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Abstract. Quenching is a commonly used heat treatment process employed to control the mechanical properties of 

steels. The resulting microstructures formed from quenching (pearlite, ferrite, bainite and martensite) depend on 

cooling rate and on steel characteristics. This article deals with the modeling and simulation of quenching using a 

multi-phase constitutive model. The through hardening is considered as an application of the proposed general 

formulation. Finite element method is employed for spatial discretization. Notched steel cylinders are of concern 

evaluating the influence of notches in quenched pieces. Numerical simulations evaluate temperature evolution and 

phase transformation distribution through the process. Stress distribution is also of concern treating time evolution 

and residual stresses through the piece.    
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1. INTRODUÇÃO  
 
Heat treatments are usually employed in industrial processes and quenching is one of the most common processes. 

It provides a mean to control some mechanical properties of steels as tensile strength, toughness and hardness. The 
phases and constituents formed from quenching results in different microstructures (ferrite, cementite, pearlite, upper 
bainite, lower bainite and martensite) which depend on cooling rate and on chemical composition of the steel. Phase 
transformation combined with large temperature gradients and non-uniform cooling can promote high residual stresses 
in quenched steels.  

Phenomenological aspects of quenching involve couplings among different physical processes and its description is 
unusually complex. Among them, thermal, phase transformation and mechanical are some important phenomena 
involved. The description of each one of these phenomena has been addressed by several authors by considering these 
aspects separately. Sen et al. (2000) considered steel cylinders without phase transformations. There are also references 
that focus on the modeling of the phase transformation phenomenon (Hömberg, 1996; Chen et al., 1997, Çetinel et al., 
2000; Reti et al., 2001). Several authors have proposed coupled models that are not generic and are usually applicable 
to simple geometries as cylinders (Inoue & Wang, 1985; Melander, 1985; Sjöström, 1985; Denis et al., 1985, 1987, 
1999; Fernandes et al., 1985; Woodard, et al., 1999). Moreover, there are some complex aspects that are usually 
neglected in the analysis of quenching process. As an example, one could mention the heat generated during phase 
transformation. This phenomenon is usually treated by means of the latent heat associated with phase transformation 
(Inoue & Wang, 1985; Denis et al., 1987, 1999; Woodward et al., 1999). Meanwhile, other coupling terms in the energy 
equation related to other phenomena as plastic strain or hardening are not treated in literature and their analysis is an 
important topic to be investigated. Silva et al. (2004) analyzed the thermomechanical coupling during quenching 
considering austenite-martensite phase transformations. Silva et al. (2005) employed the finite element method to study 
the phase transformation effect in residual stresses generated by quenching in notched steel cylinders. 

This article deals with the modeling and simulation of quenching in steel cylinders using a multi-phase constitutive 
model with internal variables formulated within the framework of continuum mechanics and the thermodynamics of 
irreversible processes. A numerical procedure is developed based on the operator split technique associated with an 
iterative numerical scheme in order to deal with nonlinearities in the formulation. Under this assumption, the coupled 
governing equations are solved to obtain the temperature, stress and phase fields from four uncoupled problems: 
thermal, phase transformation, thermoelastic and elastoplastic. Classical numerical methods are applied to the 
uncoupled problems. Finite element method is employed for spatial discretization allowing the analysis of notched 
cylinders. Verification procedure treats numerical simulation of steel cylinders and results present good agreement with 
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those of experimental data obtained by the authors in previous works (Oliveira et al., 2010). Afterwards, an 
investigation of stress concentration is carried out showing the influence of notches in steel cylinders. 

 
2. CONSTITUTIVE MODEL  

 
Constitutive equations may be formulated within the framework of continuum mechanics and the thermodynamics 

of irreversible processes, by considering thermodynamic forces, defined from the Helmholtz free energy, ψ, and 
thermodynamic fluxes, defined from the pseudo-potential of dissipation, φ  (Pacheco et al., 2001). 

