i ent. , unins. strips 1.42E6 

Carne [8) steel n-penl&nol, horizontal cy linder 3.30E5 
methyl ethyl kelone, 2.87E5 

n-butanol , 3.05E5 3.26E5 
toluene, 2.15E5 2.77E5 
acetone, 2.66E5 3.21E5 

n-propanol 3.56E5 3.59E5 

Adams (9) t;raphite sat. water hor., hor. orient ., ins., up-facint; strips 1.26E6 
at 1 atm 

Cole& zirconium toluene ai hor., hor. ori ent ., unins. strips * 
Shulman [10) 120 mmHt; 

Lienhard nichrome acetone, hor . , vert. orient., unins. strips variable 
& Dhir benzene, hor., vert. or ient ., ins . strips variable 

(11] methanol, 
isopropanol 

Park & nichrome, steel, sal. R- 113 hor . , vert . orient . , ins. strips 1.78E5 2.02E5 
Bergles (2) constantan at 1 atm 

11 Zn, Sn 2 Ni 
3 Cu 
*, published in ratio fora only 

Table 2 The effect of thermal properlies on th~ CHF of thin heaters 

Data Set k effect pcp effect (kpcp)o 5 effect a effect 

Carne & Charlesworth [3) general. incr. no general. incr. general . incr . 

Tachibana et al [4) no not clear not clear no 

Houchin & Lienhard (5) no no no no 

Guglielmini & Nannei [6) no no general no 

I vey & Morris (7) no no no no 
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copper data exhibited a distinctively lower asymptote. 
This behavior was not acknowledged by the authors. 

The alwainwa data of Tachibana et al.[4] plotted 
exceedingly high, the effect being attributed to a 
surface chemistry phenoaenon [12]. This effect, 
however, was not verified for the Houchin and Lienhard 
aluminua data [51 . 

Based on tliese considerations, the data of 
Guglielmini and Nannei (6] and the aluminwa data of 
Tachibana et al. (4] were disregarded in the 
development of a criteria for ~Y• the heater 
thickness for which the CHF is free of thermal 
conductancefcapacitance effects. 

ln order to account for the effects of geometry 
and fluid, the remaining data were divided by the 
corresponding asymptotes. ln so proceeding, data likely 
to have been affected by theraal 
conductancefcapacitance effects and, even so, used to 
develop the only hydrodyna.ic predictions available for 
that particular geometry were disregarded. These 
include the Park and Bergles data for small heaters [2] 
(simulated electronic chips) and the Lienhard and Dhir 
data for ribbon heaters [11] . The latter were not 
explicitly used in the development of a criteria for Óasy; 
however, they were still present through the hydrodynamic 
predictions for the CHF derived from them. Finally, as 
will be discussed later, the data set of Bernath (1] was not 
used because it involves subcooling. 

As can be seen in Table 1, except for the Houchin 
and Lienhard data set (5] the asymptotes calculated from 
the hydrodynamic predictions are lower than the 
experimental ones. This could be an indication that 
the Lienhard and Dhir data for ribbon heaters were 
actually affected by thermal · conductancefcapacitance 
effects andfor the correlation does not capture all the 
basic aspects of the phenomenon. On the other hand, 
because the experimental asymptotes were inferred from 
a limited number of data points, they could have been 
overestimated. lt was reasoned, then, that a criterion 
for Óas.r should be based on both asymptotes (Fig. 4). 

The value for Óasy based on the hydrodynamic 
predictions implies an underestimation of the thermal 
conductance/ capacitance effects. A thicker heater would 
actually be necessary to approach the asymptotic CHF. On 
the other ha.nd, the value for Óasy based on the 
experimental asymptotes is affected by the uncertainty in 
the derivation of the asymptotes themselves. Due to the 
small number of data points available for thick heaters, 
these asymptotes could have been overestimated; the 
possibility also exists that they are still underestimated. 
Hence, as depicted in Fig. 4 the recommended value for 
Óasy, Óerr', as the arithmetic average of Óeff,t and Óerf,2 
should be viewed as a lower limit for the heater thickness 
in engineerin~ experimentation. The value O. 90 for the 
ratio q"cHFfq"asy was arbitrarily taken as a practical 
cut-off for CHF data free of thermal 
conductancefcapacitance effects. 

A software package r13) that fits up to 196 
different curves to paired data using least squares 
regression and a SAS computer code [14) were employed 
to determine the correlations q"cHrfq"asy = f(óerr), Eqs. 
(1) and (2). Eqilation (1) was derived using geometries 
tor which the Lienhard and Dhir hydrodynamic 
predictions [111 were applicable, and Eq. (2) was 
derived using tfie experimentally inferred asymptotes. 
As shown in Fig. 5, these expressions seem to 
reasonably correlate the data for purposes of establishing 
a practical cri terion for the occurrence of 
conductancefcapacitance effects based solely on the 
thickness. 

The large scatter in the data for very small 

q"CHF 

q"asy,h 

Óeff 

9. 330x10-tL() .145 Óerr2lnóerr [ ]
U2 

Eq. (1) 
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q'CHF 

q'~sy 

Õ eff.1 Õ 'etf Õ eff,2 

hydrodynamic 

experimental 

Õeff 

Fig. 4 Scheaatic of the procedure for deteraining 
ó'. 

11 

~= 
q"asy,e 

Óeff 
Eq. (2) 

[ ] 
1/2 

1.347x10-1°-{).172 Óerr2lnÓeff 

{ Óeff in aeters) 

thicknesses is thought to be associated with randomness of 
the nucleation process. Because the heater is very thin, the 
inception of the first vapor patches {which can occur for a 
range of heat fluxes) can cause the onset of the CHF 
condition. 

For q"cHFfq"asy = 0.90, Eq. (1) yields Óeff.t = 

0.200 mm and Eq. (2) gives Óerr,2 = O. 768 mm. The value 
for Óecr' thus is 0.484 aua, or, approxiaately, 0.5 1111. 

lt is believed that this result represents the best 
general criterion presently available to the 
experimenter for obtaining CHF data uninfluenced by the 
heater ther.al properties and thickness. ln addition, 
it can be used to assess the soundness of existing CHF 
data. 

The difference in Óeff as calculated from Eq. (1) 
and Eq. (2) is indicative of potential complications 
involving the Lienhard and Dhir hydrodynamic 
predictions for ribbon heaters [11]. These authors 
utilized 0.229-mm-thick nichrome foil heaters, which 
could have experienced an earlier CHF. The proposed 
correlations would thus be somewhat conservative. 

The simulated microelectronic chips developed by 
Park and Bergles [2) used 25.4-~-thick steel, 
10-~-thick constantan, and 12.7-~-thick nichrome foil 
heaters. These values are considerably lowér than the 
recommended value for Óerr', 0.5 11111. Bence, these CHF 
data also could have been affected by thermal 
conductancefcapacitance effects. A aore appropriate 
simulation of microelectronic chips is discussed below. 

As can be seen in Fig. 2, a major portion of the 
data falls below the 0.5-mm recommendation. This is 
due to the fact that electrical heating of 0.5-mm-thick 
heaters requires very high amperages for most metals. 

PA.lT II: Tlll: SlllJL!TIOK Of IICIOELECTIONIC CBIP~ 

EXPERIMENTAL APPARATUS AND PROCEDURE 

The experimental apparatus and the test sections 
used in the present investigation have been discussed 
elsewhere [15) . Experiments were run in a pool of 
FC-72 at atmospheric pressure (B.P. 55"C) to determine 
the CBF of vertically oriented, 5 ma square heaters 
boiling on one side. ln addition to experiments at 
saturated conditions, three different degrees of 
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(a~ Eq. (1) and corresponding reduced data; 
adJusted R-square O. 7901. (b) Eq. (2) and 
corresponding reduced data; adjusted R-square 
0.8128. 

subcooling were also tested: 11"C, 21'C, and 31'C. The 
interested reader is directed to Ref. 15 for further 
details. 

EXPERliENTAL RESULTS AND DlSCUSSlON 

ln order to avoid the likelihood of thermal 
conductancejcapacitance effects in the present study of 
the CRF from simulated aicroelectronic chips, a 
modification of the Park and Bergles design (2], termed 
guarded heat sink, was adopted [15]. ln this case, a 
saooth copper block was bonded to the heat generating 
foil and a layer of epoxy was used to guard its sides. 
The CHF from this assembly was assumed uninfluenced by 
the heater thermal properties and thickness as would be 
the CHF froa a thick, directly heated test section 
(Fig. 6). loreover, electrical heating up to CHF was 
possible at relatively low amperages. 

According to Gaertner [16], when boiling takes 
place on a heater of large mass, local areas of film 
boiling can exist stably on the surface. ln the 
guarded heat sink design , no heat is generated in the 
copper block. lf a dry patch is foraed on the surface, 
the heat flow lines will be diverted to the surrounding 
wetted areas. A much more massive dry patch is 
required to cause burnout. This effect is enhanced by 
the fact that, contrary to a directly heated surface, 
the area underneath the vapor mass is less likely to 
experience a substantial increase in temperature. 
Therefore, even for aoderate values of the copper block 

thickness, a satisfactory siaulation should be 
accomplished. 

ln connection with the influence of subcooling on 
the CRF, Fig. 7 shows data obtained by the present 
authors for 25.4-#m-thick nichrome foil heaters and 
guarded heat sinks. lt can be seen that whereas the 
CHF of nichrome foil heaters is only slightly affected 
by subcooling, the guarded heat sinks experiaented a 
steady increase in the CRF. ln order to explain these 
trends, it was assumed that in the range of interest 
the only effect of subcooling is to partially condense 
the vapor generated and add a necessary sensible heat 
transfer, Cp(Tsat-Tb), to the total heat transfer [17]. 
The inception of a vapor patch now requires a higlier 
heat flux; in addition, a higher heat flux is also 
needed to attain the necessary size for bubble 
departure. One would then think that the aore the 
heater can tolerate local areas of fila boiling, the 
more likely subcooling is to enhance the average CRF. 
ln other words, subcooling will enhance the CHF as long 
as its beneficial effect is not overshadowed by theraal 
conductancejcapacitance effects. ln the case of a very 
thin heater, as the nichrome foil heaters used, the 
inception of even a small vapor patch is likely to 
trigger the CRF condition. This hypothesis becomes 
even more plausible when one considera the small heater 
size, 5 mm x 5 am. Therefore, one should not expect a 
pronounced influence of subcooling on the CRF. 

General guidelines are also needed for the 
recommended value of 6' under subcooled conditions. lf 
it is assumed that the inception of a vapor patch is 
determined by the Leidenfrost point, subcooling is not 
likely to affect it for metal heaters. According to 
Baumeister and Simon [18] , only for theraally 
insulating materiais does subcooling affect the 
Leidenfrost point. Hence, for metal heaters under 
subcooled conditions the inception of vapor patches will 
be delayed because a higher heat flux is necessary to 
attain the same temperature levels existing under 
saturated conditions. The heater should then have an 
even larger mass in order to sustain local areas of 
film boiling. ln other words, under subcooled 
c·onditions the heater should be thicker in order to 
yield CBF data free of thermal conductancejcapacitance 
effects . 
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A linear relationship was found to describe the 
CHF of the guarded heat sinks as a function of 
subcooling in the range tested (15,17]. Furthermore, 
for a particular subcooling value the expected asymptotic 
dependence of the CHF on the thickness has been verified 
[1] . A linear dependence of 6' on subcooling is then 
suggested, but its development still requires further 
experimental work. 

CONCLUSlONS 

The present study investigated the effect of 
heater thermal properties and thickness on the CRF. 
The main conclusions are: 

Fig. 6 Reat flow in a (a) thick, directly heated test 
section and in a (b) guarded heat sink. 
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The infl uence of subcooling on the CHF from 
25 .4-Jlm- thick ni"ch1 orne foil heaters and guarded 
heat sir ks ( Girnulé' ted electronic chips). 

Nane of the pa: ·ameters, k, pcp, ,fkp~P, o r .a, 
succeeded in c~ rrelating CHF data of thin heaters 
on a q"(HF ;: ó if plot. This is indicative of the 
inappro·;ri a';eness of previous models. 

The rec ,mm,.aded value for Óasy,Óeff', the heater 
thicknrss }or which the CHF IS 907. of the 
apparen' asymptotic value, is 0.50 mm under 
saturat~d conditions. This thickness, however, 
could r ~quire a costly, high-amperage power 
supply for electrical heating. 

Existing hydrodynamic CHF predictions available 
in the literature, as well as CHF data for 
si•ulated electronic chips, could have been 
influenced by thermal conductancejcapacitance 
effects. 

A simulation of electronic chips was developed 
which can be assumed free of such effects. 

5. Under subcooled conditions, the recommended value 
for Óeff' would be higher than that at saturation. 
However, the establishment of quantitative 
guidelines requires further experimental work. 
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INTRODUCTION 

NUCLEATE POOL BOILING FROM A HORIZONTAL VIRE 
TO A VISCOELASTIC FLUID 

ROBERT Y. Z. HU and JAMES P. HARTNETT 
Energy Resources Center 

University of Illinois at Chicago 
Chicago, IL 60680-43'·11 

SUMMARY 

The nucleate pool boiling behavíor of a víscoelastic aqueous solution of hydroxyethyl 
cellulose of 6 concentratíons rangíng from 500 to 5,000 wppm has been measured 
experimentally and compared with results for pure water. The convencional q" vs I'.T 
boíling curves were measured usíng a electrícally heated horizontal platínum wire of 
diameter 0.0254 cm submerged ín a saturated pool of liquid at atmospheric pressure. It 
was found that the water boíl íng data are in resonable agreement with established 
correlations . In the case of the polymer so1utions the 1owest concentration of 500 wppm 
gave resu1ts whích were about the sarne as found for water. However at concentrations of 
1 , 500 wppm and above , dramatícally different behavíor was observed. At 1ower heat flux 
values the magnitude of I'.T íncreased as q" íncreased, as anticípated. However at 
approximate1y 13 Wjcrrl a maxímum I'.T was reached and as q" was increased above 13 Wjcrrl the 
value of I'.T decreased. 

A series of photographs pro vided additional insight into the boiling process for all 
the solutions. It was observed that the bubbles are generally smaller and more spherical 
in the polymer solutions as compared with water. A t medium to high heat flux values, 
coalescence of bubbles took place more frequent1y in water . When the maximum I'.T was 
reached in the bo i l i ng of the higher concentratíon Natrosol solutions (at approximately 
13 Wjcrrl), a 1arge popu1ation of fine spherica1 bubb1es was suddenly generated on the 
heating surface (5 to 10 times more than in water case) . This observed behavíor is 
consístent wíth the measured boil i ng curve . 

The boiling heat transfer behavior of non-Newtonian 
fluids, particularly viscoelastic polymer solutions, is 
of special interest to the chemical, pharmaceutical and 
food industries. An understanding of the boiling 
performance of these fluids should lead to the 
development of more energy efficient processes and to 
better quality control of many processes in the cited 
industries . 

RW Since early 1970 , only a limited number of 
experimental studies of the boiling heat transfer 
performance on viscoelastic non - Newtonian fluids have 
been reported [1-9) . Unfortunately, the boiling data 
reported are not consistent. Most of the investigators 
[1,2,3,4,5], reported that for a given temperature 
difference the addition of a high molecular weight 
po1ymer such as polyacrylamide or polyethylene oxide to 
a solvent increases the heat flux in pool and flow 
boiling over the value for the solvent alone . However 
this finding is not conclusive since other studies 
[6,7,8,9) report contradictory experimental results. ln 
short: these studies show large discrepancies and some 
contradictions in the observed boiling performance of 
aqueous polymer solutions . Most of the investigators did 
not report the rheological properties of the po1ymer 
solutions used , which further complicates the 
interpretation of the experimental findings. 

POOL 801..»«) TEST SECTKlN 

EXPERIMENTAL METHOD 

Apparatus. Figure 1 shows the schematic 
diagram of the poo1 boiling test set-up. The heat 
transfer studies were carried out on a platinum wire of 
diameter O. 0254 cm and 15.24 cm in length. The wire 
itse1f serves both as the main heat source and the wire 
temperature measuring device. The wire was p1aced 
horizonta11y inside a glass tank with dimensions of 10.2 
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Fig. 1 : Schematic di a gram of pool boi1ing experiment . 

cm W x 30.1 cm L x 27.3 cm H. The glass tank is placed 
on top of a specially made aluminum stand placed in 
another tank (a stain1ess stee1 tank with dimensions 30.5 
cm W x 45 . 7 cm L x 40 . 6 cm H) equipped with two pyrex 
g1ass windows. The 24 . 1 cm x 24.1 cm windows are a1igned 
and mounted on the outer tank for the purpose of viewing 
the experiment. The outer tank is filled with a clear 
transparent oil of high boiling point (274 °C) which is 
used as a constant temperature bath. The main heat 
source for the oil bath comes from four 1 , 000 W heating 
rods located horizontally under the inner glass tank . 
The oil bath temperature is regulated by two 30.5 cm x 
30 . 5 cm heating pads, glued on the two windowless sides 
of the outer tank, and manually controlled by a variac . 
Each heating pad can deliver a maximum of 720 W of heat. 



The temperature of the oil is measured by a mercury 
thermometer . The whole system is insulated with 5.1 cm 
thick insulation boards with removable blocks covering 
the viewing windows. The main heaters are used mostly 
when calibrating the platinum wire, in which case the 
fluid temperature is raised incrementally from a value of 
50°C to 100°C. They also are used to raise the 
temperature of the polymer so1utions to near 100 °C. 
During the boi1ing experiments the oil bath temperature 
is controlled by the sidewall heating pads which is 
manually controlled by a variac. 

The temperature of the fluid is measured by four 
copper-constantan thermocouples fitted in 0.32 cm 
diameter thermowe11s which extend from the cover of the 
boiling tank. The tips of the thermowel1s are bent 90° 
and filled with copper-oxide cement. The thermocouples 
can be raised or lowered by adjusting the thermocouple 
holders on the teflon cover of the boiling tank, thereby 
covering a large a c:ea in the fluid . 

The power supply of the test wire is a 200 W 
autoranging direct: current pJwer supply (model 6023A by 
Hew1ett Packard Co . ). It is capab1e of delivering a 
fixed voltage ranging fror. O to 20 volts or a fixed 
amperage from O ~o 30 amps such that heat transfer under 
different values of he<X flux can be studied. The 
detai1ed design of the $ystem can be found in reference 
[lO] . 

The photo6raphic system used to study po~l boiling 
is a high speed vid<!o camera with a motion analysis 
system (SP-2000 sys te·a by Eastman Kodak Company, U. S.A.) 
[ll] . This sy~tem is capable of recording information at 
the rate of EJ to 12,000 frames per second in partial 
frames format (th~ full frame limit is 2,000 frames per 
second). Aft" r video recording the boi1ing processes at 
the desired fcamr speed (2,000 frames per second in this 
study), the r•cording can be played back on a frame by 
frame basis aLlowing the identification and measurement 
of the size, ~he number and the location of individual 
bubbles. 

Test Fluids. A commercially available high 
molecular weight polymer was used in this study; a 
hydroxyethyl cellulose (250HHR Natrosol, Hercules Co . ) 
[1 2] of six different concentrations ranging from SOO to 
5,000 wppm . The method for preparing aqueous solutions 
of this polymer is described in detail in reference [10]. 
Deionized water was used as so1vent in this study. 

Procedures . The procedures fo11owed in the 
poo1 boi1ing experiments can be described as fo11ows: 

10' 

Sequence 1: 
Step 1: 

Step 2: 

Step 3: 

Sequence 2: 
Step 1: 

St· ·p 2 : 

Poo1 boiling of water 
Ca1ibrate the p1atinum wire at 5 different 
temperature 1eve1s (at about 60, 70, 80, 90 
and 100 °C). 
Stabi1ize the water in the boi1ing tank at 
about 100 °C (without boiling taking place) 
for l/2 to l hour. 
A total of 12 different heat flux values 
ranging from 2 . 2 to 55 Wjcm2 are supplied to 
the test section. The temperature difference 
between the heating surface and the bulk 
fluid is measured for each heat flux . This 
process is repeated for several heat fluxes . 
On the conclusion of this sequence, the test 
section is cooled to room temperature and 
cleaned . 

Pool bniling of polymer solution 
The steady shear viscosity of the fresh 
po1ymer solution is measured and the glass 
tank is filled with the polymer solution . 
The polymer solution is gradually heated to 
approximately 100 °C (without boiling taking 
place) and maintained for 1/2 to 1 hour . 
Repeat Step 3 in Sequence 1 . After the 
boiling experiments are completed for a given 
polymer concentration the steady shear 
viscosity is measured over a wide shear rate 
range. 

Se-[uence 3: Pool boiling of water 
Repeat Sequence 1 again. 

.Detai1ed photographic studies of water and of the 
1,500 wppm Natroso1 so1ution were carried out over a wide 
range of heat f1ux. From these photographs the bubble 
departure diameter and nucleation site density were 
measured. 

