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Abstract. In the present work, the essentially non-oscillatory schemes (ENO) and the weighted essentially non-oscillatory
schemes (WENO) are implemented in a cell centered finite volume context on unstructured meshes. The meshes are
composed by any type of polygonal control volume, such as triangles or quadrilaterals, and hybrid meshes can be also
treated. The non-dimensional 2-D Euler equations are considered to represent the flows of interest. The ENO and WENO
schemes have been developed with the purpose of accurately capturing discontinuities appearing in problems governed
by hyperbolic conservation laws. In the aerodynamic studies of interest in the present paper, these discontinuities are
mainly represented by shock waves and contact surfaces. The entire reconstruction process of ENO and WENO schemes
is described in detail for any order of accuracy with an emphasis on the implementation of third-order scheme. Roe’s flux
difference splitting method is used to approximate flux values on the cell boundaries. TVD Runge-Kutta scheme is used to
advance the solution of the governing equations in time. A multigrid method is used in the present work and applications
for aerodynamic flows are presented comparing the accuracy of the schemes with data available in the literature.
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1. Introduction

The motivation for the present work is the need for accurate simulations of high Mach number aerodynamic flows
with strong discontinuities. In recent years several efforts have been made by the CFD group of Instituto de Aerondutica e
Espago [3, 4, 5] for the development of computational tools which are able of accurately capturing discontinuities such as
the shock waves appearing in the aerodynamic flows of interest. Some upwind schemes such as the van Leer flux vector
splitting scheme [18], the Liou AUSM™ flux vector splitting scheme [11] and the Roe flux difference splitting scheme
[13] were implemented and tested for second-order accuracy considering a TVD-MUSCL reconstruction [2]. However,
Azevedo et al. [4] shows that nominally second-order schemes presented results with an order of accuracy smaller than
the expected in the solutions for unstructured grids. Aside from this fact, it is well known that TVD schemes have their
order of accuracy reduced to first order in the presence of shocks due to the effect of limiters.

This observation initiated the development and implementation of essentially non-oscillatory (ENO) schemes, intro-
duced by Harten et al. [8], in which oscillations up to the order of the truncation error are allowed to overcome the
drawbacks and limitations of TVD schemes. Subsequent on the development of ENO schemes, the weighted essentially
non-oscillatory (WENO) schemes were introduced by Liu ef al. [12] with the purpose of presenting better convergence
rate for stationary cases, better smoothing for the flux vectors and better accuracy using the same stencils as the ENO
schemes.

In this work, the essentially non-oscillatory schemes (ENO) and the weighted essentially non-oscillatory schemes
(WENO) are implemented in a cell centered finite volume context for unstructured meshes. The two dimensional Euler
equations are considered to represent the flows of interest. The ENO and WENO schemes have been developed with the
purpose of accurately capturing discontinuities appearing in problems governed by hyperbolic conservation laws. In the
aerodynamic studies of interest in the present paper, these discontinuities are mainly represented by shock waves. The
entire reconstruction process of ENO and WENO schemes is described in detail for quadratic polynomials and, hence,
for third-order of accuracy of the numerical schemes, with extension to higher orders. Applications to aerodynamic flows
are presented showing the accuracy of the schemes and their behavior. For the ENO schemes, interpolation polynomials
of one order less than the order of accuracy expected in the solution are computed and these polynomials are used to
reconstruct a good approximation to the values of the conserved variables within the cells. These polynomials interpolate
primitive variable values in Gauss quadrature points using stencils determined by a von Neumann neighborhood [16].
The control volume moments and the mean values of primitive variables in the cells are used to compute the polynomial
coefficients and, hence, one can compute the oscillation indicator of the polynomials and select the smoothest among
them through the values of these coefficients.

While the ENO schemes use the smoothest polynomial, the WENO schemes use all ENO computed polynomials for
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the stencils and, therefore, they construct one polynomial only. Non negative weights, which must add up to one, are
computed for every polynomial through oscillation indicators and the WENO polynomial is constructed by the sum of all
the ENO polynomials multiplied by the respective weights [6, 12]. The weights attributed to the polynomials can be of the
order of accuracy desired in the solution if these polynomials are in the discontinuous regions of the mesh or they can be
of order one if the polynomials are in the smooth regions of the flow. Classical computational fluid dynamics applications
such as the flow in a channel with a forward-facing step and the transonic flow over a NACAO0012 airfoil are presented
with the aim of comparing the accuracy of the proposed methods. Such an assessment of the methods here implemented
is achieved through the comparison of the present numerical results with data available in the literature.