The proposed phenomenological quenching model allows one to identify different aspects related to quenching 
process. With this aim, a Helmholtz free energy is proposed as a function of observable variables, total strain, εij, and 

temperature, T. Moreover, the following internal variables are considered: plastic strain, p
ijε , and volume fractions of 

seven different microstructures, represented by phases in a macroscopic point of view, β = (β0, β1, β2, β3, β4, β5, β6). A 
variable related to kinematic hardening, αij, is also considered. Therefore, the following free energy density is proposed, 
employing indicial notation where summation convention is evoked, except when indicated (Oliveira et al., 2010): 

 ������, ���	 , 
�� , �����, ����	, , ��, ��, ��, ��, ��, ��, ��� = ����� , ���	 , 
�� , �����, ����	, , ��, ��, ��, ��, ��, ��, ��� = 

          = ∑ ���(�)���� , ���	 , 
�� , �����, ����	, ) + ��(��, ��, ��, ��, ��, ��, �������  (1) 

 
where ρ is the material density and ��(��, ��, ��, ��, ��, ��, ��) =  !(��, ��, ��, ��, ��, ��, ��) represents the indicator 

function associated with the convex π: 
      # = $�� ∈  ℜ | 0 ≤  ��  ≤ 1 (+ = 0, 1, … ,6); ∑ ������ = 1 / (2) 
 
The elastic strain can be written by assuming an additive decomposition: 
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mechanisms related to local plastic strain promoted by the phase transformation (Denis et al., 1985; Sjöström, 1985); κm 

is a material phase parameter,  f(βm) expresses the transformation process dependence and d
ijσ  the deviatoric stress 

defined by d
ijσ = σij − δij (σkk/3), with σij being the stress tensor component. It should be emphasized that this strain may 

be related to stress states that are inside the yield surface.  
In order to describe dissipation processes, it is necessary to introduce a potential of dissipation or its dual, which 

can be split into two parts )(),,,,(),,,,,( ***
iTijijijijIiijijijij gBXRQPgBXRQP φφφ ββ +=

. 
The set of constitutive 

equations is composed by the thermodynamics forces (σij, Pij, Qij, Rij, Xij, T, B
β, gi), associated with state variables (��� , ���	 , �����, ����	, 
�� , 1, �), and the thermodynamic fluxes are defined as follows: 

 2�� = 343567 = ∑ ������ 8��9:(�);�9: − �9:	 − 
0(�)( − �)=9: − �9:�� − �9:�	> (3)

  ?�� = − 343567@ = 2��     ;      A�� = − 343567BC = 2��     ;      D�� = − 343567B@ = 2��    ;    E�� = − 343F67 = ;∑ ��G��9:(�)���� >
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 1 = − �H 3430        ;      I�J = − 343�J ∈ −K�J ! − L34M3�J + 34N3�J + 34O3�JP  (m = 1, …, 6) (5) 

 �Q��	 ∈ KR67S�∗ �?�� , E��� = U 1VWX;2�� − �∑ �YG��9:(�)���� �
9:>      ;      
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 �Q���� = 3]∗
3^67 = ∑  _(Y) �QY�Y�� =��  ;   �Q���	 = 3]∗

3`67 = ∑  �� a(�)b ′(��) �Q����� 2��c  ;    (7) 

 �Qd = 3]∗
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�Q� = 3]∗
3efJ = hi→� lm�(n�)o pqJr(�s��tu − ��) LvX o �wJJxy

�wJJxyz�JrPo�z pqJr{ (m = 1,…,5) (9) 

 |� = − 3]∗
3}6 = −;∑ �� Λ(�)���� >W� = −;∑ �� Λ(�)���� > 303u6 (10) 

 

where πβ J
r

∂  is the sub-differential of the indicator function πJ , ),(*
ijijm XPI  is the indicator function associated with 

elastic domain, related to the von Mises criterion, λ is the plastic multiplier from the classical theory of plasticity 
(Lemaitre & Chaboche, 1990), sign(x) = x / |x|  and qi is the heat flux vector. By assuming that the specific heat is  ;∑ ��~(�)���� > = − o0Hr K��/K� and the set of constitutive equations (3-10), the energy equation can be written as 

(Pacheco, 1994): 
 33u6 o;∑ �YΛ(�)���� > 303u6r − �;∑ ��c(�)���� >Q = −�� − �0 (11) 

 
where: 
 