RESULTS 

Figures 2 present the apparent viscosity ~ vs the 
shear rate i for representative concentrations of the 250 
HHR Natrosol solutions. A decrease of the viscosity at 
the low shear rate range after boiling processes was 
observed for each and every concentration. At the higher 
shear rate range (i. e. , above 100 sec·1), the change in 
viscosity between the fresh solution and solution after 
boiling was not as large . This decrease in viscosity, 
especially at the low shear rate range, is caused by the 
severe bubble motion occurring during the boiling process 
which results in the rupture of some of the long-chained 
molecular bonds. 
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Fig. 2: Steady shear rate viscosity of 250HHR Natrosol solutions . 
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The surface tension as a function of temperature 
for the Natros ol so1utions and water was also measured , 
as shown in Figure 3. The values of the surface tension 
of the Natrosol solutions are lower than tho ge of water 
by about 10% . Except for the viscos i ty and surface 
tension , all other properties of the polymer solutions 
were assumed to be the sarne as those of pure water. 
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Fig . 3: Surface tensíon of various f1uíds at different 

t e mperature . 

The conventíonal poo1 boí1íng curves of the heat 
flux q", as a function of the surface superheat 
ternperature 6T-Tw-T>M were rneasured for water and for the 
6 concentrations of hydroxyethy1 cellulose. A typica1 
set of heat transfer measurernent is shown ln Figure 4. 
The water data taken before and after the polymer 
so1ution are ln very good agreernent, dernonstrating that 
the heating surface characteristics did not change during 
the experiments . Figure 5 shows the poo1 boi1ing data 
for the deionized water, with the odd nurnber runs taken 
before the po1ymer so1ution boi1ing e xperiments and the 
even nwnber runs taken after the polymer runs. ln 
general, the reproducibility of the data is reasonably 
good and the measurements are in good agreement wi th 
Kutate1adze's corre1ation (13], with Rohsenow's ear1ier 
corre1ation proposed in 1952 (14] and in fair agreernent 
with Nishikawa's corre1ation [15] . However, the water 
data differ substantia1ly from the 1ater corre1ation 
proposed by Rohsenow in 1973 [16]. 
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Fig . 4: Boí1ing data of the 1,500 wppm Natroso1 

so1ution. 
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Fig. 5: Boi1ing data of deionized water . 

The resu1ts for Natrosol are summarized on Figure 
6, a1ong with the rneasured results for deionized water . 
The 1owest concentration of Natroso1,the SOO wppm 
so1ution, yie1ded results which were about the sarne as 
found for water. ln the case of Natroso1 concentrations 
above 1000 wppm dramatically different behavior was 
observed. ln such cases, the boi1ing curves took on a 
comp1ete1y new shape. At 1ow heat f1uxes the magnitude 
of 6T increased as q" increased, as anticipated. 
However, at a heat f1ux of the order of 13 'W/cm2 a 
rnaximurn óT was reached and at heat fluxes above this 
value an increase in q" was accornpanied by a decrease in 
the va1ue of 6T. Thus the heat transfer performance of 
the higher concentration Natroso1 so1utions was superior 
to the boi1ing performance of deionized water over the 
range of q" from 13 'Wjcrn2 to 55 'Wjcm2
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Fig. 6: Cornparsion of boi1ing data for the Natroso1 

so1utions and water. 



Further support for these surprisihg findings was 
provided by a series of photographs taken through the 
viewing windows. Figure 7 shows two sets of photographs 
for the water and the Natroso1 so1ution, taken at heat 
f1uxes of approximate1y 13 Wjcm2 , 18 W/cm2 and 53 Wjcm2 . 

It can be observed that the bubb1es are genera11y sma11er 
and more spherica1 for the Natroso1 so1utions. 
Furthermore, there are many more bubb1es in the case of 

(la) Deionized water , 
q"-13 . 05 Wjcm2 , ~T-16.72 °C. 

(2a) Deionized water , 
q"-17 . 82 Wjcm2 , ~T-17.64 °C . 

(3a) Deionized water, 

q"-52 .41 Wjcm2 , ~T-21.26 °C. 

the Natrosol solution than in the water. This is 
particular1y noticeable at the higher heat flux, which is 
associated with a ~T value of 9. 8°C for the Natrosol 
so1ution as compared with corresponding va1ues of 21 . 3 °C 
for the deionized water . It is conc1uded that the 
observed improvement in heat transfer in the Natroso1 
so1ution is caused by the dramatic mixing which is 
associated with the very 1arge popu1ation of very fine 
bubb1es. 

(1b) 1,500 wppm Natroso1 so1ution, 

q"-13 . 09 Wjcm2
, ~T-16.57 °C . 

(2b) 1,500 wppm Natroso1 so1ution, 

q "-17 . 70 Wj cm2
, ~T-11. 98 °C . 

(3b) 1,500 wppm Natroso1 so1ution, 

q"-51.37 Wjcm2
, ~T-9.80 °C. 

Fig . 7 : Photograph of boiling liquids . 
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Figure 8 presents the rneasurernents of bubble 
departure rliarneter 0

0 
as a function of heat flux q". The 

departure diarneter of water bubbles increase very slowly 
wit:h an increase in heat flt·.x. ln fact, the increase is 
so srnall that the average departure diarneter (about 0.20 
cm) only varies ±10% over the heat flux range studied. 
ln the case of the 1, SOO wpprn Natrosol solution, the 
bubble departure diarneters at lower heat fluxes are about 
the sarne as for water out at higher heat fluxes the 
departure diameter •:f the Natrosol bubbles is rnuch 
srnaller than 'found for water . ln general the l, SOO wpprn 
Natrosol solution shows a distinct decrease of the bubble 
departure diarneter with increasing heat flux q", in sharp 
contrast to the finding in the water case . 
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Fig. 8 : The bubble departure diarneter as a function of 
heat flux for different solutions . 

Figure 9 presents the rneasurernents of bubble 
nucleation site density N/A as a function of heat flux 
q". Cornpared with water data, the 1,500 wpprn Natrosol 
solution showed distinctly different behavior, showing 
rnuch higher bubble population at higher heat fluxes. 
This is consistent with the measured boiling curve for 
Natrosol . ln particular, when the observed bubble 
population suddenly increased the corresponding measured 
heat transfer coefficient also increased. 
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~ 10' 
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Fig. 9: Cornparsion of q" vs N/A for different 

solutions. 

CONCLUSION 

Nishikawa's equation shows no effect of viscosity 
on boiling, while the correlation of Rohsenow and 
Kutateladze both show a decrease in heat transfer when 
the viscosity is increased. Noting that the Natrosol 
solutions have higher viscosity and better heat transfer 
perforrnance than water, it is clear that viscosity is not 
responsible for the observed phenornena. 

The surface tension of the Natrosol solution was 
found to be 10% lower than that of water, and this should 
yield sorne increase in the boiling performance; however, 
the observed difference in surface tension , if judged on 
the basis of Newtonian fluid boiling behavior, does not 
explain the observed results . More detailed 
investigation is necessary before an adequate explanation 
of the observed unusual behavior is possible. 
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NOMENCLATURE 

Do 
N/A 
q" 
T, 
Tsa! 
Tw 
t.T 

'I 
1 
a 

bubble departure diarneter, (cm) 
bubble nucleation site density, (#/crn2 ) 

heat flux, (W/crn2 ) 

fluid ternperature, (°C) 
saturation ternperature of the fluid, (°C) 
surface wall ternperature, (°C) 
-Tw-Tsal, (oC) 
steady shear (apparent) viscosity, (poise) 
shear rate, (sec~) 
surface tension of the fluids, (dyne/cm) 
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ESTUDO DO COEFICIENTE DE INÉRCIA NO ESCOAMENTO 

NÃO-DARCIANO DE UM FLUIDO ATRAVÉS DE UM MEIO 
POROSO 

SHEILA LOPES VIEIRA. CESAR COSTAPINTO SANTANA 
Universidade Estadual de Campinas- Departamento de Engenharia de Petróleo 

Caixa Postal 6122 
13081 Campinas SP Brasil 

RESUMO 
Este trabalho consiste no estudo do escoamento de gases a altas velocidades através dos poros de rochas reser

vatório de petróleo. Neste caso, há um desvio da lei de Darcy devido às forças inerciais que não podem ser desprezadas. 
A análise deste escoamento é feita através da equação de Forchheimer que considera tanto as perdas viscosas quanto 
as inerciais. Por fim, prope..se uma correlação para o coeficiente de inércia da equaçã de Forchheimer em função da 
permeabilidade e da porosidade da rocha para um sistema monofásico. 

INTRODUCÃO 

Na engenharia de petróleo é necessário fazer-se a previsão 
da capacidade de produção de poços de gás com o objetivo de 
se estudar a viabilidade econômica dos investimentos a serem 
realizados em um campo produtor e, consequentemente, definir 
os contratos de venda do produto. Sendo assim, é fundamental 
conhecer-se o comportamento do gás ao escoar através dos poros 
da rocha. 

Muitos estudos têm sido realizados com o intuito de se 
entender o escoamento de um fluido através de um meio poroso, 
que normalmente é descrito pela equação de Darcy: 

-\1 p = Ji-V 
K 

(1) 

No entanto, sabe-se que a altas velocidades, a Eq.(l) é 
ineficiente para descrever tal escoamento, já que as perdas de
vido às forças inerciais tornam-se ,Jgnificativas frente às visco
sas. Forchheimer12 introduziu um termo adicional à equação de 
Darcy que representa o acréscimo na queda de pressão devido 
a essas forças inerciais: 

!lV - \1 p = - + f3pv2 (2) 
K 

onde a magnitude de f3 quantifica o desvio que se tem da lei de 
Darcy. 

Na literatura, o coeficiente /3 é chamado de coeficiente 
de inércia, coeficiente não-darciano, fator de turbulência, coe
ficiente de velocidade; contudo, nem todos os autores aceitam 
estas denominações, já que, em se tratando de altas velocidades, 
muitas controvérsias têm surgido quanto ao mecanismo causa
dor da queda de pressão adicional. Diferentes pontos de vista 
têm sido colocados: 

• Green e Duwez7 chamaram f3 de coeficiente de inércia e 
interpretaram-no como sendo uma medida da tortuosi
dade dos canais de fluxo, determinando a aceleração do 
fluido. 
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• Tek8 se refere à equação generalizada de Darcy (Eq.2) 
como uma descrição do regime não-darciano. Comple
tando est'l. idéia, Katz9 justifica o uso do termo "esco
amento turbulento" dizendo que o movimento extra do 
fluido é quem causa a queda de pressão adicional. 

• Em contrapartida, Houpeurt10 acredita que, na verdade, 
o escoamento não seja turbulento, mas que as perdas por 
energia cinética é que são as reponsáveis pelo desvio da 
lei de Darcy. Geertsma3 continua o mesmo pensamento 
de Houpeurt quando diz que este desvio é resultado de 
acelerações e desacelerações convectivas das partículas do 
fluido nos seus caminhos através dos poros. 

• Segundo Wright 13
, à medida que a velocidade cresce, ini

cialmente, o desvio é causado por efeitos de inércia e, a 
seguir, por efeitos de turbulência quando se tem veloci
dades maiores. Ao escoamento que incorpora os efeitos 
laminar, inerciai e de turbulência deu-se o p.ome de LIT. 

• Firoozabadi5 já analisa o problema sob outro aspecto: 
uma vez que existe uma função contínua entre a queda de 
pressão e a vazão, o termo "não-darciano" não está bem 
colocado porque dá a idéia de existirem dois mecanismos 
de fluxo diferentes. O mesmo raciocínio é válido quando o 
escoamento a baixas velocidades é dito "escoamento darei
ano", ou quando se tem altas velocidades e usa-se o termo 
"regime de inércia", já que o efeito de inércia está sempre 
presente. Continuando nesta linha de pensamento, Firo
ozabadi apresenta um conceito simples que é considerar 
o fluxo como sendo de baixa ou de alta velocidade para 
distinguir as condições em que o termo (f3pv 2) pode ser 

desprezado ou não. Segundo ele, um nome apropriado 
para f3 seria "coeficiente de velocidade". 

No presente trabalho, optamos por chamar f3 de "coefi
ciente de inércia" já que o termo (f3pv2) representa a queda 
de pressão adicional devido às forças inerciais quando estas se 
tornam significativas. 



CORRELACÕES APRESENTADAS NA 
LITERATURA 

Uma consideração dimensional da Eq.(2) mostra que a di
mensão do coeficiente de viscosidade, K, é [L2

] e a do coeficiente 
de inércia, (3, é [L- 1

] . Uma vez que ambos têm dimensão de 
comprimento, espera-se que contribuam na caracterização da 
estrutura do meio poroso e que sejam independentes das pro
priedades do fluido . 

Com o objetivo de correlacionar o coeficiente de inércia 
com as propriedades da rocha, Cooke14 mediu (3 para diferentes 
amostras e obteve uma relação da forma: 

b 
/3=-

Ka 
(3) 

onde as constantes a e b dependem do diâmetro dos grãos de 
areia da rocha. Geertsma3 propôs uma outra correlação para 
a predição de (3 usando, além de dados experimentais, uma 
análise dimensional: 

0.005 
(3 = rjy5.5 /(0.5 (4) 

Geertsma3 modificou a equação acima para o caso de existir 
uma saturação de líquido : 

(3 - 0.005 ( 1 ) 
- rjJ5.51(0.5 (1 _ Sw)5.51(~·5 (5) 

Noman 2 chegou à conclusão de que, para os dados de que 
dispunha, a melhor correlação seria a da forma: 

logf] = 2.4388 log ( <P;J -o.
5

- 5.2846 (6) 

Noman acentua que o motivo desta forma de correlação ser a 
melhor está diretamente ligado ao fato de o parâmetro ( K;j rjJ )0 5 

ser uma boa estimativa do comprimento médio característ ico 
do meio poroso. 

Evans', através de dados experimentais de um escoamento 
bifásico, chegou à relação: 

(3 = 1.891 lQ-5 ( 1 ) 1.839 

<P ( 1 - S.,. )K~-5 
(7) 

sendo que os valores de (3 fornecidos por ela são bons e con
cordam razoavelmente bem com os obtidos experimentalmente 
para as rochas dentro da faixa de porosidade e permeabilid ade 
para a qual a equação foi desenvolvida. 

Na ausência de dados experimentais, qualquer uma das 
correlações acima pode ser usada para estimar o coefici ente 
de inércia, apesar de se saber da necessidade de desenvolver 
relações para cada tipo de rocha. A maior parte destas cor
relações foi desenvolvida para condições de escoamento mo
nofásico , sendo que há uma grande falta de dados experi mentais 
para o cálculo de (3 sob condições de escoamento multifásico. 
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REPRESENTAÇÃO MATEMÁTICA 

Ao correlacionar dados obtidos experimentalmente para 
o escoamento linear de água a altas velocidades, Forchheimer 
chegou a uma relação representada pela Eq.(2.a): 

dP f1V 2 -- = -+f]pv 
dL " 

Desenvolvendo-se a Eq.(2.a) para gases e integrando-a 
com a consideração de p., T e Z serem constantes, chega-se 
a : 

(P1
2

- Pi)M 1 (3 (W) 
2ZR'{L(!f)11 =-; +; A (8) 

Um gráfico de Cr/i;:(~),.) vs (!) fornece uma linha 

reta com o coeficiente angular igual a (3 e coeficiente linear 
igual ao inverso da permeabilidade do meio poroso. Então, 
fazendo-se testes com várias vazões de gás escoando através de 
um meio poroso, e medindo-se a queda de pressão causada por 
este, pode-se inferir os parâmetros (3 e " do mesmo. 

Entretanto, em alguns casos, dados experimentais plota
dos segundo a Eq.(15) desvi am-se do comportamento de linha 
reta. Este desvio é atribuído a dois fatores: 

• Efeito de escorregamento do gás (também chamado de 
"efeito de Klinkenberg" ou "slip effect") que acontece a 
baixas pressões quando o caminho livre médio das molécu
las fica da mesma ordem de grandeza que o diâmetro dos 
poros. 

• Eq uação de Forchheimer não descreve bem o sistema, 
sendo necessário adicionar-se a ela um outro termo: 

2 3 dP = f1V + (3pv1 + -yp v 
- dL K 

(9) 

onde -y é o segundo coeficiente de velocidade. No presente 
trabalho, este acréscimo do termo ( -y p1v3 ) é desnecessário. 
Outros pesquisadores , como é o caso de Johnson e Talia
ferro11 optaram pela seguinte representação: 

dP = J.lV + pvn 
dL " 

(10) 

Neste estudo será analisada a equação de Forchheimer , 
tanto por sua simplicidade quanto por descrever bern o sistema. 

PROCEDIMENTO EXPERIMENTAL 

As Figuras le 2 mostram esquematicamen te a montagem 
dos equi pamentos utilizados neste estudo. O experimento con-

J.... 



sistiu em injetar-se N2 a diferentes vazões e medir-se a queda 
de pressão causada pela presença do meio poroso. A pressão 
máxima de entrada de N2 na amostra era de 2 106 Pa e a 
vazão estava compreendida numa faixa entre 5.6 I0-5 Nm3 f s 
a 7 w- 4 Nm 3 /s. 

Os meios porosos utilizados eram 15 amostras de rochas 
provenientes do aflorJ.mento Rio Bonito e tinham o diâmetro 
de aproximadamente 3.8 cm e comprimento que variava entre 
5 e 7 cm. A permeabilidade das amostras estava compreendida 
dentro de uma faixa de 4 w- 14 a 5 w- 13m 2 e a porosidade ia 
de 13% a 30%. 

Durantf. o experimento, a amostra ficava dentro de um 
compartimento ("Core-Holder") submetida a uma pressão de 
confinamento (63 105 Pa) que garantia que o escoamento fosse 
linear, impedindo vazamentos. 

o N2 era injetado no "Core-Holder" através de um capilar, 
sendo dist ribuído na face 1 da rocha at ravés de sulcos existen
tes no equipamento. A tomada de pressão era feita na face 1, 
enquanto que na face 2 media-se a vazão volumétrica. O tempo 
de duração de cada teste era de aproximadamente 10 minutos. 

P ara algumas das amostras testadas, escoando N2 a uma 
vazão de 7 w- 4 Nm3 fs , houve um desvio significativo da lei de 
Darcy, da ordem de 50%. 

Pressão de Confinamento 

Bomba Manual 

Medidor de Vazão 

Medida Digital 

de Pressão 

Fig. I · Desenho esq uemáti co da a parelhagem usada para o es
coamento monofás ico. 

Medidor 

de 
Vazão 

Amostra de Rocha 

Face 2 Face 1 

Pressão de Confinamento 

Tomada 
de 

Pressão 

Fig.2 ·Desenho esquemático da amostra dentro do Core- Holder 

RESULTADOS EXPERIMENTAIS 

Para cada uma das amostras, foram feitos dois gráficos: 
o primeiro, usando a equação de Darcy (Fig. 3) para ter-se 
certeza de que havia ocorrido um desvio em relação a ela; o 
segundo, usando a equação de Forchheimer para determinar-se 
os parâmetros f3 e K. da amostra (Fig.4). 
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Fig.3 - Dados experimentais plotados segundo a equação de 
Darcy 
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Fig.4 - Dados experimentais plotados segundo a equação de 
Forchheimer para o cálculo de f3 e K.. 

Sabe-se que várias curvas podem ser obtidas, quando são 
plotados os dados experimentais de cada amostra conforme as 
figuras 2 e 3. Na tentativa de colapsar todos os pontos ex
perimentais sobre uma mesma curva, definiu-se o número de 
Reynolds como: 

Re = j3K.pv = c.JK_pv (11) 
J1 J1 

600 



onde c é uma constante adimensional em que: 

c = f3,JK_ (12) 

A partir do desenvolvimento da equação de Forchheimer 
para gases e com as hipóteses de J.l, Z e T serem constantes, 
tem-se: 

(P'f- Pi)MK W(3K 
~-~---+1 
2ZRTL(!f)J.i- AJ.I 

(13) 

Em publicações anteriores, o primeiro termo da Eq.(20) é 
chamado de número de Darcy (Da), enquanto que o segundo é 
o número de Reynolds definido anteriormente. Logo, 

Da= Re + 1 (14) 

Da 1 
Hp= -=1+-

Re Re 
( 15) 

A Eq.(22) colapsa todas as curvas dos sistemas cujo escoa
mento é bem descrito pela equação de Forchheimer. Proceden
do-se da mesma forma com a equação de Darcy, chega-se à 
Eq.(23): 

1 
Ho = Re (16) 

onde H0 e Hp são os fatores de atrito das equações de Darcy 
e de Forchheimer, respectivamente. 

Plotando-se H vs Re (Fig.5 ), confirma-se que a equação 
de Forchheimer é ideal para descrever o escoamento em questão. 
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Fig.5 · Correlação pnra o fator de a tri to . 