2. Theoretical Formulation

In the present work, the 2-D Euler equations are solved in their integral form as
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where V represents the control volume, S represents the surface of the control volume and 7 is the unit normal vector to
the surface, S, positive outward. ) is the vector of conserved variables, and P represents the sum of the convective flux
vectors. The system is closed by the equation of state for a perfect gas.

The control volumes considered in this work are triangles and quadrilaterals and they can be decomposed into a finite
number of line segments I';. One should observe that the control volumes could be composed by any type of polygon,
because the really important aspect is that its bounding contour could be decomposed into a finite number of line segments.
The surface integral from Eq. (1) can be discretized using N-point Gaussian integration formulae
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where Gy and wy are, respectively, the Gaussian points and the weights on the I'; line segment. For the third-order
schemes, two Gaussian points are necessary along each line segment. Their values are given by
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and the respective weights, w; and wa, are choosen as w1 = wy = 1/2.

Using the method described above, one can compute values of (J; in some instant, ¢, and then, from these mean
values, one can reconstruct polynomials that represent the primitive variables p, u, v and p. Finally, it is possible to
compute values of the conserved variables in the Gaussian points. Due to the discontinuity of the reconstructed values of
the conserved variables over the cell boundaries, one must use a numerical flux function to approximate these flux values
on the cell boundaries. In this work, the authors have used the Roe flux difference splitting method [13] to compute such
approximations. A fully explicit third-order accurate TVD Runge-Kutta scheme was used to advance the solution of the
governing equations in time, for the spatially third-order scheme, and this TVD Runge-Kutta scheme can be found in Shu
and Osher [15].

Gy +( (3)

3. ENO and WENO Reconstructions
3.1 General Considerations

The reconstruction procedure of the ENO schemes is based on the approximation of mean values of the primitive
variables for each cell in the mesh by polynomials of one order less than the spatial order of accuracy expected. For the
construction of polynomials of 7-th order, one must use N (7) cells, where N(n) = (5 + 1)(n + 2)/2. The first step
in obtaining the polynomial reconstruction for each cell is to define the possible set of cells, called a stencil, that will
be used. In the finite volume cell centered scheme, the stencils can be selected in a von Neumann neighborhood for a
linear polynomial reconstruction (second-order accuracy). This approach can be extended to higher orders through the
use of von Neumann neighborhoods of the primary neighbors already selected for the second-order reconstruction. In the
present work, the cells are triangles or quadrilaterals and the p(z,y) polynomials can, then, be calculated as
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where |3] = 1 + B2, with 3; € {0,1,2,...}, . and y, are the Cartesian coordinates of the barycenter of the control
volumes and rg, g, are unknown coefficients which are some approximations to the derivatives of the primitive variables.
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Once it is established that p(x, y) is a good approximation to the mean values of primitive variables for each cell, one
can write a linear system, [R]{r} = {u}, of N(n) equations for the N () unknowns, 7, 3,. Here, [R] is the matrix of
control volume moments, as in Gooch [7], computed using the scaling technique proposed by Friedrich [6] to circumvent
a poorly conditioned matrix. Moreover, {r} is the vector of unknown coefficients that must be found and {@} is the
vector composed by the mean values for each primitive variable. The stencil is considered admissible if the [R] matrix is
invertible. The control volume moments that compose the [R] matrix are defined by Eq. (5) as
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and are evaluated using Gauss quadrature formulae following the same procedure as the one used in the flux computation.
After the polynomial reconstruction is performed for each cell, the next step is to verify which polynomial is the least

oscillatory to use in the ENO scheme. The oscillation is computed using some indicator that assesses the smoothness

of p(z,y). Following the results presented in the literature [6, 20], the oscillation indicator used in the present work is

the one proposed by Jiang and Shu [10], which was later modified by Friedrich [6]. The formulation for this oscillation

indicator can be expressed as
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where h is the mesh width.

Differently from the ENO schemes, the WENO schemes use all the calculated polynomials. These polynomials are
added together through the use of weights which are computed for each one of the polynomials as proportional to its
respective oscillation indicator. The main idea in the WENO reconstruction is to attribute the computed weights for each
polynomial with the aim of reconstructing a new polynomial as p(z,y) = Y, wkPk(z,y). The weights are of order
one in the smooth regions of the flow and are of the order of the desired accuracy in the solution in the regions with
discontinuities. The weights can be computed as
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where € is a small real number used to avoid division by zero and 8 is a positive integer. The WENO schemes have the
property of being very smooth and stable in smooth regions of the flow, but this property is lost if § is choosen too large.
In that case the scheme tends to behave like the ENO schemes. In the present work, the € term is choosen as § = 2
because this yielded the best convergence rates in the results.