� �� = ∑ I�J�Q����� − E���Q��	 + 2��(�Q��	 + �Q���� + �Q���	)
�0 =  L3�6730 ( �Q�� −  �Q��	 − �Q���� − �Q���	) − ∑ 3efJ30 �Q� + 3\6730 �Q��	���� P� (12) 

 
Terms aI and aT are, respectively, internal and thermal coupling. The thermomechanical coupling effect related to 

phase transformation may be represented as a latent heat released during the phase transformation (Fernandes et al., 
1985; Denis et al., 1987; Woodard et al., 1999):  

 

∑ =
∆==+

6

1m
mmTI HQaa β&&   (13) 

 
where ∆Hm is the enthalpy variation in a transformation process involving a previous phase (austenite) and a product 
phase βm (m = 1, ..,6). Therefore, this source term is used instead of all thermomechanical couplings effects, which 
represents a first approach of the general formulation (Silva et al., 2004). 

This contribution considers cylindrical bodies as an application of the proposed general formulation. An 
axisymmetric finite element model is developed to study the quenching process in cylinders. The numerical procedure 
here proposed is based on the operator split technique (Ortiz et al., 1983; Pacheco, 1994) associated with an iterative 
numerical scheme in order to deal with nonlinearities in the formulation. With this assumption, coupled governing 
equations are solved from four uncoupled problems: thermal, phase transformation, thermo-elastic and elastoplastic. 

Thermal Problem - Comprises a conduction problem with convection and radiation. Material properties depend on 
temperature, and therefore, the problem is governed by non-linear parabolic equations. Finite element method is used 
for numerical solution. 

Phase Transformation Problem – The volume fractions of the phases are determined in this problem. Evolution 
equations are integrated from a simple implicit Euler method. 

Thermo-elastic Problem - Stress and displacement fields are evaluated from temperature distribution. Numerical 
solution is obtained employing the finite element method. 

Elastoplastic Problem - Stress and strain fields are determined considering the plastic strain evolution in the 
process. Numerical solution is based on the classical return mapping algorithm (Simo & Hughes, 1998). 

A detailed description of the model could be found in Pacheco et al. (2001), Silva et al. (2004, 2005) and Oliveira 
(2008). 
 
3. ANALYSIS OF A STEEL CYLINDER 

 
The forthcoming analysis promotes a verification of the proposed model establishing a comparison with 

experimental data obtained in Oliveira et al. (2010). Besides model verification, this section also presents an analysis of 
stress evolution during the process. An SAE 4140H, 25.4mm (1”) radius cylinder quenched in air and water are 
considered. Material parameters of the SAE 4140H are the following (Denis et al., 1985, 1999; Woodard, et al., 1999; 
Sjöström, 1985; Melander, 1985; Oliveira, 2004): 1γ  = 3.333 × 10-3, 2γ  = 0, 3γ  = 4γ  = 5γ  = 5.000 × 10−3, 6γ  = 

1.110×10−2, ( )[ ] m
o
Ym γσκ 25=  (where o

Yσ  is the austenite yielding stress and 6,...,1=m ), 3310800.7 mkg×=ρ , 

CM s °= 340 , CM f °= 140 . Other parameters depend on temperature and needs to be interpolated from experimental 

data. Therefore, parameters mmm
T

m
Y

mm
cHE Λ,,,,, ασ ( 6,...,1=m ) and the convection coefficient, h, are evaluated by 

polynomial expressions (Melander, 1985; Hildenwall, 1979; Pacheco et al., 2001; Silva et al., 2004; Oliveira et al., 
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2010). Temperature dependent parameters for diffusive phase transformations are obtained from TTT diagrams (ASM, 
1977). Moreover, latent heat released associated with the enthalpy variation in a transformation process involving a 
parent phase (austenite) and a product phase mβ  are given by: 

9 6 2 3 11
1 1.55 10 2.31 10 1597 0.429 5.00 10 /H T T T T∆ = × − × + − − × J/m3, 9 6

3 4 5 1.56 10 1.5 10H H H T∆ = ∆ = ∆ = × − ×  3
mJ , 

6
6 10640 ×=∆H  3

mJ  (Denis et al., 1987; Woodard et al., 1999; Stull & Prophet, 1971).  