At ra.vC::·s da. Fig. 'í , fa.ixa.s de validade d a le i de Darcy po

dem ser dctc nnina.das . Supondo-se que o erro miÍ.x imo tokrado 
quando as pcrd ;L~ devido às forças inerci ais são desprezadas seja 
de 5% , entã.o: 

fh· - ffu < 0.0-'í 
H= lfv - ( 17 ) 

·, 
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Re :S 0.053 ( 18) 

Sendo assim, para Re :S 0.05 há predominância das forças 
viscosas no escoamento e a lei de Darcy pode ser usada com erro 
inferior a 5.3%. Este, segundo alguns autores, é o chamado 
"regime laminar" . ParaRe ~ 0.1, as forças inerciais passam 
a não ser mais despreziveis, causando um erro superior a 11% 
quando se usa a equação de Darcy, ao invés da equação de 
Forchheimer. Este é o regime IT. 

Uma das formas de analisar os valores de f3 e K obtidos 
experimentalmente é calcular a constante adimensional, c, de
finida segundo a Eq.(19) e compará-la com correlações da li
teratura. Usando a relação desenvolvida por Geertsma, c é 
calculado como: 

0.005 
c=--

<Ps.s (19) 

Segundo Evans, 

c= 1.891 I0- 5 
( l ) 1.839 

</J (1 - S )KO.S ~ wr g 
(20) 

em que Swr = O e K9 = K 00 para um sistema monofásico. 
Através da Fig.6, vê-se que os valores de c obtidos expe

rimentalmente concordam com os valores de terminados através 
de correlações propostas na literatura, apresentando resultados 
que es tão compreendidos entre os valores calculados por Ge
ertsrna e Evans. 
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Fig. 7 - Correlação entre j3,p!.s e te. 

Através da Fig.7, comprova-se que as correlações da litt-L 
ratura podem não dar uma boa est imat iva para o coefi ciente de 
inércia. 

CONCLUSÕES 

O coeficiente de inércia j3 foi medido experimentalmente 
para amost ras do afloramento Rio Bonito sob condições de es
coamento monofásico. A partir dos resultados obtidos, pode-se 
conclu ir : 

• À med ida em que " c ,P d iminuem, at uando como agen
tes que dificultam o escoamento e, portanto, tornando os 
efe itos inercia is mais pronunciados, j3 aumenta. 

• Contradizendo Noman , pode-se di zer que, para as amos-

( )

0 .5 
tras em questão, o parâmetro ~ não é uma boa es-

timativa do comprimento médio caracterfstico do meio 

poroso. 

• Uma vez que j3 não é uma funçào somente de K e de r/;, 
mas também de outras propriedades da rocha, não exi,te 
uma única correlação possível entre /3, te c r/J . 

• Rascando-se em corrdações da literatura, pode-se ilfir.nar 
que o escoamento a a ltas ve locidades é influenciat.n pela 
presença da fase líquida imóvel. Portanto, como onti · 
nu idade deste t. raba.lh o serão incorpo rados resu lta.< 'os re
ferentes ao <·sco;uncnlo bif<isico 11 Ú.o· darci<u1o. 

ABSTRACT 

This a.rt.icl<· pres('lll.s a. st udy of high -velocity gas fl ow 
through t he pores of pet.rolcu1n rescrvoirs. When fluid vclocitics 
are la rge, ine rt ia.l cffccts becomc signifi cant and a rnodificat ion 
of Darcy 's la.w is neccssary. This fl ow analys is is dcscribcd by 
Forchhcimer that considcrs viscous a.nd inert ial effects in his 
equa.tion. A corrcla.tion is developcd from this analysis to prc
di ct the inerti al cocflicicnt as a fun d ion of rock propertics in a 
single-phase fluid flow. 
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NOMENCLATURA 

A= Área da secção transversal, m 2 

c= Constante adimensional da Eq.(20), (= j3,fi) 
D = Constante não-darciana do skin aparente, (m3/dJ- 1 

Da= Número de Darcy 
H = Fator de atrito 
h = Espessura da formação, m. 

L = Colllprimento da amostra, m 

M =Peso molecular, kglkgmol 
m(p) = Pseudo-pressão do gás real , Pa2 I(Pa s) 
P1 = Pressão de injeção na amostra, Pa 
P2 = Pressão na saída da amostra, Pa 
Q =Vazão volumétrica do gás, m31s (@ 15.9° C e 1 atm) 
R = Constante universal dos gases, Pa m 3 I kgmolf{ 
Re = Número de Reynolds 
r. = Raio do reservatório de petróleo ou gás, m 

r w = Raio do poço, m 
s = Fator de película 
s' = Ski _J aparente ou fator de película dependente da vazão 
59 = Saturação de gás 
Swr = Saturação de líquido imóvel 
T = Temperatura absoluta, ]( 
v = Velocidade do fluido, mls 
W = Vazão mássica do gás, ]( g Is 
Z = Fator de compressibilidade do gás 
/3 = Coeficiente de inércia, m - 1 

1 = Segundo coeficiente de velocidade, m 3sl kg 
K. = Permeabilidade absoluta do meio poroso, m 2 

K. 9 = Permeabilidade efetiva do gás, m 2 

te, = Permeabilidade relati va 
Jl = Viscosidade do gás, Pa s 
v = Densidade do gás, (ar = 1.0) 
p = Massa específi ca do gás, kg 1m3 

rjJ = porosidade 
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CONVECÇAO NATURAL NO INTERIOR DE UMA 
CAVIDADE POROSA IRREGULAR 

JORGE I. LLAGOSTERA BELTRÃN 
OSI/ AI R VI DAL TREVI SAN 

Depar~amen~o de Energia, FEM/UNICAMP 
C . P. 6122- CEP 13081 -Campinas- SP 

RESUMO 

A convecç~o na~ural no in~erior de uma cavidade porosa 
irregular aquecida em sua parede inferior foi analisada. A influência 
do número de Rayleigh modificado , na f'aixa de O a 1600, e dos 
paràmelros geomé~ricos relevantes f'oi estudada por meio de simulações 
numéricas. Foram ob~idos os valores locais e globais do número de 
Nussel~ na parede aquecida para os diversos casos e carac~erizados o 
escoamento e os campos de ~emperatura. 

INTRODUÇÃO 

O fenómeno da convecção em me i os 
porosos vem sendo estudado crescen~eman~e em 
!'unção do desenvolvimento das tecnologias 
envolvendo energia geo~érmica, processos 
térmicos de recuperação de pe~róleo, 

isolamen~os térmicos de elevado desempenho em 
sis~emas criogênicos e armazenamertlo de 
rejei los nucleares em si li os geológicos 
considerados adequados. Os estudos realizados 
lem-se dirigi do principal men~e à análise da 
convecção na~ural em camadas horizon~ais 

aquecidas em sua região inferior e em camadas 
verticais submetidas a gradientes verticais 
de temperatura [1). 

Trabalhos publicados recentemente 
referem-se a si luações envolvendo convecção 
natural em cavidades porosas relangulares com 
paredes aquecidas ao longo de trechos 
limitados ou não (2J. (3), (4] . 

Neste trabalho o objelo de estudo 
corresponde à análise da convecção natural no 
interior de uma cavidade porosa irregular, a 
qual pode ser descrita como uma cavidade 
re~angul ar hor i zon~al que apresenta uma 
depressão aqueci da na base em uma de su;; s 
extremidades . 

Constitui o objelivo do ~rabalho a 
análise do efeito das caraclerisli ,:as 
geomé~ricas da cavidade e dos parâmel -os 
térmicos do problema sobre o escoamenl'::. e 
sobre as taxas de transferência de calor. 

FORMULAÇÃO DO PROBLEMA 

Foi estudado o fenômer.o de convecção 
natural em um meio poroso saturado, 
corresponden~e a uma cavidade 1rr.egular 
representada na Figura 1. Todas as paredes 
da cavidade são imperrne&veis. A parede quente 
Ca) e a fria Cb) são man t idas a temperaturas 
uniformP.s, sendo todas as dema1s adiabálicas. 

O problema refere-s e a um fluido 
1ncompressivel , de pr o pr1edades conslanles, 
escoando em r eg1 me per manent.., a t.r a vés de um 
meio poroso rtg1do. homogêneo e 1sot.r·6pico. Os 
efei los de em puxo decorrentes de diferenças 
de temperatura no fluido são considerados por 
meio da aproximação de Bouss1nesq. 
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Figura 1. Esquema da cavidad·• porosa 
irregular. 

c 

Na formulação do problema f'oi assumida 
a aplicabilidade da Lei de Dércy. sendo 
desprezados os lêrmos viscosos e os de 
inércia das equações de cons~rvação da 
quanli dade da movi menlo. «SsumE"·-se. t.ambém 
que em qualquer pont.o do meio a ma~riz porosa 
e o fluido estão em equilibrio térmico. 

A partir das hipótyses expostas, as 
equações de conservação de massa e de 
quantidade de movi mente podem s er resumi das 
em uma uni<i,a equaçao envolvendo a funçl:l:o 
corrente C ~ ), definida por 

• u 

• • 

• v = 

onde u e v representam as component.es da 
vel oc i da de média por uni da de de volume do 
meio poroso. Foi efaluada a adimensiona -
1 i zaçl:l:o das gr andazas envolvi das, sendo 
definidas as seguintes variáveis : 

y 
T- T 

o 
T T 

1 o 

Com o uso dessas variave1s a 
conservação da massa e da quantidade da 
movi menlo podem ser expr· essas por me i o da 
equação (1), enquant o a equação ( 2 ) 

corr·esponde á conser·vação da energia . 



b2~ ... b2~ 
= 

Kg~pLCT1- T
0

) b6 
(1) 

ilx2 "Y2 IJOI ilx 

H b6 H b6 = ( b
2

9 + b
2

9 ) (2) -
byilx ilxby ilx2 "Yz 

Nessas equações, 9 represen~a a ~empe

ra~ura de equilibrio local,adimensionalizada, 
en~re a ma~riz porosa e o fluido, enquan~o 01 

corresponde à difusividade ~érmica efe~iva . A 
permeabilidade do meio poroso saturado é K, e 
g refere-se à aceleração da gravidade. 
Enquan~o ~ .represen~a o coeficien~e isobà
rico de expansão ~érmica do fluido, p 
corresponde à sua massa especifica e 1-1 à sua 
viscosidade din~mica. 

As condições de con~orno são represen-
~adas a seguir, de acordo com a Figura 1 . 

C a) ~=o .... 9 = 1 (3) 

Cb) ~=o .... 9 =o (4) 

Cc), (d). (e)' (f) ~=o 
iJe (5) .... 8n = o 

onde n corresponde à direção normal à parede 
corresponden~e. 

Analisando as expressões C 1) a C 5) 
podem ser definidos os seguin~es paràme~ros 

adimensionais relevan~es : 

Rayleigh modificado: 

relações geomé~ricas: 

R a 

H 
-r-· 

Kg~pLCT1- T
0

) 

IJOI 

8 M 
-r-· -r-

Foram calculados, com base na dimensão 
L, o valor de Nussel~ local e global em 
relaç:l(o à parede quen~e (a) e o valor local 
para a parede fria (b), de acordo com as 
expressões (6) e (7), respectivamente. 

t/2 

C a) Nux=- ~~ Nu = 2 I-~~ dx 
y•O yso 

o 

(6) 

Cb) Nu"= - cl91 
X by y:C/L 

(7) 

SOLUÇÃO NU~RICA 

As equações diferenciais foram 
resolvidas numericamente por meio de programa 
compu~acional elaborado especificamen~e para 
dominios irregulares des~e ~ipo [5]. A 
discretização das equações foi efetuada por 
meio de integração em volumes de controle 
finitos, e os fluxos convectivos nas 
fron~eiras de cada volume de controle foram 
represen~ados por meio do esquema da lei de 
po~éncia, proposto por Patankar [6]. 
Foram definidas como objeto de es~udo as 
si~uações em que a dimensão M é grande 
comparada com as demais, e em particular com 
a dimensão 8, que define a espessura da 
camada hor i zon~al . Por me i o da anál i se de 
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di versos casos cone! ui u-se pela adoçl:o de M 
superior a 48, de modo a con~emplar essa 
premissa de ~r abal ho. Em casos envolvendo 
números de Rayleigh elevados foram u~ilizados 
valores de M superiores a 58. 

Os si s~emas de equações algébricas 
ob~idos foram resolvidos u~ilizando-se o 
procedimento i ~era~i vo 1 inha-a-linha, com 
al~ernância no sentido e direç:l(o de 
varredura, comple~ando dessa forma um ciclo 
de qua~ro varreduras do dominio de cálculo. 
Em cada iteraçl:o foram realizados quatro 
ciclos para ~ e qua~ro ciclos para 9, a fim 
de reduzir o número de i~erações necessárias, 
como indicado na Tabela 1. 

Em todos os casos estudados foram 
adotadas, como pon~o de par~ida para o 
processo iterativo, distribuições nulas de 
~emperatura e da função corren~e. exce~o 

quando assinalado em con~rário. 

Tabela 1. Análise do efeito do número 
de ciclos de varredura 
C8/L=H/ L=0,25; Ra=200; 
grade: 62x42) . 

Ciclos em C~/9) 
c 1 /1) c 2/2) c 3/3) c 4/4) 

Nussel~ 

t.Ea CY.:> 
I~erações 

CPU C 1 ndi c e) 

5,8052 
0,335 

153 
152 

5,8056 
0,327 

86 
116 

5,8057 
0,325 

62 
106 

5,8057 
0,324 

4Q 
100 

O processo i~erativo foi in~errompido 

somente depois que os valores de ~. 9 e Nu 
tivessem satisfeito os seguintes critérios: 

Í. I~,., - ~ ,.,_, I 
'J 

t.{.= í: . 1~ ... 1 
' J 

<6 t.Nu 
R 

INun- Nu,_, I <6 

!Nu,., I 

onde e representa ~ e 9, e n corresponde à 
i~eração mais recen~e. O valor de 6 ado~ado 

neste ~rabalho foi 10-5
, considerado adequado 

para a determinação das ~axas globais de 
transferência de calor e para a ob~ençl:o de 
residuos suficientemente pequenos no balanço 
de energia. Esse residuo foi avaliado de 
acordo com a expressões C8) e CQ). 

E - E 
(9) 

S N 
AER = E + E 

Q N 

1/2 W/L 

I iJe I dx (Q) I iJel E- --E _ _ _ dx 
N- 8y y:C/L s- "Y y=o 

o o 

A grade foi definida dividindo-se o 
dominio da Figura 1 em retàngulos, 
representando os volumes de controle finitos. 
Os pon~os discretos do dominio de cálculo 
foram alocados no cen~ro de cada volume de 
controle . Em lodo o con~orno do dominio foram 
considerados volumes de con~role com dimensão 
nula na direção normal ao con~orno. 

O efeito do refinamento da grade foi 
também analisado . A Tabela 2 ilustra a 
abordagem uti 1 i zada na análise . Na t.abel a o 
item "grade" refere-se à uma grade retangular 
que contém o domi ni o i r regular. Os 
procedimen~os de cálculo foram executados 
somente para os pontos da grade perlencen~es 
ao dominio, indicados também na tabela . 

I 
I 
I 

l...... 



Tabela 2 . Análise do efei~o do refina
men~o da grade 
CB/L=H/L=0,25; Ra=200). 

Número de Volumes de Con~role 

·····-~-~~.!=-.~~~-~ ........................ ~ ............... ~ ............... ~ ............... ~ .................. ~ 
X 4i [ o . 1/21 15 20 25 30 40 
X 4i [1/2, 3/21 30 40 50 60 80 

y 4i [ o . 1/41 15 20 25 30 40 
y 4i [1/4, 1/21 15 20 25 30 40 
-·--•-oa .. uoaoooo-uooooooooo oooonooo•••••••••• •• ••••• ••• ••• ••••••••••• • ••••• ••••••O&••••••• ••••n••••• •• • ••••••••••••••• ••••••· 

Grade 47x32 62x42 77x52 Q2x62 122x82 
Pont..os QOO 1600 2500 3600 7200 
Nusselt.. 5,753 5,806 5,832 5,846 5,861 
.t.Eil 00 0,4Q 0,32 0,23 0,18 0,12 
It..eraçeles 31 49 74 107 197 
CPU Cindice) 17 44 100 211 746 

A fim de verificar a possibilidade de 
-lhor representar os gradien~es de 
temperatura na regi~o próxima às paredes, por 
-io da subdivislro dos volumes de controle 
que tem uma face na parede , foram analisados 
os casos apresentados na Tabela 3, onde 
"pontos" representa os nós da grade 
interiores ao dominio, para os quais '11 e 8 
foram efetivamente calculados . A única parede 
em que n~o foi efetuada a subdi vi sl[o foi a 
definida por x = M/L (distante da regi~o 
aquecida). 

Tabela 3. Verificaç~o do efeito da sub
divis~o dos volumes junto às 
paredes CB/L=H/L=0,25 ; 
Ra=200 ; grade : 62x42) . 

Denominador da Subdivis~o 
1 2 3 4 ....................................................................................................... .. .............................. 

Grade 62x42 64x45 66x48 68x51 
Pontos 1600 1826 2064 2314 
Nusselt 5,8057 5,8172 5,8202 5,8219 
AEa (,-.) 0,324 0,249 0,226 0,214 
Iteraçeles 49 10Q 117 124 
CPU C 1 ndi c e) 44 109 130 155 

Pode ser observado na Tabela 3 que a 
subdivislro causou um aumento brusco no número 
de iterações necessário e, por~anto, no tempo 
total necessário à obtençlro da soluçlro. 
Analisando graficamente a evoluçlro do cálculo 
ao 1 ongo do pr acesso i ter a ti vo, por me i o da 
elaboraçl[o de curvas de nivel em termos de '1', 
constatou-se que nos casos em que foi 
verificado o aumento do número de iteraç~es, 
durante a evol uçlro do processo i ter ati vo de 
soluçlro formaram-se zonas adicionais de 
recirculaçlro que demandaram tempo adicional 
para serem desfeitas, e que n~o surgiram 
quando a grade utilizada nlro foi subdividida. 

Em funç~o dessas considerações optou-se 
pelo uso de grades nlro subdivididas nas 
paredes e com grau de refinamen~o similar ao 
da grade C, apresentada na Tabela 2, de modo 
que ao longo do comprimento aquecido 
houvessem ao menos 25 volumes de controle. 

Em relaçlro à estabilidade 
convergência do processo de resoluçlro 
resul~ados foram bastante satisfa~6rios, 
tendo sido necessário o uso de fatores 

. rel a>U"çlro . 

e 
os 

nlro 
de 
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RESUL T.AIX)S E DI SCUSSXO 

Inicialmen~e foi estudada a influência 
do número de Rayleigh CRa), variando entre O 
e 1600, sobre as taxas locais e global de 
~ransferência de calor para as configurações 
geométricas dadas por B/L =H/L= 0,25 e 1,0. 

O número de Nusselt Global, calculado 
na parede quen~e de acordo com a equaçSo (6), 
roi dividido para todos os casos pelo 
par~me~ro O. Esse par~me~ro representa a taxa 
de t.ransfer6ncia de calor na sit.uaçlro 
purament.e difusiva. Os resultados est..~o 
represen~ados na Figura 2 , para as duas 
configurações geométricas ciladas . 

o ... 1 10 . 19. !9 • 1 
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o 1!1 
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o 
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Figura 2. 
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Efei~o convec~ivo sobre as 
taxas globais de transrerên
cia de calor em funçlro do 
número de Rayleigh 
CB/L=H/L=0,25 e B/L=H/L=1) . 

Por meio da Figura 2 pode-se observar o 
incremen~o da influência do efei~o convect.ivo 
sobre a t.ransf'erência de calor à medida em 
que Rayleigh aumen~a. sendo que esse 
efei ~o, nos dois casos, passa a ser si gni
f'ica~ivo no intervalo dado por 50< Ra <100. 

Observa-se também que o efeito convec
~ivo é mais acentuado para a geometria defi
nida por B/L=H/L=1, sit..uaçlro em que a 
resistência t.érmica puramente difusiva é bem 
superior. Para as duas configurações, em to
dos os casos, observou-se a ocorrência de uma 
única zona de circulaçlro Csen~ido hor~rio) . 
Nas Tabelas 4 e 5 slro apresent.ados os 
resultados ob~i dos para essas confi guraçeles. 

Tabela 4. Resul~ados para Nusselt Glo
bal <B/L=H/L=0,25). 

Rayleigh Nusselt. '11 ·AE 00 
··· ·· ··· · ······ ·· · ·-······-···································· ··· ······ ············ ·· ······-~-~-~---·-···········-----~---······· 

o 2,162 0,000 0,02 
10 2,162 -0,058 -0,07 
50 2,213 -0,471 -0,38 

100 3,389 -2,519 -0,35 
200 5,812 -5,628 -0,37 
400 8,457 -9,256 -0,40 
800 11,424 -13,874 -0,66 

1600 14,867 -20,124 - 1,11 

Na Tabela 4 pode-se observar que para 
Ra=50 j ~ é possi vel notar um pequeno efeito 
convect.i vo no valar de Nussel ~ Global , bem 
como na intensidade da circulaçlro dada pelo 
valor do minimo de '1'. Para a geometria dada 
por B/L=H/L=1 , de acordo com a Tabela 5, o 
mesmo fenómeno pode ser observado para Ra=25. 