3.2 Stencil Selection Algorithm

In Refs. [19] and [20], reconstruction of second-order accurate ENO and WENO schemes was presented. Details
regarding to stencil selection algorithms were discussed and results appearing in these cited references comproved the
accuracy of the second-order accurate ENO and WENO methods. For the implementation of the third-order accurate
schemes one must use six cells for the polynomial reconstructions. Five unknown coefficients are computed for each
polynomial through the solution of a five equation linear system composed by the control volume moments and the
primitive variables of the cells considered in the stencil. The algorithm implemented in this work is based on the ideas
proposed by Abgrall [1]. The first step consists in finding the stencil that presents the smoothest oscillation among the
possible stencils for a linear reconstruction using only the primary neighbors of the main control volume. This algorithm
uses this concept for both the ENO and WENO schemes for meshes composed by triangles and quadrilaterals. After
the smoothest three-cell stencil is choosen, one must start the procedure for the third-order accuracy reconstruction. If
the control volume is a triangle one has a maximum of 4 secondary neighbors for the reconstruction and, therefore, 4
possibilities of stencils for the selection. However, if the control volume is a quadrilateral, one has a maximum of 6
secondary neighbors for the reconstruction and, therefore, 20 possibilities of stencils for the selection. In Fig. 1 one can
see a typical neighborhood for the implementation of the algorithm with the hatched volumes representing a possible
stencil for this algorithm.

Althought the case where one has 20 stencils for the selection can occur, in most cases, one has 5 secondary neighbors
for the reconstrucion in quadrilaterals and, then, 10 possibilities of stencils for the selection. Such a situation happens
because, when selecting the stencil with the primary neighbors, one has, in most cases, a stencil that is not centered as can
be viewed in Fig. 2 for the control volumes labeled NG1 and NG2. In such case, one can see that there are 5 secondary
neighbors (the control volumes labeled as 2nd NG). In triangular control volumes, one can have the presence of three
secondary neighbors for the reconstruction, which is the worst case for reconstruction on a triangular mesh. A case such
this can be observed in Fig. 3, where the hatched control volumes NG1 and NG2 compose the smoothest stencil for a
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second-order reconstruction and the hatched control volumes, NG3, NG4 and NGS5, are the control volumes used for the
third-order reconstruction. As one can see, this case allows the construction of only one stencil for the selection. If this
stencil is in a discontinuous region of the flow, it will produce oscillations, and it will lead to a non-physical solution.
Hence, the procedure adopted to avoid the problem where one has a stencil such this in a discontinuos region of the flow
is to reduce the order of accuracy of the scheme in these cells.

Figure 1. Typical neighborhood for a third-order accuracy reconstruction. The hatched volumes exemplify a possible
stencil for the reconstruction.

Figure 2. Neighborhood for a third-order accuracy reconstruction in a mesh composed exclusively by quadrilaterals. The
5 different hatched volumes marked as 2ndNG can compose only 10 stencils, instead of the 20 stencils that could be
composed if the cells NG1 and NG2 were centered, as in Fig. 1.

Figure 3. Possible stencil for a third-order accuracy reconstruction. The second-order stencil composed by the cells NG1
and NG2 was selected as the smoothest. Then, due to the lack of possibilities to switch the cells, one have to reduce the
order of accuracy in cases where this stencil is in a discontinuous region of the flow.

The algorithm here implemented has presented good results for the most cases analyzed in the present work. As
expected, the WENO schemes presented better results with respect to the convergence ratio and with respect to the
smoothness of the solution in comparison with the ENO schemes. As mentioned in the papers of Abgrall [1] and Harten
and Chakravarthy [9], one has to reduce the order of accuracy in some cells to maintain the stability of the schemes
for both the ENO and the WENO schemes. The technique used for the reduction of the order of accuracy is the same
presented by Abgrall [1].

4. Results

The present section discusses computational results for third-order schemes, which were formulated for meshes com-
posed by triangles and quadrilaterals. The objective of the present study is to verify the newly implemented capability and
to assess its advantages/disadvantages with regard to the discretization methods previously available in the code. Hence,
the test cases here analyzed were selected among those for which well document, independent data are available in the
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literature. A Full Approximation Storage (FAS) multigrid algorithm [17] is used for faster convergence to steady state
solutions.