Finite element analysis is performed exploiting a single strip axisymmetrical geometry for simulations. For long 
cylinders subjected to through hardening, far from the ends, the process along the cylinder is similar and the analysis 
can be performed in a thin strip. Figure 1 shows the axisymmetric finite element model mesh obtained after a 
convergence analysis where z is axissymmetry axis. Mechanical and thermal boundary conditions are associated with 
plane stress condition: prescribed z-direction null displacement at z = 0 (symmetry condition); prescribed z-direction 
null heat flux at z = 0 and z = h; convection and radiation at external surface. In all simulations developed τrz presents 
small values in the whole piece. 

  

 
Figure 1. Finite element mesh and boundary conditions. 

 
3.1. Model Verification 

Initially, air cooling is of concern. In order to compare numerical and experimental results, Figures 2a and 2b 
presents the temperature time history in two different positions: at the center and at 1 mm from the surface of the 
cylinder. It is noticeable the close agreement between results and it is important to highlight that the thermomechanical 
coupling effect is captured by the model. As expected, the model shows the temperature increase at about 650°C, which 
is associated with the latent heat of the austenite → pearlite phase transformation. In terms of volume fraction 
distribution, model predicts 27% of ferrite and 73% of pearlite that is in close agreement with experimental results, as 
presented in Figure 2c. 

 

           
(a)      (b)    (c) 

Figure 2. Air cooling temperature time history: (a) at the center and (b) at 1 mm from the cylinder surface. 
Phase distribution along the cylinder radius (c). 

 
The quenching process in water is now in focus. Temperature time history in two different positions (at the center 

of the cylinder and at 1 mm from the cylinder surface) is presented in Figures 3a and 3b. At the body center there is a 
close agreement between numerical and experimental results. By considering the position at 1mm from the surface, on 
the other hand, results capture just the general behavior. This discrepancy is explained by the thermocouple influence. 
Actually, it is possible to make adjustments considering the heat conduction through the thermocouple and evaluating 
the temperature at its center. In terms of volume fraction distribution the model predicts 100% of martensite at the 
surface and 91% at the center of the cylinder. This implies an amount of 9% of bainite that is a small difference when 
compared to experimental data. Nevertheless, it is important to observe that experimental data uses optical analysis in 
order to conclude the phase distribution and therefore, this difference may be less than presented. The Figure 3c shows 
the phase distribution along the cylinder radius. 

 

h 

0 

z 

r 
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(a)      (b)    (c) 

Figure 3. Air cooling temperature time history: (a) at the center and (b) at 1 mm from the surface for the 
cylinders. Phase distribution along the cylinder radius (c). 

 
 

3.2. Stresses Analysis 
 
Stress time evolution present a very complex behavior associated with the coupling between the different 

phenomena involved. The behavior of the stress field during the quenching process is now in focus. Figures 4 and 5 
present, respectively, for air and water cooling the stress time evolution (σr,σθ andσz) for five different positions: r = 0; 
r = 1/4R; r=1/2R; r = 3/4R; r=R. Basically, the stress time evolution can be understood by considering three main 
stages: start cooling, phase transformation and end cooling.  

 

 
(a)     (b)     (c) 

Figure 4- Stress time evolution: (a) σσσσr, (b) σσσσθθθθ and (c) σσσσz. Air cooling. 
 
 

   
(a)     (b)     (c) 

Figure 5. Stress distribution during the time, at plane stress: (a) σσσσr , (b) σσσσθθθθ and (c) σσσσz. Water cooling. 
 
 
Convection and radiation phenomena induce faster cooling at the cylinder surface promoting a contraction of this 

region in contrast of the expansion at the center of the cylinder. The phase transformation process has an important 
influence in stress distribution during quenching process. There is a competition between phase transformation effects 
and thermal effects. At the beginning of the phase transformation, these effects are more important but, at the end of 
these transformations, thermal effects become more relevant. Component rzτ  has low values during all the process and, 

therefore, is neglected in the analysis. 
The use of water as a cooling medium makes quenching a severe process to the specimen. Under this condition, the 

mechanical behavior observed at the cylinder surface is more intense than other regions of the cylinder. Transformation 
plasticity plays an important role in this process changing the residual stress distribution. Figure 6 shows the residual 
stress distribution for the air and water cooling media at the end of the quenching process when temperatures tend to be 
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homogeneous in the whole piece and it is possible to identify permanent strains in the specimen. Water cooling presents 
large values when compared with air cooling. 