Pode-se ~ambém observar que para valores 
similares de Rayleigh, os casos referen~es A 
geome~ria B/L=H/L=1 apresen~am valores 
superiores de l~•nl• o que é coeren~e com o 
efei~o convec~ivo mais acen~uado observado na 
Figura 2 para essa geome~ria. 

Tabela 5 . Resul~ados para Nussel~ Glo
bal CB/L=H/L=1,0). 

Rayleigh Nussel~ .6.E 00 
R "' m'n 

0,0 0,643 0,000 -0,08 
0,5 0,643 -0,007 -0,09 
5 0,643 -0,069 -0,22 

25 0,650 -0,410 -0,82 
50 0,717 -1,042 -1,58 

100 J ,952 -3,554 ~0,87 

200 4,615 -7,562 -0,34 
260 5,431 -8,085 -0,20 
500 7,740 -14,322 -0,40 

Foi ~ambém analisado o efei~o de H/L . 
Na Figura 3 slli:o apresen~ados os resul ~ados 
para o Nussel~ Global para duas configurações 
geomé~ricas dadas, respec~ivamen~e. por 
B/L=O, 25 e 8"1..=1 , man~endo-se em ~odos os 
casos Rayleigh = 200, para o qual o efei ~o 
convec~ivo é apr nciá.vel. 
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Figura 3 . Taxas globais de ~ransferén
cia de calor em funç~o de H/L 
CRa=200). 

Por meio da Figura 3 pode-se observar 
que os resul~ados ob~idos, em ~érmos de 
Nussel~ Global,para as duas configuraç~es ~em 
uma dis~ribuiç~o similar e valores próximos. 
O efei ~o do aumen~o de H/L é a reduç~o 
progressiva da ~ransferênci a de calor, e a 
diminuiç~o rela~iva da diferença en~re os 
resul~ados para as duas configurações. 

Para ~odos os casos em que B/L=1 foi 
ob~ida uma única célula de circulaç~o Cn=1), 
enquan~o que para os casos onde 8/L=0,25 
observou-se a ~ransiç~o de duas células Cn=2) 
para uma única célula Cn=1) en~re H/L=0,20 e 
H/L=0,25, acompanhada de um incremen~o no 
valor de Nussel~ Global CTabela 6) . 

~ in~eressan~e observar que na 
~ransiçlli:o de uma para duas células, o aumen~o 
de Nussel ~ é acompanhado de uma redução na 
vazão, indicada por 'ltmo.x- ~.n . 

A Figura 4 apresen~a os mapas de linhas 
de cor r en~e e de i so~er mas par a H/L=O, 20 e 
H/L=0,25. 
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H/L 

0,00 
0,05 
0,10 
0,15 
0,20 
0,25 
0,50 
1,00 
2,00 
4,00 

Tabela 6. Resul~ados para Nussel~ Glo
bal em funç~o de H/L 
CB/ L=0,25 e Ra=200). 

Nussel~ 

7,743 
7,175 
6,567 
5,928 
5,288 
5,769 
4,983 
3,904 
2,600 
0,533 

"' m'n 

-3,286 
-3,594 
-3,818 
-3,978 
-4,065 
-5,613 
-6,239 
-6,031 
-4,910 
-1,841 

(a) 

III III -III 
mcuc mox m\.n 

2,154 
2,66Q 
2,675 
2,466 
2,053 
0,000 
0,000 
0,000 
0,000 
0,000 

5,440 
6,263 
6,493 
6,444 
6,118 
5,613 
6,230 
6,031 
4,010 
1,841 

1\\~//1 (b) 

Figura 4 . Mapas da linhas da corren~a 
e de iso~ermas para H/L=0,20 
(a) e H/L=0,25 Cb), com 
B/L=0,25; Ra=200 e AIII=A9=0,1 
da faixa. 

A variação de Nussel ~ local na parede 
quen~e. apresen~ada na Figura 5, para alguns 
casos envolvendo 8/L=O, 25 e Ra=200, indica 
que o pon~o de mini mo que ocorre nos casos 
que apresen~aram duas células, desloca-se 
progressi vamen~e para a esquerda com o 
aumen~o de H/ L. O valor da ~axa 1 ocal de 
~ransfer6ncia de calor nesses pon~os de 
minimo man~ém-se pra~icamen~e cons~an~e nos 
di versos casos com duas células. Esse fa~o 

corresponde ao progressivo alargamen~o da 
região inferior da célula da direi~a 

(circulação no sen~ido horário) com o aumen~o 
de H/L. Des~aca-se ~ambém o compor~amen~o 

qual i ~a~i vamen~e dis~in~o da curva ob~ida. 

para H/L=O em relaç~o aos demais casos. Nessa 
si~uação obser.va-se variação acen~uada de 
Nussel~ local nas proximidades de x=0,5, 
corresponden~e ao final do ~recho aquecid~. 

Nos casos que apresen~aram uma única 
célula, as curvas s~o crescen~es ao longo da 
parede quen~e. Ã medida em que H/L aumen~a. a 
dis~ribuiçl:o vai ~ornando-se cada vez mais 
uniforme. Com H/L=4,0 a dis~ribuiçl:o de 
Nussel~ local é basicamen~e uniforme, indi
cando que para valores maiores de H/L os re
sul~ados sofrerão pequenas al~eraç~es. 

Para os mesmos casos abordados na 
Figura 5 sl:o apresen~adas as curvas de 
di s~r i bui ç~o de Nussel ~ 1 oca! ao 1 ongo da 
parede fria na Figura 6. Nos casos que 
apresen~aram duas células as _curvas 
apresen~am pon~os de ~ximo que decrescem com 
o incremen~o de H/L. 
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14 

'- 12 
o 
'5i 10 -.f: a -e "i) 
fi) 
fi) 4 
:J 
z 2 

14 

12 

\o 

a 

e 

4 

2 

Figura 5. Dislribuiç~o de Nussell local 
ao longo da parede quente 
CB/L=0,25 e Ra=200) . 

Para H/L=O o máximo situa-se à direita 
dos pont.os de máximo regist.rados para 
H/L=0,10 e para H/L=0,20, sendo que nestes 
dois casos o máximo ocorre quase que no 
-mo local da parede fria C X/L ::0 0,24). 
Pode-se lamb6m observar que em lodos os casos 
o valor de Nussell local é praticamente nulo 
para X/L> 1. 
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Figura 6 . Distribuição de Nussell local 
ao longo da parede fria 
CB/L=0,25 e Ra=200). 

Com o objelivo de explorar o surgimento 
de diversas células em função do número de 
Rayleigh considerou-se interessante analisar 
dois conjuntos de casos com B/L=0,25. Na 
Figura 7 s~o apresentados os resultados 
obt.idos para o Nussell Global,dividido pela 
taxa obtida para a situação puramente 
difusiva, para H/L=0,10 e para H/L=0,20. 
Nessa figura podem ser observados os dois 
conjuntos de resultados e o correspondente 
número de células obtido para cada caso. De 
modo geral , as duas f a mil i as de valores s~o 

bastante próximas, mas pode-se observar um 
efei lo convecli vo li gei r ament.e superior par· a 
H/L=0,20, confirmando tendência jà observada 
por meio do gràfico da Figura 2. Pode ser 
observada, para os dois valores de H/L 
est.udados, a passagem de uma para duas 
células e de duas para três células, com o 
increment.o do número de Rayleigh. A 
ocorr•ncia da alleraç~o do número de células 
para H/L=0,10 verifica-se para valores 
inferiores de Rayleigh, em comparaç~o à 
ocorr•ncia correspondente aos casos para 
H/L=0,20. 
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~ int.eressanle observar que apesar da 
alt.eraçSo do número de células o 
comportamento geral dos resultados para as 
t.axas globais de t.ransfer•ncia de calor nl:o 
sof"re mudanças si gni f"i cal i vas quanto à sua 
t.end6ncia de evoluçl:o em funçl:o do número de 
Rayleigh. 
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Efeito convect.ivo em funçl:o 
de Rayleigh, com B/L=0,25 
para H/L=0,10 e 0,20. 

Os mapas de linhas de corrente e de 
isot.ermas para um dos casos em que !"oram 
obtidas três células s~o apresentados na 
Figura a. 

Figura a. Mapas de linhas de corrente 
e de isotermas para H/L=0,20 
com B/L=0,25; Ra=444 e 
6~=~=0,1 da faixa. 

Estudando-se a variação de Nu/O em 
relação à evolução da faixa de variação de ~ 
C 6® nos casos em que o et'ei t.o convecti vo 
dado por Nu/O foi superior a 1,01 observou-se 
uma t'orte correlação entre os mesmos . Foi 
t'eit.a regressão linear, cujo resultado é 
apresentado na Figura 9. 
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6.-lt 
Figura 9 . Efeito convectivo em funç~o 

de 6~ = """- - \llm~n, com 
B/L=0,25 para H/L=0,1 e 0,2 . 



Para H/L = 0,10 o coe~icien~e da 
regress~o ~oi 0,235, e o coeficien~e de 
correlaç~o ~oi 0,994. Para H/L = 0,20 o 
coe~icien~e da regress~o foi 0,272 e o 
coeficien~e de correlaç:il:o ob~ido foi 0,007 . 
Esses resul ~ados indicam uma in~ensa corre
i ação 1 i near en~re o e~ e i ~o convec~i vo na 
~rans~erência de calor e a vaz:iro represent-ada 
adi mensi onal men~e por 11>11 = 'l'max - 'l'mi.n. 

Procurou-se ~ambém es~udar o e~ei~o do 
parAme~ro 8/L sobre as ~axas de ~rans~erência 
de calor. Para ~an~o ~oram analisadas duas 
si~uações com Ra=200 , para os valores H/ L=1 
e H/L=O, e os resul~ados es~ão represen~ados 
na Figura 10. 
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Figura 1 0. Nussel~ global em ~unç~o de 
B/ L CRa=200) . 

Para H/L=1 observa-se um aumen~o 

signi~ica~ivo de Nussel~ Global em ~unção de 
8/L para valores desse parAme~ro en~re 0,125 
e 1 , O, sendo que par a valores superiores de 
8/L o efei~o dos sucessivos incremen~os 

~orna-se progressi vamen~e menos impor~an~e. 

Em t.odos os casos estudados com H/L=1 ~oram 

ob~idas soluções com uma única célula de 
circulaç~o no sen~ido horário. 

Para H/L=O o dominio corresponde a um 
re~Angulo com um ~recho aquecido em sua 
parede in~erior. Nes~es casos ~oi observada, 
além do cresci men~o de Nusssel t Global em 
~unç~o de 8/L, a mudança de duas células para 
uma célula, com o aumen~o de B/L. 

Veri~icou-se ~ambém a ocorrência de 
duas soluções diferen~es, e~ensivamen~e 

~es~ada e confirmada, para o caso com 
8/L=0,5, si~uado na ~ransição de um modo de 
escoamen~o para o outro . Par~indo de uma 
di s~r i bui ç~o nula inicial par a o campo de 
tempera~uras e para o de velocidades, foi 
obtida a solução com duas células, e 
par~indo-se de solução an~erior, obtida para 
Ra=100, obteve-se a segunda solução, com uma 
única célula. Esses resul ~adas que indicam 
duplicidade de soluções para um mesmo caso 
s~o detalhados na Tabela 7. 

8/C 

1,00 

Tabela 7. Nusselt. Global em função de 
B/L CH/L=O e Ra=200) . 

Nu 

-r,Q56 
-8,974 

0,000 
o--;ooo 
0,000 

t.E (~.) 

A solução com duas células apresentou 
Nusselt Global, e ~aixa de variaç~o da funç~o 
corrente >11, superiores ao da solução com uma 
célula, e os residuos t.Ea ob~idos foram muito 
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próximos. A possibilidade de ocorrência de 
múltiplas soluções em problemas de convecç~o 
natural em meios porosos foi demonstrada 
numericamen~e por Robillard e outros [3] para 
o caso de uma cavidade quadrada, com 
aquecimen~o na região central da parede 
inferior e o uso de per~urbações iniciais 
adequadas . Os autores citados afirmam que em 
regime permanen~e várias soluções s~o 

passiveis envolvendo diferen~e número de 
células, e que o senti do de ro~aç~o dessas 
células pode ser rever~ido em alguns casos. 

Em conclusão, neste trabalho foi 
analisado o e~ei~o do incremento do número de 
Rayleigh modificado sobre o padrão de 
escoamento C uni. celular ou multi celular) e 
sobre as taxas de trans~erênci a de calor em 
função dos parAme~ros geométricos da 
cavidade, considerados aqui por meio de B/L e 
H/L. Procurou-se estudar o efeito especifico 
dos parâmetros geométricos, mantendo-se 
con!>t.an~e o número de Rayleigh . A 
di s ~r i bui çll:o de Nussel t 1 ocal ~oi analisada 
par a as paredes quente e fria, observando-se 
as diferenças entre casos envolvendo 
es~0amen~o unicelular e bicelular. 
Finalizando, mapas de linhas de corrente e de 
i ;o~ermas ~oram apresent..ados. per mi t..i ndo a 
observaçll:o das dist..intas caract..erist..icas dos 
diversos padrões celulares de escoament.o. 
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ABSTRACT 

Natural convect..ion flow induced by 
heat..ing ~rom below in a irregular porous 
cavit..y is invest..igat..ed numerically. lhe 
in~luence of t..he modified Rayleigh number and 
geomet..ric rat..ios on heat.. t..ransfer and ~luid 
flow is st..udied. Global and local Nusselt 
numbers on ~he heat..ed surface are obt..ained 
for Rayleigh numbers covering t.he range O -
1600 and for several geomet..ric rat..ios. lhe 
fluid flow and t..he t..emperat..ure field are 
illustrated by cont..our maps. 
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RESUMO 
Este trabalho consiste no estudo de deslocamento miscível em reservatório desenvolvido por padrão de 5-poços. 

O tratamento numérico do problema é realizado por diferenças finitas, utilizando-se o esquema exponeucial proposto 
P~" Patankar [1]. O método reduz a dispersão numérica e não apresenta oscilações encontradas· quando se utiliza 
d rferenCiamento central ou esquema a montante. O proced imento descrito no artigo garante que o grau de convergência 
entre a solução n~mérica e a analítica é independente do mecanismo que rege o escoamento (convecção ou difusão). 
Objetrvando-se rmn muzar efertos de orientação de malha , implementou-se esquema de discretização por 9-pont.os 
baseado na proposta apresentada por Berti ger & Padmanabhan [4] . Com este esquema, a solução numérica indcpe ude 
do àngulo entre a malha e a direção de escoamento. 

INTRODUCÃO 

Considerando-se o problema de deslocamento miscível em 
reservatório de geometria bidimensional, desenvolvido por pa
drão de 5-poços, o tratamento numérico da equação de Difusão
Convecção com a aplicação da técnica padrão de discretização 
por diferenças finitas apresenta dificuldades, quando o processo 
convectivo é dominante (altos números de Peclet) . 

Dispersão numérica, instabilidades, oscilações e efeitos de 
orientação de malha são os problemas enfrentados. A aplicação 
do método de diferenciamento central pode resultar em soluções 
numéricas instáveis com oscilações, sendo geralmente empre
gado o método a montante para contornar tal problema. Desta 
forma, a aproximação de segunda ordem para o termo convec
tivo é substituída por uma aproximação de primeira ordem, 
causando a suavização artificial das frentes de concentração [1], 
[2], [3], o que pode ser minimizado com o refinamento do grid . 

Este trabalho apresenta uma proposta de diferenças fini
tas que se baseia na obtenção da equação de diferenças a partir 
da solução analítica da equação de Difusão-Convecção para o 
problema unidimensional, resu ltando em esquema exponencial 
(Patankar [1] ). 

Para a geometria em questão, verificou-se que a simulação 
numérica baseada em esquemas de diferenças finitas por 5-
pontos lorncce respostas diferentes se a orientação dos eixos co
ordenados com relação à direção real de escoamento é alterada 
malhas diagonal e paralela (fig !). O erro de difusão numéric~ 
em sistemas multidimensionais, chamado de "falsa difusão", é 
rotacionalmente dependente da. ori entação do sistema de ma
lha [1], [2] . Para contornar este· efeito de orientação de malha 
será aplicado um esquema de !l-pontos baseado na proposta de 
I3ertiger & Padmanabhan [4] pa.ra processos puramente convec
tivos. 

Resultados apresentados demonstram a resposta do es
quema proposto com relação à variação do número de Pedet e 

variação da orientação de malha. 

EOUACÕES DIFERENCIAIS 
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O transporte de um traçador , conservativo e não rea
gente, por um fluido de densidade e viscosidade constantes 
através de um meio poroso, é dado pela equação de Difusão

Convecção [5] : 

â(,PC) . ----a/+ 'V.J + 'V.(uC) + qC1. =O (i) 

J = - ,PD'VC (2) 

sendo C a concentração do traçador no meio poroso, <P a poro
sidade, q o termo fonte/ sorvedouro, u vetor velocidade inters
ticial, Ci a concentração de injeçào, J vetor fluxo difu sivo e D 
tensor coeficiente de dispersão. 

O escoamento do traçador em solução considera dois fenô
menos: a convecção, representada pelo terceiro termo da eq. (I), 
e a dispersão, representada pelo segundo termo. A dispersão 
hidrodinâmica está relacionada ao espa.lhamento do traçador 
em solução, incluindo dois processos: dispersão mecânica, re
sultante do movimento das partículas do fluido no meio po, 
roso, e a difusão molecular devido aos gradientes de concen
tração através de superfícies perpendiculares à direção do esco
amento. O efeito da difusão molecular é sign ificativo somente 
em condições de baixa$ velo cidades, podendo ser desprezada. 

O coeficiente de dispersào é- relacionado à velocid ade in

tersticial por [5]: 

• poço .. ~odutor 

'\. poço injetor 

diagonal 

-paralela 

• 

fig . I- Malhas diagonal e paralela para um reservatório desen
volvido por padrão de injeção 5-poc;os . 



Dx = aiuxl 
<P 

(3) 

sendo a a dispersividade do meio, luxl o módulo da velocidade 
em x e Dx o coeficiente de dispersão em x. 

A convecção relaciona-se ao deslocamento do fluido cau
sado por um gradiente de pressão. O campo de pressão em re
gime permanente é obtido pelo tratamento numérico da equação 
diferencial parabólica representativa do escoamento horizontal 
de um fluido incompressível, de viscosidade invariante com a 
pressão, através de meio poroso homogéneo e isotrópico, dada 
pelo Princípio de Conservação da Massa em combinação com a 
equação de Darcy: 

rf>p.ct ap !!:. 
'\1

2
p = -k- at + k q (4) 

onde pé pressão, p. viscosidade, ct coeficiente de compressibili
dade, k permeabilidade e q termo fonte/sorvedouro. 

Equação de Pressão. Objetivando-se definir o cam-
po de pressões para regime permanente, tratou-se numerica
mente a equação de fluxo ( 4) por diferenças finilas, utilizando-se 
a técnica de diferenciamento central para as derivadas espaciais 
e método implícito em relação ao tempo. Tal procedimento não 
implica em problemas ·numéricos por se tratar de uma equação 
parabólica. 

O modelo tem geometria 1/4 do padrão de 5-poços, qua
drado, malha regular e distribuição de bloco centrado. Não há 
escoamento através dos limites do meio poroso, aplicando-se a 
técnica da reflexão no tratamento das fronteiras. Nos blocos 
de injeção e produção foi utilizado conceito de raio equivalente 
desenvolvido por Peaceman [6]. 

Equação de Difusão-Convecção. Trabalhando-se com 
a forma integral da equação (1),temos: 

!v a(;;) dV +!v '\l.J dV +!v '\l.uC dV +!v qCi dV =O (5) 

onde V é o volume de controle . Aplicando-se o teorema da 
divergência, transforma-se a integral de volume em integral de 
superfície para os termos de fluxo convectivo e difusivo: 

!v a(;;) dV + L (J.n) dA+ 

L(u.n)CdA + Jv(qCi)dV=O (6) 

onde A é a área do contorno do volume de controle e n o vetor 
unitário normal à superfície. 