4.1 Forward-Facing Step

The first test case is a compressible flow in a channel with a forward-facing step that is well documented in the original
paper of Woodward and Colella [21]. The channel lenght is 3, with height 1, in dimensionless units. The step is located
in a position 0.6 dimensionless units from the channel entrance. It has a height of 0.2 dimensionless units. Two different
meshes are used to test the schemes. The first mesh considered in this test case has 16384 nodes and 16064 quadrilateral
control volumes, and the second mesh considered in this test case has 7022 nodes and 13608 triangular control volumes.
An uniform Mach number of 3.0 is set as inflow at £ = 0 dimensionless time units. Density was made dimensionless
with respect to the entrance condition and pressure was made dimensionless with respect to the density times the speed of
sound squared. One should observe that this test case is unsteady. The more interesting structure of the flow develops at
time equal to ¢ = 4.0 dimensionless time units. Results at this instant of time appear in Figs. 4 and 5, for the computation
with WENO schemes. In Fig. 4 (a) one can see the solution for the second-order WENO scheme, and in Fig. 4 (b) one can
see the solution for the third-order WENO scheme. The solutions presented in Figs. 4 (a) and (b) were obtained for the
mesh composed exclusively by quadrilateral control volumes. In Fig. 5 (a) one can see the solution for the second-order
WENO scheme, and in Fig. 5 (b) one can see the solution for the third-order WENO scheme. The solutions presented
in Figs. 5 (a) and (b) were obtained for the mesh composed exclusively by triangular control volumes. The second-order
WENO scheme analyzed in this test case used the second-order TVD Runge-Kutta scheme and the third-order WENO
scheme used the third-order TVD Runge-kutta scheme. Roe’s numerical flux function was used to evaluate the flux in the
edges of the control volumes for all the schemes.

(a) Mach number contours for the second-order WENO scheme. (b) Mach number contours for the third-order WENO scheme.

Figure 4. Mach number contours at t = 4.0 dimensionless time units for the quadrilateral mesh.

(a) Mach number contours for the second-order WENO scheme. (b) Mach number contours for the third-order WENO scheme.

Figure 5. Mach number contours at t = 4.0 dimensionless time units for the triangular mesh.

At the instant of time presented in the solutions, a detached shock evolves to a lambda shock that reflects in the upper
surface of the channel. A contact discontinuity is created past the lambda shock and both the reflected shock and the
contact discontinuity move downstream along the channel. The reflected shock is again reflected at the lower wall as well
as near the end of the channel. The contact discontinuity interacts with the shock that reflected in the lower wall. This
interaction occurs in the region near the end of the channel, just upstream of the last reflection of the shock. At the corner
region, there is also a weak oblique shock wave that ends the expansion region due to a Prandtl-Meyer expansion fan.
This weak shock interacts with the first reflected shock near the lower wall of the channel. This leads typically to a flow
structure that resembles an unphysical shock-boundary layer interaction in the region where the second shock reflection
occurs. The solution in this region is very dependent on the treatment applied to the corner of the step. In the present
work, no special treatment was applied to the corner of the step, contrary to the original reference [21]. One can see that
the results here presented are similar to those presented in Refs. [1] and [16], where, as in this work, no special treatment
was applied to the corner of the step.

The results obtained in Fig. 4 for the mesh composed by quadrilateral control volumes presented a very sharp capture
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of the first detached shock and of the lambda shock that reflects in the upper wall of the channel. The contact discontinuity
was also well captured for both second and third-order WENO schemes. The first reflection of the shock, as well as the
second reflection, were well defined in the solutions for both schemes. For the quadrilateral mesh one can observe that the
second reflection of the shock, in the lower wall, was affected by the unphysical shock-boundary layer created downstream
of the corner region. This shock-boundary layer interaction is very pronounced for both WENO schemes here analyzed.
One can see that the third-order WENO scheme captured the expansion fan as well as the weak compression shock near
the corner region. The second-order WENO scheme was not able to capture such phenomena. In the post-shock region, in
the lower wall of the channel, one can observe a separation bubble. This circulation zone appears only for the calculations
with the quadrilateral mesh. The region where the contact discontinuity and the second shock reflection meet is better
resolved by the third-order WENO scheme and the third reflection of the shock, near the end of the channel, is better
captured by the third-order scheme.