 

 

                           

            (a)      (b) 
Figure 6. Stress distribution at the end of the process: (a) air and (b) water cooling. 

 
 

4. ANALYSIS OF STRESS CONCENTRATION 
 
This section presents an analysis of stress concentration in steel cylindrical bodies subjected to quenching. 

Essentially, the influence of stress concentration is verified evaluating residual stress distribution that occurs during the 
quenching process. Cylindrical bodies with radius of 25.4 mm and height of 15.24 mm are treated with stress 
concentration promoted by circular radius that varies from 0.00 mm to 5.08 mm.      

Since water is related to a more severe quenching condition, water is assumed as a cooling medium. Moreover, 
mechanical boundary conditions are assumed to be in such a way that constrains the displacement at the top and the 
bottom surface of the cylinder, as presented in Figure 7a. Different geometrical configurations are treated as shown in 
Figures 7b-7f. Basically, notches with five radius are considered assuming different values of the ratio r/R: 0, 0.05, 0.10, 
0.15, 0.20.  Finite element discretization is defined by meshes chosen from a convergence analysis that takes into 
account time and space discretization. 

 

     
(a)      (b)    (c) 

       
(d)      (e)    (f) 

 

Figure 7. Boundary conditions: geometries with stress concentrators (a). Meshes adopted in simulations: (b) 
r/R=0,20; (c) r/R=0,15; (d) r/R=0,10; (e) r/R=0,05; (f) r/R=0. 

 
 
Initially, phase transformation is investigated showing phases distribution at the end of the quenching process for 

each one of the different geometries. Figure 8 presents the martensite volume fraction distribution showing that the 
stress concentration tends to induce phase transformation. Note that martensite is the predominant phase, with minimal 
volume fraction of 0.91 at cylinder center and maximum volumetric fraction of 1 at cylinder surface. The bainite 
volume fraction is given by (1-βM). 
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(a)      (b)    (c) 

 
(d)                                                                           (e) 

 

Figure 8.  Martensite volume fraction distribution: (a) r/R=0,20; (b) r/R=0,15; (c) r/R=0,10; (d) r/R=0,05; (e) 
r/R=0. 

 
A discussion about the residual stress distribution at the end of the quenching process is now in focus. Figure 9 

presents the distribution of σr stress at the last time instant. The higher tensile stress occurs around the stress 
concentrator, while the higher compression values are observed in a region close to the center of the bodies. Figure 13a 
summarizes higher tensile and compressive stresses for all geometries. It should be highlighted that the higher tensile 
stress occurs at the piece with stress concentrator r/R = 0.10 and the higher compressive stress occurs at the piece with 
stress concentrator r/R = 0.20   

 

 
(a)      (b)    (c) 

 
(d)                                                                           (e) 

 

Figure 9. rσ (Pa): (a) r/R=0.20; (b) r/R=0.15; (c) r/R=0.10; (d) r/R=0.05; (e) r/R = 0. 

 
 
An analysis of θσ  stress component is now in focus. Figure 10 presents the stress distribution that shows that the 

higher tensile stress occurs near the stress concentrator (about 0.5 mm far), while the higher compression values are 
observed in a region close to the center of the cylinder. Figure 13b summarizes higher tensile and compressive stresses 
showing that stress concentrator r/R = 0.20 presents higher tensile stresses and the higher compressive stress occurs at 
the piece with stress concentrator r/R = 0.15.   
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(a)   

(d)                                                                           (

Figure 10. θσ  (Pa): (a) 

 

Stress zσ  distribution is now focused on, as shown in Figure 

of the stress concentrator and the higher compression values are observed in a region close to the center of the cylinder. 
It is important to mention that in the piece with 
13c presents a summary of higher tensile and compressive stresses that shows that the higher tensile stress occurs at the 
piece with stress concentrator r/R = 0.10 while the higher compressive stress occurs at th
r/R = 0.20.   