Considerando-se o volume de controle como o volume do 
bloco ij (~ V;i ),por diferenças finitas temos: 

-termo de acumulação: 
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-termo fonte: 

~V;i<P ~t(C,J 
.ó.t 

· qCi~V;i 

(7) 

(8) 

-termo de Difusão+Convecção: A vazão total F (difusão+ 
convecção) através da área de fronteira Ai+l/2 (fig 2) é: 

F,+l/2 = 1 (J.n)dA+ 1 (u.n)CdA 
.A.t:+J/1 Ai+l/'l 

(9) 

substituindo-se (2) em (9) 

F,+l/2 = 1 -<P(V'\lC.n) + C(u.n) dA (10) 
Al+l/2 

'\?C 

u 

ac. ac. 
ôx e,.+ Ôy ey 

Uxêx + Uyêy 

dA = ~zdy = hdy 

substituindo-se (11) em (10) 

( ll) 

F;+ 1t2 = -,Ph r Dx aôc dy +h r u.xC dy (12) 
JA,+I/2 X JA,+I/2 

Considera-se que ( DxôC / ôx ) e ( u.xC) sejam somente 
funções de x, ou então não variam ao longo da face A;+I;2 , 

e integra-se numericamente (12) pelo método de quadratura 
simples. 

F,+I/2 = - <Ph.ó.yi (nx ~C) + ~Yih( uxC),+1; 2 
X i+l/2 

(13) 

i-1 i i+1 

j-1 . . M1 . 
A 

j . • K . 
B 

I 

j+1 . . M2 • 

I 

fig.2- Malha de blocos centrados. 

J... 



A quest.ào crucial do t rat a.nwnt o Humé·rico para o t.t>rmo 
COn vcctivo está na a proxiHiaçào para ('i+l/2 , podendo-se uti
li zar os esquemas d<' difcrenci anwHI.O central e o esquema. a 
montante. !'ara os dois ni<;todos, o termo difusivo é estin1ado 
por diferenci anwH1 <> <'<'IJtral. Tal procedimento é efet uado para 
as outras faces. 

ESQUEMA EXPONENCIAL 

O esquema. proposto pa.ra o adequado tratamento dos ter
mos conwctivo e difusivo da equação de Difusão-Convecção é 
obtido iltravés da w luçào a11alítica desta equação em I D ( 
Patankar [1], Figueiredo [:l] ). 

ConsidcraHdo-se esco<u1wnto cm regime permanente, a cqua
çúo de Difusào-Convccçà.o i..· dada. por: 

Para condições de contorno tais co1 no 

c em x = O 

c n. cm .r = L 

A distribui(;;ln de concentraçào é dada por: 

C- Co 
n.-Co 

exp(Pex/ /,)- I 

ex p(Pe)- 1 

onde o ntínwro de Pede!. ,( Pe ), (;definido por 

(14) 

(15) 

( 16) 

(17) 

Baseando-se na solução analítica cquaçào (IG), verifica
se que no linútc !'c = O , tem-se o problema de pura difusão , 
e a variação de C cm .r é linear , quando então o csquemil de 
diferença centrada é a.ceitávcl. l'a.ra. altos va.lorcs de Pe, o ,·alor 
da concentraçà.<> na face se aproxima do \·alor de concentrilçào 

na front eira. a montante, sendo o resultado obtido próximo ao 
do esqncrna a montante. Ainda pa.ra valores mais elevados de 
Pc, o gradiente é nulo na interface, o que significa ausência de 
difusão. 

Obtendo-se a equação de diferenças diretamente da. solu
ção cxata ( 16), o esquema resultante niio estará sujeito às va
riações do número de Peclet. Utilizando-se o perfil de concen
trações dado por (I G) para obter expressões para (a c I ax) c c 
na>< fa ces , teremos como vazão tot.a.l llil face i+ l/2: 

( 18) 

Definindo-se Pc;+t/2 por: 

(19) 

P ara .6.x = .6.y, 
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(20) 

Procedimento analógo f. reali zado para as demais faces, 
ohtendu-sc port anto a aprox imação para o problema bidimen
sional 

De acordo com Figueiredo [;3] , as discretizações baseadas 
cm equações gcratrizes homogêneas ( 14) coincidem com as ob
tidas por ('quaçõcs gPratrizes não homogéneas com a. utilização 
de grade regul a r. Neste caso, a equação de Difusão-Convecção 
seria. ex pressa por: 

dC d2C 
u - - c!> D - = /{ 

r d.T x dx 2 
{21) 

sendo i{ uma constante representativa da soma dos termos 
fonte , fluxos convectivo e difusivo na direção cruzada ou quais
quer termos extras, segundo o autor. 

EFEITO DE ORIENTAÇÃO DE MALHA 

Falsa Difusão. Segundo Patankar [I], a chamada "falsa. 
difusão" normalmente atribuída à. ordem de acuidade do es
quema de discrctizaçiw, obtida por série de Taylor, é conside
radil existente somente em fenõmcnos multidimensionais, sur
gindo d a. simplificação a.o se tratar o fluxo através de cada fac<:> 
como localmente unidimcn siona.l. I~ um fenômeno esscncia.l 
ment c associado ao ângulo entre a. direção do escoamento c os 
eixos do grid.Tal fen ômeno tendr a ser minimizado quando se 
utiliza. esquema qw~ levil em consideração a natureza multidi 
mensional do escoamento. 

Esguema de 9-Pontos. A simetria. da geometria em 
estudo permite o uso de du as malhas de diferentes orientações, 
di agonal c paralela (fig. I ).A malha. diagonal representa 1/4 
de• um padrão de 5-poços, com linhas do grid a 45° em relação 
à linha que une os poços injctor e produtor, enquanto que a 
p<t.ra.lcla representa I /2 do padrão de injeção, com linhas do 
grid paralelas c perpendiculares às linhas injetor /produtor. 

Esta possibilirlade de variação na orientação da malha 
fn ·qiicntemcnte influencia os resultados da simulação numérica 
baseada no esquemil de discrctizaçáo de 5-pontos. Tal efeito de 
oricnt aç<io pode ser \'Cri ficado llil localização dos contornos de 
conc<·nt rnç~o do trn çador pilrn os dois tipos de malha. 

Com o ohjeti\'0 de se considerar a natureza multidimen
sional do problema, como proposta. de minimizar o efeito de 
orirntaçào de malhil , utiliZil -se esquema de discretização de 9-
pontos baseado no esquema desenvolvido por Bertiger & Pad
manabhan {4]. 

A vazão total através da face i+ 112 é dada pela equação 
( 12): 

(22) 

Pelo esquema de 5-pontos, o fluxo total G"' é admitido 
constante na face i+ 1/2. Pdo esquema de 9-pontos proposto, a 
integração ao longo de A1+1t2 é realizada por regra de Simpson: 



F ,+ t /2 l
YB 

h G.dy 
YA 

h!::,.yJ (GxA + 4G.rM + G.ral 
6 

(:2:3) 

Os flu xos GI.< e c.B podem ser obtidos por interpolação 
l.inea.r entre pontos viz;nhos M1 e M2 (fig 2). Emprega-se o 
esquema exponencial pana definição dos fluxos. Procedimento 
análogo é realizado para as outras faces. 

A equação resultante para o bloco ij terá termos das 
variáveis no bloco ij e seus oito vizinhos, enquanto que o es
quema tradicional de .5- pontos envolve apenas os vizinhos ali
nhados com os e1xos coordenados. O esquema em questão não 
permite o fluxo direto entre uma célula ij e suas vizinhas diago
nais, apesar de considerar a contribuição destas sobre a célula 
i ; quando se faz a interpolação de fluxos nas faces. De acordo 
com a referência [4], a formulação 5-pontos conduz a resulta
dos que exageram o fluxo ao longo das linhas do grid por não 
considerar a contribuição diagonal. 

Um problema sério que aparece neste esquema é verificado 
quando a concentração de traçador no bloco íj atinge valor da 
concentração de injeção . Pelo esquema proposto, os fluxos 

totais entre a célula ij e suas vizinhas na orientação dOi eixos 
seriam nulos , mas não necessariamente os fluxos obtidos por in-· 
terpolação. Esta situação pode forçar a injeção de traçador, as
sumindo um valor de concentração em ij superior ao de injeção. 
Por tal motivo, colocou-se controle de máxima concentraçw 
permitida, o que resultou em erro no balanço material conside
rado desprezível. Semelhante resultado foi verificado por Ro
cha [7], o qual adotou mesmo procedimento de contr<'le, tendo 
como resposta erro no balanço material também considerado 
desprezível. ·• 

A utilização da regra de Simpson na integração tem como 
objetivo igualar o esquema em estudo ao esquema proposto por 
Yanosik & Me Cracken [8] , o qual produz resultados bastante 
aceitáveis, quando aplicado à malha quadra.da, meio isotrópico, 
fluxo monofásico e pequenos gradientes de pressão [7). 

RESULTADOS OBTIDOS 

Com o ob jeti vo de se comparar a resposta do esquema pro
posto em relação aos esquemas tradicionais de diferenças finitas 
sob diferentes níveis relativos de convecção e difusão, simulou
se o transporte de traçador no modelo em questão, esquema 
5-pontos, malha quadrada de orientação diagonal, refinamento 
de. lO blocos em x e lO blocos em y, com a variação do número 
de Peclet. 

Após a injeção da metade do volume poroso, plotou-se o 
perfil de concentração ao longo da linha que une o bloco injetor 
ao produtor, distância adimensionalizada (LO) em relação a 

J Lx 2 + L~ 2, sendo Lx e Ly dimensões do reservatório. 
Para pequenos valores de Pe, obteve-se resposta. ·com o 

esquema exponencial próxima da obtida com o diferenciamento 
central, considerado de maior precisão pela literatura. ,para a 
condição de difusão predominante. Idêntico comport.a.IÍ!ento é 

reportado por Pa.tankar [l) e Figueiredo [3]. Para tal situação, 
o esquema a montante apresenta resposta com maior di!persão 
numérica devido à ordem do erro de truncamento (fig 3). Com 
o aumento da razão convecção-difusão (Pe > 1 ), verifica-te o 
problema numérico de oscilações com a utilização de diferenças 
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fig.3- Distribuição de concentração ao longo da linha bloco 
injetor-produtor após 1/2 volume poroso injetado. Distân
cia adimensiona.l LD. Comparação entre esquemas 5-
pontos para baixo valor de Pe. 
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fig.4- Distribuição de concentração ao longo da. linha bloco 
injetor-produtor. Comparação entre esquemas 5-pontos 
para alto valor de Pe. 

centradas devido à instabilidade do método nesta condição de 
escoamento. As respostas apresentadas pelos esquemas a mon
tante e exponencial não mostram tal deficiência, havendo ele
vado grau de coincidência nos resultados. Nesta situação, o 
esquema a montante é considerado eficiente na representação 
da distribuição de concentração no meio poroso (fig 4). 
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fig.5- Distribuição de concentração ao longo da linha bloco 
injetor-produtor. Comparação entre esquemas exponen
ciais 5 e 9-pontos para. baixo valor de Pe. 
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fig.6- Distribuição de concentração ao longo da linha bloco 
injetor-produtor. Comparação entre esquemas 5 e 9-
pontos para alto valor de Pe. 

Pelas figuras 5 e G, compara.· se o esquema exponencial por 
5-pontos e m relação ao !l-pontos. Tanto na condição difusiva 
quanto en1 regime~ convect ivo, it distr ibuição de concentração 
obtida por !l-pontos é menos suave, sugerindo a minimização 
de di spe rsão numb·ica. 

O efeito de orientação de rna.lha para esquema de 5-poutos 
pode ser verificado na figura 7, representando os contornos de 
concentração obtidos nas malhas cliagon;tl e paralela após a 
inj eção da metade de volume poroso. Empregando-se o esquema 
proposto de 9-pontos, há melhora nos resultados (fig K). 

I 

paralela lOxlO 

diagonal 7x7 

fig. 7- Mapas de contorno de concentração após injeção de 0.5 
volume poroso. Malhas diagonal e paralela. Esquema 
exponencial 5-pontos. 

paralela 

diagonal 

I 

fig.8- Mapas de contorno de concentração. Malhas diagonal 
e paralela. Esquema exponencial 9-pontos. 
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fig .9- Concentração efluente de traçador X volume poroso 
injetado. Malhas diagonal e paralela. Esquema expo
nencial &-pontos. 
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fig. lO- Concentração efluente X volume poroso injetado. Es
quema exponencial 9-pontos. 

A resposta otimizada, obtida com a utilização do esquema 
de 9-pontos, também é verificada plotando-se a concentração 
efluente de traçador contra volume poroso injetado para as duas 
orientações de malha (figs 9 e 10). 

CONCLUSÃO 

Uma nova proposta ele tratamento numérico por diferenças 
finitas para a equação de Difusão-Convecção em problema bi
dimensional foi apresentada para a simulação de deslocamento 
miscível cm meios porosos. Foi demonstrado que a modela
gem do escoamento com convecção predominante, através do 

esquema referido, não introduz as dificuldades numéricas nor
malmente encontradas por técnicas trad icionais, tais como os
ci lações c instabilidades , minimizando o grau de dispersão numé· 
ri ca e efeito de orientação de malba. 

O esquema numérico foi comparado com outros usual
mente utilizados , sendo comprovada a eficiência da proposta 
sob diferentes níveis de convecção e difusão. 
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ABSTRACT 

The paper describes new finite-difference techniques for 
numerical solution of the convection-dispersion equation for 
2 D problem. Application of standard tini te difference methods 
to this class of problems may lead to numerical dispersion, 
grid orientation effects and overshoot at the miscible front.The 
main purpose of this work is to present a method which re
duces these difficulties in numerical simulation.A discretized 
equation obtained from the analytical solution of the 1 D 
convection-dispersion problem will be used to model the 2 D 
problem, resulting in a finite difference scheme of exponen
tial order. The procedure described in the paper ensures that 
convergence of the finite difference solution to the exact solu
tion of the differential system will not depend on the ratio of 
convection to diffusion rates (Peclet Number). ln addition to 
that, 9-point scheme will be presented to model miscible dis
placement problems in order to minimize the grid orientation 
effects. 

.1... 
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SOLUÇAO PERTURBATIVA DA CONVECÇAO DUPLAMENTE 
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RESUMO 

Neste trabalho é apresentada uma soluçao do tipo perturbativa para o 
problema da convecçao duplamente difusiva em torno de um cilindro aquecido 
enterrado em um meio poroso saturado. A soluçao v~lida nas proximidades do 
estado estagnante é desenvolvida tomando por base a perturbaçao do número de 
Rayleigh Ra e da razão de empuxo N. Os resultados obtidos em termos dos 
números de Nusselt e Shervood são comparados com resultados obtidos 
numericamente a partir da forma completa das equações que regem o fen6meno 
para as condições Ra< 2 e -4<fl<3 nas situações em que Le é de ordem 0(1). 

INTRODUÇÃO 

A ocorrência de um diferencial de 
temperatura entre um cilindro enterrado e o meio 
que o circunda é comum em diversos processos 
naturais ou industriais. Exemplos dessa ocorrência 
são as tubulações de distribuição de vapor, as 
linhas de oleodutos onde o fluido é mantido 
aquecido para reduzir os custos de transporte e os 
cabos de energia elétrica em que se deseja uma 
dissipação controlada do calor gerado. A difusão 
pura e a convecção natural são os mecanismos 
envolvidos na transferência de calor nestes casos. 

Na literatura encontramos alguns trabalhos 
sobre a resolução do problema análogo de 
transferência de calor na ausência de disseminação 
de componentes quirnicos. 

Os primeiros tn•l.Jalhos que trat<Jram do 
assunto consideraram a transferência de calor num 
meio puramente condutivo [1,2) e algumas soluções 
analíticas estão disponíveis na literatura para 
cilindros e cabos em tais condições. 

Mais recentemente Bau [J), avançando na linha 
do problema convectivo, apresentou soluções 
analíticas para a convecção natural em casos de 
numeras de Rayleigh baixos. No problema estudado 
a 7onvecção é induzida por um cilindro aquecido e~ 
melo poroso saturado e permeável, onde ambos, 
cilindro e solo, são m.~ntidos a um.~ temperatura 
constante. O autor utilizou uma técnica de 
expansão por perturbação regular para o cálculo 
dos c~mpos de escoamento e de temperatura obtendo 
soluçocs analíticas válidas para números de 
Rayleigh menores do que O(l). 

Ficou então a necessidade de ampliar o campo 
de conhecimento sobre o problema de convecçao 
duplamente difusiva. o presente trabalho é um 
e~tud? sobre a convecção natural promovida pela 
d1fusao dupla em meios porosos saturados 
através de soluções analíticas via expansão 
por perturbação. Além da análise matemática 
os resultados o~tidos por este tipo de solução sã~ 
compar~dos tambem com resultados numéricos obtidos 
a part1r da forma completa das equações que 
regem o fenômeno. 

FORMULAÇÃO DO PROBLEMA 

Consideramos o problema de um cilindro 
enterrado em um meio poroso saturado. o cilindro 
tem raio rl e está enterrado a uma profundidade d 
da superfície superior do meio poroso. A parede 
externa do cilindro é mantida a uma temperatura Tw 
e a uma 7oncentração Cw, constantes, enquanto a 
superficle superior do meio poroso é mantida a 
uma temperatu~a Ts e a uma concentração Cs, 
conforme a F1gura 1. As hipóteses de regime 

permanente e parede impermeável também foram 
consideradas. Assumimos também a aproximação de 
Bo~ssinesq para variações de densidade devido a 
mudanças tanto de temperatura • quanto de 
concentração, além de considerarmos válida a Lei 
de Darcy para descrever o escoamento do fluido no 
meio poroso. 

Nestas condições as equações governantes do 
fenômeno em regime permanente podem ser 
reduzidas a 

Conservação de Massa 

v. v = o 

Variação da Quantidade de Movimento 

(~/K).V = -[Vp- pg] 

Conservação da Energia 

(V.V)T =a V.(VT) 

Conservação do Constituinte Quimico 

(V.V)C D V. (VCJ 

(1) 

(2) 

(3) 

(4) 

Onde o parâmetro a definido corno a 
difusividade térmica efetiva, o termo O representa 
a difusividade do constituinte no meio poroso 
saturado pelo fluido. 

Figura 1 - o sistema de coordenadas (u,v) 
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A geometria bastante complexa do problema 
sugere a utilização de um sistema de coordenadas 
bipolares (u,v) para o encaminhamento de nossa 
solução analitica perturbativa. O nosso sistema é 
relacionado ao sistema de coordenadas cartesianas 
(x,y) p~la fórmula: 

x +i y =a cotgh ((v- i u)/2) (5) 

Como relação de transformação entre os dois 
sistemas de coordenadas temos 

x • (a senh(v))l(cosh(v)-cos(u)) 

y = (a sen(u))l(cosh(v)-cos(u)) 

z s z 

Com 

-n :s u :s n 

(6) 

(7) 

(8) 

-oo < V < oo (9) 

A profundidade d é dada por: 

d = r1 cosh(v1) 

o fator de escala a por: 

a = r1 senh (v1) 

Onde v1 é o valor de v sobre o cilindro. 
Vamos utilizar a formulação função 

corrente nas equações (1)-(4) que pode 
definida num sistema genérico de coordenadas 

Vu = 1lhv at/J1av 
Vv = - 1lhu ât/Jiau 

Onde 

hu 

hz 

h v 

1 

al(cosh(v)-cos(u)) 

Em termos da função de corrente t/J ternos 

a 2
t/J 1 a u 

2 + a 2t/J 1 a v 2 
= 

(K a p
0 

gl~) [H(~aTiôu + ~c ac18u) + 

(10) 

(11) 

de 
ser 

como 

(12) 

(13) 

(14) 

G(~aTI8v + {3cac1av) J (15) 

a 2T1au2+ a 2Tiav2 = 

(11a) (aljJiav 8Tiau - atjJiau aTiav) (16) 

a 2c1au 2+ a 2c1av 2 
= 

(1/D) (at/Jiav ac1au - ât/Jiau ac1av) (17) 

onde 

H (1- cos(u) cosh(v))l(cosh(v)-cos(u)) 2 

( 18) 
G senh(v)sen(u)l(cosh(v)-cos(u)) 2 

(19) 

VARIÁVEIS ADIMENSIONAIS 

Para a reformulação adirnensional das equações 

(15)-(17) são definidas as seguintes variáveis: 

* a = alrl = senh(vl) 
* d 
* 

= dlrl • cosh(vl) ( 20) 
T -- ('1'-T!>)I(Tw-T") 

* c = (C-Cs)I(Cw-Cs ) 
* 

"' = 1/J/a 

As equações (15)-(17) em termos das variáveis 
adirnensionais ficam: 
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a 2t/J * 1 a u 2 + a 2t/J *1 a v 2 

* * * a Ra [H aT 1au + G BT IDv) + 
* • N (H ac 1au +c ac ;av)J 

a 2T*;au2+ a 2T*Iav 2 
= 

* • * * at/1 1av aT 1au - at/1 1au aT 1av 

a 2c*1au2+ a 2 c*;av 2 

* • • * Le (ôt/1 1av ac 1au - at/J 1au ac 1av) 

onde 

R a ( K g ~ hT rl ) I (u a) 

hT Tw - Ts 

N = ~c hC I (~ hT) 

Le = ajD 

(21) 

(22) 

(2J) 

(24) 

(25) 

(26) 

o parãrnetro N nos fornece a proporção entre 
as forças de ernpuxo térmica e as devidas ao 
gradiente de concentração, cuja combinação dirige 
o movimento do fluido. o valor de N pode ser 
positivo ou negativo, conforme as forças de empuxo 
sejam concordantes, ou adversas. 