The results obtained for the mesh composed by triangular control volumes presented a difference regarding with the
height where the lambda shock is positioned. One can see that the lambda shock forms closer to the wall for the second-
order WENO scheme and this affects the position of the contact discontinuity. In Fig. 5, one can see that all the shock
reflections and the contact discontinuity are better captured for the third-order scheme. The second-order WENO scheme
presented the shock-boundary layer interaction created past the corner region in the lower wall of the channel, although
such effect is much less pronounced in this case than in the solutions with quadrilateral meshes. In other words, the second
reflection of the shock presented a Y shock instead of a simple reflection in the wall. The results for the second-order
scheme in the region where the interaction between the contact discontinuity and the last shock reflection occurs are poor
in comparison with the third-order scheme results. The third-order WENO scheme captured the weak shock near the
corner region very well, as in the results shown in Sonar [16]. This scheme was the only one that did not present any
shock-boundary layer interaction-type phenomenon in the second shock reflection in the lower wall of the channel. All the
shock reflections have a better resolution for the third-order WENO scheme and they are in the correct positions compared
to Ref. [21].

4.2 NACAO0012 Airfoil

The second test case considered here is the transonic flow over a NACA0012 airfoil with zero degree angle-of-attack.
The freestream has a Mach number value of M., = 0.8. Density was made dimensionless with respect to the freestream
condition and pressure was made dimensionless with respect to the density times the speed of sound squared. This
case was computed using an unstructured mesh with 4369 nodes and 8414 triangular control volumes. Two additional
agglomerated grids were used in the multigrid computations for this case. This is a steady case and, here, the CFL
number was set as a constant value. Therefore, differently from the previous unsteady computations in which the time
step was set constant throughout the flowfield, the CFL number is kept constant through the flow in the present steady
computation. Hence, one sets the CFL number and the local time step is computed using the local grid spacing and
characteristic speeds. The numerical results for the pressure contours are plotted in Fig. 6 (a) for the third-order WENO
scheme. For this case, both the ENO and the WENO schemes presented similar converged results for the third-order
schemes. However, the WENO scheme presented a better convergence rate. The Cp distributions along the airfoil chord
obtained with the second-order WENO scheme, the third-order WENO scheme, and for an experimental data obtained
from Ref. [14] are plotted in Fig. 6 (b). The second-order method used the second-order TVD Runge-Kutta scheme for
the temporal discretization while the third-order method used the third-order TVD Runge-Kutta scheme. All schemes
considered Roe’s method for numerical flux evaluation. In Fig. 6 (b), the black circles represent the experimental data
found in Ref. [14], the red delta symbols represent the results for the second-order WENO scheme, and the blue squares
represent the results obtained with the third-order WENO scheme.

Figure 6 (b) indicates that the third-order methods do a better job of capturing the shock wave over the airfoil, if
compared to the second-order method. Moreover, there are oscillations in the leading-edge region of the airfoil for the
second-order solution, which vanish for the third-order algorithm tested in this case. The sharper definition of the shock
wave, obtained with the third-order method, is further emphasized by the reduced number of cells within the shock.
The Cp distributions in the post-shock region again confirm the better resolution obtained with the third-order scheme.
Finally, it is important to emphasize that the present computations are performed assuming inviscid flow. Nevertheless,
the computational results are in good agreement with the available experimental data. One should observe, however, that
the pressure rise across the shock wave, in the experimental results, is spread over a larger region due to the presence of
the boundary layer and the consequent shock-boundary layer interaction that necessarily occurs in the experiment. For
the numerical solution, the shock presents a sharper resolution, as one can expect for an Euler calculation.

5. Conclusions

The reconstruction of essentially non-oscillatory (ENO) schemes and weighted essentially non-oscillatory (WENO)
schemes is presented in this work. An algorithm for third-order stencil selection is discussed for third-order ENO and
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(a) Pressure contours over the NACAOOI2 airfoil in transonic (b) Cp distribution along the chord of the NACA0012 airfoil.
flow.

Figure 6. Transonic flow over a NACAO0012 airfoil with zero degree angle-of-attack for freestream Mach number M o, =
0.8.

WENO schemes. Although, in this paper, only third-order accurate schemes are actually implemented and assessed,
the formulation of ENO and WENO reconstruction is treated in a generic framework that allows the construction of
polynomials of any order and, hence, of schemes with an arbitrary order of accuracy. The flux difference splitting scheme
of Roe is used as the numerical flux function in the paper, and a third-order accurate TVD Runge-Kutta scheme is
implemented to achieve the desired order of accuracy in the solutions. A multigrid method is used for faster convergence
to steady state solutions..
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