 

(a)   

(d)                                                                           (

Figure 11. zσ  (Pa): (a) 

 
 
An alternative to observe stress analysis is the 

distribution for five different geometries. The higher stress occurs in a region close to the stress concentrato
13d summarizes these results presenting higher stress values. The presented results show that the 
the high stress region, has a direct relation to stress concentrator radius, however, the difference between the higher 
stress of the piece with stress concentrator 
equal to 64 MPa. This leads that stress concentration presents a low influence in residual 
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   (b)    

)                                                                           (e) 
 

(Pa): (a) r/R=0.20; (b) r/R=0.15; (c) r/R=0.10; (d) r/R=0.05; (e) 

distribution is now focused on, as shown in Figure 11. The higher tensile stress occurs in the deep region 

of the stress concentrator and the higher compression values are observed in a region close to the center of the cylinder. 
It is important to mention that in the piece with r/R = 0.20, a relevant compressive region at surface is observed. 

presents a summary of higher tensile and compressive stresses that shows that the higher tensile stress occurs at the 
= 0.10 while the higher compressive stress occurs at the piece with stress concentrator 

   (b)    

)                                                                           (e) 
 

(Pa): (a) r/R=0.20; (b) r/R=0.15; (c) r/R=0.10; (d) r/R=0.05; (e) 

An alternative to observe stress analysis is the von Mises stress distribution. Figure 12 presents this equivalent stress 
distribution for five different geometries. The higher stress occurs in a region close to the stress concentrato

summarizes these results presenting higher stress values. The presented results show that the 
the high stress region, has a direct relation to stress concentrator radius, however, the difference between the higher 
stress of the piece with stress concentrator r/R = 0.15 and the higher stress of the piece without stress concentrator is 

ual to 64 MPa. This leads that stress concentration presents a low influence in residual von Mises

C am pi n a  G r a n d e  -  P ar a í b a  

 
(c) 

 

=0.05; (e) r/R = 0. 

. The higher tensile stress occurs in the deep region 

of the stress concentrator and the higher compression values are observed in a region close to the center of the cylinder. 
ssive region at surface is observed. Figure 

presents a summary of higher tensile and compressive stresses that shows that the higher tensile stress occurs at the 
e piece with stress concentrator 

 
(c) 

 

=0.05; (e) r/R = 0. 

presents this equivalent stress 
distribution for five different geometries. The higher stress occurs in a region close to the stress concentrator. Figure 

summarizes these results presenting higher stress values. The presented results show that the von Mises stress, at 
the high stress region, has a direct relation to stress concentrator radius, however, the difference between the higher 

= 0.15 and the higher stress of the piece without stress concentrator is 
von Mises stresses. 
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(a)      (b)    (c) 

 
(d)                                                                           (e) 

Figure 12.
Misesvon _σ  (Pa): (a) r/R=0.20; (b) r/R=0.15; (c) r/R=0.10; (d) r/R=0.05; (e) r/R = 0. 
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Figure 13. Maximum stresses, of cylinders with stress concentrators: (a) rσ , (b) θσ , (c) zσ , (d) Misesvonσ . 

 
5. CONCLUSIONS 

 
This contribution deals with modeling and simulation of quenching process, presenting an anisothermal multi-phase 

constitutive model formulated within the framework of continuum mechanics and thermodynamics of irreversible 
processes. This approach allows a direct extension to more complex situations, as the analysis of three-dimensional 
media. A numerical procedure is developed based on the operator split technique associated with an iterative numerical 
scheme in order to deal with nonlinearities in the formulation. The proposed numerical procedure allows the use of 
traditional numerical methods, like the finite element method. Through hardening of cylindrical bodies is considered as 
application of the proposed general formulation. Numerical results establishes a model verification using experimental 
data as a reference. Besides, notched steel cylinder are of concern evaluating the influence of notches during quenching 
process. In general, it is possible to say that the proposed model is capable of capturing the general behavior quenching 
and, therefore, it can be used as a tool to predict the thermomechanical behavior of quenched mechanical components. 
Important parameters as the cooling medium and the induced layer thickness are some possibilities to be analyzed by 
the proposed procedure. 
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