CONDIÇÕES DE CONTORNO 

sistema de 
seguintes 
mostrado 

Em termos adirnensionais no novo 
coordenadas (u,v) estabelecemos as 
condições de contorno conforme o domínio 
na Figura 1. 

Simetria 
* • * u = o v1 < v s o 

"' 
= o aT 1av = ac 1av=O 

Simetria 

* * • u = n vl < v < o 
"' = o aT 1av = ac ;av =o 

superfície do cilindro impermeável 

* * v = vl o " u s n "' = o T 

Superfície superior impermeável 

* • • v = o o s u " n 1/J = T = C o 

* c 1 

(27) 

NUSSELT E SHERWOOD NO SISTEMA DE CO<?IWE;t;~~I\S -~':1_ 

Definindo-se o n~mero de Nuss e lt media por 

Nu 

rr 

<J aT*Iav
1 

du l I Qcondução 
-rr v=vl 

Para o cilindro temos 

Nu = c (Vll211 ) 

rr 

J ur*1 av
1 

du 
v=v1 -n 

(28) 

( 29) 

À>. 



Para o número de ~herwo~d valem as mesmas 
relações trocando-se T por c. Assim para Sherwood 

médio no cilindro temos 

Sh = c 

Tl 

(vl/2ll ) J ac*;av
1 

du 
v=vl -rr 

EXPANSÃO POR PERTURBAÇÃO 

I 
( 30) 

O movimento convectivo é comandado pela 
combinação de dois mecanismos de cmpuxo: térmico e 
quimico. Desta forma a perturbação sobre um estado 
estacionário pode ser originária de alterações no 
gradiente térmico ejou no gradiente de 
concentração. Em termos da solução proposta, a 
perturbação deve ser considerada 
correspondentemente sobre dois parâmetros, 
r~pre~en~ativos das duas forças de empuxo. Para 
~ , T, C, Nu e Sh construímos uma solução 
por perturbação em torno dos parâmetros R e N na 
forma 

• • • • • R2 • ~ = ~o + R ~1 + N ~2 + R N ~3 + ~4 + 

N2 • R N2 • + R2N 1/J* + R2N2 • 
~5 + "'6 7 ~8 + 

(31) 

• Onde R = a R a (32) 

• • Expressões a~álogas teremos para T, C, Nu e 
Sh, trocando-se~ por tais variáveis em (31). 

As equações (21) a (23) mais as condições de 
contorno (27) podem ser resolvidas introduzindo-se 
a. e~pansão (31) e demais respectivas para 
T ,C ,Nu e Sh, comparando-se os termos de mesma 
potência em n e obtendo-se assim para cada nivel 
de aproximação um novo conjunto de equações 
diferenciais que conduzirá aos resultados 
apresentados pelas equações (33)-(37). As 
passagens não mostradas entre (31) e (33)-(37) 
foram omitidas por falta de espaço e que foram 
obtidas considerando-se números de 
Lewis próximos da unidade. Assim para números de 
de Lewis próximos da unidade, teremos agora R 
e (N+1) próximos de zero. O aparecimento de (N+l) 
próximo de zero era esperado por ser N=-1 um 
estado estacionário do problema, além de Ra = O. 

Assim para Le " 1 e R, (Nt1) .= O as 
expansões (31) e respectivas para T ,C ,Nu e Sh 

tomam a forma 

• 1/J~ + R2(l+N)2 • 1{1 - R(l+N) 
"'4 (33) 

• • + R2(l+N)2 T = V/V1 + R(l+N) Tl • 
T4 ( 3 ·~ ) 

• * + R2(l+N)2 c = V/V1 + R(l+N) * cl c4 (35) 

Nu 1 + R( l+N) Nu
1 

+ R2 (l+N) 2 Nu
4 ( 36) 

Sh 1 + R(l+N) Sh
1 

+ R2(l+N)2 Sh
4 (37) 

Onde 1/J~,I/J:. T~ T:, c~ e c: são soluções 
obtidas através dos seguintes si s temas 

él 2 I/J1• /élu 2 + él 2 '" * 2 ., 1 ;av = G/v1 

(38) 
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a 2 ~: I au 2 + a 2 1/1 4* I av 2 = 

• + H élT y'élU 

a 2 c~ ;au
2 

+ a 2 c~ 

(39) 

Para o cálculo dos sistemas (38) e (39), 
expandiremos as funções G e 11 em suas respectivas 
séries de Fourier: 

G 

H 

00 

~ 2k e-kv sen(ku) 

k=l 

00 

~ (-2k) e-kv cos(ku) 

k=l 

(40) 

(41) 

Verifica-se como conv~niente o uso de série 
de Fourier-cossenos para Tn e cn (n~l) sendo que 

para 1/J~ (n~1) a série de Fourier-senos é a 

recomendada: 

00 

\ f sen(nu) L · l,n 
n=l 

00 

~ g 1 ,n cos(nu) 
n=O 

00 

~ hl,n cos(nu) 
n=O 

00 

\ f sen(nu) L 2,n 
n=l 

00 

~ g 2 ,n cos(nu) 
n=O 

00 

~ h 2 ,n cos(nu) 
n=O 

(42) 

(43) 

(44) 

( 45) 

( 46) 

( 47) 

As expansões (42) a (47) consideradas com as 
condições de contorno 

• • • 
1/Ji Ti c i o em v=O j_~ 1 

* • 
( 48) 

• 
"'i Ti c1 o cm v=vl i >c 

nos permitem cttegar a expres ,;uc s analiticas 
para ~. T e c dadas por 
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onde 

* ~ (u,v) ~R (l+N) ( -(V/2Vl).(sen(u) + 
-v 

e )/(cosh(v)-cos(u)) + 

00 
-nvl I e senh(nv)sen(nu)jsenh(nvl) 

n=l (49) 

* T (u,v) ~ vjvl + R(l+N) ( -(1/64) (vjvl) x 

-v 2 x (cos(u) -e ) / (cosh(v)-cos(u)) - (V/ 4vl ) x 

x(V/2 - 0.5 Ln ( 2(cosh(v) - cos(u))] + 

00 -nvl I e (1 + 1/ (nvl) + 2cotgh(nvl)) senh(nv) x 
n=l 

oo -nvl 
x cos(nu) (4senh(nvl)) - (vj2vl) ~=le x 

x cosh(nv)cos(nu)/(senh(nvl)) ), (50) 

* C (u,v) "vjvl +R Le (l+N) (-(1/ 64) (v j vl) x 

-v 2 x (cos(u) -e )/(cosh(v)-cos(u)) - (vj4vl )x 

x(v/ 2- 0.5 Ln [ 2(cosh(v) - cos(u))) + 

00 -nvl ~=~ (1 + 1/ (nvl) + 2cotgh(nvl))senh(nv) x 

0 0 -nvl x cos(nu) (4senh(nvl)) - (vj 2vl)~ e 
fí=l 

x cosh(nv)cos(nu) / (scnh(nvl)) 

X 

Os numeras de Nusselt e Sherwood dados 

vl 

Nu = 1 + R2
/2 

2 00 J (l+N) I n f 1 g 1 dv 
n=l O 'n , n 

vl 

(51) 

por 

(52) 

2 2 2 00 

Sh = 1 + R / 2 Le (l+N) r n J fl,n gl,n dv 
n-1 o ( 53 ) 

-nvl 
f

1
,n = (1 + 1/(nvl) + 2cotgh(nv1)) e x 

-nv1 
x senh(nv)/(4senh(nvl))-ve cosh(nv)/(2v1 x 

-nv 2 
x senh(nvl) - (v + 1/ n) v e I (4v1 ) (54) 

g1,n 
-nvl . -nv e senh(nv) / senh(nv1) - v e jv1 

(55) 

Conforme o desenvolvimento, as 
analíticas (49)-(53) são válidas 
condições: 

expressões 
para as 

R " O (N+l) ~ o e Le ~ 1 (56) 

RESULTADOS E DISCUSSÕES 

Para obtenção dos r e sultados aqui 
apresentados, foi utilizado urna rede de 900 
elementos. Os campos de temperatura apresentados 
foram obtidos resolvendo-se a equação (50). Os 
resultados obtidos em termo s dos numeras de 
Nusselt e Sherwood dados pelas equ ações (52) e 
(53) foram comparados com resultados obtidos 
numericame nte por Chaves [4]. 

Na Figura 2 apresent~mos p~ra comparação os 
campos de temperatura ( T0+ R T

1
) por perturbação 

(linha tracejada) e por simulação numérica 
(linha cheia). Podemos perceber claramente a 
boa concordância dos campos para o cas~ N=O com 
Ra=Le=l. Nota-se neste cas de escoamento 
a~cendfnte que as contribuições de primeira ordem 
T1 e c1 para as equacões (50) e (51) resultam 

em um aumento na temperatura e concentração 
sobre as soluções puramente difusivas no 
espaço entre o cilindro e a parede superior. Na 
região inferior do domínio os termos de primeira 
ordem produzem um decréscimo nas soluções de ordem 
zero . 

Na região onde a convecção é predominante, as 
soluções se afastam indicando a menor 
precisão do método perturbativo nessa região. 
Pode-se perceber a região de presença da 
convecção situando-se entre o cilindro e a parede 
impermeável na geometria estudada. 
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Figura 2 - Distribuição de Temperatura para 

N=O Ra=Le=1 
(- - - expansão ---- simulação) 

Na Figura 3 apre sentamos conjuntamente os 
campos de temperatura para Ra=Le=1 nas situações 
N = -1.05 ( linha tracejada ) e N = -0.95 
(linha cheia). O aspecto da inversão do 
escoamento em torno de N = -1 é aqui 
também verificado. Mesmo na presença de valores de 
Ra baixos o efeito da inversão se faz notar pela 
diferença relativa entre as curvas. Conforme a 
difusão da espécie química aumenta sua 
contribuição à força de ernpuxo do movimento, nas 
proximidades do ponto de inversã o, o escoamento 
altera dramaticamente seu comportamento. Para 
N=-0.95 a difusão química se opõe fortemente ao 
movimento mas só para dominá-lo após -1.0, o que 
pode ser observado na s linhas para N=-1.05, quando 
a região de fluido quente e de maior concentração 
muda-se para o domínio inferior ao cilindro. Este 
efeito é trazido à solução perturbativa através 
dos termos de primeira ordem, que passam e 
contribuir negativamente sobre a solução difusiva 
na região sobre o cilindro e positivamente no 
domínio abaixo do cilindro. Na Figura 2 as curvas 
correspondentes à solução puramente difusiva 
situam-se coerentemente entre as curvas 
apresentadas pa ra as duas soluções. 

~-~/ ~: ,/ ,-----~-- ~ i 
I / 'Ç\' - -- ~ I I 1 _, ..-- - ..., 

I·' ,' ' /{MI,,-/~- ., -. 
li I 6' _' ~--,~\ I 1 I /~~" ' I 

L 1: i ;_ / /?1~_~\,' '. -. 
-~_L.L ~ :U«~ut_.~_t_J 

Figura 3 - pistribuição de Isoterrnas para 
Ra=Le=l 

. ( - - - N=-1.05 -- -0.95 

li.. 



A Figura 4 mostra o comportamento de Sherwood 
em função de Le. Dos resultados obtidos via 
perturbação, para uma variação menor que 1\, 
Le = 2 seria o limite de validade do método de 
perturbação caso os resultados do método numérico 
sejam tomados como referência. 

2.5 

o.s ..j_-..,.--.----,.---r--.---. 

o 2 J 
L e 

4 5 

Figura 4 - Efeito do numero de Lewis sobre 

taxa de transferência de massa 
a 

A Figura 5 mostra uma comparação da solução 
perturbativa de segunda ordem com a solução 
numérica para Nu com Ra=Le=l. Na faixa estudada, o 
valor N=1 é um limite do método para uma 
diferença admissivel de 2%. N=2 conduz a uma 
diferença < 5\. A análise das variações para Ra 
e N mostra um aumento relativamente suave da 
diferença com N. Tal fato não é observado nas 
variações com Le para a faixa de Ra, Le e N 
estudados. Esta figura também é ilustrativa do 
efeito introduzido no fenômeno pela presença de 
uma substância miscivel. A geração de uma 
substância simultaneamente com a geração de calor 
em uma fonte pode afetar seriamente o 
comportamento do escoamento que penetra no meio 
poroso e consequentemente alterar de forma 
significativa as taxas de troca de calor e 
transferência de massa. 

1.81 
1.6. 

1.'1 

0.8 -1------,r---,---...,.-- - ,.--
- 2. -1 o 

I·J 
?. 3 

Figura 5 - Efeito da razão de empuxo sobre a 
taxa de troca de calor 

Na Figura 6 apresentamos Sh em função de N 
para os casos Le ~ 1.1, 1.0 e 0 . 9. Esta figura 
reforça o carater quadrático de aproximações por 
perturbação adotadas. Conforme se depreende das 
equações, os ramos das parábolas· da Figura se 
projetam simetricamente em relação ao eixo 
vertical passando por N=-1. 
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Figura 6 - Influência da razão de empuxo e da 
difusividade relativa sobre a taxa 
transferência de massa 

Na Tabela 1 apresentamos os valores obtidos 
numericamente e por expansão perturbativa de 
Nu emfunção de N com Ra=Le=1, N variando entre 
-1 e 2. 

Tabela 1. Comparação entre Sh analltlco e 
numé r 1-co em função de N 

<A a = 1 L e = 1) 

N Sh anal ltlco Sh numérico 

-1 1. o 1. DO 

o 1. 08 1.1 o 
1. 32 1. 28 

2 1. 70 1 . 64 

Na Tabela 2 apresentamos os resultados no 
caso de Nu em função de Ra com Le=l, N=O e Ra 
variando entre 0.1 e 5.0. Para uma diferença 
máxima de lt. o valor limite de Ra é ) • Ra = 2 já 
conduz a um desvio de 13% nos cálculo~ dos numeras 
de Nusselt e Sherwood. 

Tabela 2. 

R a Nu 

o. 1 

1. o 
2 . 0 

!'.o 

Comparação entre N•J ar, a I I tI CO 

e numérico em funçio ~R Ra 

N = O L e = 1 . > 

analltlco Nu numérlfC 

1. 006 1.009 

1. 150 1. 1<10 

1. 600 1. <102 

2.!370 1 . B.q i 



CONCLUSÕES 

Apresenta-se o desenvolvimento de um estudo 
teórico sobre a convecção natural resultante de 
empuxos devidos ao calor e a diferença de 
concentração scbre um cilindro enterrado em um 
meio poroso. O objetivo foi o de estender a 
aplicação de soluções ~erturbativas, antes 
aplicadas à convecção natural puramente difusiva, 
ao problema em questão. A convecção duplamente 
difusiva depende normalmente de dois parâmetros, 
Ra e N, e a abordagem adotada emprega uma expansão 
dupla sobre estes parâmetros. 

Os resultados apresentados são válidos nos 
regimes dominados pelo fenômeno difusivo. ou seja, 
as faixas dos parâmetros principais para aplicação 
da solução se restringem àquelas em que as 
contribuições convectivas às distribuições de 
temperatura e concentração são relativamente 
pequenas se comparadas a contribuição puramente 
difusiva (Ra=O ou Le=l e N=-1). Este critério foi 
satisfeito em todos os casos estudados. 

A verificação do campo de validade da análise 
perturbativa foi também realizada, através . da 
comparação dos resultados com aqueles obtidos por 
simulação numérica. A comparação criteriosa 
realizada separadamente para cada parâmetro 
fundamental revela que a análise perturbativa 
produz resultados apropriados em faixas 
relativamente estreitas de Ra (O<Ra<2) e de Le 
(O<Le<2) sendo menos sensível a variação de N 
(-4<N<3) para desvios sempre menores que 5\ em 
relação à solução numérica. 

o desenolvimento das soluções apresentadas 
neste trabalho pelo o método da perturbação é 
relativamente exaustivo porém permitiu a obtenção 
de resultados exatos para a faixa de parâmetros 
Ra, Le e N onde os efeitos convectivos não 
estão presentes de forma dominante. O método de 
perturbação tem também o grande mérito de 
revelar relações importantes para T e C nas 
condições de estabelecimento do fenômeno. 

Nomenclatura 

a fator de escala para coordenadas bipolares 
C concentração do constituinte químico 
d profundidade do cilindro superior à 

superfície 
D difusividade de massa da constituinte quimico 
g aceleração da gravidade 
G função, definida na eq.(19) 
H função, definida na eq.(18) 
K permeabilidade do meio poroso 
Le número de Lewis, a/D 
N razão de empuxo, (~c AC)/(~ AT) 
Nu número de Nusselt médio 
p pressão 
r1 raio do cilindro enterrado 
Ra número de Rayleigh modificado 
Sh número de Sherwood médio 
T temperatura 
u,v coordenadas bipolares 
v1 valor da coordenada v sobre o cilindro 
x,y coordenadas cartesianas 

Simbolos Gregos 

a difusividade térmica efetiva do meio poroso 
saturado 

~ coeficiente de expansão térmica 
~c coeficiente de dilatação quimica 
AC diferença de concentração, do cilindro à 

superfície superior 
AT diferença de temperatura, do cilindro à 

superfície superior 
p densidade da solução 
w função de corrente 
V operador diferencial nabla 

índices 

• ) variáveis adimensionais 
lw valores relativos ao cilindro 

)
8 

valores relativos à superfície superior 

grandezas vetoriais 
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ABSTRACT 

Duplamente 
enterrado 
Doutorado 

This paper presenta 
solution to the problem 
natural convection around a 
saturated porous medium. 

a perturbative type 
of double diffusion 
cylinder buried in a 

The solution, valid in the vicinity of the 
stagnant condition, is developed from 
perturbations introduced simultaneously Rayleigh 
number Ra and to the buoyancy ratio number N. The 
resulta, presented in terms of Nusselt and 
Sherwood numbers, are compared with numerical 
resulta obtained via simulations with the complete 
governing equations. The solution covers the range 
of Ra <2, -4<N<3 in conditions that Leis of 0(1). 
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ABSTRACT 

The. moü-tufle. m.ia!ULti.on neM a hea-te.d cufJ.nrlVL bounded bu a moüt M-U ü 
nwre11icaU r1 { .nveõüaa-ted 1L6/nq :two mode.l'ó. The. ~-<M:t mo deR. .Ú, a YJMame:tJúc ana.f.y<>ió 
whef!e .the Dftorw.fl.ti e-6 o< .the 6o{.f. ü a.Mumed :to be con<>-tan:t . Tn the <>econd modeC the 
DfiC'nCIIÜI!-6 rle.'ne ndence w.tth temnVlatMe a.nd moütWte content a-~e -taken .<.nto account. 
The fle<>tdt<> <ofl the. :two mode.l'<> Me c.omra11ed -<.n oJtcie.Jt to vrur.J.-6y the de.v.<.atA:on<> 
aMoua:te.d to the c.on<>tant YJ!tonCfltu modeC. 

lNTRODUCTION 

Heat and mass transfer in unsaturated porous media 
has been largely investigated due to its great 
importance in engineering. Examples include drying and 
humidifi cation in chemical process, heat transfer from 
buried electrical cables and pipelines, heat pipe wick~ 
and geothe rmal energy production. 

A detailed analysis of those processes is compli
cated due t o severa l factors . The geometry of the po
rous and structure of t he sol id matrix are very co:nplex, 
different phases coexist in the porous interstices, and 
the thermophysical propert ies which govern the transport 
of mass and heat are very dependent of temperature and 
moisture content. 

The main motivation of the present work comes from 
the necessity of understanding the dryi ng proces s that 
occurs around buried power cables. The passage of 
electrical current generates heat which needs to be 
dissipaded through the medium that envolves the cable; 
otherwise the cable could be damaged by superheating. 

ln designing those cables, the thermal resistivity 
of the soil is a very important parameter; its value 
increases rapidly as the moisture content decreases. 
The e iectrical current induces high temperatures at 
the cable surface creating a therma l gradient between 
the environment and the cable surface. Due to this 
gradient, moisture starts mi grating away from the 
cable in the vapor phase. lf this moisture i s not 
returned to the cable by capillarity, total dryness of 
the soil can occur. Dry soil has high resistivity and 
no longer dissipates the hea t generated by the cable. 
ln turn, the cable surface temperature can reaches 
values not bearable by the insulating sheath. 

Among the possible solution for this problem are 
the change in the cable insulation material and the 
increase in its thickness. However, these possibilities 
are economically infeasible. A praticai solution for 
the problem i~ the choice of a natural or artificial 
medium that is capable to either retain moisture or to 
dissipate heat at low moisture contents. This procedure 
has been routinely adopted in engineering practice. 

The choice of the medium that should be employed 
to surround the cable has to be based on the thermo
physical properties of the medium and on the 
understanding of the moisture migration in unsatureted 
soils. 

For the moisture migration in soils, the model due 
to Philip and de Vries [1-3] has become the most 
accepted since its introduction in the late fifties. ln 
that model, the heat and mass fluxes are related to the 
thermal and moisture gradients by macroscopic 
diffusivities. These diffusivities can be determined 
from three functionals which characterizes the soil: 

* Presently, Assistant Professor of the Chemi~al 
Engineering Department, UFRGS, Porto Alegre-RS 613 

the dependance of the moisture potential, the hydraulic 
conduc tivity, and the effective thermal conductivity on 
the moisture content and temperature of the soil. Due 
to the complex shape of those functionals, expressions 
for ca lculation of the macroscopic diffusivities require 
constants and parameters that can only be determined 
experimentall y and are very speci fic for each kind of 
soil. Therefore, a general understanding of the 
phenomena, which can be used as a guide for situations 
in which no specific solutions are available, is 
difficult to obtain. 

Several authors have proposed theoretical expres
sions for the macroscopic diffusivities (eg. [4-6]~ 
and recent works have demonstrated that reasonable to 
good agreement is ob tained between theory and experiment 
[7-10]. The referenced works consider certain types of 
media and boundary condictions, and despite the valuable 
information encountered therein, the specificity of the 
situation investigated precludes a generalization of 
the resul ts. 

Mo ti vated by the need to obtain a genera 1 understanding 
of hea t and mass transfer in unsaturated porous media, 
Eckert and Faghri have proposed a parametric model 
[11-13]. Such model can be used for preliminary en-
3ineering analysis to obtain solutions for any kind 
of medium. The parametric model is o.btained by proper 
simplifications of the conservation equations and their 
boundary conditions, especially by assuming the 
properties to be constant. As observed by Eckert and 
Faghri, a situation similar exis ted in the convective 
heat transfer field at the beginning of this century. 
At that time, a sys tematic unders tanding of heat transfer 
process was obtained only when W. Nusselt introduced a 
constant property model, and derived dimensionless 
relations expressing Nusselt numbers as functions of 
Reynolds and Prandtl numbers. Such relations are wide ly 
accepted today by the engineering community. 

lt is felt that such procedure can also be used 
to describe heat and mass transfer in porous mediurn, 
and is useful as a first aproximation to this problem. 
Mathematically, the parametric model can be seert as an 
asymptotic solution with variations of temperature and 
moisture content moving toward zero. 

The main objective of the present work is to 
verify, for a given situation, the deviations associated 
to the parametric model when compared to a variable 
property model based on the Philip and de Vries theory. 
To this extent, numeri cal solutions obtained from the 
two models will be presented. 

The comparison will be performed for two concentric 
and infinite cylinders filled with moist soil. The 
moisture migration is caused by thermal gradients 
between the cylinders walls. The results obtained herein 
are aimed to guide and to provide insights about the 



engineering problem of heat dissipation around buried 
power cables 

TRANSPORT EQUATlONS ANO PROBLEM FORMULATlON 

The simultaneous transport of heat and moisture 
in moist soils is a very complex phenomenon. ln the 
present work the following simplifications will be 
adopted: a) mass of water vapor present in the pores 
interstices is small compared to the mass of liquid 
water; b) water vapor and air are governed by the 
ideal gas law; c) gravity can be ignored; d) hysteresis 
effects are not present since heat and moisture are 
transfered only in one direction; e) the solid matrix 
is rigid, and no swollen effects occur; f) the porous 
medium is isotropic, and is treated as a continuum. 

The geometry of the prob1em t o be investi gated is 
presented in Fig. 1. 

Fig. 1 - Problem g~ome try 

Moist Soil 

Ti ,ei 

lnitial1y, the soil temperature and moisture 
content are Ti and Si, respectively. The temperature of 
the inner boundary,which from now on wi11 be designated 
by cab1e (alluding to the prob1em that motiveted this 
work), is Tc. The outer temperature is kept constant 
and equal to the soil initial temperature Ti. 
Additional1y, the cab1e and the outer boundary are 
impermeab1e to the l iquid and vapor f1uxes. 

The transport of heat in a porous medium is 
governed by the fo11owin g equation [14] 

() 1 () * dT * * - (CT) = - -(r À "") , À = k + phDrv a t r ar o r 
(1) 

where C i s the vo1umet ric heat capacity and k* is the 
effective therma1 conductivity for the hypothetica1 
case of no moisture migration [15]; p is the density 
of the liquid, h is the 1atent heat of vaporization. 
Drv i s the vapor diffusivity associated to the therma1 
gradient and T is the temperature of the soi1; t and r 
are, respective1y, the temporal and spatia1 coordinatffi. 
ln equation (1), the energy f1ux associated to the 
moisture migration has been neg1ected. Such term 
becomes important on1y for 1ow moisture contents 
(8 ~O) as discussed in [16]. 

For the mass conservation in a porous medium the 
fo11owing equation can be written [14] 

a e 
at 

1 a a e 1 a ar 
~ar [r(D 8L + 0 ev)ar] +r jr{ r 0TV ar) (2) 

Where e is the vo1umetric moisture content, DeL and 
Dev are, respectively, the liquid and vapor 
diffusivities associated to the moisture content. The 
second term on the right-hand side of equation (2) 
represents the vapor f1ux due to therma1 gradient. 

The initia1 and boundary conditions to be 
satisfied by equations (1) and (2) are, 

t o T r i and e = e i 

t > o r rc ; T = Te and 
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ae ar 
(D8L + 0 ov) ar + 0 TV 3r = O 

t > O : r = re ; T = Ti and 

o fJ ar 
(DOL + Dev) ar + Drv ar = O 

At this point the formu1ati on of the prob1em has 
been comp1eted. Knowing how the properties Dov• DoL• 
Drv, C and À* vary with temperature and moistureconten~ 
equations (1) and (2) togethe r with the initial and 
boundary condition can be used to calcu1ate 8(r,t) and 
T(r,t) 

PARAMETRlC MODEL 

The parametric IPodel is obtained by asswning a ll 
the properties t o be constant, that i s, do not 
vary with 8 and T. For the situation been investigated 
here, the moisture migration is due to the temperature 
difference ( Tc-Ti) established between the cylinder 
bounn Jries . As this temperature difference decreases, 
the ' a riations of the properties with e and T become 
smal •.er, and the results obtained with the pa rametric 
modcl approach, asymptotically, those obtained using the 
vari a ~le property model. ln this way, for situations 
where the propert ies are not known in details, the 
pa1ametric model can furnish a first aproximati on for 
the problem. 

The fo11owing dimensionl ess va riab1es wi1l be used 
1n the parametríc model, 

a ~ (T-Ti)/(Tc-Ti) , SI = (8/0i-l)/Pn 
(3) 

R= rire , T = Det/L 2 

where Pn i s the Posnov number def ined as 

Pn = Drv (Tc-Ti)/D eB i (4) 

For simplicity the sum of the liquid and vapor 
difusivit ies associated with the moisture gradient was 
represented by De, that is, De = DeL + Dev-

With those va ri ab1es , equations (1) and (2) take 
on, respectively, the fo1lowing forms, 

a a 
Lu ãT 

1 a aa 
R aR (R a R) 

an 
ãT 

1 a an 1 a aa 
R ~R(R ãk) +R aR(R ãR) 

\fuere Lu is the Luikov number defined as, 

Lu De/À in which À = ;>.. */C 

(5) 

(6) 

(7) 

The initial and boundary conditions associated to 
the parametric mode1 are, 

T o a = n = o 

T > O and R r c Ire a and 

an;ar.. + aa/a R o (8) 

1 > O and R = 1 , a O and 

as-./aR + aa / aR = o 

From the previous equations it can be seen that 
the parametric mode1 is governed by only one 
dimension1ess parameter, the Luikov number Lu. TheLuikov 
number is the ratio between the isotherma1 diffusivity 
0 8 and the apparent therma1 diffusivity À. This number 
is re1ated to the deve1opment of the moisture and 
temperature profi1es" as time passes. For 1ow va1ues of 
Lu the temperature profi1e deve1ops ear1ier than the 
moisture content profile, and the mass transfer problem 
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can be decoupled from the thermal problem. 
There is another dimensionless number embedded in 

the dimensionless moisture content 0, the Posnov number 
Pn. The Posnov number relates the importance between 
the thermal and the moisture content gradients in the 
transpore of mass in the porous medium. For high values 
of Pn, the transport of mass occurs, primarily, due to 
temperature gradients. On the contrary, for low yalues 
Pn, the transport of mass is associated to the gradient 
of moisture. Knowing the values of Lu and Pn, the 
distribution of e ; e i with R and T can be determined. 

SOLUTION METHODOLOGY 

For both, the variable property model and the 
parametric model, the solution of the differential 
equations were obtained numerically using the control 
volume method [17]. 

ln this method the solution domain is divided in 
small non-overlapping control volumes, and the 
differential equations are integrated over each one of 
these control volumes. The time integratiorris perfonned 
using a fully implicity finite difference scheme. From 
those integrations, a set of algebraic equations is 
generated. For the variable property model, the values 
of e and T needed to determine De, Dr, C, and À , 

were that of the previous time step. As the solution 
proceeded on time, the time step was kept small enough 
to assure that the changes in the e and T field from 
one instant to the other did not alter the properties. 
The set of algebraic equation for each instant were 
solved directly using the Thomas algorithm [17]. 

This methodology has been used routinely to solve 
transient heat conduction and parabolic fluid flow 
problems. For more details the reader is refered to 
[17]. 

Special attention was devoted to the selection of 
the number of control volumes used in the discretization 
of the differential equations. For all results to be 
presented, 80 nodal points have been used for the 
solution. The use of 120 nodal points yielded results 
that differ from those obtained with the 80 nodal points 
by less than 0.2%. 

Aside from the accuracy tests involved with the 
mesh selection, additional tests were performed to 
select the time step. Depending on the initial moisture 
content and temperature difference between the walls a 
different value for the time increment was used. 
Representative values for ~ and ÔT were, respectively, 
l x 10 3 s and 1 x 10- 5

• 

RESULTS AND DISCUSSIONS 

The comparison between the two models will be 
performed for a sandy silt soil with porosity 0.517, 
and dry density of 1280 kg/m3 • This medium was chosen 
because analytical expressions for all its properties 
are available in [18]. For all cases investigated, 
rclre = 0.06. 

Results were obtained for four different initial 
moisture contents, ei = 0.026, 0.103, 0.155 and 0.206. 
These values of ei cover situations from dry soils 
where there is no continuity of the liquid phase 
(pendular state), to situations where the soil is wet 
and the liquid is mobile (funicular state). For each 
value of ei, two different va1ues of the temperature 
difference between the cylinder boundaries were 
investigated, (Tc-Ti) = 1 and 10 °C. The initial 
temperature Ti was always kept at 35 °C. 

For the parametric model, the va1ue of Lu and Pn 
corresponding to each case were evaluated at ei and 
Ti · Table I presents the Lu and Pn values for each 
ei, (Tc-Ti) pair. As can be seen in the table there is 
a strong dependence of Lu and Pn with moisture content 
and temperature. 

Figures 2 to 9 show results for the dimension1ess 
moisture content 0 = (e/ei - 1)/Pn as a function of 
R = r/re, having the time t as a curve parameter. Figs. 
2 _and 3 are for ei = 0.026, Figs. 4 and 5 for ei=0.103, 
Ftgs. 6 and 7 for ei = 0.155, and Figs. 8 and 9 for 
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ei = 0.206. ln those figures, the solid 1ine corresponoo 
to the variable property model, and the dashed line 
corresponds the parametric model. ln all figures two 
distinct regions can be identified. Near the cable 
surface, at R = 0.06, the moisture content e is less 
than ei indicating that due to the heat provideà by the 
cable occured moisture migration. Near the outer region 
at R = 1, there is an acumu1ation of moisture and ' 
therefore, e is larger than ei· , 

TABLE I: POSNOV AND LUIKOV Nill1BERS FOR EACH 
ei,(Tc-Ti) PAIR 

e· 1 1 c 5 c 10 

Pn l/Lu Pn l/Lu Pn 

0.026 0.0217 81.85 0.108 81.85 0.217 
0.103 0.191 426.0 0.956 426.0 1.91 
0.155 0.0129 60.13 0.0645 60.13 0.129 
0.206 0.00026 2.97 0.0013 2.97 0.0026 

c 
l/Lu 

81.85 
426.0 

60.13 
2.97 

As can be seen in F.igs. 2, 4, 6 and 8, for the case 
where ôT = 1 °C, the results for the two models are very 
close, regard1ess of the initial moisture content. 
Particu1arly in Fig. 4, for ei = 0.103, it is noted a 
deviation relatively large at the cable surface for 
t 7 oo. ln fact this deviation in 0 is amplified because 
of the presence of the Posnov number in the denominator 
of 0 . If the sarne deviation were computed in e, instead 
of in n, the divergence between the two models would be 
4,3%. 

The cases where ôT = 10 °C will now be discussed. 
As observed in the figures, for ei = 0.026 and 0.206 
there is a very good agreement between the two models. 
The maximum deviation occurs at the cable surface for 
t 7 oo. For e i = 0.026 the maximum deviation in e is 
2,3%., whereas, for e i = 0.206 the maximum deviation 1n 
e is 0,03%. 

For intermediate values of ei, the deviation 
between the two models for larger values of time 
increases considerable as observed in the Figs. 5 and 7. 
To understand why such deviations occur, some facts 
about the medium under consideration should be pointed 
out . For 1ow moisture contents up to va1ues of e equal 
to.O.l3, Dev >> DeL· The moisture transpore is then due 
to vapor movement because there is no continuity of the 
1iquid phase (pendular state). When e reaches the va1ue 
of 0.14, the contact between the liquid bridges present 
in the pores interstices starts existing and the liquid 
starts moving due to moisture gradients. Around those 
values of e , De changes considerable. In turn, Pn and 
Lu also change considerable. Thus, assuming the 
properties to be constant in the range of the moisture 
content in which the state of the liquid in the medium 
changes from pendular to funicular can introduce 
considerable error in the analysis. That is the situation 
depicted in Figs. 5 and 7. It is worth nothing that 
theses aspects do not produce any significant deviation 
for the cases where ei = 0.026 and Si = 0.206. For those 
cases the liquid in the soil is either in the pendular 
or in the funicular state, and no change from one state 
to the other occur. 

Focusing the attention again in Figs. 5 and 7, it 
is seen that the deviation between the two models 
becomes more accentuated near the cab1e surface where 
the efects of the thermal gradients are greater. ln the 
case where ei = 0.103, Fig. 5, the parametric model 
predicts that the soil near the cable comp1etely dries 
and that a drying front develops and propagates outward 
with increasing time. This was the only situation, for 
al1 cases investigated here, where such a behavior was 
observed. 

For the case where ei = 0.155, Fig. 7, an abrupt 
change in the 8 profiles for larger times can be noted 
at Q around - 0.5, wich is the value that the liquid in 
the medium becomes mobile. Large deviations are then 
observed between the two models near the cabe surface. 
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ln general, it can then be said that fo r the range 
of parameters investigated here, it is allowed to 
recommend the parametric mod e l f or situations where the 
moisture content is either below or above the crictical 
moisture content of the medium, that i s , the value of O 
in which the liquid in the pores passes from pendular 
to funicular state. 

Finally,an interes ting aspect wh ich i s not related 
to the comparison between the two models will now be 
discussed. As can be noticed from Figs. 8 and 9, for 
Si = 0.206 occurs an increase in the soil moisture 
content near the cable surface for 1ow va1ues of time. 
This behavior is not obs erved for the others va1ues of 
Si investigated, and wi11 be exp1ained next. 

For 8i = 0.206 the Luikov number is relatively high, 
and for earlier times the temperature is still deve1opinf, 
Since the vapor f1ux is essentially due to the 
temperature gradient, in thi s case the vapor flux 
originated from the evaporation of the 1iquid at the 
cable surface diminishes as R increases and the vapor 
is absorbed by condensation . This condensation causes 
an increase in the moisture content, which can be 
observed in Figs. 8 and 9 around the position R= 0.17. 
In tur~the values of 8 in that r egion becomes greater 
tnan the initial mois ture content ei· 

CONCLUSlONS 

An ana1ysis of the moisture transport caused by 
thermal gradients between two impermeable boundaries in 
a cylindrical geometry has been conducted. For the 
analysis of the phenomenon, two models were employed. 
In the first model, due to Philip and de Vries, the 
variation of the thermophysical properties of the medi um 
with temperature and moisture content is taken into 
account. For the second model, the properties are taken 
to be constant and the moisture migration is governed 
by two dimensionless parameters, the Luikov and the 
Posnov numbers. The main focus of the work was to 
verify the deviations associated to the constant 
property model, by comparing the results obtained from 
the two models. 

The solution of the differential equations were 
obtained numerica1ly via a finite difference scheme 
known as the control volume method. 

A sandy si1t soil was used as the porous medium . 
Four initia1 moisture contents were investigated, 
0.026, 0.103, 0.155 an'd 0.206. These moisture contents 
cover situations from dry soils where there is no 
continuity of the 1iquid phase in the pores (pendular 
state), to situations where the soi1 is wet and the 
liquid is mobile (funicular state). For each moisture 
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content, two values of the temperature difference 
between the cylinder wa1ls were investigated, 1 and 
10 °C. 

ln situations where the moisture content in the 
medium is either below or above the criticai moisture 
content, that is, the va1ue in which the liquid in the 
pores becomes mobile, the parametric model yielded good 
results. For the medium analysed here, this critical 
moisture content is around 0.14. However, around the 
criticai moisture content there is a drastic change of 
the properties with moisture and the deviations 
associated with the constant property model increase 
substantially. Furthermore, as expected, the er rors 
introduce by us ing the parametric model increase as the 
temperature gradients within the medium increase. 

By the ana1ysis of the resu1ts, it i s a1lowed to 
recommend the parametric model for low temperature 
differences between the boundaries and/or for soils 
with very low or very high moisture content. For 
situations around the soil criticai moisture content 
the parametric model should be imployed as a first 
approximation of the problem. 
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RESUMO 
O presente artigo trata de uma análise experimental dos fenômenos 

fisicos de condensaç~o-evaporaç~o de umidade em um meio poroso 
consolidado, um t.ipo de argamassa de cal e cimento. As isotermas de 
adsorção e dessorção são obtidas com o auxilio de soluções sal i nas 
saturadas. Faz-se, ainda, uma investigaç~o da estrutura porosa da 
argamassa, atravÁs do m~t.odo de porosimetria com injeç~o de mercúrio. Os 
resultados são analisados, visando uma caracterização do comportamento 
hidrico da argamassa, considerando-se sua estrutura porosa. 

INTRODUÇÃO 

Um bom conhecimento dos processos 
fisicos, envolvendo a presença de umidade, 
que ocorrem no interior das estruturas 
porosas dos materiais que compõem as 
edificações é essencial para promover um uso 
racional de energia, incrementar a 
durabilidade dos materiais e para assegurar 
condições adequadas de higiene par a os 
ocup~ntes da habitação . 

Um fenômeno fisico muito importante, é o 
de adsorção ou dessorção de umidade do ar 
ambiente pela estrutura porosa, conforme as 
condições higrotérmicas reinantes. 

Dois tipos de água condensada, que 
ca.xistem em meios porosos, compõem o 
conteúdo de umidade para uma dada condiç~o de 
equilibrio higrotérmico a água adsorvida 
fisicamente e a água capilar . 

O volume de água condensada, par a uma 
dada condição de equilibrio higrotérmico está 
intimamente relacionado com a est.rut.ura 
porosa do material (distribuições de volumes 
e superficies de poros e topologia). 

~ interessante dessa maneira um 
conhecimento da estrutura porosa do material, 
que ser vi r á de . supor te de análise par a a 
caract..eri:zaç&o do seu comport..ament..o hidrico . 

Neste traba~ho, as isotermas de adsorção 
e dessorç&o a 26 C, para uma argamassa de cal 
e cimento de uso bastante difundido para o 
revestimento de paredes externas, são obtidas 
com o uso de sool uções sal i nas saturadas com 
corpo de fundo, que mantêm a umidade relativa 
constante para uma dada temperatura. 

O uso dessas soluções apresenta duas 
vantagens, MEROUANI [2J : 

A umidade relativa mantida por uma dada 
solução varia pouco com a temperatura; 
- desde que a solução se mantenha saturada 
não há variação de umidade relativa. 

A estrutura porosa da argamasosa Á 
investigada com o auxilio do método de 
injeção de mercúrio para os poros com raio 
at..• 240 A;os poros de raios menores que 240 Â 
são analisados através da isoterma 
experimont.al de adsoorç~o conjugada ao modelo 
B. J. H. [ 3l, [ ll, veja-se apéndi ce . 

O modelo dito B.J.H. é classicamente 
utili:zado para calcular as distribuições de 
volumes e super f 1 c i es de por os a par ti r da 
isoterma de adsorção. 

A idéia de se obter a isoterma de 
adsorçllo a partir da est.rut..ura porosa foi 
sugerida por DAIAN [1) . 0 modelo B.J . H. separa 
quantitativamente as parcelas de água 
adsorvida e água capilar que compõem o 
conteúdo de umidade total para uma dada 
condição de equilibrio, e é um modelo 
não-hi st.erót..i co. 

ISOTERMAS DE ADSORÇÃO - DESSORÇ~O 

As isotermas de adsorção-dessorç~o 

descrevem as condições de equilibrio entre ar 
úmido, água liquida e a matriz porosa do 
material. 

O fenômeno fisico de adsorção pura 
ocorre, dado que os materiais porosos t6m a 
capacidade de capturar as moléculas de·vapor 
de água: essas moléculas apresentam uma 
grande afinidade com a superficie dos poros . 
A água adsorvida consiste de camadas de 
moléculas que condensam sobre a superficie 
dos poros. Sua quantidade no equilibrio ó 
funç~o da superficie especifica do meio 
poroso, da afinidade entre o vapor de água e 
a matriz sólida e das condições higrot.Ármicas 
reinantes. 
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Em meios por os os, as i sot..er mas de 
adsorç~o-dessorç~o são modificadas pela 
condensaç~o capilar. A condensação capilar 
ocorre, quando a umidade relativa atende um 
valor minimo h para um dado raio r de 

poro, descrito por: 

2 CY M cosot ] 

pt R T r 

onde : 

CY 

M 
01 

tensão superficial [N.m-t J 
massa molecular [ Kg. mal -•] 
~ngulo de cont..act..o 

= massa especifica do liquido 
-a 

[Kg. m J 

R constante dos gases [ J . mol -•. K-1
] 

T temperatura CKl 

A água capilar representa uma fase 
conU nua de li qui do que preenche total mente 
os poros do material . Existe uma 
descontinuidade de press~o n~ int.erfaco curva 
que separa a âgua capilar da fase gasosa. 



A condensaç~o c a pi 1 ar é a responsável 
pelo renômeno de his~erese que a iso~erma de 
dessorç~o apresen~a. Observando-se resultados 
experimen~ais de adsorç~o-dessorç~o. veja-se 
p.ex.a Fig.1,no~a-se que para a mesma umidade 
relativa o volume de água condensado em 
dessorç~o é maior que em adsorç~o. 
Is~o signirica que as condições de equilibrio 
entre o ar úmido, água liquida e a matriz 
porosa s:~o dependen~es da hi s~6r i a do 
proces:so. 

A topologia (conectividade) e a 
n~o-unirormidade dos raios dos poros ~êm sido 
a~ribuidos como ·ratares: principais 
ocorrência da histerese . 

para a 

DESCRI Ç.10 DAS AMOSTRAS 

Foram utilizadas amostras de argamassa 
de cal e cimento conreccionadas na proporç~o 

em massa 8:2:1 (areia fina: cal: cimento) com 
adiçSo de à.gua representando cerca de 20~ da 
massa total. 

argamassa são Os componentes da 
mis~urados mecanicamente e a 
dà. uma plas~icidade 

água adicionada 
adequada à 
O periodo de 
desmol dagem é 

trabalhabilidade nos moldes. 
cura é de 29 dias sendo que a 
rei~a no 5~ dia. 

A reação quimica de carbonatação 

C .. COH) + CO 
2 2 

Co.CO + H O 
a 2 

ocorre com as 
decorren~e da 
sobre a cal . 

amos~ras man~idas ao ar 
ação do c~ presente 

livre, 
no ar 

. Esta - é uma reação que progride 
len~amen~e a par~ir da s:uperricie em direção 
ao c~ntro do material devido à difusão de gás 
carbónico. A velocidade de progressão da 
carbonatação é runç.IILo da ~emperatura e 
umidade relativa do ar. Ela aumenta 
sensivelmente com a temperatura e atinge um 
mílximo para a umidade rela~iva de 50~, 

[1J . Utilizou-se o indicador ácido-base 
renolrtaleina para o acompanhamento da regi.IILo 
aretada pela carbonalação. 

Para os ensaios de adsorção-dessorção 
roram usadas pequ~nas placas de argamassa 
(50 X 100 X 3 mm ) erlraida5: de amostras 
cilindricas (altura de 100 mm ediAmetro 
de 100mm),inicialmente conreccionadas,através 
de processo de 5:erragem. A.. placas 
destinadas aos ensaios de adsorção-dessorção 
roram man~idas ao ar livre, por tempo 
s:uricien~e ~al que apresentassem lodo o 
volume por os o c ar bona tado; o acompanhamento 
da c ar bonatação roi rei ~o com o indicador 
renolr~aleina . 

O padrão de massa seca utilizado neste 
~rabalho é o de 5:ecagem em e5:tura com 
circulação rorçada de ar à 75"c, na presença 
de silica-gel, por tempo surucientemente 
longo tal que não mais se observe variação de 
malõlsa. Tempera~uras mais elevadas não t'oram 
uti 1 i zadas , no intui to de se evitar a 
evaporação da à.gua quimicamen~e adsorvida, 
presente na pas~a de ligan~e,. (cal, cimen~o e 
água). 

As amostras de argamassa apresen~am 

uma porosidade de 0,31 ~ 0,03 cm8 /cm8 e 

densidade aparente de 1,73 ~ 0,05 g/cm3
. 

DETERMINAÇÃO EXPERIMENTAL DAS ISOTERMAS 
DE AISSORÇXo bESS6RÇ10 

As isotermas de adsorção-dessorção foram 
obtidas, para a argamassa em análise neste 
ar~igo, em dessecadores, contendo soluções 
salinas saturadas os quais são dispostos no 

interior de uma es~ura com ~emperatura 

controlada. 
Uti 1 i zou-se nove soluções abrangendo a 

faixa de a a Q7~ CKOH e K SO 
2 • 

~ res:pec~ivamente) de umidade rela~iva 

tempera~ura de 25·c. em concord:Oncia com a 
norma rrancesa NF X 15-·014 . 

A moni~oração da tempera~ura da es~ura é 
reila com termómetro vidro-mercúrio 
(resolução de 0,05"C) com o bulbo posicionado 
no seu cen~ro geométrico. Com este 
~ermôme~ro, na posiçSo citada, ob5erva-se uma 
variação de ~ 0,1 "c . 

As amostras destin~das ao ensaio de 
adsorção roram secadas, como descri~o 

anler i or men~e, e col ceadas em um dessecador 
grande, contendo silica-gel, para o 
abaixamento de ~emperatura .alé 25"c, valor do 
teste. 

As amos~ras para o ensaio de dessorção, 
após: a de~erminação da massa seca, são 
imersas em água destilada à pressão 
atmosrérica e temperatura de 25 ~ 1 "c 
para a saturação. 

As amostras são então colocadas e 
mantidas nos dessecadores Cque já estão em 
equilibrio térmico com o ambiente interior 
da es~ura, na temperatura do ensaio) até a 
obtenção da massa de equilibrio. 

O intervalo de tempo rQquerido para a 
obtenção dessa condição de equi 1 i brio v ar i a 
em função do lipo de ensaio: para dessorç~o. 
de 4 a 5 semanas; para adsorç~o de 3 a 4 
semanas. 

As massas são medi das a cada 5 ou 7 
di as, com balança digital C r esol uç~o O, 01 g) 
até a sua estabilização. Um por vez, os 
dessecadores são retirados da es~ura, e 
medida a massa da amos~ra. Haverà uma 
per~urbação ligeira da umidade relativa do 
dessecador quando de sua abertura, e 
transfer~ncia de massa Qn~re a amos~ra e o 
me i o ambiente durante o i nter valo de tempo 
necessário à pesagem. 
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No entanto, para a balança utili2ada; e o 
pequeno intervalo de tempo de medição não é 
notada variação de massa. 

Os resultados obtidos para as iso~ermas 
de adsorção e dessorção à temperatura de 25"c 
são mos~rados na Fig.1. 
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, Fig . 1 Pontos experimentais: ads:orção-deslõlorç~o. 
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Na Fig. 2 mostra-se as contribuiçlSea da 
âgua adsorvida e capilar para o conteúdo 
t.otal,em f'unçllo da umidade relativa. Essas 
curvas Coram obtidas com o uso do modelo 
8. J. H. [ 3J, sendo que para a sua avaliação é 
necessârio o conhecimento da estrutura porosa 
da argamassa, que ser• deQcrita a seguir. 
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Fig. 2 Separação dos conteúdos adsor vi do e 
capilar . 

ESTRUTURA POROSA 

A estrutura porosa da argamassa de cal e 
c i manto f'oi i nveQl.i gada com o uso do m<6t.odo 
de injeção de mercúrio. Como serâ visto, este 
é um método de fâcil utilização, todavia 
apr esent.a pr oblemaQ quant.o ~ i r. ter pr etaçJlo 
dos seus resultados . 

A idéia bâsica consiste em injetar 
mercúrio, um f'luido nllo molhante, no meio 
poroso previamente submetido a vâcuo. 

Considere-se um poro cilíndrico .de raio 
r contendo mercúrio, Fig. 3. A lei de Laplace 
para a descontinuidade de pressão no menisco 
esf'érico convexo é 

2 a cosa 

r 

onde, para o mercúrio é assumido [2): 

o 0,490 N.m-~ a tensão superf'icial 
01 140: o Angul o de contacto 

. •' . ' 

.. ': 

(1) 

Fig.3 Poro cilindrico contendo mercúrio 
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Para a consecução do método, uma pequena 
amostra do material poroso, previamente 
submetida a v•cuo, é colocada em uma cÂmara 
contendo mercúrio e sujeita passo a passo a 
incrementos de pressão. Devido à evacuação, é 
assumido p

0 
= O. 

Um incremento de pressão ~pli , indicado 

diretamente pelo porosimetro, 
injeção de mercúrio de volume ~V. 

' 

produz uma 
na amostra, 

atribuido ao preenchiment.o de uma classe de 
poros cilindricos com raio equivalente r 
dado por: 

2 O' cosa 
r = 

i 
(2) 

ph 

Como o volume lN também é medido 

diretamente no porosimetro, . pode-soe atravéQ 
da Eq. C 2) obter a distribui çllo de volume de 
poros em função de seus raios. 

A superficie dos poros da classe em 
consideração, com a suposição que sejam 
cilíndricos, será: 

2~V. 

/>S. = (3) 

Assim, 

r 

acumulando-se os />S . , obtém-se a 
' 

distribuição de superfícies dos poros em 
função dos seus raios. 

Considere-se agora uma formaçllo de poros 
do tipo "com gargant.a", Fig. 4, que é uma das 
causas principais do aparecimento de 
histerese nas isotermas de adsorção-dessorçllo , 
como coment.ado anteriormente. 

.. 

Fig. 4 Formação de poros "com gargant.a". 

No método descrito, assume-se que os 
poro,. com mesomo r ai o vão sendo preenchi dos 
independentemente da sua posição no meio 
poroso, quando este é submet.ido a incrementos 
de pressão. Inicialmente, para pressões 
baixas, são preenchi dos os poros maiores, e 
com pressões mais elevadas os poros menores, 
consecut-ivamente. 

Contudo em uma 
apresentada na Fig. 4, o poro 

como 
de raio r 

p 

a 
se 

preencherá apenas a 
correspondente ao raio r Cr 

o preenchimento do 
g g 

uma pressão 
< rp), ou seja, 

poro de raio r é 
p 

condicionado ao da garganta de raio r 
g 

Dessa manei r a, o volume de mercúrio 
penetrado será a tr i bui do de manei r a e r r 6nea 
ao poro de raio equivalent-e r . 

g 



Por~an~o. a porosime~ria com injeç~o 
de mercúrio sobr-s~ima o volume dos poros 
menores em de~rimen~o ao dos maiores. 

Ainda, haverÁ. sobrees:~imaç~o da 
s:upert'icie dos: poros, devido a divis:~o na 
Eq. C 3) ser 1' e i ~a por um r ai o menor que o 
real. 

MODO OPERACIONAL 

U~ilizou-se o porosime~ro Aminco-Winlow 
do Departamento de Engenharia de Materiais da 
Universidade Federal de SSo Carlos Ces:~ado de 
Silo Paulo). 

Com este porosi me~ r o, consegue-se uma 
press~o m'-Xima de 5. 000 psi; a gama de raios 
de poros explorados variou de 240 A até 1 ~m. 

Os: poros com raios menores que 240 A, 
inacessiveis: a esse porosimetro, foram 
inves:~igados com o uso da is:o~erma 
experimen~al de ads:orç~o Cis:en~a de 
his~erese) conjugada ao modelo . B.J . H., 
veja-se ap6ndice. 

Nas Figs. 5 e 6 es:t~o represen~adas a 
t'unç~o di s:~r i bui ç~o e a t'unç~o densidade de 
probabilidade para os volumes de poros . A 
t'unç«o distribuiç«o para a superficie dos 
poros é mos~rada na Fig. 7. 
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CONCLUSõES 

Pode-se observar da função densidade de 
probabilidades de volumes de poros, Fig. 6, 
que a argamassa apresenta uma gama de raios 
de poros bastante variada, com proporções de 
volume poroso' apreciÁveis contendo mesoporos 
(20 Â < raio < 500 Â) e macroporos (raio > 
500 Â). Nota-se ainda da função densidade,uma 
alta concentraçllo de poros com raios entre 
1 O e 100 Á. A despe i to da sobr esti maç~o do 
volume dos poros menores em detrimento aos 
maiores, inerente ao método de investigaç~o 

adotado, essa dimensllo (10-100 Á) é atribuida 
como sendo caracteristica dos poros que 
comp&m a pasta de ligantes (que agrega o~; 

gr~os: de areia). Para essa grapde 
con~entr ação de volume por os o Centre 1 OA e 
100AU,aventa-se a hipótese de a água 
adsorvida predominar sobre a capilar: a 
interação entre as moléculas de água e a 
matriz sólida é muito supeior às forças de 
interaç~o entre as moléculas, n~o havendo 
mobilidade no sentido de se constituir uma 
f'ase 11 qui da . 

Pode ser observado da Fig . 1, uma fraca 
histerese até em torno de 50~ de umidade 
relativa, devido possivelmente ao pequeno 
volume de água condensada capilarmente. 

A condensação capilar começa para um 
valor de umidade relativa em torno de 33~, 

Fig . 2, e a partir desse ponto começa a 

ocorrer um sensi vel c r esc i mente no conteúdo 
de umidade, devi do ao volume f' or ma do pel a>õ 
ilhas de liquido . 

A presença de poros com dimensões tais 
que permitam a ocorrência da condensação 
capilar a partir de valores médios de umidade 
rel at.i va, implicando em um aumento sensi vel 
do conteúdo de umidade, conf'ere à argamassa 
uma grande capacidade de retenç~o de água. 

BI BLI OGRAFI A 

[1) Daian,J.F' . ,"Processus de Condensation et 
de Transf'ert d'Eau dans un Matériau Mesa et 
Macroporeux.~tude Expérimentale du Mortier 
de Ciment",These Docteur Es-Sciences 
Physiques. Institut National Polytechnique de 
Grenoble, i QB6. 

[2) Merouani,L., "Phénomenes de Sorption et 
de Transfert. d'Humidité des Matériaux du 
BA.timent. Êtude Experiment.ale Comparative 
d'un Mortier de Ciment et d'un Enduit de 
F'açade", These Doct.eur 3e Cycl e I nst.i tut 
National Polytechnique de Grenoble, 1QB7. 

....... 



(3) Barret., E . P., Joyner, L. G., Halenda, 
P. P . , "The O.t.erminat.ion o!' Pore Volume and 
Area Distributions in Porous Substances. I. 
Computat.ionSI f'rom Nit.rogen lSiot.hermeSI" 
Journal o!' the American Chemical Society, 
Vol. 73, no. 1, pp. 373-380. 

( 41 Fernandes, C.P. , "Est.udo dos ProceSISO&I 
de Condensaç~o e Migraç~o de Umidade em Meios 
Porosos Consolidados. An~lise Experimental de 
uma Argama&&a de Cal • Cimento", 
Dissertaç~o de Mestrado, Universidade Fedaral 
de Santa Catarina, março de 1QQO. 

AP~NDICE 

Apresent-a-se de maneira bastante 
condensada as idéias pr i nci pais do modelo 
9. J. H. Para t.anto, "upõe-se que o meio 
poroso • const.it.uido de um f'eixe de poros 
cilindricos sem interconexões . O meio é ent~o 

&ubmet.ido a um incremento Ah de umidade 
relativa passando de h para h+Ah Quando 
ist.o ocorre, uma classe de poros de raios r a 
r+Ar 51e preencher~ com água capilar, que 
coexi sat.i r á com a camada de 4t.gua previ ament.e 
adsorvida de espessura eo., Fig.a. 

Fig.a Poro preenchido com água capilar 

O conteúdo 
capilarmente, à8co.p 

de àgua condensada 
será dado por 

onde, àSr é a super:ficie lat.eral dessa 
classe de poros 

Os poros com raio superior a essa 
classe, ter~o apenas um aumento na espessura 
da camada adsorvida, pois h+àh não é 
Sluf'icient.e para 
capilar, Fig.Q . 

Fig.9 Aumento 

provocar a 

. ·.·. · . 

da espessura 

condenS~açã:o 

da camada 
adsorvida nos poros com raio superior a r+àr . 

O volume de àgua à8o.d• associado ao 

acréscimo na camada adsorvida, àeo., ser~ dado 
por : 

beo. . SCr) 

onde, SCr) • a superf'icie acumulada dos 
poros com raio maior que r . 
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Portanto, o aument-o de conteúdo total à8 
asssociado ao incremento Ah será : 

à8=à8 + à8 = t.Sr
2 

[r -eo.] +SC r) . àeo. co.p o.de 

Para o cálculo das superf'icies acumuladas de 
poros escreve-se a equaçao anterior na f'orma : 

2 
à8 - SCr) àeo. ] 

r-ea. 

Para t.anto, partindo-se de um valor 
inicial de SCr), :faz-se o acúmulo dos valores 
àSr passo a passo. 

Este acúmulo é :feito para valores 
decrescentes de umidade relativa h, a partir 
de um ponto experimemtal da isoterma de 
adsorçã:o C ou dessorç~o ) , bem próximo da 
saturação, caso isto seja possi vel, onde se 
assume SCr) = O, o que signif'ica volume de 
vazios nulo . 

No caso deste trabalho, o maior valor de 
umidade relativa utilizado, Q7~ , dá um valor 
e conteúdo de equilibrio na adsorçao de 5,7~ 
Cem massa ) que está longe da saturaç~o C em 
t..or no de 1 a~ ) o que si gni :fi c a que n~o 

podemos admitir SCr) = O para h = O, 07. 
Para contornar esse problema, fez-se uma 
estimativa inicial para SCr) utilizando dados 
obt..idos com o ensaio de porosimet..ria com 
injeção de mercúrio. 

Resta ainda, para o cálculo das 
superf'icieSI acumulada& de porog, avaliar a 
espessura da camada adsorvida eo. em função da 
umidade relat..iva, e o raio r de poro, para 
cada valor de h, que delimita os poros 
menores, capazes de cont..er água capilar 
levando em cont..a a exist..6ncia da camada 
adsorvida, dos poros maiores que cont~m 

apenas água adsorvida. 
No caso dest..e t..rabal no, a espessura eo. 

:foi aval i ada a par t..i r do número de camada " 
adsorvidas, obt..ido através da equação BET, 
que é um modelo de adsorção pura, vej a-se 
[ 2l . 0... parAmet..rog degconheci do" da equaç.I!Lo 
BET foram obtidos a partir da isoterma 
experimental de adsorção . 

Finalmente, para o c álculo do raio r 
limite, para cada valor de h, como mencionado 
anterioment..e, utilizou-se a equação do limit..e 
de condensação capilar levando em 
consi der aç~o a existência da camada 
adsorvida : 

r 
-2 .o M 

+ eo(n) 

Deve-se t..er em ment..e que a equação 
ant..erior gupõe uma geomet..ria eSI:férica para o 
menisco . 

SUMMARY 

This paper shows t..he result..s o:f an 
experimental work about.. the processes o:f 
evaporat..ion and condenS~at..ion ovar a 
consolidat..ed porous medium surf'ace . Lime 
mortar was chosen for this study. Sorption 
isot..herms were obt..ained wing sat..urat.. ... d salt.. 
solu~ions and mercury porosimet..ry was used t..o 
:found the pore distribution fun c tion. The 
r esul t..s wor e anal ysod t..ak i ng ~he 1 i nk" 
bet woen t..he porous st..ruclure and hydric 
behaviour into account . 
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